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The largest tau neutrino dataset to date is IceCube’s atmospheric tau neutrino appearance dataset
containing > 1000 tau neutrino and antineutrino events as determined by a fit to a standard three-flavor
oscillation framework. On an event-by-event basis, however, it is impossible to know that any given event is
a tau neutrino as they are identical to either an electron neutrino charged-current event or a neutral-current
interaction of any active flavor. Nonetheless, we conclusively show that, using only the cascade sample
even without knowledge of the oscillation parameters and without assuming that the lepton mixing matrix
is unitary, tau neutrino identification is still possible and there is no viable scenario in which all of the tau
neutrino candidates are actually electron neutrinos. This is primarily due to the matter effect and the tau
lepton production threshold, as well as the fact that tau neutrinos are systematically reconstructed at a lower
energy than electron neutrinos due to one or more outgoing neutrinos. This conclusively shows that it is
possible for an atmospheric neutrino oscillation experiment to confirm that Uτ1, Uτ2, and Uτ3 are not all
zero even with limited particle identification.
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I. INTRODUCTION

The tau neutrino is the least-studied particle in the
Standard Model (SM), making it a crucial target for
additional study. The global dataset of tau neutrinos is
small with the initial data coming from the discovery
experiment DONuT [1] which detected tau neutrinos via
direct production and OPERA [2] which measured tau
neutrino appearance in a muon neutrino beam. In 2010
it was pointed out that IceCube would detect tau neutrinos
in their atmospheric dataset [3]. Since then, Super-
KamiokaNDE (SK) and IceCube [4,5] have both reported
detections of tau neutrino appearance in atmospheric
neutrinos. In addition, IceCube has also reported the
detection of tau neutrinos from astrophysical sources [6].

Experiment Source ∼Events detected

DONuT Production 7.5
OPERA Long-baseline 8
SK Atmospheric 291
IceCube Atmospheric 1804
IceCube Astrophysical 2

DONuT, OPERA, and IceCube’s astrophysical analyses
leveraged the short, but detectable, lifetime of the tau
lepton. SK’s atmospheric analysis uses a neural network
which leverages tau lepton decay information as well as the
various oscillation-related effects discussed in this paper.
Unlike SK, however, the IceCube detector is not sensitive
enough to suss out the distinction between tau decays and
electron neutrino instigated showers, although IceCube
could have some sensitivity after further detector upgrades;
see [7]. That is, without assuming knowledge of the
oscillation parameters, it is very difficult or impossible
to confirm that the probability of a single event to be a tau
neutrino is nonzero.
As the atmospheric oscillation parameters are moderately

well understood with independent confirmations of the
parameters from long-baseline accelerator experiments
[8–10], robustly testing the oscillation picture is key to
confirming that we understand the neutrino sector. The
unitarity framework is a relativelymodel-independent frame-
work to quantify deviations from the standard three-flavor
oscillation picture. Investigations into this framework have
found that the electronneutrino row is fairlywell constrained,
the muon neutrino row is relatively well constrained, and the
tau neutrino row is largely unconstrained using a subset of the
above datasets [11–13]. A new study focused on the tau
neutrino row has showed that more datasets than previously
used significantly improves the constraints on the tau
neutrino row [14].
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While the atmospheric datasets have vastly more sta-
tistics than the others, they have worse event-by-event
detection capabilities than the other channels, in particular
for IceCube, making it appear as though positive identi-
fication of tau neutrinos is impossible. Nonetheless, we
show here that it is possible to confirm the detection of tau
neutrinos in the cascade event sample without knowing the
oscillation parameters and without assuming the lepton
mixing matrix is unitary.
In order to understand how tau neutrino appearance can

be positively determined without assuming unitarity,1 we
investigate the relevant effects. Each tau neutrino charged-
current (CC) event at IceCube is indistinguishable from an
electron neutrino CC event.2 Thus it might appear that, for
the correct oscillation parameters, it is possible that every
tau neutrino event could be identified as an electron
neutrino event. This naturally leads one to investigate if
IceCube can actually identify the presence of tau neutrinos
in their detector without assuming knowledge of the
oscillation parameters. That is, while it is known from
long-baseline accelerator experiments that since θ23 ∼ 45°
[8–10], if one does not assume the 3 × 3 lepton mixing
matrix is unitary, then on an event-by-event basis every tau
neutrino would appear to be indistinguishable from an
electron neutrino. These various datasets and their impact
on the tau row of the lepton mixing matrix without the
assumption of unitarity are discussed in [14] which
significantly expands the tau neutrino input beyond pre-
vious unitarity analyses [11–13].
In this paper we prove that it is possible to confirm the

