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We compute the cosmological reduction of general string theories, including bosonic, heterotic, and type
II string theory to order o, i.e., with up to eight derivatives. To this end, we refine recently introduced
methods that allow one to bring the reduced theory in one dimension to a canonical form with only first-
order time derivatives. The resulting theories are compatible with a continuous O(d, d, R) invariance,

which in turn fixes the B-field couplings.
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I. INTRODUCTION

One of the fascinating features of string theory is its
invariance under dualities that, in the simplest case, send
the metric g to its inverse g~!. For string backgrounds with
d-dimensional translation invariance, such dualities belong
to the group O(d, d, R) [1-3]. In particular, the theory for
cosmological string backgrounds, with fields depending
only on time, is invariant under 0(9,9) in the case of
superstring theory and under O(25,25) in the case of
bosonic string theory. For Friedmann-Lemaitre-Robertson-
Walker backgrounds, this includes the transformation that
sends the scale factor of the Universe to its inverse, a fact
that immediately inspires ideas of how to apply string
theory in cosmology, see, e.g., [4-6]. It is challenging,
however, to upgrade such ideas to fully reliable string
cosmology proposals. One reason is that even classical
string theory restricted to the massless fields contains an
infinite number of higher-derivative o’ corrections which
contribute to the cosmological equations, and only very
little is known about these corrections. (See [7] for
applications of higher derivative corrections in string
cosmology.) In this paper, which is a continuation of our
recent letter [8], we determine the cosmological reduction
for all string theories up to and including o3 (i.e., with up to
eight derivatives) for metric, B field, and dilaton.
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Our analysis is made possible by the results of [9,10],
which classify the o' corrections in one dimension (cosmic
time) up to field redefinitions. This leads to a drastic
reduction of the number of possible terms arising in the
one-dimensional action. It has been known since the
seminal work in [11,12] that the O(d, d) transformations
themselves receive @ corrections when written in terms of
standard supergravity field variables, but in one dimension,
these corrections can be removed by suitable field redefi-
nitions, so that one can test directly for O(d, d) invariance
by passing to a canonical field basis.' The theory can then
be written in terms of conventional O(d, d) covariant fields,
notably the generalized metric,

bg! g—bg'b
SE<9 g—bg >

(1.1)
g'"  —g'b

that takes values in O(d, d). Here, g and b denote the spatial
components of the redefined metric and B field. The results
of [9] imply that the cosmological action for any string
theory can be brought to a manifestly O(d, d) covariant
form that to order O(a?) reads

A N
S = /dte“b {—(I)2 - gTr(Sz)
+ & ¢y g Tr(S8*) 4 a%es o Tr(S°)
+ &3 (caoTr(SY) + ¢y Tr(SHY) |, (1.2)

In this paper, we develop a systematic procedure to bring
any action dimensionally reduced to one dimension to a

'For dimensional reduction to a generic number of dimensions,
however, the O(d, d) transformations receive nontrivial Green-
Schwarz-type o deformations [13], which has a precursor in
double field theory [14—17], see also earlier work in [18].
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form that contains only first-order time derivatives. We
ignore all B-field couplings in the dimensional reduction,
which is sufficient in order to determine the above
coefficients, but then O(d,d) guarantees that the B-field
couplings will be as implied by the general action (1.2).

It is indeed guaranteed on general grounds that O(d, d) is
preserved to all orders in & [3], and this will be confirmed
here. Even after truncating the B-field a Z, symmetry is
left, which in turn poses strong constraints on the purely
gravitational couplings that can exist in higher dimensions.
In [8], we showed that the o corrections involving the
eight-derivative couplings known as fgtgR* and €oe,oR*
need to arise with a specific relative coefficient in order to
be compatible with O(d, d), which turns out to be the
coefficient previously determined by other methods [19].
Similarly, we find here that the Riemann-cube terms known
to arise in bosonic string theory at order a’> need to be
accompanied by a Gauss-Bonnet-type combination at the
same order, with a relative coefficient that again confirms
previous results in [20]. Apart from type II string theory,
whose corrections start only at order /> and have been
analyzed in [8], we analyze here bosonic and heterotic
string theories but also the Hohm-Siegel-Zwiebach (HSZ)
theory constructed in [14]. We find for the four free
coefficients in (1.2) that are not fixed by O(d,d) the
values in Table I.

We find it instructive to give this result in an alternative
form, in terms of three parameters (a, b, ¢) that encode the
a corrections of all string theories. Specifically, for the
theories considered here, these parameters encode o' via
Table II.

The cosmological action of the form (1.2) that we find
here can then be written as

TABLE 1. Coefficients of the cosmological classification for
different strings.

