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We consider the general three-Higgs-doublet model (3HDM) and identify all limits that lead to exact
Standard Model (SM) alignment. After discussing the underlying symmetries that can naturally enforce
such an alignment, we focus on the most economic setting, called here the maximally symmetric three-
Higgs-doublet model (MS-3HDM). The potential of the MS-3HDM obeys an Sp(6) symmetry, softly
broken by bilinear masses and explicitly by hypercharge and Yukawa couplings through renormalization-
group effects, whilst the theory allows for quartic coupling unification up to the Planck scale. Besides the
two ratios of vacuum expectation values, tan f3; ,, the MS-3HDM is predominantly governed by only three
input parameters; the masses of the two charged Higgs bosons, M Iy and their mixing angle o. Most

remarkably, with these input parameters, we obtain definite predictions for the entire scalar mass spectrum
of the theory, as well as for the SM-like Higgs-boson couplings to the gauge bosons and fermions. The
predicted deviations of these couplings from their SM values might be probed at future precision high-
energy colliders. The new phenomenological aspects of the MS-3HDM with respect to the earlier studied
maximally symmetric two-Higgs-doublet model are discussed.
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I. INTRODUCTION

The expedition for physics beyond the Standard Model
(BSM), such as the exploration of nonstandard scenarios
with an extended Higgs sector, has strong theoretical and
experimental motivations. The data collected from the
CERN Large Hadron Collider (LHC) impose constraints
on the coupling strengths of the Higgs boson, primarily on
its interaction with the electroweak (EW) gauge bosons;
namely, the W= and Z bosons. These LHC data show that
the coupling strengths of the observed 125 GeV scalar
particle must be very close to those predicted by the
Standard Model (SM) [1-3]. This simple fact severely
restricts the form of possible scalar-sector extensions of the
SM [4].

An interesting class of Higgs-sector extensions is the
n-Higgs-doublet model (nHDM) which enlarges the SM
with n > 2 Higgs doublets [5-8]. In view of the aforemen-
tioned constraints on the SM-like Higgs boson couplings to
the EW gauge bosons, the only viable scenarios of interest are
those that allow for the so-called SM alignment limit [9-20].
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The simplest nHDM is the two-Higgs-doublet model
(2ZHDM). In the 2HDM, two SM-like Higgs scenarios
accommodating a scalar resonance of mass ~125 GeV as
observed at the LHC can be realized. In these scenarios, the
interaction strength of the observed scalar particle to the
W= and Z bosons can approach its SM prediction. In such a
SM-aligned 2HDM, the other CP-even states do not couple
to the EW gauge bosons at the tree level. In a general
2HDM without the imposition of any symmetry, exact SM
alignment limit can be achieved in two different ways:
(1) either by postulating for all new-physics mass scales to
be sufficiently large, or (ii) by resorting to a fine tuning
among the parameters of the model [21-27]. This generic
feature persists even within more extended frameworks,
such as the three-Higgs-doublet model (3HDM) [28-36].

In this paper we analyze the general 3HDM, for which
we find three distinct SM-like Higgs scenarios that possess
an exact SM alignment limit. We then discuss the under-
lying symmetries that can naturally enforce such an align-
ment without the need to decouple all new-physics mass
scales or to resort to ad hoc arrangements among the
parameters [13,15,19,37]. In this context, earlier studies
[19,31] have shown that the potential of nHDMs contains a
large number of SU(2), -preserving accidental symmetries
as subgroups of the symplectic group Sp(2n). This maxi-
mal symmetry group plays an instrumental role in classi-
fying accidental symmetries that may occur in the scalar
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potentials of nHDMs and nHDM-effective field theories
with higher-order operators [15,19,31,38]. Thus far, this
classification has been done for: (i) the 2HDM [37], (ii) the
2HDM effective field theory for higher-order operators up
to dimension-six and dimension-eight [38], and (iii) the
3HDM [28,31]. Interestingly enough, there are three
continuous symmetries [15] which, when imposed on
the nHDM scalar potential, lead to SM alignment. In the
present study, we will consider the most economic class
of such scenarios, i.e., the maximally symmetric nHDM
(MS-nHDM). In particular, we will focus on the MS-
3HDM and show how one can have successful quartic
coupling unification up to the Planck scale.

The present study of the MS-3HDM extends a previous
work on the MS-2HDM [13,39-42]. Like in the MS-
2HDM, the Sp(6) symmetry of the MS-3HDM potential
gets violated by two sources: (i) softly by bilinear scalar
mass terms m S (with i, j =1, 2, 3), and (ii) explicitly by
renormahzatlon group (RG) effects involving the hyper-
charge and Yukawa couplings. The MS-3HDM is a very
predictive scenario, as it only depends on fewer theoretical
parameters than those in the general 3HDM. In addition to
the two ratios tan | , of vacuum expectation values (VEVs)
involving the three-Higgs doublets, the model is mainly
governed by only three input parameters; the masses of the
two charged Higgs bosons, M 0ty and their mixing angle o.

Most notably, with these input parameters, we obtain sharp
predictions for the entire scalar mass spectrum of the
theory, including the interactions of all Higgs particles to
the SM fields and all scalar self-interactions.

In analogy to the findings in the MS-2HDM [41],
we show how all quartic couplings in the MS-3HDM

can unify at high-energy scales uy and vanish identically at

two distinct conformal points, called here yg ’2), for which

u) <1013 GeV and 4 > 10?! GeV. Assuming that all

quartic couplings unify at Mﬁ("z’, we present definite

predictions for the full scalar mass spectrum, as well as
for the SM-like Higgs-boson interactions with the W* and
Z bosons, the top- and bottom-quarks, and the tau leptons.
The deviations found for all these couplings from their
SM values might be testable at future high-energy e*e”
colliders.

The layout of this paper is as follows. In Sec. II, we
discuss the basic features of the general 3HDM and identify
all possible SM alignment limits that can take place in this
model. For definiteness, we focus on the canonical SM-like
Higgs scenario in the Type-V 3HDM and derive the
conditions for achieving exact SM alignment. In the same
section, we present analytic expressions that describe the
misalignment predictions for the SM-like Higgs boson
couplings to the EW gauge bosons and SM fermions. In
Sec. III we define the 3HDM in the bilinear scalar-field
formalism. Given that Sp(6) is the maximal symmetry of
the 3HDM potential, we review the complete set of

continuous maximal symmetries for the SM alignment
limit that may take place in the 3HDM potential.
Subsequently, we concentrate on the most minimal setting,
the MS-3HDM, and clarify the origin of natural SM
alignment in this model. In Sec. IV we describe the
Higgs-mass spectrum of the model and determine the
breaking pattern of the Sp(6) symmetry due to RG effects
and the soft-breaking mass termsm .In Sec. V we evaluate
two-loop RG effects on all relevant couplings in the
3HDM. Specifically, we show results obtained by a RG

evolution of these couplings from the quartic coupling
unification points /é(l % down to the threshold scale
Hine = M e In this analysis, we consider illustrative bench-
mark scenarios for the VEV ratios, tan #; and tan f3,, and
the kinematic parameters of the charged Higgs sector. We
also present misalignment predictions for Higgs-boson
couplings to the W* and Z bosons, z-leptons, and #- and
b-quarks. Section VI summarizes our results and discusses
the new phenomenological aspects of the MS-3HDM with
respect to the MS-2HDM. Finally, technical details, as well
as the one- and two-loop RG equations pertinent to the
3HDM, are presented in Appendixes A, B, and C.

II. THE GENERAL 3HDM

The general 3HDM augments the SM-Higgs sector with
three-Higgs doublets, denoted here as

+ + +
d)l:(q)i)) cp2:<®f)), q>3:(q)f)>, (2.1)
cI)1 (I)2 CD3

where the scalar doublets ®@; (with i = 1, 2, 3) carry the
same U(1),-hypercharge quantum number, Yq = 1/2. The
general 3HDM potential invariant under SU(2), ® U(1),
may be succinctly expressed as follows [43]:

3
= mi(@]@;) +
ij=1

3

Z Aii (D D)) (@] @),
i,jk,I=1

l\)l'—‘

(2.2)

with 4, = A4;j.- Thus, the SU(2), ® U(1), invariant
SHDM potential contains nine real bilinear mass terms,

m; j, along with 45 real quartic couplings. Moreover, the
scalar potential V may realize up to 19 accidental sym-
metries, and this number can further increase by another
21 custodial symmetries for which only the SU(2), group
is preserved [31]. The explicit form of the 3HDM potential
is given in Appendix A.

Moreover, extending the Higgs-sector of the SM with
additional Higgs doublets leads generically to flavor
changing neutral currents (FCNCs) at tree level, which
are severely constrained by experiment. One simple way to
suppress such tree-level FCNCs will be to enforce that
fermions belonging to a specific family do not couple
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TABLE L. The five independent types of Yukawa interaction for
nHDMs, with n > 3 scalar doublets. In the 2HDM, only the top
four interaction types can be realized.

Yukawa types Vu Vd Ve
Type-1 (of (o} D,
Type—H q)z (DI () 1
Type—HI @2 (Dl q)z
Type—IV Ql ch (I)z
Type—V (1)2 (0] 1 q)3

simultaneously to two or more different Higgs doublets
in the Yukawa sector [44]. In the 3HDM, this condition
allows for five independent types of Yukawa interactions as
exhibited in Table I [45,46]. More explicitly, in Type-I all
fermions couple to the first doublet ®;, and none to the
other two doublets @, 5. In Type-II, the down-type quarks,
d . and the charged leptons, e} ., couple to @, and the
up-type quarks, u};’ r» couple to @,, where the super-
script i = 1, 2, 3 labels the three generations of fermions.
In Type-III the down-type quarks couple to ®; and the
up-type quarks and the charged leptons couple to @,. In
Type-1V, all quarks couple to ®@; and the charged leptons to
®,. In Type-V, the down-type quarks couple to @, the up-
type quarks to @,, and the charged leptons to ®@5.

1

ii 21ii ijvJj

In this paper, we consider the most restrictive Yukawa
type, i.e., the Type-V 3HDM, imposing strong constraints
over tan f ;. Specifically, the Yukawa Lagrangian of the
Type-V 3HDM reads [45]

(2.3)

where Q) = (u},d})T, L} = (v}, €))7 (with i = 1, 2, 3),
®, = ic’®;} is the hypercharge-conjugate of ®,, and 6 is
the second Pauli matrix. To endow all SM fermions with a
mass at tree level, all three scalar doublets must receive a
nonzero VEV, ie., (®) =v,/V2, (®9) = v,/V/2, and
(®9) = v3/+/2. Here, we will restrict our attention to CP
conservation and to CP-conserving vacua.

Performing the usual linear expansion of the scalar
doublets ®; (with j =1, 2, 3) about their VEVs, we
may reexpress them as

oF
D = ( o ) (2.4)
Taking into account minimization conditions on the

CP-conserving 3HDM potential in (2.2) gives rise to the
following relation,

[=2m%v; = 2m3 v + 24,07 + (Mg + Airir + Airki) Vi V3

+ (igjy + Aijij + Aijji) 005 + 2+ Aijix + Ajiie) 000k
+ (Aijjic + Ajik + A5i) 070 + Qirjic + Airj + Arai) 00

+ /IJJ’]U; + 3}.”'1']'7]121)]' + SAiiikv%vk + )“kkikvi]’ (25)
where 7, j, k=1, 2, 3, and i # j # k. In (2.5), the VEVs v, 3 of the three scalar doublets are given by
v, = vcos B cos By, vy = vsinf; cos f3,, vz = vsinf,. (2.6)

Note that the VEVs may equivalently be determined by the two ratios, tan 8 = v,/v; and tan 8, = v3/+/v? + v3, given the

constraint that v = \/v? + v3 + v3 is the VEV of the SM Higgs doublet.
For later convenience, we proceed as in [36] and define the three-dimensional rotational matrices about the individual
axes z, y, and x as follows:

cosa sina 0 cosfp 0 sinf
Rp(a)=| —sina cosa O |, R;3(p) = 0 1 0 |,
0 0 1 —sinff 0 cosp
1 0 0
Ry(y) =10 cosy siny [, (2.7)

0 —siny cosy

as well as the two-dimensional rotational matrix
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(2.8)

R(0) = ( cos @ sin9>.

