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We study flipped SUð5Þ ×Uð1Þ grand unified theories (GUTs) with Γ3 ≃ A4 modular symmetry. We
propose two models with different modular weights assignments, where the fermion mass hierarchy can
arise from weighton fields. In order to relax the constraint on the Dirac neutrino Yukawa matrix we appeal
to mechanisms which allow incomplete GUT representations, allowing a good fit to quark and charged
lepton masses and quark mixing for a single modulus field τ, with the neutrino masses and lepton mixing
well determined by the type-I seesaw mechanism, at the expense of some tuning. We also discuss the
double seesaw possibility allowed by the extra singlets generically predicted in such string inspired
theories.
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I. INTRODUCTION

The existence of three fermion families and the origin of
flavor mixing are long-standing questions in particle
physics. Regarding the first issue, there is no theoretical
explanation why there are three families for the otherwise
successful standard model and its field theory extensions
such as grand unified theories (GUT) and their super-
symmetric analogues. A possible interpretation gaining
attention these days lies in effective models derived within
the context of string theory. In a wide class of such
constructions the number of fermion generations is attrib-
uted to the topological properties—and in particular the
Euler characteristic—of the compactification manifold.
The origin of flavor mixing among the three families,
however, is still unclear. Various mechanisms have been
implemented, including those based on the geometry of
the compactification manifold, Abelian and discrete sym-
metries, fluxes and nonperturbative effects, but they are still
debatable.
Over the last few decades Abelian and non-Abelian

discrete symmetries have gained an increasing interest in

the particle physics literature, with special focus on their
role in model building. They have been introduced to
predict viable fermion and particularly neutrino mass
textures as well as to suppress processes leading to baryon
and lepton number violating interactions. More recently,
modular invariance has been suggested as a novel candidate
for predicting viable fermion mass textures [1].1 This is an
intrinsic symmetry in theories with ultraviolet completion,
such as string theory, and can exist in parallel with some
discrete group of a different origin. Indeed, modular
invariance is a fundamental concept in string theory and
is naturally expected to leave its trace in the effective field
theory model (possibly based on some GUT). Among other
implications, it governs the structure of the potential and
particularly the Yukawa couplings. For example, in ori-
entifold compactifications of type-II strings the Yukawa
couplings are functions with specific modular properties
and in orbifold compactifications of heterotic strings
Yukawa couplings between twisted states are subject to
restrictions from modular invariance and recent attempts to
exploit these properties have already appeared (see for
example [5,6]). In general, depending on the details of the
derivation of the superstring model, Yukawa couplings are
expected to be expressed in terms of certain modular forms
exhibiting certain transformation properties under the
modular group.
Modular forms depend on a positive integer called the

level N, together with an integer weight k, and are
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1For early work on mass matrices and modular invariance in
string motivated models see [2–4].
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manifested as modular multiplets of the homogeneous
finite modular group Γ0

N ≡ Γ=ΓðNÞ [7]. If k is an even
number [1], they may be organized into modular multiplets
of the inhomogeneous finite modular group ΓN ≡ Γ̄=Γ̄ðNÞ.
Realistic models have been constructed based on ΓN for the
levels N ¼ 2 [8–11], N ¼ 3 [1,8,9,12–37], N ¼ 4 [38–43],
[25,44–46], N ¼ 5 [42,47,48] and N ¼ 7 [49]. The modu-
lar invariance approach may also be extended to incorpo-
rate several factorizable [40] and nonfactorizable moduli
[50]. Modular invariance can also address the origin of mass
hierarchies without introducing an additional Froggatt-
Nielsen (FN) Uð1Þ [51] symmetry. The role of the FN
flavon is played by a singlet field called the weighton [30],
which carries a nonzero modular weight, but no other
charges.
Grand unified theories (GUTs) are well motivated

theories which reduce the three gauge interactions of the
SM group into a simpler structure such as SUð5Þ [52]. In
GUTs, the quark and lepton fields are embedded into fewer
gauge multiplets, resulting in relations between quark and
lepton mass matrices. There is good motivation for includ-
ing also family symmetry together with GUTs in order to
account for large lepton mixing [53]. The discrete group A4

is the minimal choice which admits triplet representations
[54]. Without modular symmetry, combining A4 family
symmetry with SUð5Þ GUTs [55] requires vacuum align-
ment of the flavons in order to break the A4, and this
provides a further motivation for including modular sym-
metry. Modular symmetry was first combined with SUð5Þ
GUTs in an ðΓ3 ≃ A4Þ × SUð5Þ model in [14,56], and
subsequently modular SUð5Þ GUT models have been
constructed based on ðΓ2 ≃ S3Þ × SUð5Þ [10,57], and
ðΓ4 ≃ S4Þ × SUð5Þ [58–60]. Recently SOð10Þ GUTs have
been studied based on Γ3 ≃ A4 modular symmetry [61].
The above studied GUTs depend on a Higgs in an adjoint

representation in order to break the gauge symmetry, unless
an extra-dimensional mechanism is invoked such as Wilson
lines or F-theory flux breaking. On the other hand, in some
string theories the adjoint representation is not available to
break GUT symmetry, for example the viable GUT models
in the context of heterotic compactifications, are only those
which do not rely on such Higgs fields. The most popular
ones are the flipped SUð5Þ [62–66] and the Pati-Salam
models [67,68].
In this paper, motivated by the above considerations, we

study flipped SUð5Þ × Uð1Þ GUTs with Γ3 ≃ A4 modular
symmetry. To illustrate the approach, we propose two
models with different modular weights assignments, where
the fermion mass hierarchy can arise from weighton fields,
where one of the models is studied in detail using a
numerical χ2 analysis. In such models the neutrino sector
can be tightly constrained by the up type quark mass
matrix, in particular the up-quarks and Dirac neutrino mass
matrices satisfy the relation mT

D ¼ mu at the GUT scale.
In order to avoid this constraint we appeal to F-theory

constructions where the components of the GUT multiplets
may lie on different matter curves. With this constraint
relaxed, we can fit the quark and lepton mass matrices and
quark mixing for a single modulus field τ, with the neutrino
masses and lepton mixing determined by the type-I seesaw
mechanism. We also discuss the double seesaw possibility
allowed by the extra singlets possible in flipped SUð5Þ.
The layout of the remainder of the paper is as follows. In

Sec. II we present a short introduction to modular trans-
formations, mainly focusing on the modular symmetry A4.
In Sec. III we start a brief account of the field theory version
of the flipped SUð5Þ model. Next, we proceed with a
modular invariant version proposed in the present work.
Considering that Yukawa couplings are certain modular
forms, we derive the modular invariant superpotential and
the induced mass matrices for up and down quarks, charged
leptons and neutrinos. We perform an detailed numerical
investigation and show that the proposed construction is in
agreement with all low energy data regarding the fermion
masses and their mixing. In Sec. IV we discuss the
predictions of the suggested models and summarise the
main results. We study the contribution of singlet neutrinos
to the flavor structure in the Appendix A. A variant of this
model, based on a different choice of the modular proper-
ties is presented in the Appendix B.

II. MODULAR SYMMETRIES

In this section, we give a brief review of the modular
symmetry and the tetrahedral group A4 as a finite modu-
lar group.

A. The infinite modular symmetry

A modular transformation γ is defined as a linear
fractional transformation on the complex modulus τ vary-
ing in the upper-half plane H ¼ ImðτÞ > 0,

γ∶τ → γτ ¼ aτ þ b
cτ þ d

; ð1Þ

where a, b, c, d are integers and ad − bc ¼ 1. Each
modular transformation can be represented by a 2 × 2
matrix with integer entries and the determinant equal to
one, i.e.,

γ ¼
�
a b

c d

�
; detðγÞ ¼ 1: ð2Þ

The modular group Γ̄ is defined as a group of these
transformations, i.e.,

Γ̄ ¼
��

a b

c d

�
=ð�1Þ

����a; b; c; d ∈ Z; ad − bc ¼ 1

�
: ð3Þ

It includes infinite elements. All elements can be generated
by S and T, given by
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S∶τ ↦ −
1

τ
; T∶τ ↦ τ þ 1: ð4Þ

They are represented by 2 × 2 matrices as

S ¼
�

0 1

−1 0

�
; T ¼

�
1 1

0 1

�
: ð5Þ

The actions of S and T in H are given by:

S∶τ ↦ −
1

τ
; T∶τ ↦ τ þ 1: ð6Þ

One can prove that the identities S2 ¼ ðSTÞ3 ¼ I are
satisfied, namely, S2τ ¼ ðSTÞ3τ ¼ τ.
A subgroup of Γ̄ is obtained by restricting a; d ¼

