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We present the generalized parton distributions (GPDs) for the valence quarks of the pion and the kaon in
both momentum space and position space within the basis light-front quantization framework. These GPDs
are obtained from the eigenvectors of a light-front effective Hamiltonian consisting of the holographic
quantum chromodynamics (QCD) confinement potential, a complementary longitudinal confinement
potential, and the color-singlet Nambu-Jona—Lasinio interactions for the valence quarks of mesons. We
then calculate the generalized form factors of the pion and the kaon from the moments of these GPDs.
Combining the tensor form factors with the electromagnetic form factors, we subsequently evaluate the
impact parameter dependent probability density of transversely polarized quarks inside the pion and the
kaon. The numerical results for the generalized form factors, corresponding charges, as well as those for
the probability densities and the transverse shift of the polarized densities are consistent with lattice QCD

simulations and with chiral quark models.
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I. INTRODUCTION

The description of the nonperturbative structure of
hadrons using generalized parton distributions (GPDs) is
related to phenomenology, therefore attracting numerous
dedicated experimental and theoretical efforts [1-25].
These GPDs are experimentally accessible through exclu-
sive processes including deeply virtual Compton scattering
(DVCS) and deeply virtual meson production (DVMP).
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The GPDs present an attractive testing ground for compar-
ing theory with experiment since they encode a wealth of
information about the spatial structure of the hadron as well
as the partonic distribution of spin and orbital angular
momenta. Unlike the parton distribution functions (PDFs),
which are solely functions of longitudinal momentum
fraction (x) carried by the active parton, the GPDs are
functions of x, the skewness () which represents the
longitudinal momentum transfer, and the square of total
momentum transfer (¢) to the hadrons.

The GPDs provide a picture that unites PDFs with form
factors (FFs), where the former describe the longitudinal
momentum distribution of partons within a hadron while
the latter characterize the spatial extent. One obtains the
FFs, charge distributions, PDFs, etc. from the GPDs by
marginalizing [26-28]. Additionally, in the absence of the
longitudinal momentum transfer ({ = 0), the GPDs are
converted to the impact parameter dependent parton dis-
tributions via Fourier transform with respect to the trans-
verse momentum transfer. Unlike the GPDs themselves, the
impact parameter dependent parton distribution is the
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probability density of partons at a given combination
of the longitudinal momentum fraction and the transverse
distance from the center of the hadron [29-32]. For
different polarizations of the partons, spin densities can
be expressed in terms of the polarized impact parameter
dependent GPDs [33-37].

For many years, DVCS and DVMP data have been
accumulated by J-PARC, Hall-A and Hall-B of JLab by the
CLAS collaboration and by COMPASS at CERN [38—44].
Recently, JLab has also started a positron initiated DVCS
experiment [45], COMPASS at CERN will start to collect
more DVCS data, while future Electron-Ion Colliders
[46,47] are planned to explore the GPDs through DVCS.
However, experimental extractions of the GPDs are not
straightforward. In particular, fitting of DVCS data does not
provide direct information about the GPDs but, instead,
provides some weighted integrals of the GPDs. Since
nonperturbative QCD predictions are not yet possible from
the first principles, model predictions of the GPDs are
useful for constraining the GPDs and data fitting in order to
develop insights into GPDs from DVCS data.

Among known hadrons, the pion plays a leading role for
comparing theory with experiment. From the Drell-Yan
process with pion beams [48,49], we can access the
partonic structure of the pion by colliding them with
nuclear targets [50-53]. Chiral symmetry is dynamically
broken in QCD leading to generation of the Goldstone
bosons (pions) having a small mass when compared to
other hadrons. On the one hand, the pions are salient in
providing the force that binds the neutrons and the protons
inside the nuclei and they also affect the properties of the
isolated nucleons. Hence one can safely say that our
understanding of visible (baryonic) matter is incomplete
without detailed knowledge of the structure and inter-
actions of the pion. On the other hand, the pseudoscalar
kaons, counterparts of the pions with one strange valence
quark, play a critical role in our understanding of charge
and parity (CP) symmetry violation [54—56]. In this paper,
we investigate the partonic structure of the pions and the
kaons in terms of their GPDs. As background, we note
that different theoretical analyses have provided useful
insights regarding the pion GPDs, e.g.,, Refs. [2,9-
15,32,33,57-72], while for the kaon, foundations are just
being laid and several significant analyses can be found in
Refs. [15,71-77].

Another salient issue is the transversity of the hadrons
[78], which provides access to their spin structures. Due to
transversity’s chiral-odd nature, it is challenging to mea-
sure experimentally. Nevertheless, the transverse spin
asymmetry in Drell-Yan processes in pp reactions
[79,80] and the azimuthal single spin asymmetry in
semi-inclusive deep inelastic scattering (SIDIS) [81]
can be used to extract valuable information on the trans-
versity of the nucleon. While the transversity of the
nucleon is nonzero and has now been well determined

[82], it vanishes for the spin-zero hadrons. However, the
chiral-odd GPDs defined as off-forward matrix elements
of the tensor current are nonzero and much less informa-
tion is available for them in the case of the pion and
the kaon.

From the perspective of theory, the QCDSF/UKQCD
Collaboration has reported the first result for the pion’s
chiral-odd GPD using lattice QCD [33]. They have also
presented the probability density of the polarized quarks
inside the pion and found that their spatial distribution is
strongly distorted when the quarks are transversely polar-
ized. The distortion in the density occurs due to the pion
tensor FF. The lattice QCD results have triggered various
theoretical studies on the pion and the kaon tensor FFs. The
models for such results include constituent quark models
[11,62], the Nambu—Jona-Lasinio (NJL) model with Pauli-
Villars regularization [83,84], and the nonlocal chiral quark
model (NyQM) from the instanton vacuum [73,85].