—sind cos6@

Our first step is to transform all scalar fields from a weak basis with generic choice of vacua to the so-called Higgs basis
[21-23], where only one Higgs doublet acquires the SM VEV, v. This can be achieved by virtue of a common orthogonal
transformation that involves the two mixing angles f; and f,, i.e.,

H, ¢ el 7 G* ot
Hy, | =04( ¢ |- m | =0 x2 | 77? =0y t/’% , (2.9)
Hj ?3 p) X3 ’hi %E

with Oy = Ry3(f,)R12(f1). After spontaneous symmetry breaking (SSB), the Z and W* gauge bosons become massive
after absorbing in the unitary gauge the three would-be Goldstone bosons G° and G*, respectively [47]. Consequently, the
model has nine scalar mass eigenstates: (i) three CP-even scalars (H, h ), (ii) two CP-odd scalars (a; ,), and (iii) four
charged scalars (h,).

Our next step is therefore to determine the composition of the above scalar mass eigenstates in terms of their respective
weak fields in the Higgs basis. This can be done by the orthogonal transformations

<g> —R(o-)(Z;i), (2.10)

H H,
w|=olm (“‘) —R<p><’" )
a
hy Hy 2 p)
where O = (9(9}),r and
O = Ry3(a)R3(a2) Rz (). (2.11)

In the Higgs basis, spanned by {#,,} and {’ﬁ,z}, the CP-odd and charged scalar mass matrices reduce to the 2 x 2 matrices
given by

M3 M3 M? M?
Mz — < P22 P,23>’ M — ( 22 ¢,23>. (2.12)

2 2 2 2
MP,32 MP,33 M:I:,32 M:I:,33

The elements of the above matrices are given explicitly in Appendixes B 1 and B 2. Upon diagonalization of the 2 x 2 mass
matrices given in (2.12), the masses of the two CP-odd scalars a;, and the four charged Higgs bosons hfz may be
computed as

1

MG 0, = 5 {MI%.ZZ + My F \/(MI%,ZZ — M5 33)° + 4M§,23}» (2.13)
1

Mili,hzi =3 [Mgt,zz + MLy F \/(Mi,zz - M%)+ 4M4¢,23} (2.14)

In addition, the mixing angles p and ¢ may be determined by

2M12>,23 2M3|:~23

s tan 20 = 2 a2
Mi.22 - Mi.33

tan2p = (2.15)

2 2
P22 MP.33

Finally, the masses for the three CP-even scalars, H, h;, and h, can be evaluated by diagonalizing the squared mass
matrix M3, expressed in the general weak basis {¢; , 3}, by employing the orthogonal matrix O defined in (2.11). In this
general weak basis, M3 reads
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A C G
Mi=|C B, Cs], (2.16)
G G B

where the analytic form of all its entries is given in
Appendix B 3. Therefore, the diagonal mass-basis matrix

Mé for the physical CP-even scalars takes on the form

My 0 0
Mi=| 0 M; 0 |=0MO", (217)
0o 0 M

with the convention of mass ordering, My < M), < M,,.

In order to determine all possible limits of SM alignment,
it proves convenient to perform a diagonalization of the
CP-even mass matrix M3 in two steps. In the first step, we
use two angles, e.g., @) ,, to project out the mass eigenvalue
of the SM-like Higgs state. For instance, if H is identified
with the observed SM-like Higgs boson, then M3 may be
block diagonalized as follows:

M, 0 0
Mi=| 0o B & |=0M0I @ (218)
0 C; B

with O, = Rj3(@)R5(;). Here, the mixing angles a; ,
are given in terms of the mass-matrix elements in (2.16) by

2C,
A-B,’

tan 2a; = (2.19)

4C5/sinq
A+ B, —2B, + [(A—B;)/cos2a]’

tan 2a, = (2.20)

where C3/C, = tana;. The second step of diagonalization

consists in bringing the matrix J\~/l§ in a fully diagonal form.
This can be done by using the orthogonal transformation

Ry (a),

M3, 0 0
-— ~
Mé = 0 M%zl 0 = Ry (G)MSR;@(U’)’
0 0 M%lz
(2.21)

where the squared masses of the two heavy CP-even
scalars, hy,, are

11~ ~ = = -
M =5 |:Bl +B, F \/(B] - B,)? +4C32]

5 (2.22)

Thus, the mixing angle « can be evaluated in terms of the
above mass parameters as

2C
tan2a = ———. (2.23)
By - B,
In this CP-conserving 3HDM, the SM-normalized cou-
plings of the SM-like Higgs boson to the EW gauge bosons
(V = Z, W*) are calculated to be

JHvy = COSay oS fr cos(fBy —ay) + sinap sinf,,  (2.24)

Gn,vv = COSacos f, sin(f; — a;) + sinafcos a, sin f3,

— cos f3, sina, cos(B; — )], (2.25)

Gn,vy = cosafcos a, sin B, — cos 3, sina, cos(f) — ay )]

—sinacos f#, sin(f; — o), (2.26)
which obey the sum rule, ghyy + g5 vy + Gy = 1.
Evidently, there are three possible scenarios for which
the 125 GeV resonance can identified with the SM-like
Higgs boson. The first one is the so-called canonical SM-
like Higgs scenario, where My =~ 125 GeV with coupling
strength gyyy = 1, but g;, ,yy = 0. In this case, there are
two possible arrangements for the mixing angles:

(i) pp = ay = /2. (2.27)

(i) pr=a, pr=a,
The second possibility is that the /2; boson represents the
observed scalar resonance at 125 GeV, with g, yy = 1. In
this case, the H scalar is lighter than the &, whereas the &,
is heavier. For this SM-like h; scenario, we have four

possibilities to arrange the mixing angles:

(i) p1 = ay, Pr =0, £7/2, a=*+x/2,
(ii) p1 = a1 +7/2, pPr=a, a =0,
(iii) 1 = a1 + /2, pr=a=0,
(V) fy = a=+1/2,  a,=0. (2.28)

The last possibility is the option that /i, represents the
observed SM-like Higgs boson, with g, yy = 1. Here, the
H and h scalars are lighter than the SM-like /, boson, with
vanishing couplings to the EW gauge bosons. This scenario
may be achieved for the following four choices of mixing
angles:

(i)ﬂlzal’ /)72:a2+”/2’ (120,
(ii)ﬁ1:a1+ﬂ/2’ ﬁ2:a+ﬂ/2’ (1220,
(lll) ﬂl = o :|:71'/2, ﬁz :0, a = :FJT/Z,

(iv) p, = /2, a=a=0. (2.29)
In this paper, we consider the canonical SM-like H
scenario, in which SM alignment is obtained when f$; =

a; and f, = a,, according to the option (i) in (2.27).
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In the Higgs basis {H 3}, the 3 x 3 mass matrix of the
CP-even scalars is given by

A C G
Mi=|¢ B ¢ |=0M0] (230
62 63 EZ

~ 1
A :Z[A+Bl + 2B, +2(A _Bl)czﬂlcéz

+ (A + Bl — 2B2)C2ﬁz
+8cp,(Ci5p,¢p,¢5, + Cacp 55, + C355,5p,)],

o
By = JIA+ By + (B = A)eyy, = 2C1s53,)

N 1
Bz :Z{A+Bl +282 +2S/2)»2[(A _BI)CZﬁl +2C1S2ﬁ]]

= Cop, (A + By = 2B;) — 4525, (Cac, + C3s) )
C1 = cp[(Br = A)sp,cp, + Casp] + Creag e, = Caspy s,

1
Co =~ 392 ((A = Bi)ey, + A+ By =28, + 2Cisy)

+ CZﬂZ(CZCﬂl + C3Sﬂ1)’
Cs = ¢y, [(A = By)sp, 55, + Cycp,] = Cicap, 55, = Casp cp,,
(2.31)

where we employed the shorthand notation, ¢, = cos x and
s, = sinx. In the SM alignment limit f; = a; and f, = a,
under consideration, the mass parameter A becomes equal
to M7, while the parameters C‘l and C‘2 vanish. Thus,
taking the limit C 12 = 0, the following relationships
between the quartic couplings may be derived

/111 = j'22 = /1337
/11122 = j'1133 = 122337

/11221 = j'1331 = 12332,

Aoz = Az = Aoy = 241 — A — A, (2.32)
while the remaining quartic couplings are zero. These
conditions may be obtained independently of any values for
the mixing angles f; and f,. Moreover, for a small but
calculable value of misalignment, the deviations of f; — a;
and f, — a, from zero can be parametrized as follows:

tan2(ﬁ1 —al) :A_Bl R (233)
tan2(f, — )
_ 463/ Sin(ﬁl - al) (234)

A+ By —2B, +[(A-B,)/cos2(B; — )]

where relations analogous to (2.19) and (2.20) have been
used for the hat quantities occurring in the CP-even mass
matrix of (2.30).

Having determined the mixing angles in terms of the
matrix elements of ./\A/lé, we may now calculate the reduced
H-boson couplings to the EW gauge bosons in a power
expansion of C; ,/B ». To order C‘%’z / B%’z, these are given
by the following approximate analytic expressions,

¢l

GoB (2.35)

guvy =1 —

g ~c,C L+ & (1—|— < >
v = Catr 3 g A\ T Az g,

(2.36)

Cp -

ﬂZA _ Bl
(2.37)

Likewise, the SM-normalized couplings of the CP-even

scalars to up-type, down-type quarks, and charged leptons
are

v

9(H/hy/hy)dd = 0—1011/21/317 (2.38)
v

9H/hy/hy)un = 0—2012/22/327 (2-39)
v

9(H/ny /)T = y—3 013/23/33- (2-40)

To order C?,/ B%qz, the SM-normalized couplings of the H
boson to fermions are dictated by the following approxi-
mate analytic formulas

(1 +15)C (1= 1515)CF

-~ ] = = , 241
YHaa A-B, A- B1)2 ( )
G 1 — € fﬂz(%—ffl - Gip)Gs
(A=By) 2(A-B))(A-By)
-— éi - CZA , (2.42)
2(A—B))* 8(A-B,)?
. 2@1(21:31)@2 ]
4(A-B)(A-B,) +C7

We note that the analytic expressions of the reduced
H-boson couplings in (2.35) and in (2.41)—(2.43) go to
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the SM value 1, when the exact SM alignment limit
Ci» = 0 is considered, or when the new-physics mass
scales Bl_z ~M%12 are taken to infinity. Since we are

interested in the former possibility which in turn implies
aricher collider phenomenology, we will study scenarios in
which SM alignment is accomplished by virtue of
symmetries.

In the next section, we will discuss restrictions on the
model parameters of the 3HDM that emanate from SM
alignment, and identify possible maximal symmetries that
can be imposed on the 3HDM potential to fulfill these
restrictions.

III. SYMMETRIES FOR SM ALIGNMENT
IN 3HDM

After outlining the basic features of the 3HDM in the
previous section, we now review the key symmetries for
SM alignment for this class of models [15]. To this end, we
introduce the 12-dimensional SU(2), -covariant ®-multi-
plet [31,48],

(I)T: (q)1’¢)2’(1)3’(i)1’¢~)2’(i)3 )T’ (31)
where ®; = ic’®! (with i =1, 2, 3) are the U(l)y
hypercharge conjugates of ®;, and ¢'>* are the Pauli
matrices. Moreover, the ®@-multiplet satisfies the Majorana-
type property [48],

D = Co*, (3.2)
where C =062 Q® 1; ® 6> (with C=C"' =C¥) is the
charge conjugation operator and 15 is the 3 x 3 identity
matrix. With the help of the d-multiplet, one may now
define the bilinear field vector [31,49-52],

RA = ®'TAD, (3.3)
with A =0,1,2,...,14. The 4 matrices have 12 x 12
elements and can be expressed in terms of double-tensor
products as follows:

P =0"®1KQ®d ¢ @1 0, (3.4)
where ¢ and 7} stand for the symmetric and the anti-
symmetric generators of the SU(3) group, respectively.
Requiring that the canonical SU(2), gauge-kinetic terms of
the scalar doublets @, ®,, and ®; remain invariant, then
the maximal symmetry of the 3HDM is the symplectic
group Sp(6) for vanishing hypercharge gauge coupling ¢
and fermion Yukawa couplings. In an earlier study [31], the
full classification of all 40 accidental symmetries for the
3HDM has been presented. This classification is obtained
by working out all distinct subgroups of the maximal
symmetry group Gy = [Sp(6)/Z:) ® SU(2), in a

bilinear field-space formalism. From these 40 symmetries,
only a few possess the desirable property of natural SM
alignment.

