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We propose the inclusive semihard production, in proton-proton collisions, of two bottom-flavored
hadrons, as well as that of a single bottom-flavored hadron accompanied by a light jet, as novel channels for
the manifestation of stabilization effects of the high-energy resummation under next-to-leading-order
corrections. Our formalism relies on a hybrid high-energy and collinear factorization, where the Balitsky-
Fadin-Kuraev-Lipatov (BFKL) resummation of leading and next-to-leading energy logarithms is used
together with collinear factorization. We present results for cross sections and azimuthal correlations
differential in rapidity, which are widely recognized as standard observables used to hunt for distinctive
signals of the BFKL dynamics. We propose the study of double differential distributions in the transverse
momenta of final-state particles as a common basis to investigate the interplay of different kinds of
resummation mechanisms.
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I. INTRODUCTORY REMARKS

Heavy-flavor physics is unanimously recognized as one
of the most fertile grounds for investigating modern particle
physics. On one hand, heavy-flavor experiments are rel-
evant in the search for new physics beyond the Standard
Model (BSM), where heavy quarks are expected to be
produced in association with BSM particles. On the other
hand, charm and bottom quarks place themselves in a
region where perturbative quantum chromodynamics
(QCD) is applicable and their production channels can
be used to perform precise tests of strong interactions.
Special attention is deserved by the production in

hadronic collisions of the heaviest quark species that can
hadronize, the bottom one. The standard collinear

description of the bb̄ production at next-to-leading order
(NLO) was set up a long time ago [1–3], but only recently
were fully differential distributions investigated with next-
to-NLO perturbative accuracy [4]. The study of bottom-
flavor phenomenology in terms of QCD precision calcu-
lations is a quite challenging research activity. Here, the
value of the b-quark mass, mb, plays a key role. It
essentially represents a threshold that determines the
transition region between two different schemes. At
low-transverse-momentum values of the observed bot-
tom-flavored object (a hadron or a heavy jet)—namely,
when jp⃗T j≲mb—a description in terms of the so-called
fixed-flavor number scheme (FFNS) is adequate (for more
details, see, e.g., Ref. [5] and references therein). In the
FFNS, only light-flavored quarks and gluons are
accounted for by proton collinear parton densities
(PDFs). Moreover, heavy quarks are only produced in
the final state, and their masses cannot be neglected—
otherwise, power corrections proportional to m2

b=p⃗
2
T

would arise and spoil the convergence of perturbative
series. Conversely, at high jp⃗T j values—namely, when
jp⃗T j ≫ mb—terms proportional to lnðjp⃗T j=mbÞ become
larger and larger and must be resummed to all orders [6,7].
In the latter case, the so-called zero-mass variable-flavor
number scheme (ZM-VFNS, or simply VFNS) is used to
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match NLO predictions with resummed calculations
[7–10]. Here, all flavors are present in the initial state
and are taken massless. A matching between the ZM-
VFNS and FFNS, aimed at blending the advantages of the
two schemes, exists, and it is known as the general-mass
variable-flavor number scheme (GM-VFNS). It combines
massive (low-scale) and massless (high-scale) calcula-
tions, and the heavy-quark masses are used as parameters
by which FFNS turns into VFNS. Different implementa-
tions of this scheme have been proposed so far [11–15],
and for a detailed discussion we refer the reader to
Ref. [16] (see also Refs. [8,9]).
In Refs. [17,18], inclusive bottom-jet emissions in

central-rapidity regions were investigated under the
hypothesis of t-channel exchanges of gluon and quark
Reggeons at high energies. These studies were sub-
sequently extended to bottomed bound states [19–21]. In
Ref. [22], the kinematic correlations of lepton pairs from
semileptonic decays of charmed and bottomed mesons
were discussed. In Ref. [23], the weight of double-parton
scattering effects was assessed in the hadroproduction of a
D0Bþ system and of two Bþ mesons at the LHC.
The B-meson VFNS collinear fragmentation function

(FF) was first extracted at NLO in Ref. [24] from a fit to
eþe− data elaborated by the CERN LEP1 Collaboration.
Then, the parametrization obtained in Ref. [25] via a fit to
CERN-LEP1 and SLAC-SLC data was used to calculate
the NLO cross section for the inclusive production of B
mesons in pp collisions and in the GM-VFNS—namely,
by taking into account finite-mass effects of the bottom
quark [26].
In Ref. [27], the hadroproduction of bottom-flavored

hadrons (B mesons and Λb baryons, comprehensively
indicated as b hadrons) was investigated at LHC energies
and compared with CMS and LHCb data. This study was
performed under the assumption that a unique FF can be
adopted to describe the fragmentation of partons to all
b-hadron species. Thus, the FF set for a given species could
be obtained from the global one by simply multiplying the
latter by a branching fragmentation fraction, which does
not depend on energy. Analyses done by the Heavy Flavor
Averaging Group (HFAG) [28] have shown how the
universality assumption on the branching fraction is vio-
lated by LEP and Tevatron data for Λb emissions, while its
safety is corroborated for B-meson detections. A recent
study on transverse-momentum distributions for the inclu-
sive Λb production at CMS and LHCb [29] has pointed out
that the branching-fraction picture needs to be improved in
the large-pT regime, and future data with reduced exper-
imental uncertainties are expected to better clarify the
situation.
The NLO fragmentation of c and b̄ quarks to Bð�Þ

c

mesons was studied in Ref. [30], while the first determi-
nation of a next-to-NLO b hadron FF via a fit to eþe−
annihilation data from CERN LEP1 and SLAC SLC was

presented in Ref. [31]. Energy and angular distributions for
b-hadron production from semileptonic decays of top
quarks were analyzed in Refs. [32,33].
Apart from direct-production channels, b-quark emis-

sions are employed to identify top particles and to study
their properties. Thus, the b-quark fragmentation mecha-
nism is expected to have a relevant phenomenological
impact on top physics. The same formalism can be applied
in electroweak precision studies to describe photon radi-
ation from massive charged fermions, such as a Higgs-
boson detection via the bb̄ decays [34]. The role of the b
quark in the associated production of a lepton pair was
discussed in Refs. [35–37]. The treatment of electroweak
radiation from heavy fermions in the context of W-boson
production with Monte Carlo generators was extensively
investigated in Ref. [38].
The picture described above is still incomplete if we

approach particular kinematic regions where the pertur-
bative series is poorly convergent. A prominent example is
represented by the Sudakov region, where the ratio xS
between the transverse momentum of the detected particle
and the center-of-mass energy approaches 1. Here, soft-
gluon radiation produces contributions proportional to
αns lnmð1 − xSÞ=ð1 − xSÞ, with m ≤ 2n − 1, which must be
resummed [6,39]. This is equivalent to saying that the
“true” expansion parameter is αs ln2ð1 − xSÞ instead of αs.
A similar issue arises when one approaches the so-

called semihard region of QCD (see Sec. II A for further
details)—namely, where the scale hierarchy s ≫ fQ2g ≫
Λ2
QCD (s is the squared center-of-mass energy, fQ2g a set of

one or more squared hard scales given by the process
kinematics, and ΛQCD the QCD mass scale) stringently
holds.1 The possibility of entering this two-scale regime via
heavy-flavor production was highlighted many years ago,
when the so-called high-energy factorization (HEF) was
proposed [40–42]. Here,mb plays the role of the hard scale.
In this paper, we investigate the inclusive semihard

emission at the LHC of a b hadron accompanied by another
b hadron or by a light jet, as a test field for the manifestation
of imprints of the QCD high-energy dynamics. We build
predictions for distributions differential in rapidity, azimu-
thal angles, and observed transverse momenta, calculated
at the hand of a hybrid factorization that combines the
Balitsky-Fadin-Kuraev-Lipatov (BFKL) resummation [43–
46] of leading and next-to-leading energy logarithms with
collinear PDFs and FFs. We hunt for stabilizing effects of
the high-energy series under higher-order corrections and
energy-scale variation that, if confirmed, would pave the

1We adopt here the standard definition of “semihard” proc-
esses and stress that the prefix “semi-” does not mean attenuation
of the hardness, but rather that the hard scale(s) is (are) not as
large as s, as in a “hard” process. Indeed, the impact factors for a
semihard process, to be defined later, can be calculated pertur-
batively due to the hardness of the process in the fragmentation
regions of the colliding particles.
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way toward prospective studies where the use of our hybrid
factorization could serve as an important tool to improve
precision calculations of observables sensitive to bottom-
flavored bound-state emissions.