In this paper, we evaluate the GPDs of the light
pseudoscalar mesons using the light-front wave functions
(LFWFs) based on the theoretical framework of basis light
front quantization (BLFQ) [86], with only the valence Fock
sector of mesons considered. The effective Hamiltonian
incorporates the confining potential adopted from the light-
front holography in the transverse direction [87], a longi-
tudinal confinement [88,89], and the color-singlet NJL
interactions [90,91] to account for the dynamical chiral
symmetry breaking of QCD. The nonperturbative solutions
for the LFWFs are given by the recent BLFQ study of light
mesons [92]. These LFWFs have been applied successfully
to predict the decay constants, electromagnetic form factors
(EMFFs), charge radii, PDFs, and many other quantities of
the pion and the kaon [92-95]. Here, we extend those
investigations to study the pion and the kaon GPDs and
their QCD evolution. We use the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) equation of QCD [96—
98] up to the next-to-next-to-leading order (NNLO) for the
evolution of the valence quark GPDs. We also calculate the
pion and the kaon tensor FFs in the space-like region.
Combining the result of the tensor FFs with the EMFFs,
which have been evaluated previously in Ref. [92] within
the BLFQ-NJL framework, we then compute the proba-
bility density of transversely polarized quarks inside the
pion and the kaon. We further calculate the x-dependent
squared radius of the quark density in the transverse plane
that describes the transverse size of the hadron.

We organize the main results of this paper in the
following sequence. We briefly summarize the BLFQ-
NJL formalism for the light mesons in Sec. II. We then
present a detailed description of the GPDs and the
associated distributions in Sec. IIl. Section IV details our
numerical results for the GPDs, electromagnetic and
gravitational FFs, impact parameter dependent GPDs,
and spin densities of the pion and the kaons. We summarize
the outcomes in Sec. V.
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II. BLFQ-NJL MODEL FOR THE LIGHT MESONS

In this section, we provide an overview of the BLFQ-
NJL model for the light mesons following Ref. [92]. The
BLFQ approach represents the dynamics of bound state
constituents in quantum field theory through a light-front
quantum many-body Hamiltonian [86,88,92,99—-104]. The
structures of the bound states are encoded in the LFWFs
achievable as the eigenfunctions of the light-front eigen-
value equation

Hy|¥) = M?|¥), (1)

where H; = PYP~ with P* = PY & P3 being the light-
front Hamitonian (P~) and the longitudinal momentum
(P7) of the system, respectively. The mass squared, M?, is
the corresponding eigenvalue of the state |¥). In the
constituent quark-antiquark representation, our adopted
effective light-front Hamiltonian for the light mesons with
nonsinglet flavor wave functions is written as

K2em2 K2 amd
Heff: a 1 4 K'4
—x
x* £
E—— ) 1-x)0 HSL 2
(g + m7)? (x(1 = x)0,) + HYy- (2)

The first two terms in Eq. (2) are the light-front kinetic
energy for the quark and the antiquark, where m, (my) is
the mass of the quark (antiquark), x = k*/P" is the
longitudinal momentum fraction carried by the valence
quark, and k* is its transverse momentum. The third and
the fourth terms are respectively the confining potential in
the transverse direction based on the light-front holo-
graphic QCD [87] and a longitudinal confining potential
[88]. The parameter « is the strength of the confinement.
The holographic variable is defined as E = x(1 —x)7t
[87], where 7% is the transverse separation between
the quark and antiquark and is conjugated to k*. The
x-derivative is defined as 8,f(x,C") = df(x. CL)/OXE‘L.
The last term in the effective Hamiltonian, HEIL | repre-
sents the color-singlet NJL interaction to account for the
chiral dynamics [90].

For the positively-charged pion, the NJL interaction is
given by [92],

HiC\JffL,ﬂ =G, { iys1 () ttys1 (P1) Das2 (P2)vas2 (P5)
+ i1/ (D)7 51us1 (P1) Das2 (P2)75Vas2 (D)

+zum«(pwsvdﬂ/(p;wdxz(m)ysum<p1>}. 3)

While, for the positively charged kaon, the interaction is
given by

H?\%L,K =Gk { =201 (P/1 ) Vs (p/2>1_)ss2(p2)uusl (1)

=+ 2uusl’ (p/l )75”552’ (p/2)5532(p2)}/5uu51 (pl ) } . (4)

Equations (3) and (4) are obtained from the NIJL
Lagrangian after the Legendre transform in the two and
three flavor NJL model, respectively [90,105-107]. Here,
ugs(p) and ve (p) are the Dirac spinors with the nonitalic
subscripts representing the flavors and the italic subscripts
denoting the spins. Meanwhile, p; and p, are the momenta
of the valence quark and the valence antiquark, respec-
tively. The coefficients G, and Gy are independent
coupling constants of the theory. In the interactions, we
only include the combinations of Dirac bilinears relevant to
the valence Fock sector LFWFs of the systems. The
instantaneous terms due to the NJL interactions have been
omitted. The explicit expressions and the detailed calcu-
lations of the matrix elements of the NJL interactions in the
BLFQ formalism can be found in Ref. [92].