In the 3HDM, the constraints required for SM align-
ment can be realized naturally by virtue of three sym-
metries [15,19]; (i) the maximal symmetry group Sp(6),
(i1) SU(3)yp and (iii) SO(3)yr x CP symmetries. Here, the
abbreviation HF indicates Higgs family symmetries that
only involve the elements of ® = (®,,®,,®;)" and not
their complex conjugates. The construction of the poten-
tial invariant under these symmetries is facilitated by an
earlier developed technique based on prime invariants
[15,19,31].

The MS-3HDM potential can be constructed by means
of the Sp(6)-invariant expression,

S=®'® =00, +Old, + Djd;.  (3.5)

In particular, it takes on the following minimal form,

Vats—aipm = —m?(|@ 2 + @ + [@3]2) + A(|@4[?

+ 10 + [@3]7)°, (3.6)

where

2_ .2 _ 2 _ 2
m= = my = my = s,

A= /111 = /122 = /133 = 2/11122 = 211133 = 2/12233”

and all other potential parameters are set to zero.

The SU(3)yp-invariant 3HDM potential may be
expressed as a function of S, given in (3.5), and the
SU(3)yg-invariant D> = D*D?, where

D¢ = ®'6"® = ®lo" D, + D}6°D, + DPlo"Ds, (3.7)

witha =1,2,3 and ® = (@, D,, d>3)T. Hence, the model
parameters of the SU(3)yp-invariant 3HDM potential
satisfy the following relations,

2 _ .2 _ .2
myy = my = Mjg,
A = Ao = Az,

11122 = /11133 = /122337

/11221 = /11331 = /12332 = 2/111 - /11122' (38)

By analogy, an SO(3)yg-invariant 3HDM potential can
be constructed by utilizing the invariants S [cf. (3.5)], D?
[cf. (3.7)], and T? = Tr(TT*), where

T =o', (3.9)

In this case, the following relationships among the potential
parameters may be derived,
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11122 = j'1133 = 122337

/11221 = 21331 = 123327

/11212 = 11313 = 22323 = 2’111 - 11122 - /11221’ (310)

and all other parameters not listed above vanish.

In summary, if a 3HDM potential is invariant under
one of the three symmetries, i.e., Sp(6), SU(3)yr and
SO(3)yr x CP, then its parameters will satisfy the align-
ment conditions stated in (2.32), for any value of the mixing
angles f; and f,. To render such constrained 3HDM
potentials phenomenologically viable, we may have to
include arbitrary soft symmetry-breaking bilinear masses,
mlzj (with i, j =1, 2, 3). However, such soft symmetry
breakings do not spoil SM alignment [15,19]. Obviously,
the MS-3HDM is the most economic setting that realizes
naturally such an alignment from the general class of
3HDM:s. In the cases of the SU(3)yr and SO(3)ye x CP
symmetric models, there are respectively one and two extra
parameters compared with the MS-3HDM, spoiling the
interesting feature of quartic coupling unification that we
wish to preserve. Also, these additional theoretical param-
eters make these symmetric models less predictive. In
particular, we find that in the MS-3HDM, the mixing angles
that diagonalize the heavy sectors of the CP-even, CP-odd,
and charged- scalar mass matrices are all equal, i.e.,

a=p=o. (3.11)
As will be seen in the next sections, this is a distinct and
unique feature of the MS-3HDM under study with respect
to other aligned 3HDMs.

IV. BREAKING PATTERN OF THE TYPE-V
MS-3HDM

In this section, we will discuss the breaking pattern
of the Type-V MS-3HDM, where each Higgs doublet @ ; 5
couples to one type of fermions only, as given in Table I. In
particular, we notice that after SSB and in the Born
approximation, the MS-3HDM predicts one CP-even
scalar H with nonzero squared mass M% = 24,1, while
all other scalars, h;,, a;,, and hfz, are massless pseudo-
Goldstone bosons with sizeable gauge and Yukawa inter-
actions. Hence, as we will see below, we need to consider
two dominant sources that violate the Sp(6) symmetry of
the theory; (i) the RG effects of the gauge and Yukawa
couplings on the potential parameters, and (ii) soft sym-
metry-breaking bilinear masses, so as to make all the
pseudo-Goldstone fields sufficiently heavy in agreement
with current LHC data and other low-energy experiments.

To start with, let us first consider the effects of RG
evolution, within a perturbative framework of the MS-

3HDM. Given that physical observables, such as S-matrix
elements, e.g., S(u,g(u),m(u)), are invariant under
changes of the RG scale y, one derives the well-known
fundamental relation,

os oS , 0S

T e gy )) 4.1

In the above, the generic coupling constant g and mass
parameter m? satisfy typical RG equations,

m2
B(m?) =y,2(g)m* = —ua aﬂ(ﬂ ) ,

(4.2)

where f(g) and y,2(g) are the beta function and the
anomalous dimension, respectively. As explicitly indicated,
f(g) and 7,2(g) depend only on ¢ in the minimal-
subtraction (MS) scheme. In Appendix C we present the
complete set of one- and two-loop beta functions of all
gauge, Yukawa and quartic couplings, for the general
3HDM, including beta functions for potential mass param-
eters and the VEVs of the scalar doublets.

Although the aforementioned RG effects generate
masses for the CP-even and charged pseudo-Goldstone
bosons, h;, and hlig, the corresponding CP-odd pseudo-
Goldstone bosons, a;,, remain massless. The latter two
states play the role of axions thanks to the presence of two
Peccei-Quinn (PQ) symmetries U(1)pg ® U(1)pqg [53-55].
However, these visible EW-scale axions have strong
couplings to gauge and SM fermions, and as such, they
are ruled out experimentally [56]. For this reason, we admit
a second source for violating the Sp(6) symmetry in the
MS-3HDM, through the introduction of soft Sp(6)-break-

2. As a consequence, the

ing bilinear mass terms mj;.
complete MS-3HDM potential is given by

V' = Vms_snpm + AV, (4.3)
where
3
AV = mi (@), (4.4)
ij=1

After EW symmetry breaking, the diagonal mass terms m?

may be eliminated in favor of the VEVs v, ;5 and the off-
diagonal terms mlz# y (with i, j = 1, 2, 3), according to (2.5).
Hence, to a very good approximation, the scalar masses are
found to be
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M%_] >~ 2/122’/12,

I
M}, =M M2 [sl +8, =/ (51 —52)2+4S§},

1
M} =~ M2 ~ M% ~> [S, +8 +1/(8S; = 8)* + 4S§},
(4.5)
with
S, — 2 4y 23 2 3],
1 55 [mf, + ty, (miysy + mascy )]
1
$ = (m%3‘3/31 + m§3sﬂl),
Cp,5p,
1
S3 = a (m%sﬂl - m%3c/;] ) (46)

Notice that with the introduction of soft symmetry-breaking
bilinears, all pseudo-Goldstone bosons, &, 5, a; ,, and hfz,
receive appreciable masses at the tree level.

To sum up, we consider an Sp(6) symmetry imposed on
the MS-3HDM potential which is exact (up to soft
symmetry-breaking masses) at some high-energy scale
Uy, at which quartic coupling unification occurs. Then,
the following breaking pattern will generally take place for
the Type-V MS-3HDM,

Sp(6) ® SU(2), Mu2ee?

Sp(2) ® Sp(2) ® Sp(2) ® SU(2),
T U(1)po ® U(1)h ® U(1)y ®SU(2),,
(®)23)#0
B U(1)r ® U(1)p @ U(1 e

m‘?ﬁéO

— U(1)p- (4.7)
In our analysis detailed in the next section, we take charged
scalar masses M nt, 2 500 GeV as input parameters, while

maintaining agreement with B-meson constraints [40,57].
For the benchmark scenarios that we will be studying, we
will have M e~ My, such that we can ignore any RG

effects between the two charged scalar masses, and so
perform a matching of the MS-3HDM to the SM at a single
threshold.

V. QUARTIC COUPLING UNIFICATION

In this section we will study quartic coupling unification
in the Type-V 3HDM. In analogy to a previous analysis for
the MS-2HDM [41], we find that in the MS-3HDM all
quartic couplings can unify to a single value A at very high-
energy scales uy. As the highest scale of unification, we
take the values at which A(uy) = 0. Like in the MS-2HDM,
we will see that there are two such conformally invariant

unification points in the MS-3HDM which we distinguish

them as Mﬁ}l), with /4%” < ,4§?>.

In our analysis we employ two-loop renormalization
group equations (RGEs) to evaluate the running of all
relevant MS-3HDM parameters from the unification point
uy to the threshold mass scale py,, = M B~ M ne- Below

M, WE assume that the SM is a good effective field theory,
and as such, we use the two-loop SM RGEs given in [58] to
match the relevant MS-3HDM couplings to the correspond-
ing SM quartic coupling Agy;, the Yukawa couplings, and
the SU(2), and U(1), gauge couplings; g, and ¢'.

Unless stated explicitly otherwise, we use the following
baseline model for our analysis, where all input parameters
are given at the RG scale y = M s

tan 3, = 50, tan 3, = 0.018, o[rad] = 0.003,
(M) M,:) [TeV] = (0.5,0.6). (1. 1.1). (10,10.1).

Additionally, we consider the splittings My: —Mpy: =
25 GeV and 50 GeV pertinent to ¢ = 0.012 and 0.006,
respectively. Here, the values of the two-loop SM couplings
at different threshold scales, py, = m,, M pts are deter-

mined in a fashion similar to [41]. Note that the values
of tan 3, , are considered to fit the SM-Higgs boson mass
and guarantee a successful quartic coupling unification for
a given threshold scale pug,. Also, the mass splitting
between the charged Higgs masses is controlled by the
input angle o. The latter vanishes in the infinite mass limit
of the H5 scalars. Nevertheless, the charged Higgs bosons
can affect various flavor observables such as B-meson
related processes through b — sy branching [59-62]. In
Type-1I 2HDM, these impose a combined 95% C.L. lower
bound on the mass of charged Higgs M+ > 800 GeV
[63]. However, these lower bounds are reduced in the case
of Type-V 3HDM due to a cancellation between the
contributions of the two charged Higgs bosons [46,64].
Consequently, having a small mass splitting between M HE,

increases these cancellations in » — sy to be within the
observed bounds [65]. On the other hand, the above-
mentioned mass splitting could affect other direct searches
for BSM physics like pp — h;/a; — ff/ZH channels that
are sensitive to the presence of new neutral CP-odd and
CP-even Higgs bosons in MS-3HDM [35,36]. Thus, it
would be interesting to consider the effects of these
additional phenomenological constraints on the parameter
space of the model in forthcoming dedicated studies.

In Fig. 1, we display the RG evolution of all quartic
couplings for the benchmark model of (5.1), with a low
charged Higgs mass M = 500 GeV. We observe that the

quartic coupling 4,,, which determines the SM-like Higgs-
boson mass My, decreases at high RG scales, due to the
running of the top-Yukawa coupling y,. The coupling 4,,
turns negative just above the quartic coupling unification
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0.2

Low-Scale Quartic Coupling Unification

M,:=500 GeV
0.1
tanp,=50
[2]
8 tanf,=0.018
o
3
9
&)
L2
=
S -
3
¢]

-0.3 L L L L L
2 4 6 8 10 12

Log,(h) [GeV]

FIG. 1. The RG evolution of the quartic couplings from
the threshold scale M ne =500 GeV up to their first quartic

coupling unification scale /15(1) ~ 10" GeV for tanp, =50
and tanf, = 0.018.

scale u{) ~ 1013 GeV, at which all quartic couplings

vanish. Below ,ug(w, the MS-3HDM quartic couplings

exhibit different RG runnings, and especially the couplings
/ll-jl-j (with i # jand i, j = 1, 2, 3) take on nonzero values.

