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We present the generalized parton distributions (GPDs) for the valence quarks of the pion and the kaon in
both momentum space and position space within the basis light-front quantization framework. These GPDs
are obtained from the eigenvectors of a light-front effective Hamiltonian consisting of the holographic
quantum chromodynamics (QCD) confinement potential, a complementary longitudinal confinement
potential, and the color-singlet Nambu-Jona–Lasinio interactions for the valence quarks of mesons. We
then calculate the generalized form factors of the pion and the kaon from the moments of these GPDs.
Combining the tensor form factors with the electromagnetic form factors, we subsequently evaluate the
impact parameter dependent probability density of transversely polarized quarks inside the pion and the
kaon. The numerical results for the generalized form factors, corresponding charges, as well as those for
the probability densities and the transverse shift of the polarized densities are consistent with lattice QCD
simulations and with chiral quark models.
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I. INTRODUCTION

The description of the nonperturbative structure of
hadrons using generalized parton distributions (GPDs) is
related to phenomenology, therefore attracting numerous
dedicated experimental and theoretical efforts [1–25].
These GPDs are experimentally accessible through exclu-
sive processes including deeply virtual Compton scattering
(DVCS) and deeply virtual meson production (DVMP).

The GPDs present an attractive testing ground for compar-
ing theory with experiment since they encode a wealth of
information about the spatial structure of the hadron as well
as the partonic distribution of spin and orbital angular
momenta. Unlike the parton distribution functions (PDFs),
which are solely functions of longitudinal momentum
fraction (x) carried by the active parton, the GPDs are
functions of x, the skewness (ζ) which represents the
longitudinal momentum transfer, and the square of total
momentum transfer (t) to the hadrons.
The GPDs provide a picture that unites PDFs with form

factors (FFs), where the former describe the longitudinal
momentum distribution of partons within a hadron while
the latter characterize the spatial extent. One obtains the
FFs, charge distributions, PDFs, etc. from the GPDs by
marginalizing [26–28]. Additionally, in the absence of the
longitudinal momentum transfer (ζ ¼ 0), the GPDs are
converted to the impact parameter dependent parton dis-
tributions via Fourier transform with respect to the trans-
verse momentum transfer. Unlike the GPDs themselves, the
impact parameter dependent parton distribution is the
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probability density of partons at a given combination
of the longitudinal momentum fraction and the transverse
distance from the center of the hadron [29–32]. For
different polarizations of the partons, spin densities can
be expressed in terms of the polarized impact parameter
dependent GPDs [33–37].
For many years, DVCS and DVMP data have been

accumulated by J-PARC, Hall-A and Hall-B of JLab by the
CLAS collaboration and by COMPASS at CERN [38–44].
Recently, JLab has also started a positron initiated DVCS
experiment [45], COMPASS at CERN will start to collect
more DVCS data, while future Electron-Ion Colliders
[46,47] are planned to explore the GPDs through DVCS.
However, experimental extractions of the GPDs are not
straightforward. In particular, fitting of DVCS data does not
provide direct information about the GPDs but, instead,
provides some weighted integrals of the GPDs. Since
nonperturbative QCD predictions are not yet possible from
the first principles, model predictions of the GPDs are
useful for constraining the GPDs and data fitting in order to
develop insights into GPDs from DVCS data.
Among known hadrons, the pion plays a leading role for

comparing theory with experiment. From the Drell-Yan
process with pion beams [48,49], we can access the
partonic structure of the pion by colliding them with
nuclear targets [50–53]. Chiral symmetry is dynamically
broken in QCD leading to generation of the Goldstone
bosons (pions) having a small mass when compared to
other hadrons. On the one hand, the pions are salient in
providing the force that binds the neutrons and the protons
inside the nuclei and they also affect the properties of the
isolated nucleons. Hence one can safely say that our
understanding of visible (baryonic) matter is incomplete
without detailed knowledge of the structure and inter-
actions of the pion. On the other hand, the pseudoscalar
kaons, counterparts of the pions with one strange valence
quark, play a critical role in our understanding of charge
and parity (CP) symmetry violation [54–56]. In this paper,
we investigate the partonic structure of the pions and the
kaons in terms of their GPDs. As background, we note
that different theoretical analyses have provided useful
insights regarding the pion GPDs, e.g., Refs. [2,9–
15,32,33,57–72], while for the kaon, foundations are just
being laid and several significant analyses can be found in
Refs. [15,71–77].
Another salient issue is the transversity of the hadrons

[78], which provides access to their spin structures. Due to
transversity’s chiral-odd nature, it is challenging to mea-
sure experimentally. Nevertheless, the transverse spin
asymmetry in Drell-Yan processes in pp̄ reactions
[79,80] and the azimuthal single spin asymmetry in
semi-inclusive deep inelastic scattering (SIDIS) [81]
can be used to extract valuable information on the trans-
versity of the nucleon. While the transversity of the
nucleon is nonzero and has now been well determined

[82], it vanishes for the spin-zero hadrons. However, the
chiral-odd GPDs defined as off-forward matrix elements
of the tensor current are nonzero and much less informa-
tion is available for them in the case of the pion and
the kaon.
From the perspective of theory, the QCDSF/UKQCD

Collaboration has reported the first result for the pion’s
chiral-odd GPD using lattice QCD [33]. They have also
presented the probability density of the polarized quarks
inside the pion and found that their spatial distribution is
strongly distorted when the quarks are transversely polar-
ized. The distortion in the density occurs due to the pion
tensor FF. The lattice QCD results have triggered various
theoretical studies on the pion and the kaon tensor FFs. The
models for such results include constituent quark models
[11,62], the Nambu–Jona-Lasinio (NJL) model with Pauli-
Villars regularization [83,84], and the nonlocal chiral quark
model (NχQM) from the instanton vacuum [73,85].
In this paper, we evaluate the GPDs of the light

pseudoscalar mesons using the light-front wave functions
(LFWFs) based on the theoretical framework of basis light
front quantization (BLFQ) [86], with only the valence Fock
sector of mesons considered. The effective Hamiltonian
incorporates the confining potential adopted from the light-
front holography in the transverse direction [87], a longi-
tudinal confinement [88,89], and the color-singlet NJL
interactions [90,91] to account for the dynamical chiral
symmetry breaking of QCD. The nonperturbative solutions
for the LFWFs are given by the recent BLFQ study of light
mesons [92]. These LFWFs have been applied successfully
to predict the decay constants, electromagnetic form factors
(EMFFs), charge radii, PDFs, and many other quantities of
the pion and the kaon [92–95]. Here, we extend those
investigations to study the pion and the kaon GPDs and
their QCD evolution. We use the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) equation of QCD [96–
98] up to the next-to-next-to-leading order (NNLO) for the
evolution of the valence quark GPDs. We also calculate the
pion and the kaon tensor FFs in the space-like region.
Combining the result of the tensor FFs with the EMFFs,
which have been evaluated previously in Ref. [92] within
the BLFQ-NJL framework, we then compute the proba-
bility density of transversely polarized quarks inside the
pion and the kaon. We further calculate the x-dependent
squared radius of the quark density in the transverse plane
that describes the transverse size of the hadron.
We organize the main results of this paper in the

following sequence. We briefly summarize the BLFQ-
NJL formalism for the light mesons in Sec. II. We then
present a detailed description of the GPDs and the
associated distributions in Sec. III. Section IV details our
numerical results for the GPDs, electromagnetic and
gravitational FFs, impact parameter dependent GPDs,
and spin densities of the pion and the kaons. We summarize
the outcomes in Sec. V.
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II. BLFQ-NJL MODEL FOR THE LIGHT MESONS

In this section, we provide an overview of the BLFQ-
NJL model for the light mesons following Ref. [92]. The
BLFQ approach represents the dynamics of bound state
constituents in quantum field theory through a light-front
quantum many-body Hamiltonian [86,88,92,99–104]. The
structures of the bound states are encoded in the LFWFs
achievable as the eigenfunctions of the light-front eigen-
value equation

Heff jΨi ¼ M2jΨi; ð1Þ

where Heff ¼ PþP− with P� ¼ P0 � P3 being the light-
front Hamitonian (P−) and the longitudinal momentum
(Pþ) of the system, respectively. The mass squared, M2, is
the corresponding eigenvalue of the state jΨi. In the
constituent quark-antiquark representation, our adopted
effective light-front Hamiltonian for the light mesons with
nonsinglet flavor wave functions is written as

Heff ¼
k⃗⊥2 þm2

q

x
þ k⃗⊥2 þm2

q̄

1 − x
þ κ4ζ⃗⊥2

−
κ4

ðmq þmq̄Þ2
∂xðxð1 − xÞ∂xÞ þHeff

NJL: ð2Þ

The first two terms in Eq. (2) are the light-front kinetic
energy for the quark and the antiquark, where mq (mq̄) is
the mass of the quark (antiquark), x ¼ kþ=Pþ is the
longitudinal momentum fraction carried by the valence
quark, and k⃗⊥ is its transverse momentum. The third and
the fourth terms are respectively the confining potential in
the transverse direction based on the light-front holo-
graphic QCD [87] and a longitudinal confining potential
[88]. The parameter κ is the strength of the confinement.
The holographic variable is defined as ζ⃗⊥ ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp
r⃗⊥

[87], where r⃗⊥ is the transverse separation between
the quark and antiquark and is conjugated to k⃗⊥. The
x-derivative is defined as ∂xfðx; ζ⃗⊥Þ ¼ ∂fðx; ζ⃗⊥Þ=∂xjζ⃗⊥ .
The last term in the effective Hamiltonian, Heff

NJL, repre-
sents the color-singlet NJL interaction to account for the
chiral dynamics [90].
For the positively-charged pion, the NJL interaction is

given by [92],

Heff
NJL;π ¼Gπ

�
ūus10 ðp0

1Þuus1ðp1Þv̄ds2ðp2Þvds20 ðp0
2Þ

þ ūus10 ðp0
1Þγ5uus1ðp1Þv̄ds2ðp2Þγ5vds20 ðp0

2Þ

þ2ūus10 ðp0
1Þγ5vds20 ðp0

2Þv̄ds2ðp2Þγ5uus1ðp1Þ
�
: ð3Þ

While, for the positively charged kaon, the interaction is
given by

Heff
NJL;K ¼GK

�
−2ūus10 ðp0

1Þvss20 ðp0
2Þv̄ss2ðp2Þuus1ðp1Þ

þ2ūus10 ðp0
1Þγ5vss20 ðp0

2Þv̄ss2ðp2Þγ5uus1ðp1Þ
�
: ð4Þ

Equations (3) and (4) are obtained from the NJL
Lagrangian after the Legendre transform in the two and
three flavor NJL model, respectively [90,105–107]. Here,
ufsðpÞ and vfsðpÞ are the Dirac spinors with the nonitalic
subscripts representing the flavors and the italic subscripts
denoting the spins. Meanwhile, p1 and p2 are the momenta
of the valence quark and the valence antiquark, respec-
tively. The coefficients Gπ and GK are independent
coupling constants of the theory. In the interactions, we
only include the combinations of Dirac bilinears relevant to
the valence Fock sector LFWFs of the systems. The
instantaneous terms due to the NJL interactions have been
omitted. The explicit expressions and the detailed calcu-
lations of the matrix elements of the NJL interactions in the
BLFQ formalism can be found in Ref. [92].
In the leading Fock sector, the eigenstate for the mesons

reads

jΨðPþ; P⃗⊥Þi ¼
X
r;s

Z
1

0

dx
4πxð1 − xÞ

Z
dκ⃗⊥
ð2πÞ2

× ψ rsðx; κ⃗⊥Þb†rðxPþ; κ⃗⊥ þ xP⃗⊥Þ
× d†sðð1 − xÞPþ;−κ⃗⊥ þ ð1 − xÞP⃗⊥Þj0i;

ð5Þ

where P is the momentum of the meson. The relative
transverse momentum of the valence quark is κ⃗⊥ ¼
k⃗⊥ − xP⃗⊥. The coefficients of the expansion, ψ rsðx; κ⃗⊥Þ,
are the valence sector LFWFs with rðsÞ representing
the spin of the quark(antiquark). To compute the
Hamiltonian matrix, one needs to construct the BLFQ
basis. The two-dimensional (2D) harmonic oscillator (HO)
basis functions are adopted in the transverse direction,
which are defined as [86,88]:

ϕnmðq⃗⊥; bhÞ ¼
1

bh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πn!

