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In view of the great contribution of neutrino-electron scattering to the deep understanding of electroweak
interactions, we focus in this paper on the study of elastic scattering of a muon neutrino by an electron
ðe−νμ → e−νμÞ in the presence of a circularly polarized electromagnetic field. We perform our theoretical
calculation within the framework of Fermi theory using the exact wave functions of charged particles in an
electromagnetic field. The expression of the differential cross section (DCS) for this process is obtained
analytically in the absence and presence of the laser field. The effect of the field strength and frequency on
the exchange of photons as well as on the DCS is presented and analyzed. Massive neutrino effects are also
included and discussed. This study, added to the previous ones, will significantly enrich our knowledge in
fundamental physics.
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I. INTRODUCTION

In particle physics, the scattering experiments are the most
effective research tools that allow us to study the interactions
between particles and probe the structure of matter. It is
through them that we gather a lot of information about the
physical world. From Rutherford’s gold-foil experiment [1]
revealing the atomic nucleus to the discovery of the Higgs
boson at the Large Hadron Collider [2], the observation and
interpretation of quantum scattering processes have been
pivotal to the advancement of particle physics. Laser-assisted
or -induced scattering processes are types of scattering
processes that have received considerable attention since
the invention of the laser in the 1960s until the recent
development of high-power optical lasers [3–5]. Strickland
and Mourou were jointly awarded the 2018 Nobel Prize in
Physics for inventing the use of chirped pulse amplification
as a means to generate high-intensity and ultrashort optical
pulses [6,7]. Meanwhile, scientists have been enthusiastic

and focused on the study of laser-assisted quantum proc-
esses, whether in quantum electrodynamics [8–11], electro-
weak theory [12–16], or atomic physics [17–20], and
generally on the study of laser-matter interactions [21,22].
In parallel with the production of the high-power femto-
second lasers, experimental testing of these studies became
feasible [23–25]. In our turn, we have decided to study,
through this research paper, one of the most important
scattering processes that have played an important role in the
development of modern physics, namely, the elastic scatter-
ing process of a muon neutrino by an electron ðe−νμ →
e−νμÞ in the presence of a circularly polarized electromag-
netic field. Nine years ago, the same process was studied,
within the framework of Fermi’s theory, in the presence of a
linearly polarized laser field, and the phenomena of multi-
photon absorption and emission were induced [26]; the
authors found that the distributions of a multiphoton energy
transfer spectrum are largely affected by the laser even at
moderate intensities, while the differential cross section
(DCS) can be notably changed by several orders of
magnitude only in superstrong fields with ultrarelativistic
electrons. In general, the study of (anti)muon-neutrino
scattering on electrons has offered important results for
understanding the electroweak sector of the Standard Model
[27]. In particular, the first observation of a few ν̄μe → ν̄μe
scattering events by the Gargamelle bubble chamber in 1973
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at CERN [28] provided the first empirical proof of the
existence of weak neutral-current interactions. An extensive
theory and a collection of new results for total and differ-
ential cross sections of the elastic neutrino-electron scatter-
ing have been reported in Refs. [29,30]. The purpose of this
paper is mainly to reveal the effect of a strong electromag-
netic field on the scattering process e−νμ → e−νμ and, in
particular, on its calculated DCS. The theoretical calculations
are performed within the Fermi theory using the method of
exact solutions for electron states in the presence of a
circularly polarized electromagnetic wave field. Although
the electromagnetic field does not couple to the Standard
Model neutrino, it affects neutrino physics by altering the
behavior of the charged particles with which the neutrino
may interact [31,32]. Moreover, a short review of other
processes involving neutrinos affected by the presence of a
magnetic field can be found in Ref. [33]. In this paper, our
plan is as follows. In order to proceed in a pedagogical way
and to give the reader the necessary material, we present first,
in Sec. II, the detailed theoretical calculation of the DCS of
the scattering process in the absence of any external field.
Then, in Sec. III, the explicit expression of the laser-assisted
DCS is derived. The theoretical changes required when
considering the nonzero neutrino mass are summarized in
Sec. IV. The results obtained, whether in the absence or in
the presence of the laser, are presented and discussed in
Sec. V. Finally, Sec. VI summarizes the results of this work
and draws conclusions. The relativistic system of units,
where ℏ ¼ c ¼ 1, and the metric tensor gμν ¼
diagð1;−1;−1;−1Þ will be used throughout this paper.

II. LASER-FREE SCATTERING PROCESS

In this section, we calculate analytically the general
formula of the unpolarized DCS for the scattering of a
muon neutrino by an electron in the absence of a laser field.
This scattering process can be schematized as

e−ðpiÞ þ νμðkiÞ → e−ðpfÞ þ νμðkfÞ; ð1Þ

where the arguments are our labels for the associated four-
momentum for each particle, and the indices i and f stand,
respectively, for the initial and final states. This process is a
weak interaction process; it can be described by the lowest
Feynman diagrams. Therefore, in the first Born approxi-
mation, the transition matrix element can be written as

Sfi ¼
−iGffiffiffi

2
p

Z
∞

−∞
d4x½ψ̄f

νμðxÞγμð1 − γ5Þψ i
νμðxÞ�

× ½ψ̄f
e−ðxÞγμðgV − gAγ5Þψ i

e−ðxÞ�; ð2Þ

where G ¼ ð1.16637� 0.00002Þ × 10−11 MeV−2 is the
coupling constant of Fermi measured from muon decay
[34]. gV ¼ 1=2 − 2 sin2ðθWÞ and gA ¼ −1=2 are, respec-
tively, the vector and axial-vector coupling constants and

θW is the weak-mixing angle. Here, for gV and gA, we
choose the corrected (loop-level) values from the tree-level
ones as follows: gV ¼ 0.043� 0.063 and gA ¼ −0.545�
0.056 [35]. The Dirac wave functions, normalized to the
volume V, that describe the incoming and outgoing muon
neutrinos have the following form:

ψ i
νμðxÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffi
2EiV

p uνμðki; tiÞe−iki:x;

ψf
νμðxÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffi
2EfV

p uνμðkf; tfÞe−ikf:x; ð3Þ

where uνμðki;f; ti;fÞ represents the Dirac bispinor with four-
momentum ki;f and spin ti;f satisfyingX

ti;f

ūνμðki;f; ti;fÞuνμðki;f; ti;fÞ ¼ =ki;f: ð4Þ

In the first stage, we will consider the muon neutrinos as
massless particles. The wave functions ψ i

e−ðxÞ and ψf
e−ðxÞ

are, respectively, the initial and final states of the electron

ψ i
e−ðxÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffi
2p0

i V
p ue−ðpi; siÞe−ipi:x;

ψf
e−ðxÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffi
2p0

fV
q ue−ðpf; sfÞe−ipf:x; ð5Þ

where p0
i and p0

f are, respectively, the total energies of the
incident and outgoing electrons. ue−ðpi;f; si;fÞ is the free
Dirac spinor satisfying

P
si;f ūe−ðpi;f; si;fÞue−ðpi;f; si;fÞ ¼

pi;f þm, where m is the rest mass of the electron. After
introducing the different wave functions describing the
particles involved in the process (1), we substitute them into
the S-matrix element (2). After some manipulations, we get

Sfi ¼
−iGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

32EiEfp0
i p

0
fV

4
q ð2πÞ4δ4ðpf þ kf − pi − kiÞMfi;

ð6Þ

where

Mfi ¼ ½ūνμðkf; tfÞγμð1 − γ5Þuνμðki; tiÞ�
× ½ūe−ðpf; sfÞγμðgV − gAγ5Þue−ðpi; siÞ�: ð7Þ

What interests us in the evaluation of the DCS is the square
of the S-matrix element jSfij2 multiplied by the density of
final states and divided by the flux of the incoming particles
jJincj. In the case of unpolarized DCS, we must sum over
the final spin states and average over the initial spin states.
We point out here, by the way, that electrons can be in two
spin states, while neutrinos exist in only one state of
negative helicity [35]. This yields
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dσ̄ðe−νμ → e−νμÞ ¼ V
Z

d3pf

ð2πÞ3 V
Z

d3kf
ð2πÞ3

1

2

X
ti;f ;si;f

jSfiðe−νμ → e−νμÞj2
TjJincj

;

¼ G2

64p0
i p

0
fEiEfV

δ4ðpf þ kf − pi − kiÞ
ð2πÞ2jJincj

Z
d3kf

Z
d3pf

X
ti;f ;si;f

jMfij2; ð8Þ

where we have used ½ð2πÞ4δ4ðpf þ kf − pi − kiÞ�2 ¼ VTð2πÞ4δ4ðpf þ kf − pi − kiÞ and Jinc is the incoming
neutrinos current in the laboratory system given by Jinc ¼ ðki:piÞ=ðEip0

i VÞ. With the help of the following relations
d3pf ¼ jpfj2djpfjdΩ and δ4ðpf þ kf − pi − kiÞ ¼ δ0ðp0

f þ Ef − p0
i − EiÞδ3ðpf þ kf − pi − kiÞ, the DCS becomes

dσ̄
dΩ

ðe−νμ → e−νμÞ ¼
G2

64ð2πÞ2ðki:piÞ
Z jpfj2djpfj

Efp0
f

δ0ðp0
f þ Ef − p0

i − EiÞ
X
ti;f ;si;f

jMfij2jpfþkf−pi−ki¼0: ð9Þ

The remaining integral over djpfj can be solved by using the following formula [35]:

Z
dxfðxÞδðgðxÞÞ ¼ fðxÞ

jg0ðxÞj
����
gðxÞ¼0

: ð10Þ

Finally, we get

dσ̄
dΩ

ðe−νμ → e−νμÞ ¼
G2

256π2p0
fEf

jpfj2
ðki:piÞjg0ðjpfjÞj

× Tr½ð=pf þmÞγμðgV − gAγ5Þð=pi þmÞγνðgV − gAγ5Þ�
× Tr½=kfγμð1 − γ5Þ=kiγνð1 − γ5Þ�; ð11Þ

where

g0ðjpfjÞ ¼
jpfjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpfj2 þm2
q þ jpfj þ Ei cosðθfÞ − jpijFðϕi;ϕf; θi; θfÞ

Ef
; ð12Þ

and

Fðϕi;ϕf; θi; θfÞ ¼ cosðϕiÞ sinðθiÞ cosðϕfÞ sinðθfÞ þ sinðθiÞ sinðϕiÞ sinðθfÞ sinðϕfÞ
þ cosðθiÞ cosðθfÞ: ð13Þ

The product of the two traces in Eq. (11) is evaluated and gives the following result:X
ti;f ;si;f

jMfij2 ¼ 64½g2Aððkf:pfÞðki:piÞ þ ðkf:piÞðki:pfÞ þ ðki:kfÞm2Þ þ 2gAgVððkf:pfÞðki:piÞ

− ðkf:piÞðki:pfÞÞ þ g2Vððkf:pfÞðki:piÞ þ ðkf:piÞðki:pfÞ − ðki:kfÞm2Þ�: ð14Þ

The reader can refer to the textbook in Ref. [35] for another independent, pedagogical, and more detailed calculation of this
scattering process in the absence of a laser field.

