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Critical non-Abelian vortices and holography for little string theory

E. levlev®'*" and A. Yung 13
'National Research Center “Kurchatov Institute”, Petersburg Nuclear Physics Institute,
Gatchina, St. Petersburg 188300, Russia
*Saint Petersbur§ State Electrotechnical University, ul. Professora Popova, St. Petersburg 197376, Russia

William 1. Fine Theoretical Physics Institute, University of Minnesota,
Minneapolis, Minnesota 55455, USA

® (Received 26 October 2021; accepted 2 December 2021; published 28 December 2021)

It has been shown that non-Abelian vortex string supported in four-dimensional (4D) N =2
supersymmetric QCD (SQCD) with the U(2) gauge group and Ny = 4 quark flavors becomes a critical
superstring. This string propagates in the ten-dimensional space formed by a product of the flat 4D space
and an internal space given by a Calabi-Yau noncompact threefold, namely, the conifold. The spectrum of
closed string states of the associated string theory was obtained using the equivalence between the critical
string on the conifold and the noncritical string on the semi-infinite cigar described by the SL(2,R)/U(1)
Wess-Zumino-Novikov-Witten model. This spectrum was identified with the spectrum of hadrons in 4D
N =2 SQCD. In order to describe effective interactions of these 4D hadrons in this paper, we study
correlation functions of normalizable vertex operators localized near the tip of the SL(2, R)/U(1) cigar. We
also compare our solitonic string approach to the gauge-string duality to the AdS/CFT-type holography for
little string theories. The latter relates off mass-shell correlation functions on the field theory side to
correlation functions of non-normalizable vertex operators on the cigar. We show that in most channels the
holographic approach works in our theory because normalizable and non-normalizable vertex operators
with the same conformal dimension are related due to the reflection from the tip of the cigar. However, we

find that holography does not work for lightest hadrons with given baryonic charge.

DOI: 10.1103/PhysRevD.104.114033

I. INTRODUCTION

Non-Abelian vortices were first found in four-dimen-
sional (4D) N = 2 supersymmetric QCD (SQCD) with the
gauge group U(N) and N, > N flavors of quark hyper-
multiplets [1-4]. The non-Abelian vortex string is 1/2
Bogomol’'nyi-Prasad-Sommerfield (BPS) saturated and,
therefore, has N = (2,2) supersymmetry on its world
sheet. In addition to the four translational moduli character-
istic of the Abrikosov-Nielsen-Olesen strings [5], the non-
Abelian string carries orientational moduli, as well as the
size moduli if Ny > N [1-4] (see [6-9] for reviews).

Recently, it was discovered that the non-Abelian soli-
tonic vortex string in 4D A = 2 supersymmetric QCD at
strong coupling can become a critical superstring [10]. This
was shown to happen in the theory with the U(2) gauge
group, four quark flavors, and the Fayet-Iliopoulos (FI)
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[11] parameter &. Due to the extended supersymmetry, the
gauge coupling in the 4D SQCD could be renormalized
only at one loop. With the judicial choice of the matter
sector, the one-loop renormalization cancels. No dynamical
scale parameter A is generated in 4D SQCD.!

The dynamics of the internal (orientational and size)
moduli of the non-Abelian vortex string in the case at hand
(N =2, Ny =4) is described by the so-called two-dimen-
sional (2D) weighted C[P sigma model, which we denote as
WCP(2,2), see Sec. I B below. Its  function vanishes, and
the dimension of the target space of the WCP(2, 2) model is
equal to six [10]. Thus, in this case, the target space of the
world-sheet theory of the non-Abelian vortex string is ten
dimensional (10D)as required for a superstring to become
critical. It has a structure R* x Y, where Y4 is a noncompact
six-dimensional Calabi-Yau manifold, the resolved conifold
[12,13]. This allows one to apply the string theory for the
calculation of the spectrum of closed string states [14]. This
spectrum was interpreted as a spectrum of hadrons in 4D
N = 2SQCD. The vortex string at hand was identified as the
superstring theory of type IIA [14].

lHowever, conformal invariance of 4D SQCD is broken by the
Fayet-Iliopoulos term.
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A version of the string-gauge duality for 4D SQCD was
proposed [10]; at weak coupling, this theory is in the Higgs
phase and can be described in terms of quarks and Higgsed
gauge bosons, while at strong coupling hadrons of this
theory can be understood as string states formed by the
non-Abelian vortex string. Below, we call this approach
“solitonic string-gauge duality.”

The study of the above vortex string from the standpoint of
string theory, with the focus on massless states in four
dimensions has been started in [14,15]. Generically, most of
the massless modes have non-normalizable wave functions
over the conifold Y; i.e., they are not localized in 4D and,
hence, cannot be interpreted as dynamical states in 4D
SQCD. In particular, no massless 4D gravitons or vector
fields were found in the physical spectrum in [14]. However,
a single massless BPS hypermultiplet in the 4D SQCD was
detected at a self-dual point (at strong coupling). It is
associated with deformations of a complex structure of the
conifold and was interpreted as a composite 4D “baryon”.2
Later, the existence of this massless hypermultiplet was
confirmed using purely field theoretical methods [16].

The low lying massive string states were found in [17], and
the corresponding multipet structure with respect to
the 4D N = 2 supersymmetry was identified in [18]. To
analyze the massive states, a different approach was applied,
similar to the one used for little string theories (LSTs), see
[19] for areview. This is the equivalence between the critical
string on the conifold and noncritical ¢ = 1 string which
contains the Liouville field and a compact scalar at the self-
dual radius [20,21]. Generically, the above equivalence is
formulated between the critical string on noncompact Calabi-
Yau spaces with isolated singularity on the one hand and
noncritical ¢ =1 string with the additional Ginzburg-
Landau N = 2 superconformal system [21] on the other
hand. In the conifold case, this extra Ginzburg-Landau
conformal field theory (CFT) is absent [22].

The above ¢ = 1 Liouville theory has a mirror description
[23]. In this formulation, it is given by supersymmetric
version of Witten’s 2D black hole with a semi-infinite cigar
target space [24], which is the SL(2, R)/U(1) coset Wess-
Zumino-Novikov-Witten (WZNW) theory [20,21,25,26]. It
can be analyzed by virtue of algebraic methods, and the
spectrum of primary operators was computed exactly
[25,27-30]. These exact results were used in [17] to obtain
alow lying spectrum of hadrons in NV = 2 4D SQCD. In the
string description, 4D SQCD hadrons are associated with
normalizable vertex operators localized near the tip of
the cigar.

In this paper, we make a next step and apply string theory
description to study interactions of 4D hadrons. To this end,

’If the gauge group is U(2), as is our case, there are no bona
fide baryons. We still use the term baryon because of a particular
value of its charge Qg(baryon) = 2 with respect to the global
unbroken U(1),, see Sec. IIIC.

we calculate correlation functions of normalizable vertex
operators in the WZNW SL(2,R)/U(1) coset model.
These correlation functions were studied by many authors
(see, e.g., [31-35] and a review [36]), and we apply already
known results to our case.

Another purpose of this paper is to compare the solitonic
string-gauge duality to the AdS/CFT approach. The former
identify closed string states of the string theory for the
solitonic non-Abelian vortex with hadrons of 4D N =2
SQCD. The latter developed for much broader class of
theories relates the open string description of a field theory
on the world volume of N, parallel D-branes and observ-
ables in a theory of a closed string propagating in the
background of these branes, see, for example, [37] for a
review. We summarize the distinctions of two approaches
and suggest that our solitonic string-gauge duality can be
thought of as a “no branes” limit of AdS/CFT-type
correspondence, N, — 0, for the cigar background.
However, holography seems to be a distinctive feature of
AdS/CFT correspondence not present in the solitonic
string-gauge duality.

To clarify this issue, we compare our solitonic string-
gauge duality to the AdS/CFT-type holography for LSTs.
In [21,22,38], it was argued that noncritical string theories
with the dilaton linear in the Liouville coordinate ¢ are
holographic. The main example of this behavior is non-
gravitational LST in the flat six-dimensional space formed
by the world volume of N, parallel NS5 branes. The string
coupling exponentially goes to zero in the bulk of the
space-time (at large ¢), and nontrivial dynamics (LST) is
localized near the branes. Much in the same way as in the
AdS/CFT, holography off mass-shell correlation functions
on the field theory side (in LST) correspond to string theory
correlation functions on the “boundary” at ¢ — co. More
precisely, off-shell correlation functions in LST correspond
to correlation functions of non-normalizable vertex oper-
ators on the cigar, see [19] for a review.

In this paper, we test this holography for the string theory
of our non-Abelian vortex. We find that in most channels
the holographic approach works because normalizable and
non-normalizable vertex operators with the same conformal
dimension are related due to the reflection from the tip of
the cigar.

This relation was already established in [39] in the
context of the six-dimensional LST in the background of
parallel NS5 branes. Near the pole associated with a
physical state with mass M, the non-normalizable vertex
operator V"™ hehaves as

Vnon—norm ~ 1 Vnorm , (1 . 1 )

pi+M?

The validity of our approximation is not related to the large
Ny, limit, see Sec. III A.
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where p, is the momentum of the field theory state (4D
momentum in our case), while V™™ is the normalizable
vertex operator of the state with mass M. The authors of
[39] call these poles Lehmann-Symanzik-Zimmermann
(LSZ) poles.

We test the holography relation (1.1) in our theory. First,
we confirm that LSZ poles of two-point correlation
functions of non-normalizable vertex operators match the
mass spectrum found previously [17,18]. Next, we consider
three-point correlation functions and confirm the hologra-
phy relation (1.1). The only exceptions are correlation
functions of vertex operators which are on the borderline
between normalizable and non-normalizable states. These
operators correspond to logarithmically normalizable wave
functions in our theory and are associated with physical
states in 4D SQCD, namely, lightest baryons with given
baryon charge. Correlation functions of these operators
give scattering amplitudes of the above-mentioned baryons.
Although these operators have non-normalizable “partners”
with same conformal dimensions, correlation functions of
latter operators do not have required LSZ pole structure.

The paper is organized as follows. In Sec. II, we review
the non-Abelian string, and its relation to the critical
superstring on the conifold. Next, in Sec. III, we review
the noncritical ¢ = 1 string theory and the spectrum of
stringy hadrons in 4D SQCD. In Sec. IV, we discuss
general features of our solitonic string-gauge duality versus
holographic dualities. In Sec. V, we consider two-point
correlation functions for operators corresponding to bary-
ons of the underlying 4D AN =2 SQCD. Three-point
correlation functions for such operators are studied in
Sec. VI. We consider these correlation functions with
normalizable as well as non-normalizable operators and
test the holography relation. In Sec. VII, we study corre-
lation functions of operators from continuous representa-
tions and discuss an interpretation of such states in terms
of the 4D N =2 SQCD. Section VIII presents our con-
clusions. In Appendix A, we cite the three-point func-
tion formula in the supersymmetric Liouville theory and
apply it for the case of the continuous representations. In
Appendix B, we make a comparison of the supersymmetric
and nonsupersymmetric Liouville theories, present an
idea of factorization, and apply it to the supersymmetric
Liouville theory. In Appendix C, we make a consistency
check of the two-point correlation function formula.
Appendix D contains some useful formulas.

II. NON-ABELIAN VORTICES
A. Four-dimensional A" =2 SQCD

As was already mentioned above, non-Abelian vortex
strings were first found in 4D N = 2 SQCD with the gauge
group U(N) and N, > N quark flavors (i.e., hypermultip-
lets) supplemented by the FI D term & [1-4], see, for
example, [8] for a detailed review of this theory. Here, we

just mention that at weak coupling, > < 1, this theory is in
the Higgs phase in which the scalar components of the
quark multiplets (squarks) develop vacuum expectation
values (VEVs). These VEVs breaks the U(N) gauge group
Higgsing all gauge bosons. The Higgsed gauge bosons
combine with the screened quarks to form long A =2
multiplets with mass m ~ g/&.