In the leading Fock sector, the eigenstate for the mesons
reads

s 1 dx dic
\P(P*,P)) —ZA 47rx(1—x)/(27‘7)2

Xy, (x, KDDL (xPT, RE + xPF)
x di((1 = x)PT, =k + (1 — x)P1)|0),
(5)

where P is the momentum of the meson. The relative
transverse momentum of the valence quark is K+ =

k™ — xP*. The coefficients of the expansion, . (x, K1),
are the valence sector LFWFs with r(s) representing
the spin of the quark(antiquark). To compute the
Hamiltonian matrix, one needs to construct the BLFQ
basis. The two-dimensional (2D) harmonic oscillator (HO)
basis functions are adopted in the transverse direction,
which are defined as [86,88]:

- 1 4rn! |Z]'J-|)m
nm l;b =7 A7l
Pun(G3b0) =7 <n+|m|>!<bh

=12 >12
_q_ |m] q_ im
p( 2b%>L” (b) " ©

with tan(g) = ¢?/q', b, is the HO basis scale parameter
with dimension of mass, n and m are the radial and the

angular quantum numbers, L)"(z) is the associated
Laguerre polynomial. Meanwhile, in the longitudinal
direction, the basis functions are defined as [88]
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ri(xa,p) = \/47r(21 +a+p+1)

" I+ Dr(l+a+p+1)
Fl+a+DI(I+p+1)

x X2 (1 - x)”’/zP;a’ﬂ) (2x—1), (7)

where Pga’/})(z) is the Jacobi polynomial and
the dimensionless parameters a = 2mgy(m, + mg)/ K2,
p =2m,(m,+my)/x*, and [ =0,1,2,.... The valence
LFWFs are then expanded in the orthonormal bases given
in Egs. (6) and (7):

W6 = (L sly)

n,m,l
<L
X Pum <msbh>)(1(x)» (8)

where the coefficients (n,m, 1, r, s|y) are obtained in the
BLFQ basis space by diagonalizing the truncated
Hamiltonian matrix. The infinite dimensional basis is
truncated to a finite dimension by restricting the quantum
numbers using

where N, controls the transverse momentum covered by
2D HO functions and L, provides the basis resolution in the
longitudinal direction. Note that we have a natural truncation
for m as the NJL interactions do not couple to |m| > 3 basis
states [92]. The LFWF . (x, k%) is normalized as

I dx d*ict IS
) ) G eRr =10

Parameters in the BLFQ-NJL model are fixed to repro-
duce the ground state masses of the light pseudoscalar and
vector mesons as well as the experimental charge radii of
the z+ and the K [92]. The LFWFs in this model have
been successfully applied to compute the parton distribu-
tion amplitudes and the EMFFs [92], PDFs for the pion and
the kaon and pion-nucleus induced Drell-Yan cross sec-
tions [93,94].

III. GENERALIZED PARTON DISTRIBUTIONS:
KINEMATICS AND FORMALISM

At leading twist, there are two independent GPDs for a
spin-0 meson. One of them is chirally even, while the other
is chirally odd. Those GPDs are defined as off-forward
matrix elements of the bilocal operator of light-front
correlation functions of vector and tensor currents, respec-

0<n <Ny,  —2<m<2 0<I<Luw. 9 ively as [5,61],
|
dz= . . _ _
HP(5.g.0) = [ S5 7 PP, 0 W Iy (1)
€4 p A2 P12 1 PV ()i
SR, Gt) = [ G e PP 0)ie s ¥(E) PP i (12)
|

where W, (z) is the quark field operator and _  (P+P')* L .
P(P') denotes the meson momentum of initial (final) Pr= 2 AM=P¥-Pr, (=-AT/2PT, (13)

state of the meson (P). Mp defines the mass of the
1

meson; ¢;; is the antisymmetric tensor in the transverse
plane and o/ =Z[y/,y"] with j=1, 2 as transverse
index. The H, called the unpolarized quark GPD, is
chirally even, while the transversely polarized
quark GPD, E7, is chirally odd. The GPD E7 is respon-
sible for the distortion in the spatial distribution
of a transversely polarized quark, revealing a nontrivial
spin structure of the meson [33]. The moments of
the GPD E; can be linked to the Boer-Mulders function,
which describes the correlation between transverse s
pin and intrinsic transverse momentum of the
quark in the meson [108-110]. Recently, the limits of
validity of this relationship have been discussed in
Ref. [111]. In the symmetric frame, the kinematical
variables are

and t = A?. Here, we choose the light cone gauge A*™ = 0
implying that the gauge link between the quark fields in
Egs. (11) and (12) is unity therefore omitted.

By inserting the initial and the final states of the meson,
Eq. (5), in above Egs. (11) and (12), one obtains the quark
GPDs H and E7 in terms of overlaps of LFWFs. We restrict
ourselves to the kinematical region: 0 < x <1 at zero
skewness. This domain corresponds to the situation where a
quark is removed from the initial meson with light-front
longitudinal momentum xP* and reinserted into the final
meson with the same longitudinal momentum. Therefore,
the change in momentum occurs purely in the transverse
direction. The particle number (n,) remains conserved in
this kinematical domain describing the diagonal n, — n,
overlaps. The GPDs, H and E7, at zero skewness, in the
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diagonal 2 — 2 overlap representation in terms of LFWFs
are given by

1 d’kt
H(x,{=0,1) = 4rx(1 —x) ;/ (27)?

Xy (6 R )y (nkh),  (14)

i

AL 1 d*ct
: L R
2MPET(x,C—0’f>—4ﬂx(1—x>zs:/(2n)2

|0, e ()

n <z'>fwzs<xfl>ws<x,ﬁl>] T

where, for the struck quark, ¥+ = ¥+ + (1 — x)A™ and for

the spectator, X'+ = K+ — xA"' and the total momentum
transferred to the meson is # = —A™>.