III. LASER-ASSISTED SCATTERING PROCESS

Now, we consider the process (1) in the presence of a laser field. For reasons of mathematical simplicity, the laser field is
considered as a monochromatic plane wave of circular polarization, whose classical four-potential can be expressed in a
unified notation such as

AμðxÞ ¼ jaj½ημ1 cosðk:xÞ þ ημ2 sinðk:xÞ�; ð15Þ
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where jaj ¼ E0=ω denotes the magnitude of the four-
potential, where E0 is the electric field strength and ω is
the laser frequency. k ¼ ðω; 0; 0;ωÞ is the wave four-vector
chosen to be directed along the z axis. The polarization
four-vectors ημ1 and ημ2 satisfy the normalization and
orthogonality conditions, η21 ¼ η22 ¼ −1 and ðη1:η2Þ ¼ 0.
The Lorentz gauge condition kμ:Aμ ¼ 0 applied to the four-
potential implies ðk:η1Þ ¼ 0 and ðk:η2Þ ¼ 0. Now, in the
presence of a laser field, the electron obeys the following
Dirac equation [36]:�

ðpi;f − eAÞ2 −m2 −
ie
2
Fμνσ

μν

�
ψ i;f
e− ðxÞ ¼ 0; ð16Þ

where e ¼ −jej < 0 is the charge of the electron, Fμν ¼
∂μAν − ∂νAμ is the electromagnetic field tensor, and
σμν ¼ 1

2
½γμ; γν�. The general solution of this equation is

the normalized relativistic Dirac-Volkov wave functions
[37], which describe the incident and outgoing electrons
in a laser field

ψ i;f
e− ðxÞ ¼

�
1þ e=k=A

2ðk:pi;fÞ
�
uðpi;f; si;fÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Qi;fV
p × eiSðqi;f ;xÞ; ð17Þ

where

Sðqi;f; xÞ ¼ −qi;f:x −
ejajðη1:pi;fÞ
ðk:pi;fÞ

sinðk:xÞ

þ ejajðη2:pi;fÞ
ðk:pi;fÞ

cosðk:xÞ: ð18Þ

qi;f ¼ ðQi;f;qi;fÞ is theVolkovmomentumof the electron in
the presence of the laser field, which is given by

qi;f ¼ pi;f þ
e2jaj2

2ðk:pi;fÞ
k: ð19Þ

Squaring this four-momentum shows that the mass of the
dressed electron (effective mass) has a dependence on the
strength of the electromagnetic (EM) field

m2� ¼ m2 þ e2jaj2: ð20Þ

Note that in the absence of the EM field ðjaj → 0Þ, the
Volkov wave function (17) reduces to the free-field wave
function given in Eq. (5), and the mass m� and four-
momentum qi;f of the dressed electron reduce also in that
case to the electron mass m and four-momentum pi;f,
respectively. Since the incoming and outgoing muon neu-
trinos are electrically neutral and thus do not interact with the
laser field, their wave functions are unchanged. We will
therefore describe them using the same previous unaffected
plane waves given in Eq. (3). Thus, the transition matrix
element (2) becomes

Sfi ¼
−iGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

32EiEfQiQfV4
q Z

d4xeiðkf−kiÞ:xeiðSðqi;xÞ−Sðqf;xÞÞ

×

�
ūðpf; sfÞ

�
1þ CðpfÞ=A=k

�

× γμðgV − gAγ5Þ
�
1þ CðpiÞ=k=A

�
uðpi; siÞ

�

×

�
ūνμðkf; tfÞγμð1 − γ5Þuνμðki; tiÞ

�
; ð21Þ

where CðpiÞ ¼ e=ð2ðk:piÞÞ and CðpfÞ ¼ e=ð2ðk:pfÞÞ. We
can recast the exponential term in the appropriate form,
eiðSðq;xÞ−Sðq1;xÞÞ ¼ eiðqf−qiÞ:xe−iz sinðk:x−φÞ, where

z ¼ ejaj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
η1:pi

k:pi
−
η1:pf

k:pf

�
2

þ
�
η2:pi

k:pi
−
η2:pf

k:pf

�
2

s
; ð22Þ

and

φ ¼ arctan

�ðη2:piÞðk:pfÞ − ðη2:pfÞðk:piÞ
ðη1:piÞðk:pfÞ − ðη1:pfÞðk:piÞ

�
: ð23Þ

Therefore, the transition matrix element becomes

Sfi ¼
−iGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

32EiEfQiQfV4
q Z

d4xeiðkfþqf−ki−qiÞ:xe−iz sinðk:x−φÞ
�
ūðpf; sfÞðΔ0μ

þ Δ1μ cosðk:xÞ þ Δ2μ sinðk:xÞÞuðpi; siÞ
��

ūνμðkf; tfÞγμð1 − γ5Þuνμðki; tiÞ
�
; ð24Þ

where

Δ0μ ¼ γμðgV − gAγ5Þ þ 2CðpiÞCðpfÞjaj2kμ=kðgV − gAγ5Þ;
Δ1μ ¼ CðpiÞjajγμðgV − gAγ5Þ=k=η1 þ CðpfÞjaj=η1=kγμðgV − gAγ5Þ;
Δ2μ ¼ CðpiÞjajγμðgV − gAγ5Þ=k=η2 þ CðpfÞjaj=η2=kγμðgV − gAγ5Þ: ð25Þ
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The linear combination of the three different quantities in Eq. (24) can be transformed by the well-known Jacobi-Anger
identity involving ordinary Bessel functions JnðzÞ

8<
:

1

cosðk:xÞ
sinðk:xÞ

9=
; × e−iz sinðk:x−φÞ ¼

Xþ∞

n¼−∞
e−inðk:xÞ

8>><
>>:

JnðzÞeinφ
1
2
fJnþ1ðzÞeiðnþ1Þφ þ Jn−1ðzÞeiðn−1Þφg

1
2i fJnþ1ðzÞeiðnþ1Þφ − Jn−1ðzÞeiðn−1Þφg

9>>=
>>;;

¼
Xþ∞

n¼−∞
e−inðk:xÞ

8<
:

bnðzÞ
b1nðzÞ
b2nðzÞ

9=
;; ð26Þ

where z is the argument of the Bessel functions defined in Eq. (22) and n, their order, is interpreted as the number of
exchanged photons. After the integration, the S-matrix element Sfi becomes

Sfi ¼
−iGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

32EiEfQiQfV4
q Xþ∞

n¼−∞
ð2πÞ4δ4ðqf þ kf − qi − ki − nkÞMn

fi: ð27Þ

The quantity Mn
fi is defined by

Mn
fi ¼ ½ūðpf; sfÞΓn

μuðpi; siÞ�½ūνμðkf; tfÞγμð1 − γ5Þuνμðki; tiÞ�; ð28Þ

where

Γn
μ ¼ Δ0μbnðzÞ þ Δ1μb1nðzÞ þ Δ2μb2nðzÞ: ð29Þ

To evaluate the DCS in the presence of a laser field, we follow the same steps as in the absence of the laser field in the
previous section. This yields

dσ̄ ¼
Xþ∞

n;l¼−∞

G2

32EiEfQiQfV4TjJincj
V
Z

d3qf
ð2πÞ3 V

Z
d3kf
ð2πÞ3

1

2

X
ti;f ;si;f

ð2πÞ8δ4ðqf þ kf − qi − ki − nkÞ

× δ4ðqf þ kf − qi − ki − lkÞMl�
fiM

n
fi: ð30Þ

From the inspection, one can see that both four-dimensional δ functions imply that, for there to be any contribution to the
summation, either there is no incoming photon energy (Eγ ¼ 0) or, more appropriately, that l ¼ n. We can therefore replace
Ml�

fiM
n
fi by the square of the norm of the scattering amplitude jMn

fij2 and exclude the sum over l. We get for the unpolarized
DCS

dσ̄ ¼
Xþ∞

n¼−∞

G2

64EiEfQiQfV2TjJincj
Z

d3qf
ð2πÞ3

Z
d3kf
ð2πÞ3 ½ð2πÞ

4δ4ðqf þ kf − qi − ki − nkÞ�2
X
ti;f ;si;f

jMn
fij2; ð31Þ

which is simplified after some manipulation into the following form:

dσ̄
dΩ

¼
Xþ∞

n¼−∞

G2

64QfQiEfEi

jqfj2djqfj
ð2πÞ2jJincjV

δ0ðQf þ Ef −Qi − Ei − nωÞ
X
ti;f;si;f

jMn
fij2jqfþkf−qi−ki−nk¼0: ð32Þ

Using the formula (10) to perform the remaining integral over djqfj and replacing the incoming current
jJincj ¼ ðki:qiÞ=ðQiEiVÞ, we obtain