Also, for energy scales above yg), we understand that the

MS-3HDM has to be embedded into a higher-scale UV-
complete theory. Nevertheless, the addition of more scalar
doublets to the SM, with a maximally symmetric potential,
shifts to higher RG scales the location at which the quartic
couplings become negative. The reason is that new bosonic
degrees of freedom generically give positive contributions
to the quartic coupling f-functions. As a consequence, the
magnitude of the quartic couplings in the negative region
becomes smaller, yielding a potential that is even more
stable than that of the SM. Specifically, by considering the
scale-invariant part of the effective potential, only five
additional degrees of freedom with total positive contribu-
tion are added, with respect to MS-2HDM, implying a
higher stability for the potential. In Ref. [41], it has been
shown that while EW vacuum lifetime of the SM is
~10%9T,, it becomes even larger ~10°*°T; in the MS-
2HDM. Likewise, in the MS-3HDM the EW vacuum
lifetime will be even higher than the one evaluated in
the MS-2HDM, whose lifetime is many orders of magni-
tude longer than the age of our Universe. For this reason,
we do not apply the usual, over-restrictive constraints
derived from positivity conditions on the scalar potential
that would imply an absolutely stable EW vacuum.

In addition to the conformal unification point ,ug) , there

is in general a second and higher conformal point M§?) ~
10%! GeV in the MS-3HDM. This is exemplified in Fig. 2.

This higher conformal point occurs, when the quartic

0.2
High-Scale Quartic Coupling Unification
M,:=500 GeV
01D '
' tanp,=50
[2]
gn tanp,=0.018
g— 0.0 — e
o
()
o
9 —A
T 0.1 122
8 Mz
—Mias
02} Mzt
g
)"2332

2 4 6 8 10 12 14 16 1‘8 20
Log,o(un) [GeV]

-0.3

FIG. 2. The second conformal point of quartic coupling
unification at uf) ~10?! GeV is shown, for the same input
parameters as in Fig. 1.

coupling 4,, increases at high RG scales and crosses zero
for the second time. This happens when the running of the
top- Yukawa coupling overtakes that of the gauge coupling.
Obviously, in such a theoretical setting, any embedding of
the MS-3HDM into a candidate UV-complete theory must
primarily include UV aspects of quantum gravity. For
instance, one may well envisage that a possible UV
completion could be achieved within the framework of
asymptotically safe theories of quantum gravity [66,67].
In Fig. 3, we give numerical estimates of the mass
spectrum of the MS-3HDM, for the benchmark model
in (5.1), for which a low-charged Higgs mass M. =

500 GeV and the first unification point uy = ' are

chosen. At this unification scale y;), the masses of all
heavy Higgs bosons, hj,, a;,, and hi,, are mainly

600 oo
tanB,=50 0=0.012 ——M, ——M, ——M;
575
tanp,=0.018 ---- 0=0.006 ——M, ——M, ——M;
% ......... 6=0.003
S
@ 550 e
w L TTTeeeescccccccccccccs====z3x
@ peeeoooClllllIIIIzzzzzzzzzzzzzszsazas sessacecsacacan
=
525
500
2 4 6 8 10 12
Logio(n) [GeV]
FIG. 3. The scalar mass spectrum of the MS-3HDM with the

input parameters tan f; = 50, tan 8, = 0.018, Mhli = 500 GeV
and My: — My =25 GeV, 50 GeVand 100 GeV relevant to the

mixing angles ¢ = 0.012, 0.006, and 0.003, respectively.
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—— High-Scale
- - - Low-Scale
M;: = 500 GeV
High-Scale
18+ - — -Low-Scale
Mp: =1 TeV
High-Scale
— — -~ Low-Scale
M;: =10 TeV

10 1 1 1

FIG. 4. Sets of quartic coupling unification points in the
(tanf3,logou) plane, for charged Higgs-boson masses
M W= 500 GeV, 1 TeV, and 10 TeV. The dashed and solid
curves show two sets of the low-scale and the high-scale quartic

coupling unification points, ;45(1) and y§(2>, respectively.

determined by the soft-breaking mass terms, which are
m3, ~75% GeV?, m}; ~70*> GeV?, and m?; ~20? GeV?,
and the VEV ratios tan #; = 50 and tan 8, = 0.018. As a
consequence of (4.5), the heavy mass spectrum of the
MS-3HDM becomes degenerate at the unification point yy,
clustering about the different charged Higgs masses,
Mhli =500 GeV and Mhzi =525 GeV, 550 GeV, and

600 GeV, with the mixing angles o[rad] = 0.012, 0.006,
and 0.003 for the hi—h5 system. As shown in Fig. 3, RG
effects will break these mass degeneracies from a few MeV,
for My —M, and M, —M,, up to about 30 GeV,
for My: —M,,.

Figu}es 4 and 5 show all conformally-invariant quartic
coupling unification points in the (tanf;,log;ou) and
(tan 35, logop) planes, by considering different values of
threshold scales py,, i.e., for py, = Mhlt =500 GeV,

1 TeV, and 10 TeV. In both figures, the lower curves
(dashed curves) correspond to sets of low-scale quartic
coupling unification points, while the upper curves (solid
curves) give the corresponding sets of high-scale unifica-
tion points. From Figs. 4 and 5, we may also observe the
domains in which the A, coupling becomes negative.
Evidently, as the threshold scale puy, = M nt increases,

the size of the negative 1,, domain increases. This becomes
more pronounced for larger values of tanf; and smaller
values of tanf,. So, one may obtain lower and upper
bounds on tanf; and tanf, for this unified theoretical
framework at different threshold scales p,.. For example, if
Hie = 500 GeV, we may deduce the bounds

40 <tanp; <55, 0.013 <tanp, <0.022. (5.1)

26

—— High-Scale
— — - Low-Scale
20+ M. =500 GeV
High-Scale
18 - - -Low-Scale
My: = 1TeV

High-Scale
| -~ ~Low-Scale
My: =10 TeV

- = -

10 1 1 1 1 1 1
0.014 0015 0016 0.017 0018 0.019 0020 0.021 0.022
tanf,

FIG. 5. The same as in Fig. 4 but for sets of quartic coupling
unification points in the (tan f,,log;ou) plane.

Note that the constraints on the allowed intervals for tan f; ,
get weaker with larger charged Higgs masses.

We have already seen how at the conformal points, ,ug(l)
and /4;2), all quartic couplings vanish simultaneously,
leading to an exact SM alignment. Nevertheless, for
lower RG scales, the Sp(6) symmetry is broken, giving
rise to calculable nonzero misalignment predictions. As
was discussed in Sec. II this misalignment can be derived
using our analytic expressions given in (2.35). In Fig. 6,
we present our numerical estimates of the predicted
deviations for the SM-like Higgs-boson coupling HXX
(with X = W*,Z,t,b,7) from its respective SM value.
Specifically, Fig. 6 exhibits the dependence of the misalign-
ment parameter | — g2,y (with 9Hg,xx = 1) as functions of

the RG scale p, for both the low- and high-scale quartic

10°
High-Scale Low-Scale
-1
10 _1'9§vv _“1‘9§vv
102k _ _1‘9g& _'_1'95111
= _1'9gbb _“1'95|b5
E10 Fso_ o I e Bl ¢ 3
~ > o <
@ . ST~
Biof TRIISeT
RS X
2405k SO RS
3 SS N
S 10°%F RN
\\ AY
\\\ \
107k \\ \
\
— A
100 | Mr:=500 GeV N
Y
(g | 12B=50 u
tanp,=0.018 A
10»10 1 1 1 1 1 T Y 1 1 1 1

2 4 6 8 10 12 14 16 18 20
L091o(u) [GeV]

FIG. 6. Numerical estimates of the misalignment parameter
1 — g2xy pertinent to the HXX-coupling (with X = V, 1, b, r and
V = W*, Z) as functions of the RG scale y, for the low-scale and
the high-scale quartic coupling unification scenarios, considering
Mhli =500 GeV, tan f; = 50 and tan 3, = 0.018.
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coupling unification scenarios. We observe that the nor-
malized couplings, gyyy and gy, approach their SM
values gy vv = gugn = 1 at the two quartic coupling

unification points, ;4;” and ,ug?. Moreover, the deviation of

gupy and gy, from their SM values get larger for the
higher-scale unification scenario and can be fitted to the
observed data within the 68% C.L. [68,69].

VI. CONCLUSIONS

We have analysed the basic low-energy structure of the
general 3HDM. We have found that this model can realize
three distinct SM-like Higgs scenarios of SM alignment.
Our study was focused on the canonical SM-like Higgs
scenario of the Type-V, for which conditions on the
model parameters for achieving exact SM alignment were
derived. Interestingly enough, there are three continuous
symmetries which, when imposed on the nHDM scalar
potential, are sufficient to ensure SM alignment. These are
(i) Sp(6), (i) SU(3)yp, and (iii) SO(3),r. Amongst these
symmetries, the most economic setting is the maximally
symmetric three-Higgs-doublet model (MS-3HDM),
whose potential obeys an Sp(6) symmetry. The Sp(6)
symmetry is softly broken by bilinear masses m,zj (with
i, j=1, 2, 3), as well as explicitly by hypercharge and
Yukawa couplings through RG effects, whilst the
theory allows for quartic coupling unification up to the
Planck scale.

The MS-3HDM is a remarkably predictive scenario, as it
only depends on a few theoretical parameters when
compared to the large number of independent parameters
that are required in the general 3HDM. In fact, besides the
ratios of the Higgs-doublet VEVs, tan f3; ,, the model is
mainly governed by only three input parameters: the
masses of the two charged Higgs bosons, M hE» and their

mixing angle ¢. Most notably, with the help of these input
parameters, we have obtained misalignment predictions for
the entire scalar mass spectrum of the theory, including the
interactions of all Higgs particles to the SM fields.

We have presented the one- and two-loop RG equations
pertinent to the general 3HDM. We have used these to
evaluate the two-loop RG effects on all relevant couplings
in the MS-3HDM. In particular, we have shown that all
quartic couplings in the MS-3HDM can unify at high-
energy scales uy and vanish simultaneously at two distinct

conformal points, that are denoted by ;4;1‘2) with ,ugfl) <

103 GeV and 4 > 10?! GeV. These limits have been
obtained by considering the RG evolution of the quartic

couplings from the unification points ”;1,2) down to the

threshold scale pg,, = M = 500 GeV, 1 TeV, and 10 TeV.

For our analysis, we considered a typical benchmark
scenario for the VEV ratios, tanf,, and the kinematic
parameters of the charged Higgs sector. We have obtained
misalignment predictions for the Higgs-boson couplings to
the W*, the Z bosons, ¢ and b quarks, and z-lepton. The
normalized couplings, ggyyy and gy, approach their SM
values gy vv = gug,w = 1 and so they are in excellent
agreement with the current LHC observations. On the other
hand, the strength of the Hbb- and Hzz-coupling are within
68% C.L. of the LHC data measurements.

The present results for the MS-3HDM, along with an
earlier study of the MS-2HDM [41], demonstrate the high
predictive power of maximally symmetric settings in
nHDMs. Such settings not only can naturally provide
the experimentally favored SM alignment, but also allow
us to obtain sharp predictions for the entire scalar mass
spectrum of the theory, including the interactions of all
Higgs particles to the SM fields and all scalar self-
interactions. This fact opens up new interesting theoretical
vistas that merit detailed exploration in the near future. We
therefore plan to return to dedicated investigations of the
Higgs self-interactions in this framework that may be
probed via multi-Higgs and charged Higgs production
events at the LHC and future high-energy colliders.
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APPENDIX A: THE 3HDM POTENTIAL

The most general 3HDM potential invariant under
SU(2); ® U(1), may be explicitly expressed in terms
of three-Higgs doublets ®; (i = 1, 2, 3) as follows:
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V3HDM =

—m} (B]D) — m3, (PJD;) — My (DD3) — [m (O] D,) + mi; (P]D3)
+ M3y (DID3) + Hoe] + Ay (B]D)? + Ay (D] D,)? + A33 (] D3)?