ðnþ jmjÞ!

s �jq⃗⊥j
bh

�jmj

× exp

�
−
q⃗⊥2

2b2h

�
Ljmj
n

�
q⃗⊥2

b2h

�
eimφ; ð6Þ

with tanðφÞ ¼ q2=q1, bh is the HO basis scale parameter
with dimension of mass, n and m are the radial and the

angular quantum numbers, Ljmj
n ðzÞ is the associated

Laguerre polynomial. Meanwhile, in the longitudinal
direction, the basis functions are defined as [88]
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χlðx; α; βÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2lþ αþ β þ 1Þ

p

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γðlþ 1ÞΓðlþ αþ β þ 1Þ
Γðlþ αþ 1ÞΓðlþ β þ 1Þ

s

× xβ=2ð1 − xÞα=2Pðα;βÞ
l ð2x − 1Þ; ð7Þ

where Pðα;βÞ
l ðzÞ is the Jacobi polynomial and

the dimensionless parameters α ¼ 2mq̄ðmq þmq̄Þ=κ2,
β ¼ 2mqðmq þmq̄Þ=κ2, and l ¼ 0; 1; 2;…. The valence
LFWFs are then expanded in the orthonormal bases given
in Eqs. (6) and (7):

ψ rsðx; κ⃗⊥Þ ¼
X
n;m;l

hn;m; l; r; sjψi

× ϕnm

�
κ⃗⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp ; bh

�
χlðxÞ; ð8Þ

where the coefficients hn;m; l; r; sjψi are obtained in the
BLFQ basis space by diagonalizing the truncated
Hamiltonian matrix. The infinite dimensional basis is
truncated to a finite dimension by restricting the quantum
numbers using

0 ≤ n ≤ Nmax; −2 ≤ m ≤ 2; 0 ≤ l ≤ Lmax; ð9Þ

where Nmax controls the transverse momentum covered by
2DHO functions andLmax provides the basis resolution in the
longitudinal direction. Note that we have a natural truncation
for m as the NJL interactions do not couple to jmj ≥ 3 basis
states [92]. The LFWF ψrsðx; κ⃗⊥Þ is normalized as

X
r;s

Z
1

0

dx
2xð1 − xÞ

Z
d2κ⃗⊥
ð2πÞ3 jψ rsðx; κ⃗⊥Þj2 ¼ 1: ð10Þ

Parameters in the BLFQ-NJL model are fixed to repro-
duce the ground state masses of the light pseudoscalar and
vector mesons as well as the experimental charge radii of
the πþ and the Kþ [92]. The LFWFs in this model have
been successfully applied to compute the parton distribu-
tion amplitudes and the EMFFs [92], PDFs for the pion and
the kaon and pion-nucleus induced Drell-Yan cross sec-
tions [93,94].

III. GENERALIZED PARTON DISTRIBUTIONS:
KINEMATICS AND FORMALISM

At leading twist, there are two independent GPDs for a
spin-0 meson. One of them is chirally even, while the other
is chirally odd. Those GPDs are defined as off-forward
matrix elements of the bilocal operator of light-front
correlation functions of vector and tensor currents, respec-
tively as [5,61],

HPðx; ζ; tÞ ¼
Z

dz−

4π
eixP

þz−=2hPðP0ÞjΨ̄qð0ÞγþΨqðzÞjPðPÞijzþ¼z⊥¼0; ð11Þ

iϵ⊥ijq⊥i
2MP

EP
T ðx; ζ; tÞ ¼

Z
dz−

4π
eixP

þz−=2hPðP0ÞjΨ̄qð0Þiσjþγ5ΨðzÞqjPðPÞijzþ¼z⊥¼0; ð12Þ

where ΨqðzÞ is the quark field operator and
PðP0Þ denotes the meson momentum of initial (final)
state of the meson ðPÞ. MP defines the mass of the
meson; ϵ⊥ij is the antisymmetric tensor in the transverse
plane and σjþ ¼ i

2
½γj; γþ� with j ¼ 1, 2 as transverse

index. The H, called the unpolarized quark GPD, is
chirally even, while the transversely polarized
quark GPD, ET , is chirally odd. The GPD ET is respon-
sible for the distortion in the spatial distribution
of a transversely polarized quark, revealing a nontrivial
spin structure of the meson [33]. The moments of
the GPD ET can be linked to the Boer-Mulders function,
which describes the correlation between transverse s
pin and intrinsic transverse momentum of the
quark in the meson [108–110]. Recently, the limits of
validity of this relationship have been discussed in
Ref. [111]. In the symmetric frame, the kinematical
variables are

P̄μ¼ðPþP0Þμ
2

; Δμ¼P0μ−Pμ; ζ¼−Δþ=2P̄þ; ð13Þ

and t ¼ Δ2. Here, we choose the light cone gauge Aþ ¼ 0
implying that the gauge link between the quark fields in
Eqs. (11) and (12) is unity therefore omitted.
By inserting the initial and the final states of the meson,

Eq. (5), in above Eqs. (11) and (12), one obtains the quark
GPDsH and ET in terms of overlaps of LFWFs. We restrict
ourselves to the kinematical region: 0 < x < 1 at zero
skewness. This domain corresponds to the situation where a
quark is removed from the initial meson with light-front
longitudinal momentum xPþ and reinserted into the final
meson with the same longitudinal momentum. Therefore,
the change in momentum occurs purely in the transverse
direction. The particle number ðnpÞ remains conserved in
this kinematical domain describing the diagonal np → np
overlaps. The GPDs, H and ET , at zero skewness, in the
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diagonal 2 → 2 overlap representation in terms of LFWFs
are given by

Hðx; ζ ¼ 0; tÞ ¼ 1

4πxð1 − xÞ
X
rs

Z
d2κ⃗⊥
ð2πÞ2

× ψ�
rsðx; κ⃗0⊥Þψ rsðx; κ⃗⊥Þ; ð14Þ

iΔ⊥
j

2MP
ETðx;ζ¼ 0; tÞ¼ 1

4πxð1−xÞ
X
s

Z
d2κ⃗⊥
ð2πÞ2

×

�
ð−iÞjψ�

↑sðx; κ⃗0⊥Þψ↓sðx; κ⃗⊥Þ

þðiÞjψ�
↓sðx; κ⃗0⊥Þψ↑sðx; κ⃗⊥Þ

�
; ð15Þ

where, for the struck quark, κ⃗0⊥ ¼ κ⃗⊥ þ ð1 − xÞΔ⃗⊥ and for
the spectator, κ⃗0⊥ ¼ κ⃗⊥ − xΔ⃗⊥ and the total momentum
transferred to the meson is t ¼ −Δ⃗⊥2.
Note that integrating the bilocal matrix element in

Eq. (11) over the momentum fraction x yields the local
matrix elements that provide FFs. In the Drell-Yan
frame, the expressions for the GPDs are very similar
to those for FFs, except that the longitudinal momentum
fraction x of the struck parton is not integrated out.
Therefore, GPDs defined in Eqs. (14) and (15) are also
known as momentum-dissected FFs and measure the
contribution of the struck parton with momentum
fraction x to the corresponding FFs. Consequently,
the first moments of the GPDs can be related to the
FFs for the spin-0 hadrons by the sum rules on the light-
front as [112]

FðtÞ ¼
Z

dxHðx; ζ; tÞ;

FTðtÞ ¼
Z

dxETðx; ζ; tÞ: ð16Þ

Meanwhile, the gravitational FFs which are expressed as
the matrix elements of the energy-momentum tensor, are
linked to GPDs through the second-moment as [112]

AðtÞ ¼
Z

dxxHðx; ζ; tÞ;

BTðtÞ ¼
Z

dxxETðx; ζ; tÞ: ð17Þ

Aside from these FFs, the impact parameter dependent
GPDs are defined as the Fourier transform of the GPDs
with respect to the momentum transfer along the transverse
direction Δ⃗⊥ [31]:

qðx; b⃗⊥Þ ¼
Z

d2Δ⃗⊥

ð2πÞ2 e
−iΔ⃗⊥·b⃗⊥Hðx; 0;−Δ⃗⊥2Þ; ð18Þ

qTðx; b⃗⊥Þ ¼
Z

d2Δ⃗⊥

ð2πÞ2 e
−iΔ⃗⊥·b⃗⊥ETðx; 0;−Δ⃗⊥2Þ; ð19Þ

where b⃗⊥ is the Fourier conjugate to the momentum
transfer Δ⃗⊥. The impact parameter b⊥ ¼ jb⃗⊥j corresponds
to the transverse displacement of the struck parton from the
center of momentum of the hadron. For zero skewness, b⃗⊥
provides a measure of the transverse distance of the struck
parton from the center of momentum of the hadron. The
variable b⃗⊥ follows the condition

P
i xib⃗

⊥
i ¼ 0, where the

sum runs over the number of partons. The relative distance
between the center of momentum of the spectator and the
struck parton is b⊥=ð1 − xÞ, therefore providing an esti-
mate of the transverse size of the hadron [5].
Following the standard formulation [113], one can

further define the transverse charge density ρðb⃗⊥Þ by

ρðb⃗⊥Þ ¼
Z

d2Δ⃗⊥

ð2πÞ2 e
−iΔ⃗⊥·b⃗⊥Fð−Δ⃗⊥2Þ

¼
Z

1

0

dxqðx; b⃗⊥Þ; ð20Þ

while the longitudinal momentum density for a given
transverse separation is given by [114–118]

pðb⃗⊥Þ ¼
Z

d2Δ⃗⊥

ð2πÞ2 e
−iΔ⃗⊥·b⃗⊥Að−Δ⃗⊥2Þ

¼
Z

1

0

dxxqðx; b⃗⊥Þ: ð21Þ

IV. NUMERICAL RESULTS AND DISCUSSION

A. GPDs and generalized form factors

The LFWFs of the valence quarks in the pion and the
kaon [92] have been solved in the BLFQ framework using
the NJL interactions as briefly discussed in the Sec. II. We
insert the valence wave functions given by Eq. (8) into
Eqs. (14) and (15) to calculate the GPDs for the pion and
the kaon. We employ the wave functions obtained at the
basis truncation Nmax ¼ 8 and Lmax ¼ 32 with other model
parameters given in Table I. We illustrate the valence GPDs
Hq and Eq

T (q≡ u or d̄) as functions of x and−t for the pion
in Fig. 1. In the forward limit (−t ¼ 0), the unpolarized

TABLE I. Summary of the model parameters [92].