�
dσ̄
dΩ

�
with laser

¼
Xþ∞

n¼−∞

dσ̄n

dΩ
¼

Xþ∞

n¼−∞

G2

256π2QfEf

jqfj2
ðki:qiÞjg0ðjqfjÞj

Tr½ð=pf þmÞΓn
μð=pi þmÞΓ̄n

ν �

× Tr½=kfγμð1 − γ5Þ=kiγνð1 − γ5Þ�; ð33Þ
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where

g0ðjqfjÞ ¼
jqfjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jqfj2 þm2�
q þ jqfj þ Ei cosðθfÞ − nω cosðθfÞ − jqijFðϕi;ϕf; θi; θfÞ

Ef
; ð34Þ

and

Γ̄n
ν ¼ γ0Γnþ

ν γ0;

¼ Δ̄0νb�nðzÞ þ Δ̄1νb�1nðzÞ þ Δ̄2νb�2nðzÞ; ð35Þ

where

Δ̄0ν ¼ γνðgV − gAγ5Þ þ 2CðpiÞCðpfÞjaj2kν=kðgV − gAγ5Þ;
Δ̄1ν ¼ CðpiÞjaj=η1=kγνðgV − gAγ5Þ þ CðpfÞjajγνðgV − gAγ5Þ=k=η1;
Δ̄2ν ¼ CðpiÞjaj=η2=kγνðgV − gAγ5Þ þ CðpfÞjajγνðgV − gAγ5Þ=k=η2: ð36Þ

The evaluation of the traces is commonly performed with
the help of FeynCalc [38–40]. The result we obtained is
attached in the Appendix. In order to distinguish between
them and to avoid any confusion, it would be very
appropriate to consider the summed differential cross
section (SDCS) ðdσ̄=dΩÞwith laser as the sum of discrete
individual differential cross sections (IDCSs) dσ̄n=dΩ for
each photon exchange process.
Note that in the absence of an EM field [i.e., when we

take the limit jaj → 0 and without the exchange of any
photons (n ¼ 0)], the argument of the Bessel functions
vanishes (z ¼ 0). Thus, all the terms that contribute to Γn

μ

given in Eq. (29) will be null except for the term Δ0μ, since
b0ð0Þ ¼ 1 and b10ð0Þ ¼ b20ð0Þ ¼ 0. The expression of Δ0μ

in Eq. (25) reduces, for jaj → 0, to γμðgV − gAγ5Þ, and then
the quantity Mn¼0

fi [in Eq. (28)] becomes that obtained in
the absence of the laser field [Eq. (7)]. The same thing
applies to the S-matrix element Sfi and all other quantities
that compose the DCS in Eq. (33).

IV. NONZERO NEUTRINO MASS EFFECT

Throughout the calculation performed in the two pre-
vious sections, we have disregarded the mass of the muon
neutrinos ðmνμ ¼ 0Þ. In this section, and in order to reveal
the effect induced by the nonzero mass of neutrinos, wewill
show what changes will theoretically occur in some of the
relations when considering the mass of neutrinos. But first,
we will try to give some brief words about the discovery
that neutrinos have a non-negligible mass. Within the
Standard Model of elementary particle physics, the masses
of the neutrinos are assumed to be exactly zero. It is only
recently that it has been confirmed that neutrinos have
small but nonzero masses by discovering the phenomenon
of neutrino oscillations [41]. Neutrino oscillation is a
quantum mechanical phenomenon in which a neutrino

produced in a specific lepton flavor can later be measured
to have a different lepton flavor after traveling some
distances. Neutrino oscillation has been discovered through
studies of neutrinos produced by cosmic-ray interactions
in the atmosphere [42,43]. Since we are interested in the
present research on the muon neutrino νμ, its discovery in
1962 [44] by Leon Lederman, Melvin Schwartz, and Jack
Steinberger was rewarded with the 1988 Nobel Prize in
Physics [45]. An evidence of its oscillations to ντ in the
KEK to Kamioka accelerator-based experiment has been
reported in Ref. [46]. An upper limit of 0.17 MeV (at the
90% confidence level) for the muon-neutrino mass ðmνμ <
0.17 MeVÞ has been derived in [47] by analyzing the decay
at rest of positively charged pions. To be more precise, it is
very important to point out here that, in spite of all the
above, the mass of the muon neutrino remains a not well-
defined principle, and in contrast we introduce what is
called the effective muon-neutrino mass, which is an
incoherent sum of neutrino masses and lepton mixing
matrix elements [48]. For illustration purposes and in order
to make the effect visible, we will take some liberties in the
determination of the muon-neutrino mass. On this basis,
when presenting the results for the nonzero neutrino mass,
we choose the muon-neutrino mass as mνμ ¼ 0.15 MeV.
Now, let us summarize some of the changes that will occur
in the theoretical calculation. We start with the relation (4),
that Dirac bispinor of neutrino verifies, which will be the
following:

P
ti;f ūνμðki;f; ti;fÞuνμðki;f; ti;fÞ ¼ =ki;f þmνμ .

This change will be manifested in the calculation of the
trace related to the neutrino current. Note also that the
relation Ei;f ¼ jki;fj will not be valid anymore; we retain,
instead, the original relativistic energy-momentum relation,

Ei;f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jki;fj2 þm2

νμ

q
. The other thing that will change is

the incoming neutrinos flux Jinc, which will remain in its
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original formula as follows: Jinc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðki:piÞ2 −m2

νμm
2

q
=

ðEip0
i VÞ. With all of this, the entire dependence on the

mass of the neutrino is fully taken into account. The results
of this effect on the DCS will be presented and discussed in
the next section.

V. RESULTS AND DISCUSSION

This section will be devoted to the presentation and
discussion of numerical results related to the DCS of the
electron and muon-neutrino elastic scattering process (1)
in the absence and presence of the electromagnetic field.
The DCS is derived with respect to the solid angle of the
electron due to the fact that neutrinos are somewhat difficult
to capture experimentally. In order to obtain the total cross
section, the integral over that solid angle must be computed
using numerical methods. For the geometry, we consider
the momentum of the incoming muon neutrino ki, with
kinetic energy Ekin

ν , along the opposite direction of the
z axis. We set both the initial and final electrons in a general
geometry with spherical coordinates θi, θf, ϕi, and ϕf. The
angles ϕi and ϕf were chosen to be zero (ϕi ¼ ϕf ¼ 0°) in
all results presented in this section. The momentum of the
outgoing muon neutrino kf can be deduced from the
previous ones by using the momentum conservation
relationship qf þ kf − qi − ki − nk ¼ 0. Considering
the effects of relativity and spin, we choose the kinetic
energy of the incoming electron as (unless otherwise stated)
Ekin
e ¼ 106 eV, and that of muon neutrinos varies in

the range between 0.1 and 1015 eV depending on their
sources [49].

A. Without laser field

In addition to pedagogical purposes, the main goal of
performing calculations in the absence of a laser field is
simply to provide a means that enables us to ensure the

consistency of our calculations when a laser is added. This
is done by taking the limit of the field strength E0 and the
number of photons exchanged n as they all tend to zero
and then checking if the dressed DCS gives, under these
conditions, its corresponding one in the absence of the
laser. By the way, this check has been carried out
successfully and the result is shown in Fig. 1. Because
of their perfect overlap, it is hardly possible to distinguish
between the two curves that represent the changes in
the two DCSs (with and without laser) as a function of
the final angle θf of the electron. This represents a
consistency check of our calculations. The difference
between Figs. 1(a) and 1(b) is only in the geometry, where
in Fig. 1(a) the initial angle is θi ¼ 1° and in Fig. 1(b) it is
θi ¼ 45°. We note here that the choice θi ¼ 1° was inten-
tionally made only to avoid the divergence that occurs in
the DCS in the case of θi ¼ θf ¼ 0°. In Fig. 1(a), the DCS
exhibits a symmetry in its curve with respect to the angle
θf ¼ 0°, where it has a maximum value, in contrast to
Fig. 1(b) in which the DCS is asymmetrical and its peak is
shifted to large final angles (θf ≃ 50°). This clearly shows
the effect of geometry on the angular distribution of the
DCS. Another thing worth paying attention to when
examining these figures is to get information about the
final angle θf at which the electron will go out after
scattering from the initial angle θi at which it comes in. On
the basis of these two figures, it appears that the peak is
located approximately around the final angle that is equal to
the initial one (θf ∼ θi). This fact is valid for any geometry,
provided that ϕi ¼ ϕf ¼ 0°. This means that an electron
incoming at a small angle θi has a high probability to be
scattered at a small final angle θf with a value approx-
imately equal to the initial angle. As long as θi increases,
the final angle θf also increases.
For further comparison, we give here a value for the total

cross section obtained theoretically at the kinetic energy of
the electron Ekin

e ¼ 0.05 × 106 eV,

FIG. 1. The two DCSs with and without laser, drawn as a function of the scattering angle θf for an electric field strength of
E0 ¼ 0 V=cm and without any exchange of photons (n ¼ 0). The kinetic energy of the incoming muon neutrino is Ekin

ν ¼ 0.5 × 106 eV.
The initial angle θi is (a) θi ¼ 1° and (b) θi ¼ 45°.
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1

Ekin
ν

σ̄ðe−νμ → e−νμÞ ¼ 1.40 × 10−42 cm2=GeV; ð37Þ

where Ekin
ν ¼ 0.5 × 106 eV, and the error from the numeri-

cal integration performed using Simpson’s rule is estimated
to be less than 10−18. This theoretical value given in
Eq. (37) is to be compared with that obtained experimen-
tally [35,50,51]

1

Ekin
ν

σ̄ðe−νμ → e−νμÞ ¼ ð1.45� 0.26Þ × 10−42 cm2=GeV:

ð38Þ

Instead of neglecting the neutrinos’ mass, let us now see
what happens to the DCS if we consider their mass. Some
of the changes that will occur in the theoretical calculation
were summarized previously. In what follows, we will
discuss the results of the nonzero neutrino’s mass effect on
the DCS in the absence of the laser and discover under what
conditions this effect disappears. In Table I, we list the
values of the laser-free DCS as a function of the kinetic
energy of the neutrino. The results for massless neutrinos
are also included for comparison. The kinetic energy of the
neutrino has been intentionally varied from its very low

values to very high ones in order to make the effect of a
nonzero neutrino mass more noticeable. From this table,
one can clearly see the slight difference that exists between
the DCS values at lower neutrino kinetic energies. The
DCS when considering neutrino mass develops a small
correction to its equivalent when neglecting neutrino mass,
and thus it always remains the largest. With the increase of
the neutrino kinetic energy, from value Ekin

ν ¼ 106 eV, we
see that the difference between the values disappears
gradually until it completely vanishes at very high kinetic
energies. This result could be used as a justification for
choosing the value of the neutrino kinetic energy in the case
of zero neutrino mass to 106 eV order of magnitude and
beyond. Hereafter, we take the kinetic energy of the
neutrino exactly as Ekin

ν ¼ 0.5 × 106 eV.