II. INCLUSIVE b-HADRON PRODUCTION

In this section, we give theoretical key ingredients to
build our observables. After a brief overview on recent
progresses in the phenomenology of the semihard sector
(Sec. II A), we provide analytic expressions of azimuthal-
angle coefficients for our processes (see Fig. 1), calculated
in the hybrid high-energy and collinear factorization
framework (Sec. II B). Then we present our choice for
perturbative and nonperturbative ingredients (Sec. II C), as
the running coupling, collinear PDFs and FFs, and the jet-
algorithm selection. Finally, key features of the BLM scale
optimization procedure are briefly shown (Sec. II D).

A. Semihard phenomenology at a glance

As is well known, the description of hadronic reactions at
colliders has represented, and still represents, a great
challenge for physicists. The possibility to decouple the
long-distance dynamics from the short-distance one, and
thus nonperturbartive ingredients from perturbative calcu-
lations via the well-known collinear factorization, is cer-
tainly one of the greatest achievements of modern particle
physics. There exist, however, kinematic regimes which lie
outside the domain of the standard collinear approach. This
calls for an extension of the theoretical description that

embodies the effect of one or more resummation
mechanisms.
In this work, our interest falls into the so-called semi-

hard sector, where, as mentioned in Sec. I, the scale
hierarchy s ≫ Q2 ≫ Λ2

QCD strictly holds. While the sec-
ond inequality simply justifies the use of perturbation
theory, the first tells us that we are in the so-called Regge
limit of QCD, where large logarithms of the ratio s=Q2

enter the perturbative series with a power increasing
together with the order. When αsðQ2Þ lnðs=Q2Þ ∼ 1, a
pure fixed-order perturbative calculation cannot provide us
with reliable predictions, and a resummation to all orders
—that catches the effect of these large logarithms—is
needed. The most powerful framework for this resumma-
tion is the BFKL approach. This method prescribes how to
resum all terms proportional to ðαs ln sÞn, the so-called
leading logarithmic approximation (LLA), and all terms
proportional to αsðαs ln sÞn, the so-called next-to-leading
logarithmic approximation (NLA). In the BFKL approach,
a generic scattering amplitude can be expressed as the
convolution of a process-independent Green’s function
with two impact factors, related to the transition from each
colliding particle to the respective final-state object. The
BFKL Green’s function satisfies an integral equation,
whose kernel is known at the NLO for any fixed (not
growing with energy) momentum transfer, t, and for any
possible two-gluon color configuration in the t channel
[48–53].
Despite the NLO accuracy achieved in the calculation of

the kernel, the predictive power of the BFKL approach in

(a) (b)

FIG. 1. Hybrid high-energy/collinear factorization at work. Schematic representation of the two inclusive processes under
investigation. Red blobs denote proton collinear PDFs, claret ovals depict b-hadron collinear FFs, and blue arrows stand for the
light-jet selection algorithm. The BFKL ladder, represented by the yellow blob, is connected to impact factors via Reggeon (zigzag)
lines. Diagrams were realized via the JaxoDraw 2.0 interface [47].
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its full NLA realization is limited by the number
of impact factors known at NLO order: (i) colliding-parton
(quarks and gluons) impact factors [54,55], which
represent the basis for constructing (ii) the forward-
jet impact factor [56–61] and (iii) the forward-
light-hadron impact factor [62], (iv) the impact factor
describing the γ� to light-vector-meson (LVM) leading
twist transition [63], (v) the one detailing the γ� → γ�
subprocess [64–69], and (vi) the one for the production of
a forward Higgs boson in the infinite top-mass limit
[70,71]. On the other hand, if we limit ourselves to the
LLA accuracy, other impact factors calculated at leading
order (LO) can be considered: (vii) the forward Drell-Yan
pair, (viii) the forward heavy-quark pair in both the
hadroproduction and photoroduction channels [72,73],
(ix) the forward J=Ψ [74], and (x) the Higgs in the central
region of rapidity [75–78]. Some universal NLO correc-
tions can be added to the LO impact factors, based on
renormalization group analysis and on the invariance
under variation of the energy scale s0 entering the
BFKL approach.
On one side, impact factors has been used to build up

predictions for a considerable number of (inclusive)
reactions featuring a forward-plus-backward two-particle
final state. An incomplete list includes the exclusive
diffractive leptoproduction of two light vector mesons
[79–83]; the inclusive hadroproduction of two jets fea-
turing large transverse momenta and well separated in
rapidity (Mueller-Navelet channel [84]), for which sev-
eral phenomenological studies have appeared so far (see,
e.g., Refs. [59,61,85–96]); the inclusive detection of two
light-charged rapidity-separated hadrons [97–99]; three-
and four-jet hadroproduction [100–108], J=Ψ-plus-jet
[74], hadron-plus-jet [109], Higgs-plus-jet [110,111],
and heavy-light dijet systems [112,113]; and forward
Drell-Yan dilepton production with a possible backward-
jet tag [114].
On the other side, the study of single forward

emissions offers us the possibility to probe the
proton content via an unintegrated gluon distribution
(UGD), whose evolution in the struck-gluon longi-
tudinal fraction x is driven by BFKL. Probe candidates
of the UGD are the exclusive light-vector-meson elec-
troproduction [115–124], the exclusive quarkonium
photoproduction [125–127], and the inclusive tag of
Drell-Yan pairs in forward directions [128–131]. The
information on the gluon content at small x embodied
in the UGD turned out to be relevant in the improve-
ment of the collinear description via a first determi-
nation of small-x resummed PDFs [132–134], as well as
in a model calculation of small-x transverse-momen-
tum-dependent gluon densities (TMDs) [135–137].
Studies on the interplay between BFKL dynamics
and TMD factorization were recently published in
Refs. [138,139].

A major issue emerging in phenomenological applica-
tions of the BFKL approach to semihard observables is the
fact that NLA corrections both to the BFKL Green’s
function and to impact factors turn out to be of the same
size and with the opposite sign of pure LLA contributions.
This makes the high-energy series unstable, and this
becomes strongly manifest when studies on renormaliza-
tion/factorization scale variation are performed. More in
particular, it was pointed out how BFKL-sensitive observ-
ables, such as azimuthal-angle correlations in the Mueller-
Navelet reaction, cannot be studied at “natural” scales
[87,89,140]. A general procedure that allows us to
“optimize” scales in semihard final states was built up
in Ref. [90]. It relies on the so-called Brodsky-Lepage-
Mackenzie (BLM) method [141–144], which prescribes
that the optimal scale value is the one that cancels the
nonconformal β0 terms in the considered observable.
Although the application of the BLM method led to a
significant improvement of the agreement between pre-
dictions for azimuthal correlations of the two Mueller-
Navelet jets and CMS data [145], the scale values found,
much higher than the natural ones, generally lead to a
substantial reduction of cross sections (observed for the
first time in inclusive light charged dihadron emissions
[97,99]). This issue clearly hampers any possibility of
doing precision studies.
First, successful attempts at gaining the stability of

