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The compressibility of magnetized quark matter is investigated in the SU(2) NJL model. The increases
of the chemical potential and the temperature can reduce the compressibility, and lead to the much stiffer
equation of state. The variation of the compressibility with the magnetic field will depend on the phase
region. Due to the anisotropic structure, the compressibility is different in the directions parallel and
perpendicular to the field. The discontinuity of longitudinal compressibility with the chemical potential and
the temperature captures the signature of a first-order chiral phase transition and the crossover at high
temperature. Moreover, the magnetic-field-and-temperature running coupling would have an important
effect on the position of the phase transition. Under the lowest landau level approximation at zero
temperature, the longitudinal compressibility has a direct inverse proportional relation to the magnetic field
strength and the chemical potential square as KHLL% o« 1/(eBu?).

DOI: 10.1103/PhysRevD.104.114010

I. INTRODUCTION

The properties of the quark matter are of most impor-
tance in understanding many physical aspects of nature,
such as the quark gluon plasma in the big bang of the early
universe, the possible structure in the core of compact
objects, and the hadronic quark phase transition in experi-
ments, where the high temperature and high densities
characterize the extreme conditions. Recently, the study
of properties of the quark matter is extended to a strong
magnetic field [1-3], and further extended to a parallel
electric and magnetic field background [4]. It is widely
accepted that the strong magnetic fields could exist in
the early universe, in the core of neutron stars, and in the
noncentral heavy ion collision experiments, such as the
Relativistic Heavy lon Collider or the Large Hadron
Collider (LHC) [5]. The magnitude of the magnetic field
can reach the order of 10' Gauss or higher in these
conditions, which is much stronger than the value
10'6 Gauss in some magnetars [6]. The magnetic field in
the interior of stars could go up to the maximum strengths
of 10'8-10% Gauss [5,7]. In the experiments at the
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LHC/CERN energy, it is possible to produce a magnetic
field of 5 x 10'° Gauss [5,8], where all the flavors could be
lying in the lowest Landau level. Quark matter under strong
magnetic field has been studied extensively [9-13]. These
magnetic fields are short-lived at very high energies, but
play an important role in understanding the chiral magnetic
effect, the possible signatures of strong CP violation in
experiments, and the equation of state of compact stars [ 14—
17]. Recently, the magnetic catalysis and inverse magnetic
catalysis reveal the important effect of the magnetic effect
on the chiral symmetry restoration. The nonzero anomalous
magnetic moment of charged particle may be helpful in
the realization of inverse magnetic catalysis of the chiral
transition in a strong magnetic field, and it has been
found to turn the chiral crossover into a first-order phase
transition [18].

The equation of state (EOS) is very important to
characterize the compact stars, and it has been obtained
from a field theoretical approach [19]. The equation of state
has demonstrated that quark stars are self-bound by the
strong interaction, while neutron stars are bound by gravity
[20,21]. In fact, the compressibility as an important aspect
of the EoS can reflect the relative stiffening of the equation
of state of the star. A deep understanding of the magnetic
field on the equation of state can be explored by the
compressibility. Up to now, few relevant researches have
been directly done on quark matter under strong magnetic
filed. The initial work can be returned to the two distinct
concepts of the compression modulus(incompressibility)
and the compressibility to reflect the stiffening of the
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equation of state of nuclear matter and QCD matter. The
compression modulus stands for the ability to withstand
compression. The larger value of the compression modulus,
the more incompressibility. However, the compressibility is
supposed as a sensitive quantity to the fluctuation of the
phase transition. Its behavior is opposite to that of the
compression modulus. Recently, much research has been
focused on nuclear matter and the quark matter under zero
magnetic field [22-26]. The compressibility of the rotating
black hole has been investigated [27]. It is found that
adiabatic compressibility is maximal in the extremal case
and still less than the cold neutron star, but it will vanish for
a nonrotating black hole. The compressibility of quark
matter has been investigated in Nambu—Jona-Lasinio (NJL)
model and PNJL model under zero magnetic field. It is
found that the compressibility « is higher in NJL model
than that of the PNJL model in the hadronic phase, the
behavior is just the opposite in the partonic phase. So the
core of the neutron star would be much softer than the crust
if described by PNJL model rather than NJL. model [28].
The compressibility are enhanced in the chiral symmetry
broken phase and are divergent at the tricritical point in NJL
model [29]. The singular behavior may be appear in the
cooling process of the QGP generated in the high energy
heavy-ion collisions.