Valence
flavor Nmax Lmax κðMeVÞ mqðMeVÞ mq̄ðMeVÞ
ud̄ 8 8–32 227 337 337
us̄ 8 8–32 276 308 445
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GPD H reduces to the ordinary PDF, which peaks at x ¼
0.5 for the pion, reflecting the symmetry between the
valence quark and the valence antiquark. Unlike the
unpolarized GPD H, the chiral-odd GPD, ET in the pion
has its peak located below the central value of x and is
asymmetric under x ↔ ð1 − xÞ even when −t ¼ 0. This is
due to the fact that ET involves the overlaps of the wave
functions with different orbital angular momentum Lz ¼ 0
and Lz ¼ �1. The peaks of these GPDs shift toward higher
values of x and the magnitudes of distributions decrease
with increasing the value of −t.
The valence quark GPDs for the kaon are shown in

Fig. 2. The up quark GPD Hðx; 0; tÞ in the kaon, unlike the
valence quark GPDHðx; 0; tÞ in the pion, has the maximum
at lower x (<0.5) when t ¼ 0, whereas, due to its heavy
mass, the peak in the strange quark distribution appears at
higher x (>0.5). Meanwhile, the peaks along x get shifted
to larger values of x with increasing −t similar to that
observed in the pion GPD. This seems to be a model
independent behavior of the GPDs which has been noticed
in other phenomenological models for the pion [12] as well
as for the nucleon [119–122]. We also notice that the GPD
ET for the up quark in the kaon exhibits a behavior similar
to that observed in the pion, however, the magnitude of ETu
in the kaon is larger than that in the pion. Meanwhile, ETs
displays a different behavior compared to ETu in the kaon:
ETs is broader along x and falls slower at large x compared
to ETu. As −t increases, ETu also falls faster than ETs in the
kaon. One can also observe oscillations in the GPDs along
x in Figs. 1 and 2, which are numerical artifacts due to
longitudinal cutoff Lmax. The amplitudes of the oscillations
decrease with increasing Lmax [93].
By performing the QCD evolution, the valence

quark GPDs at high μ2 scale can be obtained with the
input GPDs at the model scale μ20. We adopt the DGLAP
equations [96–98] of QCD with NNLO for this scale
evolution. Explicitly, we evolve our input GPDs to the

relevant experimental scales with independently adjustable
initial scales of the pion and the kaon GPDs utilizing the
higher order perturbative parton evolution toolkit
(HOPPET) [123]. We adopt μ20π ¼ 0.240� 0.024 GeV2

for the initial scale of the pion GPDs and μ20K ¼ 0.246�
0.024 GeV2 for the initial scale of the kaon GPDs which
we determined by requiring the results after NNLO
DGLAP evolution to fit both the pion and the kaon
PDFs results from the experiments [93]. We show the
valence quark GPDs in the pion and the kaon for a fixed
value of −t at different μ2 evolved from the corresponding
initial scales in Figs. 3 and 4, respectively. We observe that
the peaks of the distributions move to lower x as we evolve
the GPDs to higher scales. The moments of the distribu-
tions decrease uniformly as the scale μ2 increases. The
qualitative behavior of the evolved GPDs is similar in both
the pion and the kaon.
The Mellin moments of the valence GPDs give the

generalized FFs. The Mellin moments are defined as [33]

Aq
n0ðtÞ ¼

Z
1

0

dxxn−1Hqðx; 0; tÞ; ð22Þ

Bq
Tn0ðtÞ ¼

Z
1

0

dxxn−1Eq
Tðx; 0; tÞ; ð23Þ

where the index n ¼ 1; 2; 3…, and the second subscript
corresponds to the fact that the moments are evaluated at
zero skewness (ζ ¼ 0). The first moments of the unpolar-
ized GPD Hqðx; 0; tÞ give the electromagnetic FF, FqðtÞ ¼
Aq
10ðtÞ of an unpolarized quark, while in the forward limit,

i.e., t ¼ 0, the FF Fqð0Þ gives the number of the valence
quarks of flavor q. The first moment of chiral-odd GPD
Eq
Tðx; 0; tÞ provides the tensor FF Bq

TðtÞ when the quark is
transversely polarized. The second moments of these
GPDs correspond to the gravitational FFs of the quarks.

FIG. 1. The valence (u or d̄) quark GPDs of the pion: (a) Hðx; 0; tÞ and (b) ETðx; 0; tÞ as functions of x and the invariant momentum
transfer −t. The GPDs are evaluated with Nmax ¼ 8 and Lmax ¼ 32 in the BLFQ-NJL model.
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Meanwhile, the third moments of the GPDs provide the FFs
of a twist-two operator having two covariant derivatives
[5,6] and the higher order moments produce the FFs of
higher-twist operators.

In Fig. 5(a), we present the first two moments of the
GPDHqðx; 0; tÞ of the pion. The EMFF of the pion is given
by FπðtÞ ¼ euA

π;u
10 ðtÞ þ ed̄A

π;d̄
10 ðtÞ, where eq denotes the

charge of the quark q. We find that the pion EMFF within

(a) (b)

FIG. 3. Scale evolution of the valence (u or d̄) quark GPDs of the pion: (a) Hðx; 0; tÞ and (b) ETðx; 0; tÞ as functions of x and fixed
value of −t ¼ 0.11 GeV2. The GPDs are evaluated with Nmax ¼ 8 and Lmax ¼ 32 within the BLFQ-NJL model. The GPDs are evolved
from our model scale for the pion μ20π ¼ 0.240 GeV2 to the final scales μ2 ¼ 1, 10, 100 GeV2.

FIG. 2. The valence quark GPDs of the kaon: (a) Hðx; 0; tÞ and (c) ETðx; 0; tÞ are for the valence u quark; (b) and (d) are same as
(a) and (c), respectively, but for the valence s̄ quark as functions of x and the invariant momentum transfer −t. These GPDs are evaluated
with Nmax ¼ 8 and Lmax ¼ 32 in the BLFQ-NJL model.

GENERALIZED PARTON DISTRIBUTIONS AND SPIN … PHYS. REV. D 104, 114019 (2021)

114019-7



(a) (b)

(c) (d)

FIG. 4. Scale evolution of the valence quark GPDs of the kaon: (a)Hðx; 0; tÞ and (c) ETðx; 0; tÞ are for the valence u quark: (b) and (d)
are same as (a) and (c), respectively, but for the valence s̄ quark as functions of x and fixed value of −t ¼ 0.11 GeV2. The GPDs are
evaluated with Nmax ¼ 8 and Lmax ¼ 32 within the BLFQ-NJL model. The GPDs are evolved from our model scale for the kaon
μ20K ¼ 0.246 GeV2 to the final scales μ2 ¼ 1, 10, 100 GeV2.

(a) (b)

FIG. 5. The first two Mellin moments of the valence quark GPDs of the pion: (a) −tAπ;uðd̄Þ
n0 ðtÞ and (b) −tBπ;uðd̄Þ

Tn0 ðtÞ for n ¼ 1 (black
lines) and n ¼ 2 (blue lines) as functions of −t. The electromagnetic form factor A10ðtÞ of the pion is compared with the experimental
data [124–129] and the lattice QCD result [130]. The gravitational FF A20ðtÞ is compared with the parametrization of lattice QCD
simulations at μ2 ¼ 4 GeV2, while BT10ðtÞ and BT20ðtÞ are compared with lattice QCD and the χQM results at the same scale
μ2 ¼ 4 GeV2. The lines with circle and triangle symbols correspond to the results calculated in the BLFQ-NJL model (present work).
The dashed (n ¼ 1) and dotted (n ¼ 2) lines represent the lattice QCD results [33], whereas the dash-dotted (n ¼ 1) and solid (n ¼ 2)
lines in (b) represent the χQM [85] results. The experimental results in (a) are for the EMFF only.
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our BLFQ-NJL model is in good agreement with
the experimental data and with the lattice QCD simula-
tions. The second moment of the GPD Hqðx; 0; tÞ is
the gravitational FF Aq

20ðtÞ, which, at t ¼ 0, provides the
momentum, hxiq carried by the quark. For the pion

Aπ;u
20 ð0Þ ¼ Aπ;d̄

20 ð0Þ ¼ 0.5 at the model scale. To compare
with lattice QCD, we evolve the GPD to the relevant scale.
As summarized in Table II, we obtain that at μ2 ¼ 4 GeV2,
Aπ;q
20 ð0Þ ¼ 0.244� 0.018, which is compatible with the

result from the covariant constituent quark model
(CCQM) model [11], while the lattice QCD provides the
value of 0.27� 0.01 [33]. In addition, substantial differ-
ence between our BLFQ-NJL model and lattice QCD for
Aπ;q
20 ðtÞ is observed when −t is nonzero with disagreement

increasing as −t increases, as can be seen in Fig. 5(a). We
show the tensor FFs of the pion in Fig. 5(b), where we also
compare the FFs Bπ;q

T10ðtÞ and Bπ;q
T20ðtÞ with the lattice QCD

results evaluated at the physical pion mass [33]. At
μ2 ¼ 4 GeV2, we obtain: Bπ;q

T10ð0Þ ¼ 0.229� 0.004 and
Bπ;q
T20ð0Þ ¼ 0.045� 0.004, which reasonably agree with

the lattice QCD simulations within the uncertainty:
Bπ;q
T10ð0Þ ¼ 0.216� 0.034 and Bπ;q

T20ð0Þ ¼ 0.039� 0.010,
respectively. It is notable that Bπ;q

T10ð0Þ in the CCQM
[11] differs significantly from our result. The qualitative
behavior of the tensor FFs Bπ;q

T10ðtÞ and Bπ;q
T20ðtÞ is also found

to be comparable with the lattice QCD calculations and the
chiral quark model (χQM) [85] as shown in Fig. 5(b).
Figure 6 shows the moments of the kaon GPDs.