existence of tau neutrinos in atmospheric neutrino oscil-
lations without assuming the lepton mixing matrix is
unitary and without identifying the specifics of the tau
lepton’s hadronic decays or by measuring its lifetime. We
make the absolute minimal number of assumptions possible
and quantify the impact of each assumption on the
capability to identify the existence of tau neutrinos in
the atmospheric neutrino flux. We assume that neutrinos
oscillate, neutrinos experience the matter effect [17], the
large tau lepton mass gives rise to a threshold effect, and tau
neutrinos deposit systematically less energy than an elec-
tron neutrino with the same energy due to decays to
undetected neutrinos. The combination of these effects
provides enough information to confirm that tau neutrinos
are detected in IceCube’s atmospheric data without any
prior knowledge on the oscillation parameters. While the
analysis presented here is focused on atmospheric neutrinos
at IceCube, the story is equivalent for SK as well as
future atmospheric neutrino experiments such as Hyper-
KamiokaNDE [18], KM3NeT/ORCA [19], DUNE [20],

ICAL at India-based Neutrino Observatory (INO) [21], and
others.
This paper is organized as follows. First, in Sec. II we

discuss how we will apply in a self-consistent fashion a
unitarity violation framework including the matter effect.
This gives us context to test whether or not tau neutrinos are
detected at all while still working within an oscillation
framework. Second, we describe how we simulate an
atmospheric neutrino experiment in Sec. III. Third, we
present our results in Sec. IV along with some interpreta-
tions in Sec. V. Finally, we conclude and summarize the
paper in Sec. VI.

II. UNITARITY VIOLATION OVERVIEW

In order to quantify the ability to differentiate scenarios
with and without tau neutrinos, we consider unitary
violation (UV) for the case without tau neutrinos. UV of
the 3 × 3 matrix that is probed in most neutrino oscillation
experiments is a generic framework to parametrize various
beyond-SM scenarios, often related to neutrino mass
generation. Most simplistically, any additional sterile neu-
trino state, whether connected to neutrino mass generation
[22–24] or otherwise, is expected to lead to apparent UV.
Additionally, scenarios involving neutrinos propagating in
extra dimensions [25–27] would also appear as UV. We
focus on scenarios that are parametrized as additional
gauge singlet fermions that may or may not be kinemat-
ically accessible in a given experimental configuration.
Specifically, we parametrize a UV scenario with two

numbers:
(i) n, the total number of neutrinos, and
(ii) m, the number of neutrinos that are kinematically

accessible.
While many possible combinations are viable, we focus on
the three most interesting pairs ðn;mÞ: (3,3), (4,4), and
(5,3). The (3,3) scenario is the usual standard three-flavor
oscillation scenario. The (4,4) scenario is the case with one
sterile neutrino that is light enough to be kinematically
produced ultrarelativistically (m4 ≲ 10 keV for neutrinos
from neutrons and ≲15 MeV for neutrinos from pions and
muons) but heavy enough that the oscillations cannot be
directly probed (m4 ≳ 10 eV). The (5,3) scenario is the
case with two sterile neutrinos that are heavy enough to be
not produced (m4 ≳ 40 MeV) and can be directly related to
the minimal unitary violation scheme often parametrized
via the α matrix [28]. For the case with heavy neutrinos
we focus on the (5,3) case instead of (4,3) or (6,3) because
with two additional neutrinos there are enough degrees of
freedom to completely cover all available degrees of
freedom in the 3 × 3 matrix. That is, in principle, given
enough high-precision measurements of each different
oscillation, channel, one could differentiate the (4,3)
scenario from the (5,3) scenario, but not the (5,3) scenario
from the (6,3) or larger scenario. Additional scenarios such

1Tau neutrino appearance can be easily confirmed if unitarity is
confirmed; see e.g. [15,16].

2Except those when the tau lepton decays to a muon.
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as (5,4) are different from (5,3) due to the matter effect, but
we focus on these three cases for concreteness.
In any of the above-mentioned scenarios, if any of the

new neutrinos masses are close to the kinematic limit or are
accessible in some experiments and not others, or if the new
masses are close enough to each other to induce their own
oscillations, then the situation becomes considerably more
involved. We avoid these regions since the UV framework
is designed to be relatively independent of the details of the
sterile neutrinos and the regions of parameter space dis-
cussed here cover much of the phenomenologically and
theoretically interesting parameter space.