Since the N'=2 SQCD is in the Higgs phase, non-
Abelian vortex strings confine monopoles. In the N' = 2
4D theory, these strings are 1/2 BPS saturated; hence, their
tension is determined exactly by the FI parameter,

T =2n¢é. (2.1)
However, non-Abelian vortices in U(N) theories are
topologically stable and cannot be broken. Therefore, the
finite-length strings are closed. In particular, the monopoles
cannot be attached to the string end points. In fact, in the
U(N) theories, confined monopoles are junctions of two
distinct elementary non-Abelian strings [3,4,40] (see [8]
for a review). As a result, in 4D N = 2 SQCD, we have
monopole-antimonopole mesons in which the monopole
and antimonopole are connected by two confining strings.
In addition, in the U(N) gauge theory, we can have baryons
appearing as a closed “necklace” configurations of N x
(integer) monopoles [8].

Squark VEVs lead to the color-flavor locking phenome-
non. The global flavor symmetry group SU(N,) and the
gauge group U(N) are broken down, and the resulting
global symmetry is

SU(N)c,p X SUN;=N) xU(1), (2.2)
see Ref. [8] for more details.

The unbroken global U(1), factor above is identified
with a baryonic symmetry. Note that what is usually
identified as the baryonic U(1) charge is a part of our
4D theory gauge group. “Our” U(1), is an unbroken by
squark VEVs combination of two U(1) symmetries. The
first is a subgroup of the flavor SU(N ), and the second is
the global U(1) subgroup of U(N) gauge symmetry.

The stringy monopole-antimonopole mesons as well as
monopole baryons with spins J ~ 1 are massive. Their
masses are determined by the string tension, ~+/&. They are
heavy at weak coupling and decay into perturbative quarks
and gauge bosons, which have mass m ~ g\/€. Instead at
strong coupling, =2 SQCD is in the “instead-of-
confinement” phase [16,41], where perturbative states
evolve into hadrons formed by the closed string states.
All hadrons found from string theory of the non-Abelian
vortex as closed string states turn out to be baryons and
look like monopole “necklaces” [17].

To conclude this section, we note that our 4D N =2
SQCD has a Higgs branch formed by massless quarks
which are in the bifundamental representation of the global
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group (2.2) and carry baryonic charge, see [14] for more
details. This Higgs branch is hyper-Kihlerian [42.,43];
therefore, its metric cannot be modified by quantum
corrections [43]. In particular, once the Higgs branch is
present at weak coupling, we can continue it all the way
into strong coupling. Thus, at strong coupling, in the
“instead-of-confinement” phase besides stringy hadrons,
we also have massless perturbative states: bifundamental
quarks. It is argued in [17] that they play an important role
in the stringy dynamics, see Sec. VII.

B. World-sheet sigma model

The presence of non-Abelian subgroup SU(N), p in
(2.2) is the reason for the formation of the non-Abelian
vortex strings [1-4] in the 4D SQCD. The most important
feature of these vortices is the presence of the so-called
orientational zero modes. In this subsection, we are going
to briefly review the sigma model emerging on the world
sheet of the non-Abelian critical string supported in N/ = 2
SQCD with N =2, N, =4 [10,14,15].

If Ny = N, the dynamics of the orientational zero modes
of the non-Abelian vortex, which become orientational
moduli fields on the world sheet, is described by the 2D
N = (2,2) supersymmetric CP(N — 1) model [8].

Upon adding extra quark flavors, non-Abelian vortices
become semilocal. They acquire so-called size moduli [44].
In particular, for the non-Abelian semilocal vortex at hand
with Ny = 4, in addition to the orientational zero modes n?
(P =1, 2), there are size moduli which we denote as pX
(K =1, 2) [1,4,44-47].

The target space of the resulting weighted CP sigma
model [WCP(2,2) for short] is a symplectic quotient
C*//U(1), or in other words, the U(1) D-term condition

[n"1? = 1% = p. (2.3)

plus U(1) gauge invariance. This quotient has complex
dimension three.

Apart from these internal modes, the string under
consideration has of course the usual translational modes
corresponding to the R* space that the string lives in. In
total, the number of real bosonic degrees of freedom in this
model is ten (four translational plus six internal). These
degrees of freedom form a 10D space needed for super-
string to be critical.

Since non-Abelian vortex string is 1/2 BPS, it preserves
N = (2,2) in the world-sheet sigma model necessary for
the N = 2 space-time supersymmetry [48,49]. Moreover,
as was shown in [14], the string theory of the non-Abelian
critical vortex is of type IIA.

The world-sheet coupling constant f# in (2.3) is related to
the bulk gauge coupling constant g>. At weak coupling, the
relation is given by [8]

S (2.4)

S &

Note that the first (and the only) coefficient of the beta
function is the same for the 4D SQCD and the world-
sheet model. Both vanish at N, = 2N. This ensures that
our world-sheet theory is conformal. Therefore, its target
space is Ricci flat and [being Kahler due to N = (2,2)
supersymmetry] represents a noncompact Calabi-Yau
manifold, namely, the conifold Y¢, see Ref. [13] for a
review.
The global symmetry of the world-sheet sigma model is
SU(2) x SU(2) x U(1), (2.5)
i.e., exactly the same as the unbroken global group in
the 4D theory, cf. (2.2), at N = 2 and N = 4. The fields
n and p transform in the following representations:
n: (2,0,0),

pi (0.2.1). (2.6)

C. Thin string regime

The coupling constant of 4D SQCD can be complexi-
fied,

(2.7)

where 6, is the 4D 0 angle. Note that the SU(N)
version of the 4D SQCD at hand possesses a strong-weak
coupling (S) duality, namely, 7 — —% [43,50]. There is
also a symmetry with respect to the shift 6,, — 04p + 27
(T duality).

The 2D coupling constant # can be naturally complexi-
fied too if we include the 2D 6 term,

%
BB+ izi]’;. (2.8)
The exact relation between the complexified 4D and 2D
couplings was derived in Ref. [16],
e = )27+ 1), (2.9)
where A is the elliptic modular lambda function. It can

be expressed in terms of standard Jacobi € functions
[Ref. [51], p. 108] as

(2.10)

Equation (2.9) generalizes the quasiclassical relation (2.4).
It was derived using 2D-4D correspondence, namely, the
match of the BPS spectra of the 4D theory at £ = 0 and the
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world-sheet theory on the non-Abelian string [3,4,52,53].
Note that our result (2.9) differs from that obtained in [54]
by the shift of 8, by z.

According to the hypothesis formulated in [10], our
critical non-Abelian string becomes infinitely thin at strong
coupling at the critical point z.. Moreover, in [14], it was
conjectured that 7, corresponds to f = 0 in the world-sheet
theory via relation (2.9). The vortex transverse size is given
by 1/m, where m is the mass of 4D SQCD perturbative
states. Thus, we assume that the mass of the 4D perturba-
tive states m — oo at # = 0, which corresponds to 7 = 7, in
4D SQCD.

At the point f =0, the non-Abelian string becomes
infinitely thin, and higher derivative terms can be neglected.
Also, the world-sheet theory of the non-Abelian string
reduces to the WCP(2,2) model. The point # =0 is a
natural choice because at this point we have a regime
change in the 2D sigma model. This is the point where the
resolved conifold defined by the D term constraint (2.3)
develops a conical singularity [13]. Recently, it was shown
in [16] that the point 7., where our non-Abelian vortex
string becomes thin, is 7, = 1, which corresponds to f = 0
via (2.9).4 This point is self-dual under a combination of S
and T dualities.

When the parameter  vanishes, the conifold singularity
can be smoothened by a complex structure deformation. It
was shown in [14] that the complex parameter b of this
deformation corresponds to a massless particle: a baryon
with the baryon charge Qp = 2. This baryon can be
represented as a “necklace” of four monopoles [16].

ITII. NONCRITICAL ¢=1 STRING

As was mentioned in Sec. I, the spectrum of massive
string modes on the conifold was found in [17] (see also
[18]) using an alternative formulation in terms of the ¢ = 1
string theory. This theory contains the Liouville field and a
compact scalar at the self-dual radius and is argued to be
equivalent to the string theory on the conifold in the so
called double scaling limit [20-22]. In this section, we
briefly review this theory and spectrum of physical string
states obtained in [17].

The authors of [21,22] considered the above alternative
formulation as a kind of AdS/CFT-type duality.5 Here, we
follow the logic of Ref. [20]6 and consider it as an
equivalence of two string theories: the critical string on
the conifold and noncritical ¢ = 1 string with Liouville
field, see also discussion in Sec. IV for more details.

“This corrects the value 7 = i suggested earlier in [14,15].

Below in this paper, we clarify the relation of our approach to
AdS/CFT-type holography.

In this paper, the equivalence was shown for topological
versions of two string theories.

A. Liouville theory
Relevant noncritical ¢ = 1 string theory is formulated on
the target space
R* x Ry x S, (3.1)
where R is a real line associated with the Liouville field ¢,

and the theory has a linear in ¢ dilaton, such that string
coupling is given by

gy = e~ (3.2)

In [21], the authors proposed a more general equivalence
between the critical string on noncompact Calabi-Yau
spaces with isolated singularity on the one hand and
noncritical ¢ =1 string with the additional Ginzburg-
Landau AN = 2 superconformal system on the other hand.
In our conifold case, this extra Ginzburg-Landau factor is
absent from (3.1), see Ref. [22].

The bosonic stress tensor of the ¢ = 1 matter coupled to
2D gravity is given by [cf. the linear dilaton (3.2)],

1= 3047 + 00+ (0.¥7)  (33)

The compact scalar Y represents ¢ = 1 matter and satisfies
the periodicity condition

Y ~Y +270. (3.4)

The scalars are normalized so that their propagators are

(Y(2),Y(0)) = —log zZ.
(3.5)

(#(2),9(0)) = —logzz,

The central charge of the supersymmetric version of this
¢ =1 theory is

SUSY

Y =3430% (3.6)

In order for the string on (3.1) to be critical, this central
charge should be equal to 9. This gives

0=V2.

Deformation of the conifold (complex structure defor-
mation) mentioned above translates into adding the
Liouville interaction to the world-sheet sigma model [21],

(3.7)

_b+iY

5L—b/d26’e o,

(3.8)

Here, b is the deformation parameter. The conifold singu-
larity at b = O corresponds to the string coupling constant
becoming infinitely large at ¢p - —o0, see (3.2). At b # 0,
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the Liouville interaction regularizes the behavior of the
string coupling preventing the string from propagating to
the region of large negative ¢.

The mirror description of the Liouville ¢ = 1 noncritical
string theory [23] is in terms of 2D black hole [24], which is
the SL(2,R)/U(1) coset WZNW theory [20,21,25,26] at
the level

2
k= @ (3.9)
In the case of the conifold (Q = \/5) this gives
k=1, (3.10)

where £ is the total level of the Kac-Moody algebra in the
supersymmetric version (the level of the bosonic part of the
algebra is then k;, = k+ 2 = 3). The target space of this
theory has the form of a semi-infinite cigar; the field ¢
associated with the motion along the cigar cannot take large
negative values due to semi-infinite geometry.

In this description, the string coupling constant is largest
at the tip of the cigar, g; ~ 1/b. We assume that parameter b
is large so the string coupling at the tip of the cigar is small,
and the string perturbation theory becomes reliable. In
particular, we can use the tree-level approximation to obtain
the spring spectrum. Note also that, as we already men-
tioned in the Introduction, the SL(2,R)/U(1) WZNW
model is exactly solvable, so we do not need to keep the
level of the Kaé-Moody algebra k large and can go to the
strong coupling at k = 1, see (3.10).

B. Vertex operators

Vertex operators for the string theory on (3.1) are
constructed in [21], see also [22,25]. Primaries of the ¢ =
1 part for large positive ¢ (where the target space becomes a
cylinder R, x S') take the form

Vi, me 2 eXp{(V2jp + iV2(m Y, + mgYg))}, (3.11)

where we split Y into left- and right-moving parts. For the
self-dual radius (3.7) (or k = 1), the parameter 2m in
Eq. (3.11) is the integer. For the left-moving sector, 2m; =
2m is the total momentum plus the winding number along
the compact dimension Y. For the right-moving sector, we
introduce 2mp which is the momentum minus the winding
number. For our case, the type IIA string mz = —m, while
for the type IIB string mp = m [18].