BFKL observables under higher-order corrections at
natural scales were made via the analysis of semihard
states featuring the detection of objects with large trans-
verse masses, such as Higgs bosons [110] and heavy-
flavored jets [112]. However, due to the lack of a NLO
calculation for the corresponding impact factors (as
mentioned before, the NLO Higgs impact factor was
calculated quite recently in the large top-mass limit only),
these reactions were studied with partial NLA accuracy.
The first evidence of stabilizing effects in semihard
processes studied at NLA came out in a recent study
on inclusive Λc emissions [146]. It was highlighted how
the peculiar behavior of VFNS FFs depicting the baryon
production at large transverse momenta [147] acts as a
fair stabilizer of high-energy predictions for observables
sensitive to double-Λc final states, while a partial stabi-
lization was found in the production of a Λc particle plus
a light-flavored jet. Further studies on other channels
featuring the tag of heavier hadron species are thus
needed to corroborate the statement that the heavy-flavor
production is a suitable testing ground for the manifes-
tation of the aforementioned stabilizing effects.
In this work, we consider the inclusive semihard pro-

duction of two b hadrons of a b-hadron-plus-jet system:

pðP1Þ þ pðP2Þ → Hbðp1; y1Þ þ X þHbðp2; y2Þ;
pðP1Þ þ pðP2Þ → Hbðp1; y1Þ þ X þ jetðp2; y2Þ; ð1Þ
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where pðP1;2Þ stands for an initial proton with momenta
P1;2, Hbðpi; yiÞ for a generic bottom-flavored hadron2

with momentum pi and rapidity yi, and X contains all
the undetected products of the reaction. The semihard
configuration is realized when the two detected
objects possess large transverse masses, m1;2⊥ ≫ ΛQCD,

withm1;2⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗1;2j2 þm2

1;2

q
, and p⃗1;2 are their transverse

momenta. A large rapidity separation, ΔY ¼ y1 − y2, is
required in order to consider our reactions as diffractive
ones.3 We will allow observed transverse momenta in
ranges sufficiently large to ensure the validity of a
VFNS description.

B. High-energy resummed cross section

Final-state configurations that distinguish the two proc-
esses under consideration are schematically represented in
Fig. 1, where a b hadron ðp1; y1Þ is emitted along with
another b hadron or a jet ðp2; y2Þ featuring a large rapidity
separation, ΔY, together with an undetected system of
hadrons. For the sake of definiteness, we will consider the
case where the rapidity of the first detected final-state
object, y1, is larger than the second one, y2, so that ΔY is

always positive, and the first object is forward while the
second is backward.
The colliding protons’ momenta P1 and P2 are taken as

Sudakov basis vectors satisfying P2
1 ¼ P2

2 ¼ 0 and
2ðP1 · P2Þ ¼ s, so that the four-momenta of detected
objects can be decomposed as

p1;2 ¼ x1;2P1;2 þ
p⃗2
1;2

x1;2s
P2;1 þ p1;2⊥;

p2
1;2⊥ ¼ −p⃗2

1;2: ð2Þ

In the large-rapidity limit, the outgoing particle
longitudinal momentum fractions, x1;2, are connected
to the respective rapidities through the relation

y1;2 ¼ � 1
2
ln

x2
1;2s

p⃗2
1;2
, so that one has dy1;2 ¼ � dx1;2

x1;2
, and

ΔY ¼ y1 − y2 ¼ ln x1x2s
jp⃗1jjp⃗2j, where the spatial part of the

four-vector p1k is taken to be positive.
Within the pure QCD collinear factorization, the LO

cross section for our two reactions in Eq. (1) is given as a
convolution of the partonic hard-scattering factor with the
parent-proton PDFs and the FFs describing outgoing
objects. One has

dσ½pp→HbHb�
coll

dx1dx2d2p⃗1d2p⃗2

¼
X

r;s¼q;q̄;g

Z
1

0

dxa

Z
1

0

dxbfrðxaÞfsðxbÞ
Z

1

x1

dβ1
β1

Z
1

x2

dβ2
β2

DHb
r

�
x1
β1

�
DHb

s

�
x2
β2

�
dσ̂r;sðŝÞ

dx1dx2d2p⃗1d2p⃗2

; ð3Þ

dσ½pp→Hbjet�
coll

dx1dx2d2p⃗1d2p⃗2

¼
X

r;s¼q;q̄;g

Z
1

0

dxa

Z
1

0

dxbfrðxaÞfsðxbÞ
Z

1

x1

dβ1
β1

DHb
r

�
x1
β1

�
dσ̂r;sðŝÞ

dx1dx2d2p⃗1d2p⃗2

: ð4Þ

In Eqs. (3) and (4), the r, s indices specify the parton types
(quarks q ¼ u, d, s, c, b; antiquarks q̄ ¼ ū; d̄; s̄; c̄; b̄; or
gluons g); fr;sðx; μFÞ and DHb

r;s ðx=β; μFÞ denote the
initial proton PDFs and the final detected b-hadron FFs,
respectively; xa;b are the longitudinal fractions of the
partons involved in the hard subprocess, and β1ð;2Þ are

the longitudinal fraction(s) of the parton(s) fragmenting
into b hadron(s); and dσ̂r;sðŝÞ is the partonic cross section
and ŝ≡ xaxbs is the squared center-of-mass energy of the
parton-parton collision subprocess. For the sake of sim-
plicity, the explicit dependence of PDFs, FFs and of the
partonic cross section on the factorization scale, μF, has
been dropped.
Contrariwise to the pure collinear treatment, we build the

cross section in hybrid factorization, where the high-energy
dynamics is genuinely provided by the BFKL approach,
and collinear ingredients are then embodied. We decom-
pose the cross section as a Fourier sum of azimuthal-angle
coefficients, Cn, in the following way:

ð2πÞ2dσ
dy1dy2djp⃗1jdjp⃗2jdϕ1dϕ2

¼
�
C0 þ

X∞
n¼1

2 cosðnφÞCn
�
; ð5Þ

where φ ¼ ϕ1 − ϕ2 − π, with ϕ1;2 being the outgoing
particle azimuthal angles. In the NLA accuracy and in

2In our analysis, we are inclusive on the production of all
species of b hadrons whose lowest Fock state contains either a b
or b̄ quark, but not both. Therefore, bottomed quarkonia are not
considered. Furthermore, we ignore Bc mesons since their
production rate is estimated to be at most 0.1% of b hadrons
(see, e.g., Refs. [148,149]). Our choice is in line with the
b-hadron FF determination of Ref. [27].

3The use of “diffractive” for our inclusive process is justified
because the undetected hadronic activity is concentrated in the
central region and summed over, thus leading, via the optical
theorem, to differential cross sections (in the kinematic variable
of the colliding particles’ fragmentation regions) which take the
same form as in truly diffractive processes, where there is no
activity at all in the central region.
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the MS renormalization scheme [150], the φ-summed cross section, C0, and the other coefficients, Cn>0, are given by (for
details on the derivation, see, e.g., Refs. [59,90])

Cn ≡
Z

2π

0

dϕ1

Z
2π

0

dϕ2 cosðnφÞ
dσ

dy1dy2djp⃗1jdjp⃗2jdϕ1dϕ2

¼ eΔY

s

Z þ∞

−∞
dν

�
xaxbs
s0

�
ᾱsðμRÞ

n
χðn;νÞþᾱsðμRÞ

h
χ̄ðn;νÞþ β0

8Nc
χðn;νÞ

h
−χðn;νÞþ10

3
þ2 ln

�
μ2
Rffiffiffiffiffiffi
p⃗2
1
p⃗2
2

p
�iio

× α2sðμRÞc1ðn; ν; jp⃗1j; x1Þ½c2ðn; ν; jp⃗2j; x2Þ��

×

	
1þ αsðμRÞ

�
cð1Þ1 ðn; ν; jp⃗1j; x1; s0Þ
c1ðn; ν; jp⃗1j; x1Þ

þ
�
cð1Þ2 ðn; ν; jp⃗2j; x2; s0Þ
c2ðn; ν; jp⃗2j; x2Þ

���
þ ᾱ2sðμRÞΔY

β0
4Nc

χðn; νÞfðνÞ


: ð6Þ

Here, ᾱsðμRÞ≡ αsðμRÞNc=π, with Nc being the number of colors, and β0 is the first coefficient of the QCD β function [see
Eq. (16)],