B. With laser field

After a thorough discussion of the results obtained in the
absence of a laser field, let us now turn to see what happens
when we embed our scattering process (1) in a circularly
polarized electromagnetic field. The latter can be supplied
experimentally by applying a laser instrument [52]. The
direction of the field wave vector k is along the z axis,
whereas the polarization vectors η1 and η2 perpendicular
to k are along the x and y axes, respectively. In the absence
of a laser, our DCS depends on the total energies of the
incoming electron and neutrino, as well as on the spherical
angles. In the presence of the laser, three other variables are
added to these ones; two of them, the field strength E0 and
frequency ω, characterize the laser and the third is the
number of photons exchanged n between the laser and the
scattering system, which emerged due to the introduction of
ordinary Bessel functions in the theoretical calculation.
Therefore, to cover the laser-free results, it is sufficient, if
the calculation is accurate, to cancel the number of photons
n and the field strength E0. Similarly, the effect of the laser
on the DCS will be highlighted by studying its variations as
a function of those parameters related to the electromag-
netic field. Let us start by presenting the results related to
how the laser affects the photon exchange phenomenon.
Figure 2 depicts the effect of field strength E0 [Fig. 2(a)],
frequency ℏω [Fig. 2(b)], electron kinetic energy [Fig. 2
(c)], and geometry [Fig. 2(d)] on the photon exchange
process. These graphs, which represent the changes in the
IDCS in terms of photon number n, exhibit symmetrical
envelopes with respect to the n ¼ 0 axis, which indicates
that the photon emission processes (n > 0) are exactly
equal to the photon absorption processes (n < 0). We did
not join the points together because the number of photons
n is a discrete relative integer. The oscillations of these
envelopes and their abrupt drop on the sides of each figure,
as well as the positions of the peaks, are due to the well-
known properties of Bessel functions [53]. In Fig. 2(a),
we show the IDCS changes in terms of the number of
photons n for two different field strengths, E0 ¼ 106 and

TABLE I. Numerical values of the laser-free DCS [Eq. (11)]
taking into account the mass of muon neutrino for different
neutrino kinetic energies. The initial and final angles are θi ¼ 1°
and θf ¼ 0°.

Laser-free DCS (10−36 eV−2)

Ekin
ν (eV) mνμ ¼ 0.15 MeV mνμ ¼ 0

0.1 4.95 4.58
0.5 4.95 4.58
1 4.95 4.58
5 4.94 4.58
10 4.93 4.58
50 4.91 4.58
102 4.89 4.57
5 × 102 4.83 4.53
103 4.78 4.47
5 × 104 4.31 4.15
105 4.24 4.15
5 × 105 4.17 4.16
106 4.16 4.16
5 × 106 4.16 4.16
107 4.16 4.16
5 × 107 4.16 4.16
108 4.16 4.16
5 × 108 4.16 4.16
109 4.16 4.16
1010 4.16 4.16
1014 2.85 × 1012 2.85 × 1012

1015 1.65 × 1018 1.65 × 1018
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E0 ¼ 107 V=cm, at a specific laser frequency ℏω ¼
1.17 eV. It seems clear to us that the photon exchange
enhances with the increase of the field strength. In the case
of E0 ¼ 106 V=cm, only a few photons are exchanged and
the cutoff number is about n ¼ �7 compared to the case of
E0 ¼ 107 V=cm where the cutoff number is n ¼ �45.
A large number of exchanged photons indicates that the
scattering process interacts strongly with the laser, which
makes the effect of the latter on it important and prominent.
In Fig. 2(b), the field strength is fixed at 107 V=cm and the
multiphoton processes are displayed for two different
frequencies, ℏω ¼ 1.17 and ℏω ¼ 2 eV. It appears that,
at lower frequencies, the exchange of photons is important
compared to higher frequencies. Based on Figs. 2(a)
and 2(b), we conclude that the photon exchange process
between the laser and the scattering process is related to the
properties of the applied laser. Figure 2(c) shows the
dependence of the multiphoton phenomenon on the kinetic
energy of the electron. We note that, when the kinetic
energy of the incoming electron increases, its interaction
with the laser field enhances, which causes an exchange of
a large number of photons between them. Figure 2(d)
illustrates how the chosen geometry can also affect the
multiphoton processes. The number of exchanged photons
in geometry θi ¼ 1° and θf ¼ 0° is greater than that

exchanged in geometry θi ¼ 45° and θf ¼ 50°. The differ-
ence between these two geometries is that the first means,
according to well-known spherical coordinates, that the
electron is incoming almost in the same direction as the field
vector k, which is the z-axis direction, while in the second
geometry the electron comes at an angle of θi ¼ 45° to the z
axis. This indicates that the electron interacts with the laser
if they are incoming together in the same direction more
than if they are in two different directions.
In Fig. 3, we have included the result obtained in the case

of very low electron kinetic energy in order to consider the
situation where the electron is (at least approximately) at
rest. This case is more natural and closer to realistic
experimental conditions. From Fig. 3, it appears that, in
the case where the electron is almost at rest, it interacts little
with the laser field, since it has exchanged very few
photons, even at high field strengths (109 V=cm), com-
pared to the case in which it has more kinetic energy.
Therefore, the laser will not have a significant effect on an
electron that is almost at rest. The effect of the laser at
moderate intensities will be clear and significant only when
the electron moves with a certain kinetic energy that is not
neglected. For example, at E0 ¼ 107 V=cm and for the
kinetic energy Ekin

e ¼ 103 eV, we found that the electron
has emitted and absorbed only one photon (n ¼ �1).

FIG. 2. The behavior of the IDCS dσ̄n=dΩ versus the number of photons n. The different parameters are (a) ℏω ¼ 1.17 eV, θi ¼ 1°,
and θf ¼ 0°; (b) E0 ¼ 107 V=cm, θi ¼ 1°, and θf ¼ 0°; (c) E0 ¼ 107 V=cm, ℏω ¼ 1.17 eV, θi ¼ 1°, and θf ¼ 0°; and
(d) E0 ¼ 107 V=cm and ℏω ¼ 1.17 eV.
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So far, we have discussed the variations of the IDCS in
terms of the number of photons exchanged and reported the
effect of different parameters on the photon exchange
process. Let us now show the results of the laser-assisted
DCS summed over a given number of photons. Figure 4
presents the changes of the SDCS summed over different
numbers of exchanged photons as a function of the final
scattering angle θf. The variations of the laser-free DCS are
also included for comparison. From this figure, we see that
the laser-free DCS curve is always the highest. It is also
noted that, with the increase of the number of photons over
which we summed, the SDCS tends toward the laser-free
one so that they overlap perfectly when reaching the cutoff
number. This can be translated mathematically as follows:

Xþcutoff

n¼−cutoff

dσ̄n

dΩ
¼

�
dσ̄
dΩ

�
laser−free

: ð39Þ

The cutoff number differs from one geometry to another,
being n ¼ �60 in geometry θi ¼ 1° and n ¼ �30 in
geometry θi ¼ 45° [see Fig. 2(d)]. This convergence
reached in these two figures is known by the so-called
sum rule [Eq. (39)] [54], which has been previously
confirmed to be fulfilled in several processes [12,55–58].
At first, it was demonstrated in the atomic processes
that occur in the presence of the laser in the nonrela-
tivistic regime [59–62], and then it was applied to other
relativistic scattering and weak decay processes. This sum
rule is fulfilled only when summing over a specified
number of photons, called the cutoff number, and above
ðjnj ≥ jcutoffjÞ. The cutoff number is defined as a fixed
number of photons from which the IDCS dσ̄n=dΩ suddenly
falls off ðdσ̄n=dΩ ¼ 0Þ. It can be explained by the well-
known properties of the Bessel function, which decreases
considerably when its order n is approximately equal to its
argument z [see Fig. 5]. Our main objective in drawing the
envelopes shown in Fig. 2 was to determine the cutoff
number, at each specific field strength and frequency. In the
context of laser-matter interaction, the only special func-
tions included in the theoretical calculation are the Bessel
functions. Consequently, their mathematical properties
inevitably play an important role in the behavior of the
calculated quantities, for example, the SDCS here. The sum
rule is thus, like the cutoff number, a reflection of the
properties of Bessel functions. Let us give an example to
illustrate this. If we look at the SDCS expression in Eq. (33)
and the expression for the two traces given in the Appendix,
we find that each term in the sum corresponds to a process
in which a net number n of photons are emitted (or
absorbed for negative n). Let us take, for example, the
first three terms of Eq. (A1) in the Appendix, which are
multiplied by the square of the ordinary Bessel functions
J2nðzÞ, J2nþ1ðzÞ, and J2n−1ðzÞ. In Fig. 5, we give the changes
of these functions in terms of order n and for different
arguments z. It is clear that the shape of the envelopes in

FIG. 3. The variations of the IDCS dσ̄n=dΩ versus the
number of photons n for very low electron kinetic energies
Ekin
e ¼ 4 × 102 and 103 eV. The laser parameters are ℏω ¼

1.17 eV and E0 ¼ 109 V=cm. The geometry parameters are
θi ¼ 1° and θf ¼ 0°.