A. Probability

If n ¼ m, then the oscillation probabilities can be
calculated in the usual fashion [29–33] since the full
unitary matrix U is only composed of accessible states.
If n > m, then some care is needed; see [34,35]. We define
N as them ×m submatrix composed of the firstm columns
and rows3 of the larger unitary matrix U. The Hamiltonian
in the mass basis that describes propagation is the usual one
extended for m accessible neutrinos:

Hmass ¼
1

2E

0
BBBBBBBB@

0

Δm2
21

Δm2
31

Δm2
41

. .
.

1
CCCCCCCCA

þNT

0
BBBBBBBB@

VCCþVNC

VNC

VNC

0

. .
.

1
CCCCCCCCA
N�; ð1Þ

where VCC ¼ ffiffiffi
2

p
GFNe, VNC ¼ − 1ffiffi

2
p GFNn, and Nf is the

number density of matter fermion f. Note that while m2
11

can be subtracted from the Hamiltonian without changing
any oscillation effects since we are in the mass basis, VNC1
cannot be since N is not unitary.
In general, we find that the oscillation amplitude is

[34,36,37]

Aαβ ¼
½N�We−iΛLW†NT �αβffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðNN†ÞααðNN†Þββ
q ; ð2Þ

where W is the m ×m unitary matrix composed of
eigenvectors of the Hamiltonian and Λ is the diagonal
matrix composed of the eigenvalues of the Hamiltonian.
Quantities like ðNN†Þαα are

P
m
i¼1 jNαij2. The probability

is then Pαβ ¼ jAαβj2. In vacuum Ne ¼ Nn ¼ 0 and thus
λi ¼ m2

i =2E and W ¼ 1. In addition, if m ¼ n, then the
denominator in Eq. (2) is 1 since N is unitary in this case
and we recover the usual expression for the oscillation
probabilities.
The denominator accounts for production and detection

effects while the terms in the numerator include the
propagation in matter. We assume that any flavor or mass
state is either produced with no kinematic suppression or is
completely disallowed, with the exception of the tau
neutrino for which the threshold effects, parametrized with
Rτμ, are discussed in Sec. III below.
For concreteness we parametrize the mixing matrix as

U35U25U15U34U24U14U23U13U12 where we have not
included U45 as we already have enough degrees of
freedom and this rotation will not affect oscillations; for
more on the choice parametrization, see [38]. In order to
turn off tau neutrino appearance we set the mixing angles as
described in Table I.

B. Flux and cross section

In addition to modifying the probability, the flux and
cross section are changed relative to the SM expectation in
these various UV schemes. The true cross section and flux
for each neutrino flavor are related to the SM cross section
and flux by [37]

σCC;α ¼ σSMCC;αðNN†Þαα; ð3Þ

Φα ¼ ΦSM
α ðNN†Þαα: ð4Þ

So the true flux and cross section are either the same as the
SM (m ¼ n) or less (m < n).
Note that these corrections exactly cancel those in the

denominator of Eq. (2). So most experiments (including
atmospheric neutrino experiments) are mostly sensitive to a
reduced probability

TABLE I. The angles for each of the mixing matrix configu-
rations such that there is no tau neutrino appearance. That is, for
each of the listed matrix setting the angles to the listed value sets
Uτ1 ¼ Uτ2 ¼ Uτ3 ¼ 0.

(3,3) (4,4) (5,3)

Angles set to 90° θ23 θ34 θ35
Angles set to 0° θ13, θi4, θi5 θi4, θi5 θi5

3While the first m columns clearly must be included, the
choice of rows appears to be somewhat more arbitrary, so long as
it includes the three active flavors. In fact, in the (5,4) case for
example, instead of N being a 4 × 4matrix one could have N as a
3 × 4 matrix and the matter potential matrix as only 3 × 3
composed of the active states. Alternatively, either one of the
two sterile flavors could be added to the bottom of N which
would change nothing since the matter potential would gain a
zero which would annihilate the sterile state anyway.
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Pr
αβ ¼ j½N�We−iΛLW†NT �αβj2: ð5Þ

In addition, GF in the matter effect must also be
corrected from the measured value GM

F since it is measured
from muon decays to two neutrinos via

GF ¼ GM
Fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðNN†ÞeeðNN†Þμμ
q : ð6Þ

We can see that in the (5,3) caseGF ≥ GM
F while in the (3,3)

and (4,4) cases GF ¼ GM
F .