χðn; νÞ ¼ 2

	
ψð1Þ − Re

�
ψ

�
nþ 1

2
þ iν

��

ð7Þ

is the LO BFKL characteristic function, while χ̄ðn; νÞ, calculated in Ref. [151] (see also Ref. [152]), is the NLO correction
to the BFKL kernel:

χ̄ðn; νÞ ¼ −
1

4

	
π2 − 4

3
χðn; νÞ − 6ζð3Þ − χ00ðn; νÞ þ 2ϕðn; νÞ þ 2ϕðn;−νÞ

þ π2 sinhðπνÞ
2νcosh2ðπνÞ

��
3þ

�
1þ nf

N3
c

�
11þ 12ν2

16ð1þ ν2Þ
�
δn0 −

�
1þ nf

N3
c

�
1þ 4ν2

32ð1þ ν2Þ δn2
�


; ð8Þ

with

ϕðn; νÞ ¼ −
Z

1

0

dx
x−1=2þiνþn=2

1þ x

	
1

2

�
ψ 0
�
nþ 1

2

�
− ζð2Þ

�
þ Li2ðxÞ þ Li2ð−xÞ

þ ln x

�
ψðnþ 1Þ − ψð1Þ þ lnð1þ xÞ þ

X∞
k¼1

ð−xÞk
kþ n

�
þ
X∞
k¼1

xk

ðkþ nÞ2 ½1 − ð−1Þk�



¼
X∞
k¼0

ð−1Þkþ1

kþ ðnþ 1Þ=2þ iν

	
ψ 0ðkþ nþ 1Þ − ψ 0ðkþ 1Þ

þ ð−1Þkþ1½βψ ðkþ nþ 1Þ þ βψðkþ 1Þ� − ψðkþ nþ 1Þ − ψðkþ 1Þ
kþ ðnþ 1Þ=2þ iν



; ð9Þ

βψ ðzÞ ¼
1

4

�
ψ 0
�
zþ 1

2

�
− ψ 0

�
z
2

��
; ð10Þ

and

Li2ðzÞ ¼ −
Z

x

0

dx
lnð1 − xÞ

x
: ð11Þ

Then, c1;2ðn; νÞ are the LO forward/backward object impact factors in the ðn; νÞ representation, whose compact expression
for both the Hb particle and the jet reads

ciðn; ν; jp⃗j; xÞ ¼ 2

ffiffiffiffiffiffi
CF

Nc

s
ðp⃗2Þiν−1=2

Z
1

x
dβ

�
β

x

�
2iν−1

�
CA

CF
fgðβÞSðiÞ

g ðx; βÞ þ
X
r¼q;q̄

frðβÞSðiÞ
r ðx; βÞ

�
; ð12Þ

where
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SðiÞ
g;rðx; βÞ ¼

	 1
βD

Hb
g;rðx=βÞ; i ¼ b hadron;

δðβ − xÞ; i ¼ jet;
ð13Þ

and the fðνÞ function is defined as

i
d
dν

ln
c1
½c2��

¼ 2½fðνÞ − lnð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗1jjp⃗2j

p
Þ�: ð14Þ

The remaining objects are the NLO corrections to the
impact factor in the Mellin representation [also known as

(ν, n) representation], cð1Þi ðn; ν; jp⃗ij; xi; s0Þ. As for the Hb
NLO impact factor, we rely on a light-hadron calculation,
performed in Ref. [62]. This choice is consistent with our
VFNS treatment, provided that energy scales at work are
much larger than the bottom mass (see Sec. III). Our
selection for the light-jet NLO impact factor is discussed in
Sec. II C.
The way our hybrid factorization is realized fairly

emerges from Eqs. (6) and (12). Here, azimuthal coef-
ficients are high-energy factorized as convolutions of the
gluon Green’s function and the impact factors. The latter of
these embody collinear ingredients—namely PDFs and
FFs. It is possible to obtain the LLA limit of our
coefficients in Eq. (6) by keeping just the LO part of the
exponentiated kernel and by setting at zero the NLO impact
factor corrections.
We employ NLA expressions given in this section

at the natural energy scales given by the considered
final state—i.e., we set μR ¼ μF ¼ μN ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m1⊥m2⊥
p

,
where mi⊥ is the transverse mass of the ith emitted

particle. Thus, one always has m1⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗1j2 þm2

Hb

q
.

Then, m2⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗2j2 þm2

Hb

q
in the double-Hb channel,

whereas m2⊥ coincides with the jet transverse momentum
in the Hbþ jet channel. We set mHb

¼ mΛb
¼ 5.62 GeV,

which corresponds to the mass of the heaviest b hadron
considered in our study. The s0 energy scale is set equal
to μN .

C. Perturbative and nonperturbative ingredients

In our calculations, a two-loop running-coupling setup
with αsðMZÞ ¼ 0.11707 and nf ¼ 5 is adopted. Its MS-
scheme expression is

αsðμRÞ≡ αMS
s ðμRÞ ¼

π

β0LR

�
4 −

β1
β20

lnLR

LR

�
; ð15Þ

with

LRðμRÞ ¼ 2 ln
μR

ΛQCD
;

β0 ¼ 11 −
2

3
nf; β1 ¼ 102 −

38

3
nf: ð16Þ

We introduce here also the MOM renormalization scheme
[153–155], because this is the scheme in which the BLM
procedure is developed (see Sec. II D). The MOM-scheme
expression of the strong coupling, αMOM

s , is obtained by
inverting the relation

αMS
s ¼ αMOM

s

�
1þ τβ þ τconf

π
αMOM
s

�
; ð17Þ

with

τβ ¼ −
�
1

2
þ I
3

�
β0 ð18Þ

and

τconf ¼ CA

8

�
17

2
I þ 3

2
ðI − 1Þξþ

�
1 −

1

3
I

�
ξ2 −

1

6
ξ3
�
; ð19Þ

where CA ≡ Nc is the color factor associated with a gluon
emission from a gluon; then, we have I¼−2

R
1
0 dy

lny
y2−yþ1

≃
2.3439, with the gauge parameter ξ fixed at zero in the
following.
It is well known that potential sources of uncertainty are

expected to arise from the particular choice of the PDF
parametrization. We perform preliminary tests on our
observables by using the three most popular NLO PDF
sets (MMHT14 [156], CT14 [157] and NNPDF3.0 [158]),
proving that PDF selection does not lead to a significant
discrepancy in the kinematic regions of our interest.
Furthermore, recent studies done via the so-called replica
method [159] have confirmed that BFKL-related observ-
ables, such as azimuthal correlations, exhibit a weak
sensitivity to PDF replicas (see Sec. 3.3 of Ref. [140]).
Therefore, in our analysis we employ the central value of an
individual NLO PDF set—namely, the MMHT14 one.
We depict the parton fragmentation to b hadrons by the

hand of the KKSS07 NLO FFs, that, as mentioned in the
Introduction (Sec. I), were originally extracted from data of
inclusive B-meson emissions in eþe− annihilation [25]. In
this parametrization, the b flavor has its starting scale at
μ0 ¼ 4.5 GeV ≃mb and is portrayed by a simple, three-
parameter powerlike ansatz [160]:

DHbðx; μ0Þ ¼ N xað1 − xÞb; ð20Þ

whereas the gluon and lighter quark (including c) FFs are
generated through DGLAP evolution and vanish at
μF ¼ μ0. Following Ref. [27], we obtain the b-hadron
FFs from the B-meson ones by simply removing the
branching fraction for the b → B� transition, which was
assumed to be fu ¼ fd ¼ 0.397 (see also Ref. [25]). We
stress that this choice is justified by the assumption that a
unique FF can be adopted to describe the fragmentation
of partons to all b-hadron species, except for Λb baryons.
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We compare our predictions for b hadrons’ cross sections
with corresponding results for Λc baryons and Λ hyperons
(see the Appendix) by using KKSS19 [147] and AKK08
[161] NLO FFs, respectively, which are close in the
extraction technology to the KKSS07 set.
When the Hbþ jet production channel is considered at