+ 2122 (PP (PID,) + 41133(D] @) ) (P D3) + Aoz (PID, ) (P D3)

+ 1221 (O] D) (BID1) + 41331 (P D3) (D] D)) + Ay (D] D3) (BID,)

g A A
4 A (q)wl“q)z)z _‘_%(q) @;)? +ﬂ(¢;®3)2

2 2
+ 1213 (@] D) (P @3) + Ay13 (DD ) (D] D3) + Ay3o3 (P D) (P D3)
+ A1332 (@] D3) (PD,) + 4103 (DD ) (PID3) + 1223 (P D) (P D3)
+ A1 (@D (P D) + Ay o (DFD) (D] D2) + Ayy13(R] D) (D] D3)
+ 41123 (@] D) (PJD3) + Ao 13 (D] D,) (D] D3) + A3 (P D,) (P D3)

+ D331 (@] @3) (D] @,) + A3313(D]D3) (D] D3) + A3323(PLD;) (PID;) + Hec. |, (A1)

where 4;; = 4;;;;/2. Furthermore, assuming a CP-conserving 3HDM potential the following three minimization conditions

can be obtained,

1
mi = 20, [=2m?, vy = 2miyv3 + 244103 + (A11zs + Ai313 + Aizsr) v 03
+ (A1122 4 41212 + A1221) 0105 + 2(A1123 + 4121z + Aa113) 010203
+ (A1223 + 42123 + 42213) V303 + (A1303 + 1332 + A3312) 0203
+ A1203 + 311120702 + 3411130103 + A331303), (A2)
1
m3, = 20, [=2mT,0; — 2m3303 + 220003 + (A2 + A2z + 41221 ) 0102
+ (Aa233 + 42303 + 42332) 0203 + 2(Aan13 + 41223 + A2123) V10203
+ (1323 + Ai3zz + A3312) 0103 + (A3 + Aiais + Ao113) 0703
+ 11207 + 3220120103 + 3400030303 + A33o3 03], (A3)
1
m3; = [—2misv) = 2m330y + 223303 + (A1133 + Ai3is + Aizs1 ) vivs

205
+ (A2233 + Ao3as + A0332) 0303 + (A1223 + A2123) v1 03

+ (A1123 + 213 + Ai13) 10z + 2(Aiz03 + Aizsz + Azzi2) v 0203

+ A11307 + 4222303 + 3433130103 + 333030203). (A4)

APPENDIX B: MASS MATRICES

As discussed in Sec. I, there are nine physical Higgs states in 3HDM: (i) three CP-even scalars (H, hy,), (ii) two
CP-odd scalars (a, »), and (iii) four charged scalars (h,). The details for deriving the masses of these particles are given in
Secs. B 1, B 2, and B 3, respectively.

1. CP-odd pseudoscalar mass matrix

The mass matrix pertinent to the CP-odd scalars or pseudoscalars in the general 3HDM is given by

M3 M3
M = ( 2P,22 2P,23>, (B1)
Mg, Mg,
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with
2 _ 2 2 .2 1 2 2 2 -1
M3 5y = miySop + miycy iy + sp 15 (miyss, + mizty,) + mascp iyt

1
+ ZIEII (_Sﬁl <Uzsﬂ1 t/zjl 0/232(02/11 (A2 + A2212) + 241212825, + A1112 + 342212)

1
+ 5”2%] (825, (Cap, (A1113 = A1223 + 342123 — A2213) + 41213825, + At113 + ooz + Shaios

+ /12213) + 4&33135‘%}21/}2) + Uztﬁl CEll Séz (2ﬂl3l3SZﬂ1 + Cop, (—3/11323 + 11332 + 133]2)
— A3 +3(iss2 + Aaain)) — 12223”282ﬁ132ﬁ2> + v*c; (¢, (eap, (Ainnz + A212) = 3Ai11a

— A1) = 84212384, 55,Cp, — ZS;Z (A323 + Aizz2 + A3312)) — szc%ﬂl Cp, (2/112125/;10/32
+ 55, (A1123 + Ai21s + Ao113)) = 20%¢y, (4/112125§ﬂl ¢, + 85 55,¢p, (441213 + 320203)

+ 55, (22032355, + 13323%2)))7 (B2)

M35, = 5/321 Cﬂ_zl (mizcp, +m3ysp) + % (_Cﬂlsﬁzl C/s_zl (v%cap,(BA111s + Ai2as + Ao1os + Aaoi
— Ma313) + 2 (3113 + ooz + Aoz + Aaaiz + aziz)) + 207 cap, 15 (< Ai113 + Ao
+ Aotz + Ao13) = 8, 552] CEZI (v%cap, (A3 + Aoz + Aanis + 3donns — 443303)
+ 0% (A1123 + A1z + Aanis + 3oz + 4s33)) — 207535, 15 (Anis + Aiais + Ao
- /12223) =+ 802C2/3, (/12323 - /11313) - 16/113231]2S2/31 - 81’2(/11313 =+ /12323)), (B3)

1
M3, = Cﬁzl(m%ﬁm — m3scp,) + 3 (v%cp, (=sp, (A1113 + 341203 — Sdo1o3 + 3dan13 — 443313)

+ 535, (=A1113 + A2z + Aaioz + Aiz) + ¢, (31123 — Shiais + 342113 + Aonas — 4333)
+ 35, (1123 + Aio1z + Aoris — Aoanz)) + 47125/52(S2/3] (A2323 = A1313) + 241303C2p,)
+4cp! (Aazosv’ep, = A33130%sp,))- (B4)

The above mass matrix M3 can be diagonalized with a rotational matrix R(p) in the form

M3 = R(p)MERT(p) = M 0 (B5)
P p P p 0 MZZ )
with
MG, = M3 5,5 + M3 5355, + M3 3355,
1
M%lz = 5 (M]%,33 - Mlz’.22)s2/) + Ml%.2302/)’ (B6)
where
2 M
tan2p = P23 (B7)

2 2
MP,22 - MP.33
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2. Charged scalar mass matrix

The mass matrix for the charged scalars in the general 3HDM is given by

M? M?
Mzi _ ( +,22 i.23>’ (B8)

2 2
MY 53 M55

with
2

+ 525, (A1212 + A1221) + At + Aoin) + Uzsﬁzcﬂzullwﬁl + t/Sjl (41223 + Ao123 + 42213)
+ ’12223%1 + A1 + A1z + Aaniz) + vt Cﬁlzszﬂz(f/il (Ai213 + A2113) + 41223 + A2123)

1 1
M3 5, = cp ty! (miycp + tg, (st + m3y)) = 5021 1) (‘ v2e’cg (cop, (112 = Aa212)

1
+ 3 UZCEISS/%Z (2505, (A1313 + 41331 + Aozoz + A3zn) + 2¢up, (A1323 + A133) + Sap, (A3

+ Ao3z — Mz = Aizat) + 6(Aiso3 + Aizza) + 83310) + Pyt 1, (aaiaty, +ﬂ3323)>’ (B9)
M2 33 = syl el (miscy +miysg ) — 3—12sﬂ‘2' ¢! (1621113035 5, + A123 0 (5p,0p, + S35, -2,
+ 8,428, 1 S3p,42p,) + M21307 (Sp, 228, + 35,225, + Sp12p, + S3p,425,)
+ 223 (Cp,—2p, = C3p,—2p, + Cpir2p, = C3pis2p,) — 24131307 (825,225, + S2p,12p,)
+ 4/113231)2(C2ﬁ1—2ﬁ2 — Copt2p,) — 2A1331 vz(SZﬁ] —2p, + 82p,12p,) T+ 4/11332112(Czﬁ1—2/52
— Cop,42p,) T A2 13”2(Sﬁ1—2ﬁ2 + 535,25, + 5,428, T S3p,125,) + 42123 UZ(C/}I—ZﬁZ
— Cap=2p, T Cpiapy = C3pi12py) + 221307 (Cpmap, = C3p,—2p, + Cpiv2p, — Capi425,)
+ 4200302 (35,0, = S3p,-2p, + 355,428, — S3p,428,) + 22032307 (S2p, 225, = S2p,12,)
+ 22033207 (S2p, -2, — Sap,42p,) — 331307 (Cp, 225, = Cpi12p,) — Ma3230” (55, -2p,
— 5p,42p,) T 24112307 (55, + 535,) + 22121307 (5, + 535,) + 20 ¢, (A1223 + A2123 + 213
+423313) — 20203ﬁ, (1223 + A2123 + Aoo13) + 27}2S/3, (A2113 + 342003 + 43303)
+ 21}2S3/3l (Aa113 = Aana3) + 4”252/32 (1313 + 41331 + Aozos + Ao332)). (B10)

1
M7 55 = cjl (missy, — masep,) + 1—60132(8”201231 (55, (=A1113 + 41223 + A2123) + 15, (A1323 + A1332))
— 4025, (25,15, (A1323 + 1332) + 2, (A1213 + Aa113 = Aa2a3) + 22001385, + 22331375,
— 02595,835,C5 (1313 + A1331 — Ao3o3 — Aazzz) + 12805, 15,¢57 (—A1313 — Aiza + Ao

+ /12332) + 8&33237]26%’1 [22 + 8/111230202ﬂ] ) (Bll)

The above mass matrix M2 can be diagonalized with rotational matrix R(s) in the form

MiL 0
M2 = R(6)M2R(6)™! = ‘ , B12
L (6)M1R(0) ( 0 Mﬁt) (B12)
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with 3. CP-even scalar mass matrix

The CP-even scalar mass matrix M3 in the generic basis
M2 _ M2 2 + M2 4 MZ 2 S
= = ME b +23520 +3356>

h ¢, ,3 may be expressed as follows:
1
Mf,zi = E(Mi,% - Mi,zz)sza + Mi23(:26 (B13) A C, G,
M% — Cl B] C3 N (BIS)
where
G G B
2M3 53
tan20 = — ' (B14)  where the elements are

5 .
+22 7 Mi,33

1
A= m%zl‘/;] + m%Sc[;]I tﬂz + 2/111’!)20/2}1 cfzjz - —’U2S/;] C/}l cfzjz (122122‘/2}1 - 311112)

2
1
b v2ep, 85,5, (15, (Aa213 + 1223 + Z2123) = 321113)
1
3 UZS%;Z (/13313%1 tg, + 15 (A3 + A1z + 43312)),

1
Bl = m%Zt[;ll + m%SS/;l [ﬁz + 2/1221}2.5%1 0/212 - 5 Uzsﬂl C/}] 0/212 (/11112t[;]2 - 3/12212)
1

- Evzsﬂl $p,Cp, (157 (A123 + Aia1z + Aanz) — 340223)

- % 2575 (4332387 15, + 15" (Ai323 + Aizz2 + 43312))s
By = 2miycp ! + 2miysp 15! + A3307s) 4 305,05, (31305, + A33235p,)
= v*cj 151 (hnacy, + sp,¢5 (Aias + Aoz + Aois)
+ 55,65, (A122s + Aa123 + Ao213) + 2222383,

1 1
Cy=—mj, + 5 2525, ¢5, (A2 + Ai2a1) + 5 v2cg (3A1112€5, + Aa1282p, + 34021253, )

1
+5 02595, (€5, (A123 + 41213 + Aar13) + 85, (1223 + Ao1os + Aa213))

1
+ 3 vzsfgz (1323 + 1332 + A3312).