III. ATMOSPHERIC TAU NEUTRINO
APPEARANCE DETECTION

The atmospheric neutrino flux is dominated by muon
neutrinos during production with subleading contributions
from muon antineutrinos [39]. Under the standard oscil-
lation picture, using the well-established result that θ23 ∼
45° and Δm2

32 ∼ 2.5 × 10−3 eV2, a significant number of
muon neutrinos disappear at various energies and zenith
angles and baselines across the range 5–50 GeV, and most
of these have oscillated into tau neutrinos; see Fig. 1 which
shows the Pðνμ → ναÞ probabilities rescaled by their cross
sections. Note that while in the left panel at cos θz ¼ −0.4
the νμ → ντ curve could be partially replicated by the νμ →
νe curve with a higher value of Δm2

32, this same shift would
not work for core-crossing cos θz ¼ −1 events shown in the
right panel. In order to confirm that tau neutrinos can be
(and thus have been given the existing IceCube and SK’s
current datasets) detected, we compare the signal from the
expected flux to one with no tau neutrinos. We parametrize
this lack of tau neutrinos in a unitarity-violating scheme
described in Sec. II. That is, the detection of tau neutrinos

provides an important probe on the tau row unitarity, the
least well-constrained part of the lepton mixing matrix
[11–13].
In this section we demonstrate how an atmospheric

neutrino experiment, such as IceCube, can probe the tau
neutrino row of the lepton mixing matrix, without the
assumption of unitarity, and without directly identifying the
outgoing tau lepton. IceCube classifies events into tracks
and cascades [5]. Tracks are longer cylindrical events that
come from muon neutrino CC events as well as tau neutrino
CC events where the tau decays to a muon. These events
have very good angular resolution but often poor energy
resolution. Cascades are roughly spherical events that
include all the remaining channels: electron neutrino CC
events, tau neutrino CC events so long as the tau lepton
decays hadronically or to an electron, and NC events.
Cascade events have excellent energy resolution but often
poor angular resolution. It would appear that, without the
constraint of unitarity relating tau neutrino appearance to
the other oscillation channels, that since every tau neutrino
cascade event could be reclassified as an electron neutrino
event, the data would be indistinguishable from the case
where there was no tau neutrino appearance. In this section,
we show that this is not true due to properties of the tau
lepton and the matter effect.
In order to illustrate this, we suppose that an experiment

performs a measurement of atmospheric neutrinos and
measures something consistent with known oscillation
parameters. Then we show that it is impossible to reproduce
these data under the assumption of no tau neutrino
appearance in the various UV configurations described
in Sec. II. Finally, in an effort to understand which
component contributes to the tau neutrino identification,
we turn on and off various known effects such as the matter
effect or the tau production threshold.

FIG. 1. The atmospheric probability with the tau production threshold as a function of the true neutrino energy. On the left is for events
through the mantle and the right is core-crossing events. In light green is tau neutrino appearance probability without the tau production
threshold effect.
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Our setup is a version of an IceCube analysis [5]
containing all of the relevant features for tau neutrino
identification. We conservatively focus on the cascade
component as the track events contain a relatively smaller
amount of information for tau neutrino appearance. We also
only include up-going events as down-going events similarly
have less information and more complicated backgrounds.
We use the same binning as IceCube: five uniform bins in
cos θz < 0 and eight energy bins from 5.6 to 56 GeV
distributed logarithmically. We also assume that the initial
atmospheric flux is dominantly νμ and is a single power law

ΦiðEtrueÞ ∝ E−γ
true for γ ¼ 3, generally consistent with the

predicted atmospheric flux over the energy range in question
[39]. We ignore track-cascade misidentification. Finally,
we work in the parameter space of the Ereco and cos θz
parameters and assume that fluctuations in the various
parameters are small compared to the bin sizes. This
allows us to write down how oscillations and other cross-
section-related features modify the detected cascade flux
spectrum d2N=dErecod cos θz relative to the initial atmos-
pheric flux times the total neutrino-nucleon cross section,
ΦiðErecoÞσtotðErecoÞ:

RcðEreco;cosθzÞ≡
d2Nc

dErecodcosθz

ΦiðErecoÞσtotðErecoÞ
¼fCC½Pr

μeðEreco;cosθzÞ

þð1−fτμÞηγ−1ντ RτμðEreco=ηντÞPr
μτðEreco=ηντ ;cosθzÞ�þð1−fCCÞηγ−1NC

X
β∈fe;μ;τg

Pr
μβðEreco=ηNC;cosθzÞ; ð7Þ

where fCC ≃ 0.7 is the CC cross section fraction, fτμ ≃
0.174 is the fraction of tau leptons that decay to muons,
ηντ ≃ 0.625 is the ratio of the tau neutrino’s reconstructed
energy divided by its true energy [5], Rτμ is the ratio of
ντ − N cross section to νμ cross section from [40], and
ηNC ≃ 1

3
is the fraction of energy deposited in NC inter-

actions. The two ηγ−1 terms include γ factors of the energy
shifts since the spectrum decreases as the energy increases
and −1 factor of the energy shifts since the cross section
increases linearly with energy in this energy range [41]. We
define the quantity in Eq. (7) asRcðEreco; cos θzÞ. A similar
quantity could also be defined for tracks as well.