€20 €30 C4,0 €41
Bosonic 2% —ﬁ 2—{2—237 (3) 2—{54-2%@’(3)
HSZ 0 # 0 0
Heterotic 21—7 0 —5u¢(3) _21T5+217§(3)
Type 1T 0 0 $¢(3) 512¢(3)

TABLE II. Values for the parameters a, b and ¢ for different
strings.

a b c
Bosonic o o o
HSZ —a o 0
Heterotic 0 o o
Type I 0 0 ad

(a+D)

S = / dte™® {—dﬂ - %Tr(sz) + 5 Tr(SY)
- 3‘_"; (&%) + 92 (;’lj D) 1e(5%)
+ (%ab(a +b)— ;(a + b)3>Tr(S4)2
3

(1.3)

This parametrization of the action is motivated by double
field theory [a reformulation of the target space theory that
is O(d, d) covariant before dimensional reduction], which
permits a 2-parameter o deformation [15,16] that is
invariant under the Z, that exchanges the two parameters
a, b and simultaneously sends the O(d, d) metric 5 to —.
The above parametrization has been chosen to reflect the
same symmetry [otherwise, we could add O(a?) terms
proportional to a(a + b)(a — b), since this combination
vanishes for all of the above theories]. As an aside, we
emphasize that since the classification of [9,10] yields only

even powers of S the cosmological reduction of any string
theory is Z, invariant, and so Z, odd contributions in
higher dimensions (as present in Green-Schwarz deforma-
tions) cannot survive cosmological reduction. Finally, the
third parameter ¢ appearing above is expected to indicate
the presence of a new o« deformation of double field
theory to incorporate the fourth powers of the Riemann
tensor with transcendental coefficient £(3) (see [21] for the
challenges that arise when trying to define this new
deformation).

The remainder of this paper is organized as follows. In
Sec. II, we explain in detail the systematic procedure that is
used in order to bring the dimensionally reduced actions
into canonical form. This method is then be applied in
Sec. III to the various string theories. In Sec. IV, we close
with a brief outlook.

II. GENERAL APPROACH

In this section, we introduce the general algorithmic
procedure that brings the dimensionally reduced actions
into a canonical form, in which, in particular, only first-
order time derivatives appear. This is a refinement of the
methods introduced in [9,10]. In the subsequent sections,
this method is applied to the various string theories.
Concretely, for each string theory, we start with the low-
energy effective action in D = 10 or D = 26 dimensions
including higher derivative corrections up to and including
order o3, written schematically as

S:/de —Ge™

X [LO + LD +a?L® 4 aBLO).  (2.1)
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We simplify the analysis by setting the Kalb-Ramond B
field to zero, B = 0. This is sufficient for our purposes—
precisely because the O(d,d) duality, with d =D — 1,
allows us to reconstruct the B-field couplings. Under this
assumption the leading term in the above action, which is
common to all string theories, is given by

LO) =R +4V V. (2.2)

Let us then turn to the general procedure of cosmological
reduction. We take the D-dimensional metric G, or,
equivalently, the D-dimensional vielbein e, and the
dilaton ¢ to depend only on time, making the ansatz

e, = diag(n, e;*),

1 1
¢ = E‘D +§log(\/§),

Gm/ = diag(_nz’ gij)’

(2.3)

in terms of spatial metric g;;, the dilaton @, and the lapse
function n. This ansatz is used in the D-dimensional
action, truncating all derivatives but the time derivative.
The actions we consider in the following contain the
Riemann tensor, possibly Chern-Simons terms for the
Levi-Civita connection, and dilaton couplings. In contra-
distinction to any analysis at a fixed order in «, here, in
principle, we have to keep track of couplings containing
Ricci tensors, Ricci scalars, and dilaton contributions.
However, once we reach order 3, the couplings containing
Ricci tensors and Ricci scalars can be eliminated by field
redefinitions, at the cost of introducing further dilaton
couplings. In [8], we showed, at order o, that under
cosmological reduction, derivatives of the dilaton can either
be removed by field redefinitions or else violate O(d, d)
duality invariance. Since here we assume O(d, d) invari-
ance, we neglect all dilaton derivatives at order o>

We use the following conventions for the Levi-Civita
connection, the Riemann tensor, and Chern-Simons terms:

_ v f__ v v 0
0 = e!Vye)f = el —e Tl el

_ A 2
R/)apw - 8}4FD0'/} - ayryo‘p + Fyl/}r‘ua - FM/)FMU ’

Ruyaﬂ (a)) = 8}40)1/(1/} - aua)

il +

;my wu}'ﬂ - a)uaya)yyﬁ

— (o2 0
=—e,’¢,/R .

2
Qﬂbp(w) =Tr <a)[ﬂ81,cop] + ga)[ﬂa),,a)p]) , (24)

where I’/ are the familiar Christoffel symbols. Inserting
the cosmological reduction ansatz (2.3) in here, one obtains
for the nonvanishing components,

n._ . 1

Lo/ = ELZ"” r0= ﬂLija Lo = 1,
- 1 . n
wiao = _ELI'G’ wOab = neajejb - ELab7
1 n? . n? 5
Rijy = iLk[iL/]l Roioj = —ELij - ZLU’

Qi (0) = gL[iij]k’ Vg = gd’ + g (L), (2.5)
where we split the flat index as @ = (0, a). Here, the dots
denote time derivatives y = %8,1// that are reparametriza-
tion invariants, while parentheses () denote traces of d x d
matrices such as L = gg~!. Internal indices are raised and
lowered with g, namely, L;; EL,-kgkj, Lij ELikgkj and
flattened with ¢;* such that L;, = L/g;e,*.