1
Co = —miy + 5 vy, oy, (uiss + Auzan)

1
+ 5”2C§2(3/11113C/2;, + 525, (A1123 + a1z + Aa1iz) + 85, (hiaos + Aa12s + Aa213))

1 1
+ 5 V2595, (A1313¢p, + S5, (41303 + A3 + Aazi2)) + 5 1123/1331382;2,

1
C3 — _m%3 + 51)2.8‘/3] S2/j2 (/12233 + /12332)

1
T3 v2¢cs (¢5, (Mi23 + Aia1s + Aaniz + Aoo13) + 25, (Aias + Ao123) + 34020385,

1
) 2525, (¢, (A3as + Aizsz + Aa3i2) + Aazassp, ) + 333035, - (B16)
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APPENDIX C: RENORMALIZATION GROUP
EQUATIONS FOR 3HDM

In this section, we present the complete set of one- and
two-loop beta functions of all gauge, Yukawa and quartic
couplings, for the Type-V 3HDM, including beta functions
for potential mass parameters and the VEVs of the scalar
doublets. These are computed with a modified version of
PYR@TE package [70,71] and the results are presented in
Secs. C1, C2, C3,C4, and C5. To this end, we use the
following convention

dg 1 1
=y—2= (1) @(g), C1
p(9) =T 4ﬂ)2ﬂ (9) + ) (9). (C1)
where (") and 2 refer to the one- and two-loop RGEs,
respectively.

1. One- and two-loop RGEs of gauge couplings

The one- and two-loop RGEs of the gauge couplings
take on the following forms,

43

BV (g) = Fg?’ (C2)
217 15 44 5 17 5 .
B (g1) = AT NG +3RA~¢I GTr(yayh) — mTr(yuyu) S9Tr(veve), (C3)
17
BV (gy) = —FQ%’ (C4)
5 61 3 3 . .
B (gy) = S9G+ 56+ 1266 - Engr(ydyd) —39 BTr(y,yh) = = ATr(vyl), (Cs)
BV (g3) = -Tg3. (Co)
) I, 59 55 3 T 3 f
P (g3) = < 919 59293~ 2653 — 23Tr(yay)y) = 23 Tr(yuyu)- (C7)
2. One- and two-loop RGEs of Yukawa couplings
The one- and two-loop RGEs of the Yukawa couplings can be given as follows:
() SNIE SN S i 5 o0 9
Y (va) = FYaYaVa + 5 Vuyuya + 3Tr(yyy)ya — T3 Iva = gzyd 803V (C8)
3L . 1. . 1 . .27 L
B (vy) = Eydya’zydy;zyd - Zydyl,yuyiyd - Zyuyiyuyiyd - ITr(ydyLydyL)yd
27 My yhy, 2 iy, 2 y i i
- ZTr(ydyd)ydydyd - ZTr(ydydyuyu)yd - ZTr(yuyu)yuyuyd — 12014y 3Ya
— 210V uYiya + 2/11221yuyzyd + 6431y + A 1mya + /11122/11221)%1 + Mp1Ya + Ai33Va
187 135
+ Assdizaiya + Aaz e + 5 |/11212| Yat+= |/11313| Ya+—5 3 g%ydyjiyd +—— 16 gzydydyd
- 53 33 16 25
+1693y4y 3ya — a4 —— @yyiva + 1 6gzyuyuyd +— 3 BYuYiva + = Y ATr(yay})ya
45 11 9 31 19
+2 BTr(vay})ya + 2083Tr(yay})ya — 5 —J1ya— Zg%gﬁyd + 39%9%% 1 —3Ya
+ 99353y — 108¢3y,. (C9)
1 3 17 9
BV (y,) = Eydyflyu - Eyuylyu + 3Tr(y, i)y, — = 3 1 = 795 = 895 (C10)
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1

BA () = == Vayiyay iy

9
1 ——Tr(yay ) yay v

3. oty of
AYuYuYuYuYu 4

Lo
__yuyuydydyu +2

4
9 27 27 .
- ZTr(ydyZyuyZ)yu - ZTr(yuyZyuyZ)yu - ITr(yuyZ)yuyuyu — 21120V aY

+ 2/11221)’01)’2)’1; - 12/122)714)’;)% + 643,50 + A0V + A1V + Ao Y + /1%233)’,4

3 3 41 .33
+ A33dasnayu + AzpVu + 5 12122y + 3 o323 2y — mg%ydydh + Eg%ydylyu

16 223 135 85
+ ggiydyflyu + g Byuyiye + ngyuylyu + 116GV iy, + = 19 ATr(yuyi)vu
45 449 3 19
- §9§Tr(yuy2)yu + 203 Tr(y, i)y, + ﬁglyu — Zg%g%yu + gg?giyu - Zg‘z‘yu
+ 99343y, — 108g3y,.
3 15 9
BY(E,) = yeyeye FTE(Yeye)Ye = — BVe — = Ber
4 4

3 9 9
BA(y,) = Eyeylyeyiye ZTr(yeyeycye) - ZTr(yeye)yeyeye 12233y, 98y, + 6433y, + 4313370

3
+ Ai33diz31Ye + AsaYe + AaaYe + Aa23sdazzaye + ArzzVe + 3 13137y,

15
—Q%Tr(erZ))’e

Tr(yey!)ye + 2

9 135 , . 25,
glyeyeye +—gzyey€ye +_gl

3., 12
+§|/12323| Ye + 6 16 3

509 9 19 ,
+ 4 91)’e "’49192)% 4 — 92Ve-

3. One- and two-loop RGEs of quartic couplings
We obtain the following one- and two-loop RGEs of all quartic couplings for the 3HDM Type-V,

BY (A1) = 2423, + 22315 + 2Ai1mdionr + ATy + 247133 + 243331 + Mgy + Ao

9 T
= g5+ 1221 Tr(yay))

R
gl 8

3
+ [A313* = 39341 — 993441 + < 1

3 9192 +

— 6Tr(yay yayy).

B (A1) = =31247; — 204112313 — 20411 A1 1;odioar — 124114355, — 204114335 — 20411 4113341331
— 1224148331 — 144111 A1010]* = 142411 41315]% = 843 55 — 1641120415,
— 2041120412121 = 1247 1041221 = 64150) — 84733 — 16411334733; — 20241 133]A313]
— 122313341331 — 643331 — 221;01)A1212]* — 2241331 | Ai3is|* + 364747, + 1086347,
+ 4912012 + 12030312 + 491 A1 mAa1 + 12540204001 + 20140001 + 3034100,
+ 4914133 + 120547133 + 4t Anssiaar + 1205403340331 + 20141331 + 3954133

673 39 29 5 1

o — gt +Zg%g%/111 —gg‘z‘l” +§g?/11122 +7
15 5 15

GrPBA1 + 293/11221 +§9?11133 + =

—g%|/1]212|2—g%|11313|2 9331122

5 5
+ =g + 5

5
2 5 > Gz + 19‘1‘/11331

5 15 407 587 317 277
+§g%9%/11331 +Zggf11331 13 — 0 - 8 g19 — 3 —— 919 +F92 - 144/1%1“()’(1)’2)

- 12/1%122Tr(yuﬂ) - 12/11122/11221Tr(yu)’u) - 6/1%221Tr(yu)’3) - 4/1”33Tr(yeyi)
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- 4/11133/11331Tr(yeyi) - 2/1%331“()’@)’2) - 6|21212|2Tr(yuyl) - 2|/11313|2Tr(yey2)
25 b 45 : S

+ FglﬁnTr(yclyd) + 79%/111Tr()’dyd) + 8043411 Tr(yay)) + Zngr(ded)
9 i 9 T g

+ 3 RBTVary) = 3BT avy) = 3 Trayayayy) = S Tr(ayyu)

4 o L L
+ gg?Tr(ydylydyl) = 3263Tr(yaylyayly) + 30Tr(yayyayiyayly)

+ 6Tr(yayyayiyuys).

BY () = 2403, + 22315, + 2411001 + Aapy + 243033 + 22003340330 + M550 + [Aiannf?

3, 3 9 .
+ |A0303]* = 39142 — 993400 + §9? + 19%9% + §g§ + 1245 Tr(y,yu)

— 6Tr(y,Yiyuyi).

B () = —31223 — 2022135 — 123313 — 2005 Boyss — 200 drssasss — 120007550
— 1420 |A0303* = 843120 — 204112041201 420 = 16411224055) — 2021 122[ A1 ]
— 12271301201 = 64100 = 84333 — 164003345330 — 2020033]Aosas|* = 12435330332
= 60333, — 14000 [A1212 > = 2241;01 [ 1212 > = 22332 Ao |* + 369743, + 1089543,
+ 4912012 + 12032312 + 491 A1 1mAa1 + 125402040001 + 20140001 + 3034100,
+ 49145033 1 120505533 + 49103340330 + 1295400330332 + 2014333, + 3954533

673 39 29 5 15
— Gl = gildesns)? + 5910 + — 915340 — = G0 + S giAin + = Gt
24 4 8 2 2
5 5 15 5 15 5
+ 19‘1‘/11221 + 59%9%/11221 + 793/11221 + 59?/12233 + 79‘2‘%233 + 19‘11/12332

15 407 , 587 ,, 317 ,, 277
2 4

- 12/1%122“()’01)’2) - 12/11122/11221Tr(ydy2) - 6/1%221Tr(y(1)72) - 4/1%233Tr(yeyl)
- 4/12233/12332Tf<)’e)’2) - 21%332Tr(ye)’2) - 6|/11212|2Tf()’d)’j1) - 2|/12323 |2Tf(ye)’2)

85 45 19
+< G Tr(y,yi) + 5 BAnTr(y, i) + 809340 Tr(y,vi) — - i Tr(y,yi)

21 9
+ TQ%Q%TT()’M)’Z) - Zgng(yuyZ) - 9/122Tr(ydy2yuyi) - 3ﬂzzTr(yuyZyuyZ)

8 T Ty oo
- gg%Tr(yuylyuyl) = 32@Tr(y, yiyuyu) + 6Tr(yay iy vhy.vi)

+ 30Tr (Y, iy uyiyuu)s

BV (Aa3) = 24235 + 243135 + 2413341331 + Aasy + 23053 + 24003340330 + A3330 + |A1313)?
3 3 9
+ |Aozo3l* = 391433 — 993433 + gg? + 19%9% + ggg + 4233 Tr(y,y0)
— 2Tr(y,yiyeyt).
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PP (233) = =312235 = 207 33433 — 12733, a3 — 2025035433 — 1225535433 — 847,33
— 204113341331433 — 16211334133, — 2041133 |A1313[° = 1243 3341331 — 64733) — 84335
— 2003340330433 = 164003343335 — 2040033 |20303]” — 124353340330 — 64353,
— 1433|4313 > = 2244331 [hizis|* = 1423320303 [* = 22033 2033 |* 4 364743,
+ 10893435 + 49147133 + 126547133 + 491113341331 + 1203411334331 + 20714733,
+ 3030331 + 49145033 + 120545033 + 491 An33dasz + 1205403340330 + 2014533

+ 3954333 = gilAais|* = g1l Aazas|* + 627—439‘1‘/133 + 1—99%9%/133 - %942‘/133 + %9‘1‘/11133
+ 593/11133 + %9‘11/11331 + %9%9%11331 + ?93/11331 + 29‘1‘/12233 + 175942%2233

+ 29?12332 + 29%9%/12332 + 14—59‘2‘/12332 - %!fi’ - %9‘1‘9% - %9%9% + %793

- 48/1§3Tr(yey2) - 12/1%133Tr(ydy2) - 12/11133/11331T1”(ydy;) - 61%331Tf()’d)’2)

— 122355, Tr(yuyi) — 12400334033 Tr (0, vh) — 62333, Tr(v,vi) = 6| 41313 Tr(yay))

25 15 25
— 6|33 P Tr(yu i) + = G233 Tr(veys) + = B3 Tr(yeyi) — = g1 Tr(y.yi)

2 2 4
11 .3 . o L
+ jg%gﬁTr(yeyi) — Zg‘z‘Tr(yeyi) — A3 Tr(y,yiyeyl) — 4G Tr (e yiyeyt)
+ 10Tr(yeyly ylyeye). (C19)

ﬂ(1)</11122) = 12/111/11122 + 4"111/11221 + 12/11122/122 + 4/1%122 + 4"11221/122 + 2’1%221 + 4’1113312233