Note that integrating the bilocal matrix element in
Eq. (11) over the momentum fraction x yields the local
matrix elements that provide FFs. In the Drell-Yan
frame, the expressions for the GPDs are very similar
to those for FFs, except that the longitudinal momentum
fraction x of the struck parton is not integrated out.
Therefore, GPDs defined in Eqs. (14) and (15) are also
known as momentum-dissected FFs and measure the
contribution of the struck parton with momentum
fraction x to the corresponding FFs. Consequently,
the first moments of the GPDs can be related to the
FFs for the spin-0 hadrons by the sum rules on the light-
front as [112]

F(t):/dxH(x,C,t),
Fr(1) —/deT(x,C, 1). (16)

Meanwhile, the gravitational FFs which are expressed as
the matrix elements of the energy-momentum tensor, are
linked to GPDs through the second-moment as [112]

A(r) —/dxxH(x,C, 1),

By(1) = / dxxEp(x, ¢, 1), (17)

Aside from these FFs, the impact parameter dependent
GPDs are defined as the Fourier transform of the GPDs
with respect to the momentum transfer along the transverse

direction A™* [31]:

S LA i -
1 _ikL 12
o B = [ G S T HE0.-E). (1)

L EE s ]
are b = [ G e B 0.-5), (19

where b is the Fourier conjugate to the momentum

transfer A™. The impact parameter b+ = |l;l| corresponds
to the transverse displacement of the struck parton from the
center of momentum of the hadron. For zero skewness, bt
provides a measure of the transverse distance of the struck
parton from the center of momentum of the hadron. The
variable b™ follows the condition > x,-l;iL = 0, where the
sum runs over the number of partons. The relative distance
between the center of momentum of the spectator and the
struck parton is b* /(1 — x), therefore providing an esti-
mate of the transverse size of the hadron [5].

Following the standard formulation [113], one can

further define the transverse charge density p(l;l) by

- PAY o

- / " dxg(x,BY), (20)

0

while the longitudinal momentum density for a given
transverse separation is given by [114-118]

- dz&J- AL 7L =
p(b )_/(2”)2 e—lA -b A(_ALZ)

= /1 dxxq(x, EL) (21)
0

IV. NUMERICAL RESULTS AND DISCUSSION

A. GPDs and generalized form factors

The LFWFs of the valence quarks in the pion and the
kaon [92] have been solved in the BLFQ framework using
the NJL interactions as briefly discussed in the Sec. II. We
insert the valence wave functions given by Eq. (8) into
Egs. (14) and (15) to calculate the GPDs for the pion and
the kaon. We employ the wave functions obtained at the
basis truncation N ,,, = 8 and L,,, = 32 with other model
parameters given in Table 1. We illustrate the valence GPDs
H%and E% (g = uor d) as functions of x and —¢ for the pion
in Fig. 1. In the forward limit (—¢ = 0), the unpolarized

TABLE I. Summary of the model parameters [92].

Valence

flavor Npax Ly k(MeV)  m,(MeV)  mz(MeV)
ud 8 8-32 227 337 337
us 8 8-32 276 308 445
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FIG. 1. The valence (u or d) quark GPDs of the pion: (a) H(x,0, ¢) and (b) E7(x,0, ) as functions of x and the invariant momentum
transfer —z. The GPDs are evaluated with N,,, = 8 and L,,, = 32 in the BLFQ-NJL model.

GPD H reduces to the ordinary PDF, which peaks at x =
0.5 for the pion, reflecting the symmetry between the
valence quark and the valence antiquark. Unlike the
unpolarized GPD H, the chiral-odd GPD, E; in the pion
has its peak located below the central value of x and is
asymmetric under x <> (1 — x) even when —¢ = 0. This is
due to the fact that E; involves the overlaps of the wave
functions with different orbital angular momentum L, = 0
and L, = £1. The peaks of these GPDs shift toward higher
values of x and the magnitudes of distributions decrease
with increasing the value of —t.

The valence quark GPDs for the kaon are shown in
Fig. 2. The up quark GPD H(x, 0, ¢) in the kaon, unlike the
valence quark GPD H(x, 0, ¢) in the pion, has the maximum
at lower x (<0.5) when ¢t = 0, whereas, due to its heavy
mass, the peak in the strange quark distribution appears at
higher x (>0.5). Meanwhile, the peaks along x get shifted
to larger values of x with increasing —t similar to that
observed in the pion GPD. This seems to be a model
independent behavior of the GPDs which has been noticed
in other phenomenological models for the pion [12] as well
as for the nucleon [119-122]. We also notice that the GPD
E7 for the up quark in the kaon exhibits a behavior similar
to that observed in the pion, however, the magnitude of E7,
in the kaon is larger than that in the pion. Meanwhile, E,
displays a different behavior compared to E7, in the kaon:
Er is broader along x and falls slower at large x compared
to E7,. As —t increases, Er, also falls faster than E in the
kaon. One can also observe oscillations in the GPDs along
x in Figs. 1 and 2, which are numerical artifacts due to
longitudinal cutoff L. The amplitudes of the oscillations
decrease with increasing L, [93].