We now explain the step-by-step procedure of bringing
the dimensionally reduced action to the canonical form.
The first step, which may be technically tedious but is
conceptually straightforward, consists of inserting (2.5)
into the D-dimensional action in order to obtain the
cosmological reduction. This yields a one-dimensional
theory with an action of the form

S = / dtne™®[LO) + /L) 4 2L +aPLO)].  (2.6)

In here, the leading term is common to all string theories
and given by

LO =& + % (L?). (2.7)
The other terms depend on the string theory under con-
sideration. An important observation, which follows
from our above assumptions and the form of (2.5), is
that all these terms are built from traces of different
products of L and its time derivatives. In the next step,
one exploits all possible field redefinitions. We need to
compute the general variation of (2.6) that defines the
equations of motion,

1 s
58 = / dine=® [5 Te((E, + E')39) + E,, 7" + Ep®|.
(2.8)

As for the action, the equations of motion have an o
expansion. Denoting the fields collectively by

¥ = {g,n,®}, (2.9)
we write the  expansion of the equations of motion as

Ey = EY + dEY) + a2EY) + O(@®) =0.  (2.10)
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The terms of order & or higher are not needed in this
paper. Again, the lowest-order terms are the same for all
string theories and are given by

1 1

EV = _oL -1,
972 2
o1
EY =& -~ (12),
4
. . 1
EY =26 - @2 -7, (2.11)

while the higher-order contributions depend on the string
theory under consideration. As long as we recall the
equations of motion for n (and the freedom to perform
field redefinitions of n), we can gauge fix reparametrization
invariance by setting n = 1. In this case, the dot reduces to
the ordinary time derivative, ¥ =9, We may always
restore time reparametrization invariance simply by rein-
terpreting the dot as —8
Let us now c0n51der a general field redefinition,

¥ = a6V + a6 + o250 . .. (2.13)
The action expands as follows:
S = S[¥ + 8Y]
=S[¥]+AS-6Y + %AzS- (6%P)?
+ 31, A3S - (89) + (2.14)

where we use a symbolic notation in which the integral is
not displayed explicitly. This equation defines implicitly
the nth variational derivatives A, S = glpsm the first of which,
in agreement with our notation above, is also written as

68
34

with o expansion (2.10). Similarly, we write the o
expansion of A, S as

YW =Y44§Y, (2.12)
A,S =A,80 + oA, SD + (o)2A,5? + (2.16)
which we take to be perturbative in «, so that we can
expand The redefined action §' can then be written as
0
§' =80 4+ (S + EL . 50w)
1
+ a’2< +EY 50w+ EY 50w 4 58250 (5<1>\11)2)
+a? <s<3> +EY 50w+ EY) 50w 4 EQ) . 50w
1 1
AL (SR £ AySO 5050 4 L A0 <5<'>w)3> b (2.17)

The natural method of bringing the action into a canonical
form then proceeds order-by-order in : one first picks a
(VW to bring the action to first order in o to canonical

form, but this in turn induces new terms proportional to E$)

and A,S into the action of second order in o’. These can
then be brought to a canonical form by picking a suitable

5@W. Both (V¥ and §@¥ then induce new terms into the
action of third order in o, which finally can be brought to a
canonical form by picking a suitable §©)'P.

In principle, the above procedure requires that one keeps
track of the field redefinitions V¥, 52, and 50,
which can become rather tedious. We now show, however,
that for a large class of contributions to the redefined action
there is a simplified procedure for which one does not need
to keep track of the field redefinitions. These correspond
to the terms in (2.17) that are not underlined. For the

|
underlined terms, on the other hand, it is necessary to keep
track of the field redefinitions, which depend on the theory,
but we see below that only the explicit form of s(V¥ is
needed, whose contribution takes a universal form for all
string theories.

In order to explain the procedure, let us first consider
only the terms in the redefined action that are not under-
lined and explain how they can be brought to a canonical
form upon choosing appropriate §¥. In this case, field
redefinitions amount to the use of equations of motion in
the action, including contributions to higher order in . In
order to make this concrete, let us suppose that the action to
first order in ' contains a term multiplying the lowest-order
equations of motion, i.e.,