The NJL model has proved to be very successful in the
description of the spontaneous breaking of chiral symmetry
exhibited by the true (nonperturbative) QCD vacuum, as
well as many other low energy phenomena of strong
interaction. In our previous work, the strong magnetic
field effect has been investigated in the isospin asymmetry
matter and symmetric matter [30-32]. The stronger mag-
netic field can enhance the spin polarization and arrange
quarks in a uniform spin orientation [31]. Motivated by the
work of Miransky and Shovkovy [33], it is demonstrated
that the magnetic field has key effect on the coupling
constant. The inverse magnetic catalysis can be realized by
introducing the magnetic-field-and-temperature-dependent
coupling [34-37]. A proper regularization scheme is
required to deal with the divergent integral in this model.
In literature, the magnetic field independent regularization
(MFIR) scheme was developed in [38,39] and achieved by
the dimensional regularization method in Ref. [40], and
extended for the presence of color superconductivity [41].
The MFIR based on the Hurwitz-Riemann zeta function
was employed to study the neutral meson in hot and
magnetized quark matter [42]. In this paper, our aim is
to investigate the influence of the magnetic field on the
compressibility of two-flavor quark matter at finite den-
sities in the framework of SU(2)NJL model.

This work is organized as follows. In Sec. II, the
thermodynamics of quark matter in a strong magnetic field
is reviewed in the NJL model. In Sec. III, the numerical
results and discussion are given with a detailed analysis of
the compressibility of quark matter as functions of the

temperature, the chemical potential and the strong magnetic
fields. The last section is a short summary.

II. THERMODYNAMICS OF MAGNETIZED
QUARK MATTER IN SU(2) NJL MODEL

The Lagrangian density of the two-flavor NJL. model in a
strong magnetic field is given as

Ly = @ (ip = m)y + Gl(y)* + (pirsty)*], (1)

where  represents a flavor isodoublet (x and d quarks),
and 7 are isospin Pauli matrices. The covariant derivative
D, = 0, —iQeA, represents the coupling of the quarks to
the electromagnetic field, where Q = diag(q,,q,) =
diag(2/3,-1/3) is the quark electric charge matrix in
flavor space. A sum over flavor and color degrees of
freedom is implicit. In the mean-field approximation [43],
the dynamical quark mass is related to the condensation
terms as

M; =m; = 2G(py), (2)

where the current masses m, = m,; = m are used and the
quark condensates include u and d quark contributions as
(wy) = > i_,.q¢i- The constituent mass depends on both
condensates. Therefore, the same mass M, = M; = M is
available for u and d quarks. The contribution from the
quark flavor i is

b = DI + 7 + PP (3)

The terms ¢, $7¢, and ¢ representing the vacuum,

magnetic field, and medium contribution to the quark
condensation are respectively [40,44]

¢}/ac:_njjr\ic |:A /A2+M2_MZIH<%W):| ,
(4)
ma; M i BNC 1
P _% {]n[l"(xl-)] - In(27)
=5 2= DinGe) | (5)

M|q;|leBN
med — a, 1 Cc
¢ ];) ki 472

dp -
L+ ©
where a;, =2 — 5y and k; are respectively the degeneracy
label and the Landau quantum number. The dimensionless
quantity x; is defined as x; = M?/(2|q;|eB). The fermion
distribution function is
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1
[+ expl(E; F u)/T)°

fi= (7)