By performing the QCD evolution, the valence
quark GPDs at high u? scale can be obtained with the
input GPDs at the model scale u3. We adopt the DGLAP
equations [96-98] of QCD with NNLO for this scale
evolution. Explicitly, we evolve our input GPDs to the

relevant experimental scales with independently adjustable
initial scales of the pion and the kaon GPDs utilizing the
higher order perturbative parton evolution toolkit
(HOPPET) [123]. We adopt w3, = 0.240 & 0.024 GeV
for the initial scale of the pion GPDs and 3, = 0.246 +
0.024 GeV? for the initial scale of the kaon GPDs which
we determined by requiring the results after NNLO
DGLAP evolution to fit both the pion and the kaon
PDFs results from the experiments [93]. We show the
valence quark GPDs in the pion and the kaon for a fixed
value of —¢ at different 4> evolved from the corresponding
initial scales in Figs. 3 and 4, respectively. We observe that
the peaks of the distributions move to lower x as we evolve
the GPDs to higher scales. The moments of the distribu-
tions decrease uniformly as the scale y” increases. The
qualitative behavior of the evolved GPDs is similar in both
the pion and the kaon.

The Mellin moments of the valence GPDs give the
generalized FFs. The Mellin moments are defined as [33]

1
A1) —/0 dxx"""H(x,0,1), (22)

1
BY (1) = A dxx" B9 (x,0, 1), (23)

where the index n = 1,2,3..., and the second subscript
corresponds to the fact that the moments are evaluated at
zero skewness (§ = 0). The first moments of the unpolar-
ized GPD H(x, 0, t) give the electromagnetic FF, F4(t) =
Af, (1) of an unpolarized quark, while in the forward limit,
i.e., t =0, the FF F7(0) gives the number of the valence
quarks of flavor g. The first moment of chiral-odd GPD
E%(x,0, 1) provides the tensor FF B%(r) when the quark is
transversely polarized. The second moments of these
GPDs correspond to the gravitational FFs of the quarks.
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HY (2,t) HE (2,t)

FIG. 2. The valence quark GPDs of the kaon: (a) H(x,0, ) and (c) E7(x,0, r) are for the valence u quark; (b) and (d) are same as
(a) and (c), respectively, but for the valence 5 quark as functions of x and the invariant momentum transfer —z. These GPDs are evaluated
with N« = 8 and L., = 32 in the BLFQ-NJL model.

Meanwhile, the third moments of the GPDs provide the FFs In Fig. 5(a), we present the first two moments of the
of a twist-two operator having two covariant derivatives ~ GPD H(x,0, t) of the pion. The EMFF of the pion is given
[5.6] and the higher order moments produce the FFs of by F7(t) = e, ATy (1) + eAT; (1), where e, denotes the

higher-twist operators. charge of the quark g. We find that the pion EMFF within
— T 1 T T T L L L
o ) ]
0.4r ~1 =0.11GeV 0.061 ~t =0.11 GeV? 1
o 0.3:- _____ 1 <
5 + 5 004' // ~ N T
K [ NN ] = [/
Ej 0.2 —2=1GeV2 NN Eg 7 — 1> =1GeV? \\\\ N
i NN .
0.1F / - =10GeV? N N\ 1002 =10GeV' N ]
L/ ©* =100 GeV? NN N N A—— p* =100 GeV? N
1 1 . 0. 1 1 1
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FIG. 3. Scale evolution of the valence (u or d) quark GPDs of the pion: (a) H(x,0, ) and (b) E7(x,0, ) as functions of x and fixed
value of —¢ = 0.11 GeV?. The GPDs are evaluated with N, = 8 and L,,,, = 32 within the BLFQ-NJL model. The GPDs are evolved
from our model scale for the pion u3, = 0.240 GeV? to the final scales 4> = 1, 10, 100 GeV?.
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FIG. 4. Scale evolution of the valence quark GPDs of the kaon: (a) H(x, 0, 7) and (c) Er(x, 0, £) are for the valence u quark: (b) and (d)
are same as (a) and (c), respectively, but for the valence 5 quark as functions of x and fixed value of —f = 0.11 GeV?. The GPDs are
evaluated with N, = 8 and L,,,, = 32 within the BLFQ-NJL model. The GPDs are evolved from our model scale for the kaon
/4(2),( = 0.246 GeV? to the final scales /12 =1, 10, 100 GeV=2.
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FIG. 5. The first two Mellin moments of the valence quark GPDs of the pion: (a) —tAZb"(a)(t) and (b) —tB”'”@(t) for n = 1 (black

Tn0

lines) and n = 2 (blue lines) as functions of —z. The electromagnetic form factor A () of the pion is compared with the experimental
data [124-129] and the lattice QCD result [130]. The gravitational FF A,)(r) is compared with the parametrization of lattice QCD
simulations at > = 4 GeV?, while Byo(t) and By(t) are compared with lattice QCD and the yQM results at the same scale
u? =4 GeV?2. The lines with circle and triangle symbols correspond to the results calculated in the BLFQ-NJL model (present work).
The dashed (n = 1) and dotted (n = 2) lines represent the lattice QCD results [33], whereas the dash-dotted (n = 1) and solid (n = 2)
lines in (b) represent the yQM [85] results. The experimental results in (a) are for the EMFF only.
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TABLE IL

BLFQ-NJL model predictions for A%*9(0), BZ\&)

(0), and BT(20) (0) at the scale 4 GeV2. We compare our results

with the available lattice QCD simulations [33], the yQMs [73,85], and the CCQM [11] at the same scale 4 GeV?>. The errors in our
results correspond to the QCD evolution from the initial scales ,u%ﬂ = 0.240 £ 0.024 GeV? for the pion and /4% x = 0.246 +0.024 GeV?

for the kaon.

