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The f(1710) was previously proposed to be a dynamically generated state with interactions between
vector mesons. We extend the study of f,(1710) by including its coupling to channels of pseudoscalar
mesons within the coupled-channel approach. The channels involved are K*K*,pp, ww., pp, wp, nr,
KK, nn. We show that the pole assigned to f,(1710) does not change much. Then we calculate the partial
decay widths of f(1710) - K*K* — zn, KK, nn as the coupled channel dynamically generated state as
well as assuming it to be a pure K*K* molecule. In both cases the ratios of partial decay widths agree fairly

with that in PDG.
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I. INTRODUCTION

More and more hadron resonances have been proposed
to be hadron molecules [1] with much more predicted ones
to be searched for [2]. Among various approaches for
studying hadron molecules, a quite popular one is the
unitary extension of chiral perturbation theory, which has
been successful in studying the meson-baryon and meson-
meson interactions at low energy [3—10]. A well-known
example is the A(1405) [11], which can be dynamically
generated in the vicinity of the 7 and K~ p thresholds. The
another example is f((980) [8,12], which is considered to
arise due to 7z and KK coupled channel interactions. Some
recent works [13,14] studied the interaction of the nonet
of vector mesons themselves and found a pole with the
quantum number J”¢ = 0** mainly coupling to the K*K*
channel, possibly corresponding to f(1710).

In this paper, we extend the previous study [14] of
fo(1710) by including its coupling to channels of pseu-
doscalar mesons in addition to vector mesons to see how
these more coupled channels influence the result on the
fo(1710) pole and whether its corresponding partial decay
widths to these channels of pseudoscalar mesons are
compatible with experimental data. Our work is organized
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as follows. In Sec. II, we outline the formalism to the
coupled-channel interaction [15]. In Sec. III, we give our
numerical results and discussion with a brief summary at
the end.

II. FORMALISM

The interaction Lagrangian among vector mesons and
pseudoscalar mesons is given by [16,17]

Lypp = —ig{V¥[P,0,P]). (1)

where the symbol (...) stands for the trace in the SU(3)
space and the coupling constant g = My /2f, with
My = 845.66 MeV, the SU(3)-averaged vector-meson
mass, and f, = 92 MeV as the pion decay constant. The
vector field V# is

u

%po + %a) p+ K+t
Vi = P~ — 5Pt KO (2)
K I_{*O ¢

and the pseudoscalar field P is

La® o+ K+
P= i —57+zn K| (3)
_ =0 _ 2
K K NG

With the Lagrangian given in Eq. (1), we are able to
calculate the vector-vector to pseudoscalar-pseudoscalar
scattering amplitudes. The Feynman diagrams needed are
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FIG. 1. The #- and u-channel Feynman diagrams.

shown in Fig. 1, where V means vector meson and P means
pseudoscalar meson.

The amplitudes with isospin-0 for the processes
V(p1)V(ps) = P(p3)P(ps) are listed in Table 1. The
convention used to relate the particle basis to the isospin
basis is

at) = -

11
L. =[5

lp*) = -

L1, K :—’%%> ()

The V, and V, correspond to the 7- and u-channel diagrams,
respectively. The superscript is the particle exchanged.
Here, t = (p; — p3)? and u = (p, — p4)? are the usual
Mandelstam variables. The potential has the form

2

ex g . .
V[<u> - t(u) _ mgxel p3€2 p4’ (5)

where the ¢; is the ith polarization vector of the incoming
vector meson. The polarization vector can be characterized
by its three-momentum p; and the third component of the
spin in its rest frame, and the explicit expression of
the polarization vectors can be found in Appendix A
of Ref. [18].

