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We continue the study of supersymmetric domain wall solutions in six-dimensional maximal gauged
supergravity. We first give a classification of viable gauge groups with the embedding tensor in 5þ7, 5̄þ3,
10−1, 24−5, and 45þ3 representations of the off-shell symmetry GLð5Þ ⊂ SOð5; 5Þ. We determine an
explicit form of the embedding tensor for gauge groups arising from each representation together with some
examples of possible combinations among them. All of the resulting gauge groups are of a non-semisimple
type with Abelian factors and translational groups of different dimensions. We find 1

2
- and 1

4
-supersymmetric

domain walls with SOð2Þ symmetry in SOð2Þ ⋉ R8 and SOð2Þ ⋉ R6 gauge groups from the embedding
tensor in 24−5 representation and in CSOð2; 0; 2Þ ⋉ R4, CSOð2; 0; 2Þ ⋉ R2, and CSOð2; 0; 1Þ ⋉ R4

gauge groups with the embedding tensor in 45þ3 representations. These gauge groups are parametrized by a
traceless matrix and electrically and magnetically embedded in SOð5; 5Þ global symmetry, respectively.

DOI: 10.1103/PhysRevD.104.106008

I. INTRODUCTION

Domain wall solutions in gauged supergravities play an
important role in high-energy physics. In the AdS=CFT
correspondence [1–3] and a generalization to nonconformal
field theories called the DW/QFT correspondence [4–7],
these solutions give holographic descriptions of RG flows
in the dual conformal and nonconformal field theories at
strong coupling, see for example [8–13]. Domain walls are
also useful in studying cosmology [14–17], see also [18]
for a recent result. Most of the solutions are supersym-
metric and have been found within the framework of
gauged supergravities in various dimensions, see [19–37]
for an incomplete list.
In this paper, we are interested in supersymmetric

domain walls from the maximal N ¼ ð2; 2Þ gauged super-
gravity in six dimensions constructed in [38], see [39] for
an earlier result. The result of [38] describes the most
general gaugings of N ¼ ð2; 2Þ supergravity in six dimen-
sions using the embedding tensor formalism. The embed-
ding tensor lives in representation 144c of the global
symmetry SOð5; 5Þ and determines a viable gauge group
G0 ⊂ SOð5; 5Þ. In general, there are a large number of
possible gauge groups. In this work, we will consider only

gauge groups classified under GLð5Þ ⊂ SOð5; 5Þ which is
an off-shell symmetry of the N ¼ ð2; 2Þ supergravity
Lagrangian in a particular symplectic frame.
We will study various possible gaugings and explicitly

construct the corresponding embedding tensors for the
resulting gauge groups. We will also look for supersym-
metric domain wall solutions. According to the DW/QFT
correspondence, these solutions are dual to maximally
supersymmetric Yang-Mills theory (SYM) in five dimen-
sions which recently plays an important role in studying
dynamics of (conformal) field theories in higher and
lower dimensions via a number of dualities, see for
example [40–45]. The five-dimensional SYM could be
used to define N ¼ ð2; 0Þ superconformal field theory
(SCFT) in six dimensions compactified on S1. Since the
latter is well-known to describe dynamics of strongly
coupled theory on M5-branes, we expect that supersym-
metric domain walls of the maximal gauged supergravity in
six dimensions could be useful in studying various aspects
of the maximal SYM in five dimensions as well as six-
dimensional SCFT and physics of M5-branes at strong
coupling. In addition, five-dimensional maximal SYM and
compactifications on S1 and S2 can lead to some insights to
S-duality of twisted gauge theories in four dimensions and
monopoles in Aharony-Bergman-Jafferis-Maldacena (ABJM)
theory. Therefore, the resulting domain walls could also be
useful in this context as well. However, it should be pointed
out that all gaugings classified here currently have no known
higher dimensional origins.
Since N ¼ 4 superconformal symmetry in five

dimensions does not exist [46], see also a recent classi-
fication of maximally supersymmetric AdS vacua given in
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[47], there is no AdS6=CFT5 duality with 32 supercharges.
Accordingly, supersymmetric domain walls in N ¼ ð2; 2Þ
gauged supergravity are expected to play a prominent role
in holographic study in this case. A domain wall solution
with SOð5Þ symmetry in SOð5Þ gauging has been found in
[39] with the holographic interpretation given in [48,49].
Moreover, a large number of domain wall solutions has
been given recently in [25] with various gauge groups
obtained from the embedding tensor in 15−1 and 40−1

representations of GLð5Þ. We will extend this investigation
by considering the embedding tensor in other representa-
tions of GLð5Þ. These are given by 5þ7, 5̄þ3, 10−1, 24−5,
and 45þ3 representations. It turns out that most of the
resulting gauge groups are of non-semisimple type
without any compact subgroup. Due to the complexity
of working with the full 25-dimensional scalar manifold
SOð5; 5Þ=SOð5Þ × SOð5Þ, we mainly follow the method
introduced in [50] to reduce the number of scalar fields to
make the analysis more traceable. However, this approach
requires the existence of a nontrivial symmetryH0 ⊂ G0. In
many of the gaugings classified here, the residual H0 is
absent, so there are too many scalars to take into account.
Accordingly, we will give domain wall solutions only for
gauge groups with at least SOð2Þ subgroup. As in [25],
there exist both 1

2
- and 1

4
-supersymmetric domain wall

solutions in accord with the general classification of
supersymmetric domain walls given in [37].
The paper is organized as follows. In Sec. II, we briefly

review the construction of six-dimensional maximal
gauged supergravity in the embedding tensor formalism.
Gaugings in 5þ7, 5̄þ3, 10−1, 24−5, and 45þ3 representations
of GLð5Þ are classified in Sec. III. In Sec. IV, we explicitly
construct a number of supersymmetric domain wall sol-
utions. Conclusions and discussions are given in Sec. V,
and useful formulas are given in the Appendix.

II. N = ð2;2Þ GAUGED SUPERGRAVITY IN
SIX DIMENSIONS

We first give a review of six-dimensional N ¼ ð2; 2Þ
gauged supergravity in the embedding tensor formalism
constructed in [38]. We will mainly collect relevant for-
mulas for constructing the embedding tensor in order to
classify various gauge groups and find supersymmetric
domain wall solutions. For more details, the reader is
referred to the original construction in [38].
There is only one supermultiplet in N ¼ ð2; 2Þ super-

symmetry in six dimensions, the graviton supermultiplet,
with the following field content

ðeμ̂μ; Bμνm; AA
μ ; VA

α _α;ψþμα;ψ−μ _α; χþa _α; χ− _aαÞ: ð1Þ

We note here all the conventions used throughout the paper.
These mostly follow those used in [38]. Curved and flat
space-time indices are respectively denoted by μ; ν;… ¼

0; 1;…; 5 and μ̂; ν̂;… ¼ 0; 1;…; 5. Lower and upper
m; n;… ¼ 1;…; 5 indices label fundamental and anti-
fundamental representations of GLð5Þ ⊂ SOð5; 5Þ, respec-
tively. IndicesA; B;… ¼ 1;…; 16 describeMajorana-Weyl
spinors of the SOð5; 5Þ duality symmetry. We also note that
the electric two-form potentials Bμνm, appearing in the
ungauged Lagrangian, transform as 5 under GLð5Þ while
the vector fields AA

μ transform as 16c under SOð5; 5Þ.
Together with the magnetic duals Bμν

m transforming in 5̄
representation of GLð5Þ, the electric two-forms Bμνm trans-
form in a vector representation 10 of the full global
symmetry groupSOð5; 5Þ denoted byBμνM ¼ ðBμνm; Bμν

mÞ.
Therefore, only the subgroup GLð5Þ ⊂ SOð5; 5Þ is a mani-
fest off-shell symmetry of the theory. Indices M;N;… ¼
1;…; 10 denote fundamental or vector representation of
SOð5; 5Þ. Finally, there are 25 scalar fields parametrizing the
coset space SOð5; 5Þ=SOð5Þ × SOð5Þ.
Fermionic fields, transforming under the local SOð5Þ ×

SOð5Þ symmetry, are symplectic Majorana-Weyl (SMW)
spinors. Indices α;… ¼ 1;…; 4 and _α;… ¼ _1;…; _4 are
respectively two sets of SOð5Þ spinor indices in
SOð5Þ × SOð5Þ. Similarly, vector indices of the two SOð5Þ
factors are denoted by a;… ¼ 1;…; 5 and _a;… ¼ _1;…; _5.
We use � to indicate space-time chiralities of the spinors.
Under the local SOð5Þ × SOð5Þ symmetry, the two sets of
gravitini ψþμα and ψ−μ _α transform as (4; 1) and (1; 4) while
the spin-1

2
fields χþa _α and χ− _aα transform as (5; 4) and (4; 5),

respectively.
In chiral spinor representation, the coset manifold

SOð5; 5Þ=SOð5Þ × SOð5Þ is described by a coset repre-

sentative VA
α _β transforming under the global SOð5; 5Þ and

local SOð5Þ × SOð5Þ symmetries by left and right multi-
plications, respectively. The inverse elements ðV−1Þα _βA will

be denoted by VA
α_β satisfying the relations

VA
α _βVB

α _β ¼ δBA and VA
α _βVA

γ _δ ¼ δαγ δ
_β
_δ
: ð2Þ

On the other hand, in vector representation, the coset
representative is given by a 10 × 10 matrix VM

A ¼
ðVM

a;VM
_aÞ with A ¼ ða; _aÞ. This is related to the coset

representative in chiral spinor representation by the follow-
ing relations

VM
a ¼ 1

16
VAα _αðΓMÞABðγaÞα _αβ _βVB

β _β; ð3Þ

VM
_a ¼ −

1

16
VAα _αðΓMÞABðγ _aÞα _αβ _βVB

β _β: ð4Þ

In these equations, ðΓMÞAB and ðΓAÞα _αβ _β ¼ ððγaÞα _αβ _β;
ðγ _aÞα _αβ _βÞ are respectively SOð5; 5Þ gamma matrices in non-
diagonal ηMN and diagonal ηAB bases.
The inverse will be denoted by VMA satisfying the

following relations
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VMaVM
b ¼ δab; VM _aVM

_b ¼ δ _a _b; VMaVM
_a ¼ 0

ð5Þ

and

VM
aVNa − VM

_aVN _a ¼ δNM: ð6Þ

In these equations, we have explicitly raised the
SOð5Þ × SOð5Þ vector index A ¼ ða; _aÞ resulting in a
minus sign in Eq. (6).
Themost general gaugings of six-dimensionalN ¼ ð2; 2Þ

supergravity are described by the embedding tensor ΘA
MN

leading to the following covariant derivative

Dμ ¼ ∂μ − gAA
μΘA

MN tMN ð7Þ

where g is a gauge coupling constant. The embedding tensor
identifies generators XA ¼ ΘA

MN tMN of the gauge group
G0 ⊂ SOð5; 5Þ with particular linear combinations of the
SOð5; 5Þ generators tMN . Supersymmetry requires the
embedding tensor to transform as 144c representation of
SOð5; 5Þ. Accordingly, ΘA

MN can be parametrized in terms
of a vector-spinor θAM of SOð5; 5Þ as

ΘA
MN ¼ −θB½MðΓN�ÞBA ≡ ðΓ½MθN�ÞA ð8Þ

with θAM subject to the constraint

ðΓMÞABθBM ¼ 0: ð9Þ

TheSOð5; 5Þgenerators invector and spinor representations
can be chosen as

ðtMNÞPQ ¼ 4ηP½Mδ
Q
N� and ðtMNÞAB ¼ ðΓMNÞAB ð10Þ

with ηMN being the off-diagonal SOð5; 5Þ invariant tensor
given by

ηMN ¼ ηMN ¼
�

0 15
15 0

�
ð11Þ

and

ðΓMNÞAB ¼ 1

2
½ðΓMÞACðΓNÞCB − ðΓNÞACðΓMÞCB�: ð12Þ

We also note that the notation 1n denotes an n × n identity
matrix. ðΓMÞAB are chirally projected SOð5; 5Þ gamma
matrices.
The corresponding gauge generators in these represen-

tations then take the forms

ðXAÞMN ¼ 2ðΓMθ
NÞA þ 2ðΓNθMÞA and

ðXAÞBC ¼ ðΓMθNÞAðΓMNÞBC: ð13Þ

Furthermore, consistency requires the gauge generators to
form a closed subalgebra of SOð5; 5Þ implying the quad-
ratic constraint