Quantity BLFQ-NJL (this work) Lattice QCD [33] QM [85] »QM [73] (model I) »QM [73] (model 1) CCQM [11]
201(0) 0.244 £0.018 0.27 £ 0.01 0.248

AfO”(O) 0.235 +£0.018

Afo"‘(O) 0.265 £ 0.020

B7(0) 0.229 £+ 0.004 0.216 +0.034 0.216 0.126

B’T(i’(‘)(o) 0.821 £0.014 0.783 0.611

B’;if)(o) 0.706 £+ 0.010 0.676 0.421

B3 (0) 0.045 £ 0.004 0.039 £ 0.010 0.032 0.028

BIT%(()) 0.152 £0.011 0.139 0.090

B%B(()) 0.152 £0.011 0.100 0.076

our BLFQ-NJL model is in good agreement with
the experimental data and with the lattice QCD simula-
tions. The second moment of the GPD H(x,0,1) is
the gravitational FF Af (¢), which, at r = 0, provides the
momentum, (x), carried by the quark. For the pion

AZ(0) = A5(0) = 0.5 at the model scale. To compare
with lattice QCD, we evolve the GPD to the relevant scale.
As summarized in Table II, we obtain that at u> = 4 GeV?,
A%1(0) = 0.244 £0.018, which is compatible with the
result from the covariant constituent quark model
(CCQM) model [11], while the lattice QCD provides the
value of 0.27 £ 0.01 [33]. In addition, substantial differ-
ence between our BLFQ-NJL model and lattice QCD for
A%(¢) is observed when —t is nonzero with disagreement
increasing as —t increases, as can be seen in Fig. 5(a). We
show the tensor FFs of the pion in Fig. 5(b), where we also
compare the FFs B} (1) and By (1) with the lattice QCD
results evaluated at the physical pion mass [33]. At
u* =4 GeV?, we obtain: B[ (0) = 0.229 £ 0.004 and
B75h(0) = 0.045 + 0.004, which reasonably agree with
the lattice QCD simulations within the uncertainty:
B/ (0) = 0.216 £ 0.034 and B73,(0) = 0.039 £ 0.010,
respectively. It is notable that BT/ (0) in the CCQM
[11] differs significantly from our result. The qualitative
behavior of the tensor FFs BT (1) and By (1) is also found
to be comparable with the lattice QCD calculations and the
chiral quark model (yQM) [85] as shown in Fig. 5(b).
Figure 6 shows the moments of the kaon GPDs.
As can be seen from Fig. 6(a), the magnitude of
—tAK(1) is lower than that for 5 quark, implying the faster
fall-off of the u quark EMFF compared to the 5 quark in the
kaon as —r increases. The EMFF of the kaon,
FK(1) = e, A% (1) + e;A% (1), is in good agreement with
the experimental data as shown in Fig. 6(b). This is expected
because model parameters of the BLFQ-NJL model
are partially determined based on the experimental charge

radii. On the other hand, we obtain A%;“(0) = 0.43 and

AX$(0) = 0.57 at the model scale, whereas at y*> = 4 GeV?,
the corresponding values are A5;“(0) = 0.235 +0.018 and
AX5(0) = 0.265 £ 0.020 as summarized in Table II. We
also illustrate the ¢ dependence of the kaon gravitational FFs
AX“(1) and AX;* (1) at u?> = 4 GeV? in Fig. 6(a). The tensor
FFs for the kaon in our BLFQ-NJL model are presented in
Fig. 6(c), in comparison with that of the yQM calculations
(model Tin Ref. [73]). The qualitative behavior of —tB},4 (1)
in those models agree. At large —t, —tBy,,o(t) for the § quark
is larger than that for the u quark in the BLFQ-NJL model,
while in the yQM one observes the opposite. We also
compare the quark tensor FFs at = 0 in the kaon with the
¥QM in Table II.

B. Spin densities of the pion and the kaon

The GPDs in the transverse impact parameter space at
zero skewness can be interpreted as the densities of quarks
with longitudinal momentum fraction x and transverse
location b with respect to the center of momentum of
the hadron independent of the polarization. On the one
hand, the density p(x, b, ) of quarks with helicity A in
the pion (kaon) is determined by the wunpolarized
dens1ty, 2p(x, bt JA) = q(x, b 1), where the latter is the

bt -dependent GPD at zero skewness given by Eq. (18). On
the other hand, the density of quarks with transverse spin
L, p(x,b™,55), in the pion (kaon) can be expressed in a
combination of the GPDs ¢(x, I;L) and g (x, l;l) as
Flelpt

N 1 N eb;
plr.b".5) =5 qlab’) ==

drx. oY), (24)

where ¢’ (x, I;l) = ﬁqr(x, I;l) The quark spin den-

sities have been investigated in Refs. [34-37] for quarks

with transverse spin 5 in the nucleon having transverse
. =8 . .

spin (S7). The corresponding expression for transversely

114019-9



LEKHA ADHIKARI et al.

PHYS. REV. D 104, 114019 (2021)

T T T T

Ku K,u
0.8r Allgg Aiog (this work)
—— Ay —— Ay

£ 06
Se
[=}
<04
T
0.2 4
00. 1. 2. 3. 4. 5.
—1(GeV?)
(a)

0.8 T ' — :
—°—A116:euA11(§'u+e§A11(()’5 . EMFF data

0.6 ——Af=Ax"+A%’ o o o000 oo

o,

0.10

0.08

0.06

0.04

0.02

o,
000 002 004 006 008 010 012
1 1

0. 1. 2. 3. 4. 5.
—t (GeV?)