The primary operator (3.11) is related to the wave
function over “extra dimensions” as follows:

Vj;mL,mR = gsq‘j;mbmk (¢7 Y)

The string coupling (3.2) depends on ¢. Thus,

p (¢.Y) ~ V2D G+iIV2mL Y +mp V)

Jimp.mpg (312)
We look for string states with normalizable wave functions
over the “extra dimensions” which we interpret as hadrons
in 4D N = 2 SQCD. The condition for the string states to

have normalizable wave functions reduces to

, 1
J<—=.

5 (3.13)

The scaling dimension of the primary operator (3.11) is

Mg =l = JG+ Dl = w2 =G+ 1. (3.14)

We include the case j = —% which is at the borderline
between normalizable and non-normalizable states. In
Ref. [17], it is shown that j = —% corresponds to the norm

logarithmically divergent in the infrared in terms of the
radial coordinate of the conifold. In particular, the massless
baryon b belongs to states with j = see the next
subsection.

Unitarity implies that the conformal dimension (3.14)
should be positive,

1
2°

Aj,>0. (3.15)
Moreover, to ensure that conformal dimensions of left- and
right-moving parts of the vertex operator (3.11) are the
same, we impose that mp = £m; .

The spectrum of the allowed values of j and m in
(3.11) was exactly determined by using the Kac-Moody
algebra for the coset SL(2,R)/U(1) in [25,27-30], see
Ref. [55] for a review. Both discrete and continuous
representations were found. Parameters j and m determine
the global quadratic Casimir operator and the projection of
the spin on the third axis,

Jjom),
(3.16)

Pljm) ==j(j+Dljm),  Pljm)=m

where J* (a = 1, 2, 3) are the global SL(2, R) currents.
We have
(1) Discrete representations with
1 3

j==3.-1,-3

—4{jj=1,j=2,..%
3 > m==x{j,j—1,j }

(3.17)

(ii) Principal continuous representations with

) | . .
j= ) +is, m =integer or m = half-integer,
(3.18)

where s is a real parameter.
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(iii) Exceptional continuous representations with

1
~3 <j<0, m = integer.  (3.19)

We see that discrete representations include the normal-
izable states localized near the tip of the cigar, while
the continuous representations contain non-normalizable
states,” see (3.13). This nicely matches our qualitative
expectations.

Discrete representations contain states with negative
norms. To exclude the ghost states, a restriction for spin
Jj is imposed [27-30,55],

k+2
—L<j<0.

5 (3.20)

Thus, for our value k =1, we are left with only two
allowed values of j,

o _ 13
.]7 2’ m = 2,2,... 5

m==+{1,2,...}.

(3.21)

and

j=-1, (3.22)

C. Scalar and spin-2 states

Four-dimensional spin-0 and spin-2 states were found in
[17] using vertex operators (3.11). The 4D scalar vertices
VS in the (=1, —1) picture have the form [21]

) — e~ PL=PR pIPX" Y/ .
Vj;m’_m =¢ e'Pu Vj;m._m,

(3.23)

where superscript S stands for scalar, ¢; p represent
bosonised ghosts in the left- and right-moving sectors,
while p, is the 4D momentum of the string state.

The condition for the state (3.23) to be physical is

L pup*
§+ &xT

+m?=j(j+1)=1, (3.24)
where (3.14) was used. The first term on the lhs comes from
ghosts [recall that the conformal dimension of the ghost
operator ¢ is equal to —(q + ¢*/2) in the picture ¢].

The GSO projection restricts the integer 2m for the
operator in (3.23) to be odd [21,56],

1
m=z+Z (3.25)

"We discuss the case j= —% which is on the borderline
between normalizable and non-normalizable states in the next
subsection.

For half-integer m, we have only one possibility j = —%,

see (3.21). This determines the masses of the 4D scalars,
__pur” _ 2 1

(M3,)?
_-. 3.26
87T Y (3.26)

where the Minkowski 4D metric of the signature
(=1,1,1,1) is used. It is shown in [17] that the state
with m = £1/2 is the massless baryon b, associated with
deformations of the conifold complex structure [14]. It
consists of four monopoles in a “necklace” formed by a
closed string [16]. Higher states with m = +(3/2,5/2, ...)
are massive 4D scalars.

At the next level, we consider 4D spin-2 states. The
corresponding vertex operators are given by

(Vjan-m (Pu)) P2 = L™ =0k V oy o,
(3.27)
where w4 , are the world-sheet superpartners to 4D

coordinates x*, while &, is the polarization tensor. For
these states to be physical, one should impose a condition

Pub"
8xT

+m?—j(j+1)=0. (3.28)
The GSO projection selects now 2m to be even, |m| =
0,1,2,... [21]; thus, we are left with only one allowed
value of j, j = —1in Eq. (3.22). Moreover, the value m = 0
is excluded. This leads to the following expression for the
masses of spin-2 states:
(Mf}fin_z)z = 8xTm?

Im| =1,2,....  (3.29)

All spin-2 states are massive, and no massless 4D graviton
appears in our theory. It matches the fact that our 4D NV = 2
QCD is defined in flat space without gravity.

The momentum m in the compact dimension is related
to the baryonic charge. It was shown in [17,18] that the
baryon charge of the vertex operators (3.23) and (3.27) is
given by

QB = 4m.

All closed string states are baryons.

(3.30)

IV. SOLITONIC STRING-GAUGE DUALITY
VERSUS HOLOGRAPHY

As we already mentioned in the Introduction, a version
of the string-gauge duality for 4D N = 2 SQCD with N, =
2N = 4 was proposed in [10]; at weak coupling, this theory
is in the Higgs phase and can be described in terms of (s)
quarks and Higgsed gauge bosons, while at strong coupling
hadrons of this theory can be understood as closed string
states formed by the non-Abelian vortex string. This duality
was further explored by studying the string theory for the
critical non-Abelian vortex in [14,15,17].
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We call this duality a solitonic string-gauge duality and
would like to compare it with AdS/CFT-type holography.
Of course, there is a conceptual difference. In our approach
10D space is an artificial construction formed by 4D “real”
space where SQCD lives and six-dimensional conifold
associated with orientational and size moduli of the non-
Abelian vortex. Instead, in AdS/CFT correspondence, the
fundamental superstring propagates in the 10D space from
the very beginning.

Also the scales of the string tension are dramatically
different in two approaches. The scale of the squire root of
the fundamental string tension is determined roughly
speaking by the Plank scale, while for the solitonic non-
Abelian vortex /T is fixed at the SQCD scale set by the FI
parameter, see (2.1).

However, we can take a more pragmatic point of view
“forgetting” for a minute where the 10D space comes from
and think of our solitonic string-gauge duality as a duality
which associates a given 4D SQCD with a string theory on
the conifold. Then, we can summarize the main distinctions
of our approach as follows:

(i) AdS/CFT correspondence is typically based on the

presence of N, parallel D-branes, see, for example,
[37] for a review. Moreover, the validity of the gravity
approximation requires a large N, limit. In our string
theory on the conifold, there are no branes. The
validity of our approximation is based on the large
value of the parameter of the conifold complex
structure deformation b. Large b ensures the validity
of the gravity approximation because the curvature
of the conifold remains everywhere small, see, for
example, [57]. Moreover, as we already mentioned,
large b ensures small g, in the string theory formulated
on the cigar.

(i) AdS/CFT correspondence assumes holography.
Off-shell correlation functions on the field theory
side correspond to string theory correlation func-
tions on the “boundary,” infinitely far away from the
branes. Instead, in our solitonic string-gauge duality,
all nontrivial “real” physics should be localized
exclusively near the tip of the cigar. We consider
only normalizable vertex operators with j < —% [see
(3.13)] and identify them with hadrons of 4D SQCD.

The first distinction above suggests that we can think
of our solitonic string-gauge duality as of N, = 0 limit of
AdS/CFT correspondence. The simplest example is the
Klebanov-Witten’s construction [58] of N, D3-branes
filling the R* space near the conifold singularity in a type
IIB superstring. The presence of the five-form flux sourced
by branes makes a direct product of R* and Y a warped
product with anti—de Sitter (AdSs) geometry. In the limit
N, =0, the warped factor disappears, and we get our
background R* x Y.

However, the second distinction seems to be a crucial
one. To clarify this issue, below in this paper, we compare
our theory with the most close example of the AdS/CFT

holography: nongravitational six-dimensional LST on the
world volume of k NS5-branes [21,38,39]. This theory is
holographically dual to the noncritical string theory on
RS x SL(2,R),/U(1) x SU(2),/U(1), where k is the level
of the Kac-Moody algebra of WZNW model.® The duality
ensures that off-shell correlation functions in LST corre-
sponds to correlation functions of non-normalizable vertex
operators on the cigar, see Ref. [19] for a review.

Below, we test this type of holography for the string
theory of our non-Abelian vortex. In particular, we test the
LSZ relation (1.1) found in [39] for the theory on NS5-
branes. First, we find the poles of two-point correlation
functions of non-normalizable vertex operators and com-
pare results to the hadron spectrum found previously
[17,18], see Egs. (3.26) and (3.29). The poles must directly
correspond to hadron masses. Second, we consider the
correlation functions of normalizable vs. non-normalizable
operators and see how they are related to each other.

To conclude this section, we note that in [21,22] the
above holographic duality for LST on NS5-branes was
generalized to the correspondence between the critical
string on noncompact Calabi-Yau spaces with isolated
singularity in the double scaling limit on the one hand
and noncritical ¢ = 1 string with the additional Ginzburg-
Landau N = 2 superconformal system on the other hand.
The equivalence of the critical string on the conifold and
noncritical ¢ = 1 string we use here is a particular case of
this correspondence. However, this correspondence looks
more like equivalence of two closed string theories rather
then duality between open and closed string descriptions
typical for AdS/CFT-type holography. Therefore, as we
already mentioned, we follow the logic of Ref. [20] and
consider this correspondence as an equivalence of two
string theories rather than the AdS/CFT-type duality. One
of the important directions of future work is to demonstrate
this equivalence more directly.

V. TWO-POINT CORRELATION FUNCTIONS AND
(NON-)NORMALIZABLE OPERATORS

A. Reflection property

As we already mentioned, SL(2, R)/U(1) primary fields
were constructed in [21], see also Refs. [22,25] and [33,34].
Primaries of the ¢ = 1 part can be expanded at ¢p — oo
where the target space becomes a cylinder R, x S'. In
(3.11), we presented the leading at large ¢ term for values
of j associated with discrete series (3.17). For generic j, the
asymptotic expansion can be written as follows® [34]:

8In our string theory, the last factor [compact SU(2)/U(1) CFT]
is absent.

Similar formulas have appeared also in [39], but in this paper,
we use the normalization of [34], see Egs. (13)—(14) and (16)—
(20) in the latter paper. Also, our notation for mp, m; modes is
related to the notation m, m of [21,39] as m = my, in = —mg.
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V.

_ LiQ(m Y +mpY iq
mpmg = e Q(m, Y, +mgYy) [eQJ/’

+ R(j,mp, mg; k) e~ Ut 4],

(5.1)

where the ellipses stand for terms that are subleading at
large positive ¢. The background charge Q is related to
the level k via (3.9) as k = 2/Q?. We keep k arbitrary and
put it to the value k = 1 [see Eq. (3.10)] at the last step.
The so-called reflection coefficient R(j, m; , mg; k) is given
by Ref. [39]

R(j,my, mg; k)
1F(1 +%) 2j+1
B {E r( —%)]
(1 =2T(my + j+ Dl(mg + j + DI(=2j = 1)
T(1+ 25T (my, = j)T(mg = j)T(2) + 1)

(5.2)

Physically, the presence of the two exponentials written in
the expansion (5.1) represents a reflection from the tip of
the cigar. Note that these two exponentials have the same
conformal dimension, see Eq. (3.14). For our case of a type
A string, we take m; = —mp = m.

The reflection coefficient (5.2) is defined up to an
arbitrary factor of the form (A)%*!, where A is a constant.
It can be absorbed into a redefinition of the operators

Vv j,my ,mg = (A)]V j

Jj Jomyp,mpg» (53)
see Ref. [39]. We use the normalization of [33,34,39].

The primaries under consideration obey the so-called
reflection property [39],

Vj;m,‘,mR = R(j’mL’mR;k)V—j—l;mL.mR' (54)
Note a useful relation
R(],mL,mR,k)R(—]—l,mL,mR,k): 1. (55)

The reflection property (5.4) can be easily checked on the
level of expansion (5.1). We have

V.