The effective quantity Ef = \/p* + s7 sensitively depends

on the magnetic field through s; = \/M? + 2k;|q;|eB. The
chemical potential y, = p, = u is achieved for the isospin
symmetry. The quark condensation is greatly strengthened
by the factor |g;eB| together with the dimension reduction
D —2 [33,45]. The total thermodynamic potential density
in the mean field approximation reads

(M —m)*
Q—=—— - Q. 8
TR :Zd ; (8)
where the first term is the interaction term. In the second

term, the quantity is defined as Q; = Q)% + Q" + Qmed,
The vacuum contribution to the thermodynamic potential is

vac NC At €A
QY€ = Q |:M4 In <M> - €AA(A2 + €3\)j| ) (9)

where the quantity e, is defined as e, = VVA> + M?. The
ultraviolet divergence in the vacuum part QY% of the
thermodynamic potential is removed by the momentum
cutoff. The magnetic field and medium contributions are
respectively

mag __Ne(lgileB)* [,
Q; T [C( Xi) =5

N Iq Ie / _Ei-p
Qred=_T : dp<In|l —
; Z pq Injl+4exp T

) o

is the Hurwitz zeta function.

+In {1 +exp (—

where {(x,a) => %, (nj@
From the thermodynamic potential (8), one can easily
obtain the quark density as

Z%wa/ww—ﬁlﬂﬂ

It is widely known that the strong magnetic fields can
have significant impact on the thermodynamic properties of
quark matter. Importantly, the breaking of the rotational
symmetry produces the anisotropic structure, with the
parallel pressure Pl and the perpendicular pressure P+
in directions along and transverse to the magnetic field
respectively [9,46-49],

BZ
Pl=-Q—-—, 13
’ (13)
B2
t=—Q-MB+ . (14)
where the magnetization is M = —(g—%)ﬂ. Consequently,

the pressure anisotropy will affect the determination of the
compressibility. In the thermodynamics, the isothermal
compressibility is defined as

e

which measures how much the volume of the system
decreases with increase of pressure. The minus is generally
used for a positive quantity. Its smaller value indicates the
matter is stiffer. The compressibility of quark matter can be
derived from the potential to reflect the fluctuation of the
order parameter sensitive to the phase transition. The
longitudinal compressibility can be written in a tractable
form as [29]

M <3_V> <%) _ (%) (16)
vV \on,)\oPl); Ou,

where n,, is the quark number density and p, = ’% is the
quark chemical potential. Our compressibility reflects the
thermodynamical behavior opposite to the so-called com-
pressibility modulus K = k%.d*(¢/n,)/dks, which stands
for the ability to withstand compression. The transverse
compressibility in the direction perpendicular to the field is

1 /On
L - (=1 17
¢ ny <8Pl>r (17)

The compressibility could manifest the anisotropic struc-
ture due to the breaking of the rotation symmetry. The
transverse compressibility would depend on the magneti-
zation M in the strong magnetic field.

III. NUMERICAL RESULTS AND DISCUSSION

In the present calculation, the following parameters are
adopted: m, = m,; =5.6 MeV, A =5879 MeV, and
G = 2.44/A?. The quark dynamical mass should be solved
by the gap equation (2). In Fig. 1, the longitudinal
compressibility are shown as the function of the chemical
potential for a fixed temperature 7 = 150 MeV. The solid,
dashed, and dotted lines represent the magnetic fields
B =0, 5x10'8, 5x 10" Gauss, respectively. It can be
clearly seen that the magnetic field makes the compress-
ibility become little, and consequently results in a stiff
equation of state. Especially at smaller chemical potential,
the compressibility would sensitively depend on the
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FIG. 1. The longitudinal compressibility versus the chemical
potential at different magnetic fields and a fixed temperature.

magnetic field strength. At larger chemical potential of the
chiral restored phase, the magnetic effect becomes weak.
This feature can be understood by the fact that in chiral
restored phase, the quark number density is much higher
and the stiffness of the equation of state cannot change
evidently any more. To some extent, it can be predicted that
the magnetic field would lead to much stiffer equation of
state in neutron stars compared to zero magnetic field
condition.