FIG. 4. The variations of the SDCS as a function of the final angle θf for various numbers of photons exchanged. The laser field
strength and frequency are, respectively, E0 ¼ 107 V=cm and ℏω ¼ 1.17 eV. The initial angle is (a) θi ¼ 1° and (b) θi ¼ 45°. The
notation n ¼ �N means that we have summed over the range of values −N ≤ n ≤ þN.
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this figure is the same as the one shown in Fig. 2. It is these
functions that give this shape to the envelopes that present
the variations of the IDCS with respect to the number of
photons exchanged n. The sum of these functions over
order n leads to two different cases. The first is the
summation over an order n less than the cutoff number
ðjnj < jcutoffjÞ for each Bessel function, which gives

X80
−80

J2nð100Þ ¼ 0.588359;
X100
−100

J2nþ1ð150Þ ¼ 0.467531;

X150
−150

J2n−1ð200Þ ¼ 0.541836: ð40Þ

The second is the summation over an order n greater than or
equal to the cutoff number ðjnj ≥ jcutoffjÞ,
X120
−120

J2nð100Þ ¼ 1;
X180
−180

J2nþ1ð150Þ ¼ 1;
X220
−220

J2n−1ð200Þ ¼ 1:

ð41Þ
If we focus as an example on J2nð100Þ, according to Fig. 5
its cutoff number is approximately equal to 100 (or −100).
The relationship

P
120
−120 J

2
nð100Þ ¼ 1 is, in fact, a kind of

sum rule that brings us, together with the other functions, to
the last one that we have included in Eq. (39); this means
that summing the square of function JnðzÞ, J2nðzÞ, over its
cutoff number at a specific argument z is exactly equal to its
square when the order n and the argument z are zero (this
indicates in our case the absence of a laser),

Xþcutoff

−cutoff
J2nðzÞ ¼ J20ð0Þ ¼ 1: ð42Þ

One can connect this last equation with the one given in
Eq. (39). All this is just to show how much the Bessel
functions play a significant role in the results obtained.

Table II contains numerical values of the SDCS summed
over a fixed number of photons −20 ≤ n ≤ þ20 in terms of
field strength and for three different frequencies. It is
evident from this table that the SDCS is not affected by
the laser at low field strengths as it takes a constant value,
but as soon as the laser becomes strong it begins to
decrease. As for the frequency dependence, it is found
that the effect of the laser diminishes with increasing
frequency and that the low-frequency laser affects the
SDCS faster than that of high frequency. As if the electron,
at high frequencies, is not able to follow the electric field
oscillations, and therefore the influence of the laser field on
it decreases. The coupling of the electron to the laser field,
and thus the effect of the laser, is theoretically determined
by the argument of the ordinary Bessel functions
z ∝ E0=ω2, defined in Eq. (22). Thus, one would expect
an increased effect of the laser on the SDCS, which implies
an enhanced exchange of photons, for stronger fields or
lower frequencies [see Figs. 2(a) and 2(b)].
The effect of the nonzero neutrino mass on the SDCS is

displayed by the values listed in Table III, where we give
numerical values for the SDCS, considering the mass of the
muon neutrino, summed over a number of photons −20 ≤
n ≤ þ20 for different values of field strength. From this
table, it is clear that the effect of the neutrino mass is
noticeable only in the range of very weak field strengths.
The same result was found by Kurilin when he studied the
leptonic decays of the W boson (W� → l�ν̄l) in the
presence of a strong electromagnetic field [63]. He found,
in the case of mν ≠ 0, that the vacuum decay width
correction develops a nontrivial oscillatory term, which
can be served as an indication of the existence of massive
neutrinos. Note that oscillations in the probabilities of
quantum processes in an external field arise for a number of
allowed reactions in vacuum if the participating particles

FIG. 5. The Bessel functions J2nðzÞ, J2nþ1ðzÞ, and J2n−1ðzÞ as a
function of the order n, with different arguments z. The cutoff at
n ≈ z is clearly visible.

TABLE II. Numerical values of the SDCS summed over a fixed
number of photons −20 ≤ n ≤ þ20 in terms of field strength for
three different frequencies. The initial and final angles are θi ¼ 1°
and θf ¼ 0°, respectively.

SDCS (10−36 eV−2)

E0ðV=cmÞ ℏω ¼ 0.117 eV ℏω ¼ 1.17 eV ℏω ¼ 2 eV

10 4.16 4.16 4.16
102 4.16 4.16 4.16
103 4.16 4.16 4.16
104 4.16 4.16 4.16
105 1.43 4.16 4.16
106 1.32 × 10−1 4.16 4.16
107 1.33 × 10−2 1.43 4.16
108 1.35 × 10−3 1.32 × 10−1 4.05 × 10−1

109 1.49 × 10−4 1.37 × 10−2 3.94 × 10−2

1010 2.29 × 10−5 1.50 × 10−3 4.06 × 10−3

1011 3.54 × 10−6 2.36 × 10−4 1.54 × 10−3
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have nonzero rest mass. For instance, it is found that there
are oscillations that occur in the cross section for the
process γe → Wνe if the relevant calculations take into
account the effects of a nonzero neutrino mass [64]. In
order to be more practical and accurate, we would like to
point out here that the results presented in both Tables II
and III are more illustrative than realistic because fixing
the number of photons and truncating the sum over it at a
specific number, for example, here −20 ≤ n ≤ þ20, does
not give a realistic physical effect as long as we do not have
any idea how many photons have actually been exchanged.

VI. CONCLUSION

Our goal in this paper was the theoretical investigation of
the elastic scattering of a muon neutrino by an electron in the
presence of a circularly polarized monochromatic electro-
magnetic background. The DCS for this process has been
analytically expressed in terms of the kinematical and laser
parameters in both in the absence and presence of the laser.
The results obtained show that the laser field has a consid-
erable influence, via its strength and frequency, on the DCS
as well as on the photon exchange process between the
laser and the scattering system. Summing up the results, it
can be concluded that the phenomenon of absorption and
emission of multiple photons depends on the properties of
the implemented laser as well as on the kinematical and
geometrical conditions. Regarding the effect of the laser on
the DCS, it was found that it increases with the field strength
and gradually decreases at high frequencies. A sum rule,
saying that the laser-assisted DCS summed over all the
exchanged photon numbers gives the laser-free DCS, is
found to be successfully fulfilled. The results, which took
into account the neutrino mass, proved that the effect of a
nonzero neutrino mass is noticeable only in the case of very
low field strengths and neutrino kinetic energies. However,
this approach, based on Fermi theory, although adopted here
and in a previous work [26] for the same process, may not be
practical in all situations, especially at high energies, due to
the well-known limitations of Fermi theory. Therefore, the
next stage of our research will be a study of this process
within the framework of electroweak theory, in which the
relevant scattering process is mediated only by the exchange
of the neutral Z boson.

APPENDIX: EXPLICIT EXPRESSION OF
P

ti; f ;si; f jMn
fij2

The evaluation of the two traces shown in Eq. (33) gives the following result:X
ti;f ;si;f

jMn
fij2 ¼ AJ2nðzÞ þ BJ2nþ1ðzÞ þ CJ2n−1ðzÞ þDJnðzÞJnþ1ðzÞ þ EJnðzÞJn−1ðzÞ þ FJn−1ðzÞJnþ1ðzÞ; ðA1Þ

where the coefficients A, B, C, D, E, and F are explicitly expressed, in terms of different four-vector products, by

A ¼ 32

ðk:pfÞðk:piÞ
�
jaj4e4ðg2A þ g2VÞðk:kfÞðk:kiÞ þ 2ðk:pfÞðk:piÞð2gAgVð−ðkf:piÞðki:pfÞ þ ðkf:pfÞ

× ðki:piÞÞ þ g2Vððkf:piÞðki:pfÞ þ ðkf:pfÞðki:piÞ − ðki:kfÞm2Þ þ g2Aððkf:piÞðki:pfÞ þ ðkf:pfÞ

× ðki:piÞ þ ðki:kfÞm2ÞÞ þ jaj2e2
�
2gAgVð−ðki:piÞðk:kfÞðk:pfÞ þ ðkf:piÞðk:kiÞðk:pfÞ þ ðki:pfÞ

× ðk:kfÞðk:piÞ − ðkf:pfÞðk:kiÞðk:piÞÞ þ g2Aððki:piÞðk:kfÞðk:pfÞ þ ðkf:piÞðk:kiÞðk:pfÞ þ ðki:pfÞ
× ðk:kfÞðk:piÞ þ ðkf:pfÞðk:kiÞðk:piÞ − 2ðki:kfÞðk:pfÞðk:piÞ − 2ðk:kfÞðk:kiÞm2 − 2ðk:kfÞ
× ðk:kiÞðpi:pfÞÞ þ g2Vððki:piÞðk:kfÞðk:pfÞ þ ðkf:piÞðk:kiÞðk:pfÞ þ ðki:pfÞðk:kfÞðk:piÞ þ ðkf:pfÞ

× ðk:kiÞðk:piÞ − 2ðki:kfÞðk:pfÞðk:piÞ þ 2ðk:kfÞðk:kiÞm2 − 2ðk:kfÞðk:kiÞðpi:pfÞÞ
��

; ðA2Þ

TABLE III. Numerical values of the SDCS summed over a
fixed number of photons −20 ≤ n ≤ þ20 taking into account
the mass of muon neutrino for different field strengths. The
laser frequency is ℏω ¼ 1.17 eV. The initial and final angles
are θi ¼ 1° and θf ¼ 0°. The neutrino kinetic energy is
Ekin
ν ¼ 0.5 × 106 eV.