In term of these amplitudes with isospin-0, we can get
the S-wave potential via [18]

Y9(2)
JI) ¢ N 1y
o(§) == dp"Y” 010,M|s15,S
=, | B (M)
Gy.m
x (mMM|¢87)(5,6,M|5,5,5)(0OMM|£SJ)
XT(I)(plap2$p37p4;€l9€27€37€4)7 (6)
with s = (p; + p,)? as the usual Mandelstam variable,
M =6, + 0, and M = &, + 6,. And N accounts for the
identical particles, for example

N =2 for pp — zn, (7)
N=1 forpp— KK, (8)
N=0 for wp - KK. 9)

Like vector scattering VV — V'V, the partial wave projec-
tion Eq. (6) for a t-channel exchange amplitude of VV —
PP would also develop a left-hand cut via [14]

1 /Jrl d 0 s
- cos — = -
2/ t—ml, +ie VA(s, m}, m3)A(

2 2
s, m3, my)
(s+m?—=m32)(s-+m2—m?) A(s.m? m2)A(s.m3.m3) .
m%—km%— 1 22Y 37My) 1 22Y 3 4—m§x+ze
x IOg 2 2)& 2_m2) (s.m? 2) (s.m2.m2) ’ (10)
2 2 (s+my—m3)(s+m5—my A(s,my,m3)A(s,m5,my 2 .
my + m; s + 2 Mg, + 1€

with  A(a, b,c) = a* + b> + ¢*> —2ab — 2bc — 2ac  the
Killén function. In vector scattering VV — V'V, left-hand

TABLE I. The potential of each channel with isospin-0.
Channel 7
ppSnrn —16(Vi + Vi)
ppi()Kl_( _2\/6(‘/{( +Vi)
woSKK 2V2(VE+VE)
dOSKER 4V2(VE+VE)
oS KR ~4(VE+ V)
Kk San -2V6(VE + VE)
K*I_(*fnm 6\/5(‘/{( + Vi)
K KZKEK —6(Vi + Vi)

I
cuts are smoothed by the N/D method [19,20]. As for the
scattering VV — PP, all left-hand cuts are located below
the PP threshold, which are far away from the energy
region we are interested in, so we do not deal with these
cuts.

The basic equation to obtain the unitarized 7 matrix is

TUD(s) = [1 = VUD(s)- G(s)]7" - VUD(s).  (11)

Here V/!) denotes the partial-wave amplitudes and G(s) is
a diagonal matrix made up by the two-point loop function

9i($)s

- [ 28 |

(27)* (¢* = my + ie)((P — q)* — m}, + i€)’
(12)
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with P? = s and m;, , as the masses of the particles in the
ith channel. The pole position is at the zeros of determinant

Det = det[1 — VU (s) - G(s)]. (13)

The above loop function is logarithmically divergent and
can be calculated with a once-subtracted dispersion relation
or using a regularization f(q)

[ d%q filg)
9= | R
(14)

After the ¢° integration is performed by choosing the
contour in the lower half of the complex plane, we get

Y lq|*d|q] W +0p 2
9i(s) = /0 (2”)2 wj0p(s — (0 +60i2)2 +ie) fA(|q|),
(15)

where q is the three-momentum and w;; , = 1/q* + m7, .
In order to proceed we need to determine f',(q). There are
two kinds of choices, sharp cutoff and smooth cutoff,

typically:
O(A* - ¢?)

: (16)
oo [-1]

falq) = {

In order to compare with the previous results of coupled
channel approach [14], the same sharp cutoff is used in this
paper when channels with pseudoscalar mesons are
included in addition. To explore the position of the poles,
we need to take into account the analytical structure of
these amplitudes in the different Riemann sheets. By
denoting g, for the CM trimomentum of the particles 1
and 2 in the ith channel

\/(S — (m;; — mi2)2)<s - (my + mi2)2)
2.\/s ’

As the quantity is two valued itself [21], we need to
distinguish the two Riemann sheets of ¢{" uniquely

according to
on
q9n> = {_qi
1

g else

q" = (17)

if ITmg™ < 0

(18)

And the analytic continuation to the second Riemann sheet

is given by
i q9n>
1

97 () = gils) + 2"

(19)

III. NUMERICAL RESULTS AND DISCUSSION

First we assume that f,(1710) is K*K* hadron molecule
state and calculate the partial decay widths of f,(1710) —
K*K* — nm, KK,nyn with the hadronic triangle loop
approach [22-25], as shown in Fig. 2.