(2.18)
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where X (V) is an arbitrary function of the fields ¥ (of
second order in derivatives), and the ellipsis denotes
the remaining terms in the action. Consider now a field
redefinition with
sO¥ = —X(P). (2.19)
From (2.17), we then infer that in the redefined action S’ the
term in (2.18) is eliminated. More precisely,
I (D) 2p2y 4
S'=—-dX(¥)  (dEy +ad*Ey’)+---, (2.20)
where the ellipsis denotes the same terms as in (2.18),
which are unaffected by the redefinition, [and we recall that
we neglected the underlined terms in (2.17), to which we
return soon].
The upshot is that in the action (2.18) we may simply

use the equations of motion (2.10) in the form ESI?) =

—a E.(I}) - a’zE.(ﬁ) + - - -, where the higher-order terms can
be ignored as we are only interested in contributions up to
and including o’3. One can then proceed order-by-order in
a by freely using the equations of motion in the action at
each order in o/, as long as one keeps track of the terms
induced to next order in «'. To this end, we use the
equations of motion (EOM) in the form [cf. (2.11)]

L=®L+dA, (2.21a)
o1
o = i (L?) + A, (2.21b)
R PR
O =0 +2(L?) + dAo, (2.21c)

where o’ Ay denotes a generic correction starting at order
o' . Again, its particular form depends on the string theory
considered and is computed in the subsequent sections.

Next, we give a step-by-step procedure to use field

redefinitions in order to remove, at any given order in o/,
any appearance of L,® and (L?) and their time derivatives,
at the expense of inducing new terms at higher order in .
In the following, we refer to terms containing L,®, and
(L?) and their time derivatives as removable.

(1) Beginning with the first-order action o/ S\, the first
step is to use repeatedly (2.21a) and its derivatives to
eliminate L and its derivatives. For instance, if the
action contains no higher derivatives than L, this
yields a new action at order o/, with ®L substituted
for L, and induced terms for the next two orders
involving o’ A,

odSV(L) = o SD(DL + a'A,)

= o SD(DL) + O(?). (2.22)
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At this point, everything in () is written in terms of
traces of products of L and powers and derivatives of
o. If, on the other hand, the action contains higher
derivatives than L, the above procedure has to be
repeated until the action depends only on traces of
products of L (and dilaton terms). )

Next, we eliminate any higher power of ® by using
(2.21b) repeatedly. The result is the substitution of
1(L?) for @7, at the current order, and some induced
terms which appear in the next orders,

oSV (®%) = oS (i (L2)) +0(a?). (2.23)

By this method, any even powers of ® can be
removed, so now S() depends linearly on @, its
higher derivatives, and traces of products of L.
Next, we eliminate any higher derivative of ® by
using (2.21c) repeatedly, in each step, making the
replacement

S0 (@) = S0 G &g (Lz))
+O@@?), (2.24)

until we are left with only first-order time derivatives
of the dilaton. At the end of these iterations, this
generates powers of @ and possibly higher deriva-
tives of L. One can eliminate higher derivatives of L
and even powers of @ by repeating steps 1 and 2.
Since step 1 can also produce new @ terms, this
procedure might need to be iterated more than once.
Since in each step the number of derivatives of the
dilaton decreases, this procedure is guaranteed to
terminate. At the end, S(!) contains at most a single
d), together with products of traces of L, i.e.,

oSV = o / dte ®[®X(L) + Y(L)]

+ O(a?), (2.25)
where X (L) and Y(L) depend on traces of powers of
L. In this case, the induced terms generally depend
on A,, Ag, and A,

Now, we can eliminate the dilaton contribution. We
integrate by parts,

o / die™®®X(L) = o / dre™®X(L), (2.26)

and use (2.21a). At the current order, the oL
contribution gives the first term back but with a
different coefficient. This yields an identity of the
form
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o / dte*DX(L) = o? / die®F(A,).  (2.27)

At this point, S} does not contain any dilaton
contribution so it is built just from traces of powers
of L.

(5) We replace any appearance of (L?) in the action of
the generic form o [ dte=®(L*)X(L) by the follow-
ing procedure: using (2.21b), we replace (L?) —
49? — 4o A,, and we integrate by parts one @ factor
using e~®® = —9,(e~®). This creates terms with L
and & which can be traded for ®* and (L?) and
higher orders by using (2.21a) and (2.21c). Then,
one replaces ®* using (2.21b). The final result
produces the original integral but with a different
coefficient, together with higher-order corrections
induced by A, A, and Ag,. We thus obtain a relation
of the form

a’/dte‘q’(Lz)X(L) —a’2/dte_q’G(Ag,An,Aq>).

(2.28)

At this point, the first-order action S() is written in
the minimal basis proposed in [9].

After completing this procedure to first order in o', we
can apply the algorithm to second order in , taking as the
starting point the dimensionally reduced action but sup-
plemented by the terms that were induced by the field
redefinitions of the previous iteration of the algorithm. This
will yield an action including only traces of powers of L
[excluding (L?)]. Finally, we apply the algorithm to the
action to third order in ¢/, including the induced terms to
this order. In this final step, we do not have to keep track of
the induced Ay terms such as in (2.28), as these contribute
only to fourth order in «'.