SDCS (10−36 eV−2)

E0ðV=cmÞ mνμ ¼ 0.15 MeV mνμ ¼ 0

10 4.17 4.16
102 4.17 4.16
103 4.17 4.16
104 4.17 4.16
105 4.17 4.16
106 4.17 4.16
107 1.43 1.43
108 1.32 × 10−1 1.32 × 10−1

109 1.37 × 10−2 1.37 × 10−2

1010 1.50 × 10−3 1.50 × 10−3
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B ¼ 4e2jaj2
ðk:pfÞ2ðk:piÞ2

½4ðk:pfÞðk:piÞð−g2Aðki:pfÞðk:kfÞðk:pfÞ þ 2gAgVðki:pfÞðk:kfÞðk:pfÞ

− g2Vðki:pfÞðk:kfÞðk:pfÞ þ g2Aðki:piÞðk:kfÞðk:pfÞ − 2gAgVðki:piÞðk:kfÞðk:pfÞ
þ g2Vðki:piÞðk:kfÞðk:pfÞ − ðη1:kfÞðη1:piÞg2Aðk:kiÞðk:pfÞ − ðη2:kfÞðη2:piÞg2Aðk:kiÞðk:pfÞ
− 2ðη1:kfÞðη1:piÞgAgVðk:kiÞðk:pfÞ − 2ðη2:kfÞðη2:piÞgAgVðk:kiÞðk:pfÞ − ðη1:kfÞðη1:piÞg2V
× ðk:kiÞðk:pfÞ − ðη2:kfÞðη2:piÞg2Vðk:kiÞðk:pfÞ − g2Aðkf:pfÞðk:kiÞðk:pfÞ − 2gAgV

× ðkf:pfÞðk:kiÞðk:pfÞ − g2Vðkf:pfÞðk:kiÞðk:pfÞ þ g2Aðkf:piÞ × ðk:kiÞðk:pfÞ
þ 2gAgVðkf:piÞðk:kiÞðk:pfÞ þ g2Vðkf:piÞðk:kiÞðk:pfÞ þ g2Aðki:pfÞðk:kfÞðk:piÞ
þ 2gAgVðki:pfÞðk:kfÞðk:piÞ þ g2Vðki:pfÞðk:kfÞðk:piÞ − g2Aðki:piÞðk:kfÞðk:piÞ
− 2gAgVðki:piÞðk:kfÞðk:piÞ − g2Vðki:piÞðk:kfÞðk:piÞ þ g2Aðkf:pfÞðk:kiÞðk:piÞ
− 2gAgVðkf:pfÞðk:kiÞðk:piÞ þ g2Vðkf:pfÞðk:kiÞðk:piÞ − g2Aðkf:piÞðk:kiÞðk:piÞ
þ 2gAgVðkf:piÞðk:kiÞðk:piÞ − g2Vðkf:piÞðk:kiÞðk:piÞ − 2g2Aðki:kfÞðk:pfÞðk:piÞ
− 2g2Vðki:kfÞðk:pfÞðk:piÞ þ ðη1:pfÞðk:kiÞð2ðη1:piÞðg2A þ g2VÞðk:kfÞ − ðη1:kfÞðgA − gVÞ2
× ðk:piÞÞ þ ðη2:pfÞðk:kiÞð2ðη2:piÞðg2A þ g2VÞðk:kfÞ − ðη2:kfÞðgA − gVÞ2ðk:piÞÞ − 2g2A

× ðk:kfÞðk:kiÞm2 þ 2g2Vðk:kfÞðk:kiÞm2 − 2ðg2A þ g2VÞðk:kfÞðk:kiÞðpi:pfÞÞ − 2gAgV

× ððki:piÞðk:pfÞððk:pfÞ2 − 2ðk:pfÞðk:piÞ þ 2ðk:piÞ2Þ − ððk:pfÞ − ðk:piÞÞððki:pfÞðk:pfÞðk:piÞ
þ ðk:kiÞððk:pfÞ þ ðk:piÞÞðpi:pfÞÞÞϵðη1; η2; k; kfÞ − 2gAgVððkf:piÞðk:pfÞððk:pfÞ2 − 2ðk:pfÞ
× ðk:piÞ þ 2ðk:piÞ2Þ − ððk:pfÞ − ðk:piÞÞððkf:pfÞðk:pfÞðk:piÞ þ ðk:kfÞððk:pfÞ þ ðk:piÞÞðpi:pfÞÞ
× ϵðη1; η2; k; kiÞ þ 2gAgVϵðη1; η2; k; pfÞð2ðki:kfÞðk:pfÞ2ðk:piÞ − ðki:piÞðk:kfÞðk:piÞ2
− ðkf:piÞðk:kiÞðk:piÞ2 þ ðki:kfÞðk:pfÞðk:piÞ2Þ þ 2gAgVϵðη1; η2; k; piÞððki:pfÞðk:kfÞðk:pfÞ2
þ ðkf:pfÞðk:kiÞðk:pfÞ2 þ 2ðki:kfÞðk:pfÞ3 − 4ðki:kfÞðk:pfÞ2ðk:piÞÞ þ ϵðη1; η2; kf; kiÞ
× ð4g2Aðk:pfÞ3ðk:piÞ þ 4g2Vðk:pfÞ3ðk:piÞ þ 4g2Aðk:pfÞðk:piÞ3 þ 4g2Vðk:pfÞðk:piÞ3Þ − 2gAgV

× ϵðη1; η2; kf; pfÞððk:kiÞðk:pfÞ2ðk:piÞ þ ðk:kiÞðk:pfÞðk:piÞ2 þ ðk:kiÞðk:piÞ3Þ þ 4gAgVðk:kiÞ
× ðk:pfÞ2ðk:piÞϵðη1; η2; kf; piÞ − 2gAgVϵðη1; η2; ki; pfÞððk:kfÞðk:pfÞ2ðk:piÞ þ ðk:kfÞ
× ðk:pfÞðk:piÞ2 þ ðk:kfÞÞ þ 4gAgVðk:kfÞðk:pfÞ2ðk:piÞϵðη1; η2; ki; piÞ − 4ϵðη1; k; kf; kiÞ
× ððη2:pfÞg2Aðk:pfÞ2ðk:piÞ þ ðη2:pfÞg2Vðk:pfÞ2ðk:piÞ þ ðη2:piÞg2Aðk:pfÞðk:piÞ2 þ ðη2:piÞ
× g2Vðk:pfÞðk:piÞ2Þ − gAgVϵðη1; k; kf; pfÞððη2:piÞðk:kiÞðk:pfÞ2 − 4ðη2:piÞðk:kiÞðk:pfÞðk:piÞ
− ðη2:piÞðk:kiÞðk:piÞ2Þ − gAgVϵðη1; k; kf; piÞððη2:pfÞðk:kiÞðk:pfÞ2 þ 4ðη2:pfÞðk:kiÞðk:pfÞ
× ðk:piÞ − ðη2:pfÞðk:kiÞðk:piÞ2Þ − gAgVϵðη1; k; ki; pfÞððη2:piÞðk:kfÞðk:pfÞ2 − 4ðη2:piÞðk:kfÞ
× ðk:pfÞðk:piÞ − 2ðη2:kfÞðk:pfÞ2ðk:piÞ − ðη2:piÞðk:kfÞðk:piÞ2 − 2ðη2:kfÞðk:pfÞðk:piÞ2Þ
− gAgVϵðη1; k; ki; piÞððη2:pfÞðk:kfÞðk:pfÞ2 − 2ðη2:kfÞðk:pfÞ3 þ 4ðη2:pfÞðk:kfÞðk:pfÞðk:piÞ
− ðη2:pfÞðk:kfÞðk:piÞ2Þ − gAgVϵðη1; k; pf; piÞððη2:kfÞðk:kiÞðk:pfÞ2 þ ðη2:kfÞðk:kiÞðk:piÞ2Þ
þ ϵðη2; k; kf; kiÞð4g2Aðη1:pfÞðk:pfÞ2ðk:piÞ þ 4g2Vðη1:pfÞðk:pfÞ2ðk:piÞ þ 4g2Aðη1:piÞðk:pfÞ
× ðk:piÞ2 þ 4g2Vðη1:piÞðk:pfÞðk:piÞ2Þ þ gAgVϵðη2; k; kf; pfÞððη1:piÞðk:kiÞðk:pfÞ2
− 4ðη1:piÞðk:kiÞðk:pfÞðk:piÞ − ðη1:piÞðk:kiÞðk:piÞ2Þ þ gAgVϵðη2; k; kf; piÞððη1:pfÞ
× ðk:kiÞðk:pfÞ2 þ 4ðη1:pfÞðk:kiÞðk:pfÞðk:piÞ − ðη1:pfÞðk:kiÞðk:piÞ2Þ þ gAgV

× ϵðη2; k; ki; pfÞððη1:piÞðk:kfÞðk:pfÞ2 − 4ðη1:piÞðk:kfÞðk:pfÞðk:piÞ − 2ðη1:kfÞðk:pfÞ2ðk:piÞ

ELASTIC SCATTERING OF A MUON NEUTRINO BY AN … PHYS. REV. D 104, 113001 (2021)