Jmpmp

~ QUYL EMRYR) (00 4 R(j, my, mi; K)e™ QU]
= R(j,my, mg; k)e!QlmYrtmeYr)
X [R<_j —-1,my, mR;k)er¢ + e—Q(jJrl)(f)]

wR(j,mL,mR;k)V_j_l;mLymR, (56)

where we use Eq. (5.5).

For generic values of j, one exponential in Eq. (5.1) is
normalizable, while the other one is non-normalizable, see
Eq. (3.13), which stays intact for generic values of k.
However, at special values of j, m; , mp, these operators can
become normalizable. This can happen in one of the
following cases:

(1) If j<-1/2 and the reflection coefficient
R(j,my,mg; k) vanishes.
2) If j>-1/2 and the reflection coefficient

R(j,my,mg; k) has a pole.
3) Ifj=-1/2.
To see this, consider an operator V., ,,, with j < —1/2.
When j and m;, mp approach the values of the discrete
series (3.17), the reflection coefficient vanishes. Techni-
cally it happens because some gamma functions in Eq. (5.2)
develop poles; for more details. see below. Using the
expansion (5.1). we find

iQ(mp Y +mgY
Vj;mL,mR ~ eiQ(my Y +myYyg)

X (6Q1¢ + R(J’ mL’ mR; k)e_Q(/+1>¢) —
————

-0
— Qi HiQ(m Y +mgYg)

(5.7)

which is the leading term in the expansion of a normal-
izable operator.

For an operator V; with j=-1—-j>—1/2. we have
similarly

14

Jimy mpg

~ eiQ(’nLYL+mRYR)(eQ}¢ + R(}’ my, mg; k)er¢) —
—_———
has a pole

— R(j, my, mg; k)eQid+iQUm Y tmp¥y), (5.8)

[cf. (5.5)]. This expression contains a pole. The residue at
this pole is again a normalizable operator (see below for
more details).

As for j = —%, it is a borderline case when the two
exponentials in Eq. (5.1) are the same. As we already
mentioned, it is a state with the norm logarithmically
divergent in the infrared. As was argued in [17], this state
should be included into the physical spectrum.

Thus, we can have normalizable as well as non-normal-
izable operators.

In the following, we are interested in correlation func-
tions of operators corresponding to hadronic states of 4D
SQCD. Strictly speaking, these are given by “dressed”
vertex operators (3.23) and (3.27), and apart from the
SL(2,R)/U(1) part, they include ghost and R* factors.
However these “extra” factors contribute to the correlation
functions trivially. Below, we focus on the “internal”
(¢, Y)-dependent SL(2,R)/U(1) part in the correlation
functions. The latter will contain all the relevant pole
structures, and only this (¢, Y)-dependent part is relevant
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for studying normalizable and non-normalizable operators
in the sense discussed above.

B. Poles of the two-point function and holography

AdS/CFT-type holography discussed in Sec. IV relates
correlation functions of non-normalizable operators with
j > —1/2 to correlation functions of normalizable operators
with j < —1/2, see Egs. (1.1) and (5.8). The reflection
property (5.4) and the expansion (5.1) are the main technical
ingredients necessary for understanding this relation.

The two-point correlation function of the primary
operators was computed in [21] (see also Refs. [33,34]
and [39,59]). The exact formula reads'’

<Vj|;mL,mR vjz;—mL,—mR> = R(j’ mp, mg; k)(s(]l - j2)v (59)

with the quantity R (the reflection coefficient) given by
(5.2). A quasiclassical justification of this formula (5.9) is
presented in Appendix C. Note that here and below we
suppress the standard dependence of the world-sheet
coordinates.

First, we note that since the two-point correlation
function (5.9) equals the reflection coefficient (5.2), the
poles of the correlation function exactly correspond to
the values of j, m;,mg for which the operators inside the
correlation function become normalizable, see Sec. VA.
Second, when we consider correlation functions of normal-
izable operators with j < —1/2, at special values of
j,mp,mpg, they turn out to be finite, as we see below.

The non-normalizable operator with j > —1/2 at special
values of j, m reduces to a normalizable operator times
areflection coefficient with a pole. This ensures the relation
(1.1) found in [39]. Therefore, we can expect that the two-
point correlation function of two such operators has a pole.

As we explain in Sec. IV, we can interpret this in the
spirit of AdS/CFT-type holography which assumes that off
mass-shell correlation functions in the 4D field theory are
given by string correlation functions of non-normalizable
operators. Poles are associated with propagation of a
physical state.

Let us reiterate. Correlation function (V5 Oy,

J.mp,mg?’
.., 0,) with a non-normalizable operator V3, . Wwith
J > —1/2 corresponds to a correlation function (V' ,,, -
Oy, ...,0,) with a normalizable operator V;,, ,. Wwith

j < —1/2 [see (5.8)]. Here Oy, ..., O, denote other vertex
operators in a correlation function.

"°In this paper, we mostly do not write the dependence on the
world-sheet coordinates explicitly. Moreover, note the 6(j; — j»)
factor is absent in [39,59]. The authors of those papers argued that
this delta function cancels against the ghost zero mode that would
normally make the two-point amplitude vanish in string theory.
However according to recent work [60], the two-point string
amplitudes are nonvanishing after all. Therefore, we should keep
the delta function 8(j; — j,).

Specifically, j and j for these two operators are related as

jo==1- . (5.10)
~—~ ~~

As we already mentioned, these two vertex operators
Vs m,m, and Vo, have the same conformal dimension,
and we expect that as (j, my,mg) approach values for the
discrete spectrum the reflection coefficient develops a pole.
Then, two vertex operators V5, ,, andV;, ., satisfy the
LSZ relation (1.1) which can be called “the holography
relation”. The pole of the propagator of a 4D physical state
in this relation comes from the pole of the reflection
coefficient with respect to (j,m;,mg) via relations

(3.24) or (3.28).

C. Poles of the two-point function and discrete
representations of SL(2,R)/U(1)

Now let us look more closely at pole structures of
two-point correlation functions.

Poles of the correlation functions of operators living on
the covering space of SL(2,R) were analyzed in [39,59].
Because of the cover, the values of m = m, in the vertex
operators (5.1) are not quantized in this setting. Moreover,
the SL(2,R)-spin j was not restricted to take discrete
values in [39,59].

In our setup, the field ¥ in (5.1) in the WZNW
formulation lives on a circle of radius R; = V2! 1t is
a periodic variable. We do not consider the covering
space. Instead, we require the primaries to be 2zR;
periodic with respect to the field Y. This immediately
imposes a condition

2m e Z, (5.11)
for arbitrary k. In the following, we always assume that
(5.11) is true.

We are going to consider a two-point function (5.9) of
two non-normalizable operators with j = —1 — j > —1/2.
We are interested in poles of this two-point function that
depend on both j and m (in [39] they were called LSZ
poles). It turns out that the values of j, m corresponding
to these poles exactly correspond to discrete representa-
tions of SL(2,R)/U(1) (3.17). Here, we show that the
physical poles of the two-point correlation functions of
non-normalizable operators give exactly the j = —1 series.
The operators with j = —1/2 are on the borderline between
normalizable and non-normalizable, and the corresponding
two-point function turns out to be finite.

"Note that the radius of a circle in the Liouville formulation is
given by (3.4), while the radius of a circle in the mirror WZNW
formulation is given by R, = v/2k, see [21]. To simplify the
notation, we use the same notation Y for this periodic field.
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Note that one should be careful when analyzing
potentially divergent quantities. From what has been said
so far, we can deduce the following rule: when inves-
tigating the poles of j, m, k-dependent quantities (e.g.,
correlation functions), we have to take the limits in the
following order:

(1) First, take m to be a half-integer (5.11).

(2) Next, send j to the desired value j,. Holography
relation (1.1) suggests that it corresponds to the
discrete representation of SL(2,R)/U(1), e.g.,
j— —1/2or j - —1, see Egs. (3.21) and (3.22).

(3) Lastly, take the limit £k — 1.

This ensures that the LSZ “holography relation” (1.1)
suggested in [39] can be written in our theory as follows:

1

<V 01,...,0n>~ ’0n>9

Jomp.mp? o <Vj-mL,mR’ Or, ...

(5.12)

near the pole at j — j,, where we fixed m to be a (half)
integer. Here, j and j are related via (5.10), while j, = —1.
Below, we check this relation for the two and three-point
correlation functions in our theory.

We also check the holography relation (1.1) for the
jo = —1/2 channel and show that holography does not
work in this case.

1j=-1

Let us consider the two-point correlation function (5.9)

with two non-normalizable operators V- near
J.myp.mp

j=-1—-j=0. To investigate the pole structure, we
can use a technique similar to the one outlined in [59]
[in particular, see Egs. (3.10)—(3.13) in that paper]. Let us
take m; = —mpr = m > 0. Using Eq. (5.9) and expanding
the T" functions in (5.2), we can see that the two-point
correlation function has a pole at j = 0,

1 ~ ~
Vi Vi) = Ru=0G 7). (513
with the residue given by (see Appendix D)
~ m2
R, =Res R(j,m,—m; k) = — (5.14)
=0 7

This formula holds also for m < 0. Recalling that

j = —1—j, we see that the singularity actually appears at

j=-1,  m==+{1.2,..}, (5.15)

and the two-point correlation function (5.13) can be
rewritten as

Rm ~ ~,
<V];m,—mV]";—m,m> = T_J(S(J - ]/)’ (516)
which precisely corresponds to a j = —1 discrete series of

SL(2, R)/U(1) representations (3.22). Note that the residue
(5.14) vanishes at m = 0 which directly corresponds to the
fact that m = 0 associated with the would-be massless 4D
graviton is excluded from the series (3.22). Poles in (5.16)
correspond to a part of massive physical states (3.29) found
in [17].

Thus, we see that AdS/CFT-type holography works in
our theory for 4D physical states with j = —1. Namely,
these 4D SQCD states are seen as poles in correlation
functions of non-normalizable vertex operators in the string
theory in accordance with Egs. (1.1) and (5.12).

Let us note that at 2m € Z, the two-point correlation
function also has other poles at j > 0 (corresponding to
j < —1). Similar poles are called “bulk poles” in [39]
because they come from the region of large ¢ rather then
from states localized near the tip of the cigar (which are
called LSZ poles), see also discussions in Refs. [21,61,62].
In our theory, these poles are not physical and should be
ignored. Associated states with j < —1 break the lower
bound in Eq. (3.20) and have negative norms.

Finally, let us make a note on the two-point function of
the corresponding normalizable operators. According to
Eq. (5.9),

<Vj=—1;m,—mVj=—1;—m,m> = R(j =—1,m,—m; k)5(0)
(5.17)

The reflection coefficient here vanishes, but this zero
cancels against the delta function. The whole two-point
function is finite.

2. j= —1/2 normalizable

Now consider series of states with j= —1/2, see
Eq. (3.21). These states are on the borderline between
normalizable and non-normalizable and saturate the so-
called Seiberg bound [63]). As we already mentioned, they
are logarithmically normalizable with respect to the coni-
fold radial coordinate and were interpreted as physical
states, see [17] and Sec. III B. Let us have a closer look at
the two-point function of these states.

Let us set for a moment j = —1/2 —¢, m; = —mp =
m = 1/2 + 6. We have
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<Vj;m,—mvj;—m,m> = R(J’ m, —nt; k)

_ [ll“(l +%)]2f+1 C(1 =200 +m+ DI —m+ DI(=2j - 1)

C(1+ 290 (m — j)T(=j - m)T(2j + 1)

zl(1-19)
_ [1F<1+i
N ﬂF(l—%)

_6—5
e+6

This analysis can be repeated for other values of m,m €
1/2 4+ Z with the same result. One can see that, generally
speaking, this expression is ambiguous. However, by our
prescription, we have to first set m = 1/2 (i.e., § = 0) and
then take the limit j — —1/2 (i.e., € — 0). Finally, we take
the limit &k — 1. Then, the expression for the two-point
correlation function is well defined, and we have

<V—1/2;m,—mv—1/2;—m,m> = J._l)i_nll/2<vj;m.—mvj;—m,m> =L

(5.19)

The correlation function is finite. This confirms the
interpretation of j = —% states as physical states (logarith-
mically) localized near the tip of the cigar.