The previous analysis showed how to bring the terms in
the redefined action (2.17) that are not underlined to a
canonical form, which did not need the explicit form of 5.
We must now discuss how to bring the underlined terms to
a canonical form, which are seen to depend on the 5.
Importantly, however, we show that one only needs to
determine 6" explicitly and that this takes a universal
form. We first observe that the nonlinear variations only
emerge from S and SV, which take a universal form for
all string theories. Indeed, S© is the same for all string
theories, while the first-order Lagrangian for the metric
alone is given by

o ="pg

J— vpo
=1 wpoRPPC,

(2.29)

with the values in Table III.

TABLE III.  Coefficient of Riemann-square coupling in differ-
ent string effective actions.

Bosonic HSZ Heterotic Type II
4 1 0 1 0

2

This fact permits a unified treatment of the underlined
terms. The direct cosmological reduction of the Lagrangian
to this order is given by

LO 4 L) — 2 +%(L2)

+ y%/ @ (4 +%(L2)2 (L2 + (L2)>,
(2.30)

and the first-order redefinitions required to remove the last
three terms are given by

1), -1 L2 2.31

sUn 32( ), (2.31a)
3y

s =L(12 2.31b

G(1> = 5(1>gg_1 =y _ZCDL +§L ——L2 (231C)

Importantly, these are all contributions to 5()W.

Let us now see what the contributions of the underlined
terms in (2.17) are. We start with the terms with a single
underline, which are of order ’>. The important observa-
tion is that all these terms can be verified to be entirely
removable [i.e., they contain ®, L. and (L?) or their time
derivatives], and this is true for generic 5@W¥. Thus, these
terms do not contribute to the final canonical action to order
a3, since by removing them by field redefinitions (upon
choosing an appropriate §*)¥) one only induces terms of
higher order than o’.

The only contribution that can affect the coefficients in
the final canonical action is then the term A,S© . (5()¥)?
with a double underline in (2.17), which takes the form

La,s00. (50w)2 =

3
2 4

- ((‘;(1)2) —(GMGM)
+(GYGND 4 .- -

(2.32)

In here, all terms on the right-hand side can be verified to be
removable to order &2, where the dots denote terms whose
removal leads to terms at order o> that are also removable
at that order, so that they can be neglected completely. In
contrast, the removal of the three terms explicitly written in
(2.32) induces nontrivial contributions to order 3. It may
be verified that one then induces a universal nonremovable
third-order contribution,

106007-6
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3
14
AL(3> - F (L4)2.

(2.33)
As aresult, the only effect of the underlined terms to order
a” is to shift the effective action by this quantity. One can
then follow the procedure outlined above based on using
o -corrected equations of motion, and add this single term
at the end. Note that this will have no effect for type II
nor HSZ.

Once the field redefinition procedure has been completed,
the action to order o3 is written in terms of the minimal
basis containing the structures: (L*), (L%), (L), (L*)? plus
terms containing traces of odd powers of L. The latter terms
must, however, be absent as a consequence of duality
invariance, cf. below.

The final step is to write the theory, if possible, in terms
of O(d, d) covariant objects, using the following relation
between L;/ and the generalized metric S,,":

0
= o)
g 0

com (=D)L 0
S _< 0 <—1>’”{L2’”]‘>’ (2.34)
which implies
Tr(S™) = (=1)"2Tr(L2™). (2.35)

We see that O(d, d) invariance requires that odd powers
such as (L*)? and (L3)(L%) are actually absent, which
in turn poses constraints on the D-dimensional higher-
derivative corrections.

1. COSMOLOGICAL REDUCTION
A. Type II strings

In this section we revisit the cosmological reduction of
type II strings up to order o> [8] (see [22] for the reduction
of these corrections to four dimensions). The action
contains no order & nor o’> deformations. The corrections
to order o/ were computed from four-point scattering
amplitudes in [23] and later from the sigma-model beta
function in [19,24,25]. Given the general form of the action
(2.1), we have,2

2Herf:, we rescaled o in order to match conventions with the
other strings. More precisely, we send o' in [8] to 2a’ here. After
some change of conventions for g and o/, this result is in
agreement with [26]. Without any change of conventions, (3.1) is
in agreement with [19] up to a sign. It was explained in [27] that
this sign should be a misprint (see discussion around Eq. (5.10) in
[27]), so the correct value should be the one in (3.1).

1 2
41) = E%I) =0,

3
o) = 80

g(B) apur o
= _W [R P RWY(SRW/’ Rpaﬁa

— 4Raﬁ75R5ﬂ“”Rypﬂ“RayW], (3.1)
for which we wrote the order > contribution in terms of
the following function:

J(c) = <tst8R4 + geloeloR“) + Ricci terms,  (3.2)

where tg and e follow the same conventions as in [8]. The
point of introducing such a function is the following: the
term containing fg can be calculated from four-point
scattering amplitudes, whereas the Gauss-Bonnet term with
e1o starts at the fifth order in a field expansion. The
cosmological reduction of J(c) in (3.2) gives

1 1
J(e) = 5 (9= 45¢)(L%) + 1o (ST +45¢)(L)?