113001-13



− ðη1:piÞðk:kfÞðk:piÞ2 þ 2ðη1:kfÞðk:pfÞðk:piÞ2Þ þ gAgVϵðη2; k; ki; piÞððη1:pfÞðk:kfÞ
× ðk:pfÞ2 − 2ðη1:kfÞðk:pfÞ3 þ 4ðη1:pfÞðk:kfÞðk:pfÞðk:piÞ − ðη1:pfÞðk:kfÞðk:piÞ2Þ
þ ðη1:kfÞgAgVðk:kiÞððk:pfÞ2 þ ðk:piÞ2Þϵðη2; k; pf; piÞ�; ðA3Þ

C ¼ 4e2jaj2
ðk:pfÞ2ðk:piÞ2

½4ðk:pfÞðk:piÞð−g2Aðki:pfÞðk:kfÞðk:pfÞ þ 2gAgVðki:pfÞðk:kfÞðk:pfÞ − g2Vðki:pfÞ

× ðk:kfÞðk:pfÞ þ g2Aðki:piÞðk:kfÞðk:pfÞ − 2gAgVðki:piÞðk:kfÞðk:pfÞ þ g2Vðki:piÞðk:kfÞðk:pfÞ
− ðη1:kfÞðη1:piÞg2Aðk:kiÞðk:pfÞ − ðη2:kfÞðη2:piÞg2Aðk:kiÞðk:pfÞ − 2ðη1:kfÞðη1:piÞgAgVðk:kiÞðk:pfÞ
− 2ðη2:kfÞðη2:piÞgAgVðk:kiÞðk:pfÞ − ðη1:kfÞðη1:piÞg2Vðk:kiÞðk:pfÞ − ðη2:kfÞðη2:piÞg2Vðk:kiÞðk:pfÞ
− g2Aðkf:pfÞðk:kiÞðk:pfÞ − 2gAgVðkf:pfÞðk:kiÞðk:pfÞ − g2Vðkf:pfÞðk:kiÞðk:pfÞ þ g2Aðkf:piÞðk:kiÞ
× ðk:pfÞ þ 2gAgVðkf:piÞðk:kiÞðk:pfÞ þ g2Vðkf:piÞðk:kiÞðk:pfÞ þ g2Aðki:pfÞðk:kfÞðk:piÞ þ 2gAgV

× ðki:pfÞðk:kfÞðk:piÞ þ g2Vðki:pfÞðk:kfÞðk:piÞ − g2Aðki:piÞðk:kfÞðk:piÞ − 2gAgVðki:piÞðk:kfÞ
× ðk:piÞ − g2Vðki:piÞðk:kfÞðk:piÞ þ g2Aðkf:pfÞðk:kiÞðk:piÞ − 2gAgVðkf:pfÞðk:kiÞðk:piÞ þ g2Vðkf:pfÞ
× ðk:kiÞðk:piÞ − g2Aðkf:piÞðk:kiÞðk:piÞ þ 2gAgVðkf:piÞðk:kiÞðk:piÞ − g2Vðkf:piÞðk:kiÞðk:piÞ
− 2g2Aðki:kfÞðk:pfÞðk:piÞ − 2g2Vðki:kfÞðk:pfÞðk:piÞ þ ðη1:pfÞðk:kiÞð2ðη1:piÞðg2A þ g2VÞðk:kfÞ
− ðη1:kfÞðgA − gVÞ2ðk:piÞÞ þ ðη2:pfÞðk:kiÞð2ðη2:piÞðg2A þ g2VÞðk:kfÞ − ðη2:kfÞðgA − gVÞ2ðk:piÞÞ
− 2g2Aðk:kfÞðk:kiÞm2 þ 2g2Vðk:kfÞðk:kiÞm2 − 2ðg2A þ g2VÞðk:kfÞðk:kiÞðpi:pfÞÞ þ 2gAgVððki:piÞ
× ðk:pfÞððk:pfÞ2 − 2ðk:pfÞðk:piÞ þ 2ðk:piÞ2Þ − ððk:pfÞ − ðk:piÞÞððki:pfÞðk:pfÞðk:piÞ þ ðk:kiÞ
× ððk:pfÞ þ ðk:piÞÞðpi:pfÞÞÞϵðη1; η2; k; kfÞ þ 2gAgVððkf:piÞðk:pfÞððk:pfÞ2 − 2ðk:pfÞðk:piÞ
þ 2ðk:piÞ2Þ − ððk:pfÞ − ðk:piÞÞððkf:pfÞðk:pfÞðk:piÞ þ ðk:kfÞððk:pfÞ þ ðk:piÞÞðpi:pfÞÞÞ
× ϵðη1; η2; k; kiÞ þ 2gAgVð−2ðki:kfÞðk:pfÞ2ðk:piÞ þ ðki:piÞðk:kfÞðk:piÞ2 þ ðkf:piÞðk:kiÞ
× ðk:piÞ2 − 2ðki:kfÞðk:pfÞðk:piÞ2Þϵðη1; η2; k; pfÞ þ 2gAgVð−ðki:pfÞðk:kfÞððk:pfÞ2Þ
− ðkf:pfÞðk:kiÞðk:pfÞ2 − 2ðki:kfÞðk:pfÞ3 þ 4ðki:kfÞðk:pfÞ2ðk:piÞÞϵðη1; η2; k; piÞ
þ 4ð−g2Aðk:pfÞ3ðk:piÞ − g2Vðk:pfÞ3ðk:piÞ − g2Aðk:pfÞðk:piÞ3 − g2Vðk:pfÞðk:piÞ3Þ
× ϵðη1; η2; kf; kiÞ þ 2gAgVððk:kiÞðk:pfÞ2ðk:piÞ þ ðk:kiÞðk:pfÞðk:piÞ2 þ ðk:kiÞðk:piÞ3Þ
× ϵðη1; η2; kf; pfÞ − 4gAgVðk:kiÞðk:pfÞ2ðk:piÞϵðη1; η2; kf; piÞ þ 2gAgVððk:kfÞðk:pfÞ2ðk:piÞ
þ ðk:kfÞðk:pfÞðk:piÞ2 þ ðk:kfÞðk:piÞ3Þϵðη1; η2; ki; pfÞ − 4gAgVðk:kfÞðk:pfÞ2ðk:piÞϵðη1; η2; ki; piÞ
þ 4ðg2Aðη2:pfÞðk:pfÞ2ðk:piÞ þ g2Vðη2:pfÞðk:pfÞ2ðk:piÞ þ g2Aðη2:piÞðk:pfÞðk:piÞ2 þ g2Vðη2:piÞðk:pfÞ
× ðk:piÞ2Þϵðη1; k; kf; kiÞ þ gAgVðη2:piÞððk:kiÞðk:pfÞ2 − 4ðk:kiÞðk:pfÞðk:piÞ − ðk:kiÞðk:piÞ2Þ
× ϵðη1; k; kf; pfÞ þ gAgVðη2:pfÞððk:kiÞðk:pfÞ2 þ 4ðk:kiÞðk:pfÞðk:piÞ − ðk:kiÞðk:piÞ2Þ
× ϵðη1; k; kf; piÞ þ gAgVððη2:piÞðk:kfÞðk:pfÞ2 − 4ðη2:piÞðk:kfÞðk:pfÞðk:piÞ − 2ðη2:kfÞðk:pfÞ2ðk:piÞ
− ðη2:piÞðk:kfÞðk:piÞ2 þ 2ðη2:kfÞðk:pfÞðk:piÞ2Þϵðη1; k; ki; pfÞ þ gAgVððη2:pfÞðk:kfÞðk:pfÞ2
− 2ðη2:kfÞðk:pfÞ3 þ 4ðη2:pfÞðk:kfÞðk:pfÞðk:piÞ − ðη2:pfÞðk:kfÞðk:piÞ2Þϵðη1; k; ki; piÞ
þ gAgVðη2:kfÞððk:kiÞðk:pfÞ2 þ ðk:kiÞðk:piÞ2Þϵðη1; k; pf; piÞ þ 4ð−g2Aðη1:pfÞðk:pfÞ2ðk:piÞ
− g2Vðη1:pfÞðk:pfÞ2ðk:piÞ − g2Aðη1:piÞðk:pfÞðk:piÞ2 − g2Vðη1:piÞðk:pfÞðk:piÞ2Þϵðη2; k; kf; kiÞ
þ gAgVðη1:piÞð−ðk:kiÞðk:pfÞ2 þ 4ðk:kiÞðk:pfÞðk:piÞ þ ðk:kiÞðk:piÞ2Þϵðη2; k; kf; pfÞ
þ gAgVðη1:pfÞð−ðk:kiÞðk:pfÞ2 − 4ðk:kiÞðk:pfÞðk:piÞ þ ðk:kiÞðk:piÞ2Þϵðη2; k; kf; piÞ
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þ gAgVð−ðη1:piÞðk:kfÞðk:pfÞ2 þ 4ðη1:piÞðk:kfÞðk:pfÞðk:piÞ þ 2ðη1:kfÞðk:pfÞ2ðk:piÞ
þ ðη1:piÞðk:kfÞðk:piÞ2 − 2ðη1:kfÞðk:pfÞðk:piÞ2Þϵðη2; k; ki; pfÞ þ gAgVð−ðη1:pfÞðk:kfÞ
× ðk:pfÞ2 þ 2ðη1:kfÞðk:pfÞ3 − 4ðη1:pfÞðk:kfÞðk:pfÞðk:piÞ þ ðη1:pfÞðk:kfÞðk:piÞ2Þϵðη2; k; ki; piÞ
− gAgVðη1:kfÞðk:kiÞððk:pfÞ2 þ ðk:piÞ2Þϵðη2; k; pf; piÞ�; ðA4Þ