Finally, let us note that the factor 6(j; — j,) coming from
Eq. (5.9) in fact does not enter the final expression for the
two-point function for j = —1/2. For details, see Sec. VII.

3. j= —1/2 non-normalizable

Since the value j = —1/2 is invariant under the reflec-
tion (5.10), one may think that there is no corresponding
|

+ (nonsingular terms).

)] 201+ 20(1 — e + 8)['(—e — 6)T(2¢)
(1 =2)T(1+ 6+ e)I'(e — 8)['(—2¢)

(5.18)

|
non-normalizable operator. It turns out that this is not
entirely true. We saw that for each operator V; with j #
—1/2 there is an operator Vs, j = —j—1 with the same
conformal dimension. This is related to the fact that the
Schrodinger equation in the corresponding quantum
mechanical problem has two solutions. In the case of the
operator V,__;,, the second solution to the Schrodinger
equation is the operator [63]

PVt oo ~ e3PV (5.00)

Therefore, we should take this operator into account.

The operator (5.20) is an example of a so-called
logarithmic primary field [64] (see also [65,66] and
references therein). Such operators were also con-
sidered to some extent in [56,67]. It is a primary field
with the same conformal dimension as V;__j/,u _m ~
e~Q/20iQ(mYL-mYr) Indeed, consider its pairing with the
energy-momentum tensor,

S 1 o
(peQit I QmIL=mYe) (7)), T(z,)) = a3j<€Q]¢€lQ('"YL_mYR>(Zl), T(z2))
1 1 o

= maaj(Aj.merqselQ(mYL_mYR) + )

oiQ(mY —mYp) < 12j+1 . ‘
— JE— eQﬂ/) _|_ A . m¢eQ}¢> + ..

(21 — 2)? 0 k 7 =4
A

(21 — 22)

where z; and z, are world-sheet coordinates. This shows
that operator

¢V~':—1/2 m—m "~ ¢e_%¢€iQ(mYL_mYR)
is a primary field with conformal dimension A;__;/; ,,

where A;,, is defined in (3.14). The associated wave
function is more divergent at large ¢ than the one for

DI Qi giQmYi-mY) |

(5.21)

[
V—_12; therefore, we consider the operator (5.20) as a
non-normalizable “partner” of V,__; .

The corresponding two-point correlation function turns
out to have a double pole (see Appendix B 8 for the details),

1 -~ =

(BV3,——1)2m-mPV =1 )2 =mm) ~ m 5(j1 = Ja)-

(5.22)
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The double pole is exactly what one would expect for the
correlation function (5.22) from LSZ. From Eq. (3.24), we
see that the linear in (j + 1/2) term vanishes at j — —1/2
and we have

P,z, + M? ~ (} 4 %) 2near}' - —%. (5.23)
Therefore, finally we get the LSZ formula,
<¢le:—1/2.m,—m¢V32:—1/2.—m,m>
~ ﬁ (Viecizme=mVj==1/2.=mm)- (5.24)

We conclude that the LSZ pole is present for the non-
normalizable j = —1/2 operator (5.20), so the holography
works in this channel for the two-point function. Below, we
see that it does not work for the three-point function of such
operators.

VI. THREE-POINT CORRELATION FUNCTIONS

In this section, we consider three-point correlation
functions of operators V;, . with m;, = —-mp =m.
The physical states at our disposal correspond to normal-
izable operators with j=—1,—1/2 or by (5.10) to
j=0,—1/2. The values of m of the three correlation
functions have to sum up to zero,

m1+m2+m3 :0 (61)
This corresponds to baryon charge conservation in the 4D
SQCD, see (3.30). Winding number conservation in three-
point functions was also discussed in [62].

Therefore, we have two potentially nonvanishing three-
point functions: j=(-1,-1/2,-1/2) and j=(-1,-1,-1).
In the following, we investigate these two cases.

Let us start with general comments. The holography
relation (5.12) suggests that the correlation functions of
non-normalizable operators should be singular, with the
poles corresponding to propagators of normalizable states
[discrete SL(2, R)/U(1) representations]. The residues are
related to the correlation functions of normalizable oper-
ators. The latter correlation functions are finite.

The three-point correlation functions for the coset
SL(2,R)/U(1) model were computed in [59], see also
[33,68]. The pole structure can be investigated by the
method used in [59]. (Note however that there is a typo in
[[59] Eq. (4.20)]), see Appendix D).

A.j=(-1,-1/2,-1/2) correlation function

In this subsection, we consider the three-point correla-
tion function with one j = —1 operator and two j = —1/2
operators and also investigate its possible holographic
relation to the correlation function with corresponding

non-normalizable operators. We see that there is indeed
such a relation in the j = —1 <> j = 0 channel. Let us start
with this one.

1. A non-normalizable j, =0 operator

Consider three operators with SL(2,R) spins:
J1=0,j, =-1/2,j;=—1/2. The first one is non-
normalizable, and by (5.10), it should correspond to a
normalizable operator with j; = —1. Since the other two
operators are not non-normalizable, they do not lead to
poles in the three-point function, and the resulting corre-
lation function contains only one pole. By using the
technique of [59] (see Appendix A2b for details), we
arrive at the expression

<V}| my =y iji—l/z;mz~—mz Vj3:—1/2;m3,—m3 >

_ Bmymyms

+ (regular terms), (6.2)

J1

where we used that m; € Z\{0} and m,,m; € 1/2 + Z.
We see that there is a pole at j, = 0. The residue is
calculated to be

1

mymymy Z >

(6.3)
cf. (6.6) and the comments below.

2. A normalizable j= — 1 operator

Now, we consider a similar correlation function, only
this time with all fields normalizable, j, = —1, j, = j; =
—1/2. Namely, consider the three-point correlation
function

<Vj1=—l;m1,—m1Vj2=—l/2;mg,—m2Vj3=—1/2;m3,—m3>' (64)
Using the reflection property (5.4), we obtain the exact
expression

<le =—Lm,—m ij§m2»—mz Vj3;m3,—m3 >

_ <V}1:02m1-—m1 Vj22"12,—mz Vj3;m3,—m3> (65)

R(jl :Oymla_ml;k)

As we saw above, both the numerator and denominator
have poles at j; = —1 — j; = 0. Substituting (6.3) and
(5.14), here we get

<le =—limy,—m, Vj2=—1/2§m2~—m2 V/3=—1/22m3»—m3 >

?Eg“]ﬁ;ml.—ml Vj2:_1/2§m2s_m2 V.j3:—l/2;m3,—m3>
— 1—
B Res R(}lvml’_ml;k)
J1=0
1
mp
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This correlation function is finite. Note that the value m; =
0 is excluded by (3.22).

To conclude this subsection, let us note that the corre-
lation function (6.4) describes a decay of one 4D physical
state into two other physical states. Clearly, the conserva-
tion of 4D momentum and mass-shell conditions for all
three states ensure that the heaviest state can decay into two
other states only if its mass is larger than the sum of masses

of other states. For example, the state with j = —1 can
decay into two states from the j = —1/2 series if its mass is
larger then the sum of the masses of the two j = —1/2
states,

Mass; __y ,,, > Mass;,__j/5,,, +Mass; __i/5m,. (6.7)

Using mass formulas (3.26) and (3.29) and the winding
conservation (6.1), we arrive at

1 1 1 1
m%2m5—4+m§—4+2\/<m%—4) <m§—4>

1
< moniy > —Z.

(6.8)

In our case, this is equivalent to the condition that m, and
my are of the same sign. If this condition is not satisfied, we
have the heaviest j = —1/2 state decaying to a lighter j =
—1/2 state and a j = —1 state. Figure 1 summarizes these
results.

3. pe~2/?% and would-be LSZ poles

In Sec. VC3, we considered the non-normalizable
operator with j=—1/2. We saw that the two-point
function for such an operator has a double pole.

It turns out that the three-point function with insertions
of the logarithmic primaries (5.20) has an unexpected
structure. This three-point function is calculated in
Appendix 2 b. The result is

<V;| :O,m,—m¢vl;2:—1/2,m,—m¢vi3:—1/2,m,—m>
1 1

- 27,(j +D0s+13)°

(6.9)

This is not the expected L.SZ behavior. From Egs. (1.1) and
(5.23), one could expect that the three-point correlation
function (6.9) has a single pole corresponding to j; = 0 and
two double poles corresponding to j,,j3 = —1/2. The
single pole at j; = 0 shows up in Eq. (6.9) as expected, but
the other two are single rather than double poles. What is
going on?

Moreover, single poles at j,, j; = —1/2 in Eq. (6.9) are
not LSZ poles. Indeed, according to [39], when we consider
the x;-dependent correlation function and integrate over x;
[cf. (A4)], the LSZ poles are seen as poles coming from

s?<;
+ + + . . . .
3,
X + + . . . .
2,
X X + . . . .
1,
X X X . 3 . .
£ 0
. . . . X X X
-1+
. . . ) + x X
_27
. . . . + + X
—3
. . . . + + +
-2 0 2
ms
o lh=-1=l= =3 +isl+[z= -1 —is]
x  la=—3+isloli= =11+ [z= —3 —is]
+ [a=—-1-islolii= — 11+ = -1 +is]
FIG. 1. Possible decays determined by the energy conservation.

The quantum numbers j, m are as they appear in the three-point
correlation function (7.6). The (m,, m3) plane extends infinitely.
Note that the points with m, = —m5 are excluded because of
winding conservation (6.1) and the fact that for j; = —1 it is
required that m; # 0 (3.29).

x; = 0, 00. However, this integrated correlation function
also exhibits poles that can be traced back to coinciding x;
under the integral [and also to x — | in the expression
(A4)]. The analysis shows that the single j = —1/2 poles in
(6.9) are exactly of this type, see Appendix A 2 a for details.

In other words, these are “bulk poles” coming from the
bulk of the cigar, i.e., from the region of large ¢ rather than
LSZ poles, which come from states localized near the tip of
the cigar.

We conclude that the holography picture does not work
for the j = —1/2 channel.

B.j=(-1,-1,-1) correlation function

Consider three operators with spins j; = j, = j; = —1.
Corresponding non-normalizable operators should have
J1=J72=J3=0.

In this case, one could expect that the correlation
function of non-normalizable operators with j = 0 should
contain three poles, but it does not. This can be seen by
analyzing the exact formula for the three-point function
(A1l). The coefficient D from (A3) becomes

K 1F(1+%) /1+jz+j3+11“(1_j1+j2#)
S22 [aT(1 -1 (it
Ji=0k=1 k

et R

L (6.10)
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The factor (A4) cannot produce all the necessary poles, and
the correlation function under consideration does not have
the necessary pole structure. See also a discussion in
Appendix B of [59].

Similarly, we can check that the three-point function of
three normalizable operators with j = —1 is zero. Although
this time the coefficient D in Eq. (A3) happens to con-
tain a single pole, the function F(j, my; jo, mo; j3, m3) in
Eq. (A4) has a double zero unless m; = m, =0 [59];
however, the latter values of m are excluded, see (3.22).
Therefore, the whole correlation function vanishes,

(6.11)

(Vji==tumy.=m, V jy==timy.—m, V js=—timy —my) = 0.

This completes the analysis of the three-point correlation
functions of vertex operators corresponding to baryons of
the 4D N =2 SQCD.

VII. CONTINUOUS REPRESENTATIONS

So far, we have discussed only the vertex operators from
the discrete representations (3.17), as they have direct
interpretations as hadrons of the underlying 4D N =2

|

<Vj1=—1/2+is;mL,mR Vj2=—1/2+is;—mL,—mR> =

SQCD [17,18]. However, there is also the principal and
exceptional continuous representations.

In this section, we concentrate on the vertex operators
from the principal continuous representation with'?
Jj=—1/2+is, see (3.18). The scaling dimensions of these
vertex operators are given by

1

A=m?>——+s° (7.1)

4
The parameter s € R here is continuous, which leads to a
continuous mass spectrum for the states created by these
vertex operators. This prevents interpretation of such states
as baryons in 4D SQCD. It was argued in [17] that these
string states are multiparticle states related to the presence
of massless bifundamental quarks in 4D SQCD. To shed
more light on their nature, below we study correlation
functions with insertions of such operators.