(b)

K,u

-—- By
K,s
BTIO

Ku
e BTZO

FIG. 6. The first two Mellin moments of the valence quark GPDs of the kaon: (a) —tA,Ifdum (1), (b) —tAK (1), and (c) —tBIT(,‘:(‘)(s) (1) for
n = 1 (black lines) and n = 2 (blue lines) as functions of —z. The electromagnetic form factor Ao (#) of the kaon in (b) is compared with
the experimental data [131,132]. The inset in (b) provides an expanded view of the EMFF at low —t. The tensor FFs in (¢) Byo(f) and
By (1) are compared with the yQM [73] at > = 4 GeV?. The lines with circle and triangle symbols correspond to the results calculated
in the BLFQ-NJL model (this work). The lines without symbols in (c) represent the yQM results. The experimental results in (b) are for

the EMFF only.

polarized quarks in the pseudoscalar mesons is achieved by

setting S* = 0in the nucleon densities [34]. One finds that
the result is much simpler but still involves a dipole term
5
for fixed 5. The x-moments of quark spin densities are
then given by [33]

x Ste leading to a dependence on the direction of b+

> 1 >

p”(bL,EL):/ dxx"p(x, b, 54)
0

Stelbr

1 > i € ;oL
=~ [Al (b)) ==L B (b))
2|: 0 M’P Tn0

(25)
where the Z;J‘—dependent vector and tensor generalized
FFs, A, and B, are obtained by performing the
Fourier transform of the FFs A? (r) and B% (1) with

respect to At or equivalently by taking the x moments
of the impact parameter dependent GPDs q(x,bL) and

qr(x, Zl) respectively:

- f&l Al 7L -
1 _iAL. 12
BY,(b") = / B BY (-2

1 N
_ / dxx1g,(x, BY). (26)
0

The impact parameter dependent GPDs ¢(x, l;l) and

qr(x, l;l) for the pion are presented in Fig. 7. We find that
both distributions have sharp peaks located at the center of
the pion (b = 0) when the quark carries large longitudinal
momentum. Nevertheless, the magnitude of the unpolar-
ized distribution is much higher compared to that of the
polarized distribution. A substantial difference is also

observed between ¢(x, Z;L) and ¢p(x, Z;L) at large x.
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L) and (b) g7(x, l;l) as

is the transverse distance of the active quark from the center of momentum of the hadron.

FIG. 7. The valence (u or d) quark GPDs for the pion in the transverse impact parameter space: (a) g(x, b

functions of x and b+, where b+
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FIG. 9.
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bY[fm]

— BLFQ — NJL
-Ilz== Lattice QCD
—— xQM

The valence quark probability density in the pion in the transverse impact parameter plane; (a) when the quark is unpolarized

p(b*) = p"=1(b*, 5+ = 0) and (b) when quark is transversely polarized along-x direction py(b-) = p"=!(b*, 5+ = (1,0)). Our
corresponding results are compared with lattice QCD and the yQM model in (c) and (d), respectively. The solid, dotted and dash-dotted
lines correspond to the BLFQ-NJL model, lattice QCD [33] and the yQM [85], respectively.

We also notice that the qualitative behavior of the GPDs
q(x, I;L) and gqr(x, EL) for the kaon, shown in Fig. 8, is
very similar to those for the pion. However, due to the
heavier mass of the 5 quark, its distributions are narrower
than those distributions for the u quark in the kaon. Another
interesting feature is that the width of all the GPDs in the
transverse impact parameter space decrease as x increases.
This indicates that the distributions are more localized near
the center of the momentum (b, = 0) when quarks are
carrying higher longitudinal momentum. This character-
istic of the GPDs in the transverse impact parameter space
is reassuring since the distributions in the momentum space
become broader in —t with increasing x, as can be seen
from Figs. 1 and 2. On the light-front, this is understood as
the larger the momentum fraction, the lower the kinetic
energy carried by the quarks. As the total kinetic energy
remains limited, the distribution in the transverse

momentum is required to become broader to carry a larger
portion of the kinetic energy. This model-independent
property of the GPDs is also observed in the case of the
nucleon [37,119-121].

We present the first moment of the quark-spin proba-
bility density p"=!(b™,5%), defined in Eq. (25), in Fig. 9.
When the quark is unpolarized (5+ = 0), only A‘fo(l;l)
contributes in the probability density, which is rotationally
symmetric in the two-dimensional impact parameters
(by. by) plane as shown in Fig. 9(a) and hence, one does
not see any interesting structures from this. We now turn
our attention to the case when the quark is transversely
polarized. Without loss of generality, we consider the quark
polarized along the x-axis, i.e., 5+ = (+1,0) and show the
numerical results as functions of b, and b,. The probability
density becomes distorted when the quark inside the pion is
transversely polarized as can be seen from Fig. 9(b)
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FIG. 10. The valence quarks’ probability densities in the kaon in the transverse impact parameter plane; (a) for unpolarized u quark
p(b™) = p=1(b*,5+ = 0) and (b) for polarized u quark p;(b™) = p"=' (5.5 = (1.0)). (c) and (d) are same as (a) and (b),

respectively but for 5 quark in the kaon.

indicating the spin structure inside the pion. The second
term in Eq. (25) provides the distortion, and one can clearly
observe the deviation from rotational symmetry of the
unpolarized density due to the polarization. We also find
that the present results are very similar to those given by the
lattice QCD calculation [33]. For instance, in the lower
panel of Fig. 9 we show the probability densities as a
function of b, at fixed b, = 0.15 fm, comparing those with
that of the lattice QCD simulations and the yQM [85]. The
BLFQ-NJL model results are found to be consistent with
the results of lattice QCD and the yQM. The spin densities
of the u and § quarks in the kaon are shown in Fig. 10,
where we notice the similar patterns of the quark-spin
probability densities as observed in the pion. It is however

interesting to note that 5§ quark densities, due to the
heavier s mass, are more localized near the origin compared
to the u-quark densities in the kaon. We also find that the
qualitative behavior of the present results in the BLFQ-NJL
model is compatible with the results obtained in the yQM
[73] as shown in Fig. 11, where we plot the probability
densities as a function of b, at fixed b, = 0.15 fm.