3 3 9
+ 2113340332 + 24133140033 + 2| A1212]* = 39341122 — 934112 + Zg? - 59%9% + 193

=+ 6/11122Tr()’d)’j1> + 6ﬂszr(yuyZ) - 12Tr()’d)’2)’uyjt), (CZO)

B (A1m) = =T7221123 15 = 32011 4110 101 — 282114301 = 36211 [A1a1a|> = 72231300
= 2821391422 = 6047, 41125 = 602117043, = 1243139 = 3211204120142 = 16411:047s
- 2}“1122’1%133 - 2’11122’11133/11331 - 16/11122}“1133&2233 - 8/11122/11133/12332

- 22'1122’1%331 - 8/11122/1133112233 - 2/11122’1%233 - 211122/12233/12332 - 2)*1122)“%332
- 18j‘1122|/11212|2 - 3/11122|/’l1313|2 - 3)“1122|j'2323|2 - 16}“%1’11221 - 16/11221&%2

— 4031 = 122351 = 2ian1 4331 — Yo dizsidazn — 24 A3,

= 22101 1313 [* = 22101 [ Aoz P = 82113341331 42233 — 84113345033

= 8A11334023340332 — BA113343330 — 12411330 A03as* — 44133140033 — 24133143332

= 21331 [Aa3ns]® = 84T 3340033 — 843314033 — 44T 3340330 — 24133140330

= 36An|din* — 4ol Annl® = 2ad0m3disis — 12200331313 ]

= 23|33 |* = 2A13134001045305 + 2491411 4110 + 72651422 + 897411 121

+ 369541141201 + 249741120200 + T205A 1120002 + 291412 + 6954112

= 12g3411mA1201 + 891 A1221422 + 369341201420 = 2914101 + 6934102

+ 891113340233 + 2405113300033 + 491113340332 + 1205113300332 + 4974133142233
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15 45
+ 1263413310033 + 693133140332 + 497 | Ao |* + —91/111 591gAn + ?93/111

+ %gﬁzz — 5919320 + %9‘2‘322 + 62143 gt + 141 GiPA2 — 889 GrMin

+ 591/11221 — 39131001 + 1592/11221 + 591/11133 + 159311133 + %9?/11331
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- 12’17212333231‘1“()’14)’!1) + EQ%EB“UMD + 19%17313%(%)’@)

45 ¥ 15 5., . +
+ ZQ%EBTY(WM) + 195/11313“()%)’;) + 4093/11313Tr()’d)’d)

3 9 N 1,
- 54T313Tr(deZYdyjz) - 5/17313“()’(1)’51%4}’;) - 5/11313Tf(yeyZYeyz)’

B (Aa323) = 4l + 8Aan33dazns + 24131345010 + 4Aazoadas + 124030340330 — 39340303
— 9930303 + 6/12323Tr<yuyl) + 2/12323Tr(yey2),

ﬁ<2) (’12323) - _80/122/12233/12323 - 88)*22)'2323/12332 - 2/1112211221)*2323 - 16}'112211133/{2323

- 8211222’1331/’{2323 - 8)’11222’131314{212 - 12)’1221/’{1331//{2323 - 12}’122]2131314{212
- 8/11133/1]22] /12323 - 2)’”331133112323 - 811133/113]3/17212 - 801223312323133

— T6Ax334030340332 + 340303\ A1212l” = 1224313413314 7212 — 8413134223340 010

— 1221313203324 1212 + 3hasalAizia]® = 2825, 40303 — 2840323433 — 24710030
— 22713342323 — 282553340323 — 8823030332433 — 32403234333y + 6233|403

- 49%/122/12323 + 169%/12233/12323 + 369%/12233/12323 - 29%/11313/17212 - 49%/12323/133
493 19 209
+24¢3 0230340330 + 7203403230330 + ﬁg‘fﬂzszs + 79%9%/12323 - ?93/12323

- 24/12242323Tf(yuy2) - 2412233/12323“()’”)’;) — 8223342323 Tr ()’eyD
— 1221313452 Tr(Vay]) — 822323433 Tr(v,yE) — 362030342332 Tr (v, 1)
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85 25 .
— 122030320330 Tr (e 8) + EQ%B%“(YMYZ) + 19%2323“()’(;)%)

45 15
+ 79512323“()%’;) + 793/12323“()%)’2) + 409§12323Tf()’uyl)

9 4 3 1
- 5/12323Tr(ydydyuyz) - 5/12323Tr(yuylyuyj,) - 5/12323Tr()’e)’Z)’eyz)’ (C41)

BY (B353) = 4 Ayps + 433303 + 8Ansadisys + 124033043555 + 24101045313 — 30 4303
— 9933303 + 64533 Tr(yuyi) + 223503 Tr (v ), (C42)

ﬁ(z) (15323) = —28,1%213323 - 80&2222233/13323 - 88/12212332’13323 - 28’%3’1;323 - 2'1%]22/13323
- 2’1112211221’13323 - 16’11122/1113323323 - 8’1112211331)*3323 - 8’11122/11212/17313
- 121122111331)“3323 - 8’11133/1122113323 - 2/1%13323323 - 2)“1133/11331/1;323

— 8111334121241 313 — 804003343343303 — 28433345303 — T6400334033245303
— 88233043343503 — 324333045503 — 1241212412214313 — 1241212413314 313
— 841212422334 313 — 1241212403324 313 + 35303 A1010] + 343303 |43

+ 6/13323|/12323|2 - 49%/122/13323 - 49%/133/13323 + 169%/12233/13323 + 369%/12233/13323

493 19
+ 249%’12332/13323 + 729%’12332/13323 - 29%/11212”16313 + Yy 41%3323 + 79%9%'13323
209 4 9% * t % T * +
- T92/12323 = 2400005303 Tr(Vuyu) — 843325303 Tr (Ve ye) — 242203345303 Tr (v )

— 84503345353 Tr (Ve vE) — 364233043303 Tr(yuyt) — 124233045305 Tr (v yE)
. 85 .25 .
- 12/112123T313Tr()’dy011) + ﬁg%/l%mTr()’uyL) =+ 79%133231}()’&9

45 .15 .
+ _93’13323TT(Yuy;) + 19%13323Tr()’eyl) + 40934533 Tr (V)

4
9 s Tty D g ooty o P of
- 5/12323Tr(ydydyuyu) - 5}“2323Tr()’u)’uyuyu) - 5)“2323Tr(yey€yey€)' (C43)

4. One- and two-loop RGEs of mass parameters

The one- and two-loop RGEs of the mass parameters in the 3HDM Type-V may be obtained as

3 9
.BU)(m%]) = _Eg%m%l - 59%’”%1 + 122y m3, + 44y 120m3, + 2A15m3, + 4/11133”1%3 + 211331’”%3
+ 6m3, Tr(yayh), (C44)
601 15 101 5 15 5
B (m3,) = ng?m%l + @9%9%’”%1 - ﬁggm%l + 5941"’”%2 + Eg‘z‘m%z + 59?m§3 + 79‘2""53

+24¢2 0 m3, + T2g341,m3 | + 82 A11;am3 + 4G A1pa1m3, + 246321 120m3,
+ 1263 A1201m3, + 89T A1133m35 + 4giAi33imEy + 24341 133m35 + 126321331 m3;
- 60’1%1’”%1 - 2/1%122”1%1 - 2/11122&1221’"%1 - 2'1%221’"%1 - 2/1%133’"%1

2 2 2 2 2 2 )
= 2A133hi331myy — 24733 m1; = 3myy Al = 3myy|A313]7 — 8410,m3,
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2
- 8/11122/11221’"22 - 841221’”22 12mzz|/11212| - 8'11133’”33 — 84113341331/M33

25 45
glm”Tr(ydyd) +— 92m”Tr(ydyd) + 4093m11Tr()’dyd)

12 4
- 72/111m%1Tr(yd)’2) - 2411122’"22"&()’.4)’:&) - 12)“1221m%2Tr(yuyZ) - 8/11133m§3Tr(yeyZ)

2 24
8’113%1”‘33 12’”33 [Aiz13]° +

27 9
— 4133 m3 Tr (v, yi) — S omi Tr(yayhyay) — 3 mh Tr(yayhyuve),

3 9
BN (m,) = _Eg%m%z - Eg%mgz + 4A100m7, + 2A400m7y 4 12200m3, + 4Anaz3m3s + 220330m3;
+ 6’”%2Tr()’uy;),
5 15 601 15 101 5 15
B (m3,) = 59‘1""%1 + 7942""%1 + Kg?mgz + 39%9%’"%2 16 ——g3m3, + 291’”23 + 793’"%3

+ 8g1A1122m7) + 4gi Aoy, + 24g3A110m5, 4 12g341001m7, 4 249140 m3,

+ 72g3000m3, + 891 Aa233m33 + 41 Aa330m3s + 2493 A0033mas 4 1205033m3,

= 827 10omiy — 8AimAinmiy = 8Aip miy — 12miy|Aiiaf* = 6043,m3, — 247,5,m3,
= 2imAiai M3y = 2455y M3, = 245033m, — 2An33daziaizy — 22353,Mm3,

2 2 2 2 2 2
= 3m3,|A11| —3m22|/12323| 8/12233’”32 8/122%312332’7133 8333,M33

85 45 . _
5 = @m3,Tr(y,h) + TgﬁmﬁzTr(yuyD +4062m3, Tr(y,vh)

- 24/11122m%1TT()’dyd) - 12/11221’"%1“@,1)’2) - 72/122m%2Tr(yuyZ)

- 12’"%3 142323 |2

9 27
- 8/12233"153“()’3)’2) - 442332’"%3“()%)’2) - EmﬁzTr(ydyZyuyl) - fmngf()’uy;yuﬂf),

3 9
AV (m%y) = —Eg%még - 59%’”%3 + 4A1133m7) + 2A4331m3 | + 4danzsmd, + 2da33m3, + 12233m3;
+ 2m3;Tr(y,ye).
5 15 5 15 601 101
ﬂ(z) (mga) = Eg?m%l + Eggm%l + 59‘11’"%2 + ?9‘21’”%2 Rre 48 33 + 9%9%’"33 - Fgém%3

+ 8giAz3my; + 4gidizzimy; + 24g3A33my; + 129%/11331’"%1 + 89142333,
+ 493 A0330Mm3, + 24G5A0033m3 + 1203 A0330m3, + 243 A33m35 + 7293 A33m3,
= 823133y — BAiizsdizsimyy — 8ATay miy — 12m7; |Aisis]* = 843,53m3,

— 8laa33da3satzy — 8235303, — 12m3y|Apsps|* — 60433m3; — 227 33m3;

2 2 2 2 2 2
— 2M13341331/M33 — 2/11331’”33 - 2’12233’"33 — 2M003340330m33 — 24333,M33

5 15
- 3’"§3|/11313|2 - 3m§3|/12323 |2 + —g%m§3Tr(yeyZ) + Ig§m§3Tr(yeyZ)

4
— 2421133m3, Tr(yayh) = 1224331m3, Tr(yay)) — 2420033m3, Tr(y,vh)

+ 9
- 12/12332”1%2Tr(yu)m) - 24/133m§3Tr(yeyZ) - Em%ﬂr()’eyzyeﬂ),

ﬁ(l) mlz 92le gzmlz + 2/11122”112 + 4'/11221’/”12 + 6/11212’”12 + 3m12Tr(ydyd)

+ 3m12Tr(yuyu),
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p (o}

B (mi3) =

ﬂ(l)(m13

_ 481

1
48 12 + 92 92 12 + 491/11122"”12 + 891/11221””12 + ]291/11212””12

+ 1292/11122m12 + 2492/11221m12 +36¢341212m35 + 643,m3, — 1221, A1120m3,

- 12111/11221’"12 - 12/11111212’”12 + 6}“22’”12 12/11122/122"112 - 611122/11221’"%2
— 12201 A1010m75 = 1220001200 + A7 133m7, + Aiizsdizaimiy — 4Ai133da033m7
— 2133403327, + A331 My — 224331420337, — 41331403327, + 43033100,