½XA; XB� ¼ −ðXAÞBCXC: ð14Þ

In terms of θAM, the quadratic constraint reduces to the
following two conditions

θAMθBNηMN ¼ 0; ð15Þ

θAMθB½NðΓP�ÞAB ¼ 0: ð16Þ

It follows that any θAM ∈ 144c satisfying this quadratic
constraint defines a consistent gauging.
In this work, we are only interested in the classification

of gauge groups under GLð5Þ ⊂ SOð5; 5Þ and domain wall
solutions which only involve the metric and scalar fields.
Therefore, we will, from now on, set all vector and tensor
fields to zero with the bosonic Lagrangian of the maximal
N ¼ ð2; 2Þ gauged supergravity given by

e−1L ¼ 1

4
R −

1

16
Pa _a
μ Pμ

a _a − V: ð17Þ

We also need supersymmetry transformations of fermionic
fields which, for vanishing fermions and vector/tensor
fields, are given by

δψþμα ¼ Dμϵþα þ
g
4
γ̂μTα

_βϵ− _β; ð18Þ

δψ−μ _α ¼ Dμϵ− _α −
g
4
γ̂μTβ

_αϵþβ; ð19Þ

δχþa _α¼
1

4
Pμ
a _aγ̂μðγ _aÞ _α _βϵ− _βþ2gðTaÞβ _αϵþβ−

g
2
Tα

_αðγaÞαβϵþβ;

ð20Þ

δχ− _aα¼
1

4
Pμ
a _aγ̂μðγaÞαβϵþβþ2gðT _aÞα _βϵ− _βþ

g
2
Tα

_αðγ _aÞ _α _βϵ−_β:

ð21Þ

The covariant derivatives of supersymmetry parameters,
ϵþα and ϵ− _α, are defined by

Dμϵþα ¼ ∂μϵþα þ
1

4
ωμ

νργ̂νρϵþα þ
1

4
Qab

μ ðγabÞαβϵþβ; ð22Þ

Dμϵ− _α ¼ ∂μϵ− _α þ
1

4
ωμ

νργ̂νρϵ− _α þ
1

4
Q _a _b

μ ðγ _a _bÞ _α _βϵ−_β ð23Þ

with γ̂μ ¼ eμ̂μγ̂μ̂. γ̂μ̂ are space-time gamma matrices, and for
simplicity, we will suppress space-time spinor indices.
The scalar vielbein Pa _a

μ and SOð5Þ × SOð5Þ composite

connections, Qab
μ and Q _a _b

μ , are given by
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Pa _a
μ ¼ 1

4
ðγaÞαβðγ _aÞ _α _βVA

α _α∂μVAβ _β; ð24Þ

Qab
μ ¼ 1

8
ðγabÞαβΩ _α _βVA

α _α∂μVAβ _β; ð25Þ

Q _a _b
μ ¼ 1

8
Ωαβðγ _a _bÞ _α _βVA

α _α∂μVAβ _β: ð26Þ

In these equations,Ωαβ andΩ _α _β are theUSpð4Þ symplectic
forms that satisfy the following relations

Ωβα¼−Ωαβ; Ωαβ¼ðΩαβÞ�; ΩαβΩβγ ¼−δγα ð27Þ

and similarly for Ω _α _β. We will use the explicit form of Ωαβ

and Ω _α _β given by

Ωαβ ¼ Ω _α _β ¼ 12 ⊗ iσ2: ð28Þ

We also note that the definitions (24), (25), and (26) can be
derived from the following relation

VA
α _α∂μVAβ _β ¼

1

4
Pa _a
μ ðγaÞαβðγ _aÞ _α _β þ

1

4
Qab

μ ðγabÞαβΩ _α _β

þ 1

4
Q _a _b

μ Ωαβðγ _a _bÞ _α _β: ð29Þ

The scalar potential is given by

V ¼ g2

2
θAMθBNVM

aVN
b½VA

α _αðγaÞαβðγbÞβγVBγ _α�

¼ −
g2

2
½Tα _αTα _α − 2ðTaÞα _αðTaÞα _α� ð30Þ

with the T-tensors defined by

ðTaÞα _α ¼ VM
aθAMVA

α _α; ðT _aÞα _α ¼ −VM
_aθAMVA

α _α

ð31Þ

and

Tα _α ≡ ðTaÞβ _αðγaÞβα ¼ −ðT _aÞα _βðγ _aÞ _β _α: ð32Þ

III. GAUGINGS OF N = ð2;2Þ
SUPERGRAVITY UNDER GLð5Þ

In this section, we consider gaugings under
GLð5Þ ⊂ SOð5; 5Þ. The embedding tensor θAM in 144c
representation of SOð5; 5Þ decomposes under GLð5Þ as

144c→ 5̄þ3⊕5þ7⊕10−1⊕15−1⊕24−5⊕40−1⊕45þ3:

ð33Þ

The SOð5; 5Þ spinor representation decomposes as

16s → 5̄þ3 ⊕ 10−1 ⊕ 1−5: ð34Þ

Accordingly, the gauge generators can be written in terms
of Xm, Xmn, and X� denoting respectively 5̄þ3, 10−1, and
1−5 as

XA ¼ TAmXm þ Tmn
A Xmn þ TA�X�: ð35Þ

The decomposition matrices TAm, Tmn
A , and TA� are given in

the Appendix.
By the decomposition of SOð5; 5Þ vector representation

10 → 5þ2 ⊕ 5̄−2; ð36Þ

we can write the embedding tensor as

θAM ¼ ðθAm; θAmÞ: ð37Þ

The two components θAm and θAm contain the following
irreducible GLð5Þ representations

θAm∶ 5̄þ3 ⊕ 10−1 ⊕ 24−5 ⊕ 40−1; ð38Þ

θAm∶ 5̄þ3 ⊕ 5þ7 ⊕ 10−1 ⊕ 15−1 ⊕ 45þ3: ð39Þ

As pointed out in [38], gaugings triggered by θAm are called
electric gaugings in the sense that only electric two-forms
participate in the gauged theory while gaugings triggered by
θAm are called magnetic gaugings involving magnetic two-
forms together with additional three-form tensor fields. The
decompositions in (38) and (39) imply that gaugings in
24−5 ⊕ 40−1 and 5þ7 ⊕ 15−1 ⊕ 45þ3 representations are
respectively purely electric and purely magnetic while those
in 5̄þ3 ⊕ 10−1 representations correspond to dyonic gaug-
ings. Many possible dyonic gaugings can also arise from
combinations of various electric and magnetic components.
Finally, we note that the quadratic constraint (15) is
automatically satisfied for purely electric or purelymagnetic
gaugings that involve only θAm or θAm components.
In accord with (38) and (39), we can parametrize the

embedding tensor as, see [25] for more detail,

θAm ¼ TAnSnm þ TA
np

�
Unp;m þ 1

3
ffiffiffi
2

p εmnpqrZqr

�

−
2

ffiffiffi
2

p

5
TA�Jm; ð40Þ

θAm ¼ TAnðYnm þ ZnmÞ þ TA
npðWnp

m þ J½nδp�m Þ þ TA�Km:

ð41Þ

Matrices TAm, TA
mn, and TA� are inverses of the decom-

position matrices TAm, Tmn
A , and TA� given by complex

conjugations, TA ¼ ðTAÞ−1 ¼ ðTAÞ�.
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We now look at various components in more detail. The
first representation 24−5 is described by a traceless 5 × 5

matrix Snm with Smm ¼ 0. The tensor Unp;m ¼ U½np�;m

satisfying U½np;m� ¼ 0 corresponds to 40−1 representation.
The symmetric tensor Ymn ¼ YðmnÞ and antisymmetric one
Zmn ¼ Z½mn� respectively denote 15−1 and 10−1 represen-

tations. The 45þ3 representation is written as the tensor

Wnp
m ¼ W½np�

m satisfying Wnm
m ¼ 0. Finally, the last two 5̄þ3

and 5þ7 representations are parametrized by two GLð5Þ
vectors Jm and Km, respectively. The general structure of
gaugings under GLð5Þ ⊂ SOð5; 5Þ is shown in Table I
taken from [38]. The left column represents the sixteen
vector fields in GLð5Þ representations while the top row
corresponds to the decomposition of SOð5; 5Þ generators
under GLð5Þ. The table shows the couplings between
SOð5; 5Þ generators and vector fields by various compo-
nents of the embedding tensor.
The gaugings from the components 15−1 and 40−1 have

been extensively studied in [25]. In the present work, we
will focus on the remaining representations and examples
of possible combinations shown in Table I. In the follow-
ing, we will determine an explicit form of the aforemen-
tioned GLð5Þ tensors by imposing the quadratic constraints
(15) and (16) on the embedding tensor under consideration.

A. Gaugings in 24− 5 representation

We begin with gauge groups arising from the embedding
tensor in 24−5 representation. Gaugings in this representa-
tion are purely electric and triggered by

θAm ¼ TAnSnm: ð42Þ

With θAm ¼ 0, the embedding tensor θAM ¼ ðTAnSnm; 0Þ
automatically satisfies the quadratic constraint. Therefore,
every traceless 5 × 5 matrix Smn defines a viable gauge
group generated by the following gauge generators

Xm¼0; Xmn¼Smpspn−Snpspm; X� ¼−
ffiffiffi
2

p
Smnτmn:

ð43Þ

τmn are SLð5Þ generators defined as

τmn ¼ tmn −
1

5
dδmn ð44Þ

with τmm ¼ 0 and

d ¼ tmm ¼ t11 þ t22 þ t33 þ t44 þ t55 ð45Þ

being the SOð1; 1Þ ∼Rþ generator inGLð5Þ ∼Rþ × SLð5Þ.
We also use smn ¼ tmn to denote the generators corres-
ponding to shift symmetries on the scalar fields, see more
detail in the Appendix.
Commutation relations between the gauge generators

read

½Xmn; Xpq� ¼ 0 and ½Xmn; X�� ¼ ðX�Þmn
pqXpq ð46Þ

where the generators with two antisymmetric pairs of
GLð5Þ vector indices are defined as

ðXAÞmn
pq ¼ 2ðXAÞ½m½pδq�n�: ð47Þ

From Eq. (46), we readily see that the generators Xmn form
a translational group and transform nontrivially under a
one-dimensional group generated by X�, a particular linear
combination of SLð5Þ generators.
In vector or fundamental representation of SLð5Þ, X�

generator takes the form

ðX�Þmn ¼ −2
ffiffiffi
2

p
Smn: ð48Þ

If Smn is antisymmetric, X� will also be antisymmetric and
generates a compact SOð2Þ group. On the other hand, for
symmetric Smn, X� generates a noncompact SOð1; 1Þ
group. The resulting gauge groups then take the form of

SOð2Þ ⋉ Rn and SOð1; 1Þ ⋉ Rn ð49Þ

for 3 ≤ n ≤ 10. The values of n depend on the choices of
Smn. It has been pointed out in [38] that this type of
gaugings is related to Scherk-Schwarz reductions from
seven-dimensional gauged supergravity, and gaugings in
24−1 representation correspond to choosing a generator
from the seven-dimensional symmetry group SLð5Þ, see
also [51] for a general discussion on Scherk-Schwarz
reductions and gauged supergravities.
We end this case by giving an explicit example with X�

antisymmetric. By choosing

Smn ¼

0
BBBBBB@

0 κ 0 0 0

−κ 0 0 0 0

0 0 0 0 0

0 0 0 0 −λ
0 0 0 λ 0

1
CCCCCCA
; ð50Þ

TABLE I. Gauge couplings between the sixteen vector fields
and SOð5; 5Þ generators from various GLð5Þ components of the
embedding tensor.

ΘA
MN 10−4 10 240 10þ4

5−3 5þ7 5̄þ3 ð5þ 45Þþ3 ð10þ 40Þ−1
10þ1 ð5̄þ 45Þþ3 10−1 ð10þ 15þ 40Þ−1 24−5

1þ5 10−1 24−5
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we find the following nonvanishing gauge generators

Xix ¼ Sijsjx − Sxysyi; Xi3 ¼ Sijsj3; Xx3 ¼ Sxysy3;

X� ¼ −
ffiffiffi
2

p
ðκτ12 − κτ21 − λτ45 þ λτ54Þ ð51Þ

in which i, j ¼ 1, 2 and x, y ¼ 4, 5. It can be straightfor-
wardly verified that these gauge generators satisfy the
commutation relations given in (46). The resulting gauge
group is of the form

G0 ¼ SOð2Þ ⋉ R8
s ð52Þ

in which SOð2Þ is generated by X�, and the shift transla-
tional group R8

s is generated by Xix, Xi3, and Xx3.