D ¼ 16e
ðk:pfÞ2ðk:piÞ2

½ðk:pfÞðk:piÞð2jajðη1:piÞððgA − gVÞ2ðki:pfÞðk:kfÞ þ ðgA þ gVÞ2ðkf:pfÞðk:kiÞÞ

× ðk:pfÞ þ 2ðjajðη1:pfÞðgA þ gVÞ2ðki:piÞðk:kfÞ þ jajðη1:pfÞðgA − gVÞ2ðkf:piÞðk:kiÞ − jaj
× ðη1:kfÞððgA − gVÞ2ðki:pfÞ þ ðgA þ gVÞ2ðki:piÞÞðk:pfÞÞðk:piÞ þ jaj2e2ðk:kiÞð2jajðη1:pfÞ
× ðg2A þ g2VÞðk:kfÞ þ 2jajðη1:piÞðg2A þ g2VÞðk:kfÞ − jajðη1:kfÞðgA þ gVÞ2ðk:pfÞ − jajðη1:kfÞ
× ðgA − gVÞ2ðk:piÞÞÞ þ jajðk:pfÞðk:piÞððk:pfÞ þ ðk:piÞÞðjaj2e2ðg2A þ g2VÞ þ 2g2Vðm2 − ðpi:pfÞÞ
− 2g2Aðm2 þ ðpi:pfÞÞÞϵðη2; k; kf; kiÞ þ gAgV jajðk:piÞð2ðki:piÞðk:pfÞððk:pfÞ − 2ðk:piÞÞ þ jaj2e2
× ðk:kiÞððk:pfÞ − ðk:piÞÞÞϵðη2; k; kf; pfÞ þ gAgV jajðjaj2e2ðk:kiÞðk:pfÞ2 − jaj2e2ðk:kiÞðk:pfÞ
× ðk:piÞ þ 2ðki:pfÞðk:pfÞ2ðk:piÞÞϵðη2; k; kf; piÞ þ gAgV jajðjaj2e2ðk:kfÞðk:pfÞðk:piÞ þ 2ðkf:piÞ
× ðk:pfÞ2ðk:piÞ − jaj2e2ðk:kfÞðk:piÞ2 − 4ðkf:piÞðk:pfÞðkpiÞ2Þϵðη2; k; ki; pfÞ þ gAgV jajðjaj2e2ðk:kfÞ
× ðk:pfÞ2 − jaj2e2ðk:kfÞðk:pfÞðk:piÞ þ 2ðkf:pfÞðk:pfÞ2ðk:piÞÞϵðη2; k; ki; piÞ − 2gAgV jajðjaj2e2
× ðk:kfÞðk:kiÞðk:pfÞ þ jaj2e2ðk:kfÞðk:kiÞðk:piÞ − 2ðki:kfÞðk:pfÞ2ðk:piÞÞϵðη2; k; pf; piÞ þ jajð2g2A
× ðk:pfÞðk:piÞ3 þ 2g2Vðk:pfÞðk:piÞ3Þϵðη2; kf; ki; pfÞ þ jajð2g2Aðk:pfÞ3ðk:piÞ þ 2g2Vðk:pfÞ3ðk:piÞÞ
× ϵðη2; kf; ki; piÞ − 2gAgV jajðk:kiÞðk:pfÞ2ðk:piÞϵðη2; kf; pf; piÞ − 2jajgAgVðk:kfÞðk:pfÞ2ðk:piÞ
× ϵðη2; ki; pf; piÞ − 2g2Aðjajðη2:piÞðk:pfÞðk:piÞ2 þ jajðη2:piÞðk:pfÞðk:piÞ2Þϵðk; kf; ki; pfÞ − 2g2A

× ðjajðη2:pfÞðk:pfÞ2ðk:piÞ − jajðη2:pfÞðk:pfÞ2ðk:piÞÞϵðk; kf; ki; piÞ þ 2jajðη2:kfÞgAgV
× ðk:pfÞ2ðk:piÞϵðk; ki; pf; piÞ�; ðA5Þ

E ¼ −16e
ðk:pfÞ2ðk:piÞ2

½ðk:pfÞðk:piÞð−2jajðη1:piÞððgA − gVÞ2ðki:pfÞðk:kfÞ þ ðgA þ gVÞ2ðkf:pfÞ

× ðk:kiÞÞðk:pfÞ þ 2ð−jajðη1:pfÞðgA þ gVÞ2ðki:piÞðk:kfÞ − jajðη1:pfÞðgA − gVÞ2ðkf:piÞðk:kiÞ
þ jajðη1:kfÞððgA − gVÞ2ðki:pfÞ þ ðgA þ gVÞ2ðki:piÞÞðk:pfÞÞðk:piÞ þ jaj2e2ðk:kiÞð−2jajðη1:pfÞ
× ðg2A þ g2VÞðk:kfÞ − 2jajðη1:piÞðg2A þ g2VÞðk:kfÞ þ jajðη1:kfÞðgA þ gVÞ2ðk:pfÞ þ jajðη1:kfÞ
× ðgA − gVÞ2ðk:piÞÞÞ þ ðk:pfÞðk:piÞððk:pfÞ þ jajðk:piÞÞðjaj2e2ðg2A þ g2VÞ þ 2g2Vðm2 − ðpi:pfÞÞ
− 2g2Aðm2 þ ðpi:pfÞÞÞϵðη2; k; kf; kiÞ þ gAgV jajð2ðki:piÞðk:pfÞððk:pfÞ − 2ðk:piÞÞ þ jaj2e2ðk:kiÞ
× ððk:pfÞ − ðk:piÞÞÞðk:piÞϵðη2; k; kf; pfÞ þ gAgV jajðjaj2e2ðk:kiÞðk:pfÞ2 − jaj2e2ðk:kiÞðk:pfÞ
× ðk:piÞ þ 2ðki:pfÞðk:pfÞ2ðk:piÞÞϵðη2; k; kf; piÞ þ gAgV jajðjaj2e2ðk:kfÞðk:pfÞðk:piÞ þ 2ðkf:piÞ
× ðk:pfÞ2ðk:piÞ − jaj2e2ðk:kfÞðk:piÞ2 − 4ðkf:piÞðk:pfÞðk:piÞ2Þϵðη2; k; ki; pfÞ þ gAgV jajðjaj2e2
× ðk:kfÞðk:pfÞ2 − jaj2e2ðk:kfÞðk:pfÞðk:piÞ þ 2ðkf:pfÞðk:pfÞ2ðk:piÞÞϵðη2; k; ki; piÞ þ 2gAgV jaj
× ðjaj2e2ðk:kfÞðk:kiÞðk:pfÞ − jaj2e2ðk:kfÞðk:kiÞðk:piÞ þ 2ðki:kfÞðk:pfÞ2ðk:piÞÞϵðη2; k; pf; piÞ
þ 2ðk:pfÞðk:piÞ3jajðg2A þ g2VÞϵðη2; kf; ki; pfÞ þ 2ðk:pfÞ3ðk:piÞjajðg2A þ g2VÞϵðη2; kf; ki; piÞ
− 2gAgV jajðk:kiÞðk:pfÞ2ðk:piÞϵðη2; kf; pf; piÞ − 2gAgV jajðk:kfÞðk:pfÞ2ðk:piÞϵðη2; ki; pf; piÞ
− 2jajðη2:piÞðk:pfÞðk:piÞ2ðg2A þ g2VÞϵðk; kf; ki; pfÞ − 2jajðη2:pfÞðk:pfÞ2ðk:piÞðg2A þ g2VÞ
× ϵðk; kf; ki; piÞ þ 2jajðη2:kfÞgAgVðk:pfÞ2ðk:piÞϵðk; ki; pf; piÞ�; ðA6Þ
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F ¼ 32e2ðk:kiÞ
ðk:pfÞðk:piÞ

½2jaj2ðη1:pfÞðη1:piÞðg2A þ g2VÞðk:kfÞ − 2jaj2ðη2:pfÞðη2:piÞðg2A þ g2VÞðk:kfÞ

− jaj2ððη1:kfÞðη1:piÞ − ðη2:kfÞðη2:piÞÞðgA þ gVÞ2ðk:pfÞ − jaj2ðη1:kfÞðη1:pfÞðgA − gVÞ2ðk:piÞ
þ jaj2ðη2:kfÞðη2:pfÞðgA − gVÞ2ðk:piÞ�; ðA7Þ

where, for all four-vectors a, b, c, and d, we have

ϵða; b; c; dÞ ¼ ϵμνρσaμbνcρdσ: ðA8Þ

We notice that, in the two coefficients A and F, there is no
appearance of the antisymmetric tensors. This obviously
means that they have been completely contracted. How-
ever, the other coefficients B, C, D, and E contained
different noncontracted tensors. To calculate analytically
these tensors, we recall here that we used the Grozin
convention

ϵ0123 ¼ 1; ðA9Þ

which means that ϵμνρσ ¼ 1ð−1Þ for an even (odd) permu-
tation of the Lorentz indices and ϵμμρσ ¼ 0 otherwise. For
instance, we give below how we have calculated one of
these tensors, for example, in the coefficient D,

ϵðη2; k; kf; kiÞ ¼ ϵμνρση
μ
2k

νkρfk
σ
i ;

¼ ωðϵ2013k1fk3i þ ϵ2031k3fk
1
i Þ

þ ωðϵ2301k0fk1i þ ϵ2310k1fk
0
i Þ;

¼ −2ωEiðjqij cosðϕiÞ sinðθiÞ
− jqfj cosðϕfÞ sinðθfÞÞ: ðA10Þ

One can verify that in the case where jaj → 0 and n ¼ 0,
which implies z ¼ 0, all the terms that contribute to
Eq. (A1) vanish except for the term multiplied by the
coefficient A, since Jnð0Þ ¼ δ0n where δ0n is the Kroneck-
er’s delta satisfying δ0n ¼ 1 if n ¼ 0 and δ0n ¼ 0 other-
wise. Looking at the expression of the coefficient A in
Eq. (A2), we find that, in this case, it simplifies to match the
expression obtained in the absence of the laser field given
in Eq. (14).
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