A. Two-point correlation function

The two-point correlation function of such states is
given by

R(=1/2+is,m;,mg; k)

_ Fr(l + %)] L1 —EO0(1/2 4 is + mp)T(1/2 + is + mg)[(=2is)

xT(1=1)] T +2T(my 4+ 1/2 —is)[(1/2 = is + mg)T(2is)
10+ by
= |= ( f) . glo(simy.mg:k) (7.2)
I
where we have introduced a phase &(s;m;,mg;k). This  The two-point function of j = —1/2 operators considered

correlation function does not have poles in the variable s;
instead, it should be interpreted simply as a scattering
phase, see, e.g., Ref. [62]. The only possible problem with
Eq. (7.2) is that now the limit k — 1 is not well defined
because of the first factor. However, this factor is non-
physical and can be absorbed into the definition of vertex
operators (5.3).

Finally, let us comment on the factor §(j; — j,) coming
from (5.9). It does not enter the formula for the two-point
function (7.2) for the following reason. The states with j =
—1/2+is form a continuum. When we calculate an
amplitude with such states, we should integrate over all
final states, that is,

/ dSé(S - sl)<Vj|:—l/2+is;m,_,mR Vj2:—1/2+is’;—m,‘,—mR>

= <Vj1:—1/2+is;mL,mR Vj2:—1/2+is;—mL,—mR>'
(7.3)

"2On the interpretation of Im{;} as a momentum along the
cigar, see, e.g., [17,69-71].

in Sec. V C 2 can be considered as the limiting s — 0 case
of the correlation function considered here. Therefore, the
delta function factor is absent in that expression, too.

B. Three-point correlation function

In Sec. VIA, we derived the three-point function
with j = (=1,—-1/2,—1/2). That derivation can be easily
adopted for the three-point function with continuous
representation, which turns out to be nontrivial in the case'
1

j3 = —= — IS.
J3 3 !

(7.4)

The three-point function in this case is as follows (see
Appendix A2 a for a detailed computation):

- 1
Ji=-1<j =0 j2:—§+i5,

<V}] —0;m,,—m, V—1/2+is;m2.—m2 V—1/2—is;m3,—m3 >

— ; % i £(8(s3my.—my:k)=6(s:m3.—ms3:k)) (7.5)
J1 2
YThe case with j3 = —%—}— is is also nontrivial but can be

recovered from (7.4) using the reflection property (5.4).
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The phase factor ¢ is defined in (7.2). In the limit s — O,
in the three-point function (7.5), the phase goes to zero,
and we recover the answer (6.2) with the residue given
by (6.3).

We see that the three-point correlation function with one
non-normalizable operator with j = 0 again has a single
|

pole. This confirms the LSZ holography relation (5.12) for
correlation functions of operators from principal continu-
ous representation. The corresponding three-point function
with normalizable operators is going to be finite; it can be
calculated by the same method as in Sec. VIA?2. The
answer is

<V—l;m1,—m| V—l/2+is;m2,—mz V—l/2—is;m;,—mg> _ 72ei(ﬁ(x;mz,—mz;k)—ﬁ(x;m_g,—mg;k))‘ (76)
323 m’
Much in the same way as for states from the discrete spectrum the decay of the j = —1 state into two states from the
j=- % =+ is series can go only if the mass of the decaying particle is greater than the sum of the masses of the products,
Massj1=—1,m] > Massj2=—1/2+is,m2 + Massj3=—1/2—is,m3- (77)
Using mass formulas (7.1) and (3.29) and the winding conservation (6.1), we arrive at
2 2,2 1 3.2 1 2, 2 ) 3, 2 ]
my > m; + s —Z+m3+s _Z+2 m; + s ~ my + s ~
@mm—s2+l> m2+s2—l m3+52—l
s2 <1
& { -4 o (7.8)
m,, ms are of same sign

The condition that the j; = —1 state decays into two
continuous with j,3 = —1/2 £ is turns out to be

IS

s? <
o (7.9)
m,, my are of same sign

Figure 1 summarizes these results. Note that decay via a
three particle process (when one particles decays to two) is
possible if and only if when it involves either all discrete
states or two continuous with s> < 1/4. A decay via a three
particle process cannot involve continuous states with
s> > 1/4.

C. Interpretation of continuous representations

The correlation function (7.6) that we just computed
corresponds to a process where a j = —1 state decays into
two conjugate states,

j=-1]- [j_—%—i—is] + [j——%—is}, (7.10)

cf. the discussion of operator mixing in [62].

How can we interpret the states corresponding to the
principal continuous representation (3.18)? As we already
mentioned, according to (7.1) their energies form a con-
tinuous spectrum. However, in 4D SQCD, we do not expect

|
to have a family of hadrons with continuous distribution of
masses.

In [17], it was suggested that these states can be
interpreted as decaying modes of normalizable physical
4D states. This was confirmed by showing that spectra of
continues states start from thresholds given by masses
(3.26) and (3.29). Here, we can confirm this interpretation
for the case of principal continuous representation.

Moreover, we can further specify this: a j = —1/2 + is
state can be interpreted as a multipartical state of a j =
—1/2 baryon and massless bifundamental quarks. Then, the
decay (7.10) corresponds to the decay of a j = —1 state into
two j = —1/2 states (which we know can happen from
Sec. VI A) with the radiation of massless bifundamental
quarks.

VIII. CONCLUSIONS

In this paper, we studied correlation functions in the
string theory for the critical non-Abelian vortex. Speci-
fically, we considered these correlation functions using
the equivalent description in terms of string theory on the
SL(2,R)/U(1) WZNW coset and studied their analytic
structure.

We also compared our solitonic string-gauge duality,
which relates hadrons of 4D N = 2 SQCD to closed string
states of the string theory of the critical non-Abelian vortex
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with the AdS/CFT approach. Suggesting that the solitonic
string-gauge duality can be thought of as a “no branes”
limit of the AdS/CFT, we tested the holography, which is a
distinctive feature of the AdS/CFT correspondence.

We showed that the AdS/CFT-type holography relation
(1.1) found for LST [39] or Eq. (5.12) is fulfilled in our
theory for most channels. This relation ensures that
correlation functions of non-normalizable operators in
the string theory on the cigar correspond to correlation
functions of normalizable operators, which in turn are
directly associated with hadronic states in 4D N =2
SQCD. The only exception are operators of the j =
—1/2 series, which are on the borderline between normal-
izable and non-normalizable operators and correspond to
physical states in 4D SQCD. It turns out that in the j =
—1/2 channel holography relation does not work.

Technically, the reason for the holography relation (1.1)
is that non-normalizable and normalizable operators with
the same conformal dimension are related by the reflection
of the tip of the cigar. It would be interesting to understand
a deep conceptual reason behind this holography.

We can also mention several other open questions. The
first is to find a more direct relation between critical string
theory on the conifold and noncritical ¢ = 1 string theory
with the Liouville field. The second is the construction of
the effective theory of hadron interactions in the 4D N = 2

SQCD. In principle, it should be possible using results
obtained in this paper for correlation functions in the string
theory. They fix the coupling constants of the effective
interactions of hadrons in SQCD. The symmetry restric-
tions, especially the N' = 2 supersymmetry, heavily restrict
the form of possible interaction terms. Moreover, the
interpretation of continuous representations deserves more
solid justification. We leave these problems for future work.
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APPENDIX A: THREE-POINT FUNCTIONS

Now let us review the results for the three-point
functions in the supersymmetric Liouville theory.

1. Full three-point function formula

The full analytical expression for the three-point function
of the operators V; ,, _,, was derived in [59]. Let us write it
down as

<V]'1;m1,—mlvj2;m2,—m2 Vj3;m3,—m3> = D(;lﬂj23j3;k)
XF(jl,ml;jz,mzéj%mﬁ/d2x|x|2<m'+m2+m3_l)- (A1)
The last factor here simply enforces the baryon charge conservation
mg + nmy + ms = 0 (A2)
The first factor' equals
B kK [1T(1 _|_l) Jitiatjstl
D A , . , . ;k — _—k
(J1s Jos 33 k) 23 LTF(I _%J
G—~.—.—.—2G-—~.—.—1G.—-—.—1G~.—.—-—]
OGN == j3=2)6Us =11 =2 =1)GUa =1 =5 = )Gl —Ja= 5= 1) (A3)

G(=1)G(=2j, = 1)G(=2j, = 1)G(=2j5 — 1)

Some properties of the special G function used here are listed in Appendix B 6. The F factor in Eq. (Al) is given by

F(ji,my; jo. my; j3, m3) —/d2x1d2x2|xl|2(j‘+m‘)|x2|2(j2+m2)

x |1 - x1|2(/2—]1—13—1)|1 - x2|2(]1—j2—j3—1)|x1 — x2|2(13—j1—/2—1).

(A4)

“The structure constants (A3) are equivalent to (B22). They can be derived from (B22) using (B23) and slightly changing the

normalization of the operators.
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2. The case with continuous and discrete
representations

Now let us calculate the three-point functions (7.5)
and (6.2).

a.j=-1/2+tis

Now let us turn to the computation of the three-point
function in the case (7.4),

1

~ 1
hi=-l< =0 j2:—§+i& j3:—§—is.

(AS)

We analyze the exact expression for the three-point
function (Al). Substituting (AS5) into (A3) and using
(B24) and (B25), we obtain

D(.}:l’j2 ]3’k)
XG( 1)G(=2is — 1)G(2is — 1)G(j,)
Y G(-1)G(=1)G(=2is)G(2is)

(D)

2s21
=——=+... (A6)
T

where the ellipses stand for the terms nonsingular at
Eq. (7.4). Next, let us evaluate the integral factor A4.
From Eq. (7.4), we see that j, — j, — j; — 1 = 0. Making a
change of variables,

x| =X, Xy = Xt, (A7)

we can rewrite F(j;,my; jo, my; j3, m3) from Eq. (A4) as

F(}'l’ my; jo, My; jz, mz) = /dzxd2t|x|2(;1+m1)+2+2(jz+mz)+2(jz—]1—/2—1>|1 _x|2(j2—71—j3—1)

X |t|2(jz+m2)|1 — t|2(js—}1—jz—1).

Using Eq. (A2), we obtain

F(j1.my; ja, mas j3.m3) = /dedzl|x|2<j3_m3)|1 —)C|2(j2_3'_j3_1>

Finally, substituting (7.4) here gives

F(G1,my; jasmy; jz,msy) = /d2x|x|2(_1/2_m3_i‘v)|1 — x|2is=1)

These integrals can be calculated with the help of (D1),

/d2x|x|2(_1/2—m3—i‘v)|] — x[2@is=D) =

(A8)
X |t|2(j2+m2)|1 - [|2(/3—71—j2—1)_ (A9)
% /d2t|t|2(—l/2+m2+is)1 _ t|2(—2i.\'—l). (AIO)
I'(1/2 —mz —is)L'(2is)I(=is +m3 + 1/2)
[(1/2 4+ m3 +is)I'(1 = 2is)I'(is — m3 + 1/2)
(/2 - —is)['(2is)I'(—i 1/2
i T(1/2 = m3 —is)T'(2is)[(—is + m3 + 1/2) (A1)

T 25 T(1/2+ my + is)[(=2is)C(is —ms + 1/2)

Note that the pole at s = 0 in this expression comes from the region x — 1. According to [39], this means that this pole is
the “bulk pole;” that is, it does not signify propagation of a physical state.
Putting all expressions together (and omitting the factor | d?x|x|2m+mtms=1) which gives a conservation law for m’s)

we arrive at Eq. (7.5)

<V]'1—>0;m1,—m1 V—1/2+is;m2,—m2 V—I/Z—is;m3,—m3> ==X Z

1 1 ei(z’i(x;mz.—mz;k)—ﬁ(s;m3.—m3;k)). (A12)

J1
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Finally, we note that one can check the pole structure
of the resulting correlation function (A12) by performing
the calculation differently. Namely, we can first study the
singularity at x; — 0 in Eq. (A4) which would give the pole
at j; +m, = —1,-2, ... The results are consistent.