B. Gaugings in 45+ 3 representation

We now consider the embedding tensor in 45þ3 repre-
sentation. Gaugings in this case are purely magnetic and
related to reductions of eleven-dimensional supergravity on
twisted tori as pointed out in [38]. The linear constraint (9)
and the quadratic constraint (15) are both satisfied if we
parametrize the embedding tensor as

θAM ¼ ð0; TA
npW

np
m Þ: ð53Þ

In terms of Wnp
m , the constraint (16) reduces to

Wmn
r Wpq

½s εt�mnpq ¼ 0: ð54Þ

As noted in [38], this constraint is the duality of a similar
condition in gaugings from 40−1 representation
(Umn;rUpq;sεmnpqt ¼ 0), considered in [25]. To solve this
condition, we then follow the same procedure as in 40−1

representation. We first write Wnp
m in the form of

Wnp
m ¼ 2v½nump� ð55Þ

and impose the condition umm ¼ 0 in order to satisfy the
traceless conditionWnm

m ¼ 0. This form ofWnp
m is sufficient

to solve the condition (54).
To give an explicit example, we will choose a basis in

which vm ¼ δm5 and u5m ¼ um5 ¼ 0. As a result, consistent
gaugings satisfying the linear and quadratic constraints in
45þ3 representation are now parametrized by a traceless
4 × 4 matrix uij with i; j ¼ 1;…; 4 and uii ¼ 0. In this
case, the gauge generators turn out to be X� ¼ Xi5 ¼ 0 and
the remaining nonvanishing generators given by

Xij¼
ffiffiffi
2

p
εijklumkhlm; Xi¼−2ukiτk5; X5¼2ukjτkj:

ð56Þ

We recall that hmn ¼ tmn are SOð5; 5Þ generators associated
with the hidden symmetries that do not constitute

symmetries of the action. Commutation relations between
the gauge generators read

½Xij; Xkl� ¼ ½Xij; Xk� ¼ ½Xi; Xj� ¼ 0;

½X5; Xij� ¼ ðX5ÞijklXkl; ½X5; Xi� ¼ ðX5ÞjiXj: ð57Þ

As seen from these relations, Xij generate a six-dimen-
sional translational group R6

h associated with the hidden
symmetries while Xi generate another translational group
R4 commuting with R6

h. The X5 generator takes the same
form as X� in 24−1 representation. We can similarly use the
unbroken SLð4Þ symmetry to fix uij in the form of

uij ¼

0
BBBB@

0 κ 0 0

�κ 0 0 0

0 0 0 −λ
0 0 ∓ λ 0

1
CCCCA: ð58Þ

With this explicit form of uij, nonvanishing gauge gen-
erators are now given by

Xī x̄ ¼ −
ffiffiffi
2

p
εī j̄εx̄ ȳðuk̄j̄hȳ k̄ − uz̄ȳhj̄ z̄Þ; Xi ¼ −2ukiτk5;

X5 ¼ 2ðκτ12 � κτ21 − λτ34 ∓ λτ43Þ ð59Þ

where i ¼ ðī; x̄Þ with ī; j̄;… ¼ 1, 2 and x̄; ȳ;… ¼ 3, 4.
Therefore, for arbitrary values of κ and λ, the corresponding
gauge groups are given by

G0 ¼ SOð1; 1Þ ⋉ ðR4 ×R4
hÞ ∼ CSOð1; 1; 2Þ ⋉ R4

h ð60Þ

or

G0 ¼ SOð2Þ ⋉ ðR4 ×R4
hÞ ∼ CSOð2; 0; 2Þ ⋉ R4

h ð61Þ

depending on the choices of the signs for κ and λ, making
uij in (58) respectively symmetric or antisymmetric.

C. Gaugings in 5+ 7 representation

In this section, we look at the smallest representation
giving rise to purely magnetic gaugings. With θAm ¼ 0, we
parametrize the embedding tensor, in this case, by a GLð5Þ
vector Km as

θAm ¼ TA�Km: ð62Þ

Gaugings triggered by θAM ¼ ð0; TA�KmÞ automatically
satisfy the linear and quadratic constraints. As pointed
out in [38], these gaugings might correspond to reductions
from eleven dimensions with nontrivial four-form fluxes.
Only gauge generators Xm are nonvanishing in this

representation. They are explicitly given in terms of the
generators of the hidden symmetry by
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Xm ¼ 5
ffiffiffi
2

p
Knhnm: ð63Þ

These generators commute with each other

½Xm; Xn� ¼ 0: ð64Þ

However, due to the antisymmetric property of hnm, the
gauge generators satisfy the condition KmXm ¼ 0.
Therefore, only four generators are linearly independent.
The resulting gauge group in 5þ7 representation is then
given by a four-dimensional translational group R4

h asso-
ciated with the hidden symmetries.
To explicitly parametrize this R4

h gauge group, we will
use the SLð5Þ symmetry to fix Km ¼ κδ5m with κ ∈ R. In
this case, the gauge group is generated by

Xi ¼ 5
ffiffiffi
2

p
κh5i ð65Þ

for i ¼ 1, 2, 3, 4.

D. Gaugings in 5̄+ 3 representation

We now consider dyonic gaugings involving both
electric and magnetic components of the embedding tensor.
We begin with gaugings in 5̄þ3 representation. The embed-
ding tensor in this representation, satisfying the linear
constraint (9), is given by θAM ¼ ðθAm; θAmÞ with

θAm ¼ −
2

ffiffiffi
2

p

5
TA�Jm and θAm ¼ TA

npJ½nδ
p�
m : ð66Þ

This form of the embedding tensor automatically satisfies
the quadratic constraints given in (15) and (16). Therefore,
any vectors Jm define consistent gaugings in 5̄þ3

representation.
In this case, we find nonvanishing gauge generators

given by

Xm ¼ 3Jnτmn þ
8

5
Jmd and Xmn ¼ −

1ffiffiffi
2

p εmnpqrJphqr

ð67Þ

with the following commutation relations

½Xmn; Xpq� ¼ 0; ½Xm; Xnp� ¼ ðXmÞnpqrXqr;

½Xm; Xn� ¼ 3ðX½mÞpn�Xp: ð68Þ

To write down the explicit form of gauge generators, we
can use SLð5Þ symmetry to fix Jm ¼ κδm5 as in the previous
case. With this choice, nonvanishing gauge generators are
given by

Xij ¼ −
κffiffiffi
2

p εijklhkl; Xi ¼ 3κτi5;

X5 ¼ κðτ11 þ τ22 þ τ33 þ τ44 þ 4τ55Þ ð69Þ

with i; j;… ¼ 1;…; 4. In vector representation of SLð5Þ,
the generator X5 takes the form

ðX5Þmn ¼ 2κ diagð1; 1; 1; 1; 4Þ: ð70Þ

Commutation relations between these gauge generators
become

½Xij; Xkl� ¼ ½Xi; Xj� ¼ ½Xi; Xjk� ¼ 0;

½X5; Xi� ¼ −3ðX5ÞjiXj; ½X5; Xij� ¼ ðX5ÞijklXkl: ð71Þ

These imply the gauge group of the form

G0 ¼ SOð1; 1Þ ⋉ ðR4 ×R6
hÞ ∼ CSOð1; 1; 2Þ ⋉ R6

h ð72Þ

in which the noncompact factor SOð1; 1Þ is generated
by X5.

E. Gaugings in 10− 1 representation

In addition to gaugings from 5̄þ3 representation, gaug-
ings in 10−1 representation also require both θAm and θAm
to be nonvanishing in order to satisfy the linear constraint.
Thus, gaugings in this representation are dyonic and
triggered by

θAm ¼ 1

3
ffiffiffi
2

p TA
npε

mnpqrZqr and θAm ¼ TAnZnm ð73Þ

with Zmn ¼ Z½mn�. With this embedding tensor, the quad-
ratic constraints in (15) and (16) reduce to

ZmnZpqε
mnpqr ¼ 0: ð74Þ

As pointed in [38], this condition can be solved by Zmn of
the form

Zmn ¼ u½mvn� ð75Þ

with um and vn being arbitrary GLð5Þ vectors.
In this case, the corresponding gauge generators are

given by

X� ¼ −
ffiffiffi
2

p
u½mvn�hmn; ð76Þ

Xm ¼ −
ffiffiffi
2

p

3
εmnpqru½nvp�sqr; ð77Þ

Xmn ¼
1

3
ðu½mvp�τpn − u½nvp�τpmÞ þ

4

5
u½mvn�d ð78Þ

SUPERSYMMETRIC DOMAIN WALLS IN MAXIMAL 6D GAUGED … PHYS. REV. D 104, 106008 (2021)

106008-7



with the commutation relations

½X�; Xm� ¼ ½Xm; Xn� ¼ 0;

½Xmn; X�� ¼ ðXmpÞnpX�; ½Xm; Xnp� ¼ 2ðXnpÞqmXq;

½Xmn; Xpq� ¼
1

4
½ðXmnÞpqrs − ðXpqÞmn

rs�Xrs: ð79Þ

To determine the explicit form of possible gauge groups,
we repeat the same procedure as in the previous cases by
considering a particular parametrization of the two vectors
um and vm in the form of

um ¼ ð0; 0; 0; κ1; κ2Þ and vm ¼ ð0; 0; 0; λ1; λ2Þ: ð80Þ
The gauge generators in this case become

X� ¼
ffiffiffi
2

p
ðκ2λ1 − κ1λ2Þh45; ð81Þ

Xi ¼
ffiffiffi
2

p

3
ðκ2λ1 − κ1λ2Þεijksjk; ð82Þ

Xix ¼
1

6
ðuyvx − uxvyÞτyi; ð83Þ

X45 ¼
1

6
ðκ1λ2 − κ2λ1Þ

�
τ44 þ τ55 þ

12

5
d

�
ð84Þ

with m ¼ ði; xÞ for i; j;… ¼ 1, 2, 3 and x; y;… ¼ 4, 5.
The commutation relations read

½X�;Xi� ¼ ½X�;Xix� ¼ ½Xi;Xj� ¼ ½Xi;Xjx� ¼ ½Xix;Xjy� ¼ 0;

½X45;X�� ¼ ðX45ÞiiX�; ½X45;Xi� ¼−2ðX45ÞjiXj;

½X45;Xix� ¼
2

5
ðX45ÞixjyXjy ð85Þ

giving rise to the gauge group of the form

G0 ¼ SOð1; 1Þ ⋉ ðR6 ×R3
s × RhÞ

∼ CSOð1; 1; 3Þ ⋉ ðR3
s × RhÞ: ð86Þ

The noncompact subgroup SOð1; 1Þ is generated by the
gauge generator X45 whose explicit form in GLð5Þ vector
representation is given by

ðX45Þmn ¼ 1

3
ðκ1λ2 − κ2λ1Þdiagð2; 2; 2; 3; 3Þ: ð87Þ

The three commuting translational groups R6, R3
s , and Rh

are respectively generated by Xix, Xi, and X�.