NLA, a choice for the jet reconstruction algorithm, which
enters the definition of the NLO jet impact factor, has to be
made. The most popular classes of jet selection functions
are the κ⊥ sequential clustering [162] and cone-type
algorithms [163]. A simpler version, infrared-safe up to
NLO perturbative accuracy and suited to numerical com-
putations, was derived in Ref. [60] in the so-called “small
cone” approximation (SCA) [164,165]—namely, for a
small-jet cone aperture in the rapidity–azimuthal angle
plane. Analytic expressions for the SCA jet vertex were
then calculated in Ref. [61] for both the κ⊥ and the cone jet
algorithms. Preliminary tests have shown that the adoption
of these two versions allows for a reduction of the
discrepancy between NLA corrections and pure LLA
prediction for the Hbþ jet cross section, with respect to
the use of the original SCA algorithm of Ref. [60].
Conversely, the cone-type SCA algorithm allows for a
slight stabilization of the NLA azimuthal-angle correlations
under scale variation with respect to the original SCA one,
while the κ⊥ one leads to stabilization worsening.
Therefore, in our analysis on Hbþ jet observables, we
use the cone-type SCA jet vertex with the jet-cone radius
fixed at RJ ¼ 0.5, as is commonly done in recent exper-
imental analyses at the LHC [145]. We postpone to a future

work the dedicated study of all the systematic effects
coming from the choice of the jet selection function in
and beyond the SCA approximation.

D. BLM prescription on energy scales

To test the stability of our observables under higher-order
corrections and scale variation, we compare predictions at
natural scales (see Sec. II B) with those obtained by
applying the BLM optimization method. It essentially
consists in finding the optimal μR value, indicated as
μBLMR , as the value that removes all the nonconformal,
β0-dependent terms of the observable under consideration.
In Ref. [90], a dedicated procedure was set up to remove all
the nonconformal terms that appear in a given azimuthal
coefficient Cn—namely, β0-dependent factors which
appear both in the NLA BFKL Green’s function and in
the NLO process-dependent impact factors. This leads to a
nonuniversality of the BLM scale and to its dependence on
the energy of the process (and therefore on ΔY).
Working in the MOM renormalization scheme, in which

the BLM procedure is natively implemented, the optimal
scale for a given azimuthal coefficient, Cn, is the value of
μR that satisfies the condition

Cðβ0Þ
n ðs;ΔYÞ ¼

Z
dΦðy1;2; jp⃗1;2j;ΔYÞCðβ0Þn ¼ 0; ð21Þ

where dΦðy1;2; jp⃗1;2j;ΔYÞ stands for the final-state differ-
ential phase space (see Sec. III),

Cðβ0Þn ∝
Z

∞

−∞
dν

�
xaxbs
s0

�
ᾱMOM
s ðμBLMR Þχðn;νÞ

c1ðn; ν; jp⃗1j; x1Þ½c2ðn; ν; jp⃗2j; x2Þ��

×

�
ωðνÞ þ ᾱMOM

s ðμBLMR ÞΔY χðn; νÞ
2

�
−
χðn; νÞ

2
þ ωðνÞ

��
; ð22Þ

and

ωðνÞ ¼ fðνÞ − 1

3
ð4I þ 1Þ þ 2 ln

�
μBLMRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp⃗1jjp⃗2j

p �
: ð23Þ

We remark that Eq. (22) contains all the nonconformal terms present in Eq. (6) up to NLA accuracy. We define the scale
ratio CBLM

μ ≡ μBLMR =μN and look for the values of CBLM
μ which solve Eq. (21). Then, the BLM scale value is plugged into

formulas of the integrated coefficients, thus obtaining the following NLA BFKL expression in the MOM renormalization
scheme:

CBLM-MOM
n ¼

Z
dΦðy1;2; jp⃗1;2j;ΔYÞ

eΔY

s

Z þ∞

−∞
dνðαMOM

s ðμBLMR ÞÞ2

×

�
xaxbs
s0

�
ᾱMOM
s ðμBLMR Þ½χðn;νÞþᾱMOM

s ðμBLMR Þðχ̄ðn;νÞþτconf
3

χðn;νÞÞ�
× c1ðn; ν; jp⃗1j; x1Þ½c2ðn; ν; jp⃗2j; x2Þ��

×

	
1þ αMOM

s ðμBLMR Þ
�
c̄1ðn; ν; jp⃗1j; x1; s0Þ
c1ðn; ν; jp⃗1j; x1Þ

þ
�
c̄2ðn; ν; jp⃗2j; x2; s0Þ
c2ðn; ν; jp⃗2j; x2Þ

��
þ 2

π
τconf

�

; ð24Þ
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where c̄1;2ðn; ν; jp⃗1;2j; x1;2; s0Þ are the NLO impact-factor
corrections after subtracting the nonconformal terms,
which can be universally expressed through the LO impact
factors, c1;2. One has

c̄1;2 ¼ cð1Þ1;2 −
β0
4Nc

�
�i

d
dν

c1;2 þ
�
ln μ2R þ 5

3

�
c1;2

�
: ð25Þ

In order to compare predictions at natural scales [Eq. (6)]
with BLM-optimized results in the same renormalization
scheme, we need to get the corresponding expression of
Eq. (24) in the MS scheme. This can be achieved by
performing the following two replacements in Eq. (24):

αMOM
s ðμBLMR Þ → αMS

s ðμBLMR Þ;
τconf → −τβ: ð26Þ

In particular, we replace the analytic expression of the
strong coupling in the MOM scheme, which is obtained by
inverting Eq. (17), with the corresponding MS expression
[Eq. (15)], while the value of μR is left unchanged.

III. RESULTS AND DISCUSSION

We present predictions for our observables that can be
compared with forthcoming experimental analyses at the
13 TeV LHC. Results for cross sections and azimuthal
correlations, differential in the final-state rapidity distance,
ΔY, are discussed in Secs. III A and III B, respectively. In
Sec. III C, we introduce a new observable—namely, the
double differential pT distribution at fixed ΔY—that can
serve as a common basis for prospective studies on the
interplay of different kinds of resummation mechanisms.
Finally, a discussion on the stabilizing effects that our
distributions gain when b-flavor FFs are considered is
given in the Appendix.
The numerical elaboration of all the considered observ-

ables was done by making use of the JETHAD modular
work package [140]. The sensitivity of our results on scale
variation was assessed by allowing μR and μF to be around
their natural values or their BLM optimal ones, up to a
factor ranging from 1=2 to 2. The Cμ parameter entering
plots represents the ratio Cμ ¼ μR;F=μN . Error bands in our
figures embody the combined effect of scale variation and
phase-space multidimensional integration, the latter being
steadily kept below 1% by the JETHAD integrators. All
calculations of our observables were done in the MS
scheme. BLM scales are calculated by solving the integral
equation (21) in the MOM scheme.