As can be seen from Fig. 6(a), the magnitude of
−tAK;u

n0 ðtÞ is lower than that for s̄ quark, implying the faster
fall-off of the u quark EMFF compared to the s̄ quark in the
kaon as −t increases. The EMFF of the kaon,
FKðtÞ ¼ euA

K;u
10 ðtÞ þ es̄A

K;s̄
10 ðtÞ, is in good agreement with

the experimental data as shown in Fig. 6(b). This is expected
because model parameters of the BLFQ-NJL model
are partially determined based on the experimental charge
radii. On the other hand, we obtain AK;u

20 ð0Þ ¼ 0.43 and

AK;s̄
20 ð0Þ ¼ 0.57 at themodel scale, whereas at μ2 ¼ 4 GeV2,

the corresponding values are AK;u
20 ð0Þ ¼ 0.235� 0.018 and

AK;s̄
20 ð0Þ ¼ 0.265� 0.020 as summarized in Table II. We

also illustrate the t dependence of the kaon gravitational FFs
AK;u
20 ðtÞ and AK;s̄

20 ðtÞ at μ2 ¼ 4 GeV2 in Fig. 6(a). The tensor
FFs for the kaon in our BLFQ-NJL model are presented in
Fig. 6(c), in comparison with that of the χQM calculations
(model I in Ref. [73]). The qualitative behavior of−tBK;q

Tn0ðtÞ
in those models agree. At large−t,−tBTn0ðtÞ for the s̄ quark
is larger than that for the u quark in the BLFQ-NJL model,
while in the χQM one observes the opposite. We also
compare the quark tensor FFs at t ¼ 0 in the kaon with the
χQM in Table II.

B. Spin densities of the pion and the kaon

The GPDs in the transverse impact parameter space at
zero skewness can be interpreted as the densities of quarks
with longitudinal momentum fraction x and transverse
location b⃗⊥ with respect to the center of momentum of
the hadron independent of the polarization. On the one
hand, the density ρðx; b⃗⊥; λÞ of quarks with helicity λ in
the pion (kaon) is determined by the unpolarized
density, 2ρðx; b⃗⊥; λÞ ¼ qðx; b⃗⊥Þ, where the latter is the
b⃗⊥-dependent GPD at zero skewness given by Eq. (18). On
the other hand, the density of quarks with transverse spin
s⃗⊥, ρðx; b⃗⊥; s⃗⊥Þ, in the pion (kaon) can be expressed in a
combination of the GPDs qðx; b⃗⊥Þ and qTðx; b⃗⊥Þ as

ρðx; b⃗⊥; s⃗⊥Þ ¼ 1

2

�
qðx; b⃗⊥Þ − s⃗⊥i ϵ⊥ijb⃗

⊥
j

MP
q0Tðx; b⃗⊥Þ

�
; ð24Þ

where q0Tðx; b⃗⊥Þ ¼ ∂
∂ðb⊥Þ2 qTðx; b⃗

⊥Þ. The quark spin den-

sities have been investigated in Refs. [34–37] for quarks
with transverse spin s⃗⊥ in the nucleon having transverse
spin (S⃗⊥). The corresponding expression for transversely

TABLE II. BLFQ-NJL model predictions for AπðKÞ;q
20 ð0Þ, BπðKÞ;q

T10 ð0Þ, and BπðKÞ;q
T20 ð0Þ at the scale 4 GeV2. We compare our results

with the available lattice QCD simulations [33], the χQMs [73,85], and the CCQM [11] at the same scale 4 GeV2. The errors in our
results correspond to the QCD evolution from the initial scales μ20π ¼ 0.240� 0.024 GeV2 for the pion and μ20K ¼ 0.246� 0.024 GeV2

for the kaon.

Quantity BLFQ-NJL (this work) Lattice QCD [33] χQM [85] χQM [73] (model I) χQM [73] (model II) CCQM [11]

Aπ;q
20 ð0Þ 0.244� 0.018 0.27� 0.01 … … … 0.248

AK;u
20 ð0Þ 0.235� 0.018 … … … … …

AK;s̄
20 ð0Þ 0.265� 0.020 … … … … …

Bπ;q
T10ð0Þ 0.229� 0.004 0.216� 0.034 0.216 … … 0.126

BK;u
T10ð0Þ 0.821� 0.014 … … 0.783 0.611 …

BK;s̄
T10ð0Þ 0.706� 0.010 … … 0.676 0.421 …

Bπ;q
T20ð0Þ 0.045� 0.004 0.039� 0.010 0.032 … … 0.028

BK;u
T20ð0Þ 0.152� 0.011 … … 0.139 0.090 …

BK;s̄
T20ð0Þ 0.152� 0.011 … … 0.100 0.076 …
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polarized quarks in the pseudoscalar mesons is achieved by
setting S⃗⊥ ¼ 0 in the nucleon densities [34]. One finds that
the result is much simpler but still involves a dipole term
∝ s⃗⊥i ϵ⊥ijb⃗

⊥
j leading to a dependence on the direction of b⃗⊥

for fixed s⃗⊥. The x-moments of quark spin densities are
then given by [33]

ρnðb⃗⊥; s⃗⊥Þ ¼
Z

1

0

dxxn−1ρðx; b⃗⊥; s⃗⊥Þ

¼ 1

2

�
Aq

n0ðb⃗⊥Þ −
s⃗⊥i ϵ⊥ijb⃗

⊥
j

MP
Bq0
Tn0ðb⃗⊥Þ

�
; ð25Þ

where the b⃗⊥-dependent vector and tensor generalized
FFs, Aq

n0 and Bq
Tn0, are obtained by performing the

Fourier transform of the FFs Aq
n0ðtÞ and Bq

Tn0ðtÞ with

respect to Δ⃗⊥ or equivalently by taking the x moments
of the impact parameter dependent GPDs qðx; b⃗⊥Þ and
qTðx; b⃗⊥Þ, respectively:

Aq
n0ðb⃗⊥Þ ¼

Z
d2Δ⃗⊥

ð2πÞ2 e
−iΔ⃗⊥·b⃗⊥Aq

n0ð−Δ⃗⊥2Þ

¼
Z

1

0

dxxn−1qðx; b⃗⊥Þ;

Bq
Tn0ðb⃗⊥Þ ¼

Z
d2Δ⃗⊥

ð2πÞ2 e
−iΔ⃗⊥·b⃗⊥Bq

Tn0ð−Δ⃗⊥2Þ

¼
Z

1

0

dxxn−1qTðx; b⃗⊥Þ: ð26Þ

The impact parameter dependent GPDs qðx; b⃗⊥Þ and
qTðx; b⃗⊥Þ for the pion are presented in Fig. 7. We find that
both distributions have sharp peaks located at the center of
the pion (b⊥ ¼ 0) when the quark carries large longitudinal
momentum. Nevertheless, the magnitude of the unpolar-
ized distribution is much higher compared to that of the
polarized distribution. A substantial difference is also
observed between qðx; b⃗⊥Þ and qTðx; b⃗⊥Þ at large x.

(a)

(c)

(b)

FIG. 6. The first two Mellin moments of the valence quark GPDs of the kaon: (a) −tAK;uðs̄Þ
n0 ðtÞ, (b) −tAK

n0ðtÞ, and (c) −tBK;uðs̄Þ
Tn0 ðtÞ for

n ¼ 1 (black lines) and n ¼ 2 (blue lines) as functions of −t. The electromagnetic form factor A10ðtÞ of the kaon in (b) is compared with
the experimental data [131,132]. The inset in (b) provides an expanded view of the EMFF at low −t. The tensor FFs in (c) BT10ðtÞ and
BT20ðtÞ are compared with the χQM [73] at μ2 ¼ 4 GeV2. The lines with circle and triangle symbols correspond to the results calculated
in the BLFQ-NJL model (this work). The lines without symbols in (c) represent the χQM results. The experimental results in (b) are for
the EMFF only.
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FIG. 7. The valence (u or d̄) quark GPDs for the pion in the transverse impact parameter space: (a) qðx; b⃗⊥Þ and (b) qTðx; b⃗⊥Þ as
functions of x and b⊥, where b⊥ is the transverse distance of the active quark from the center of momentum of the hadron.

FIG. 8. The valence quark GPDs of the kaon in the transverse impact parameter space: (a) qðx; b⃗⊥Þ and (c) qTðx; b⃗⊥Þ are for the
valence u quark; (b) and (d) are same as (a) and (c), respectively, but for the valence s̄ quark as functions of x and b⊥, where b⊥ is the
transverse distance of the active quark from the center of momentum of the hadron.
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We also notice that the qualitative behavior of the GPDs
qðx; b⃗⊥Þ and qTðx; b⃗⊥Þ for the kaon, shown in Fig. 8, is
very similar to those for the pion. However, due to the
heavier mass of the s̄ quark, its distributions are narrower
than those distributions for the u quark in the kaon. Another
interesting feature is that the width of all the GPDs in the
transverse impact parameter space decrease as x increases.
This indicates that the distributions are more localized near
the center of the momentum (b⊥ ¼ 0) when quarks are
carrying higher longitudinal momentum. This character-
istic of the GPDs in the transverse impact parameter space
is reassuring since the distributions in the momentum space
become broader in −t with increasing x, as can be seen
from Figs. 1 and 2. On the light-front, this is understood as
the larger the momentum fraction, the lower the kinetic
energy carried by the quarks. As the total kinetic energy
remains limited, the distribution in the transverse

momentum is required to become broader to carry a larger
portion of the kinetic energy. This model-independent
property of the GPDs is also observed in the case of the
nucleon [37,119–121].
We present the first moment of the quark-spin proba-

bility density ρn¼1ðb⃗⊥; s⃗⊥Þ, defined in Eq. (25), in Fig. 9.
When the quark is unpolarized (s⃗⊥ ¼ 0⃗), only Aq

10ðb⃗⊥Þ
contributes in the probability density, which is rotationally
symmetric in the two-dimensional impact parameters
ðbx; byÞ plane as shown in Fig. 9(a) and hence, one does
not see any interesting structures from this. We now turn
our attention to the case when the quark is transversely
polarized. Without loss of generality, we consider the quark
polarized along the x-axis, i.e., s⃗⊥ ¼ ðþ1; 0Þ and show the
numerical results as functions of bx and by. The probability
density becomes distorted when the quark inside the pion is
transversely polarized as can be seen from Fig. 9(b)

(a) (b)

(c) (d)

FIG. 9. The valence quark probability density in the pion in the transverse impact parameter plane; (a) when the quark is unpolarized

ρðb⃗⊥Þ ¼ ρn¼1ðb⃗⊥; s⃗⊥ ¼ 0⃗Þ and (b) when quark is transversely polarized along-x direction ρTðb⃗⊥Þ ¼ ρn¼1ðb⃗⊥; s⃗⊥ ¼ ð1; 0ÞÞ. Our
corresponding results are compared with lattice QCD and the χQM model in (c) and (d), respectively. The solid, dotted and dash-dotted
lines correspond to the BLFQ-NJL model, lattice QCD [33] and the χQM [85], respectively.
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indicating the spin structure inside the pion. The second
term in Eq. (25) provides the distortion, and one can clearly
observe the deviation from rotational symmetry of the
unpolarized density due to the polarization. We also find
that the present results are very similar to those given by the
lattice QCD calculation [33]. For instance, in the lower
panel of Fig. 9 we show the probability densities as a
function of by at fixed bx ¼ 0.15 fm, comparing those with
that of the lattice QCD simulations and the χQM [85]. The
BLFQ-NJL model results are found to be consistent with
the results of lattice QCD and the χQM. The spin densities
of the u and s̄ quarks in the kaon are shown in Fig. 10,
where we notice the similar patterns of the quark-spin
probability densities as observed in the pion. It is however

interesting to note that s̄ quark densities, due to the
heavier s̄mass, are more localized near the origin compared
to the u-quark densities in the kaon. We also find that the
qualitative behavior of the present results in the BLFQ-NJL
model is compatible with the results obtained in the χQM
[73] as shown in Fig. 11, where we plot the probability
densities as a function of by at fixed bx ¼ 0.15 fm.