C. Average transverse shift and
transverse squared radius

It is also interesting to examine the average transverse
shift of the peak position of the probability density
along the b, direction for a transverse quark spin in the
x-direction, which is defined as [33]
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Our BLFQ-NJL model results for the pion give (by), =
0.162 +0.003 fm and (bi), = 0.131 £ 0.003 fm, while
the lattice simulations provide [33] (by), = 0.151(24) fm
and (by), = 0.106(28) fm. Our results for (by),_,, for

the pion and the kaon are compared with the lattice QCD,
the yQM, CCQM, and NJL model in Table III.
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The valence quarks’ probability densities in the kaon in our BLFQ-NJL model (solid lines) are compared with yQM

One can also define the x-dependent squared radius of
the quark density in the transverse plane as [24]:

@b (b 2q(x, b
fdzl_olq(x, El)

(b7)4(x) . (28)
which can also be written through the GPD H(x, 0, 1) as:

(b2)9(x) = 4%111}14@, 0.1)

(29)

=0

TABLE III. BLFQ-NJL model predictions for average transverse shift <b)+>?,2 in the pion and the kaon. Our results are compared with
the available lattice simulations [33], the yQM [73,85], CCQM [11], and NJL model [77].

Approach (by){" fm (by)3™ fm (by )" fm (by)1" fm (by )3 fm (by )" fm
BLFQ-NJL (this work) ~ 0.162+0.003  0.131 £0.003  0.164+0.003  0.141 £0.002  0.114 +0.002  0.114 + 0.002
Lattice QCD [33] 0.151 £0.024  0.106 + 0.028

QM [85] 0.152

QM (model 1) [73] 0.168 0.166

¥QM (model II) [73] 0.139 0.100

CCQM [11] 0.090 +0.001  0.080 = 0.001

NJL model [77] 0.116 0.083
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FIG. 12. x-dependence of (b2 ) for quarks in the pion (dashed
line) and the kaon (solid line) in the BLFQ-NJL model.

For the pion and the kaon the squared radius (b3 )(x) is
obtained as the charge-weighted sum over the valence quarks:
(B2)7(x) = e, (b2)"(x) + e(b2)7(x) and  (B3)K(x)=
e, (b3 )" (x)+e5(b% )5 (x). The (b3 )(x) describes the trans-
verse size of the hadron and shows an increase of transverse
radius with decreasing value of the quark momentum
fraction x [24]. As can be seen from Fig. 12 and as
expected, the transverse size of the kaon is smaller than
that of the pion for a fixed value of x. We also compute the
pion’s and the kaon’s transverse squared radius through the
following average over x [24]

() = ZNi [ st 0.0y, G0

with the integrated number of valence quark N, of flavor g.
We obtain the squared radius of the pion and the kaon,
(b%)* = 0.285 fm? and (b% )X = 0.223 fm?, respectively.
The quantity (b?3) is connected to the conventionally
defined squared radius (r2) from the EMFF by (b%) =
% (r?) [24.89]. Our results are close to the experimental data
for the pion, (b1)%, =0.301£0.014 fm* and for the
kaon, (b1)&, =0.209 £ 0.047 fm* [133] and also con-
sistent with the previously computed charge radii of the
pion and the kaon in the BLFQ-NJL model [92].

V. SUMMARY

We have investigated the valence quark GPDs of the light
pseudoscalar mesons in the framework of BLFQ using a
light-front model for light mesons that incorporates light-
front holography, longitudinal confinement, and the color-
singlet Nambu-Jona—Lasinio interactions. The parameters
in the BLFQ-NJL model have previously been adjusted to
generate the experimental mass spectrum and the charge
radii of the light mesons [92]. We have evaluated the quark
unpolarized GPD H and tensor GPD E in the pion and the

kaon in both momentum and transverse position space. The
generalized form factors for the pion and the kaon, i.e.,
vector and tensor form factors from the first two moments
of the quark unpolarized and tensor GPDs have been
calculated. We have verified the agreement of the electro-
magnetic form factors resulting from the unpolarized GPD
with the experimental data of the pion and the kaon. The
moments of the tensor GPD E, which give the tensor form
factors, have been found to be comparable with the para-
metrization of lattice QCD simulations as well as with the
results of the yQM.

We have subsequently calculated the probability den-
sities of the unpolarized and polarized quarks inside the
pion and the kaon. We have observed that the spatial
distribution of the unpolarized quarks is axially symmet-
ric, while it strongly distorted when quarks are trans-
versely polarized, revealing a nontrivial distribution of
quark polarization in the pseudoscalar mesons. The quark
probability densities in the BLFQ-NJL model have been
found to be in good agreement to those from lattice QCD.
The qualitative nature of the quark densities in the kaon
was also consistent with those in the yQM. In order to
examine the shift of the peaks of the densities in the b,
direction, we have computed the average value of by,
which turned out to be compatible with the lattice QCD
and the yQM.

We have also evaluated the x-dependent squared radius
of the quark density in the transverse plane, which
describes the transverse size of the hadron. We have found
that, with increasing quark longitudinal momentum, the
transverse radius of the pion and the kaon decreases. A
similar effect has also been observed in the nucleon [24].
We have noticed that the quarks are more transversely
localized in the kaon than in the pion.
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