In Fig. 2, we show the dynamical quark mass on the left
panel and the compressibility on the right panel as the
functions of the chemical potential for a fixed magnetic
field B =5 x 10! Gauss. In order to investigate the
thermal effect on the compressibility, the different temper-
atures 7 = 100, 150, 200 MeV are marked by the solid,
dashed, and dotted lines, respectively. It is clear that the
higher the temperature the less the compressibility at a
fixed magnetic field. So it is expected that the increase of

500 AL LA LA B AL AL AL AL LA B 4
400 L 1
L 1 43
[ B=5x10"° G —
300 k- T=100 MeV,| S
= [N | T=150 MeV/| 2
=3 e T=200 MeV| 12
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FIG. 2. The longitudinal compressibility as a function of the
chemical potential for the fixed magnetic fields and three
different temperatures.

=350 MeV
——B=2x10"°G

«'x10° (MeV™)

60 70
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FIG. 3. The longitudinal compressibility as a monotonous
decreasing function of the temperature at the chemical potential
4 = 350 MeV and the magnetic fields B = 2 x 10'® Gauss (solid
line) and B = 1 x 10! Gauss (dashed line).

the temperature and/or the chemical potential can make the
quark matter become much stiffer. At low temperature
marked by the solid line, the compressibility changes
obviously as the chemical potential. The decreasing com-
pressibility shows a sharp cusp indicating the critical
chemical potential of the first order transition, which is
consistent with the sharp drop of quark mass on the left
panel. However at higher temperatures, the compressibility
would remain constant and hardly change with the increas-
ing chemical potential anymore.

To show the detailed behavior of the compressibility, we
show the compressibility as the function of the temperature
at a fixed chemical potential y = 350 MeV and the two
magnetic fields 2 x 10'® and 1 x 10" Gauss in Fig. 3. The
compressibility evidently decreases as the temperature
increases and the descent behavior would slow down in
the high density region. The peak of the compressibility
indicates the first-order transition of the chiral restoration at
high densities. By comparison of the two peaks, it is
indicated that for the stronger magnetic fields, the chiral
phase transition happens at lower temperature. It is con-
cluded that the stiffness of the equation of state can be
dominantly enhanced by the increase of the temperature at
fixed chemical potentials.

In Fig. 4, the longitudinal compressibility versus
the magnetic field is shown at a high temperature
T=150MeV and the low chemical potential 4 =260 MeV,
the value of the compressibility raises from a small value to
a maximum and then descends rapidly as the increasing
magnetic field. The peak position of the curve implies the
chiral crossover at (T, = 150 MeV, u. = 260 MeV) with
the corresponding critical magnetic field B, = 8.1 x
10" Gauss. From the figure we can see that a slight
perturbation of the compressibility appears due to the small
fluctuation of the order parameter at a fixed chemical
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FIG. 4. Variation of longitudinal compressibility with the
magnetic field at the temperatures 7 = 150 MeV and the
chemical potential ¢ = 260 MeV.

potential. The peak position could tell the precise value of
the magnetic field, at which the chiral crossover occurs at
the fixed temperature and chemical potential.

From the definition in Eq. (16), it is clear that
the compressibility « involves the quark number suscep-
tibility (QNS), namely, the derivation of the quark
number density with the chemical potential (On,/0u,).
In literature, the behavior of the QNS was suggested to
indicate the phase transition [50]. In Fig. 5, the quark
number density and the QNS with the chemical potential
are shown. For the convenience of labeling the axis, the
factors 10° and 10° are multiplied in the production
respectively. The solid, dashed, dotted, and dash-dotted
lines stand for the magnetic fields 7 x 10", 7.5 x 10",
8.1 x 10", and 8.5 x 10" Gauss. From the numerical
result, it is expected that the quark number density
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FIG. 5. The quark number density n, and the derivatives

On,/0u, versus the chemical potential for a fixed temperatures
T = 150 MeV and four different magnetic fields B = 7 x 10",
7.5 x 10", 8.1 x 10", 8.5 x 10! Gauss.

increases as the chemical potential increases. In the
ascending lines on the left panel, there is a inflection point,
which can be identified by the peak of the QNS on the
right panel. The peak position of the QNS appears at
(u. = 260 MeV, B, = 8.1 x 10" Gauss), which exactly
implies the occurrence of the chiral crossover. It is also
responsible for the peak in Fig. 4. The increasing magnetic
field moves the peak position toward the high density,
which reflects the magnetic catalysis for the pseudocritical
chemical potential.