F. Gaugings in ð5̄+ 45Þ+ 3 representation

We now consider dyonic gaugings arising from combin-
ing two components of the embedding tensor in 5̄þ3 and
45þ3 representations. These gaugings are also dyonic since
the embedding tensor in 5̄þ3 representation contains both

electric and magnetic parts. The linear constraint (9)
requires these components to take the form

θAm¼−
2

ffiffiffi
2

p

5
TA�Jm and θAm¼TA

npðJ½nδp�m þWnp
m Þ: ð88Þ

This is just a trivial combination between the embedding
tensor from each representation given in (53) and (66).
With this form of the embedding tensor, the quadratic

constraints (15) and (16) become

Wmn
p Jp ¼ 0; ð89Þ

Wqr
mWst

½nεp�qrst þ
3

2
Wqr

m Jsεnpqrs ¼ 0: ð90Þ

To solve these conditions, we first fix the explicit form of
theGLð5Þ vector Jm ¼ κδm5 with κ ∈ R, leading to a split of
a GLð5Þ index m ¼ ði; 5Þ with i; j;… ¼ 1, 2, 3, 4 as in
Sec. III D. With Jm of this form, the condition (89) implies
Wmn

5 ¼ 0, so onlyWij
k andWi5

j are nonvanishing. Note also
that the condition Wmn

n ¼ 0 imposes a traceless condi-
tion Wij

j ¼ 0.
With only Wij

k , Wi5
j , and J5 ¼ κ nonvanishing, the

condition (90) splits into

Wkl
i W

mn
j εklmn ¼ 0; ð91Þ

2ðWlm
i Wn5

½j þWl5
i W

mn
½j Þεk�lmn þ

3

2
κWlm

i εjklm ¼ 0: ð92Þ

The first condition takes the same form as the quadratic
constraint (54) in 45þ3 representation and can be similarly
solved by choosing

Wij
k ¼ 2v½iwk

j� ð93Þ
with a GLð4Þ vector vi and a traceless 4 × 4 matrix wk

j.
At this point, we can further use SLð4Þ ⊂ GLð5Þ

symmetry to rotate vi such that vi ¼ λδi4. We will also
split the index i ¼ ðx; 4Þ with x ¼ 1, 2, 3. Moreover, the
traceless condition Wij

j ¼ 0 requires that w4
i ¼ 0. For

simplicity, we will also set wi
4 ¼ 0 since these components

do not appear in the resulting embedding tensor. The
remaining components wx

y can be described by a traceless
3 × 3 matrix satisfying wx

x ¼ 0. Among various compo-
nents of Wij

k ¼ ðWxy
z ;Wij

4 ;W
4y
x Þ, only the last components

are nonvanishing and given by

W4y
x ¼ λwx

y: ð94Þ
With all these, the condition (92) splits into

λWx5
4 wz

tεxyt ¼ 0; ð95Þ

2½wx
tW5a

½y þW5a
x w½yt�εz�ta þ

3

2
κwx

tεyzt ¼ 0: ð96Þ
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The first condition can be solved by setting Wx5
4 ¼ 0. The

remaining component Wx5
y can be written in terms of a

3 × 3 matrix uyx as W5x
y ¼ τuyx with τ ∈ R. The condition

(96) then gives rise to

2τ½ðwx
tuya þ wy

tuxaÞεzta − ðwx
tuza þ wz

tuxaÞεyta�
þ 3κwx

tεyzt ¼ 0: ð97Þ
With the Schouten identity, w½xtεyzt� ¼ 0, this condition can
be solved if and only if τ ¼ − κ

2
and uxy ¼ δyx. In con-

clusion, the quadratic constraint determines the embedding
tensor (88) in terms of Jm and Wmn

p given by

Jm ¼ κδm5 ; Wij
5 ¼ Wij

4 ¼ Wxy
z ¼ Wx5

4 ¼ 0;

W4y
x ¼ λwx

y; W5x
y ¼ −

κ

2
δxy; W45

x ¼ vx: ð98Þ

We note that W45
x written in terms of a three-dimensional

vector vx in the last relation do not appear in the linear

and quadratic constraints. Therefore, this vector is
unconstrained.
With all these, nonvanishing gauge generators are given by

Xxy ¼
ffiffiffi
2

p
εxyzðλwt

zht5 − vthtz − 2κhz4Þ; ð99Þ

Xx5 ¼ −
λffiffiffi
2

p wx
yεyzthzt; ð100Þ

Xx ¼ 4κτx5 − 2λwy
xτy4; ð101Þ

X4 ¼ 2λwx
yτxy þ 2vxτx5; ð102Þ

X5 ¼ 4κ

�
τ44 þ τ55 þ

2

5
d

�
− 2vxτx4 ð103Þ

with the following commutation relations

½Xxy; Xzt� ¼ ½Xxy; Xz5� ¼ ½Xx5; Xy5� ¼ ½Xx; Xy� ¼ ½Xx; Xy5� ¼ 0;

½Xx; Xyz� ¼ 16κδx½yXz�5; ½X4; Xx� ¼ ðX4ÞyxXy;

½X4; Xx5� ¼ −ðX4ÞxyXy5; ½X4; Xxy� ¼ −ðX4ÞxyztXzt þ 8v½xXy�5;

½X5; Xx� ¼ −8κXx; ½X5; Xx5� ¼ 0;

½X5; Xxy� ¼ 8κXxy; ½X4; X5� ¼ 4vxXx: ð104Þ

We find that the only possible compact subgroup is SOð2Þ
generated by the gauge generatorX4withwx

y antisymmetric
for any value of vx. If the matrix wx

y is symmetric, the
generator X4 gives a noncompact SOð1; 1Þ group. For
simplicity, we will set vx ¼ 0 and restrict ourselves
to the compact SOð2Þ case since we are mainly interested
in domain wall solutions preserving some symmetry. For
definiteness, we choose the matrix wx

y to be

wx
y ¼

0
B@

0 σ 0

−σ 0 0

0 0 0

1
CA ð105Þ

with σ ∈ R. Together with vx ¼ 0, the above gauge gen-
erators reduce to

X12 ¼ −2
ffiffiffi
2

p
κh34; Xx̄3 ¼ −

ffiffiffi
2

p
εx̄ ȳðλwz̄

ȳhz̄5 − 2κhȳ4Þ;
Xx̄5 ¼ −

ffiffiffi
2

p
λwx̄

ȳεȳ z̄hz̄3; Xx̄ ¼ 4κτ x̄5 − 2λwȳ
x̄τȳ4;

X3 ¼ 4κτ35; X4 ¼ 2λσðτ12 − τ21Þ;

X5 ¼ 4κ

�
τ44 þ τ55 þ

2

5
d

�
ð106Þ

with x ¼ ðx̄; 3Þ, x̄ ¼ 1, 2.
In vector representation, we can explicitly see that X4

and X5 are antisymmetric and symmetric

ðX4Þmn ¼

0
BBBBBBB@

0 4λσ 0 0 0

−4λσ 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCCA
; ðX5Þmn ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 8κ 0

0 0 0 0 8κ

1
CCCCCCA

ð107Þ

generating SOð2Þ and SOð1; 1Þ subgroups, respectively. The gauge generators satisfy the following commutation relations
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½Xxy; Xzt� ¼ ½Xxy; Xz̄5� ¼ ½Xx̄5; Xȳ5� ¼ ½Xx; Xy� ¼ ½Xx; Xȳ5� ¼ 0;

½Xx̄; X12� ¼ 16κδx̄½1X2�5; ½Xx̄; Xȳ3� ¼ 0;

½X3; Xx̄3� ¼ −8κXx̄5; ½X3; X12� ¼ 0;

½X4; Xx̄� ¼ ðX4Þȳx̄Xȳ; ½X4; X3� ¼ 0;

½X4; Xx̄3� ¼ −ðX4Þx̄3ȳ3Xȳ3; ½X4; X12� ¼ 0;

½X4; Xx̄5� ¼ −ðX4Þx̄ȳXȳ5;

½X5; Xx� ¼ −8κXx; ½X5; Xx̄5� ¼ 0;

½X5; Xxy� ¼ 8κXxy; ½X4; X5� ¼ 0: ð108Þ

From these relations, we see that ðX4; Xx̄5Þ and
ðX3; X5; X12Þ form two commuting non-semisimple groups
ISOð2Þ and ISOð1; 1Þ, respectively. The remaining gen-
erators ðXx̄; X3x̄Þ generate a four-dimensional translational
group transforming nontrivially under ISOð2Þ × ISOð1; 1Þ.
The gauge group is then given by

G0 ¼ ðISOð2Þ × ISOð1; 1ÞÞ ⋉ R4: ð109Þ

For a simpler case of λ ¼ 0, the nonvanishing compo-
nents W5x

y still generate a nontrivial subgroup. In this case,
we find X4 ¼ Xx̄5 ¼ 0 giving rise to the following gauge
group

SOð1; 1Þ ⋉ ðR3 ×R3
hÞ: ð110Þ

The three factors SOð1; 1Þ, R3, and R3
h are respectively

generated by X5, Xxy, and Xx. We also note that another
possibility of setting κ ¼ 0 is not possible since this choice
leads to vanishing Jm.

G. Gaugings in ð10+ 15Þ− 1 representation

For gaugings with the embedding tensor in ð10þ 15Þ−1
representation, there are both electric and magnetic com-
ponents θAm and θAm given by

θAm ¼ 1

3
ffiffiffi
2

p TA
npε

mnpqrZqr and θAm ¼ TAnðYnm þ ZnmÞ:

ð111Þ

We recall that Ymn ¼ YðmnÞ and Zmn ¼ Z½mn� are symmetric
and antisymmetric tensors corresponding to 15−1 and 10−1

representations, respectively. In terms of Ymn and Zmn, the
quadratic constraints (15) and (16) reduce to

εnpqrsYmqZrs ¼ 0 and εmnpqrZnpZqr ¼ 0: ð112Þ

We can use the SLð5Þ ⊂ GLð5Þ symmetry to bring Ymn to a
diagonal form

Ymn ¼ diagð1;…; 1|fflfflffl{zfflfflffl}
p

;−1;…;−1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
q

; 0;…; 0|fflfflffl{zfflfflffl}
r

Þ ð113Þ

where pþ qþ r ¼ 5. We will split the GLð5Þ index m ¼
ði; xÞ and Ymn into Yij ¼ diagð1;…; 1;−1;…;−1Þ with
Yxy ¼ 0. Solving the first condition in (112) using (113),
we find only two possible solutions with both Ymn and Zmn
nonvanishing for ranks of Ymn equal to 1 and 2.

1. Rank Y = 2

With Yij ¼ diagð1;�1Þ for i; j;… ¼ 1, 2 and
x; y;… ¼ 3, 4, 5, only Z12 ¼ κ with κ ∈ R is allowed to
be nonvanishing. This automatically solves the other
condition in (112) and gives rise to the following gauge
generators

X� ¼ −
ffiffiffi
2

p
κh12; ð114Þ

Xx ¼ −
ffiffiffi
2

p

3
κεxyzsyz; ð115Þ

Xix ¼ 2Yj½iτjx� −
2

3
κεj½iτjx�; ð116Þ

X12 ¼ 2Yi½1τi2� þ
κ

3
ðτ11 þ τ22Þ þ

4

5
κd: ð117Þ

Commutation relations between these generators are
given by

½X�;Xx�¼ ½X�;Xix�¼ ½Xx;Xy�¼ ½Xx;Xiy�¼ ½Xix;Xjy�¼0;

½X12;X��¼
1

2
ðX12ÞmmX�; ½X12;Xx�¼−2ðX12ÞyxXy;

½X12;Xix�¼−ðX12ÞikXjx−2ðX12ÞxyXiy: ð118Þ

The generators X�, Xx, and Xix generate three transla-
tional groups Rh, R3

s , and R6 commuting with each other.
For Yij ¼ diagð1;−1Þ, the generator X12 can only generate
a noncompact SOð1; 1Þ group giving rise to the following
gauge group
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G0 ¼ SOð1; 1Þ ⋉ ðR6 ×R3
s × RhÞ

∼ CSOð1; 1; 3Þ ⋉ ðR3
s × RhÞ: ð119Þ

For Yij ¼ δij, X12 can become compact SOð2Þ, noncom-
pact SOð1; 1Þ, or nilpotent generators depending on the

values of κ. For particular values of κ ¼ �
ffiffi
3
5

q
, X12

is nilpotent and will be denoted by T resulting in

T ⋉ ðR6 ×R3
s ×RhÞ gauge group. For −

ffiffi
3
5

q
< κ <

ffiffi
3
5

q
and κ < −

ffiffi
3
5

q
or κ >

ffiffi
3
5

q
, X12 is respectively compact and

noncompact. Accordingly, the corresponding gauge group
is given by

G0¼SOð2Þ⋉ ðR6×R3
s ×RhÞ∼CSOð2;0;3Þ⋉ ðR3

s ×RhÞ
ð120Þ

or the gauge group given in (119).