In Fig. 2 we show Eq. (7) as a function of recon-
structed energy for various different zenith angles and
with various different components included. We see for
example at cos θz ¼ −0.4 through the mantle that the
scenario with only electron neutrino CC interactions
(orange) is quite similar to the standard case (blue) up to
a normalization which could be accommodated by an
uncertainty in the flux or the mixing parameters. For
more up-going events, however, the shape is no longer
correct as there would not be enough events at high
energy. This shows explicitly why tau neutrinos can be
identified.

FIG. 2. The ratio of the cascade flux to the initial flux as a function of the reconstructed energy for different zenith angles. The different
curves represent the inclusion of different effects. The blue curve is the standard scenario. The orange curve is the scenario with no tau
neutrinos or NC interactions. The green curve is the scenario with no electron neutrinos or NC interactions. The red curve is the scenario
with no tau lepton threshold effect. The purple curve is the scenario with no NC interactions. The brown curve is the scenario with no
matter effect. The pink curve is the scenario where tau neutrinos would be reconstructed with full energy.
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To estimate the information an IceCube-like experiment
will measure in each bin, we calculate a series of weights
which contain information about cross section, flux, and
detector efficiencies. These weights are defined based on
the S=

ffiffiffiffi
B

p
in each bin as provided by IceCube [5], where S

is the signal and B is the background for three years of
running. In bin j, k, the weight is

wjk ¼
��

Sffiffiffiffi
B

p
�

jk

×

�Z
dðcos θzÞ

Z
dErecoRcðEreco; cos θzÞ

�
−1
�

2

;

ð8Þ

where the integrals are over the area of the bin and Rc is
calculated for the benchmark oscillation parameters and all
the other known particle physics where we note that the
IceCube data are well described the SM for standard
oscillation parameters.
Thenwedefine the test statistic between twohypotheses as

ΔTS ¼
X
j;k

wjk

�Z
dðcos θzÞ

Z
dEreco½RcðEreco; cos θzÞντ

−RcðEreco; cos θzÞντ �
�

2

; ð9Þ

where the sum is over the cos θz and Ereco bins and in the ντ
term the oscillation parameters are fixed to the standard
oscillation parameters while in the ντ term the oscillation
parameters are allowed to float, but there are no tau neutrinos
as described in Table I for the different matrix scenarios. We
also allow for a free flux normalization in the ντ term to
conservatively account for the uncertainty in the atmospheric
flux. While Eq. (9) behaves as a Δχ2, the numerical value
should not be interpreted too strongly as a sensitivity as we
have made several simplifications. Nonetheless, it is suffi-
cient to show the relative impact of various components of
Eq. (7) on the ability to disfavor no tau neutrino appearance
due to Uτ1 ¼ Uτ2 ¼ Uτ3 ¼ 0. While in Eq. (8) we always
include all relevant physics parameters, in Eq. (9) we will
sometimes turn some of them off for both terms. Wewill use
Eq. (9) to compare the cases of the standard oscillation
parameters and that where the first three elements in the tau
neutrino row are zero.

IV. RESULTS

In Table II we show all of the numerical results for every
combination of physical processes as well as every combi-
nation of electron neutrino row constraints and Δm2

31

constraints. In the first four columns check marks refer
to the SM version of the mentioned effect. The nature of the
numerical results are summarized in this section.

TABLE II. Test statistic disfavoring Uτ1 ¼ Uτ2 ¼ Uτ3 ¼ 0
relative to the standard case in three different matrix configura-
tions without the electron neutrino row constrained (left) and with
the electron neutrino row constraint (right). The electron neutrino
row constraint makes the (3,3) case overdetermined and we do
not consider it on the left. Note that the best fit values of the
oscillation parameters are often extremely far away from known
values from other neutrino oscillation measurements. See the text
for remaining details.