—6(1 - ¢)(L3)(L%) + LY, (3.3)
where l]_EI2 ) contains removable terms that depend on L, ®

or (L?) and terms that contribute total derivatives in the
action. We then see that the requirement of 0(9,9)
symmetry fixes the coefficient ¢ to its expected value
¢ = 1, as it forbids the presence of the interaction (L3)(L).
In the subsequent subsections, dedicated to other theories,
this phenomenon reappears: the couplings contributing to
the lowest-order scattering amplitudes, plus the require-
ment of duality invariance predicts the coefficient of the
Gauss-Bonnet-type term.

The cosmological reduction of (3.1) in the form (2.6) is
then given by

1 2
LEI) = L§1> =0,

¢B)

= [F3(LY) +2(L7) + Ly

Ly (3.4)

The corrections to the EOM are zero up to order a%, so we

have E\(I,l) = E‘f) =0, and the leading order contribution

(2.11) can be used to remove [L§13 ) entirely, as explained in

Sec. II. The final action can then be written in terms of the
generalized metric by using (2.35) to arrive at [8]

SH = /dl’e_q){—éz —éTr(Sz)

+a? % [—3Tr(S®) + Tr(5‘4)2]}. (3.5)
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B. Bosonic strings

For the bosonic string, the 26-dimensional action for the
purely metric sector up to and including order o> was
obtained in [20], based on the string 3- and 4-point
amplitude calculations. It was later extended to include
the dilaton contribution in [28] from the 3-loop metric beta
function and a consistency condition proposed in [29].
Finally, the o action for the purely metric sector was
determined in [27] from the 4-loop beta function.

In [27], two different schemes were used. Even though
the order o’ action was obtained only for the metric sector,
both schemes contain terms involving the dilaton, Ricci
tensors, and Ricci scalars at intermediate orders. Therefore,
we found it useful to present the result in an alternative
scheme in which those contributions can be redefined away
at the expense of changing the o’® couplings. In the main
scheme used in [27], the Lagrangians are given by

1
't = 4 Rupe R, (3.6)
D=L g oor LR IR R
B 16 * af pa_ﬁ/w ap B 5
3
+ 1 (Rﬂ,, + ZV”V,ng)RW"”lR”pM
1 1
+§<VM¢W¢—vﬂqu—ZR)RwR”ﬂM, (3.7)
ﬁ/(3) _ LR(I/)’;WR ;/5R PR + iR R/,w(zﬂR R/iﬁ/)o'
B 32 1172 ay pofpd 16 pvaf Abpo
1

RyyupR™PR 0 5RO + L1, (3.8)

32

where the terms [,Ef ) are exactly those of type II string
theory, with a coefficient proportional to the transcendental
£(3) that is the same for all string theories.

Next, we perform D-dimensional field redefinitions to
clean all Ricci and dilaton terms at second order by
inducing new contributions at order o>. To do so, one
needs the corrected EOM that can be rewritten in the
following equivalent form:

1
R +2V,Vsp = @ SRRy + ..

V, Vi -V V”¢——R—a !

16 Runa R+

(3.9)
where ... stands for higher-order contributions as well as
for dilaton terms at order «'. Note that the effect of
nonlinear variations due to the second-order field redefi-

nitions start at order &’* and so can be ignored here. In our
case, by using (3.9) in (3.7), dilaton terms appear just at

order 3. Since £’ E;” was obtained just for the metric sector,
it would be inconsistent to keep induced dilaton terms.

In any case, at this order, dilaton contributions cannot shift
the coefficients of the duality invariant action, as was
explained in [8]. By applying (3.9) in (3.7), we can get rid
of the dilaton and Ricci terms at the expense of inducing at
order a® two pure Riemann structures together with dilaton
terms that we omit. The resulting action in this new scheme
is given by

1
1 -
) =y w10
2= LR g g~ LR R R (301
B 16 v af Bpo T B Tap B o ( )
3 1
,CE; ) = ﬁ RaﬂﬂDRﬂpyéRaypaRpoﬁé - E RﬂuaﬁRﬂyalR/wpaRﬁépa
+Ly. (3.12)

At this stage, we compactify the action to obtain

LY = (09 4 55 (27 + 1 (12) + (7). (3.13)
L) = 155 (1) + 16 (%) =5 (L) + 2 (1207)
() + e (L)L) - 2 (L) (L)
- % (LL)? + 614 (LLLL), (3.14)
L) = o 1e8) - (4 - ) - 2y
+1Y, (3.15)

where I]_g) contains removable terms that depend on L, <i>,

or (L?). The EOM then read order-by-order,

1, :
Ey) = 1@ — ][L? +2L]

1

+-®[L3 +2LL - 8L —6LL + (L?)L] (3.16)

oo

1. . R
—g[LL+LLL+LL]+§[LL+L—LL]

1. 1 .
— —(LL)L — = (L)L
EP =P, (3.17)
(1) 3 4 2\2 L ., L.
E, L L2)? — (L2 + = (LL
32( )= ( ) 4( )+2( )
1. 1. .
—Zd(L3) —=D(LL 1
1 QL) =5 ®(LL), (3.18)
@_ 3 2)
E, = L% +Ey, 3.19
192( )+ (3.19)
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1 1 1