1ðmod NÞ and b; c ¼ 0ðmod NÞ,

Γ̄ðNÞ ¼
��

a b

c d

�
∈ Γ̄;

�
a b

c d

�
¼
�
1 0

0 1

�
ðmod NÞ

�
;

ð7Þ

whereN is a positive integer. Γ̄ðNÞ is also an infinite group.
The quotient group Γ̄=Γ̄ðNÞ is finite and labeled as ΓN . It is
equivalently obtained by requiring a; b; c; d ∈ ZN , namely

ΓN ¼
��

a b

c d

�
=ð�1Þ

����a; b; c; d ∈ ZN; ad − bc ¼ 1

�
:

ð8Þ

For N ¼ 2, 3, 4, 5, 7, Γ2 ≃ S3, Γ3 ≃ A4, Γ4 ≃ S4, Γ5 ≃ A5

and Γ7 ≃ Σð168Þ.
In N ¼ 1 supersymmetric theories, a modular-invariant

superpotential is expanded as series of polynomials in
powers of supermultiplets ϕI,

W ¼
X
n

YI1I2���InðτÞϕI1ϕI2 � � �ϕIn : ð9Þ

Here, YI1I2���InðτÞ are called modular forms keeping the
superpotential term invariant under any modular trans-
formation. A modular form YiðτÞ of level N and weight 2k
is defined as a holomorphic function of the modulus τ with
the modular transformations under ΓðNÞ,

γ ∈ ΓðNÞ∶ YiðτÞ → YiðγτÞ ¼ ðcτ þ dÞ2kYiðτÞ: ð10Þ

Under the quotient group ΓN , they are transformed not as
holomorphic functions but linear superposition of a series
of modular forms fY1ðτÞ; Y2ðτÞ; � � �g which take the same
weight and level,

γ ∈ ΓN∶YiðτÞ→ YiðγτÞ ¼ ðcτþdÞ2k
X
j

ρijðγÞYjðτÞ; ð11Þ

where j runs as an index of the series fY1ðτÞ; Y2ðτÞ; � � �g,
ρðγÞ is a unitary representation matrix of γ ∈ ΓN . For a
given finite ΓN , one can choose a basis, where the
representation ρ is decomposed to a few irreducible
representations. In this basis, modular forms and fields
appear as a series of irreducible representations of ΓN .
Assigning this basis as the flavor basis of matter fields, the
restriction of the modular invariance could strongly con-
strain the flavor structure. In this work, we will take Γ3 ≃
A4 as an example to discuss the flavor mixing in flipped
SUð5Þ framework.

B. The finite modular symmetry A4

Γ3 is a finite subgroup of Γ̄, referring to N ¼ 3. Due to
the requirement a; b; c; d ∈ Z3, the generator T satisfies
one more condition T3 ¼ I, leading to its isomorphism to
the tetrahedral group A4.
A4 contains 12 elements. All can be written as products

of S and T and are shown below,

I; T; ST; TS; STS; T2; ST2; T2S; TST; S; T2ST; TST2:

ð12Þ

It has three singlet (1, 10 and 100) and one triplet (3) irre-
ducible representations. The generators S and T in these
representations are given by

1∶ S¼ 1; T ¼ 1;

10∶ S¼ 1; T ¼ ω;

100∶ S¼ 1; T ¼ ω2;

3∶ S¼ 1

3

0
B@

−1 2 2

2 −1 2

2 2 −1

1
CA; T ¼

0
B@

1 0 0

0 ω 0

0 0 ω2

1
CA;

ð13Þ

where ω ¼ e2iπ=3. Tensor products of two irreducible
representations are decomposed as,

1⊗ r¼ r; 10⊗10 ¼100; 100⊗100 ¼10; 10⊗100 ¼1;

10⊗3¼3; 100⊗3¼3; 3⊗30 ¼1⊕10⊕100⊕3S⊕3A;

ð14Þ

where r ¼ 1; 10; 100; 3, and “S” and “A” in the subscript
denote symmetric and antisymmetric combinations, respec-
tively. In particular, the decomposition of the tensor product
of two triplets a ¼ ða1; a2; a3ÞT and b ¼ ðb1; b2; b3ÞT is
explicitly written as:
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ðabÞ1 ¼ a1b1 þ a2b3 þ a3b2;

ðabÞ10 ¼ a3b3 þ a1b2 þ a2b1;

ðabÞ100 ¼ a2b2 þ a1b3 þ a3b1;

ðabÞ3S ¼

0
B@

2a1b1 − a2b3 − a3b2
2a3b3 − a1b2 − a2b1
2a2b2 − a1b3 − a3b1

1
CA;

ðabÞ3A ¼

0
B@

a2b3 − a3b2
a1b2 − a2b1
a3b1 − a1b3

1
CA: ð15Þ

Modular forms of level N ¼ 3 and weight 2k form a
linear space of dimension 2kþ 1. All of them have been
explicitly obtained in terms of the Dedekind eta-function
ηðτÞ [1]:

ηðτÞ ¼ q1=24
Y∞
n¼1

ð1 − qnÞ; q ¼ e2πiτ ð16Þ

(i) For 2k ¼ 2, there are 3 linearly independent modular
forms, transforming as a triplet of A4. Given the
triplet basis in Eq. (13), this triplet modular form is

written as Yð2Þ
3 ¼ ðY1; Y2; Y3ÞT ∼ 3 with

Y1ðτÞ ¼
i
2π

�
η0ðτ=3Þ
ηðτ=3Þ þ

η0ððτ þ 1Þ=3Þ
ηððτ þ 1Þ=3Þ þ

η0ððτ þ 2Þ=3Þ
ηððτ þ 2Þ=3Þ −

27η0ð3τÞ
ηð3τÞ

�
;

Y2ðτÞ ¼
−i
π

�
η0ðτ=3Þ
ηðτ=3Þ þ ω2

η0ððτ þ 1Þ=3Þ
ηððτ þ 1Þ=3Þ þ ω

η0ððτ þ 2Þ=3Þ
ηððτ þ 2Þ=3Þ

�
;

Y3ðτÞ ¼
−i
π

�
η0ðτ=3Þ
ηðτ=3Þ þ ω

η0ððτ þ 1Þ=3Þ
ηððτ þ 1Þ=3Þ þ ω2

η0ððτ þ 2Þ=3Þ
ηððτ þ 2Þ=3Þ

�
: ð17Þ

Modular forms of higher weights are derived from products of those of lower weights.
(ii) For 2k ¼ 4, there are 5 linearly independent modular forms, derived from products of two modular forms of weight 2

and written as

Yð4Þ
3 ¼ ðYð2Þ

3 Yð2Þ
3 Þ3 ¼

0
BB@

Yð4Þ
1

Yð4Þ
2

Yð4Þ
3

1
CCA ¼

0
BB@

Y2
1 − Y2Y3

Y2
3 − Y1Y2

Y2
2 − Y1Y3

1
CCA;

Yð4Þ
1 ¼ ðYð2Þ

3 Yð2Þ
3 Þ1 ¼ Y2

1 þ 2Y2Y3;

Yð4Þ
10 ¼ ðYð2Þ

3 Yð2Þ
3 Þ10 ¼ Y2

3 þ 2Y1Y2: ð18Þ

(iii) For 2k ¼ 6, the 7 linearly independent modular forms are given by

Yð6Þ
1 ¼ ðYð2Þ

3 Yð4Þ
3 Þ1 ¼ Y3

1 þ Y3
2 þ Y3

3 − 3Y1Y2Y3;

Yð6Þ
31

¼ Yð2Þ
3 Yð4Þ

1 ¼

0
BBB@

Yð6Þ
11

Yð6Þ
21

Yð6Þ
31

1
CCCA ¼

0
BB@

Y3
1 þ 2Y1Y2Y3

Y2
1Y2 þ 2Y2

2Y3

Y2
1Y3 þ 2Y2

3Y2

1
CCA;

Yð6Þ
32

¼ Yð2Þ
3 Yð4Þ

10 ¼

0
BBB@

Yð6Þ
12

Yð6Þ
22

Yð6Þ
32

1
CCCA ¼

0
BB@

Y3
3 þ 2Y1Y2Y3

Y2
3Y1 þ 2Y2

1Y2

Y2
3Y2 þ 2Y2

2Y1

1
CCA: ð19Þ
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(iv) For 2k ¼ 8, the 9 linearly independent modular forms are

Yð8Þ
1 ¼ ðYð2Þ

3 Yð6Þ
31
Þ1 ¼ ðY2

1 þ 2Y2Y3Þ2;
Yð8Þ
10 ¼ ðYð2Þ

3 Yð6Þ
31
Þ10 ¼ ðY2

1 þ 2Y2Y3ÞðY2
3 þ 2Y1Y2Þ;