2. Rank Y = 1

In this case, we will choose only Y11 nonvanishing with
Y11 ¼ κ ¼ �1. All components Zxy with x, y ¼ 2, 3, 4, 5
need to be zero in order to solve the quadratic constraint
(112). Therefore, only the remaining four components
Z1x ¼ zx give rise to the following gauge generators

X� ¼−
ffiffiffi
2

p
zxh1x; Xx¼

ffiffiffi
2

p

3
εxyztzyszt; Xxy¼−

2

3
z½xτ1y�;

X1x¼ κτ1xþ
1

3
ðzyτyxþzxτ11Þþ

4

5
zxd ð121Þ

with the commutation relations

½X�;Xx�¼½X�;Xxy�¼½Xx;Xy�¼½Xx;Xyz�¼½Xxy;Xzt�¼0;

½X1x;X��¼
1

2
ðX1xÞmmX�; ½X1x;Xy�¼−2ðX1xÞzyXz;

½X1x;Xyz�¼
1

5
ðX1xÞyztaXta; ½X1x;X1y�¼−

4

3
z½xXy�1−2κXxy:

ð122Þ

To proceed further, we will choose z2 ¼ ζ and
z3 ¼ z4 ¼ z5 ¼ 0. The above gauge generators simplify to

X� ¼ −
ffiffiffi
2

p
ζh12; Xx̄ ¼ −

ffiffiffi
2

p

3
ζεx̄ ȳ z̄sȳ z̄;

X2x̄ ¼ −
1

3
ζτ1x̄; X1x̄ ¼ κτ1x̄ þ

1

3
ζτ2x̄;

X12 ¼ κτ12 þ
1

3
ζðτ22 þ τ11Þ þ

4

5
ζd ð123Þ

with x̄; ȳ;… ¼ 3, 4, 5. The corresponding commutation
relations read

½X�;Xx̄�¼ ½X�;Xīx̄�¼ ½Xx̄;Xȳ�¼ ½Xx̄;Xīȳ�¼ ½Xīx̄;Xj̄ȳ�¼0;

½X12;X��¼
1

2
ðX12ÞmmX�; ½X12;Xx̄�¼−2ðX12Þȳx̄Xȳ;

½X12;X2x̄�¼
1

5
ðX12Þ2x̄2ȳX2ȳ; ½X12;X1x̄�¼

2

3
ζX1x̄−2κX2x̄

ð124Þ

with ī; j̄;… ¼ 1, 2.
We also note that the generator X12 does not commute

with other generators. This generator generates an SOð1; 1Þ
group while the remaining generators form three commut-
ing translational groups. Accordingly, the resulting gauge
group is given by

G0 ¼ SOð1; 1Þ ⋉ ðR6 ×R3
s ×RhÞ ð125Þ

in which the translational groups R6, R3
s , and Rh are

respectively generated by Xī x̄, X
x̄, and X�.

H. Gaugings in ð10+ 40Þ− 1 representation

We nowmove to the next case with the embedding tensor
in 10−1 and 40−1 representations. These two components
are labelled respectively by Zmn ¼ Z½mn� and Umn;p ¼
U½mn�;p with U½mn;p� ¼ 0. The embedding tensor solving
the linear constraint (9) takes the form

θAm¼TA
np

�
Unp;mþ 1

3
ffiffiffi
2

p εmnpqrZqr

�
and θAm¼TAnZnm:

ð126Þ

The quadratic constraint (15) imposes the following
conditions

Umn;pZpq ¼ 0; ð127Þ

εmnpqrZnpZqr ¼ 0 ð128Þ

while the other condition in (16) gives

3εmqrstUqr;nUst;p þ 2
ffiffiffi
2

p
ZmqUqn;p ¼ 0: ð129Þ

The condition (128) is similar to that given in the case of
10−1 representation. Therefore, we will use the same ansatz
for Zmn as given in (75). Moreover, as in Sec. III E, we will
further fix each GLð5Þ vector in the ansatz Zmn ¼ u½mvn� in
order to see the corresponding gauge group explicitly.
However, instead of using um ¼ ðκ1; κ2; 0; 0; 0Þ and
vm ¼ ðλ1; λ2; 0; 0; 0Þ, we equivalently set Z12 ¼ κ with
other components vanishing. The condition (128) is then
automatically satisfied while the condition (127) can be
solved if and only if

U12;m ¼ Uix;j ¼ Uxy;i ¼ 0: ð130Þ

SUPERSYMMETRIC DOMAIN WALLS IN MAXIMAL 6D GAUGED … PHYS. REV. D 104, 106008 (2021)

106008-11



We have split the GLð5Þ index as m ¼ ði; xÞ with
i; j;… ¼ 1, 2 and x; y;… ¼ 3, 4, 5.
At this point, only Uix;y and Uxy;z remain in terms of

which the last condition in (129) leads to

εijεxtaUit;yUja;z ¼ 0; ð131Þ

3εijεztaðUjz;xUta;y þUjz;yUta;xÞ þ
ffiffiffi
2

p
ZijUjx;y ¼ 0: ð132Þ

These conditions can be readily solved by settingUix;y ¼ 0.
This is very similar to gaugings from ð15þ 40Þ−1 repre-
sentation with rank Y ¼ 2 studied in [25]. Therefore, in
order to solve the quadratic constraints for gaugings in
ð10þ 40Þ−1 representation, we are left with only the
following nonvanishing components

Zij ¼ κεij and Uxy;z ¼ 1

2
ffiffiffi
2

p εxytutz: ð133Þ

We have parametrized the components Uxy;z in terms of a
traceless 3 × 3 matrix uxy with uxx ¼ 0.
The corresponding gauge generators are given by

X� ¼ −
ffiffiffi
2

p
κh12; ð134Þ

Xx ¼ −
1ffiffiffi
2

p εxyzuztsyt −
2

ffiffiffi
2

p

3
κεxyzsyz; ð135Þ

Xix ¼ −
1

2
εijuxyτjy þ

1

3
κεijτjx; ð136Þ

X12 ¼
1

2
uxyτxy þ

κ

3
ðτ22 þ τ11Þ þ

4

5
κd ð137Þ

with the following commutation relations

½X�;Xx�¼ ½X�;Xix�¼ ½Xx;Xy�¼ ½Xx;Xiy�¼ ½Xix;Xjy�¼0;

½X12;X��¼
1

2
ðX12ÞmmX�; ½X12;Xx�¼ ðX12ÞyxXy−4κXx;

½X12;Xix�¼−2ðX12ÞixjyXjyþ4κXix: ð138Þ

The gauge generator X12 given in (137) generates either
SOð1; 1Þ or SOð2Þ group for symmetric and antisymmetric
uxy, respectively. The corresponding gauge group is
given by

G0 ¼ SOð1; 1Þ ⋉ ðR6 ×R3
s × RhÞ

∼ CSOð1; 1; 3Þ ⋉ ðR3
s × RhÞ ð139Þ

or

G0¼SOð2Þ⋉ ðR6×R3
s ×RhÞ∼CSOð2;0;3Þ⋉ ðR3

s ×RhÞ
ð140Þ

in which Xix, Xx, and X� respectively generate the trans-
lational groups R6, R3

s , and Rh.

I. Gaugings in ð10+ 15+ 40Þ− 1 representation

As a final example, we consider gaugings from
ð10þ 15þ 40Þ−1 representation in which the embedding
tensor takes the form of

θAm ¼ TA
np

�
Unp;m þ 1

3
ffiffiffi
2

p εmnpqrZqr

�
and

θAm ¼ TAnðZnm þ YmnÞ: ð141Þ

The quadratic constraints in (15) and (16) give

Umn;qð3Zpq þ YpqÞ þ
2

ffiffiffi
2

p

3
εmnqrsYpqZrs ¼ 0; ð142Þ

Umn;qðZpq þ 3YpqÞ −
ffiffiffi
2

p

3
δ½mp εn�qrstZqrZst ¼ 0 ð143Þ

together with

Unq;mYpq þ εmnqrsYpqZrs −
1

2
ffiffiffi
2

p Uqr;mUst;nεpqrst

þ 1

3
½ð2Umq;n −Unq;mÞZpq þ 4δðmp UnÞqrZqr�

þ 1

36
ffiffiffi
2

p ðδmp εnqrst − 5δnpε
mqrstÞZqrZst ¼ 0: ð144Þ

To solve these conditions, we repeat the same procedure as
in the previous case by setting all Zmn components to zero
except Z12 ¼ κ together with Ymn ¼ diagð1;−1; 0; 0; 0Þ.
With this choice together with the index splittingm ¼ ði; xÞ
for i; j;… ¼ 1, 2 and x; y;… ¼ 3, 4, 5, we can solve all the
above conditions with all Umn;p components vanishing
except

Uxy;z ¼ 1

2
ffiffiffi
2

p εxytutz: ð145Þ

This is the same ansatz (133) as used in the previous case.
These lead to the gauge generators

X� ¼ −
ffiffiffi
2

p
κh12; ð146Þ

Xx ¼ −
1ffiffiffi
2

p εxyzuztsyt −
2

ffiffiffi
2

p

3
κεxyzsyz; ð147Þ

Xix ¼ Yjiτjx −
1

2
εijuxyτjy þ

1

3
κεijτjx; ð148Þ

X12 ¼ 2Yi½1τi2� þ
1

2
uxyτxy þ

κ

3
ðτ22 þ τ11Þ þ

4

5
κd ð149Þ
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with the same commutation relations as given in (138). The
corresponding gauge group is again given by (139) or (140)
depending on the values of κ and the form of uxy as in the
previous case. It could be useful to look for more
complicated solutions leading to new gauge groups.

IV. SUPERSYMMETRIC DOMAIN
WALL SOLUTIONS

In this section, we will find supersymmetric domain
wall solutions from six-dimensional gauged supergravities
constructed from the embedding tensors given in the
previous section. We begin with a general procedure of
finding supersymmetric domain walls. The analysis has
already been performed in [25], so we will only review
relevant formulas and refer to [25] for more detail. The
metric ansatz for domain wall solutions take the general
form of

ds26 ¼ e2AðrÞημ̄ ν̄dxμ̄dxν̄ þ dr2 ð150Þ

with μ̄; ν̄ ¼ 0; 1;…; 4.
We then consider an explicit parametrization of the scalar

fields in SOð5; 5Þ=SOð5Þ × SOð5Þ coset space. These
scalars correspond to 25 noncompact generators of
SOð5; 5Þ that decompose under GLð5Þ as

25 → 1þ 14|fflfflffl{zfflfflffl}
t̂þ
a _b

þ 10|{z}
smn

: ð151Þ

The generators t̂þ
a _b

are noncompact generators of GLð5Þ
defined as

t̂þ
a _b

¼ 1

2
ðMa

MM _b
N þM _b

MMa
NÞtMN ð152Þ

where MA
M ¼ ðMa

M;M _a
MÞ is a transformation matrix

whose explicit form is given by

M ¼ 1ffiffiffi
2

p
�
15 15
15 −15

�
: ð153Þ

This matrix is used to relate the SOð5; 5Þ metric in
nondiagonal (ηMN) and diagonal (ηAB) forms as

ηAB ¼ MA
MMB

NηMN ð154Þ

with ηAB ¼ diagð1; 1; 1; 1; 1;−1;−1;−1;−1;−1Þ.
In accord with (151), we will denote all 25 scalar fields

as ΦI ¼ fφ;ϕ1;…;ϕ14; ς1;…; ς10g with I ¼ 1;…; 25.
The scalar φ is the dilaton corresponding to the
SOð1; 1Þ generator

d ¼ t̂þ
1_1
þ t̂þ

2_2
þ t̂þ

3_3
þ t̂þ

4_4
þ t̂þ

5_5
: ð155Þ

This SOð1; 1Þ ∼ Rþ symmetry is identified with the
SOð1; 1Þ factor of GLð5Þ ∼ SLð5Þ × SOð1; 1Þ. The other
fourteen linear combinations of generators t̂þ

a _b
correspond to

the fourteen scalar fields fϕ1;…;ϕ14g in the SLð5Þ=SOð5Þ
coset. The remaining ten scalars fς1;…; ς10g correspond to
the shift generators smn and will be called shift scalars. By
this decomposition of the scalar fields, we can rewrite the
kinetic terms of the scalar fields in (17) and obtain the
following bosonic Lagrangian

e−1L ¼ 1

4
R −GIJ∂μΦI∂μΦJ − V ð156Þ

with GIJ being a symmetric scalar-dependent matrix.
In order to find supersymmetric domain wall solutions,

we consider first-order Bogomol’nyi-Prasad-Sommerfield
(BPS) equations derived from the supersymmetry trans-
formations of fermionic fields. We begin with the variations
of the gravitini from (18) and (19) which give