No νe row constraint

NC Matter ηντ Rτμ Δm2
31 const. (3,3) (4,4) (5,3)

✗ ✗ ✗ ✗ ✗ 1580 0 413
✗ ✗ ✗ ✗ ✓ 1580 0 471
✗ ✗ ✗ ✓ ✗ 358 16 57
✗ ✗ ✗ ✓ ✓ 358 27 65
✗ ✗ ✓ ✗ ✗ 129 0 50
✗ ✗ ✓ ✗ ✓ 129 1 1
✗ ✗ ✓ ✓ ✗ 52 0 1
✗ ✗ ✓ ✓ ✓ 52 1 1
✗ ✓ ✗ ✗ ✗ 1324 497 702
✗ ✓ ✗ ✗ ✓ 1324 1014 702
✗ ✓ ✗ ✓ ✗ 283 118 124
✗ ✓ ✗ ✓ ✓ 283 231 124
✗ ✓ ✓ ✗ ✗ 109 58 95
✗ ✓ ✓ ✗ ✓ 109 90 95
✗ ✓ ✓ ✓ ✗ 34 31 23
✗ ✓ ✓ ✓ ✓ 34 31 29
✓ ✗ ✗ ✗ ✗ 727 0 433
✓ ✗ ✗ ✗ ✓ 727 0 458
✓ ✗ ✗ ✓ ✗ 155 14 61
✓ ✗ ✗ ✓ ✓ 155 27 70
✓ ✗ ✓ ✗ ✗ 99 0 50
✓ ✗ ✓ ✗ ✓ 99 1 59
✓ ✗ ✓ ✓ ✗ 31 0 12
✓ ✗ ✓ ✓ ✓ 31 1 4
✓ ✓ ✗ ✗ ✗ 973 614 702
✓ ✓ ✗ ✗ ✓ 702 664 700
✓ ✓ ✗ ✓ ✗ 124 119 124
✓ ✓ ✗ ✓ ✓ 124 124 123
✓ ✓ ✓ ✗ ✗ 115 82 55
✓ ✓ ✓ ✗ ✓ 115 62 74
✓ ✓ ✓ ✓ ✗ 35 14 23
✓ ✓ ✓ ✓ ✓ 35 15 16

νe row constrained

NC Matter ηντ Rτμ Δm2
31 const. (4,4) (5,3)

✗ ✗ ✗ ✗ ✗ 0 409
✗ ✗ ✗ ✗ ✓ 0 427
✗ ✗ ✗ ✓ ✗ 17 62
✗ ✗ ✗ ✓ ✓ 28 63
✗ ✗ ✓ ✗ ✗ 0 55
✗ ✗ ✓ ✗ ✓ 1 58
✗ ✗ ✓ ✓ ✗ 1 13
✗ ✗ ✓ ✓ ✓ 1 14
✗ ✓ ✗ ✗ ✗ 511 703
✗ ✓ ✗ ✗ ✓ 1267 696

(Table continued)
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Since the electron neutrino row is quite well measured,
we consider the option to fix it to its best fit values or let it
float freely. Similarly, as a number of experiments have
measured consistent values of Δm2

31 we also either fix it or
let it float freely (we always fix Δm2

21 and have confirmed
that its effect on the main results are small). We vary these
assumptions as widely as possible to show where the effects
come from. The different effects considered [affecting both
terms in Eq. (9) but not in Eq. (8) which defined the
experimental setup] are as follows.

(i) NC.—Whether or not the NC interaction is included.
That is, no NC term means that the final term in
Eq. (7) is not included. This has a very small effect
regardless of what other effects are included.

(ii) Matter.—Whether or not the matter effect is in-
cluded. Without the matter effect, VCC ¼ VNC ¼ 0.

(iii) ηντ .—Whether or not the tau neutrino reconstruction
effect is taken into account. With this effect set to the
SM, this parameter is taken to be 0.625; without it, it
is taken to be 1.

(iv) Rτμ.—Whether or not the tau production threshold
effect is taken into account. With this effect, the
physical values for Rτμ < 1 are taken; without it,
Rτμ ¼ 1 for all neutrino energies.

(v) Δm2
31 constraint.—Whether or not Δm2

31 is fixed to
its best fit value. Note that Δm2

21 is always fixed to
its best fit value; varying it does not have a
significant effect on the results.

(vi) Electron neutrino row constraint.—Whether or not
Ue1, Ue2, and Ue3 are fixed to their best fit values.
While there are some potential hints of unitary
violation in the electron neutrino row [42–45], we
use fits not including those datasets as at least some
of them may have nonoscillation explanations. We
do not include any hints for unitary violation in the
electron row which is equivalent to fixing θ1j to their
best fit values.

We could also consider fixing the muon neutrino row of
the mixing matrix to the best fit value. We do not include
this scenario as we see sensitivity to identifying tau
neutrinos without fixing it. In addition, it is rather less
well constrained than the electron neutrino row [11–13] so
letting it float freely, while conservative, is not exceed-
ingly so.
Many of the best fit scenarios have parameters that are

extremely inconsistent with other oscillation measure-
ments. Nonetheless, we see that a measurement of atmos-
pheric neutrino cascades alone in this energy and zenith
angle parameter space allows for a determination of the
parameters in the tau neutrino row.