C. Average transverse shift and
transverse squared radius

It is also interesting to examine the average transverse
shift of the peak position of the probability density
along the by direction for a transverse quark spin in the
x-direction, which is defined as [33]

(a) (b)

(c) (d)

FIG. 10. The valence quarks’ probability densities in the kaon in the transverse impact parameter plane; (a) for unpolarized u quark
ρðb⃗⊥Þ ¼ ρn¼1ðb⃗⊥; s⃗⊥ ¼ 0⃗Þ and (b) for polarized u quark ρTðb⃗⊥Þ ¼ ρn¼1ðb⃗⊥; s⃗⊥ ¼ ð1; 0ÞÞ. (c) and (d) are same as (a) and (b),
respectively but for s̄ quark in the kaon.
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hb⊥y in ¼
R
d2b⃗⊥b⊥y ρnðb⃗⊥; s⃗⊥ÞR
d2b⃗⊥ρnðb⃗⊥; s⃗⊥Þ

¼ 1

2MP

Bq
Tn0ð0Þ
Aq
n0ð0Þ

: ð27Þ

Our BLFQ-NJL model results for the pion give hb⊥y i1 ¼
0.162� 0.003 fm and hb⊥y i2 ¼ 0.131� 0.003 fm, while
the lattice simulations provide [33] hb⊥y i1 ¼ 0.151ð24Þ fm
and hb⊥y i2 ¼ 0.106ð28Þ fm. Our results for hb⊥y in¼1;2 for
the pion and the kaon are compared with the lattice QCD,
the χQM, CCQM, and NJL model in Table III.

One can also define the x-dependent squared radius of
the quark density in the transverse plane as [24]:

hb2⊥iqðxÞ ¼
R
d2b⃗⊥ðb⃗⊥Þ2qðx; b⃗⊥ÞR

d2b⃗⊥qðx; b⃗⊥Þ
; ð28Þ

which can also be written through the GPD Hðx; 0; tÞ as:

hb2⊥iqðxÞ ¼ 4
∂
∂t lnH

qðx; 0; tÞ
			
t¼0

: ð29Þ

(a) (b)

(c) (d)

FIG. 11. The valence quarks’ probability densities in the kaon in our BLFQ-NJL model (solid lines) are compared with χQM
predictions [73] (dashed lines).

TABLE III. BLFQ-NJL model predictions for average transverse shift hb⊥y iq1;2 in the pion and the kaon. Our results are compared with
the available lattice simulations [33], the χQM [73,85], CCQM [11], and NJL model [77].

Approach hb⊥y iq;π1 fm hb⊥y iq;π2 fm hb⊥y iu;K1 fm hb⊥y is̄;K1 fm hb⊥y iu;K2 fm hb⊥y is̄;K2 fm

BLFQ-NJL (this work) 0.162� 0.003 0.131� 0.003 0.164� 0.003 0.141� 0.002 0.114� 0.002 0.114� 0.002
Lattice QCD [33] 0.151� 0.024 0.106� 0.028 … … … …
χQM [85] 0.152 … … … … …
χQM (model I) [73] … … 0.168 0.166 … …
χQM (model II) [73] … … 0.139 0.100 … …
CCQM [11] 0.090� 0.001 0.080� 0.001 … … … …
NJL model [77] … … 0.116 … 0.083 …
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For the pion and the kaon the squared radius hb2⊥iðxÞ is
obtained as the charge-weighted sumover thevalence quarks:
hb2⊥iπðxÞ ¼ euhb2⊥iuðxÞ þ ed̄hb2⊥id̄ðxÞ and hb2⊥iKðxÞ¼
euhb2⊥iuðxÞþes̄hb2⊥is̄ðxÞ. The hb2⊥iðxÞ describes the trans-
verse size of the hadron and shows an increase of transverse
radius with decreasing value of the quark momentum
fraction x [24]. As can be seen from Fig. 12 and as
expected, the transverse size of the kaon is smaller than
that of the pion for a fixed value of x. We also compute the
pion’s and the kaon’s transverse squared radius through the
following average over x [24]

hb2⊥i ¼
X
q

eq
1

Nq

Z
1

0

dxHqðx; 0; 0Þhb2⊥iqðxÞ; ð30Þ

with the integrated number of valence quarkNq of flavor q.
We obtain the squared radius of the pion and the kaon,
hb2⊥iπ ¼ 0.285 fm2 and hb2⊥iK ¼ 0.223 fm2, respectively.
The quantity hb2⊥i is connected to the conventionally
defined squared radius hr2ci from the EMFF by hb2⊥i ¼
2
3
hr2ci [24,89]. Our results are close to the experimental data

for the pion, hb2⊥iπexp ¼ 0.301� 0.014 fm2 and for the
kaon, hb2⊥iKexp ¼ 0.209� 0.047 fm2 [133] and also con-
sistent with the previously computed charge radii of the
pion and the kaon in the BLFQ-NJL model [92].

V. SUMMARY

We have investigated the valence quark GPDs of the light
pseudoscalar mesons in the framework of BLFQ using a
light-front model for light mesons that incorporates light-
front holography, longitudinal confinement, and the color-
singlet Nambu-Jona–Lasinio interactions. The parameters
in the BLFQ-NJL model have previously been adjusted to
generate the experimental mass spectrum and the charge
radii of the light mesons [92]. We have evaluated the quark
unpolarized GPDH and tensor GPD ET in the pion and the

kaon in both momentum and transverse position space. The
generalized form factors for the pion and the kaon, i.e.,
vector and tensor form factors from the first two moments
of the quark unpolarized and tensor GPDs have been
calculated. We have verified the agreement of the electro-
magnetic form factors resulting from the unpolarized GPD
with the experimental data of the pion and the kaon. The
moments of the tensor GPD ET , which give the tensor form
factors, have been found to be comparable with the para-
metrization of lattice QCD simulations as well as with the
results of the χQM.
We have subsequently calculated the probability den-

sities of the unpolarized and polarized quarks inside the
pion and the kaon. We have observed that the spatial
distribution of the unpolarized quarks is axially symmet-
ric, while it strongly distorted when quarks are trans-
versely polarized, revealing a nontrivial distribution of
quark polarization in the pseudoscalar mesons. The quark
probability densities in the BLFQ-NJL model have been
found to be in good agreement to those from lattice QCD.
The qualitative nature of the quark densities in the kaon
was also consistent with those in the χQM. In order to
examine the shift of the peaks of the densities in the by
direction, we have computed the average value of by,
which turned out to be compatible with the lattice QCD
and the χQM.
We have also evaluated the x-dependent squared radius

of the quark density in the transverse plane, which
describes the transverse size of the hadron. We have found
that, with increasing quark longitudinal momentum, the
transverse radius of the pion and the kaon decreases. A
similar effect has also been observed in the nucleon [24].
We have noticed that the quarks are more transversely
localized in the kaon than in the pion.

ACKNOWLEDGMENTS

C.M. is supported by new faculty start up funding by
the Institute of Modern Physics, Chinese Academy of
Sciences, Grant No. E129952YR0. C. M. and S. N. thank
the Chinese Academy of Sciences Presidents International
Fellowship Initiative for the support via Grants
No. 2021PM0023 and No. 2021PM0021, respectively.
X. Z. is supported by new faculty startup funding by the
Institute of Modern Physics, Chinese Academy of
Sciences, by Key Research Program of Frontier
Sciences, Chinese Academy of Sciences, Grant
No. ZDB-SLY-7020, by the Natural Science Foundation
of Gansu Province, China, Grant No. 20JR10RA067 and
by the Strategic Priority Research Program of the Chinese
Academy of Sciences, Grant No. XDB34000000. J. P. V. is
supported by the Department of Energy under Grants
No. DE-FG02-87ER40371, and No. DE-SC0018223
(SciDAC4/NUCLEI). S. J. is supported by U.S.
Department of Energy, Office of Science, Office of
Nuclear Physics, Contract no. DE-AC02-06CH11357.

FIG. 12. x-dependence of hb2⊥i for quarks in the pion (dashed
line) and the kaon (solid line) in the BLFQ-NJL model.

GENERALIZED PARTON DISTRIBUTIONS AND SPIN … PHYS. REV. D 104, 114019 (2021)

114019-15



This research used resources of the National Energy
Research Scientific Computing Center (NERSC), a U.S.
Department of Energy Office of Science User Facility

operated under Contract No. DE-AC02-05CH11231. A
portion of the computational resources were also provided
by Gansu Computing Center.

[1] X. D. Ji, Phys. Rev. Lett. 78, 610 (1997).
[2] M. V. Polyakov and C. Weiss, Phys. Rev. D 60, 114017

(1999).
[3] K. Goeke, M. V. Polyakov, and M. Vanderhaeghen, Prog.

Part. Nucl. Phys. 47, 401 (2001).
[4] H. M. Choi, C. R. Ji, and L. S. Kisslinger, Phys. Rev. D 64,

093006 (2001).
[5] M. Diehl, Phys. Rep. 388, 41 (2003).
[6] A. V. Belitsky and A. V. Radyushkin, Phys. Rep. 418, 1

(2005).
[7] S. Meissner, A. Metz, and K. Goeke, Phys. Rev. D 76,

034002 (2007).
[8] C. R. Ji, Y. Mishchenko, and A. Radyushkin, Phys. Rev. D

73, 114013 (2006).
[9] W. Broniowski, E. Ruiz Arriola, and K. Golec-Biernat,

Phys. Rev. D 77, 034023 (2008).
[10] C. Mezrag, L. Chang, H. Moutarde, C. D. Roberts, J.