δψþμ̄α∶ A0γ̂rϵþα þ
g
2
ΩαβTβ _αϵ− _α ¼ 0; ð157Þ

δψ−μ̄ _α∶ A0γ̂rϵ− _α −
g
2
Ω _α _βT

α _βϵþα ¼ 0: ð158Þ

Throughout the paper, we use the notation 0 to denote an
r-derivative. Multiply Eq. (157) by A0γ̂r and use Eq. (158)
or vice-versa, we find the following consistency conditions

A02δαβ ¼ −
g2

4
ΩαγTγ _αΩ _α _βT

β _β ¼ W2δα
β; ð159Þ

A02δ _α
_β ¼ −

g2

4
Ω _α _γTα_γΩαβTβ _β ¼ W2δ _α

_β ð160Þ

in which we have introduced the “superpotential” W. We
then obtain the BPS equations for the warped factor

A0 ¼ �W: ð161Þ

With this result, Eqs. (157) and (158) lead to the following
projectors on the Killing spinors

γ̂rϵþα ¼ −
g
2
Ωαβ

Tβ _β

A0 ϵ− _β; γ̂rϵ− _α ¼
g
2
Ω _α _β

Tα _β

A0 ϵþα:

ð162Þ

It should be noted that these projectors are not independent.
The conditions δψþrα ¼ 0 and δψ−r _α ¼ 0 will determine
the Killing spinors as functions of the radial coordinate r as
usual. We will give the corresponding expressions in
explicit solutions obtained in subsequent analyses.
Using the γ̂r projectors in δχþa _α ¼ 0 and δχ− _aα ¼ 0

equations, we eventually obtain the BPS equations for
scalar fields of the form
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ΦI 0 ¼∓ 2GIJ ∂W
∂ΦJ ð163Þ

in which GIJ is the inverse of the scalar metric GIJ. In
addition, the scalar potential can also be written in terms of
W as

V ¼ 2GIJ ∂W
∂ΦI

∂W
∂ΦJ − 5W2: ð164Þ

We are now in a position to find explicit domain wall
solutions. As mentioned before, the complexity of working
with all 25 scalars prohibits any traceable analysis. We will
consider only solutions preserving a nontrivial residual
symmetry. The solutions invariant under this symmetry are
characterized by a smaller set of singlet scalars. Among the
gaugegroups classified in theprevious section, only fivegauge
groups, SOð2Þ ⋉ R8, SOð2Þ ⋉ R6, CSOð2; 0; 2Þ ⋉ R4,
CSOð2; 0; 2Þ ⋉ R2, and CSOð2; 0; 1Þ ⋉ R4, contain a
compact SOð2Þ subgroup that can be used to reduce the
number of scalar fields and result in consistent sets of BPS
equations. Accordingly, in the following, we will consider
only domainwall solutions for these gauge groups.We should
also remark here that for ðISOð2Þ × ISOð1; 1ÞÞ ⋉ R4 and
CSOð2; 0; 3Þ ⋉ R4 gauge groups given in (109), (120), and
(140), we are not able to find consistent sets of BPS equations.
The supersymmetry conditions from ðδψþμα; δψ−μ _αÞ and
ðδχþa _α; δχ− _aαÞ are not compatible with each other.
Therefore, we argue that no supersymmetric domain walls
with SOð2Þ symmetry exist in these gauge groups.

A. Supersymmetric domain walls from
SOð2Þ ⋉ R8 and SOð2Þ ⋉ R6 gauge groups

We now consider supersymmetric domain walls from
SOð2Þ ⋉ R8 and SOð2Þ ⋉ R6 gauge groups with the
embedding tensor given in (42) and the traceless matrix
Smn in (50). We first consider SOð2Þ ⋉ R8 gauge group.
There are five SOð2Þ singlet scalars corresponding to the
following noncompact generators commuting with X�

Y1 ¼ t̂þ
1_1
þ t̂þ

2_2
þ t̂þ

3_3
þ t̂þ

4_4
þ t̂þ

5_5
; ð165Þ

Y2 ¼ t̂þ
1_1
þ t̂þ

2_2
− 2t̂þ

3_3
; ð166Þ

Y3 ¼ t̂þ
4_4
þ t̂þ

5_5
− 2t̂þ

3_3
; ð167Þ

Y4 ¼ s12; ð168Þ

Y5 ¼ s45: ð169Þ

It should be noted that the first noncompact generator
corresponds to the SOð1; 1Þ factor defined in (155). This
scalar is actually a singlet under the full compact subgroup
SOð5Þ ⊂ GLð5Þ. The scalar field corresponding to this

generator will be called the dilaton φ. Additionally, there
are two SLð5Þ=SOð5Þ scalars and two shift scalars invariant
under the SOð2Þ symmetry. These are associated with Y2;3

and Y4;5, respectively.
The coset representative can be written as

V ¼ eφY1þϕ1Y2þϕ2Y3þς1Y4þς2Y5 : ð170Þ

Using this coset representative, we find that the scalar
potential vanishes identically, and only the dilaton appears
in the T-tensors which take the form of

ðTaÞα _β ¼ 1

2
ffiffiffi
2

p e5φSbaðγbÞαβδ _ββ;

ðT _aÞα _β ¼ 1

2
ffiffiffi
2

p e5φS _b
_aðγ _bÞ _α _βδα_α: ð171Þ

In these equations, we have written Sba ¼ S _b
_a ¼ Smn. With

Smn given in (50), the T-tensors become

Tα _β ¼ 1ffiffiffi
2

p e5φðλðγ45Þαβ − κðγ12ÞαβÞδ _ββ ð172Þ

or explicitly

Tα _β ¼ 1ffiffiffi
2

p e5φ

0
BBBBB@

λþ κ 0 0 0

0 λ − κ 0 0

0 0 λþ κ 0

0 0 0 λ − κ

1
CCCCCA: ð173Þ

There are two possible superpotentials

W1 ¼
g

2
ffiffiffi
2

p e5φðκ þ λÞ and W2 ¼
g

2
ffiffiffi
2

p e5φðκ − λÞ:

ð174Þ

Both of them give a valid superpotential in terms of which
the scalar potential can be written as (164) using the matrix
GIJ of the form

GIJ ¼

0
BBBBBBBBB@

1
10

0 0 2ς1
5

2ς2
5

0 3
20

− 1
10

3ς1
5

− 2ς2
5

0 − 1
10

3
20

− 2ς1
5

3ς2
5

2ς1
5

3ς1
5

− 2ς1
5

1þ 4ς21 0

2ς2
5

− 2ς2
5

3ς2
5

0 1þ 4ς22

1
CCCCCCCCCA

ð175Þ

for ΦI ¼ fφ;ϕ1;ϕ2; ς1; ς2g with I ¼ 1, 2, 3, 4, 5. It should
be noted that for λ ¼ 0, the two superpotentials are equal
leading to half-supersymmetric domain walls. For λ ≠ 0,
one choice of the superpotentials gives rise to 1

4
-BPS
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domain walls since only the supersymmetry along the
directions of this choice is unbroken.
We now consider the cases of λ ≠ �κ and λ ≠ 0

corresponding to SOð2Þ ⋉ R8 gauge group. In this case,
choosing one of the two superpotentials corresponds to
imposing an additional projector on the Killing spinors of
the form

γ3ϵ� ¼ ϵ� or γ3ϵ� ¼ −ϵ� ð176Þ

for W ¼ W1 or W ¼ W2, respectively. Together with the
γ̂r projector in (162), the resulting solutions will preserve
only eight supercharges or 1

4
of the original supersymmetry.

With all these, we obtain the following BPS equations

A0 ¼ −φ0 ¼ g

2
ffiffiffi
2

p e5φðκ � λÞ; ð177Þ

ϕ0
1 ¼ ϕ0

2 ¼ 0; ð178Þ

ς01 ¼ 4φ0ς1 ¼ −g
ffiffiffi
2

p
e5φðκ � λÞς1; ð179Þ

ς02 ¼ 4φ0ς2 ¼ −g
ffiffiffi
2

p
e5φðκ � λÞς2: ð180Þ

It should be noted that although the superpotential does not
depend on ς1 and ς2, there are nontrivial BPS equations for
these scalars due to the cross terms between these scalars
and the dilaton in GIJ.
The plus/minus signs in the BPS equations are correlated

with the plus/minus sign of the γ3 projector (176). The
solution is given by

A ¼ −φ ¼ 1

5
ln

�
5

2
ffiffiffi
2

p grðκ � λÞ − C

�
; ð181Þ

ς1;2 ¼ e4φ þ ςð0Þ1;2 ð182Þ

for constants C and ςð0Þ1;2. The remaining two scalars ϕ1 and
ϕ2 are constant. It turns out that in this case, all the
composite connections Qab

μ and Q _a _b
μ vanish. The BPS

equations from δψþrα and δψ−r _α then give the following
Killing spinors

ϵ� ¼ e
AðrÞ
2 ϵ0� ð183Þ

with the constant SMW spinors ϵ0� satisfying the projectors
(162) and (176). In this solution, an integration constant for
A has been neglected by rescaling the coordinates xμ̄. Note

that the integration constant C and ςð0Þ1;2 can also be removed
by shifting the radial coordinate r and scalars ς1;2, but we
keep it here for generality. We also note that from the BPS
equations, we can consistently set ϕ1 ¼ ϕ2 ¼ ς1 ¼ ς2 ¼ 0.
Indeed, it can be verified that redefining the shift scalars as

ς1;2 → ς̃1;2 ¼ e−4φς1;2 results in a set of BPS equations
with ς̃01;2 ¼ 0.
For λ ¼ �κ or λ ¼ 0, the translational group R8

s reduces
to R6

s . In the former case, X14 ¼ �X25 and X15 ¼∓ X24

while in the latter X34 and X35 vanish. In these two cases,
there are more SOð2Þ singlet scalars. For λ ¼ �κ, there are
four additional singlet scalars corresponding to noncom-
pact generators

Y6 ¼ t̂þ
1_4
� t̂þ

2_5
; Y7 ¼ t̂þ

1_5
∓ t̂þ

2_4
;

Y8 ¼ s14 � s15; Y9 ¼ s15 ∓ s24: ð184Þ

The upper/lower signs in these generators are related to the
upper/lower sign in λ ¼ �κ. For λ ¼ 0, we find six addi-
tional singlets given by

Ỹ6 ¼ t̂þ
4_4
− t̂þ

5_5
; Ỹ7 ¼ t̂þ

3_4
; Ỹ8 ¼ t̂þ

3_5
;

Ỹ9 ¼ t̂þ
4_5
; Ỹ10 ¼ s34; Ỹ11 ¼ s35: ð185Þ

It turns out that even with all these extra SOð2Þ singlet
scalars, the scalar potential still vanishes identically.
Moreover, the T-tensors depend only on the dilaton and
take the same form as given in (171). The resulting BPS
equations for scalars from SLð5Þ=SOð5Þ associated with
Y6;7 and Ỹ6;7;8;9 give constant scalars. Similar to the
previous case, the shift scalars associated with Y8;9 and
Ỹ10;11 can be redefined such that the corresponding BPS
equations give constant scalars. All these constant scalars
can in turn be consistently set to zero. Therefore, the
solutions for these two special cases are given by the above
solution with the substitution λ ¼ �κ and λ ¼ 0. However,
as mentioned before, solutions with λ ¼ 0 is 1

2
-supersym-

metric since in this case the two superpotentials W1 and
W2 are equal. On the other hand, solutions with λ ¼ �κ
preserve 1

4
of the original supersymmetry as in the more

general case of λ ≠ �κ. Each choice of λ ¼ �κ makes one
of the superpotentials vanish rendering the supersymmetry
along the directions of this superpotential broken.