A. ΔY distribution

The first observable under investigation is the cross-
section differential in the rapidity interval, also known as
ΔY distribution or simply C0. Its expression can be

obtained by integrating the C0 azimuthal coefficient [see
Eq. (6)] over the transverse momenta and rapidities of the
two final-state particles, and keeping ΔY fixed:

C0¼
Z

ymax
1

ymin
1

dy1

Z
ymax
2

ymin
2

dy2

Z
pmax
1

pmin
1

djp⃗1j

×
Z

pmax
2

pmin
2

djp⃗2jδðΔY− ðy1−y2ÞÞC0ðjp⃗1j; jp⃗2j;y1;y2Þ:

ð27Þ

The light-flavored jet is always tagged in its typical CMS
ranges [145]—i.e., jyJj< 4.7 and 35GeV<pJ < 60GeV.
A realistic proxy for the rapidity range of b hadrons
detected at the LHC could come from a recent study on
Λb baryons at CMS [166], jyΛb

j < 2. In our analysis, we
admit a tagging of b hadrons on a slightly wider range—
namely, the one covered by the CMS barrel detector,
jyHj < 2.4. At variance with previous works, where lighter
hadrons were studied in a transverse-momentum window
from 10 to around 20 GeV (see, e.g., Refs. [99,146,167]),
here we allow the b-hadron transverse momentum to be in
the range 20 GeV < jp⃗Hj < 60 GeV, which is similar to
the light-jet range. With this choice, the validity of our
VFNS treatment is preserved, since energy scales will
always be much larger than the threshold for DGLAP
evolution of the b quark in KKSS07 FFs (see Sec. II C for
more details).
The ΔY shape of the C0 distribution for the double-Hb

production and for the Hbþ jet detection is presented in
the upper and lower panels of Fig. 2, respectively. For our
choice of kinematic cuts, values of C0 are almost every-
where higher than 1 nb, thus leading to quite favorable
statistics. The falloff of both LLA and NLA predictions
when ΔY grows has already been observed in other
semihard reactions featuring forward/backward two-
particle final states, such as dijet [92], Higgs-jet
[110,111], and so on. It comes out as the net combination
of two distinct effects. On one side, the partonic cross
section increases with energy, as predicted by BFKL
evolution. On the other side, collinear parton distributions
dampen the hadronic cross section when ΔY becomes
larger and larger.
We observe that at BLM scales (right panels of Fig. 2),

NLA bands are almost entirely nested inside LLA ones;
while at natural scales (left panels), they decouple from
each other in the large-ΔY range. The decoupling effect is
due to the fact that NLA series are very stable under scale
variation, making the corresponding bands thinner than the
LLA ones. Conversely, when ΔY increases, these latter
shrink in the double-Hb channel, while they widen in the
Hbþ jet channel. The peculiar behavior of NLA predictions
for C0 will also translate into an increased stability of the
azimuthal Rn0 ratios, as pointed out in Sec. III B. At
variance with light-hadron species emissions (protons,
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pions, and kaons [99,140,168]), where cross sections lose 1
or more orders of magnitude when passing from natural
scales to BLM ones, results for b hadrons are much more
stable. This effect, already observed in the double-Λc
channel [146], here holds also in the Hbþ jet channel.
All these features brace the message that a stability of our

ΔY distributions is reached via heavy-flavor emissions, and

it becomes strongly manifest when bottom-flavored bound
states are detected.

B. Azimuthal correlations

Analogously to C0 [see Eq. (27)], we define the phase-
space integrated higher azimuthal coefficients, Cn>0. Thus,
we can study their ratios

Rnm ≡ Cn

Cm
¼

R ymax
1

ymin
1

dy1
R ymax

2

ymin
2

dy2
R pmax

1

pmin
1

djp⃗1j
R pmax

2

pmin
2

djp⃗2jδðΔY − ðy1 − y2ÞÞCnR ymax
1

ymin
1

dy1
R ymax

2

ymin
2

dy2
R pmax

1

pmin
1

djp⃗1j
R pmax

2

pmin
2

djp⃗2jδðΔY − ðy1 − y2ÞÞCm
: ð28Þ

The Rn0 ratios have a straightforward physical
interpretation, being the azimuthal correlation moments
hcos nφi, while the ratios without zero-indices represent
ratios of correlations that were originally proposed in
Refs. [169,170]. We investigate the behavior of the Rnm

moments as functions of ΔY and in the kinematic ranges
defined in Sec. III A.
We present results for the double-Hb channel at natural

and at BLM scales in Figs. 3 and 4, respectively. From a
first inspection of our plots, we fairly note that the onset of

FIG. 2. ΔY shape of C0 in the double-Hb channel (upper) and in the Hbþ jet channel (lower), at natural (left) and BLM-optimized
scales (right), and for

ffiffiffi
s

p ¼ 13 TeV. Text boxes inside panels show transverse-momentum and rapidity ranges. Uncertainty bands
embody the combined effect of scale variation and phase-space multidimensional integration.
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high-energy dynamics has come into play. All ratios
decrease when ΔY grows, since the weight of undetected
gluons becomes more and more relevant, as predicted by
BFKL. This leads to a decorrelation pattern in the azimu-
thal plane, which is stronger at LLA. We observe that
predictions at natural scales are close in shape to the
corresponding BLM-optimized ones. NLA bands are
thicker at natural scales, but still thinner than what one
finds for double-Λc emissions. As anticipated in Sec. III A,
this increased stability is mostly due, for Rn0 correlations,
to the relatively small uncertainty on C0 that propagates in
the ratio.
The ΔY behavior of azimuthal ratios in the Hbþ jet

channel at natural scales is shown in Fig. 5. Here, the NLA
Rn0 correlations exhibit a strong sensitivity to scale
variation. More in particular, the upper bound of uncer-
tainty bands, given by predictions forCμ ¼ 2, at some point
on the ΔY axis crosses the lower bound, determined by
results for Cμ ¼ 1=2. The crossing point depends on the
value of n and goes from ΔY ≳ 3.6 for n ¼ 0 to ΔY ≳ 5.5

for n ¼ 2, while it is not present for the R21 ratio, where
LLA and NLA bands almost overlap. Conversely, corre-
sponding results for Rnm moments at BLM scales (see
Fig. 6) present a ΔY shape similar to predictions for the
double-Hb emission. Although the sensitivity on scale
variation is strong, the possibility of performing analyses
at natural scales when jet emissions are considered is itself
a signal of a partial stability reached by our azimuthal
correlations. Indeed, such a result cannot be obtained in
other semihard reactions studied at NLA, such as Mueller-
Navelet dijet or lighter-hadronþ jet production, where
instabilities emerging at natural scales are so strong as
to prevent any realistic analysis. Future studies, postponed
to the medium-term future, are needed to unveil the
connection between the sensitivity of the Rn0 ratio on
scale variation and other potential sources of uncertainty, as
the jet algorithm selection (see Sec. II C).
As a general remark, we note that the value of R10

exceeds 1 for small ΔY values. This is an unphysical effect
generated by terms, power-suppressed in energy and

FIG. 3. ΔY shape of azimuthal correlations, Rnm ≡ Cn=Cm, in the double-Hb channel, at natural scales, and for
ffiffiffi
s

p ¼ 13 TeV. Text
boxes inside panels show transverse-momentum and rapidity ranges. Uncertainty bands embody the combined effect of scale variation
and phase-space multidimensional integration.
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missed by the BFKL resummation, that start to become
relevant in the low-ΔY range, thus calling for a treatment
beyond the scope of this paper.

C. Double differential pT distribution

Cross sections and azimuthal-angle correlations differ-
ential in the final-state rapidity interval, ΔY, are excellent
testing grounds for the high-energy resummation.
However, in order to probe regimes where other resum-
mation dynamics are also relevant, more differential dis-
tributions in the pT spectrum are needed. Indeed, when the
measured transverse momenta range in wider windows,
other regions that are contiguous to the strict semihard one
get probed.
On one hand, when the transverse momenta are very

large or their mutual distance is large, the weight of
DGLAP-type logarithms as well as threshold contamina-
tions [171–173] grows, thus making the description by our
formalism inadequate. On the other hand, in the very low-
pT limit a pure high-energy treatment would also fail, since

large-transverse-momentum logarithms entering the per-
turbative series are systematically neglected by BFKL.
Moreover, diffusion pattern effects [174] (see also
Refs. [175,176]) would become more and more relevant
up to spoiling the convergence of the high-energy series.
The most effective way to account for those pT logarithms
is performing an all-order transverse-momentum (TM)
resummation (see Refs. [177–183] and references therein).
Recently, TM-resummed predictions were proposed for

the hadroproduction of inclusive paired systems, such as
photon [184–186] and Higgs [187] pairs. The first joint
resummation of TM logarithms coming from the emission
of two distinct particles was considered in Ref. [188],
where the concurrent measurement of the Higgs and the
leading-jet transverse momenta in hadronic Higgs-boson
emissions was studied up to the next-to-next-to-leading
logarithmic order via the RadISH code [189]. Those
studies were then extended to TM-resummed differential
observables for color-singlet channels, such as the fully
leptonic WþW− production at the LHC [190]. The double