The loop function corresponding to this process as
shown in Fig. 2 is

[ d*q 1
D =i 3 2 2 :
(27)* (p3 + q)? — my- + i€
1 1
X , 20
(Ps—q)* —my. +ieq® —m3 +ie 20)

where for different final state m5 can be the mass of 7, K, 7.
Since the mass of f,(1710) is close to the threshold of
K*K*, the internal lines with K* and K* exchange can be
approximated nonrelativistically. And the loop function can
be simplified as

[ dq 1 1
D=~i 24,2 [0 2 N2
(2z)*d4mi. (p° —w)* = (¢°)* —ie
1 A2 —m2\ 2 2
% ( mex) eXp |:_ (pj\_zq) :| , (21)

(4" —o3+ie\ A —¢° G

with p; = (p°.p).q = (¢".q), @1 = /(P +q)* + mi.,
and w3 = /q*> + m3. Here for the vertex f(1710)K*K*
the Gaussian form factor is added. For the #-channel meson
exchange, coupling constants with an off shell meson are
dressed by monopole form factors [26,27]. For simplicity,
we take A; and A to be equal to be in the range of 0.8—
1.0 GeV. And the results are

['(fo(1710) - zx)
[(fo(1710 > KK))

['(fo(1710) = nn)
I'(fo(1710 > KK))

=0.394+0.134 (0.234+0.05), (22)

=0.23940.057 (0.48+0.15), (23)

where the values of the PDG [28] are given between
brackets. It seems that the calculated partial decay width of
f0(1710) — zz is larger than the central value in PDG, but
it is still within the range of large error bar.

To check how the f,(1710) is influenced by various
coupled channels in the unitary coupled channel approach,

T, K,n
I
f0(1710) 7T7K777
K*
m, K,n

FIG. 2. Decay of f,(1710).
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FIG. 3.

we start with the single K*K* channel case by dropping its
couplings to all other channels. The Fig. 3 gives the |T|?
matrix of scattering K*K* — K*K*. We label the K*K* as
channel 1, and the remain channel indices are listed in
Table II. A bound state is found locating at /s = 1.66 GeV
for cutoff g =0.9 GeV and /s =1.60 GeV for
dmax = 1.0 GeV. The bound state moves down when the
cutoff ¢, increases, similar to the case for the pp bound
states [29]. This is understandable that the smaller ¢,
value gives a stronger cutoff to the loop integration to
reduce the attractive force.

Then we turn on additional channels to study their
influence on the mass and width of the resonance. The
T matrix for a single channel a is given by

Vllll

Tpp=—t
“ 1- Vaaga

(24)

If we turn on another channel b, then the 7" matrix for
a — a becomes

V2 9
V + _ab
g = —— Vo (25)

V2
1 - (Vaa + 1_€/h:]]:jqb)ga

Compared to the single channel, V,, is replaced by

2
Vabgb (26)

Vv ff — Vua + .
¢ L =Vig

TABLE II. Channel indices and threshold energies.

Channel index Channel Threshold (GeV)
1 K*K* 1.784

2 pp 1.54

3 0w 1.564

4 b 2.04

5 W 1.802

6 KK 0.99

7 nn 0.276

8 nm 1.096

7L J
1.5x10 . Gmax=1.0GeV

~

1.0x107}

[T11]

5.0x 108}

15 16 17 18
Vs (GeV)

|T,,|? for different g, = 0.9, 1.0 GeV.