B. Supersymmetric domain walls from
CSOð2;0;2Þ ⋉ R4, CSOð2;0;2Þ ⋉ R2, and

CSOð2;0;1Þ ⋉ R4 gauge groups

We now move to another class of solutions in
CSOð2;0;2Þ⋉R4, CSOð2;0;2Þ⋉R2, and CSOð2;0;1Þ⋉
R4 gauge groups obtained from the embedding tensor in
45þ3 with the traceless matrix uij given in (58). Since in
this case, the three possibilities with λ ≠ �κ, λ ¼ �κ, and
λ ¼ 0 are different in many aspects, we will separately
consider these three cases.
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1. SOð2Þ symmetric domain walls from
CSOð2;0;2Þ ⋉ R4 gauge group

With λ ≠ �κ, the gauge group is given by
CSOð2; 0; 2Þ ⋉ R4 as in (61). For convenience, we note
the explicit form of the matrix uij of the gauge group (61)

uij ¼

0
BBBB@

0 κ 0 0

−κ 0 0 0

0 0 0 −λ
0 0 λ 0

1
CCCCA ð186Þ

where κ and λ are nonvanishing and λ ≠ �κ. There are five
SOð2Þ singlet scalars containing the dilaton, two scalars
from SLð5Þ=SOð5Þ, and two shift scalars corresponding to
the following noncompact generators

Ȳ1 ¼ t̂þ
1_1
þ t̂þ

2_2
þ t̂þ

3_3
þ t̂þ

4_4
þ t̂þ

5_5
; ð187Þ

Ȳ2 ¼ t̂þ
1_1
þ t̂þ

2_2
þ t̂þ

3_3
þ t̂þ

4_4
− 4t̂þ

5_5
; ð188Þ

Ȳ3 ¼ t̂þ
1_1
þ t̂þ

2_2
− t̂þ

3_3
− t̂þ

4_4
; ð189Þ

Ȳ4 ¼ s12; ð190Þ

Ȳ5 ¼ s34: ð191Þ

The first noncompact generator corresponds to the dilaton
φ as in the previous section. The scalar field corresponding
to Ȳ2 is another dilaton coming from further decomposition
of SLð5Þ → SOð1; 1Þ × SLð4Þ and will be denoted by ϕ0.
With the split of GLð5Þ index m ¼ ði; 5Þ for i ¼ 1;…; 4,
the SLð5Þ=SOð5Þ coset also decomposes into SOð1; 1Þ ×
SLð4Þ=SOð4Þ with the noncompact generator Ȳ3 corre-
sponding to an SOð2Þ singlet from the SLð4Þ=SOð4Þ coset.
With the coset representative given by

V ¼ eφȲ1þϕ0Ȳ2þϕȲ3þς1Ȳ4þς2Ȳ5 ; ð192Þ

the scalar potential vanishes identically as in the previous
section. The T-tensor is more complicated due to the
dependence on the shift scalars with the following form

Tα _β ¼ e−3φ−8ϕ0 ½2ðλς1 − κς2ÞΩαβ þ 2ðκς1 − λς2Þðγ5Þαβ

þðλþ 4κς1ς2Þðγ12Þαβ þ ðκ þ 4λς1ς2Þðγ34Þαβ�δ _ββ:
ð193Þ

This gives rise to

ΩαγTγ _αΩ _α _βT
β _β ¼ −e−6φ−16ϕ0ð1þ 4ς21Þð1þ 4ς22Þ

× ½ðκ2 þ λ2Þδαβ þ 2κλðγ5Þαβ�; ð194Þ

Ω _α _γTα_γΩαβTβ _β ¼ −e−6φ−16ϕ0ð1þ 4ς21Þð1þ 4ς22Þ
× ½ðκ2 þ λ2Þδ _α _β þ 2κλðγ _5Þ _α

_β�: ð195Þ

In this case, the two shift scalars ς1 and ς2 cannot be
removed by a redefinition of scalar fields, and the

composite connections Qab
μ and Q _a _b

μ are nonvanishing.
Therefore, as in [25], we need to modify the ansatz for the
Killing spinors to

ϵþ ¼ e
AðrÞ
2
þBðrÞγ12ϵ0þ and ϵ− ¼ e

AðrÞ
2
−BðrÞγ _1 _2ϵ0− ð196Þ

in which BðrÞ is an r-dependent function. We now impose
the γ5 projector

γ5ϵ� ¼ ϵ� or γ5ϵ� ¼ −ϵ� ð197Þ

which implies γ12ϵþ ¼∓ γ34ϵþ and γ _1 _2ϵ− ¼∓ γ _3 _4ϵ−. The
latter two conditions are sufficient to solve the conditions
δψþrα ¼ 0 and δψ−r _α ¼ 0 with ϵ0� being constant
SMW spinors making ϵ� satisfy the projectors (162)
and (197).
With the projector (197), the two conditions in (194) and

(195) give

ΩαγTγ _αΩ _α _βT
β _βϵþβ¼−e−6φ−16ϕ0ð1þ4ς21Þ

×ð1þ4ς22Þðκ�λÞ2ϵþα; ð198Þ

Ω _α _γTα_γΩαβTβ _βϵ−_β ¼ −e−6φ−16ϕ0ð1þ 4ς21Þ
× ð1þ 4ς22Þðκ � λÞ2ϵ− _α ð199Þ

in which the plus/minus signs correspond to the sign
chosen in the γ5 projector. Therefore, the superpotential
is then given by

W ¼ g
2
e−3φ−8ϕ0ðκ � λÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς21

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς22

q
: ð200Þ

With all these, we find the following BPS equations

A0 ¼ g
2
e−3φ−8ϕ0ðκ � λÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς21

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς22

q
; ð201Þ

φ0 ¼ ge−3φ−8ϕ0ðκ � λÞ½3 − 4ðς21 þ ς22Þ − 80ς21ς
2
2�

10
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς21

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς22

p ; ð202Þ

ϕ0
0 ¼

ge−3φ−8ϕ0ðκ � λÞ½1þ 4ðς21 þ ς22Þ�
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς21

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς22

p ; ð203Þ

ϕ0 ¼ 2ge−3φ−8ϕ0ðκ � λÞðς22 − ς21Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς21

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς22

p ; ð204Þ
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ς01 ¼ −2ge−3φ−8ϕ0ðκ � λÞς1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς21

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς22

q
; ð205Þ

ς02 ¼ −2ge−3φ−8ϕ0ðκ � λÞς2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς21

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς22

q
; ð206Þ

B0 ¼ 2ge−3φ−8ϕ0ðκ � λÞðς1 − ς2 − 4ς21ς2 þ 4ς1ς
2
2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4ς21
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4ς22
p : ð207Þ

The domain wall solution to these equations can be written
in terms of the shift scalar ς1 by

A ¼ −
1

4
ln ς1; ς2 ¼ C1ς1; ð208Þ

ϕ ¼ C2 þ
1

8
ln ð1þ 4ς21Þ −

1

8
ln ð1þ 4C2

1ς
2
1Þ; ð209Þ

ϕ0 ¼ C3 −
1

10
ln ς1 þ

1

40
ln ð1þ 4ς21Þ þ

1

40
ln ð1þ 4C2

1ς
2
1Þ;

ð210Þ

φ ¼ C4 −
3

20
ln ς1 þ

1

10
ln ð1þ 4ς21Þ þ

1

10
ln ð1þ 4C2

1ς
2
1Þ;

ð211Þ

B ¼ C5 −
1

2
tan−1ð2ς1Þ þ

1

2
tan−1ð2C1ς1Þ ð212Þ

in which Ci, i ¼ 1;…; 5, are integration constants. Using
the new radial coordinate ρ defined by dρ

dr ¼ e−3φ−8ϕ0, we
find the solution for ς1 given by

ς1 ¼
sech½2gðκ � λÞρ − C�

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 tanh

2½2gðκ � λÞρ − C� − 1
p : ð213Þ

It is also interesting to consider a domain wall solution
with vanishing shift scalars. From the above solution, we
find a constant B function giving rise to the same Killing
spinors (183) up to a constant phase. For ς1 ¼ ς2 ¼ 0, the
BPS equations (201) to (206) reduce to

A0 ¼ g
2
ðκ � λÞe−3φ−8ϕ0 ; ð214Þ

φ0 ¼ 3

10
gðκ � λÞe−3φ−8ϕ0 ; ð215Þ

ϕ0
0 ¼

g
5
ðκ � λÞe−3φ−8ϕ0 ð216Þ

together with ϕ0 ¼ ς01 ¼ ς02 ¼ 0. Setting ϕ ¼ ς1 ¼ ς2 ¼ 0,
we readily find the solution

A ¼ 5

2
ϕ0; φ ¼ 1

3
ln

�
5

2
½gðκ � λÞrþ C�

�
−
8

3
ϕ0;

ϕ0 ¼ C0 þ
2

25
ln ½gðκ � λÞrþ C�: ð217Þ

Since the solutions are subject to two projectors (162) and
(197), all the domain walls, with and without the shift
scalars, are 1

4
-supersymmetric.

2. SOð2Þ symmetric domain walls from
CSOð2;0;2Þ ⋉ R2 gauge group

For λ ¼ �κ, we find that the gauge generators
X13 ¼ �X24 and X14 ¼∓ X23. This reduces the transla-
tional group R4

h to R2
h resulting in the gauge group of the

form

G0 ¼ SOð2Þ ⋉ ðR4 × R2
hÞ ∼ CSOð2; 0; 2Þ ⋉ R2

h: ð218Þ

Apart from the five singlet scalars corresponding to non-
compact generators in (187) to (191), there are additional
four scalars invariant under the SOð2Þ subgroup generated
by X5 with λ ¼ �κ. These extra scalars correspond to the
following noncompact generators

Ȳ6 ¼ t̂þ
1_3

∓ t̂þ
2_4
; Ȳ7 ¼ t̂þ

1_4
� t̂þ

2_3
;

Ȳ8 ¼ s13 ∓ s24; Ȳ9 ¼ s14 � s23: ð219Þ

Using the coset representative

V ¼ eφȲ1þϕ0Ȳ2þϕ2Ȳ6þϕ3Ȳ7þϕȲ3þς1Ȳ4þς2Ȳ5þς3Ȳ8þς4Ȳ9 ; ð220Þ

we again find that the scalar potential vanishes identically.
Using the γ5 projector given in (197), we find that the
superpotential is given by

W ¼ ge−3φ−8ϕ0κ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ς21 þ 4ς22 þ 16ς21ς

2
2 þ 32ς1ς2ðς23 þ ς24Þ þ ð1þ 4ς23 þ 4ς24Þ2

q
: ð221Þ

Consistency of the BPS equations requires either ς3 ¼ ς4 ¼
0 or ς2 ¼ ς1. The former gives the same solution as in the

previous case with (κ � λ) replaced by 2κ, so we will not

consider this choice any further.

For the other choice of ς2 ¼ ς1, the superpotential (221)
becomes

W ¼ ge−3φ−8ϕ0κð1þ 4ς21 þ 4ς23 þ 4ς24Þ: ð222Þ
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In this case, the composite connections Qab
μ and Q _a _b

μ

vanish. We can then use the ansatz for the Killing spinors
as given in (183) and end up with the following BPS
equations

A0 ¼ ge−3φ−8ϕ0κð1þ 4ς21 þ 4ς23 þ 4ς24Þ; ð223Þ

φ0 ¼ g
5
e−3φ−8ϕ0κð3 − 20ς21 − 20ς23 − 20ς24Þ; ð224Þ

ϕ0
0 ¼

2g
5
e−3φ−8ϕ0κ; ð225Þ

ς01 ¼ −4ge−3φ−8ϕ0κς1ð1þ 4ς21 þ 4ς23 þ 4ς24Þ; ð226Þ

ς03 ¼ −4ge−3φ−8ϕ0κς3ð1þ 4ς21 þ 4ς23 þ 4ς24Þ; ð227Þ

ς04 ¼ −4ge−3φ−8ϕ0κς4ð1þ 4ς21 þ 4ς23 þ 4ς24Þ ð228Þ

together with ϕ0 ¼ ϕ0
2 ¼ ϕ0

3 ¼ 0. Solving these equations
gives a domain wall solution

A ¼ −
1

4
ln ς1; ς3 ¼ C1ς1; ς4 ¼ C2ς1;

φ ¼ C3 −
3

20
ln ς1 þ

1

5
ln ½1þ 4ς21ð1þ C2

1 þ C2
2Þ�;

ϕ0 ¼ C4 −
1

10
ln ς1 þ

1

20
ln ½1þ 4ς21ð1þ C2

1 þ C2
2Þ�;

ς1 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e8gκρ−C5 − 4ð1þ C2
1 þ C2

2Þ
p ð229Þ

in which ρ is a new radial coordinate defined by the relation
dρ
dr ¼ e−3φ−8ϕ0 . In this solution, we also consistently set the
constant scalars ϕ, ϕ2, and ϕ3 to zero.