FIG. 4. ΔY shape of azimuthal correlations, Rnm ≡ Cn=Cm, in the double-Hb channel, at BLM scales, and for
ffiffiffi
s

p ¼ 13 TeV. Text
boxes inside panels show transverse-momentum and rapidity ranges. Uncertainty bands embody the combined effect of scale variation
and phase-space multidimensional integration.
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differential spectrum on transverse momentum and azimu-
thal angle for weak gauge-boson production (W� or Z0)
was recently investigated in the TM context via a soft-
collinear effective theory approach [191].
An additional issue ariseswhen heavy-flavored emissions

are considered. In our case, when the pT of a b-flavored
hadron is very small, energy scales are close to the DGLAP
evolution threshold given by the b-quark mass, even cross-
ing it when fractions of natural scales are selected (e.g., for
Cμ ¼ 1=2). Thus, the validity of a VFNS treatment, upon
which PDFs and FFs employed in this work are built, does
not hold anymore. Here a more sophisticated description
based on the GM-VFNS needs to be accounted for.
In this section, we study distributions at fixed ΔY values

and differential in the transverse momenta of both
the emitted particles, in the range 10 GeV < jp⃗1;2j <
100 GeV,where energy logarithms rising from the semihard
scale ordering are relevant, but at the same time also
contaminations coming from pT logarithms are expected.
We propose this analysis without pretension of catching all

the dominant features of these observables by the handof our
hybrid factorization, but rather to set the ground for future
studies where the interplay of different resummations
(among all BFKL, TM, and threshold types) is deeply
investigated.
We build the transverse-momentum double differential

cross section as

dσðjp⃗1;2j;ΔY;sÞ
djp⃗1jdjp⃗2jdΔY
¼
Z

ymax
1

ymin
1

dy1

Z
ymax
2

ymin
2

dy2δðΔY−ðy1−y2ÞÞC0ðjp⃗1j;jp⃗2j;y1;y2Þ;

ð29Þ

the rapidity ranges of final-state objects being given in
Sec. III A.
Results for our distributions in the Hbþ jet channel at

ΔY ¼ 3 and 5 are presented in Figs. 7 and 8, respectively.
In this analysis, no BLM scale optimization is employed.

FIG. 5. ΔY shape of azimuthal correlations, Rnm ≡ Cn=Cm, in the Hbþ jet channel, at natural scales, and for
ffiffiffi
s

p ¼ 13 TeV. Text
boxes inside panels show transverse-momentum and rapidity ranges. Uncertainty bands embody the combined effect of scale variation
and phase-space multidimensional integration.
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We note that predictions fall off very fast when the two
observable transverse momenta, jp⃗Hj and jp⃗Jj, become
larger or when their mutual distance grows. As generally
predicted by the BFKL dynamics, LLA predictions (left
panels) are always larger than NLA ones (right panels). The
effect of scale variation (from top to bottom panels) seems
to be more relevant with respect to what happens for theΔY
distribution and the azimuthal correlations. Furthermore,
we do not observe any peak, which could be present in the
low-pT region—namely, where TM-resummation effects
are dominant—that is excluded from our analysis.
More quantitative information can be gathered by the

inspection of Tables I and II. Here we show numerical
values of our distributions for a representative sample of
ðjp⃗Hj; jp⃗JjÞ pairs. The general trend is that the sensitivity
on the scale variation of all the predictions grows as we
move away from the symmetric pT region, jp⃗Hj ≃ jp⃗Jj.
Moreover, for almost all the considered pT pairs in Tables I
and II, LLA results decrease when the Cμ scale parameter
grows. Conversely, NLA results tend to oscillate around

Cμ ¼ 1, which seems to act as a critical point for them. This
clearly indicates that our distributions are more stable on
scale variation when higher-order corrections are included.
At the same time, their sensitivity on Cμ is almost of the
same order (up to 45%) for both LLA and NLA cases when
ΔY ¼ 3 (Table I), while it is roughly halved when passing
from LLA (up to 50%) to NLA (up to 25%) for ΔY ¼ 5
(Table II). This reflects the fact that the stabilizing effect of
higher-order corrections is more pronounced when we go
through the BFKL-sensitive region—i.e., when ΔY grows.
The very first point of both Tables I and II—namely, when
jp⃗Hj ¼ jp⃗Jj ¼ 12.5 GeV—deserves special attention.
Here, on one side we are approaching the low-pT range.
On the other side, for Cμ ¼ 1=2, we are very close to the
VFNS threshold given by the b-quark mass. Therefore, the
strong dependence on scale variation that we observe at
both LLA and NLA indicates that in this region, our
approach has reached its limit of applicability. As a final
remark, we notice that our distributions are much smaller
when jp⃗Hj > jp⃗Jj than when jp⃗Hj < jp⃗Jj. Indeed, it

FIG. 6. ΔY shape of azimuthal correlations, Rnm ≡ Cn=Cm, in theHbþ jet channel, at BLM scales, and for
ffiffiffi
s

p ¼ 13 TeV. Text boxes
inside panels show transverse-momentum and rapidity ranges. Uncertainty bands embody the combined effect of scale variation and
phase-space multidimensional integration.
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FIG. 7. Double differential pT distribution for the Hbþ jet channel at ΔY ¼ 3,
ffiffiffi
s

p ¼ 13 TeV, with LLA (left) and NLA (right)
resummation accuracy. Calculations are done at natural scales, and the Cμ parameter is in the range 1=2 to 2 (from top to bottom).
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FIG. 8. Double differential pT distribution for the Hbþ jet channel at ΔY ¼ 5,
ffiffiffi
s

p ¼ 13 TeV, with LLA (left) and NLA (right)
resummation accuracy. Calculations are done at natural scales, and the Cμ parameter is in the range 1=2 to 2 (from top to bottom).
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becomes more and more difficult to produce a b-flavored
bound state in comparison to a light jet when the transverse
momentum grows.

IV. CONCLUSIONS AND OUTLOOK

We proposed the inclusive emission, in proton-proton
collisions, of a forward bottom-flavored hadron accompa-
nied by another backward bottom-flavored hadron or a
backward light-flavored jet in semihard regimes that can be
studied at current LHC energies.
We hunted for signals of stabilization of the high-energy

resummation under higher-order corrections and under
scale variation, discovering that these effects are present
and that they allow for the description of BFKL-sensitive
observables at natural scales, such as the ΔY distribution
and azimuthal-angle correlations. The possibility to study
azimuthal moments at natural scales also when jet emis-
sions are allowed is a novel feature which corroborates the
statement, already made in the case of Λc production
channels [146], that heavy-flavored emissions of bound
states act as fair stabilizers of the high-energy series. The

next part of our program on semihard phenomenology
relies on a twofold strategy.
First, we plan to compare observables sensitive to heavy-

flavor production in regimes where either the VFNS or the
FFNS scheme is relevant, and possibly do a match between
the two descriptions. The inclusion of quarkonium pro-
duction channels, as done in Ref. [74], will certainly enrich
our phenomenology.
Then, we project an extension of our studies on heavy

flavor by considering wider kinematic ranges, such as the
ones reachable at the EIC [192,193], NICA-SPD [194,195],
HL-LHC [196], and the Forward Physics Facility (FPF)
[197]. Here, the stability of our predictions motivates our
interest in (i) proposing the hybrid high-energy and
collinear factorization as an additional tool to improve
the fixed-order description, and (ii) evolving our formalism
into a multilateral approach that embodies different
resummations.
We believe that the study of more exclusive observables,

such as the double differential transverse-momentum dis-
tributions proposed in this work, goes along these
directions.