One could worry that the pole at j = 0 might mix with a
so-called bulk pole (see the discussion in Sec. 2.4 of
Ref. [39]). This can happen in the case when all but one
vertex operator in a correlator are normalizable, but one
operator has a normalizable and a non-normalizable part,
both of which contribute to a pole. However, in our case,
the operator with ] = 0 has no bulk contribution, since

~eQ0 L R(G, ~0,my,—my; k) - e™9¢
~1d+ R(j, 2 0.my, —my; k) - e,

;12021711,—”11

(A13)

where Id is the so-called “fake identity” operator, see, €.g.,
[[72] Sec. 12.2.2]. The second term here represents a
normalizable operator times a pole. Plugging (A13) into
the three-point correlator, we see that the second term
reproduces the pole (A12), while the first term with Id gives
the two-point function of two j = —1/2 % is operators,
which is finite and does not contain a pole.

b.j=-1/2

The three-point function in the case with discrete
representations j; =0, j, = j; =—1/2 (6.2) can be
obtained by formally sending s to zero in the previous
calculation. Setting s =0 in Eq. (7.5), we recover
Egs. (6.2) and (6.3).

Moreover, careful examination of the limit j;, —
—1,j, > —1/2,j3 - —1/2 in Eq. (Al) shows that the
three-point function (6.4) is indeed finite, cf. (6.6). Setting
s =0 in Eq. (7.6), we recover Eq. (6.6).

Another interesting question is the three-point function
with two logarithmic primary fields,

<V}1:O.m,—m(pvjzz—1/2.m,—m¢vj3:—1/2,m,—m>' (A14)
This three-point function can be derived using the results of
Appendix A 2a. To do this, we recall that, first, in the
nonsupersymmetric Liouville theory, we have

0
Op — _;
e las

2E (A15)
and second that an analytic continuation of the three-point
function in the nonsupersymmetric Liouville gives the
structure constants D(Jj;, j,, j3:k) (A3) in the supersym-
metric Liouville. From this, we can conclude that we can
obtain the three-point function (A14) as follows'”:

BThere are also logarithmic terms coming from the world-
sheet dependence like in (B31), but these are subleading.

<V}1 =0.m,—m¢V}'2=—1/2.m,—m¢vj'3=—1/2,m,—m>

o 0 . -
_{[aSl8s2D(O,—1/2+zsl,—l/z—lsz,k)]

X F(0,my;=1/2 + isy,my; —1/2 — isy, m3)

X /d2x|x|2(m]+m2+mg—l)} (A16)
s1=5,=0
Performing the calculation, we obtain
<Vj'1=O,m,—m¢ij=—1/2,m,—m¢vj3=—1/2,m,—m>
1 1
(A17)

 277,(ja +)0s+3)

APPENDIX B: COMPARISON TO THE
NONSUPERSYMMETRIC LIOUVILLE THEORY

In this paper, we mainly consider the SL(2,R)/U(1)
coset WZNW model, which is a mirror of the N =2
Liouville theory. However, it is interesting to compare with
the results in nonsupersymmetric Liouville theory. From
that, we can draw lessons for our case [for example, why do
we see a specific combination of exponentials in Eq. (5.1)]
and find out some factorization properties.

Discussing various Liouville models below we need to
introduce the Liouville b parameter. So in order not to
confuse it with our VEV of the massless baryon in 4D
SQCD, we denote the Liouville parameter of the non-
supersymmetric theory as b; and in the supersymmetric
model as by_,. Moreover, we denote the background
charges in nonsupersymmetric Liouville, supersymmetric
Liouville, and SL(2,R)/U(1) coset WZNW, respectively,

as Qp, On—, and Qg;.

1. Non-SUSY vs. SUSY
In the nonsupersymmetric Liouville theory (considered,
e.g., in [31,32,73]), the interaction term is
'Cint ~ €2bL¢L. (Bl)
The requirement that this is a marginal deformation (of
conformal weight 1) leads to

1
by (QL—b)=1=Q, =b, +b_’
L

(B2)
see also Ref. [36] [Eq. (2.13)].

On the other hand, in the A/ =2 Liouville, the inter-
action term can be written as

EimN/JZQe_\/%bN2(¢’\’2+iy). (B3)
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(Here, we use the normalization where the asymptotic
radius of the compact dimension is R = +/2/k, see
Sec. 1III.) In components, we have terms like
b3ty ebx=(tx=+1Y) The requirement that this is a
marginal deformation (of conformal weight 1) leads to

1 by b b
5+ N=2 (Qsz_ Nz) 4 oN=2

22 22 8
2
:1:>QN2::4(;, (B4)

see also [36] [Eq. (11.7)]. That is why (B3) can be
written as

by tiY
Line ~ / d*Qe” =, (B5)
cf. [39] [Eq. (3.9)] and [17] [Eq. (4.8)].

Next, consider the SL(2,R)/U(1) theory, which is
a mirror to the A =2 Liouville [20,21,25,26]. In this
model, the asymptotic radius is R = v/2k. The vertex
operators at large positive ¢ are written as (see Sec. V
for details)

V ~ e@sLi¢+0sLimY (B6)

Here,

(B7)

2
Os. = On=2 = \/%

2. The dictionary

Extending the dictionary from Teschner’s papers [34]
[Eq. (17)], [33] [Sec. IV. 4] (see also Ref. [36] [Eq. (6.92)
and below]), we can write the correspondence'® between
quantities in supersymmetric and nonsupersymmetric
Liouville theories,

1
b, < —,

Vk

a < —b; ],

1
0r < 7§ Ost, (B8)

where a defines the primary operator exp{2a¢;} in the
Liouville theory. (Also note that the level k in Teschner’s
papers is shifted by 2.) Comparing Egs. (B4), (B7), and
(B8), we conclude that by_, = i, and

I [74,75], an alternative dictionary was presented.

Qs = V2b,. (B9)

This matches with [36] [Eq. (6.100)], [76] [Eq. (2.2)].
For example, according to Egs. (B8) and (B9), the map
acts as follows:

LR
bv2

1/ 1
QL_a<_>_5<ﬁQSL+bLJ.> =-1-. (B10)

Moreover, the Liouville field is mapped as

a=Q0./2< j= Qs./2 =~1/2,

1

b=

ﬁ¢N:2' (B11)

3. Stress tensor

The stress tensor is mapped correctly,

Ty =—(0¢.)* + QL.0%¢;

1
— —(0)* + 7§ 0s.0%y,

- _% [(0¢N=2)2 + \/%62%/:2], (B12)

which is the ¢ part of the full stress tensor (3.3). Primary
operators (in the large-¢ limit) and conformal dimensions
are also mapped correctly,

e2abr < 62(_ﬁ)(_ﬁ¢ﬂ':2) = eV¥kitv-2 — (Qsidn-

A=a(Q; —a) < —b,j <%QSL + bj)
=—bij(j+1) = —’(’T“) (B13)

Primary fields of the nonsupersymmetric Liouville
theory ~e?*® can be both normalizable and non-
normalizable.

4. Reflection coefficient

With this dictionary, the inverse'” reflection coefficient
from [31,32,73] correctly reproduces the m-independent
part of the reflection coefficient (5.2). Indeed,

Some authors define the reflection coefficient R (schemati-
cally) as V, = R(a)Vy_,, while others use the definition
Vo= R(Q —a)Vy_,. The two reflection coefficients are recip-
rocal with respect to each other. Our conventions in the bulk of
this paper (and also the conventions of [39]) correspond to the
former definition, while the authors of [32,73] use the latter.
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b}
y2a/b, —1—1/b})y(2b a — b7)
b2
y (42 (b (2a = Qp) + 1)
b}
y (=05 (b (20 - Qgp) + 1)

- {ﬂﬂLy(%>]_2j_1%y(—2j — 1)1,,(1 - HEly (B14)

R(a), = [mpuy(b})]Ce0u)/be

= [rupy(b})|Pe2)/be

= [muy(b?)] (2(=b1./)=Qs1)/ b1

Then,

I(
R(a@), k[”“m

r

)

=

j 2j+1 .
} 2HIP(1 = 2E(=2) - 1)
D rEAr)j +2)
+,1)] A1 = 22 - 1)
P D(1+2T2)j+1)
On the other hand, the reflection coefficient in the supersymmetric Liouville theory is given by (5.2). One can see that that
the analytically continued reflection coefficient in the nonsupersymmetric Liouville (B 15) matches the m-independent part
of the supersymmetric reflection amplitude (5.2) up to the factor (kz?u; )**!. (Recall that m is the momentum along the

compact direction, which is absent in the pure Liouville theory.) However, a factor of the form (..)%*! is insignificant, since
it can be absorbed into a redefinition of the operators (5.3).

= {kﬂ,uL (( (B15)

,1

5. DOZZ formula

The formula for the three-point correlation function in nonsupersymmetric pure Liouville theory (the so-called DOZZ
formula) was derived in [31,32]. Later, it was extensively studied by many authors; one can mention [73,77,78] and a review
[36]. The structure constants C(ay, @, a3) [the analog of D(ji, j,, j3; k) from the supersymmetric case (A3)] are

2 2b (01— a;)/br
Clay, @y, a3) = [aur(b2)b2 21972

Yoy +ay +a3 = QL)Y (ay +ap —a3)V(ay + a3 — ) T(a) + a3 — az)
Here, QL :bL+1/bL T(x) :T(QL_X)’
Let us review the special function Y, see also [32] B
[Egs. (3.10-13)], [73] [Appendix A]. It can be defined as T(QL/2) =1, (B19)
1-2b; x
o Tl — [ 0, 2 smhz(% x)3 T(x+by) =y(bpx)b, 7" T(x),
ot = [“F| (%) b sinh | (x4 1/by) = rlx/b )b/ 1T (). (B20)
B17
Bt m b = b= ) e ),
while Tz
Y(x—1/b.) =y(x/by = 1/b7)"'b, * "T(x). (B21)
"I‘ .
Ty = dY(x) . (BIS) Here, we use the standard notation
dx x=0
I'(x
| | ) =
Some useful properties of the T function are I'(1-x)
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The function Y'(x) has simple zeros at x = —mb; —n/b;
and x = (m' + )b, + (' +1)/b;. Here, n,n’,m,m =
0,1,2,....

6. Different form of the structure constants in the
supersymmetric Liouville theory

The three-point function in a corresponding WZNW
model (which is a mirror of the N' =2 Liouville) was
calculated in [33,34], see also [59]. It is given by the
product of the structure constants D(j, j,, j3; k) (which do

|

Co(bL)(V(bL))_bzl(a'+(h+(1})T(2al )T (20,) Y (2a3)

not depend on the momentum along the compact dimen-
sion m) and an m-dependent part. It turns out that under the
dictionary (B8), the structure constants for this super-
symmetric Liouville theory (A3) maps to the three-point
function of the nonsupersymmetric Liouville (B16).

a. Structure constants

In Ref. [33], the author considers the SL(2,C)/SU(2)
WZNW model.'® The result for the three-point structure
constants is [33] [Eq. (64)]

C(al , Ao, a3) =

Here, Co(by)(v(by)) i (tata) is g coefficient that can
be found in Ref. [33].

Comparing this formula to the nonsupersymmetric case
(B16), we see that the first T function in the denominator of
(B22) depends on b; while in (B16) in the same place
enters Q; . This fits with our dictionary (B8) and (B9). One
can also compare to [34] [Eq. (66)], [34] [Eq. (23)] (in the
latter paper, the author uses a different normalization of
operators, see [[34] last paragraph of Appendix A]).

The three-point function formula can be also written in
terms of the special G function. Such a form of the three-
point correlation function is quite popular in the literature,
so let us review it here, see also [62] [Egs. (2.15-18)], [59]
[Eq. (A3)], [39] [Appendix A]. The function G can be
expressed via the Barnes double gamma function, see, e.g.,
[62] [Eq. (2.15)]. The relation between the YT and G
functions is given by

—b2j(j+14b72) 1

G(j)="b, Yo, GE) (B23)

cf. [34] [between Egs. (23) and (24)].19 Let us list some
useful properties of the G function,

G(j) = Gl=j— 1K),
6(i-1)=7(1+7)60),

G(j— k) = k=% Dy (j + 1)G()). (B24)

From (B24), we can derive another useful property,

""The manifold SL(2,C)/SU(2) can be thought of as a
Euclidean version of SL(2,R).