(1) L oray L2 tg2 _l 27
@__ 1 46, g®
Ey = L E 21

where the E?) collectively denote removable terms that
depend on L, ®, and (L?). Using these EOM, we can do
field redefinitions to bring the action to its minimal form as
explained on general grounds in Sec. II. Since this is the
first nontrivial example in which higher-order EOM are
needed for this purpose, we provide an intermediate step
for clarification. When the EOM are used to implement
replacements in the first- and second-order Lagrangians
(3.13) and (3.14), higher-order contributions are induced,

/dte_q’[a'Lg)
1

) 4 2 6

/dte [ 32(L)+a' 192(L)

1 (L 4)2+a13u~_B(3):|’

+a”Ly)]

+a?— (3.22)

214

where in L3 we collected all removable terms that
depend on L,®, and (Lz) Note the appearance of a
new (L*)? term at order o®. This term combines with
the terms already present in (3.15) and the one that comes
from nonlinear variations (2.33) with y = 1. At this stage,
any appearance of L, ®, and (L?) is removed by the lowest-
order EOM. The resulting action is written in terms of
traces of even powers of L, so it can be cast in terms of the
generalized metric using (2.35). The manifestly O(25, 25)
invariant expression is given by

Sy = / dte“l’{—tbz —éTr(SZ) +a 216 Tr(SY)
- 3LZTr(Sf’) + a’3 Tr(S%) + o3 21 Tr(S*)?

+a? ¢0) [—3Tr(S®) +Tr($‘4)2}}. (3.23)

212

We conclude this section with a side remark. Notice that
we could have deformed the second-order contribution
(3.11) as follows:

1
2
£? = 4811+24(1—212), (3.24)
with
Iy =R, Ry R M,
Iy = R, PR, RS (3.25)

such that (3.11) is recovered for ¢ = 1. Here, I; is the
contribution from three-point scattering amplitudes, and

— 21, is the cubic Gauss-Bonnet combination arising at
quartic powers in a field expansion[20]. Allowing for this
freedom, one encounters the following cosmological action
to order o’?:

Sp = /dte-‘l’ [—d)z +%(L2) +%(L4)
0/2
+ o (14300 + (1= (L)) (326)

The interaction (L*)? is not duality invariant, so we must
take ¢ = 1 in order to cancel it. We recognize here the same
behavior found in the type II action, namely, that lowest-
order scattering amplitudes plus the requirement of duality
invariance fix the coefficient of the Gauss-Bonnet terms.

C. HSZ theory

The gravitational action of HSZ theory [14] to order o3
only contains a second-order contribution,

1
q{szz =0,

2 3 1 c
££15>z = _Z/IQ(F)Z —@11 _ﬂ(ll =20,)+ -,
Liisz = 0. (3.27)

where the dots represent terms with Ricci tensors, Ricci

scalars, and dilaton couplings. The first term in E(st)z
containing the square of the Chern-Simons three-form,

2 N N

QMV/)(F) :Fﬁiaakrz 3 [;m vA ] (328)

was predicted in [30], and here, we weight it with a
coefficient A that should be fixed to 1 in order to keep
track of the terms that it gives rise to in the reduced action.
Without this contribution, the action would be equal to the
quadratic bosonic action (3.11) up to an overall minus sign.
The interactions /; and I, were defined in (3.25). The
second term was computed in [31] through three-point
scattering amplitudes, and the cubic Gauss-Bonnet term
was computed in [32]. We weight this contribution with a
coefficient ¢ as before, to confirm later that the cosmo-
logical reduction will fix its value to ¢ = 1, as expected.

HSZ theory follows an interesting pattern. Modulo field
redefinitions, terms of order O(a™) with n odd (even),
contain odd (even) powers of the two form [32]. For this
reason, purely gravitational and dilaton terms only appear
in orders with even values of n. There are then no quadratic
nor quartic Riemann interactions in this theory.
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The reduced action takes the form (2.6) with
1
L£IS)Z =0,

1
Lz = =g (1 +30)(L) + (1= ) (L*)?) + Lizgy.
3)

Lijl, =0. (3.29)

where I]_ggz contains terms that depend on L, ®, or (L?).
The interaction (L3)? is neither duality invariant nor can
be eliminated through field redefinitions, so again duality
invariance fixes the coefficient of the Gauss-Bonnet term to
its expected value ¢ = 1. Both the action and the equations
of motion contain only second-order deformations. For this
reason, the terms I]_gs)Z appearing at second order can be
removed to order /> by using the leading-order EOM
(2.11), as explained in Sec. II.

Cast in a manifestly duality invariant form, the effective
action to order & then reads

SHSZ:/dte_q’[ (I)2

Curiously, the absence of /1 indicates that the Chern-Simons
terms leave no trace in the effective cosmological action to
this order, a fact that is only partially explained by the Z,
invariance of the cosmological action, cf. the discussion in
the Introduction.