Rodrguez-Quintero, F. Sabati, and S. M. Schmidt, Phys.
Lett. B 741, 190 (2015).

[11] C. Fanelli, E. Pace, G. Romanelli, G. Salme, and M.
Salmistraro, Eur. Phys. J. C 76, 253 (2016).

[12] N. Kaur, N. Kumar, C. Mondal, and H. Dahiya, Nucl.
Phys. B934, 80 (2018).

[13] G. F. de Teramond, T. Liu, R. S. Sufian, H. G. Dosch, S. J.
Brodsky, and A. Deur (HLFHS Collaboration), Phys. Rev.
Lett. 120, 182001 (2018).

[14] J. W. Chen, H. W. Lin, and J. H. Zhang, Nucl. Phys. B952,
114940 (2020).

[15] J. L. Zhang, K. Raya, L. Chang, Z. F. Cui, J. M. Morgado,
C. D. Roberts, and J. Rodríguez-Quintero, Phys. Lett. B
815, 136158 (2021).

[16] J. L. Zhang, M. Y. Lai, H. S. Zong, and J. L. Ping, Nucl.
Phys. B966, 115387 (2021).

[17] D. S. Hwang and D. Mueller, Phys. Lett. B 660, 350
(2008).

[18] D. Chakrabarti, X. Zhao, H. Honkanen, R. Manohar, P.
Maris, and J. P. Vary, Phys. Rev. D 89, 116004 (2014).

[19] C. Mondal, Eur. Phys. J. C 77, 640 (2017).
[20] N. Chouika, C. Mezrag, H. Moutarde, and J. Rodrguez-

Quintero, Phys. Lett. B 780, 287 (2018).
[21] L. Adhikari, Y. Li, X. Zhao, P. Maris, J. P. Vary, and A.

Abd El-Hady, Phys. Rev. C 93, 055202 (2016).
[22] L. Adhikari, Y. Li, M. Li, and J. P. Vary, Phys. Rev. C 99,

035208 (2019).
[23] C. Alexandrou, K. Cichy, M. Constantinou, K.

Hadjiyiannakou, K. Jansen, A. Scapellato, and F. Steffens,
Phys. Rev. Lett. 125, 262001 (2020).

[24] R. Dupre, M. Guidal, and M. Vanderhaeghen, Phys. Rev. D
95, 011501 (2017).

[25] B. Kriesten, P. Velie, E. Yeats, F. Y. Lopez, and S. Liuti,
arXiv:2101.01826.

[26] M. Guidal, M. V. Polyakov, A. V. Radyushkin, and M.
Vanderhaeghen, Phys. Rev. D 72, 054013 (2005).

[27] N. S. Nikkhoo and M. R. Shojaei, Phys. Rev. C 97, 055211
(2018).

[28] G. A. Miller, Phys. Rev. Lett. 99, 112001 (2007).
[29] M. Burkardt, Phys. Rev. D 62, 071503 (2000); 66, 119903

(E) (2002).
[30] J. P. Ralston and B. Pire, Phys. Rev. D 66, 111501 (2002).
[31] M. Burkardt, Int. J. Mod. Phys. A 18, 173 (2003).
[32] W. Broniowski and E. Ruiz Arriola, Phys. Lett. B 574, 57

(2003).
[33] D. Brömmel, M. Diehl, M. Gckeler, Ph. Hgler, R. Horsley,

Y. Nakamura, D. Pleiter, P. E. L. Rakow, A. Schfer, G.
Schierholz et al. (QCDSF and UKQCD Collaborations),
Phys. Rev. Lett. 101, 122001 (2008).

[34] M. Göckeler, Ph. Hgler, R. Horsley, Y. Nakamura, D.
Pleiter, P. E. L. Rakow, A. Schfer, G. Schierholz, H. Stben,
and J. M. Zanotti (QCDSF and UKQCD Collaborations),
Phys. Rev. Lett. 98, 222001 (2007).

[35] M. Diehl and Ph. Hägler, Eur. Phys. J. C 44, 87 (2005).
[36] B. Pasquini and S. Boffi, Phys. Lett. B 653, 23 (2007).
[37] T. Maji, C. Mondal, and D. Chakrabarti, Phys. Rev. D 96,

013006 (2017).
[38] T. Sawada, W.-C. Chang, S. Kumano, J.-C. Peng, S.

Sawada, and K. Tanaka, Phys. Rev. D 93, 114034 (2016).
[39] S. Chen, H. Avakian, V. D. Burkert, P. Eugenio, G. Adams,

M. Amarian, P. Ambrozewicz, M. Anghinolfi, G. Asryan,
H. Baghdasaryan et al. (CLAS Collaboration), Phys. Rev.
Lett. 97, 072002 (2006).

[40] C. M. Camacho, A. Camsonne, M. Mazouz, C. Ferdi, G.
Gavalian, E. Kuchina, M. Amarian, K. A. Aniol, M.
Beaumel, H. Benaoum et al. (Jefferson Lab Hall A
Collaboration), Phys. Rev. Lett. 97, 262002 (2006).

[41] M. Mazouz, A. Camsonne, C. M. Camacho, C. Ferdi, G.
Gavalian, E. Kuchina, M. Amarian, K. A. Aniol, M.
Beaumel, H. Benaoum et al. (Jefferson Lab Hall A
Collaboration), Phys. Rev. Lett. 99, 242501 (2007).

[42] M. Defurne, M. Amaryan, K. A. Aniol, M. Beaumel, H.
Benaoum, P. Bertin, M. Brossard, A. Camsonne, J. P. Chen
et al. (Jefferson Lab Hall A Collaboration), Phys. Rev. C
92, 055202 (2015).

[43] M. Alekseev, V. Yu. Alexakhin, Y. Alexandrov, G. D.
Alexeev, A. Amoroso, A. Austregesilo, B. Badelek, F.
Balestra, J. Ball, J. Barth, G. Baum et al. (COMPASS
Collaboration), Phys. Lett. B 680, 217 (2009).

[44] M. G. Alekseev, V. Y. Alexakhin, Y. Alexandrov,
G. D. Alexeev, A. Amoroso, A. Austregesilo, B. Badelek,

LEKHA ADHIKARI et al. PHYS. REV. D 104, 114019 (2021)

114019-16

https://doi.org/10.1103/PhysRevLett.78.610
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1016/S0146-6410(01)00158-2
https://doi.org/10.1016/S0146-6410(01)00158-2
https://doi.org/10.1103/PhysRevD.64.093006
https://doi.org/10.1103/PhysRevD.64.093006
https://doi.org/10.1016/j.physrep.2003.08.002
https://doi.org/10.1016/j.physrep.2005.06.002
https://doi.org/10.1016/j.physrep.2005.06.002
https://doi.org/10.1103/PhysRevD.76.034002
https://doi.org/10.1103/PhysRevD.76.034002
https://doi.org/10.1103/PhysRevD.73.114013
https://doi.org/10.1103/PhysRevD.73.114013
https://doi.org/10.1103/PhysRevD.77.034023
https://doi.org/10.1016/j.physletb.2014.12.027
https://doi.org/10.1016/j.physletb.2014.12.027
https://doi.org/10.1140/epjc/s10052-016-4101-1
https://doi.org/10.1016/j.nuclphysb.2018.07.003
https://doi.org/10.1016/j.nuclphysb.2018.07.003
https://doi.org/10.1103/PhysRevLett.120.182001
https://doi.org/10.1103/PhysRevLett.120.182001
https://doi.org/10.1016/j.nuclphysb.2020.114940
https://doi.org/10.1016/j.nuclphysb.2020.114940
https://doi.org/10.1016/j.physletb.2021.136158
https://doi.org/10.1016/j.physletb.2021.136158
https://doi.org/10.1016/j.nuclphysb.2021.115387
https://doi.org/10.1016/j.nuclphysb.2021.115387
https://doi.org/10.1016/j.physletb.2008.01.014
https://doi.org/10.1016/j.physletb.2008.01.014
https://doi.org/10.1103/PhysRevD.89.116004
https://doi.org/10.1140/epjc/s10052-017-5203-0
https://doi.org/10.1016/j.physletb.2018.02.070
https://doi.org/10.1103/PhysRevC.93.055202
https://doi.org/10.1103/PhysRevC.99.035208
https://doi.org/10.1103/PhysRevC.99.035208
https://doi.org/10.1103/PhysRevLett.125.262001
https://doi.org/10.1103/PhysRevD.95.011501
https://doi.org/10.1103/PhysRevD.95.011501
https://arXiv.org/abs/2101.01826
https://doi.org/10.1103/PhysRevD.72.054013
https://doi.org/10.1103/PhysRevC.97.055211
https://doi.org/10.1103/PhysRevC.97.055211
https://doi.org/10.1103/PhysRevLett.99.112001
https://doi.org/10.1103/PhysRevD.62.071503
https://doi.org/10.1103/PhysRevD.66.119903
https://doi.org/10.1103/PhysRevD.66.119903
https://doi.org/10.1103/PhysRevD.66.111501
https://doi.org/10.1142/S0217751X03012370
https://doi.org/10.1016/j.physletb.2003.09.009
https://doi.org/10.1016/j.physletb.2003.09.009
https://doi.org/10.1103/PhysRevLett.101.122001
https://doi.org/10.1103/PhysRevLett.98.222001
https://doi.org/10.1140/epjc/s2005-02342-6
https://doi.org/10.1016/j.physletb.2007.07.037
https://doi.org/10.1103/PhysRevD.96.013006
https://doi.org/10.1103/PhysRevD.96.013006
https://doi.org/10.1103/PhysRevD.93.114034
https://doi.org/10.1103/PhysRevLett.97.072002
https://doi.org/10.1103/PhysRevLett.97.072002
https://doi.org/10.1103/PhysRevLett.97.262002
https://doi.org/10.1103/PhysRevLett.99.242501
https://doi.org/10.1103/PhysRevC.92.055202
https://doi.org/10.1103/PhysRevC.92.055202
https://doi.org/10.1016/j.physletb.2009.08.065


F. Balestra, J. Barth, G. Baum et al. (COMPASS Col-
laboration), Phys. Lett. B 693, 227 (2010).

[45] A. Accardi, A. Afanasev, I. Albayrak, S. F. Ali, M.
Amaryan, J. R. M. Annand, J. Arrington, A. Asaturyan,
H. Atac, H. Avakian et al., Eur. Phys. J. A 57, 261 (2021).

[46] R. Abdul Khalek, A. Accardi, J. Adam, D. Adamiak, W.
Akers, M. Albaladejo, A. Al-bataineh, M. G. Alexeev, F.
Ameli, P. Antonioli et al., arXiv:2103.05419.