Yð8Þ
100 ¼ ðYð2Þ

3 Yð6Þ
32
Þ100 ¼ ðY2

3 þ 2Y1Y2Þ2;

Yð8Þ
31

¼ Yð2Þ
3 Yð6Þ

1 ¼

0
BBB@

Yð8Þ
11

Yð8Þ
21

Yð8Þ
31

1
CCCA ¼ ðY3

1 þ Y3
2 þ Y3

3 − 3Y1Y2Y3Þ

0
BB@

Y1

Y2

Y3

1
CCA;

Yð8Þ
32

¼ ðYð2Þ
3 Yð6Þ

32
Þ3A ¼

0
BBB@

Yð8Þ
1;2

Yð8Þ
22

Yð8Þ
32

1
CCCA ¼ ðY2

3 þ 2Y1Y2Þ

0
BB@

ðY2
2 − Y1Y3Þ

ðY2
1 − Y2Y3Þ

ðY2
3 − Y1Y2Þ

1
CCA: ð20Þ

We further list some singlet modular forms of higher weights (2k ¼ 10 and 12), which may be useful for the rest of the
work,

Yð10Þ
1 ¼ ðYð2Þ

3 Yð8Þ
31
Þ1 ¼ ðY3

1 þ Y3
2 þ Y3

3 − 3Y1Y2Y3ÞðY2
1 þ 2Y2Y3Þ;

Yð10Þ
10 ¼ ðYð2Þ

3 Yð8Þ
31
Þ10 ¼ ðY3

1 þ Y3
2 þ Y3

3 − 3Y1Y2Y3ÞðY2
3 þ 2Y1Y2Þ;

Yð10Þ
100 ¼ ðYð2Þ

3 Yð8Þ
32
Þ100 ¼ ðY2

3 þ 2Y1Y2Þ½Y3ðY2
2 − Y1Y3Þ þ Y2ðY2

1 − Y2Y3Þ þ Y1ðY2
3 − Y1Y2Þ�;

Yð12Þ
1 ¼ ðYð4Þ

3 Yð8Þ
31
Þ1 ¼ ðY3

1 þ Y3
2 þ Y3

3 − 3Y1Y2Y3Þ2;
Yð12Þ
1 ¼ ðY4

1Þ3 ¼ ðY2
1 þ 2Y2Y3Þ3;

Yð12Þ
10 ¼ ðYð4Þ

1 Þ2Yð4Þ
10 ¼ ðY2

1 þ 2Y2Y3Þ2ðY2
3 þ 2Y1Y2Þ;

Yð12Þ
100 ¼ ðYð4Þ

3 Yð8Þ
32
Þ100 ¼ ðY2

3 þ 2Y1Y2Þ½2ðY2
3 − Y1Y2ÞðY2

1 − Y2Y3Þ þ ðY2
2 − Y1Y3Þ2�: ð21Þ

III. MODEL BUILDING

A. The flipped SUð5Þ framework

The flipped SUð5Þ model has been proposed long time
ago [64,65] as an alternative symmetry breaking pattern of
the SOð10Þ gauge group. It is based on the SUð5Þ × Uð1Þχ
gauge symmetry and has been reconsidered as a possible
superstring alternative to Georgi-Glashow SUð5Þ due to the
fact that its spontaneous breaking to SM symmetry requires
only a pair of 10þ 10 Higgs representations and does not
need any adjoint Higgs representation. In fact, this is a
welcome property since in many string derived effective
models the Higgs adjoint representation does not appear in
the massless spectrum. Among other virtues the model
admits a doublet-triplet mass splitting for the color triplets,
and in the presence of additional neutral singlets, an
extended seesaw mechanism for neutrino masses is natu-
rally realized. The hypercharge generator is a linear
combination of the Uð1Þ inside SUð5Þ and the external

Abelian factor Uð1Þχ and it is no longer fully embedded in
SUð5Þ. This way flipped SUð5Þ representations accom-
modate the SM matter fields differently. To start with, the
following quantum numbers follow from SOð10Þ →
SUð5Þ × Uð1Þχ decompositions

16 →

�
10;−

1

2

�
þ
�
5̄;
3

2

�
þ
�
1;−

5

2

�
;

10 → ð5; 1Þ þ ð5̄;−1Þ: ð22Þ

The flipped gauge symmetry SUð5Þ × Uð1Þχ, can be
broken to the SM gauge symmetry via a two-step symmetry
breaking, SUð5Þ × Uð1Þχ → SUð3Þc × SUð2ÞL × Uð1Þy×
Uð1Þχ → SUð3Þc × SUð2ÞL ×Uð1ÞY . In the first step
of symmetry breaking, representation decompositions
follow as,
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�
10;−

1

2

�
→

�
3; 2;

1

6
;−

1

2

�
þ
�
3̄; 1;−

2

3
;−

1

2

�

þ
�
1; 1; 1;−

1

2

�
;

�
5̄;
3

2

�
→

�
3̄; 1;

1

3
;
3

2

�
þ
�
1; 2;−

1

2
;
3

2

�
;

ð5̄;−1Þ →
�
3̄; 1;

1

3
;−1

�
þ
�
1; 2;−

1

2
;−1

�
: ð23Þ

In the second step of symmetry breaking, the two Uð1Þ
symmetries are broken to Uð1ÞY with the hypercharge
defined by

Y ¼ −
1

5
ðyþ 2χÞ: ð24Þ

Each representations then gain hypercharges as

�
10;−

1

2

�
→ Y ¼

�
1

6
;
1

3
; 0

�
→ fQ; dc; νcg;

�
5̄;þ 3

2

�
→ Y ¼

�
−
2

3
;−

1

2

�
→ fuc; Lg;

�
1;−

5

2

�
→ Y ¼ fþ1g → ec;

ð5̄;−1Þ → Y ¼
�
1

3
;
1

2

�
→ fDc; hug;

ð5;þ1Þ → Y ¼
�
−
1

3
;−

1

2

�
→ fD; hdg; ð25Þ

where Q ¼ ðu; dÞ and L ¼ ðν; eÞ. After the symmetry
breaking, SM matter fields Q;L; uc; dc; ec, as well as the
right-handed neutrino νc andMSSMHiggses hu and hd, are
separated as shown on the right-hand side of the above
formula. The definition of the hypercharge includes a
component of the external Uð1Þχ in such a way that flips
the positions of uc ↔ dc and ec ↔ νc within these repre-
sentations, while leaves the remaining unaltered.
In summary, we obtain the following “flipped” embed-

ding of the SM representations. The chiral matter fields are

Fi ¼
�
10;−

1

2

�
¼ fQi; dci ; ν

c
i g;

f̄i ¼
�
5̄;þ 3

2

�
¼ fuci ; Lig;

lc
i ¼

�
1;−

5

2

�
¼ eci : ð26Þ

The Higgs fields breaking GUT and SM symmetries reside
in the following flipped SUð5Þ representations

H≡
�
10;−

1

2

�
¼ fQH;Dc

H;ν
c
Hg;

H̄≡
�
10;þ1

2

�
¼ fQ̄H; d̄cH; ν̄

c
Hg;

h≡ ð5;þ1Þ ¼ fDh;hdg; h̄≡ ð5̄;−1Þ ¼ fD̄h;hug: ð27Þ

A remarkable fact in the flipped model, is that the 5̄ matter
field is completely distinguished from the 5̄ Higgs field.
Indeed, due to their different Uð1Þχ charge which is
involved in the hypercharge definition, their SM compo-
nents do not contain exactly the same type of SM-fields (the
5̄ matter field contains uc, while the 5̄ Higgs field contains
the down-type Dh). Several R-parity violating terms will
not be allowed because of this distinction.
The fermion masses arise from the following SUð5Þ ×

Uð1Þχ invariant couplings

Wd ¼
�
10;−

1

2

�
·

�
10;−

1

2

�
· ð5; 1Þ → Qdchd;

Wu ¼
�
10;−

1

2

�
·

�
5̄;
3

2

�
· ð5̄;−1Þ → Quchu þ νcLhu;

Wl ¼
�
1;−

5

2

�
·

�
5̄;
3

2

�
· ð5; 1Þ → ecLhd: ð28Þ

Also, a higher order term providing Majorana masses for
the right-handed neutrinos can be written

Wνc ¼ λν
c

ij
1

MS
H̄ H̄ FiFj → λν

c

ij
hν̄cHi2
MS

νci ν
c
j : ð29Þ

If additional singlet fields νS, Φi are present (which is the
usual case in string derived models), then—depending on
their specific properties—the following couplings could be
generated