2 L2 2 P P 2
+ Aansahazzamiy + A3330m7, — 1241012400m 75 — 12A1012A1001m75 + 3mi, | Aya10|

3 3 5
+5 m12|,11313| - 6/11313/12223’"12 + Em%2|/12323|2 + 5 24 91m12Tr()’dJ’d)
85 45 45
= M Tr(y,yh) + = BmTr(yayy) +—= gmiTr(y,h)

T 8 8
+2003m3, Tr(yay)) + 20G3m3, Tr(y,vh) — 64110m3 Tr(vay))
- 6/11122’71%2'“()’“)’3) - 12/11221m%2Tr(ydy(T1) - lz/llzzlm%sz(yuyZ)

27 ;
- 18/11212”1%3%()’01)’2) - 18/11212m%§Tr(yuyZ) - Zm%zTr(ydydydyji)

33 P 27
= M Tr(vaygyuye) = 5 mh Ty ), (C51)
5) = 92’”12 92’"12 + 2h4120m3y + iy m3 + 6m Ay + 3mIBTr(yay))
+ 3m?§Tr(yuyu), (C52)
481 15 221
48 91’"%3 +< 3 9%9%’"%3 16 92’"12 + 491’11122”’12 + 891’11221’"12 + ]291’”12'11212

+ 12932 120m35 4 243 21001m35 + 365m3, 4501, + 643, m35 — 1221141 120m3;
— 1220 Aioaimis = 124mby Ay + 625,mi5 = 12d0miyAis 1, = 1241120400m73
- 6/11122/11221’"12 - 12/11122’”12/11212 - 12/11221/122"1%; - 12/11221’"%2/17212

+ A133m75 4 Aizsdizzimts — 4i3adozamys — 2411334033055 + Aazimis

— 233140033175 — 4A1331 4033075 + 2353375 + Azsdozsamis + A3z3,mi;

3 3
2% 2 2% 2 2 9% 2% 2
+ 3mi5| A + §m12|/11313| — 6p303mipAi315 + §m12|/12323|

25 85 45
+ = GmBTr(yyh) + — GmBTr(y,yh) + — GmTr(yy))

24 24 8

45
+ ggzméTr(yuyu) +2083m3Tr(yayh) + 2083m 3 Tr(y,vh)
- 6/11122’”%“(%}’2) - 6/11122”1%“()’“)’;) - 12/11221m%§Tr(ydy,§)

- 12/11221m%§Tr(yuyZ) - 18m%2/1’{212Tr(ydy2) - 18m%2/1’1‘212Tr(yuyZ)

27 33 R
— o mBTr(yayyayh) = = mBTe(yayiyvh) — = mBTr(y,yiyaye)s (C53)

4 2 4

92’"13 gzm13 + 2A1133mi5 + 4A1331miy + 641313mT; + 3m13Tr()’d}’d)

+ m13Tr(yeye), (C54)
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B 481
48
+ 1292/11133”113 + 2492’11331’”13 + 3692/11313’”13 + 6/111’”13 - 12111/11133711%3

1
13 + 92 92 13 +491/11133m13 + 891/113317”13 + ]291/11313”113

— 1221 Adiz3imiy — 12211 41313m75 + 6433mi5 + A7 pomis + AlimAdiimis
- 4/11122/12233’"13 - 2/11122/12332”113 + /11221"113 2/11221/12233”113 - 411221/12332’"1;

- 12}’1133233’"13 - 611133/113317'113 - 121113311313’”13 - 12/11331)*33’/”13 + ’12233m%3

3
2 L) P 2 2 2
+ Aop33dazzomi; + Ayzzmiy + §m13|/11212| — 64121240303m73 — 1241313433m73

5
91m13Tr(Yde)

3
= 122531300331m75 + 3mi |21 +5m%3|/12323|2 24

25 45 15
+3 GmATr(yye) + — GmiTr(yy)) + — GmiTr(y.ye) + 20g3m3 Tr(yay))

8 8
- 6/11133’”%3“(}’01)’2) - 211133”1%3Tr()’e)’2) - 12/11331m%3Tr(deZ1)
- 4/11331m%3Tr(yeyZ) - 1811313m%’3‘Tr(ydy2) - 6/11313m%§Tr(yeyZ)

9 . 9 .
= T ayayays) = 3 misTr(veyiyeye), (C55)

27 L
—Zm%Tr(ydy,LydyL) 1

ﬁ(l)( 92’” 2m13 + 2’1113%’"13 + 4’11331’"13 + 6’"13/11313 + 3m13Tr()’d)’d)

+ m%Tr(yeye), (C56)

481 15 221
489 gims + ?g% miy = 16 ——gsmis + 4gidnzsmiy + 8gtAisim; + 12gimis 15,5

+ 1292/11133771 + 24921133]7’}’113 + 36921’)113 1313 + 612117113 12].1]/1113377’1%3‘

PP (mis) =

2 2 2%
- 12}“11'11331’”13 - 12/111”113 1313 + 64 3’”12 12'133’”13’1131% + Afymis
+ At mys — 4A1120A033mT — 2110 A0330m T 4 A3y mPy = 2A420140033m75
2
- 4/11221/12332’"13 - 12/11133/133"113 - 6/11133/11331”113 - 1211133’"1311313

2% 2 9% 2 2% 2% 2 2%
— 124133143375 — 1241331m1341315 + An33m13 + An3zdazsamy; + Aaz3mi;

3 3
2% 2 2 9% * 2% 2 2% 2
+ 5 mlAial” = 6mi3Aiy 045505 + 3mi|Aais]” + 5 mi3lAaa0s|

2 2

45
GmETr(y,ye) +— GmiTr(y )

25 25
+ = GmBTr(yy)) + = g

24 8

15
+ ggﬁmﬁTr(yeyZ) + 209%’”%“()&1)’2) - 6/11133"1%“()’(1)’2)
- 2/11133’”%“()’6;)’2) - 1211331’"%“(%)’2) - 4/11331”1%3“()%)’2)

27
— S mBTr(y vy ayh)

- 18m%3/1’{313Tr(ydy2) - 6’"%3/11‘313“(%)’2) 2

9
= BT (vaygyai) = 5 m%ﬁTr(yeyeyeye) (C57)

BV (m3;) 92’"23 gzmzz + 20333y + Alyyom3s + 6ly33m3s + 3mATr(y,vh)

+m3Tr(veye), (C58)
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481 15 21
919%”133 gz 23 + 491/12233’"23 + 891/12332’”23 + 1291/123237”23

18 7 mstg 8 16
+ 12g2/12233m23 + 24921233217123 + 36‘9212323”’123 + 6/1221’7123 - ]2122&22337’”%3

ﬁ(z) (m%3)

2

- ]2/122/12332’”23 - 12/122/12323”123 + 6/133"”23 + i] 122m23 + /11122/11221””23
2
- 4/11122/11133’"23 - 2/1112211331"123 + 11221”123 431221/11331"12; - 2/11133/11221’"23 + ’11133’"2%

2
+ A133d1331m33 + g3 m3; — 1220033433m35 — 6A20330330m35

3
2% 2 2 2 * 2
— 122003340303m55 — 124933033m55 + §m23|/11212| — 6413134151223

3
+ Em%3|11313|2 — 1229303 A33m35 — 12/12323/12332"1%; + 3m3;|Apans |

85 25

2491m23Tr()’uyu) + —glm23Tr(yeye + 92m23Tr yuyu)
15

+ §9%W%3Tf<y9yz) + 209%’”%3%()’14)’;) - 6/12233m%3Tr(yuyZ)

- 2/12233"1%3“()’@)’:) - 12/12332’”%3“()’;4)’2) - 4/12332"1%3“()%)’2)

9
- 18/12323m%§Tr(yuyZ) - 6/12323m%§Tr(yeyZ) - 4m23Tr(ydydyuyu)

27 9
=TI = 7mETr(yeyeyeye), (C59)
ﬂ(l) m23 92’" 92’”23 + 2/122%3’"23 + 4/123%2’"23 + 6’”2%/13%23 + 3m2§Tr(yuyu)
+ m%ﬁTr(yeye), (C60)

481 15 221
B (m3;) = 13 ——gim3 + — 3 gigmzs — 16 —— g3m3s + 4g1Axn33m3; + 891 dozm3s + 12g7m33 255,

+ 129212233m%§ + 24g§/12332m23 + 36g%m%3/1§323 + 6/1%2m%§ - 12222/12233m%§

— 12099 29330m55 = 1240335355 + 6433m35 — 12433m3305355 + A7 1ppm3}

+ AiA1m3s — 4A412240133m35 — 2A112041331M55 + Agp M35 — 4001 1331 m5;
— 2y133h221m35 + A7133m35 + A13sdizaima; + Afyymy; — 1220033433m33

- 6/12233/12332’7123 - 12/12233’"23/12323 - 12/12332133’"23 - 12/12332’"2312323

3
~m3s|Aizis)* + 3m35| Aoz

3
+ *m%§|/11212|2 - 611212’"%3%313 + 3

2
85 25 45 .
2491mz§Tr(yuyu) +< Am3ATr(y,y!) +§g%m%’3‘Tr(yuyu)

15
+t3 BmAETr(y,y!) + 203mETr(y,yh) — 6p33mZ5Tr(y,vh)

= 2033m3Tr(y,ye) = 124033m35Tr(yuyih) — 4ha33am3; Tr(yeyt)
T N 9 .. P
- 18m§3/1§323Tr(yuy,,) - 6”1%3/12323Tr<)’ey1> - Zm§3Tr(ydyl1yuy[,)

27 9
= ATy = 7mETr(veyeyeyt). (C61)
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5. One- and two-loop RGEs of VEVs

The one- and two-loop RGEs of v, v, and v; take on the following forms,

pY(vy) =

_ 475
96

3 1 9 3
~giv + ng%m +=ghv + 1593”1 - 3”1“()’;1)’2),

4 4

9 227
— G+~ églgzvl — ézglg%vl +=

—giv + 5 591”14' 5291”1

- . s
- gég‘évl - §§2g§v1 54 = R Tr(yayh) - Zé‘g?vlTr(ydyd) - gg%vlTr(ydyZ)

9 27 9
- Zég%vlTr(ydyZ) —20g%v, Tr(yy)) + T O Tr(yayiyayh) + 1 0 Tr(y vy )

2 2 2 2 2
— 647101 — A12001 — Ani2di2101 — A1 V1 — Af13301 — Anizsdizai 01 — 413310

3 3
) vy |/11212’2 ) Uy |/11313|2,

3 1 9 3
B (vy) = 19%02 + ng%vz + = g5vy + ng%vz - 3v2Tr(yuyZ),

4

475 ,

1 1 9 3 3 227
PP (02) = =5 = giva + 5 &glvs + 582G — T gighva + T Egigh0s + 1 EGIgv + S

9 9 85 3 .45
—gEotvy — 5 & ghv, - ﬁg%var(yuyl) = JEgteTr(yuyi) = gg%var(yuyl)

9 .27 L
1 0aTr(yay yuyh) + T U Tr (Y Y hyuyi)

2 2 2 2 2
— 045,03 = 4112502 — 411224122102 — A0 V2 — 3302 — 4233233202 — A333 02

3 3
- ) 712|/11212|2 - ) 7)2|12323|27

9 . _
- Zég%var(yuyL) — 20630, Tr(y,yi) +

3 1 9 3
B (v3) = 19%113 + 159%713 + 19%113 + 159%113 — 03 Tr(y,)l),

475 9 227

ﬁ<2)(713) = 96 gl113 +3 591713 +3 5291713 1691927)3 + - 591927]3 + - 529192713 + =5 3

25 ; - 15 .
- gf!fz‘% - §§29§U3 — = R Tr(yyl) — 159%”3“(%)’2) - §9%”3Tr(ye)’i)

8
3.2 oD . 2 2 >
- Zsz%“()’Je) + 2 U3Tr(yeYeyeye) — 643303 = 413303 — Anizsdizsi v — A3z V3
3 3

2 P 2 2
— 4323303 — 422334033203 — A333,U3 — 703 |Aiz13]° = s |A2323] "

In the above relations, ¢ is the gauge fixing parameter.
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