V. DISCUSSION

We calculated the test statistic in many cases; we now
distill the salient features. First, without any of the features
listed above—the NC events, the matter effect, the tau
neutrino reconstruction effect, and the tau lepton produc-
tion threshold: the (✗,✗,✗,✗,✗) row on the right of
Table II—we find that it is impossible to identify tau
neutrinos even if we assume we know the electron neutrino
row and Δm2

31. This confirms our expectations that one can
dial up the νμ → νe oscillation probability and exactly
compensate for the missing tau neutrinos.
Second, with none of the effects included and no

constraints on the electron neutrino row or Δm2
31—the

(✗,✗,✗,✗,✗) row on the left of Table II—in the (3,3) case
there is a large sensitivity. This is because the only free
parameter, other than Δm2

31, is θ12 so the only way that
cascades would appear is via Δm2

21 oscillations to electron
neutrinos which does not replicate the observed cascades
due to tau neutrinos. This is one scenario where allowing
Δm2

21 to float would provide a slightly different result.
Next, we see that in numerous different combinations of

physical processes, without including either of the con-
straints, the sensitivity to identifying tau neutrinos is
considerably enhanced. This is somewhat counterintuitive,
but can be understood in that some of the processes
partially cancel. For example, with just Rτμ [the (✗,✗,✗,
✓,✗) row on the left of Table II] the test statistic for the (5,3)
case is at 57 and with just the tau neutrino reconstruction
effect [the (✗,✗,✓,✗,✗) row on the left of Table II] the test
statistic is at 50, but with both [the (✗,✗,✓,✓,✗) row on the
left of Table II] the test statistic drops to 1, implying almost

TABLE II. (Continued)

νe row constrained

NC Matter ηντ Rτμ Δm2
31 const. (4,4) (5,3)

✗ ✓ ✗ ✓ ✗ 104 124
✗ ✓ ✗ ✓ ✓ 276 124
✗ ✓ ✓ ✗ ✗ 59 111
✗ ✓ ✓ ✗ ✓ 93 109
✗ ✓ ✓ ✓ ✗ 21 17
✗ ✓ ✓ ✓ ✓ 26 26
✓ ✗ ✗ ✗ ✗ 169 435
✓ ✗ ✗ ✗ ✓ 170 442
✓ ✗ ✗ ✓ ✗ 42 67
✓ ✗ ✗ ✓ ✓ 46 66
✓ ✗ ✓ ✗ ✗ 20 56
✓ ✗ ✓ ✗ ✓ 24 60
✓ ✗ ✓ ✓ ✗ 4 13
✓ ✗ ✓ ✓ ✓ 4 14
✓ ✓ ✗ ✗ ✗ 478 702
✓ ✓ ✗ ✗ ✓ 667 702
✓ ✓ ✗ ✓ ✗ 123 124
✓ ✓ ✗ ✓ ✓ 124 124
✓ ✓ ✓ ✗ ✗ 54 111
✓ ✓ ✓ ✗ ✓ 63 112
✓ ✓ ✓ ✓ ✗ 18 33
✓ ✓ ✓ ✓ ✓ 18 33
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no sensitivity. This is because Rτμ effectively pushes the tau
neutrino appearance oscillation maximum to higher ener-
gies while ηντ reduces the reconstructed energy of the tau
neutrino oscillation maximum, bringing it closer to that of
electron neutrinos. In addition, further adding the Δm2

31

constraint [the (✗,✗,✓,✓,✓) row on the left of Table II] does
not increase the test statistic at all since the oscillation
maximum has ended up at roughly the right place so Δm2

31

would be reconstructed mostly correctly.
The relationship between the NC interaction (indicated in

the first columns in Table II) and the ability to confirm there
are tau neutrinos,with orwithout the other physical effects or
the constraints, is a bit more complicated. The reason is
because not only is there a nontrivial energy dependence ηNC
similar to the ηντ term, but there is also the fact that the Uτi

elements appear in theNCprobability in a nontrivialway that
depends on the other oscillation parameters.
Finally, we show the oscillograms for various interesting

scenarios in Fig. 3. In the left panel we show the standard
tau neutrino appearance oscillogram which is consistent
with IceCube’s measurements over the relevant energy and
zenith angle space. We have highlighted the primary
feature, the first oscillation maximum. We also note the
presence of the core of Earth for cos θz < −0.84 which
significantly alters the probability at the second oscillation
maximum (see e.g. [46]) but not much for the first
oscillation maximum.
Next, in the center panel we show the standard oscil-