FH̄νS þ h̄hΦi þ λijkΦiΦjΦk þ � � � ð30Þ

In addition to SM representations, the Higgs sector contains
dangerous color triplets Dh;DH þ c:c:. They become
massive through the following terms

HHhþ H̄ H̄ h̄ → hνcHiDc
HDh þ hν̄cHiD̄c

HD̄h: ð31Þ

Note that, if no other symmetry exists the terms such as
HFih;Hf̄jh̄ could be possible. Such terms would generate
dangerous mixing between Higgs and matter:

ðaF þ bHÞf̄jh̄þ � � � ð32Þ

Remarkably, a Z2 symmetry [66] which is odd only for
H → −H excludes all these couplings from the Lagrangian,
while all the previous (useful) terms are left intact. Similar
symmetries have been discussed in [69].
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For rank one mass textures the couplings in Eq. (28)
predict mt ¼ mντ at the GUT scale. However, in contrast
to the standard SUð5Þ model, down quark and lepton
mass matrices are not related, since at the SUð5Þ × Uð1Þχ
level they originate from different Yukawa couplings.
This is an important difference with the ordinary SUð5Þ.
We know that in order to obtain the observed lepton and
down quark mass spectrum at low energies, at the GUT
scale the following relations should hold [70]

mτ ¼ mb; mμ ¼ 3ms: ð33Þ

In the ordinary SUð5Þ, the masses are related and the
relations can be attributed to the Higgs adjoint which
couples differently. This mechanism though is not oper-
ative in flipped SUð5Þ due to the absence of the adjoint,
as noticed above, thus the mass matrices are not related
and Yukawas can be adjusted accordingly.
We further review the derivation of the matching con-

dition between gauge couplings of Uð1ÞY and those of
SUð5Þ × Uð1Þχ . Computing the traces and finding nor-
malization constants so that final trace is 2 give

C2
yy2 ¼ C2

y
10

3
¼ 2 → Cy ¼

ffiffiffi
3

5

r
;

C2
χχ

2 ¼ C2
χ20 ¼ 2 → Cχ ¼

1ffiffiffiffiffi
10

p : ð34Þ

In terms of normalized generators, Ỹ ¼ 1
5Cy

ðỹþ κχ̃Þ where
the ratio is κ ≡ 2

Cy

Cχ
¼ 2

ffiffiffi
6

p
. Finally Y ¼

ffiffi
3
5

q
Ỹ implies

Y ¼ 1

5
ðỹþ 2

ffiffiffi
6

p
χ̃Þ ð35Þ

and for the Uð1ÞY gauge coupling

ð1þ κ2Þ 1

aY
¼ 1

a5
þ κ2

1

aχ
ð36Þ

or equivalently,

1

aY
¼ 1

25

1

a5
þ 24

25

1

aχ
: ð37Þ

For initial values aχ ¼ a5, we obtain the standard relation
of SUð5Þ. In general, however, aχ ≠ a5, and there is more
flexibility.

B. Modular-invariant flipped SUð5Þ
Working in the flipped SUð5Þ framework, we introduce

modular invariance in the flavor space with chiral matter

fields arranged as multiplets of A4. Assignments of matter
and Higgs fields in SUð5Þ ×Uð1Þχ and A4 are shown in
Table I. In addition, a weighton ξ, which is a singlet scalar
with non-trivial modular weight, is introduced to generate
fermion mass hierarchies [30,59].
We discuss the constraint of the modular symmetry to

the flavor structure. For the up quarks, the Yukawa
superpotential, as shown in Eq. (28), takes the form
Ff̄ Φ̃. Now including the flavor indices and constraining
the superpotential by the modular invariance, we obtain
the most general modular-invariant superpotential terms
generating quark masses

Wu ⊃
X

i¼1;2;3

λu3iξ̃
3−iYð2Þ

3 Fif̄ Φ̃þ
X
i¼1;2

λu2iξ̃
5−iYð4Þ

3 Fif̄ Φ̃

þ λu11ξ̃
6Yð6Þ

3;1F1f̄ Φ̃þλu12ξ̃
6Yð6Þ

3;2F1f̄ Φ̃;

Wd ⊃
X

i;j¼1;2;3

λdijξ̃
8−i−jFiFjΦ; ð38Þ

where λuij and λdij ¼ λdji are free parameters and ξ̃≡ ξ=Λ.
Subdominant terms such as ξ̃5Yð6Þ

3 F2f̄ Φ̃ and ξ̃6Yð6Þ
3 F3f̄ Φ̃

are possible in superpotential. However, these terms do
not lead to significant deviations and thus we did not
write them explicitly. These terms generate hierarchical
Yukawa structures for quarks after the weighton ξ
acquires the VEV vξ. We write out Yd and Yu up to ϵ6

(with ϵ≡ vξ=Λ) as

TABLE I. Transformation properties of leptons, Yukawa cou-
plings and right-handed neutrino masses in SUð5Þ × Uð1Þχ × A4,
where 2k is the modular weight. f̄ in the flavor space is arranged
as f̄ ¼ ff̄1; f̄3; f̄2g. Apart from the fermions and Higgs super-
fields, we also include a weighton superfield ξ.

Fields SUð5Þ × Uð1Þχ A4 2k

F1 ¼ fQ1; dc1; ν
c
1g ð10;− 1

2
Þ 1 þ3

F2 ¼ fQ2; dc2; ν
c
2g ð10;− 1

2
Þ 1 þ2

F3 ¼ fQ3; dc3; ν
c
3g ð10;− 1

2
Þ 1 þ1

f̄ ¼ fuc; Lg ð5̄;þ 3
2
Þ 3 −2

ec1 ¼ ec ð1;− 5
2
Þ 10 þ6

ec2 ¼ μc ð1;− 5
2
Þ 100 þ4

ec3 ¼ τc ð1;− 5
2
Þ 1 þ2

νS ð1; 0Þ 3 0

H ð10;− 1
2
Þ 1 0

H̄ ð10;þ 1
2
Þ 1 −1

Φ ð5;þ1Þ 1 0
Φ̃ ð5̄;−1Þ 1 −1

ξ ð1; 0Þ 1 −1

Y2k
r ð1; 0Þ r 2k
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Yu ¼

0
BB@

ϵ6Yuð6Þ
1 þ ϵ4λu21Y

ð4Þ
1 þ ϵ2λu31Y1 ϵ3λu22Y

ð4Þ
1 þ ϵλu32Y1 λu33Y1

ϵ6Yuð6Þ
2 þ ϵ4λu21Y

ð4Þ
2 þ ϵ2λu31Y2 ϵ3λu22Y

ð4Þ
2 þ ϵλu32Y2 λu33Y2

ϵ6Yuð6Þ
3 þ ϵ4λu21Y

ð4Þ
3 þ ϵ2λu31Y3 ϵ3λu22Y

ð4Þ
3 þ ϵλu32Y3 λu33Y3

1
CCA

†

;

Yd ¼

0
BB@

λd11ϵ
6 λd12ϵ

5 λd13ϵ
4

λd12ϵ
5 λd22ϵ

4 λd23ϵ
3

λd13ϵ
4 λd23ϵ

3 λd33ϵ
2

1
CCA

�

; ð39Þ

where Yð4Þ
i for i ¼ 1, 2, 3 represent the three components of modular form Yð4Þ

3 of weight 4, and Yuð6Þ
i represent three

components of the linear combination of modular forms λu11Y
ð6Þ
31

þ λu12Y
ð6Þ
32

of weight 6. Here, we have written the
Yukawa matrices in the left-right notation, where “ �” and “ †” represent the complex and Hermitian conjugations,
respectively. Yu can be diagonalized via Yu ¼ Vudiagfỹu; ỹc; ỹtgV 0†

u , where both Vu and V 0
u are unitary matrices. Yd, as

a complex and symmetric matrix, can be diagonalized via Yd ¼ Vddiagfỹd; ỹs; ỹbgVT
d . The quark mixing matrix is

given by VCKM ¼ V†
uVd. The complexity of Yu can be further addressed in the case of small ϵ. Then, Yu is

approximatively written to be

Yu ≈

2
6664

0
BBB@

1 ϵ
λu
11

λu
22

ϵ2
λu
31

λu
33

−ϵ λu
11

λu
22

1 ϵ
λu
32

λu
33

−ϵ2 λu
31

λu
33

−ϵ λu
32

λu
33

1

1
CCCA

0
BB@

ϵ6Yð6Þ
1 ϵ6Yð6Þ

2 ϵ6Yð6Þ
3

ϵ3λu22Y
ð4Þ
1 ϵ3λu22Y

ð4Þ
2 ϵ3λu22Y

ð4Þ
3

λu33Y1 λu33Y2 λu33Y3

1
CCA

3
7775

�

: ð40Þ

Eigenvalues of Yu, i.e., Yukawa couplings of u, c and t, can be analytically derived accordingly,