3. SOð2Þ symmetric domain walls from
CSOð2;0;1Þ ⋉ R4 gauge group

For λ ¼ 0, we find X3 ¼ X4 ¼ 0 reducing R4 to R2 in
the gauge group (61). The resulting gauge group then takes
the form of

G0 ¼ SOð2Þ ⋉ ðR2 × R4
hÞ ∼ CSOð2; 0; 1Þ ⋉ R4

h: ð230Þ

In this case, the γ5 projector (197) is not needed, so unlike
the previous two cases, the solutions will be 1

2
-super-

symmetric. There are additional scalars invariant under
the SOð2Þ subgroup generated by X5 with λ ¼ 0. These are
given by two scalars parametrizing the SLð4Þ=SOð4Þ coset,
two nilpotent, and two shift scalars corresponding to the
following noncompact generators

Ŷ6 ¼ t̂þ
3_3
− t̂þ

4_4
; Ŷ7 ¼ t̂þ

3_4
; Ŷ8 ¼ t̂þ

3_5
;

Ŷ9 ¼ t̂þ
4_5
; Ŷ10 ¼ s35; Ŷ11 ¼ s45: ð231Þ

Following [25], we will call the four scalars associated with
t̂þ
i_5
, for i ¼ 1, 2, 3, 4, nilpotent scalars. It turns out that the

two nilpotent scalars associated with t̂þ
3_5

and t̂þ
4_5

need to
vanish in order to find a consistent set of BPS equations in
this case.
As in all the previous cases, it turns out that the scalar

potential vanishes. The superpotential is still given by (200)
for λ ¼ 0. This gives rise to the same set of BPS
equations (201) to (206) with all additional scalar fields
constant. The ansatz for the Killing spinors, in this case,
takes the form of

ϵþ¼e
AðrÞ
2
þB1ðrÞγ12þB2ðrÞγ34ϵ0þ and ϵ−¼e

AðrÞ
2
−B1ðrÞγ _1 _2−B2ðrÞγ _3 _4ϵ0−:

ð232Þ

The BPS equations for B1 and B2 are given by

B0
1 ¼

2ge−3φ−8ϕ0κς1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς22

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς21

p ð233Þ

and B0
2 ¼

2ge−3φ−8ϕ0κς2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς21

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ς22

p : ð234Þ

All these equations lead to the same solution given in (208)
to (211) and (213) for λ ¼ 0 together with

B1 ¼ C6 −
1

2
tan−1ð2ς1Þ ð235Þ

and B2 ¼ C7 −
1

2
tan−1ð2C1ς1Þ ð236Þ

in which C6 and C7 are integration constants. For a
particular case of ς1 ¼ ς2 ¼ 0, we find the domain wall
solution given in (217) with λ ¼ 0 and the Killing spin-
ors (183).

V. CONCLUSIONS AND DISCUSSIONS

We have classified a number of gauge groups in
six-dimensional maximal gauged supergravity with the
embedding tensor in 5þ7, 5̄þ3, 10−1, 24−5, and 45þ3

representations of GLð5Þ ⊂ SOð5; 5Þ. All these gauge
groups are non-semisimple and consist mostly trans-
lational groups of various dimensions. We have also found
supersymmetric domain wall solutions in SOð2Þ ⋉ R8,
SOð2Þ ⋉ R6, CSOð2; 0; 2Þ ⋉ R4, CSOð2; 0; 2Þ ⋉ R2, and
CSOð2; 0; 1Þ ⋉ R4 gauge groups. These solutions are
either 1

2
- or 1

4
-supersymmetric preserving SOð2Þ symmetry.

Some of the resulting gauge groups could have higher
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dimensional origins in terms of Scherk-Schwarz reductions
from seven dimensions or truncations of eleven-dimen-
sional supergravity on twisted tori (possibly) with fluxes.
The consistent gaugings identified in this paper to some
extent enlarge the known gauge groups pointed out in [38]
and those constructed in [25]. These would hopefully be
useful in the context of DW/QFT correspondence and
related aspects. The domain wall solutions given here are
exhaustive for all the gaugings under consideration at least
for domain walls with any residual symmetry. These could
also be added to the known classification of supersym-
metric domain walls. It would be useful to find more
general and more complicated solutions without any
residual symmetry.
Constructing truncation ansatze for embedding the

domain wall solutions found here in string/M-theory using
SOð5; 5Þ exceptional field theory given in [52] is of
particular interest. This would provide a complete frame-
work for a holographic study of five-dimensional maximal
SYM. It is also interesting to perform a similar analysis for
gaugings under SOð4; 4Þ ⊂ SOð5; 5Þ and construct the
corresponding embedding tensors together with possible
supersymmetric domain walls. These gaugings can be
truncated to gaugings of half-maximal N ¼ ð1; 1Þ super-
gravity coupled to four vector multiplets in which super-
symmetric AdS6 vacua are known to exist [53–55]. In this
case, the results could be useful in the study of both
DW6=QFT5 duality and AdS6=CFT5 correspondence
as well.
Finally, generalizing the standard domain wall solutions

in this paper and [25] to curved domain walls with
nonvanishing vector and tensor fields could also be worth
considering. This type of solutions describes conformal
defects or holographic RG flows from five-dimensional
N ¼ 4 super Yang-Mills theories to lower-dimensional
(conformal) field theories via twisted compactifications.
A number of similar solutions in seven dimensions have
been given in [56,57] while examples of holographic
solutions dual to surface defects in five-dimensional
N ¼ 2 SCFTs from N ¼ ð1; 1Þ gauged supergravity have
appeared recently in [58].
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APPENDIX: USEFUL FORMULAS

In this Appendix, we collect some formulas and relations
used in the main text, see [25] for more detail. We begin
with SOð5; 5Þ → GLð5Þ branching rules used throughout
the paper. With the branching rule for an SOð5; 5Þ vector
representation

10 → 5þ2 ⊕ 5̄−2; ðA1Þ

we can decompose the SOð5; 5Þ generators as

tMN → ðtmn; tmn; tmnÞ ðA2Þ

with tmn ¼ −tnm.
In vector representation, SOð5; 5Þ generators tMN ¼

t½MN� can be chosen as

ðtMNÞPQ ¼ 4ηP½Mδ
Q
N� ðA3Þ

satisfying the Lie algebra

½tMN; tPQ� ¼ 4ðηM½PtQ�N − ηN½PtQ�MÞ: ðA4Þ

With the generators of the shift and hidden symmetries
respectively denoted by smn ¼ tmn and hmn ¼ tmn, the
SOð5; 5Þ generators can be written as

ðtMNÞPQ ¼
�
tmn hmn

smn −tnm

�
: ðA5Þ

In this form, we can see that the GLð5Þ subgroup generated
by tmn is embedded diagonally.
The branching rules for spinor and conjugate spinor

representations of SOð5; 5Þ

16s→ 5̄þ3 ⊕ 10−1⊕ 1−5 and 16c → 5−3 ⊕ 10þ1⊕ 1þ5

ðA6Þ

are realized respectively by the following relations

ΨA ¼ TAmΨm þ Tmn
A Ψmn þ TA�Ψ� ðA7Þ

with Ψmn ¼ Ψ½mn� and

ΨA ¼ TAmΨm þ TA
mnΨmn þ TA�Ψ�: ðA8Þ

The transformation matrices are defined by

TAm ¼ 1

2
ffiffiffi
2

p ðΓmÞABpBαβΩαβ; ðA9Þ

Tmn
A ¼ 1

4
ffiffiffi
2

p ðΓmnÞABpαβB Ωαβ; ðA10Þ

TA� ¼
1

10
ðΓm

mÞABpαβB Ωαβ ðA11Þ

with the inverse matrices of TA are simply given by their
complex conjugation TA ¼ ðTAÞ−1 ¼ ðTAÞ� satisfying the
relations
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TAmTAn ¼ δmn ; TA
mnT

pq
A ¼ δ½pmδ

q�
n ; TA�TA� ¼ 1;

TAmTAnp ¼ 0; TAmTA� ¼ 0; TA
mnTA� ¼ 0 ðA12Þ

together with

TAmTBm þ TA
mnTmn

B þ TA�TB� ¼ δAB: ðA13Þ

The transformation matrices pαβA and inverse matrices pAαβ
are given by

pαβA ¼ δαAδ
β
1 þ δαþ4

A δβ2 þ δαþ8
A δβ3 þ δαþ12

A δβ4;

pAαβ ¼ δAαδ
1
β þ δAαþ4δ

2
β þ δAαþ8δ

3
β þ δAαþ12δ

4
β: ðA14Þ

These matrices satisfy the relations

pαβA pBαβ ¼ δBA and pαδA pAβγ ¼ δαβδ
δ
γ ðA15Þ

and can be used to express a spinor index of SOð5; 5Þ,
A;B;…, in terms of a pair of USpð4Þ fundamental or
SOð5Þ spinor indices ðαβÞ.
The matrices ðΓmÞAB appearing in the SOð5; 5Þ gamma

matrices ΓM ¼ ðΓm;ΓmÞ are related to SOð5Þ × SOð5Þ
gamma matrices ΓA ¼ ðΓa;Γ _aÞ as

ðΓMÞAB ¼ MM
AðΓAÞAB ðA16Þ

with

ðΓAÞAB ¼ ðΓAÞACcCB: ðA17Þ

The charge conjugation matrix cAB is given by

cAB ¼ pα _αA pβ
_β

B ΩαβΩ _α _β ðA18Þ

in which pα _αA and pAα _α are defined in parallel with (A14). For
convenience, we also note the transformation matrixM here

M ¼ 1ffiffiffi
2

p
�
15 15
15 −15

�
: ðA19Þ

The SOð5Þ × SOð5Þ gamma matrices can be written as

ðΓAÞAB ¼ ððγaÞAB; ðγ _aÞABÞ ðA20Þ

in which ðγaÞAB and ðγ _aÞAB are explicitly given by

ðγaÞAB ¼ pα _αA ðγaÞα _αβ _βpBβ _β ¼ pα _αA ðγaÞαβδ
_β
_αp

B
β _β
; ðA21Þ

ðγ _aÞAB ¼ pα _αA ðγ _aÞα _αβ _βpBβ _β ¼ pα _αA δβαðγ _aÞ _α _βpBβ _β: ðA22Þ

With all these, the matrices ðΓmÞAB can be explicitly
defined in terms of the SOð5Þ gamma matrices as

ðΓmÞAB ¼
1ffiffiffi
2

p pα _αA ½ðγmÞαβδ
_β
_αþ δβαðγmÞ _α _β�ΩβγΩ_β _γp

γ _γ
B : ðA23Þ

Finally, ðΓmnÞAB and ðΓm
mÞAB matrices are given by

ðΓmnÞAB ¼ 1

2
½ðΓmÞACðΓnÞCB − ðΓnÞACðΓmÞCB� ðA24Þ

and

ðΓm
mÞAB ¼ 1

2
½ðΓmÞACðΓmÞCB − ðΓmÞACðΓmÞCB� ðA25Þ

with

ðΓmÞAB ¼ 1ffiffiffi
2

p pα _αA ½ðγmÞαβδ
_β
_α þ δβαðγmÞ _α _β�pBβ _β; ðA26Þ

ðΓmÞAB ¼ 1ffiffiffi
2

p pα _αA ½ðγmÞαβδ
_β
_α − δβαðγmÞ _α _β�pBβ _β: ðA27Þ

In this paper, we use the following representation for SOð5Þ
gamma matrices

γ1 ¼ −σ2 ⊗ σ2; γ2 ¼ 12 ⊗ σ1; γ3 ¼ 12 ⊗ σ3;

γ4 ¼ σ1 ⊗ σ2; γ5 ¼ σ3 ⊗ σ2 ðA28Þ

in which σ1, σ2 and σ3 are the usual Pauli matrices given by

σ1 ¼
�
0 1

1 0

�
; σ2 ¼

�
0 −i
i 0

�
; σ3 ¼

�
1 0

0 −1

�
:

ðA29Þ
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