Denoting the second term as

V/ . Vtzlbgb

= , 27
L= Vipgp ( )

then T,, can be written as

T — Vaa +V _ (1 + a)Vaa
= (Ve + Ve 1=(1+a)Vauug,

with a = V'/V . For calculating the loop integral g, for
channels of vector mesons, we use the same sharp cutoff as
in the previous study [14]. However, if we turn on the
channels of pseudoscalar mesons, the #-channel exchanged
pseudoscalar meson in VV — PP is mostly off shell for the
calculation of V', and the implementation of some off shell
form factors is necessary [29]. Adjustment of the sharp
cutoff parameter ¢,,, for the loop integration has no
influence for the imaginary part of g,, which corresponds
to two on shell pseudoscalar mesons with an off shell #-
channel exchanged pseudoscalar meson. To take into
account this off shell effect of the t-channel exchanged
meson, the same kind of monopole form factor as in our
triangle loop approach as well as in Ref. [29]

A% —m2,
A2 _ q2

(28)

F = (29)
is included at each VPP vertex for the exchanged pseu-
doscalar meson with momentum ¢. For the VV — PP
process, the t-channel exchange meson is much more off
shell than corresponding VV — VV case. The off shell
suppression effect makes V ,;, to be a few times smaller than
V 4a» 80 that |a] < 1 and the inclusion of the pseudoscalar
channels does not change much the previous result.

When the form factor is implemented, the 7 matrix for
K*K* — nn is showed in Fig. 4. For cutoff g, =
0.9 GeV, the real part of the resonance is around
1.66 GeV, which is the same as the single channel. The
imaginary part is about 6,14,26 MeV for different A = 0.8,
0.9, 1.0 GeV. And for cutoff ¢,,, = 1.0 GeV, the situation
is similar.

For the K*K* — KK system, the |T|* is showed in
Fig. 5. The resonance is /s = 1.76 —0.015; GeV for

114001-4
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Gmax = 0.9 GeV  and /s = 1.75-0.022i GeV  for
dmax = 1.0 GeV. Compared to the single channel, turning
on the KK channel makes the resonance moving up along
the real axis. And the situation is similar for K*K* — 7z

350000
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250000
200000
150000
100000
50000F

T

2
[T12]

T
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FIG. 7.
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K 400000}

200000’4___#///
\
o= e

15 16 1.7 18
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|Ts|* for different A = 0.8, 0.9, 1.0 GeV and ¢, = 0.9, 1.0 GeV.
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O'

2
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IT6)* for A = 0.9 GeV and different g, = 0.9, 1.0 GeV.
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= 300000f
200000}
100000}
O,
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|T7)? for A = 0.9 GeV and different g, = 0.9, 1.0 GeV.

system, see Fig. 6. The resonance is at /s = 1.69 —
0.004i GeV for @, =09 GeV and /s =1.64 —
0.007i GeV and g« = 1.0 GeV. We find the width of

the resonance in K*K* — i system is about equivalence to

1x108}
800000}

— Qmax=0.9GeV |

600000¢

2
[ T3l

400000¢
200000¢

ok . , ;
1.5 1.6 1.7 1.8
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|T,|* and |T5]> for A = 0.9 GeV and g, = 0.9 GeV.
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that in K*K* — nx system, and about 2 ~ 3 times smaller
than that in the K*K* — KK system. For comparison, we
also show the |T|? for K*K* — pp and K*K* — ww system,
see Fig. 7. The resonance is about /s = 1.70 — 0.014i GeV
for K*K* — pp and /s = 1.63 —0.013i GeV for K*K* —
ww with the cutoff ¢, = 0.9 GeV. It is interesting that
turning on the w® channel makes the pole to move
down, recall that the pole is at 1.66 GeV for K*K* single
channel. Actually we find that if there is no interaction
for the additional channel, such as V(ww — ow) =0,
V(nmn — nn) = 0, the pole moves down in the coupled
channel, otherwise, the pole moves up along the real axis.