ỹu ≈ ϵ6
�
Yuð6Þ · Yð6Þ −

jYuð6Þ · Yð2Þj2
Yð2Þ · Yð2Þ

−
ðYð2Þ · Yð2ÞÞðYuð6Þ · Yð4ÞÞ − ðYuð6Þ · Yð2ÞÞðYð2Þ · Yð4ÞÞ

ðYð2Þ · Yð2ÞÞðYð4Þ · Yð4ÞÞ − jYð4Þ · Yð2Þj2
�
1=2

;

ỹc ≈ ϵ3jλu22j
�
Yð4Þ · Yð4Þ −

jYð4Þ · Yð2Þj2
Yð2Þ · Yð2Þ

�
1=2

;

ỹt ≈ jλu33j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yð2Þ · Yð2Þ

p
; ð41Þ

where Yð2Þ ¼ ðY1; Y2; Y3ÞT , and the dot between two
vectors a and b denotes the product

P
i aib

�
i . This

expression shows that Yukawa couplings of the first,
second and third generation up quarks are determined by
modular forms of weights 2k ¼ 6, 4, 2, respectively.
In the charged lepton sector, the superpotential terms to

generate charged lepton masses are given by

Wl ¼ λeξ̃
6Yð2Þ

3 f̄ecΦþ λμξ̃
4Yð2Þ

3 f̄μcΦþ λτξ̃
2Yð2Þ

3 f̄τcΦ:

ð42Þ

Here, λe, λμ and λτ are dimensionless coefficients which can
always be kept real by rotating phases of ec, μc and τc. The
Yukawa matrix is given by

Ye ¼

0
BB@

ϵ6λeY3 ϵ4λμY2 ϵ2λτY1

ϵ6λeY1 ϵ4λμY3 ϵ2λτY2

ϵ6λeY2 ϵ4λμY1 ϵ2λτY3

1
CCA

�

: ð43Þ

Approximatively, the three eigenvalues are given by

ỹe ≈ ϵ6λe

�jY3
1 þ Y3

2 þ Y3
3 − 3Y1Y2Y3j2

jYð2Þ · Yð2Þj2 − jYð2Þ0 · Yð2Þj2
�
1=2

;

ỹμ ≈ ϵ4λμ

�
Yð2Þ · Yð2Þ −

jYð2Þ0 · Yð2Þj2
Yð2Þ · Yð2Þ

�
1=2

;

ỹτ ≈ ϵ2λτ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yð2Þ · Yð2Þ

p
; ð44Þ
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where Yð2Þ0 ¼ ðY2; Y3; Y1ÞT . Different from the up quarks,
Yukawa couplings of charged leptons are determined by
only the modular forms of weight 2k ¼ 2.
In the neutrino sector, the Yukawa matrix YD between ν

and νc is obtained from the terms Wu, which lead to the
Yukawa matrix relation YD ¼ YT

u . Majorana masses for νc

are generated via

Wνc ¼
X

i;j¼1;2;3

λcij
Λc

ξ̃6−i−jFiFjH̄ H̄þ � � � ; ð45Þ

where the dots represent negligible terms such as
ξ̃10−i−jFiFjH̄ H̄, which are also allowed by modular
invariance but further suppressed by at least ϵ4. Wνc leads
to the Majorana mass matrix for νc

MR ¼ h ¯̃νcHi2
Λc

0
BB@

λc11ϵ
4 λc12ϵ

3 λc13ϵ
2

λc12ϵ
3 λc22ϵ

2 λc23ϵ

λc13ϵ
2 λc23ϵ λc33

1
CCA

�

: ð46Þ

The light neutrino masses, after integrating out νc, are
generated via the type-I seesaw formula, i.e.,

Mν ¼ −MDM−1
R MT

D: ð47Þ

Note that nonrenormalizable superpotential terms as

X∞
i¼0

ξ̃3þ2iYð4þ2iÞ
1 ΛΦΦ̃ ð48Þ

cannot be forbidden by the modular symmetry. These

terms, they lead to Higgs mass μ ∼ ξ̃3Λ if Yð4Þ
1 ≠ 0 and

at some stabilizers [25,71], apply, Yð4Þ
1 ¼ 0 and may be

satisfied, μ ∼ ξ̃5Λ. These suppressions are not enough to
restrict μ ∼ TeV scale. It is possible to introduce an addi-
tional Z2 symmetry (with Φ̃, f̄ and eci be Z2-odd and the
other particles Z2-even) beyond the modular symmetry
which can forbid these terms and does not lead to additional
corrections to the flavor structure.

C. A mechanism for incomplete representations

As already noted, spontaneous symmetry breaking of the
plain field theory flipped SUð5Þ model down to the SM
symmetry, entails certain fermion mass relations emanating
from their common origin in the original SUð5Þ ×Uð1Þ-
invariant Yukawa lagrangian. Indeed, recall that in the
present model, the up-quark and Dirac neutrinos satisfy the
relation mT

D ¼ mu at the GUT scale. When seeking an
ultraviolet completion of the model, however, this is not
always true. In string theory constructions, such as the
heterotic and F-theory models, quite often the various
GUT representations accommodating the MSSM fields

are truncated by stringy projection mechanisms, magnetic
fluxes etc.,2 and as a result, such strict relations among the
mass matrices are no longer true. In the case of F-theory
constructions, in particular, this observation can be illus-
trated with the following example. Within a generic context
of F-theory constructions, matter representations are
trapped on the various intersections of the GUT ‘surface’
wrapped by the appropriate number of 7-branes, with other
7-branes perpendicular to the GUT divisor. As a conse-
quence, an equal number of two-dimensional Riemann
surfaces usually called ‘matter curves’ is formed where the
GUT symmetry is further enhanced. In the simplest
scenario, each one of the matter curves and the GUT
representation residing on them, are characterized by
distinct Uð1Þ ‘charges’ associated with the Cartan algebra
of some covering group. For the sake of the argument,
therefore, let us assume now that there are M10 copies of
chiral ten-plets on an appropriate matter curve, i.e.,
#ð10−1

2
− 101

2
Þ ¼ M10 and analogously M1, M2 copies of

five-plets on two other intersections, #ð5̄ð1Þ3
2

− 5ð1Þ−3
2

Þ, #ð5̄ð2Þ−3
2

−

5ð2Þ3
2

Þ with all of them accommodating fermion generations.

Turing on a hypercharge flux of N;N1; N2 units respec-
tively, we obtain:

10i ¼
8<
:

ð3; 2Þi; M10

ð3̄; 1Þi; M10 þ N

ð1; 1Þi; M10 − N

; 5̄1 ¼
� ð3̄; 1Þ1; M1

ð1; 2Þ1; M1 − N1

;

5̄2 ¼
� ð3̄; 1Þ2; M2

ð1; 2Þ2; M2 − N2

: ð49Þ

As an example we take M10 ¼ 3; N ¼ 0;M1 ¼ 1;M2 ¼
0; N1 ¼ −N2 ¼ 1, thence 5̄1 → ðuc; 0Þ, 5̄2 → ð0; LÞ, and

10i5̄15̄h → Qiuc1hu; 10i5̄25̄h → νci L2hu: ð50Þ

Thus, this way the Dirac neutrino Yukawa coupling is
splitted from the up quark Yukawa coupling.
Furthermore, it is worth to note that including multi-

plicities of matter field representations F, f̄ and ec can be
embedded into different 16’s of SOð10Þ, and thus the
modular-invariant flipped SUð5Þ model can be embedded
into a modular-invariant SOð10Þ.
In any case, we can write out the superpotential terms

WD with coefficients independent of from those in Wu,

WD ¼
X

i¼1;2;3

λD3iξ̃
3−iYð2Þ

3 Fif̄ Φ̃þ
X
i¼1;2

λD2iξ̃
5−iYð4Þ

3 Fif̄ Φ̃

þ λD11ξ̃
6Yð6Þ

3;1F1f̄ Φ̃þλD12ξ̃
6Yð6Þ

3;2F1f̄ Φ̃ : ð51Þ

2See for example [72].
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Then, we arrive at a more generalized matrix where the dimensionless coefficients could be different from those in Yu, i.e.,