TABLE I. Representative values of the double differential pT distribution [nb/GeV2] for the Hbþ jet channel, at ΔY ¼ 3 andffiffiffi
s

p ¼ 13 TeV.

jp⃗Hj
[GeV]

jp⃗Jj
[GeV]

LLA LLA LLA NLA NLA NLA

Cμ ¼ 1=2 Cμ ¼ 1 Cμ ¼ 2 Cμ ¼ 1=2 Cμ ¼ 1 Cμ ¼ 2

12.5 12.5 53.5130(65) 99.787(28) 105.835(52) 56.38(22) 86.841(96) 96.14(19)
20 20 9.1732(17) 10.3279(11) 9.4236(21) 9.224(10) 9.376(15) 9.147(26)
20 30 4.05134(47) 4.5122(11) 4.34781(76) 3.389(12) 3.564(12) 3.630(12)
30 20 2.4020(11) 2.29978(76) 1.9232(10) 1.373(18) 1.008(19) 0.836(19)
30 30 1.28405(27) 1.19657(15) 1.00350(12) 1.1760(14) 1.0735(27) 0.9945(37)
30 50 0.366106(87) 0.348890(62) 0.310113(64) 0.2780(11) 0.2584(12) 0.2641(12)
50 30 0.199777(43) 0.164475(62) 0.127854(90) 0.0476(18) 0.0326(14) 0.0307(14)
50 50 0.078285(22) 0.063904(17) 0.049877(21) 0.06226(15) 0.05459(21) 0.04932(24)
75 75 0.0069352(20) 0.0052997(16) 0.0039744(12) 0.004866(19) 0.004291(22) 0.003866(23)

TABLE II. Representative values of the double differential pT -distribution [nb/GeV2] for the Hbþ jet channel, at ΔY ¼ 5 andffiffiffi
s

p ¼ 13 TeV.

jp⃗Hj
[GeV]

jp⃗Jj
[GeV]

LLA LLA LLA NLA NLA NLA

Cμ ¼ 1=2 Cμ ¼ 1 Cμ ¼ 2 Cμ ¼ 1=2 Cμ ¼ 1 Cμ ¼ 2

12.5 12.5 22.0870(69) 32.24231(47) 29.0534(52) 10.879(36) 14.341(17) 16.446(23)
20 20 2.86919(64) 2.66456(29) 2.12591(34) 1.3263(16) 1.2985(17) 1.3380(25)
20 30 0.97469(15) 0.862500(48) 0.699142(97) 0.41688(81) 0.41494(89) 0.44790(90)
30 20 0.869094(61) 0.70087(11) 0.515064(92) 0.2345(21) 0.2010(20) 0.2036(21)
30 30 0.314037(38) 0.249481(27) 0.186407(24) 0.132230(16) 0.12381(23) 0.12336(29)
30 50 0.0652810(95) 0.0511772(97) 0.0390843(50) 0.023916(84) 0.023950(83) 0.025500(73)
50 30 0.056175(16) 0.0397913(86) 0.0274650(45) 0.00676(15) 0.00681(14) 0.00814(14)
50 50 0.0135088(22) 0.0096899(21) 0.0068649(15) 0.004823(15) 0.004661(14) 0.004635(14)
75 75 0.000843086(72) 0.000575604(54) 0.000395652(32) 0.0002608(14) 0.0002648(10) 0.0002661(10)
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APPENDIX: STABILIZING EFFECTS
OF b-FLAVOR FRAGMENTATION

In this appendix, we present arguments supporting the
statement that b-hadron FFs act as stabilizers of our high-
energy resummed distributions.
In the left panels of Fig. 9, going from top to bottom, we

show the μF behavior of KKSS07 Hb, KKSS19 Λc, and
AKK08 Λ FFs for z ¼ 0.5 ≃ hzi. This latter parameter
roughly corresponds to the average value of z at which FFs
are typically probed in kinematic ranges of our analysis. We
note that the b flavor heavily dominates in Hb fragmenta-
tion, the b- and c-quark flavors prevail in Λc emissions, and
the s-quark flavor is on top in Λ detections. However, as
pointed out in our previous study on Λc-baryon production
(see Sec. 3.4 of Ref. [146]), a dominant role is played by the
gluon FF, whose contribution is heightened by the gluon
PDF in the diagonal convolution entering LO hadron
impact factors [see Eq. (12)], and it holds also at NLO,
where qg and gq nondiagonal channels are opened. In
particular, in Ref. [146], it was shown how the smooth-
behaved, nondecreasing-with-μF gluon FF depicting the Λc
fragmentation has a strong stabilizing effect on ΔY dis-
tributions, which is also reflected in a partial stabilization of
azimuthal correlation moments. In this work, we confirmed
that this feature holds also for Hb hadrons.
At variance with the Λc case (Fig. 9, left central panel),

the Hb-gluon FF clearly grows with μF (Fig. 9, upper-left
panel). This has an effect on the hierarchy of C0

distributions under a progressive variation of energy scales
in the range 1 < Cμ < 30, which also includes the typical
BLM ones. From the inspection of the first two right panels
of Fig. 9, it emerges thatC0 slightly increases withCμ in the
double-Hb channel, whereas this order is reversed in the Λc
channel.4 Conversely, the decreasing μF behavior of the
gluon AKK08 function portraying lighter-flavored
Λ-hyperon fragmentation (Fig. 9, lower-left panel) leads
to an increased sensitivity of results on energy scales
(Fig. 9, lower-right panel).
All these features corroborate the assertion that the

stability of cross sections on energy scales (and then on
higher-order corrections), already observed for c-flavored
emissions [146], is stronger when b-flavored bound-state
detections are considered. It comes out as the net result of
two competing effects. On one hand, higher μR scales (such
as the BLM ones) make the running coupling smaller, both
in the BFKL Green’s function and in the impact factors. On
the other hand, higher μF values have a mild effect on the
Λc-gluon FF, but they lead to an increase of the Hb-gluon
FF. The two features almost compensate each other, and
this is the source of the stability that has emerged from our
studies.
In Fig. 10, we present the ΔY pattern of the BLM-scale

parameter, CBLM
μ , for Hb hadrons, Λc baryons, and Λ

hyperons. BLM scales for heavy-flavored species are much
lower than the ones obtained for lighter hyperons, and the
Hb scales are the lowest ones. The effect is much more
remarkable in the double-hadron channel (left panels) than
in the hadron þ jet channel (right panels). The found
hierarchy between BLM scales is expected. Indeed, since
the employment of the BLM scheme operationally trans-
lates into a growth of energy-scale values to quench the
weight of higher-order corrections, the smaller values of
CBLM
μ are a clue that the high-energy series was already

(partially) stable before adopting BLM.

4We remark that, in our study on progressive scale variation,
expressions for C0 are the ones obtained without applying the
BLM prescription, and only the Cμ factor has been varied.
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FIG. 9. Left panels: Energy-scale dependence of Hb KKSS07 (upper, with the b-flavor FF reduced by a factor of 10), Λ�
c KKSS19

(central), and ΛðΛ̄Þ AKK08 (lower) NLO FFs for z ¼ 5 × 10−1. Right panels: ΔY-shape C0 in the double-hadron production channel,
and for

ffiffiffi
s

p ¼ 13 TeV. A study on progressive energy-scale variation in the range 1 < Cμ < 30 is presented for b-flavored hadrons
(upper), Λc baryons (central), and ΛðΛ̄Þ hyperons (lower).
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FIG. 10. BLM scales for the double-Hb (left) and theHbþ jet (right) production as functions of the rapidity interval, ΔY, for n ¼ 0, 1,
2, and for

ffiffiffi
s

p ¼ 13 TeV. Results for b-flavor bound states are compared for Λc and ΛðΛ̄Þ emissions. Text boxes inside panels show
transverse-momentum and rapidity ranges.
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