Tr(8?) + —— Tr(SG) . (3.30)

384

D. Heterotic strings

The 10-dimensional low-energy effective action for the

Heterotic string up to and including order o is given by

=L, R (3.31)
] HUPO .

2 =-a,om 3.32

H — 16 ‘yvp ( . )

Ly = i6 [18QTr(,0,2, + Q,0,0, + 2Q,0,0,)

+ 18R"7°Q, ’IQUM + 18V, Q,,, VFQr?

—R RvePy RHpo me — Rm/w Rp,;aﬂ Raﬂyﬁ Ry(sﬂy
(3.33)

uapy
—2R,, %R,y R°R ) + LY,

where EEF ) is defined in (3.1). Up to order %, (3.31) and
(3.32) coincide with the action calculated in [20] by 3- and

4-point amplitude methods. Excluding [IS ), we are using
the cubic order CS) obtained in [33] by supersymmetry.

However, the o3 action, including CS ), was first found by
4-point scattering amplitude methods in [26,34].

In a cosmological background, the theory reduces to

1

(n _ 4 Voo Lo L
L LY +—(L —(L’L) + 5 (L 34
n =g+ (2P +g(L2L) +2 (L7, (3.34)
@3 —(L*L2) - ) ——(LLLL), (3.35)
H 7128 128

1 ¢B3)
Ly ==sm (L + S 38 + 2L+ Ly, (3.36)

where again we are using the L notation to indicate terms
that are removable by the leading-order EOM. To order a2,
the deformations to the EOM are

1
EY = g (&7 = BI[L? + 21
+i6q>[L3+2LL 8L —6LL + (L?)L]
1. . : |
_E[L2L+LLL+LL2]+Z[LL—|—L—LL]
1 1
LL)L —— (L?)L, 3.37
8( ) 16( ) (337)
E® — D, (3.38)
(1) 3 ey S e _ LY Yy _ e
EV = - (LY = Z (122 =~ (L3 + ~ (LL) = ~®(L
64( ) 64( ) 8( >+4( ) 8 (L%
1. .
~ 1 P(LL). (3.39)
EQ gD, (3.40)
ED — _L(Lét) ——(L2) l(Lz) —l(LZL), (3.41)
@ 64 8 8
E® — g2 (3.42)

Using these «o'-corrected EOM, we can perform field
redefinitions and integration by parts to bring the cosmo-
logical action to the minimal form. We must not forget the
contribution (2.33) arising from nonlinear variations in the
field redefinitions, where now y = % The resulting action
contains traces of only even powers of L, so it can be
written in a manifestly O(9,9) form using (2.35). The final
result is

Sy = /zz’te‘d’{—d)2 —%Tr(sz)

+a 217 Tr(S*) - %Tr(&’“)
+a? 4;(132)[ 3Tr(S%) + Tr(8*)? }}. (3.43)
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IV. CONCLUSIONS

In this paper, we have determined the first four coef-
ficients arising in the O(d, d) invariant &’ expansion of string
cosmologies for bosonic, heterotic, and type II string
theories as well as for HSZ theory, completing the result
for type II recently announced in [8]. To this end, we took
the o corrections to the low-energy effective actions that
can be found in the literature and performed a cosmological
reduction, i.e., assumed that all fields depend only on time,
and then brought these actions to a canonical field basis. Not
for all string theories are the complete higher-dimensional
corrections known for metric, B field, and dilaton including
up to eight derivatives, but upon using the O(d, d) symmetry
we were able to determine the complete duality invariant
cosmological actions to order o’>. For instance, the complete
couplings for the NS-NS fields at order o/® remained
unknown until the recent proposal in [35], which sub-
sequently has been tested in [36] by confirming that the
full cosmological reduction agrees with the result obtained
in [8] from the purely gravitational couplings.

It would be important to cross-check our results by
different methods. For instance, one might compute these
coefficients by demanding vanishing of the higher-loop
beta functions of a worldsheet theory that is directly
adapted to dimensional reduction, either using a conven-
tional sigma model or an O(d, d) invariant one [37-39].
Alternatively, one may compute string scattering ampli-
tudes in a setup with d-dimensional translation invariance,
which must be O(d, d) invariant (although the extraction of
the cosmological parameters would be somewhat indirect
as there is no scattering in one dimension).

The general classification in [9] characterizes the “space
of string cosmologies” to all orders in o/, but since at each
order in o there remain a finite number of parameters that
are not determined by O(d, d), it remains an open question
to which points in this theory space actual string theories
belong. By determining all free parameters up to and
including o, we have further restricted the possible
subspaces of this theory space in which the known string
theories must live. The general framework of [9] has
already been employed for some investigations of string
inspired cosmology, see, e.g., [40-48], and it would be
interesting to see if the results presented here might be
useful for such scenarios.
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Note added.—Recently, Ref. [49] appeared, in which the
coefficient c; o for the bosonic string is computed including
all B-field and dilaton couplings, in perfect agreement with
the value for c¢; found here.
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