YD ¼

0
BB@

ϵ6YDð6Þ
1 þ ϵ4λD21Y

ð4Þ
1 þ ϵ2λD31Y1 ϵ3λD22Y

ð4Þ
1 þ ϵλD32Y1 λD33Y1

ϵ6YDð6Þ
2 þ ϵ4λD21Y

ð4Þ
2 þ ϵ2λD31Y2 ϵ3λD22Y

ð4Þ
2 þ ϵλD32Y2 λD33Y2

ϵ6YDð6Þ
3 þ ϵ4λD21Y

ð4Þ
3 þ ϵ2λD31Y3 ϵ3λD22Y

ð4Þ
3 þ ϵλD32Y3 λD33Y3

1
CCA

�

; ð52Þ

where YDð6Þ
i represent the linear combination of modular

forms λD11Y
ð6Þ
31

þ λD12Y
ð6Þ
32

of weight 6. We consider an
economical case that the first two generations of uc and
L are split but the third generation does not. Thus, λDij are
independent of λuij except λ

D
33. Although YD is still hierar-

chical, the relaxing of the coefficients makes the model
easier to fit the numerical data, as will be discussed in the
next subsection. Mν in this case is estimated to be

Mν ∼

0
B@

Oðϵ4Þ Oðϵ3Þ Oðϵ2Þ
Oðϵ3Þ Oðϵ2Þ Oðϵ1Þ
Oðϵ2Þ Oðϵ1Þ Oðϵ0Þ

1
CA: ð53Þ

This kind of mass structure predicts masses m1∶m2∶m3 ∼
ϵ4∶ϵ2∶1 and therefore, normal ordering (m1 < m2 < m3)
for neutrino masses. However, in order to generate the
correct mass difference ratio Δm2

21=jΔm2
31j ∼ 0.03, a fine-

tuning of order 10−2 is required.

D. Numerical analysis

We perform a χ2 analysis at the GUT scale to show how
well the model fits the data.
In quark and charged lepton sectors, we apply the

following best-fit and �1σ values as inputs of Yukawa
couplings at the GUT scale

ỹu ¼ ð2.92� 1.81Þ × 10−6; ỹc ¼ ð1.43� 0.100Þ × 10−3; ỹt ¼ 0.534� 0.0341;

ỹd ¼ ð4.81� 1.06Þ × 10−6; ỹs ¼ ð9.52� 1.03Þ × 10−5; ỹb ¼ ð6.95� 0.175Þ × 10−3;

ỹe ¼ ð1.97� 0.0236Þ × 10−6; ỹμ ¼ ð4.16� 0.0497Þ × 10−4; ỹτ ¼ ð7.07� 0.0727Þ × 10−3: ð54Þ

These data were derived from a minimal SUSY breaking scenario, with tan β ¼ 5 [18,30,55,73]. They are insensitive to the
exact values of tan β unless a very large tan β is taken. Three mixing angles and one CP-violating phase in the CKMmixing
matrix are applied from the same literature,

θq12 ¼ 13.027°� 0.0814°; θq23 ¼ 2.054°� 0.384°; θq13 ¼ 0.1802°� 0.0281°;

δq ¼ 69.21°� 6.19°: ð55Þ
For neutrino masses and lepton mixing, we take global best-fit values (without including SK atmospheric data) from NuFIT
5.0 [74,75] and average the positive and negative 1σ errors.

Δm2
21 ¼ ð7.42� 0.21Þ × 10−5 eV2; Δm2

31 ¼ ð2.514� 0.028Þ × 10−3 eV2

θ12 ¼ 33.44°� 0.77°; θ23 ¼ 49.0°� 1.3°; θ13 ¼ 8.57°� 0.13°; ð56Þ
for the normal ordering (NO, i.e.,m1 < m2 < m3) of neutrino masses. For tan β ≲ 10, the RG running effect mainly leads to
an small overall enhancement to the neutrino mass scale but has negligible correction to the flavor structure due to the
suppression of the charged lepton Yukawa couplings [76]. Thus, in this paper, we will directly use the measured values of
lepton mixing angles and mass squared differences in the numerical fit.
We define the following two χ2 functions in the quark sector and lepton sector, respectively,

χ2q ¼
X
i∈Oq

�
piðPqÞ − bi

σi

�
2

;

χ2l ¼
X
i∈Ol

�
piðPlÞ − bi

σi

�
2

; ð57Þ

where pi are the model predictions, bi the current best-fit values and the errors σi correspond here to the average of the 1σ
ranges for each observable.
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The relevant free parameters and observables are listed in sets

Pq ¼ fλu11; λu12; λu21; λu22; λu31; λu32; λu33; λd11; λd12; λd13; λd22; λd23; λd33; ϵ; τg;
Oq ¼ fỹu; ỹc; ỹt; ỹd; ỹs; ỹb; θq12; θq23; θq13; δqg; ð58Þ

and

Pl ¼ fλD11; λD12; λD21; λD22; λD31; λD32; λD33; λe; λμ; λτ; λc11; λc12; λc13; λc22; λc23; λc33; ϵ; τg;
Ol ¼ fỹe; ỹμ; ỹτ;Δm2

21;Δm2
31; θ12; θ23; θ13g; ð59Þ

respectively. Here, we ignore the contribution of νS to the
neutrino masses. All coefficients in Pq and Pl, i.e., λuij, λ

d
ij,

λDij, λ
c
ij, and λe;μ;τ, are scanned with absolute values in the

range (0,1) with arbitrary phases in the range ð0; 2πÞ. In the
set Pq and Pl, same values of ϵ and τ are respectively used.
ϵ is scanned in (0,0.2) and τ is scanned in the fundamental
domain of Γ̄ð3Þ. The latter is achieved by first scanning in
the fundamental domain of Γ and then shifted to the rest
region following modular transformations of the finite

modular group Γ3, i.e., τ → γτ for all γ in Γ3. Furthermore,
λD33 ≡ λu33 is always fixed in the scan as discussed before.
Due to the large parameter space, a full scan in all

parameter space is hard to be performed. Instead, we listed
two benchmark points in Tables II and III, respectively, as
representatives. Both benchmarks fit the numerical values
very well χ2q þ χ2l < 10. In both cases, the second octant of
θ23, i.e., θ23 > 45° is predicted and the leptonic CP-
violation is small jδj < 10°. In the second benchmark,

TABLE III. Inputs and predictions in Benchmark 2.

χ2q 8.55801 χ2l 1.24054

λu11 −0.23631þ 0.0206202i λD11 −0.0370347 − 0.133943i
λu12 −0.457106 − 0.212065i λD12 0.00890465 − 0.0645904i
λu21 0.0547413 − 0.00985699i λD21 −0.587964 − 0.698841i
λu22 0.20306 − 0.213503i λD22 −1.5934þ 3.98198i
λu31 0.0535951 − 0.00835941i λD31 0.032806þ 0.101563i
λu32 0.143194 − 0.0289485i λD32 −0.137639þ 0.0403966i
λu33 0.147185 − 0.213406i λD33 ≡λu33

λd11 0.872726 − 0.199401i λc11 −0.258699 − 0.149259i
λd12 −0.022182 − 0.107737i λc12 0.644902 − 0.835538i
λd13 0.555058þ 0.563634i λc13 0.786701þ 0.656483i
λd22 0.165182 − 0.00517376i λc22 0.00748405 − 0.161169i
λd23 0.0328347þ 0.434846i λc23 0.0404458þ 0.229882i
λd33 0.224434þ 0.415195i λc33 −0.0466412þ 0.0379145i
τ 0.653628þ 1.25817i λe 0.340752
ϵ 0.121925 λμ 0.971434

λτ 0.225573

ỹd 3.40662 × 10−6 ỹe 1.96672 × 10−6

ỹs 0.000101448 ỹμ 0.000413715
ỹb 0.00679233 ỹτ 0.00705526
ỹu 3.67168 × 10−6 m1 0.00086566 eV
ỹc 0.00140942 m2 0.00866672 eV
ỹt 0.571741 m3 0.0501839 eV
θq12 13.0549° θ12 33.8375°
θq23 2.37476° θ23 49.9436°
θq13 0.204838° θ13 8.5851°
δq 79.1935° δ −7.97559°

M1 2.26121 × 1010 GeV
M2 2.21381 × 1011 GeV
M3 1.24968 × 1012 GeV

TABLE II. Inputs and predictions in Benchmark 1.