Note that Teschner uses in [34] a different notation for j,
namely, JTeschner = —Jour — L.

Y(ay +a +a3—b)Y(ay +a —a3) V(g + a3 —) L + a3 — )

(B22)

[

G(j-1)G(=j-1) _
a0 =-I (B25)

G(-J) k2
The function G(j) has poles at j=n+ mk and
j=—m+1)=(m+ 1k, n,m=0,1,2,....
Using the relation (B23) and that @« = —b;j [see the
dictionary (BS8)], one can easily see that the structure
constants formulas (A3) and (B22) are equivalent.

7. Factorization

From what we have seen so far, we can make
an observation. The three-point correlation function
formula (A1) for the SL(2,R)/U(1) (supersymmetric
Liouville) theory can be naturally split into a product of
“structure constants” that do not depend on the compact
momentum m and an m-dependent part. Moreover, it turns
out that the structure constants in the supersymmetric
theory (A3) and (B22) precisely correspond to the ana-
lytically continued structure constants in the nonsupersym-
metric Liouville (B16), when we use the dictionary (B8)
and (B9).

So we see a curious property. The two- and three-point
correlation functions in the supersymmetric Liouville
factorize into the (analytically continued) “nonsupersym-
metric Liouville” part and an extra m-dependent part. For
the two-point function, it was noted in [33]. In [74], an
alternative prescription was presented.

8. Two-point function from the DOZZ formula

In this section, we are going to show that the two-point
function with non-normalizable j = —1/2 operators (5.20),
<¢V~‘=—1/2.m,—m ¢V~'=—1/2,m,—m>’ (B26)

has a double pole. To this end, we are going to use the
factorization property, see the previous subsection.

According to this property, the m-dependent part of
the correlation function (B26) is given simply by the
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m-dependent part of the reflection amplitude (5.2), while
for the m-independent part we can take the analytically
continued result from the Liouville theory.

So let us consider for a moment the correlation function,

(et e,

a=0,/2  (B27)

in the nonsupersymmetric Liouville theory. One way to

Let us start from the identity [31,32,73] (see also
Sec. 9.2.1 of Ref. [72]),

278(ay — 20141 o291\ — i 2011 261, g2
13(a — ) ¥ ) — L2 o 2

(B28)

The rhs here can be computed explicitly using the formulas
from Appendix B 5.

compute this is to use the property”’ 9,62/ ~ peQid. Taking
!
a :%‘th 0‘2:%‘”'[92, P1.p2 =0, e—0, (B29)

we get (here we do write explicitly dependence on the world-sheet coordinates),

( o2 p2e, eza2¢L> - 2e — 4pips .
e+ (p1—p2)*e +(p1+p2)
2
x |z — Zz|2(A1+A2—Ae) 7y — Z£|2(1A]—A2+Ag) Z — ZS\Z(_A1+A2+AE) ~276(p) - pZ)%
* |2y — gp[PAr+AmAd 7y — z6|2<1A“A2+AS) 2 — g [2ATHATA) (B30)
|
_ _ 02 2 _
;lellerze I ,Aziz,_z:x ir(e?eLr :oaé})le_w%ﬁg—‘sﬁegti ,coi;di_nSt(egLo; tgh)e (petgeet) ~ o — @) m' (B32)

corresponding operators.

To obtain the two-point function (B27), we need to
take derivatives of (B30) with respect21 to py, p». However,
this time, we should take into account the dependence on
the world-sheet coordinates, since conformal dimensions
depend on p;, p,. Taking the derivatives and dropping the
&', & terms, we obtain

<¢62a1 ¢L 626¢L ¢eza2¢L >

26%(e2 — 12p7) 1

(& +4p1)° |z —z|*
4pi  In|zy — 2,

e +4pi |z — 2"

~218(p) — p2)

x 278(py = p2) (B31)

The delta function lets us to set p; = p,.

When we send & — 0, the first term here generically
vanishes. However, if p; and p, both tend to zero, the first
term becomes singular. From this, we see that the two-point
function (B28) in fact has a double pole,

Note that
Sec. VC2.

*'These are easiest to compute in terms of the variables
P+ =pP1+pnp-=pi—pr

OiVjmymglj=—1/o vanishes, cf. (5.1) and

From Egs. (B32) and (5.19), we conclude that the full
correlation function (B26) is given by

ly&%—bl

<¢V71—>—l/2,m,—m¢V}'2—>—1/2.m,—m> ~ W

(B33)

9. Pure Liouville degenerate operators

One may wonder why in the primary operators (5.1) we
see only the specific combination

eQn=2jbn=2 | R(j,my, mg; k)e—Q.\r‘:2(j+1)¢,w’:2’

while the orthogonal combination (with the minus sign in
front of R) does not appear. We can see the hint of this in
nonsupersymmetric Liouville theory.
The reflection property in the nonsupersymmetric
Liouville theory [31,32] can be written as
e C=0b — R(a), &2 (B34)
(See footnote 17 on page 60.) The two-point function is
structurally similar to (5.9),
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<62a(/)1_ 62(1(/)L> ~ (B35)

R(a), '

The formula (B34) should be interpreted as a valid
relation on the level of correlation functions. For example,
using Egs. (B34) and (B35), one can see that

<82(Q—(1)(/)82a(/)> — R(a)<82a(/}e2m]’)> =1. (B36)
Moreover,
<(62(QL—05)¢L — R(a)L€2a¢L)
. (eZ(QL_a)¢L — R(a)LeZ“¢L)> =0. (B37)

Therefore, the combination e*2:=9%. — R(a), e**: is in
fact a null state, and in this sense, we can understand (B34).
Of course, the reflection coefficient R(a), is different from
(5.2), but they are closely related, see Appendix B. 4.

APPENDIX C: TWO-POINT CORRELATION
FUNCTION CHECK

In this appendix, we use a quasiclassical approximation
to check the consistency of the two-point function for-
mula (5.9). Looking at Egs. (5.1), (5.8), and (5.9) together,
one may wonder whether these formulas are consistent.
Namely, we would like to compare the pole structure of the
rhs and lhs of (5.9).

Consider a correlation function of two non-normalizable
operators. Suppose we use the expansion (5.1) in the
two-point function (5.9) and go at one of the poles of
R(j, m,—m; k). Then, it seems that in the rhs of (5.9) we get
a single pole, which is fine for a two-point function.
However, according to (5.1) and (5.8), on the lhs, both
operators develop a pole,” and it seems that we should get
a double pole. What is going on?

To resolve this issue, it is easier to make the calculation
of the correlation function in the Euclidean AdS; theory
with primary operators ®;., (it is equal to the corre-
lation function of the coset operators, see, e.g., [59]
[Eq. (3.4)]). Large ¢ expansion of these operators is similar
to (5.9),

q)j;mL,mR ~ er¢7j+mL 77j_mk + R(j, mp,, Mg; k)

QU bymi=j=1y=mp=j=1 (C1)
Here, (¢,7,7) are the Poincaré coordinates on Euclidean
AdS; [39] [Eq. (2.14)]. The two-point function of these

operators is the same as for the V operators, see, e.g., [59]
[Egs. (3.4) and (3.6)],

21t is important that on the one hand (3.17) is symmetric in
m <> —m, and on the other hand, R(j, m,—m;k) has the same
poles as R(j, —m, m; k).

<(I)j1;mL,mR(I)j2;—mL,—mR> = R(Jl ,Mp, Mp; k>5<11 - J2> (CZ)

Let us concentrate on the case of interest m; = —mp =m.
Recall that the reflection coefficient R(j, m, —m; k) (5.2)
has poles at special values of j, m corresponding to discrete
representations (3.17).

When calculating the correlation function of two oper-
ators (C1), we have to integrate over the (zero modes of)
y’s. Moreover, the y’s in the first operator ®;.,, _,, and in the
second operator ®;._,, , in (C2) are basically the same,
since y(z)y(Z') ~ ( J(1+0(z—172)) (here, z, 7’ are the
world-sheet coordinates).

Then, from (C1) we have

<q)jl;m,—mq)jz;—m,m>N/d27{<erler2>|7/|2(jl+j2)

+ (€@ e QD) [y R(jo, —m. ms k)
+ (e Ut DeCr) [y 2R(jy.m, —m: k)
+(

e~ QU1+1) p=0Q(j2+1) >|]/| 2(ji+ja+2)

R(]lvm —m; k) (]27_m’m;k>}‘
(C3)

Now, we need to integrate over y. Using the integration
formula (D1), we obtain

/ ly|d?y ==
C

But this is zero, unless a = 1! The divergence at a = 1 can
be interpreted as the volume of the target space, cf., e.g.,
[21] [below Eq. (3.5)], [62] [Eq. (5.12)].

From this, we see that there are two cases: either
J1+Jj»==1or j; + j, # —1. Let us start with the latter.
Integrating over y in (C3), we obtain

(1 - a)l(1)(a—1)
ROBRORCED I

(C4)

(€901¢=CU VR (jy, —m, m; k)
+ (e~ QU eCRVR (), m, —m; k).
(C5)

<(Dj1;m,—mq)j2;—m,m> ~

(The divergent y integral cancels in the SL(2,R)/U(1)
coset theory, see [75] [Sec. III. 2].) Thus, the last term
of (C3) (containing a would-be double pole) drops out.
Now, it is time to say something about correlation functions
of pure exponentials. They do not contain any m or y
dependence. Therefore, these correlation functions can be
computed using the results from nonsupersymmetric
Liouville theory, see Appendix B. From this logic, we
obtain [cf. (B36)]

(e=QUItN Q) = §(j,

—Jj») inthevicinity j; ~ j,.  (C6)

Using this in (C5), we arrive at
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<(Dj1;m,—mq)j2;m,—m> ~&8(j1 = j2)R(j1,m,—m;k). (C7) coefficient does not actually develop a pole. This is
consistent with the results of Sec. V C 2.

This has the same pole structure as the formula (C2).

To conclude, we comment on the case j, = j, = —1/2.
In this case, all the terms in (C3) do contribute. However, Integration formula useful for the m-mode expansion of
they all give comparable contributions, since the reflection ~ SL(2, R) primary operators (see, e.g., Refs. [59,62]),

|

APPENDIX D: USEFUL FORMULAS

Fa+n+1)I(b+m+1)I'(-a-b-1)

Mcar(-bT@+btmintz =~ "MEE (D1)

/ d*x|x|?x"1 = xPP(1 = x)" = n
c

This formula can be derived using the method outlined in the book by Green, Schwarz, Witten [79] (Secs. 7.2.2-7.2.3
there). When the integral in the lhs does not converge, we use the rhs as the analytic continuation.

Another useful formula that helps with derivations of Sec. VI: integrating by parts, one can show that
Res [~ du - 1) = f0), (02)
€—> 0
at least if f is differentiable and f(x — oo) = 0. (However, this result seems to hold even if f has singularities and is
divergent at infinity.)
The residue (5.14) can be calculated as follows. Consider j = e < 0, and take half-integer m > 0. We have

10(1 + %)} 220 P(1 =2 (m + e + DI(=m + € + I(—2e — 1)
zl(1-1) (1420 (m — e)l(=m — e)T'(2e + 1)

R(j=e,m,—m;k) = {

1 FF(I + %)} 2T(m+ )I(=m + e+ 1I(=2e — 1)
TrlaT(1-1) L(m)I(—m —e)T(1)
Ly T 2 o

Next, we use the formula

e (D4)
Then,
RG—em m,k)~%m‘r(_m+re(j,;)_ri)_2€_1)
L) () (om
z  e(m—1)! (=2)(1)! (=1)"
m? 1
=5 (D5)

Finally, let us also note a typo in Ref. [59]. Using the formulas from this appendix and from Appendix A one can check that
factorial signs in the numerator in the last line of Eq. (4.20) in [59] should not be there. So, the formula (4.20) in [59] should read

§(2:3) = mm%"f‘” <N> ( (—1)rs=tn

pmas (08 1) \ T ny—1-n)!(ny—14+n-N)!
ny—n—2 ny+n—N-2
< II Cis+ns+N-n-i) ] @i+ntn—i). (D6)
i=0 i=0
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