[47] D. P. Anderle, V. Bertone, X. Cao, L. Chang, N. Chang, G.
Chen, X. Chen, Z. Chen, Z. Cui, L. Dai et al., Front. Phys.
(Beijing) 16, 64701 (2021).

[48] S. D. Drell and T.-M. Yan, Phys. Rev. Lett. 25, 316 (1970).
[49] J. H. Christenson, G. S. Hicks, L. M. Lederman, P. J.

Limon, B. G. Pope, and E. Zavattini, Phys. Rev. Lett.
25, 1523 (1970).

[50] J. C. Peng and J.-W. Qiu, Prog. Part. Nucl. Phys. 76, 43
(2014).

[51] W. C. Chang and D. Dutta, Int. J. Mod. Phys. E 22,
1330020 (2013).

[52] P. E. Reimer, J. Phys. G 34, S107 (2007).
[53] P. L. McGaughey, J. M. Moss, and J. C. Peng, Annu. Rev.

Nucl. Part. Sci. 49, 217 (1999).
[54] M. Woods, K. Nishikawa, J. R. Patterson, Y.W. Wah, B.

Winstein, R. Winston, H. Yamamoto, E. C. Swallow, G. J.
Bock, R. Coleman et al., Phys. Rev. Lett. 60, 1695 (1988).

[55] G. D. Barr, P. Buchholz, R. Carosi, D. H. Coward, D.
Cundy, N. Doble, L. Gatignon, V. Gibson, P. Grafstrom, R.
Hagelberg et al. (NA31 Collaboration), Phys. Lett. B 317,
233 (1993).

[56] L. K. Gibbons, A. Barker, R. A. Briere, G. Makoff, V.
Papadimitriou, J. R. Patterson, B. Schwingenheuer, S. V.
Somalwar, Y.W. Wah, B. Winstein et al., Phys. Rev. Lett.
70, 1203 (1993).

[57] T. Gutsche, V. E. Lyubovitskij, I. Schmidt, and A. Vega, J.
Phys. G 42, 095005 (2015).

[58] T. Gutsche, V. E. Lyubovitskij, I. Schmidt, and A. Vega,
Phys. Rev. D 89, 054033 (2014); 92, 019902(E) (2015).

[59] S. Dalley, Phys. Rev. D 64, 036006 (2001).
[60] S. Dalley and B. V. Sande, Phys. Rev. D 67, 114507

(2003).
[61] P. Hagler, Phys. Rep. 490, 49 (2010).
[62] T. Frederico, E. Pace, B. Pasquini, and G. Salme, Phys.

Rev. D 80, 054021 (2009).
[63] L. Theussl, S. Noguera, and V. Vento, Eur. Phys. J. A 20,

483 (2004).
[64] S. Dalley, Phys. Lett. B 570, 191 (2003).
[65] S. Kumano, Q. T. Song, and O. V. Teryaev, Phys. Rev. D

97, 014020 (2018).
[66] L. Chang, K. Raya, and X. Wang, Chin. Phys. C 44,

114105 (2020).
[67] Z. L. Ma, J. Q. Zhu, and Z. Lu, Phys. Rev. D 101, 114005

(2020).
[68] J. L. Zhang, Z. F. Cui, J. Ping, and C. D. Roberts, Eur.

Phys. J. C 81, 6 (2021).
[69] C. D. Roberts, D. G. Richards, T. Horn, and L. Chang,

Prog. Part. Nucl. Phys. 120, 103883 (2021).
[70] C. Shi, K. Bednar, I. C. Cloët, and A. Freese, Phys. Rev. D

101, 074014 (2020).
[71] S. Kaur, N. Kumar, J. Lan, C. Mondal, and H. Dahiya,

Phys. Rev. D 102, 014021 (2020).

[72] K. Raya, Z. F. Cui, L. Chang, J. M. Morgado, C. D.
Roberts, and J. Rodriguez-Quintero, arXiv:2109.11686.

[73] S. i. Nam and H. C. Kim, Phys. Lett. B 707, 546 (2012).
[74] S. S. Xu, L. Chang, C. D. Roberts, and H. S. Zong, Phys.

Rev. D 97, 094014 (2018).
[75] S. Kaur and H. Dahiya, Phys. Rev. D 100, 074008 (2019).
[76] A. Kock, Y. Liu, and I. Zahed, Phys. Rev. D 102, 014039

(2020).
[77] J. L. Zhang and J. L. Ping, Eur. Phys. J. C 81, 814 (2021).
[78] V. Barone, A. Drago, and P. G. Ratcliffe, Phys. Rep. 359, 1

(2002).
[79] M. Anselmino, V. Barone, A. Drago, and N. N. Nikolaev,

Phys. Lett. B 594, 97 (2004).
[80] B. Pasquini, M. Pincetti, and S. Boffi, Phys. Rev. D 76,

034020 (2007).
[81] M. Anselmino, M. Boglione, U. D’Alesio, A. Kotzinian, F.

Murgia, A. Prokudin, and C. Turk, Phys. Rev. D 75,
054032 (2007).

[82] M. Radici and A. Bacchetta, Phys. Rev. Lett. 120, 192001
(2018).

[83] W. Broniowski, A. E. Dorokhov, and E. Ruiz Arriola,
Phys. Rev. D 82, 094001 (2010).

[84] A. E. Dorokhov, W. Broniowski, and E. Ruiz Arriola,
Phys. Rev. D 84, 074015 (2011).

[85] S. i. Nam and H. C. Kim, Phys. Lett. B 700, 305 (2011).
[86] J. P. Vary, H. Honkanen, J. Li, P. Maris, S. J. Brodsky, A.

Harindranath, G. F. de Teramond, P. Sternberg, E. G. Ng,
and C. Yang, Phys. Rev. C 81, 035205 (2010).

[87] S. J. Brodsky, G. F. de Teramond, H. G. Dosch, and J.
Erlich, Phys. Rep. 584, 1 (2015).

[88] Y. Li, P. Maris, X. Zhao, and J. P. Vary, Phys. Lett. B 758,
118 (2016).

[89] Y. Li, P. Maris, and J. P. Vary, Phys. Rev. D 96, 016022
(2017).

[90] S. Klimt, M. F. M. Lutz, U. Vogl, and W. Weise, Nucl.
Phys. A516, 429 (1990).

[91] T. Shigetani, K. Suzuki, and H. Toki, Phys. Lett. B 308,
383 (1993).

[92] S. Jia and J. P. Vary, Phys. Rev. C 99, 035206 (2019).
[93] J. Lan, C. Mondal, S. Jia, X. Zhao, and J. P. Vary, Phys.

Rev. D 101, 034024 (2020).
[94] J. Lan, C. Mondal, S. Jia, X. Zhao, and J. P. Vary, Phys.

Rev. Lett. 122, 172001 (2019).
[95] C. Mondal, S. Nair, S. Jia, X. Zhao, and J. P. Vary (BLFQ

Collaboration), Phys. Rev. D 104, 094034 (2021).
[96] Y. L. Dokshitzer, Zh. Eksp. Teor. Fiz. 73, 1216 (1977)

[Sov. Phys. JETP 46, 641 (1977)].
[97] V. N. Gribov and L. N. Lipatov, Sov. J. Nucl. Phys. 15, 438

(1972).
[98] G. Altarelli and G. Parisi, Nucl. Phys. B126, 298 (1977).
[99] X. Zhao, H. Honkanen, P. Maris, J. P. Vary, and S. J.

Brodsky, Phys. Lett. B 737, 65 (2014).
[100] P. Wiecki, Y. Li, X. Zhao, P. Maris, and J. P. Vary, Phys.

Rev. D 91, 105009 (2015).
[101] S. Tang, Y. Li, P. Maris, and J. P. Vary, Phys. Rev. D 98,

114038 (2018).
[102] S. Tang, Y. Li, P. Maris, and J. P. Vary, Eur. Phys. J. C 80,

522 (2020).
[103] C. Mondal, S. Xu, J. Lan, X. Zhao, Y. Li, D. Chakrabarti,

and J. P. Vary, Phys. Rev. D 102, 016008 (2020).

GENERALIZED PARTON DISTRIBUTIONS AND SPIN … PHYS. REV. D 104, 114019 (2021)