Finally, we turn on all channels and show the |T';|? in 2-
dim and 3-dim with ¢, = 1.0 GeV in Fig. 8. The position
of the resonance is listed in Table III for different cutoffs.
We find that the real part of resonance is about 1710 MeV
and the width is about 100 MeV, quite close to the PDG
values for the f((1710) with mass 1704 + 12 MeV and
width 123 4+ 18 MeV [28]. Up to now, we have ignored the
width of K* which is about 50 MeV. Similar to the case for
the pp molecules studied in Ref. [29], the finite width of K*
does not influence the bind energy of K*K* molecule
much, but it increases the width of the molecule by the
direct decays of both K* and K*. With the effective
coupling constant of f(1710)K*K* determined by its
binding energy, the partial decay width of fy(1710) —
K*K* — KnKr can be calculated straightforwardly to be
around 21 MeV, which makes the total width of f(1710)
in perfect agreement with its PDF value. This means that
the f4(1710) can be dynamically generated by mesons
scattering. And we also find the lower resonance at 1.46 —
0.012i GeV for ¢ = 1.0 GeV and 1.48 — 0.008i GeV
for gpna = 0.875 GeV. Compared to our previous work
[30], the resonance move down a little along the real axis,
which is 1.52 —0.009i GeV for ¢, = 1.0 GeV and
1.53 — 0.005i GeV for g, = 0.875 GeV in [30].

|T11]?> for A = 0.9 GeV and ¢, = 1.0 GeV in 2-dim and 3-dim.

For the unitary coupled channel approach, we can

calculate the ratio of decay width via [28]
=2
Iroa = |Ig‘;|
R

pa(M%), (30)

with §, = Ryp./ v/ R, and p, as the two-body phase space.
The residues may be calculated via an integration along a
closed contour around the pole using

1
Rba = - dSMba. (31)
2ri
The branching ratios obtained this way are
T(fo(171
(fo(I710) = 27) _ ) 169+ 0,092 (0.23 £ 0.05),
I'(7,(1710 —» KK))
(32)
T(fo(171
Uol710) = 1) _ 204 1 0048 (0.48 4 0.15),
I'(f,(1710 —» KK))
(33)

where the values of the PDG [28] are given in the brackets
at the end of each equation for comparison. In fact the
deviation from various collaborations is much larger
than the PDG range: the value of T'(fy(1710) —»
7r)/T(fo(1710 —» KK)) is 0.64 4+0.27 £0.18 in [31],
0.41%047 in [32], 0.240.024 +£0.036 in [33], 0.39 £
0.14 in [34], and 0.32+£0.14 in [35]. The value of
[(fo(1710) = 5n)/T(fo(1710 — KK)) is 0.48 £0.15 in
[36] and 0.4670-7 in [37]. And for the radiative decays of
J/y in Table IV from PDG [28], all we can say is that the
partial decay widths of f((1710) — zz and f((1710) — nn

TABLE III. The resonance pole for different cutoffs.
Gmax (GeV) 0.7 0.8 0.9 1.0 1.1
Pole(GeV) 1.77-0.015i 1.75-0.028i 1.73-0.035i 1.72-0.045i 1.70-0.053i
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TABLE IV. Some modes of radiative decays of J/y.

Mode
7fo(1710) - yKK
7fo(1710) - yzn

rfo(1710) — ynn

Fraction(T;/T")

9.5519 x 104

3.8103 x 1074

24702 x 1074

are similar to be around 1/3 of f,(1710) — KK, which are
compatible with our results.

In summary, we extend the coupled channel interaction
of nonet of vectors by including channels of the octet of
pseudoscalars in addition using the unitary coupled-chan-
nel approach. The pole near the K*K* threshold remains to
be there with mass and width consistent with PDG values of
fo(1710). Meanwhile we deduce the partial decay widths
of fy(1710) - K*K* — zz, KK,nn in the approach as
well as hadronic triangle loop approach for hadronic
molecule. In both cases, the results agree with that of
f0(1710) in PDG. We can conclude that the properties of
fo(1710) are consistent with the K*K* molecule state.
Previously, as a candidate of glueball, the f,(1710) has

been extensively studied within the quarkonia-guleball
mixing picture [35,38-43]. With the success of the new
possible configuration as hadron molecule to explain its
decays, the structure of f(1710) could be beyond the
quarkonia-guleball mixing picture and need further explo-
ration by including the new possible configuration to fit its
various relevant properties, not only decays, but also
various productions.
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