χ2q 3.18401 χ2l 5.06176

λu11 −0.767327þ 0.349061i λD11 0.339745þ 0.27744i
λu12 0.263207þ 0.950138i λD12 0.399021 − 0.508852i
λu21 −0.00316804þ 0.0173877i λD21 0.00175927 − 0.00351132i
λu22 0.0567532 − 0.0424349i λD22 0.0388083þ 0.968816i
λu31 0.0104356 − 0.0229778i λD31 0.239276 − 0.906576i
λu32 −0.116958 − 0.00487694i λD32 0.0908708þ 0.0193008i
λu33 −0.0061682 − 0.123591i λD33 ≡λu33

λd11 0.159578þ 0.124667i λc11 0.283262þ 0.102305i
λd12 −1.0342þ 0.0286299i λc12 0.102422þ 0.805828i
λd13 0.891457 − 0.105821i λc13 0.35523 − 0.179145i
λd22 −0.314388 − 0.432018i λc22 0.0475048þ 0.162506i
λd23 0.0512689þ 0.365322i λc23 −0.791368 − 0.16351i
λd33 0.0823574þ 0.614062i λc33 0.537351þ 0.829515i
τ 1.48709þ 0.310071i λe 0.343493
ϵ 0.10566 λμ 0.805984

λτ 0.15144

ỹd 2.9996 × 10−6 ỹe 1.974 × 10−6

ỹs 0.0000958 ỹμ 0.0004173
ỹb 0.0069456 ỹτ 0.0070656
ỹu 2.7243 × 10−6 m1 0.00086566 eV
ỹc 0.00143656 m2 0.00866672 eV
ỹt 0.519732 m3 0.0501839 eV
θq12 13.0452° θ12 33.272°
θq23 2.06442° θ23 46.1526°
θq13 0.17796° θ13 8.60762°
δq 68.4553° δ −7.97559°

M1 4.66397 × 108 GeV
M2 1.25924 × 1011 GeV
M3 1.5415 × 1013 GeV
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hierarchical right-handed neutrinos masses with the lightest
one M1 ∼ 2 × 1010 GeV is predicted. It can be applied for
baryogenesis via thermal leptogenesis.3 This benchmark
has a relatively small coefficient jλu33j ∼ 0.1 as an input
to predict the top Yukawa coupling ỹt ∼ 0.5. It is achieved
due to the enhancement of a large value of the modu-
lar form Yð2Þ ¼ ð−0.0405235 − 0.0260606i; 0.205766þ
0.397288i; 0.180747 − 4.15085iÞT at τ ¼ −1.48709þ
0.310071i (recall that ỹt ≈ jλu33j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yð2Þ · Yð2Þp

). We further
make a scan around the first benchmark with all free
parameters deviated by less than 1%. Predictions of mixing
angles and δ are shown in Fig. 1.

IV. CONCLUSION

In this work, the long-standing problem of the origin of
flavor mixing among the fermion families has been inves-
tigated within the framework of modular symmetries.
Inspired by a wide class of string theory effective models
endowed with modular invariance and simplicity of the

Higgs sector to implement the symmetry breaking, we have
constructed a flipped SUð5Þ model with A4 modular
symmetry, assigning specific modular weights to the
fermion and Higgs fields. In this context, Yukawa cou-
plings are modular forms, with the three families (anti-)
five-plets of SUð5Þ transforming as a triplet under the A4

modular symmetry, while the fermion ten-plets transform
as singlet A4 representations, distinguished by different
modular weights, and the charged lepton electroweak
singlets transform as nontrivial one-dimensional A4 repre-
sentations with different modular weights. The hierarchy of
charged fermion masses is then achieved via higher dimen-
sional operators coupled to a singlet weighton field which
carries unit modular weight.
Flipped SUð5Þ models exhibit many interesting features

which make them attractive string motivated candidates as
compared to standard SUð5Þ GUTs. Among other merits,
only a pair of 10þ 10 Higgs representations suffices to
break the GUT symmetry. At the same time the down-type
color triplets of this Higgs pair combine with those of 5þ 5̄
Higgs representations to realise the doublet-triplet splitting
in an elegant manner. As for the mass matrix textures,
because charged right-handed lepton fields are SUð5Þ
singlets, the charged lepton mass matrix is unrelated to
that of the down quarks. This way the restrictive mass
constraints of the ordinary SUð5Þ are avoided and modular
invariance is the main symmetry left over to organize the

FIG. 1. Predictions of lepton mixing angles and the Dirac CP-violating oscillation phase from the scan around the first benchmark,
where stars refer to predictions in the first benchmark.

3If the neutrino is a Majorana fermion, the neutrino and
the antineutrino are the same particle. In this case, it becomes
possible to convert it matter to antimatter and vice versa.
Therefore, the existence of neutrino masses makes possible
to create an imbalance between matter and antimatter in the
early universe. A successful thermal leptogenesis requires
M1 ≳ 109 GeV.
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charged fermion mass matrices. Regarding the neutral
fermion sector, a notable property, not shared by the
standard SUð5Þ, is that the right-handed neutrinos are
contained in the ten-plet representation together with the
quark doublets and the down-type color triplets. This
implies the relation YD ¼ YT

u between Dirac neutrino
and up quark Yukawa matrices and, in the simplest version
of the model, this restrictive relation makes it difficult to fit
the neutrino oscillation data.
In order to overcome this problem and avoid fine

tuning issues, we appeal to a string-inspired mechanism
according to which magnetic fluxes turned on along the
Abelian subgroup of SUð5Þ split the SUð5Þ-representa-
tions and disentangle the neutrino and up quark Yukawa
couplings. Notwithstanding this mechanism, the Dirac
neutrino mass matrix has a hierarchical structure, which
can be partially canceled by the hierarchical Majorana
mass matrix for right-handed neutrinos, resulting in a
normally ordered and hierarchical pattern of light neu-
trino masses, with m1 an order of magnitude smaller than
m2. This way, we are able to fit the neutrino oscillation
data, only with a slight fine tuning of parameters in the
neutrino sector. For the considered model, we find a good
fit to charged quark and lepton masses, with a relatively
low value of χ2. The leptonic CP-violating oscillation
phase is predicted to be δ ¼ −8°� 8°. A by-product of
our approach is the prediction of hierarchical heavy
neutrino masses. The lightest one may around
1010 GeV, which is around the correct value for standard
thermal leptogenesis, which however we do not pursue
further here.
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APPENDIX A: CONTRIBUTION OF SINGLET
NEUTRINOS

At this point, we will study the case where, we take into
account the presence of additional singlet neutrino super-
fields νS, as predicted string derived flipped SUð5Þ models.
In this case, more neutrinos mass terms exist,

W ⊃
X

i¼1;2;3

λS3iξ̃
3−iYð2Þ

3 FiνSH̄ þ
X
i¼1;2

λS2iξ̃
5−iYð4Þ

3 FiνSH̄

þ λS11ξ̃
6Yð6Þ

3;1F1νSH̄ þ λS12ξ̃
6Yð6Þ

3;2F1νSH̄ þmSνSνS:

ðA1Þ

These terms, together with those in Wu superpotential,
generate a general 9 × 9 mass matrix for neutrinos. In the
basis ðν; νc; νSÞ, this mass matrix is written as

M9×9
ν ¼

0
B@

0 MD 0

MT
D MR M0

D

0 M0T
D MS

1
CA; ðA2Þ

where all subblocks are 3 × 3 matrices. In particular,

M0
D ¼ h ¯̃νcHi

0
BB@

ϵ6YSð6Þ
1 þ ϵ4λS21Y

ð4Þ
1 þ ϵ2λS31Y1 ϵ3λS22Y

ð4Þ
1 þ ϵλS32Y1 λS33Y1

ϵ6YSð6Þ
2 þ ϵ4λS21Y

ð4Þ
2 þ ϵ2λS31Y2 ϵ3λS22Y

ð4Þ
2 þ ϵλS32Y2 λS33Y2

ϵ6YSð6Þ
3 þ ϵ4λS21Y

ð4Þ
3 þ ϵ2λS31Y3 ϵ3λS22Y

ð4Þ
3 þ ϵλS32Y3 λS33Y3

1
CCA

†

;

MS ¼ mS

0
B@

1 0 0

0 0 1

0 1 0

1
CA; ðA3Þ

and YSð6Þ
i for i ¼ 1, 2, 3 are three components of

λS11Y
ð6Þ
3;1 þ λS12Y

ð6Þ
3;2. The light neutrino mass matrix in this

case is modified into [77]

Mν ¼ −MDðMR −M0
DM

−1
S M0T

D Þ−1MT
D: ðA4Þ

Without considering the flavor structure and assuming
order-one coefficients, from the relation that applies to the
double seesaw formula, −MDðMR −M0

DM
−1
S M0T

D Þ−1MT
D,

the heaviest eigenvalues of MR and M0
DM

−1
S M0T

D are of

order h ¯̃νcHi2=Λc and h ¯̃νcHi2=mS, respectively. Therefore,
the light neutrino masses are a competition of the two scales
Λc and mS.
In our numerical analysis as discussed in Sec. III D, we

have focused only in the scenario mS ≫ Λc ∼ 1016 GeV.
Below, we give a brief discussion on the opposite scenario
mS ≪ Λc. Namely, the light neutrino masses is given by
Mν ¼ MDðM0

DM
−1
S M0T

D Þ−1MT
D, which is also called the

double seesaw formula. At leading order of ϵ, one can
check that Mν approximates to
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Mν ∼ ϵ−4
mSv2u
h ¯̃νcHi2

0
B@

Y2
1 Y1Y2 Y1Y3

Y1Y2 Y2
2 Y2Y3

Y1Y3 Y2Y3 Y2
3

1
CA

�

ðA5Þ

up to an overall factor. It partially determines the flavor

structure, but has only one nonzero eigenstate ∼ϵ−4 mSv2u
h ¯̃νcHi2

.