114019-17

https://doi.org/10.1016/j.physletb.2010.08.034
https://doi.org/10.1140/epja/s10050-021-00564-y
https://arXiv.org/abs/2103.05419
https://doi.org/10.1007/s11467-021-1062-0
https://doi.org/10.1007/s11467-021-1062-0
https://doi.org/10.1103/PhysRevLett.25.316
https://doi.org/10.1103/PhysRevLett.25.1523
https://doi.org/10.1103/PhysRevLett.25.1523
https://doi.org/10.1016/j.ppnp.2014.01.005
https://doi.org/10.1016/j.ppnp.2014.01.005
https://doi.org/10.1142/S0218301313300208
https://doi.org/10.1142/S0218301313300208
https://doi.org/10.1088/0954-3899/34/7/S06
https://doi.org/10.1146/annurev.nucl.49.1.217
https://doi.org/10.1146/annurev.nucl.49.1.217
https://doi.org/10.1103/PhysRevLett.60.1695
https://doi.org/10.1016/0370-2693(93)91599-I
https://doi.org/10.1016/0370-2693(93)91599-I
https://doi.org/10.1103/PhysRevLett.70.1203
https://doi.org/10.1103/PhysRevLett.70.1203
https://doi.org/10.1088/0954-3899/42/9/095005
https://doi.org/10.1088/0954-3899/42/9/095005
https://doi.org/10.1103/PhysRevD.89.054033
https://doi.org/10.1103/PhysRevD.92.019902
https://doi.org/10.1103/PhysRevD.64.036006
https://doi.org/10.1103/PhysRevD.67.114507
https://doi.org/10.1103/PhysRevD.67.114507
https://doi.org/10.1016/j.physrep.2009.12.008
https://doi.org/10.1103/PhysRevD.80.054021
https://doi.org/10.1103/PhysRevD.80.054021
https://doi.org/10.1140/epja/i2003-10174-3
https://doi.org/10.1140/epja/i2003-10174-3
https://doi.org/10.1016/j.physletb.2003.07.052
https://doi.org/10.1103/PhysRevD.97.014020
https://doi.org/10.1103/PhysRevD.97.014020
https://doi.org/10.1088/1674-1137/abae52
https://doi.org/10.1088/1674-1137/abae52
https://doi.org/10.1103/PhysRevD.101.114005
https://doi.org/10.1103/PhysRevD.101.114005
https://doi.org/10.1140/epjc/s10052-020-08791-1
https://doi.org/10.1140/epjc/s10052-020-08791-1
https://doi.org/10.1016/j.ppnp.2021.103883
https://doi.org/10.1103/PhysRevD.101.074014
https://doi.org/10.1103/PhysRevD.101.074014
https://doi.org/10.1103/PhysRevD.102.014021
https://arXiv.org/abs/2109.11686
https://doi.org/10.1016/j.physletb.2012.01.016
https://doi.org/10.1103/PhysRevD.97.094014
https://doi.org/10.1103/PhysRevD.97.094014
https://doi.org/10.1103/PhysRevD.100.074008
https://doi.org/10.1103/PhysRevD.102.014039
https://doi.org/10.1103/PhysRevD.102.014039
https://doi.org/10.1140/epjc/s10052-021-09600-z
https://doi.org/10.1016/S0370-1573(01)00051-5
https://doi.org/10.1016/S0370-1573(01)00051-5
https://doi.org/10.1016/j.physletb.2004.05.029
https://doi.org/10.1103/PhysRevD.76.034020
https://doi.org/10.1103/PhysRevD.76.034020
https://doi.org/10.1103/PhysRevD.75.054032
https://doi.org/10.1103/PhysRevD.75.054032
https://doi.org/10.1103/PhysRevLett.120.192001
https://doi.org/10.1103/PhysRevLett.120.192001
https://doi.org/10.1103/PhysRevD.82.094001
https://doi.org/10.1103/PhysRevD.84.074015
https://doi.org/10.1016/j.physletb.2011.04.070
https://doi.org/10.1103/PhysRevC.81.035205
https://doi.org/10.1016/j.physrep.2015.05.001
https://doi.org/10.1016/j.physletb.2016.04.065
https://doi.org/10.1016/j.physletb.2016.04.065
https://doi.org/10.1103/PhysRevD.96.016022
https://doi.org/10.1103/PhysRevD.96.016022
https://doi.org/10.1016/0375-9474(90)90123-4
https://doi.org/10.1016/0375-9474(90)90123-4
https://doi.org/10.1016/0370-2693(93)91302-4
https://doi.org/10.1016/0370-2693(93)91302-4
https://doi.org/10.1103/PhysRevC.99.035206
https://doi.org/10.1103/PhysRevD.101.034024
https://doi.org/10.1103/PhysRevD.101.034024
https://doi.org/10.1103/PhysRevLett.122.172001
https://doi.org/10.1103/PhysRevLett.122.172001
https://doi.org/10.1103/PhysRevD.104.094034
https://doi.org/10.1016/0550-3213(77)90384-4
https://doi.org/10.1016/j.physletb.2014.08.020
https://doi.org/10.1103/PhysRevD.91.105009
https://doi.org/10.1103/PhysRevD.91.105009
https://doi.org/10.1103/PhysRevD.98.114038
https://doi.org/10.1103/PhysRevD.98.114038
https://doi.org/10.1140/epjc/s10052-020-8081-9
https://doi.org/10.1140/epjc/s10052-020-8081-9
https://doi.org/10.1103/PhysRevD.102.016008


[104] J. Lan, K. Fu, C. Mondal, X. Zhao, and J. P. Vary, arXiv:
2106.04954.

[105] U. Vogl, M. F. M. Lutz, S. Klimt, and W. Weise, Nucl.
Phys. A516, 469 (1990).

[106] U. Vogl and W. Weise, Prog. Part. Nucl. Phys. 27, 195
(1991).

[107] S. P. Klevansky, Rev. Mod. Phys. 64, 649 (1992).
[108] M. Burkardt, Nucl. Phys. A735, 185 (2004).
[109] M. Burkardt, Phys. Rev. D 66, 114005 (2002).
[110] M. Ahmady, C. Mondal, and R. Sandapen, Phys. Rev. D

100, 054005 (2019).
[111] B. Pasquini, S. Rodini, and A. Bacchetta, Phys. Rev. D

100, 054039 (2019).
[112] X. D. Ji, J. Phys. G 24, 1181 (1998).
[113] G. A. Miller, Phys. Rev. Lett. 99, 112001 (2007).
[114] Z. Abidin and C. E. Carlson, Phys. Rev. D 78, 071502

(2008).
[115] D. Chakrabarti, C. Mondal, and A. Mukherjee, Phys. Rev.

D 91, 114026 (2015).
[116] C. Mondal, Eur. Phys. J. C 76, 74 (2016).
[117] N. Kumar, C. Mondal, and N. Sharma, Eur. Phys. J. A 53,

237 (2017).
[118] C. Mondal, N. Kumar, H. Dahiya, and D. Chakrabarti,

Phys. Rev. D 94, 074028 (2016).
[119] D. Chakrabarti and C. Mondal, Phys. Rev. D 88, 073006

(2013).
[120] C. Mondal and D. Chakrabarti, Eur. Phys. J. C 75, 261

(2015).
[121] D. Chakrabarti and C. Mondal, Phys. Rev. D 92, 074012

(2015).
[122] S. Xu, C. Mondal, J. Lan, X. Zhao, Y. Li, and J. P. Vary,

Phys. Rev. D 104, 094036 (2021).
[123] G. P. Salam and J. Rojo, Comput. Phys. Commun. 180,

120 (2009).
[124] S. R. Amendolia, M. Arik, B. Badelek, G. Batignani,

G. A. Beck, F. Bedeschi, E. H. Bellamy, E. Bertolucci,

D. Bettoni, H. Bilokon et al. (NA7 Collaboration), Nucl.
Phys. B277, 168 (1986).

[125] C. J. Bebek, C. N. Brown, M. Herzlinger, S. D. Holmes,
C. A. Lichtenstein, F. M. Pipkin, L. K. Sisterson, D.
Andrews, K. Berkelman, D. G. Cassel et al., Phys. Rev.
D 9, 1229 (1974).

[126] C. J. Bebek, C. N. Brown, M. Herzlinger, S. D. Holmes,
C. A. Lichtenstein, F. M. Pipkin, S. Raither, and L. K.
Sisterson, Phys. Rev. D 13, 25 (1976).

[127] C. J. Bebek, C. N. Brown, S. D. Holmes, R. V. Kline, F. M.
Pipkin, S. Raither, L. K. Sisterson, A. Browman, K. M.
Hanson, D. Larson et al., Phys. Rev. D 17, 1693 (1978).

[128] J. Volmer, D. Abbott, H. Anklin, C. Armstrong, J.
Arrington, K. Assamagan, S. Avery, O. K. Baker, H. P.
Blok, C. Bochna et al. (The Jefferson Lab Fπ Collabora-
tion), Phys. Rev. Lett. 86, 1713 (2001).

[129] T. Horn, K. Aniol, J. Arrington, B. Barrett, E. J. Beise,
H. P. Blok, W. Boeglin, E. J. Brash, H. Breuer, C. C. Chang
et al. (The Jefferson Lab Fπ Collaboration), Phys. Rev.
Lett. 97, 192001 (2006).

[130] D. Brömmel, M. Diehl, M. Gckeler, P. Hgler, R. Horsley,
Y. Nakamura, D. Pleiter, P. E. L. Rakow, A. Schfer, G.
Schierholz et al. (QCDSF/UKQCD Collaborations), Eur.
Phys. J. C 51, 335 (2007).

[131] E. B. Dally, J. M. Hauptman, J. Kubic, D. H. Stork, A. B.
Watson, Z. Guzik, T. S. Nigmanov, V. D. Ryabtsov, E. N.
Tsyganov, A. S. Vodopianov et al., Phys. Rev. Lett. 45, 232
(1980).

[132] S. R. Amendolia, G. Batignani, G. A. Beck, E. H. Bellamy,
E. Bertolucci, G. Bologna, L. Bosisio, C. Bradaschia, M.
Budinich, M. Dell’orso et al., Phys. Lett. 178B, 435
(1986).

[133] M. Tanabashi, K. Hagiwara, K. Hikasa, K. Nakamura, Y.
Sumino, F. Takahashi, J. Tanaka, K. Agashe, G. Aielli, C.
Amsler et al. (Particle Data Group), Phys. Rev. D 98,
030001 (2018).

LEKHA ADHIKARI et al. PHYS. REV. D 104, 114019 (2021)

114019-18

https://arXiv.org/abs/2106.04954
https://arXiv.org/abs/2106.04954
https://doi.org/10.1016/0375-9474(90)90124-5
https://doi.org/10.1016/0375-9474(90)90124-5
https://doi.org/10.1016/0146-6410(91)90005-9
https://doi.org/10.1016/0146-6410(91)90005-9
https://doi.org/10.1103/RevModPhys.64.649
https://doi.org/10.1016/j.nuclphysa.2004.02.008
https://doi.org/10.1103/PhysRevD.66.114005
https://doi.org/10.1103/PhysRevD.100.054005
https://doi.org/10.1103/PhysRevD.100.054005
https://doi.org/10.1103/PhysRevD.100.054039
https://doi.org/10.1103/PhysRevD.100.054039
https://doi.org/10.1088/0954-3899/24/7/002
https://doi.org/10.1103/PhysRevLett.99.112001
https://doi.org/10.1103/PhysRevD.78.071502
https://doi.org/10.1103/PhysRevD.78.071502
https://doi.org/10.1103/PhysRevD.91.114026
https://doi.org/10.1103/PhysRevD.91.114026
https://doi.org/10.1140/epjc/s10052-016-3922-2
https://doi.org/10.1140/epja/i2017-12433-0
https://doi.org/10.1140/epja/i2017-12433-0
https://doi.org/10.1103/PhysRevD.94.074028
https://doi.org/10.1103/PhysRevD.88.073006
https://doi.org/10.1103/PhysRevD.88.073006
https://doi.org/10.1140/epjc/s10052-015-3486-6
https://doi.org/10.1140/epjc/s10052-015-3486-6
https://doi.org/10.1103/PhysRevD.92.074012
https://doi.org/10.1103/PhysRevD.92.074012
https://doi.org/10.1103/PhysRevD.104.094036
https://doi.org/10.1016/j.cpc.2008.08.010
https://doi.org/10.1016/j.cpc.2008.08.010
https://doi.org/10.1016/0550-3213(86)90437-2
https://doi.org/10.1016/0550-3213(86)90437-2
https://doi.org/10.1103/PhysRevD.9.1229
https://doi.org/10.1103/PhysRevD.9.1229
https://doi.org/10.1103/PhysRevD.13.25
https://doi.org/10.1103/PhysRevD.17.1693
https://doi.org/10.1103/PhysRevLett.86.1713
https://doi.org/10.1103/PhysRevLett.97.192001
https://doi.org/10.1103/PhysRevLett.97.192001
https://doi.org/10.1140/epjc/s10052-007-0295-6
https://doi.org/10.1140/epjc/s10052-007-0295-6
https://doi.org/10.1103/PhysRevLett.45.232
https://doi.org/10.1103/PhysRevLett.45.232
https://doi.org/10.1016/0370-2693(86)91407-3
https://doi.org/10.1016/0370-2693(86)91407-3
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001