In principle, the interaction coupling constant should be
solved by the renormalization group equation, or be
phenomenologically expressed in an effective potential
dependent on environmental variables. In the presence of
a strong magnetic field, it is well known that the interaction
constant shows an obvious decreasing behavior in addition
to the enlargement of the gluon mass, which accounts for
the inverse magnetic catalysis. To obtain a reasonable
description of the temperature dependence of the inter-
action, we employ the running coupling constant G(B, T)
from the lattice simulations [34]. In Figs. 6 and 7, the quark
density and the derivative are plotted versus the chemical
potentials. At low temperature 7 = 50 MeV in Fig. 6, the
peaks of the QNS indicate the first-order phase transition at
the magnetic fields B = 5 x 10'?, 1 x 10?° Gauss and the
crossover at the fields B = 2 x 108, 2 x 10" Gauss. The
increasing magnetic fields move the pseudocritical chemi-
cal potential to the lower value for the chiral crossover,
which indicates the inverse magnetic catalysis. On the
contrary, the magnetic catalysis on the first-order transition
is found that the critical chemical potential is pushed to
high value by the magnetic field. In Fig. 7, at the fixed
magnetic field B = 2.0 x 10" Gauss, the thermal effect is
investigated on quark number density and the QNS.

35 [t

30 T

_~"[T=50 MeV Is0

25 [ B=2x10" G
r _ 19 . <
- F 1 B=2x10"G] i 1o s
B 20 =
s | °
o ..t 30
S 15 =
= B E
c L o
10

240 280 320
1 (MeV)

FIG. 6. The quark number density n, and the derivatives
On,/0u, versus the chemical potential for a fixed temperatures
T =50 MeV and four different magnetic fields B = 2 x 108,
2% 10,5 x 10", 1 x 10 Gauss.
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FIG. 7. The quark number density n, and the derivatives
On,/0u, versus the chemical potential for a fixed magnetic field
B =2 x 10! Gauss and the four temperature 7 = 30, 50, 70,
100 MeV.

The different temperatures 7" = 30, 50, 70, and 100 MeV
are marked by the solid, the dashed, the dotted, and the
dash-dotted lines, respectively. The peaks of the QNS
indicate the pseudocritical chemical potential of the cross-
over is expected to be reduced by the increase of the
temperature.

It is generally accepted that the strong magnetic field
higher than the order of 10" Gauss would make the quarks
occupy the lowest landau level (LLL). Then the quark
number density at 7 = 0 reads,

N._.|g;|eB
a5 = VB LT )
JT

The corresponding derivative of the number density with
respect to the chemical potential becomes

ot _ N |qileB Hi
Op;i 47\ Jur = ME
Therefore, in extreme strong magnetic fields, the isospin-

symmetric quarks in the lowest Landau level contribute to
the longitudinal compressibility in a analytical form,

(19)

|| 27 #
K = .
M N 9ul + 1gal)eB (42 — M2)32

(20)

In the chiral limit, the dynamical quark mass vanishes and
the compressibility becomes more simply dependent on the
chemical potential,

KH B 272
MY N (lgul + 19al)eBu?