Including the next-to-leading correction, one obtain the

second lightest neutrino has mass mSv2u
h ¯̃νcHi2

. Their hierarchy is

too large to explain the ratio jrj≡ Δm2
21=jΔm2

31j ∼ 0.03
unless fine tuning between coefficients are considered.

APPENDIX B: THE SECOND MODEL

In this Appendix we present a second flipped SUð5Þ
model which differs from the first with respect to the
representations of the A4 symmetry and the modular
weights assigned to the fields. The transformation proper-
ties of the spectrum are shown in Table IV.
The superpotential Yukawa couplings for the up and

down quark are,

Wu ¼ λu1F1Φ̃ f̄ Yð4Þ
3 ξ̃5 þ λu2F2Φ̃ f̄ Yð4Þ

3 ξ̃þ λu3F3Φ̃ f̄ Yð4Þ
3 ;

Wd ¼ λd12F1F2ΦYð4Þ
10 ξ̃

3 þ λd13F1F3ΦYð4Þ
1 ξ̃2

þ λd22F2F2ΦYð8Þ
1 ξ̃3 þ λd23F2F3ΦYð8Þ

100 ξ̃
2

þ λd33F3F3ΦYð8Þ
10 ξ̃; ðB1Þ

where λui and λ
d
ij are free parameters and ξ̃≡ ξ=Λ, with Λ a

dimensionful cutoff flavor scale. The corresponding
Yukawa matrices Yu and Yd are

Yu ¼

0
BB@

λu1Y
ð4Þ
1 ξ̃5 λu2Y

ð4Þ
3 ξ̃ λu3Y

ð4Þ
2

λu1Y
ð4Þ
3 ξ̃5 λu2Y

ð4Þ
2 ξ̃ λu3Y

ð4Þ
1

λu1Y
ð4Þ
2 ξ̃5 λu2Y

ð4Þ
1 ξ̃ λu3Y

ð4Þ
3

1
CCA

†

;

Yd ¼

0
BB@

0 λd12Y
ð4Þ
10 ξ̃

3 λd13Y
ð4Þ
1 ξ̃2

λd12Y
ð4Þ
10 ξ̃

3 λd22Y
ð8Þ
1 ξ̃3 λd23Y

ð8Þ
100 ξ̃

2

λd13Y
ð4Þ
1 ξ̃2 λd23Y

ð8Þ
100 ξ̃

2 yd33Y
ð8Þ
10 ξ̃

1
CCA

�

; ðB2Þ

where Yð4Þ
i for i ¼ 1, 2, 3 represent the three components of

modular form Yð4Þ
3 of weight 4 and Yð2kÞ

r are modular forms
with weights 2k ¼ 4, 6, 8 and the corresponding repre-
sentations of the A4 group, r ¼ 1; 10; 100.
In the charged lepton sector, the superpotential terms

generating the charged lepton masses,

Wl ¼ λef̄ΦecYð4Þ
3 ξ̃5 þ λμf̄ΦμcYð4Þ

3 ξ̃3 þ λτf̄ΦτcYð4Þ
3 ξ̃2;

ðB3Þ

where, λe, λμ, λτ are dimensionless coefficients. So, we
have the matrix,

Yl ¼

0
BB@

λeYð4Þ
1 ξ̃5 λμY

ð4Þ
3 ξ̃4 λτY

ð4Þ
2 ξ̃2

λeY
ð4Þ
3 ξ̃5 λμY

ð4Þ
2 ξ̃4 λτY

ð4Þ
1 ξ̃2

λeY
ð4Þ
2 ξ̃5 λμY

ð4Þ
1 ξ̃4 λτY

ð4Þ
3 ξ̃2

1
CCA: ðB4Þ

The superpotential terms in the neutrino sector are

Wν ¼ λu
0

1 F1Φ̃ f̄ Yð4Þ
3 ξ̃5 þ λu

0
2 F2Φ̃ f̄ Yð4Þ

3 ξ̃

þ λu
0

3 F3Φ̃ f̄ Yð4Þ
3 þ λH1 F1H̄νSY

ð6Þ
3 ξ̃5

þ λH
0

1 F1H̄νSY
ð4Þ
3 ξ̃3 þ λH2 F2H̄νSY

ð6Þ
3 ξ̃

þ λH3 F3H̄νSY
ð6Þ
3 þMSνSνS: ðB5Þ

From this superpotential, we find the matrices,

YD ¼ yuυuffiffiffi
2

p

0
B@
λu1Y

ð4Þ
1 ξ̃5 λu

0
2 Y

ð4Þ
3 ξ̃ λu3Y

ð4Þ
2

λu1Y
ð4Þ
3 ξ̃5 λu

0
2 Y

ð4Þ
2 ξ̃ λu3Y

ð4Þ
1

λu1Y
ð4Þ
2 ξ̃5 λu

0
2 Y

ð4Þ
1 ξ̃ λu3Y

ð4Þ
3

1
CA

�

;

M0
D ¼h ¯̃νcHi

0
BB@
λ1Y

ð6ÞH
1 ξ̃5þλ01Y

ð4ÞH
1 ξ̃3 λ2Y

ð6ÞH
3 ξ̃ λ3Y

ð6ÞH
2

λ1Y
ð6ÞH
3 ξ̃5þλ01Y

ð4ÞH
3 ξ̃3 λ2Y

ð6ÞH
2 ξ̃ λ3Y

ð6ÞH
1

λ1Y
ð6ÞH
2 ξ̃5þλ01Y

ð4ÞH
2 ξ̃3 λ2Y

ð6ÞH
1 ξ̃ λ3Y

ð6ÞH
3

1
CCA

†

;

MS ¼mS

0
B@
1 0 0

0 0 1

0 1 0

1
CA; ðB6Þ

TABLE IV. The representations of the second model and their
transformation properties under SUð5Þ ×Uð1Þχ × A4.

Fields SUð5Þ × Uð1Þχ A4 2k

F1 ¼ fQ1; dc1; ν
c
1g ð10;− 1

2
Þ 1 þ1

F2 ¼ fQ2; dc2; ν
c
2g ð10;− 1

2
Þ 10 −3

F3 ¼ fQ3; dc3; ν
c
3g ð10;− 1

2
Þ 100 −4

f̄ ¼ fuc; Lg ð5̄;þ 3
2
Þ 3 −4

ec1 ¼ ec ð1;− 5
2
Þ 100 þ4

ec2 ¼ μc ð1;− 5
2
Þ 1 þ3

ec3 ¼ τc ð1;− 5
2
Þ 10 þ1

νS ð1; 0Þ 3 0

H ð10;− 1
2
Þ 10 0

H̄ ð10;þ 1
2
Þ 1 −2

Φ ð5;þ1Þ 10 þ1

Φ̃ ð5̄;−1Þ 1 þ4

ξ ð1; 0Þ 1 −1

Y2k
r ð1; 0Þ r 2k
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where Yð2kÞH
r with r ¼ 1, 2, 3 and 2k ¼ 4, 6 represent three

components of the linear combination of modular forms

Yð2kÞ
31

þ Yð2kÞ
32

.
In this model, we consider case that, only the second

generation of uc and L is splitted but the first and third
generations do not. So, as we see in Eq. (B6) the free
parameters λu1 and λu3 are the same as those for the domain
of up quarks, while only the second parameter is different.
Also, Majorana masses for νc are generated via

λνijFiFjH̄ H̄ Yð2kÞ
r ξ̃n; ðB7Þ

where λνij are free parameters, with i, j ¼ 1, 2, 3.
Furthermore, Y2k

r are modular forms with r ¼ 1; 10; 100

representations of A4 symmetry and 2k are modular
weights. We consider the limit mS ≪ Λc. In this case,
light neutrino masses are given by the double seesaw
formula,

Mν ¼ YDðM0
DM

−1
S M0T

D Þ−1YT
D: ðB8Þ

Note that nonrenormalizable superpotential terms as,

ΦΦ̃Yð8þ2kÞ
100 ξ̃12þ2k ðB9Þ

for 2k ¼ 2; 4;…, are suppressed due to the large power of
ξ̃. This could also be forbidden by introducing additional
Z2 as discussed in the end of Sec. III B.
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