lation case for electron neutrino appearance and note that it
is significantly different. The magnitude is quite a bit lower,
although this could be compensated to reproduce the tau
neutrino appearance signal by a higher flux normalization.
More importantly is the fact that the first oscillation
maximum appears at much lower energies: ∼7 GeV com-
pared to∼15 GeV for tau neutrinos at cos θz ¼ −0.5; this is
driven by the matter effect which plays a considerable role
in νe appearance and a much smaller role in ντ appearance.
In the right panel we see the electron neutrino appear-

ance channel for the best fit case without tau neutrino

appearance to the standard picture in the (4,4) unitary
violation scenario.4 Notably it is quite similar to the
standard case with the oscillation maximum shifted to only
slightly higher energies. This shows that, due to the effects
discussed in Sec. IV, it is not possible to reconstruct the
standard case shown in the left oscillogram.
Throughout this paper we have assumed the normal mass

ordering and have focused on neutrinos only. The mass
ordering will bewell measured byDUNE and JUNO [20,47]
in the coming years (considering a swap in themass ordering
does not provide improvement to the fit even in cases ofUV).
In principle, one could differentiate ντ from ν̄τ’s using the
approach described here: the tau lepton production threshold
and the reconstructed energy effects are very similar for each
flavor, but the matter effect would induce a slight difference,
especially in aUV scenario. These effects are likely too small
to be detected at present since both the antineutrino cross
section and the flux are lower than for neutrinos, but perhaps
next-generation experiments could attempt to separately
constrain the ντ and ν̄τ normalizations.
We have also ignored several features such as track

events from tau decays to muons as well as down-going
events. These features would only serve to provide addi-
tional information in support of the existence of tau
neutrinos in an IceCube-like measurement. Additional
contributions to the flux including electron neutrinos and
a very subleading tau neutrino component complicate the
analysis but do not change the results. On the other hand,
some care is required as energy and angular smearing as
well as topology misidentification will partially weaken the
numerical results—it is for these reasons that we caution
that the exact significances may not be representative of
IceCube’s actual data, but the general results still apply.

VI. CONCLUSIONS

In this paper we have investigated exactly how tau
neutrinos can be identified in an atmospheric neutrino

FIG. 3. Oscillograms of atmospheric neutrinos. Left: the νμ → ντ oscillation probability for the standard oscillation parameters.
Center: the νμ → νe oscillation probability for the standard oscillation parameters. Right: the νμ → νe oscillation probability in the (4,4)
unitary violation case that is the best fit to the standard νμ → ντ probability as described in Eq. (9).

4The (5,3) case looks similar.
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dataset at an IceCube-like experiment with no event-by-
event particle identification. We set up two different
unitary-violating frameworks (4,4) and (5,3) equivalent
to additional sterile neutrinos that are either kinematically
accessible (the oscillation averaged 3þ 1 scenario) or not
accessible (the α matrix parametrization), respectively.
These different scenarios have somewhat different conse-
quences due to the matter effect, but the primary con-
clusions apply in either case.
We constructed a picture of cascade detection in atmos-

pheric neutrinos consisting of several parts: electron neutrino
charged-current events, neutral-current events, and tau neu-
trino charged-current events not including tau lepton decays
to muons. We also included the tau lepton production
threshold and the fact that both tau neutrino events and
neutral-current events deposit less energy in the detector than
electron neutrino charged-current events. We showed in
Fig. 2 that each of these effects has a significant change
on the measured flux in both energy and zenith angle.
We then computed a test statistic comparing the scenario

with no tau neutrinos to that with tau neutrinos and
minimized it over the available degrees of freedom in
the matrix and the flux normalization. Consistent with
expectations, without the matter effect, the tau production

threshold, the tau neutrino energy reconstruction effect, or
the neutral-current events, it is not possible to identify tau
neutrinos, even if the electron neutrino row and Δm2

31 are
known. When including all the physical effects, however, it
is possible to determine that tau neutrinos can be detected in
IceCube’s cascade sample alone even in a unitary-violating
framework and without any external knowledge of the
oscillation parameters. This confirms that IceCube (as well
as Super-KamiokaNDE) has definitively detected tau
neutrinos in their atmospheric sample even without an
assumption of unitarity.
We encourage future analyses by IceCube, Super-

KamiokaNDE, KM3NeT/ORCA, INO, and other atmos-
pheric neutrino experiments with tau neutrino sensitivity to
use the effects described here to present their results in the
context of tau neutrino unitarity constraints.
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