(21)

1255+
B=8.5x10" G
._‘\_\ K”
<N LLLy
— 1.00
<
>
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oo b
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FIG.8. The longitudinal compressibility !l versus the chemical

potential for the magnetic field B = 8.5 x 10'° Gauss and three

different temperatures 7 = 30, 50, 100 MeV. The solid line
[

indicates the compressibility xj;; , at zero temperature in the
chiral limit and the LLL approximation.

which means that the condition of both the stronger
magnetic field and larger chemical potential would directly
result in the smaller compressibility for the bulk matter.
In Fig. 8, the longitudinal compressibility /! is plotted
as a function of the chemical potential at a strong magnetic
field close to the order 10%° Gauss, which satisfies the
lowest Landau level approximation. The degeneracy
factor proportional to the field strength |eB| accounts
for the larger number of quarks. The longitudinal com-
pressibility is a decreasing function of the chemical

potential at high densities. Moreover, it is clear that the

compressibility will gradually approach to the KHLL’X

marked by the solid line as the temperature goes down
to zero. In the LLL approximation, the compressibility of
the chiral restoration phase at 7 = 0 is inversely propor-
tional to the chemical potential square. Therefore, it is
concluded that the increases of the chemical potential will
reduce the compressibility and lead to the much stiffer
equation of state.

The transverse compressibility as a function of the quark
chemical potential is shown in Fig. 9 at the magnetic field
B = 8.5 x 10" Gauss. The descending transverse com-
pressibility versus the chemical potential behaves similarly
to the longitudinal compressibility. However, the aniso-
tropic structure induced by the external magnetic field
would have important effect on the compressibility. In
Fig. 10, The longitudinal compressibility ! and the
transverse term k- are plotted at the magnetic fiend B =
1.0 x 10*° Gauss and the temperature T = 50 MeV. The
k- marked by the solid line is much larger than the
transverse term marked by the dashed line. But the differ-
ence between them would gradually become unobvious at
larger chemical potentials.
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FIG. 9. The transverse compressibility «* perpendicular to
the magnetic field at B = 8.5 x 10!° Gauss and three different
temperatures 7 = 30, 50, 100 MeV.

30_""|""|""|

25 [ ]

B=1x10" G,T=50 MeV

FIG. 10. The anisotropic compressibility x versus the chemical
potential for the magnetic field B = 1.0 x 10*° Gauss and the
temperature 7 = 50 MeV.

IV. SUMMARY

In this paper we have studied the compressibility of
2-flavor quark matter in a strong magnetic field within the
SU(2) NJL model. The compressibility is defined as a
variable to show how the volume changes with the
increases of the pressure. The value can reflect the stiffness
of the equation of state of quark matter. A deep inves-
tigation on the compressibility is helpful to further

understanding the phase transition at the finite temperature,
high densities, and the strong magnetic fields. It is found
that the magnetic field can make the quark matter become
stiffer by reducing the compressibility. However, the
variation of the compressibility with the magnetic field
depends on the phase that we are interested in. The
variation of the longitudinal compressibility with the
chemical potential shows a sharp cusp indicating a first-
order chiral phase transition. For the high temperature and
the low chemical potential, the peak of the longitudinal
compressibility is responsible for the critical magnetic field
of the chiral crossover.

Specially, the inflection points of the quark number
density and the corresponding peak position of the quark
number susceptibility 0n,/du, indicate the critical
chemical potential. By employing the magnetic-field-
and-temperature-dependent running coupling constant, first
it is found that the increasing magnetic field would change
the chiral crossover to the first order transition at low
temperature. Second, it is expected that the increase of the
temperature will lead to the decreasing of the pseudocritical
chemical potential for the crossover. The breaking of the
rotation leads to the anisotropic compressibility. It is found
that the transverse compressibility x* is much larger than
the longitudinal term «!. The difference between the x*
and k| becomes unobvious at larger chemical potential. In
the very strong magnetic fields, all quarks are lying in
the lowest landau level. At zero temperature, it has
been found that the longitudinal compressibility in
the chiral restoration phase will be inversely proportional
to the magnetic field and chemical potential square,
namely, KHLL% o 1/(eBy?). The analytical relation dem-
onstrates that the increase of the chemical potential
leads to the smaller compressibility and the stiffer equa-
tion of state. We hope that the future investigation of
the compressibility of quark matter can provide a com-
plementary sight to the QCD phase at finite densities and
temperatures.
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