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We study the leading- (LO) and the next-to-leading-order (NLO) stability of multipole perturbations for
a static dielectric M2-brane with spherical topology in the 11-dimensional maximally supersymmetric
plane-wave background. We observe a cascade of instabilities that originates from the dipole (j ¼ 1) and
quadrupole (j ¼ 2) sectors (the only unstable sectors of the LO) and propagates toward all the multipoles of
the NLO.
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I. INTRODUCTION

According to our current understanding of the black hole
(BH) information paradox, the chaotic dynamics of the
microscopic degrees of freedom that are present on BH
horizons is an indispensable aspect of its resolution [1].
In the present paper, we make an analogy with the BH
membrane paradigm [2,3] and attempt to describe the
dynamics of BH horizons by means of relativistic mem-
branes inside plane-wave spacetimes. In the context of
M theory, these membranes arise from the Berenstein-
Maldacena-Nastase (BMN) matrix model in the limit of
large matrix dimensions [4,5]. Our goal is to study the
emergence of classical chaos at both the leading (LO) and
the next-to-leading order (NLO) of perturbation theory for
various spherical membranes, by using methods from chaos
theory and dynamical systems.
Our previous findings [6–8] imply that the various modes

of multipole perturbations are coupled to each other. This
effect is responsible for the propagation (or the cascade) of
dipole and quadrupole instabilities from LO perturbation
theory to higher-order multipoles (which are stable to LO).
There is a striking similarity between this cascade of
instabilities and the avalanche phenomenon (i.e., the

breaking of large vortices into smaller ones) that character-
izes turbulent flows in hydrodynamics (see e.g., [9]).
Our paper is organized as follows. In Sec. II we review the

SOð3Þ symmetric ansatz which is our main object of study.
In Sec. III we set up and carry out the LO perturbative
analysis for this system, filling out and supplying many
details that were omitted in our previous works. In Sec. IV
we proceed to the study of higher-order perturbations that
lead to the instability cascade phenomenon. An illustrative
example of instability cascades can be found in Sec. V.
A brief discussion of our findings as well as the conclusions
have been included in Sec. VI.

II. SETUP

One of the most remarkable properties of plane-wave
spacetimes is that they can be obtained from any given
metric via the Penrose limiting procedure [10], which
consists in blowing up the spacetime around null geodesics
(effectively “zooming in” to them). As it turns out, plane
waves preserve the supersymmetries of the original back-
ground, so that the maximally supersymmetric spacetimes
AdS4=7 × S7=4 of 11-dimensional supergravity give rise to
the maximally supersymmetric plane-wave solution [11]:

ds2 ¼ −2dxþdx− þ
X3
i¼1

dxidxi þ
X6
k¼1

dykdyk

−
�
μ2

9

X3
i¼1

xixi þ
μ2

36

X6
k¼1

ykyk

�
dxþdxþ; ð1Þ

F123þ ¼ μ; ð2Þ
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where Fμνρσ is the field strength tensor of 11-dimensional
supergravity.
The Hamiltonian of a bosonic relativistic membrane in

the 11-dimensional maximally supersymmetric plane-wave
background (1)–(2) reads in the so-called light-cone gauge
(xþ ≡ τ)

H ¼ T
2

Z
Σ
d2σ

�
p2
x þ p2

y þ
1

2
fxi; xkg2 þ

1

2
fyi; ykg2

þ fxi; ykg2 þ
μ2x2

9
þ μ2y2

36
−
μ

3
ϵiklfxi; xkgxl

�
; ð3Þ

where T is the membrane tension and the indices of the
coordinates x and y run from 1 to 3 and 1 to 6, respectively.
The corresponding dynamics is described by the Gauss law
constraint

f_xi; xig þ f_yk; ykg ¼ 0 ð4Þ

and the equations of motion

ẍi ¼ ffxi; xkg; xkg þ ffxi; ykg; ykg −
μ2

9
xi

þ μ

2
ϵiklfxk; xlg; ð5Þ

ÿi ¼ ffyi; ykg; ykg þ ffyi; xkg; xkg −
μ2

36
yi: ð6Þ

It can be shown that the regularized light-cone super-
membrane (3) is described by the BMN matrix model [12].
Equivalently, the Hamiltonian (3) describes the continuum
limit of the BMN matrix model [5]. In the absence of
background flux (μ ¼ 0), the plane wave (1)–(2) becomes
flat 11-dimensional spacetime and the BMN matrix model
reduces to the matrix model of Banks, Fischler, Shenker
and Susskind [13].
The presence of a nonzero 4-form field strength Fμνρσ in

the plane-wave background (2) induces repulsive flux terms
in the membrane effective potential. The potential also has
attractive quartic and quadratic terms. These are respectively
induced by the self-interaction terms of the M2-brane action
and the mass terms of the plane-wave metric (1). The
competition of attractive and repulsive forces gives rise to
stable dielectric membrane solutions that are named after
Myers who studied a similar effect [14].
A static dielectric Myers solution of spherical topology

that lives exclusively in the SOð3Þ symmetric subspace of
the background (1)–(2) can be obtained from the following
ansatz1:

xi ¼ μuiei; i ¼ 1; 2; 3; yk ¼ 0; k ¼ 1;…6; ð7Þ

where the three coordinates of the unit sphere,

ðe1; e2; e3Þ ¼ ðcosϕ sin θ; sinϕ sin θ; cos θÞ; ð8Þ

satisfy the soð3Þ Poisson bracket algebra and are ortho-
normal:

fea; ebg ¼ ϵabcec;
Z

eaebd2σ ¼ 4π

3
δab: ð9Þ

The membrane effective potential that arises when the
ansatz (7) is inserted into the Hamiltonian (3) is the
generalized 3d Hénon-Heiles potential [17]:

Veff ¼
2πTμ4

3

�
u21u

2
2 þ u22u

2
3 þ u21u

2
3

þ 1

9
ðu21 þ u22 þ u23Þ − 2u1u2u3

�
: ð10Þ

Equation (10) has exactly nine critical points [7]. These are

u0¼0; u1=6¼
1

6
ð1;1;1Þ; u1=3¼

1

3
ð1;1;1Þ; ð11Þ

as well as six more extrema that are obtained from u1=6 and
u1=3 by flipping the signs of two of their components. The
discrete symmetry group of the nine extremal points of (10)
is the tetrahedral group Td. This discrete symmetry is shared
by the equations of motion (4) and (5). To see this, apply
separate reflections to the coordinates xi → ϵixi (ϵi ¼ �1)
and note that the flux term implies the constraint ϵ1ϵ2ϵ3 ¼ 1.
In sum, the potential (10) has degenerate minima at u0 (a

pointlike membrane) and u1=3 (the Myers dielectric sphere)
and a saddle point at u1=6 (unstable static sphere):

Veffð0Þ ¼ Veff

�
1

3

�
¼ 0; Veff

�
1

6

�
¼ 2πTμ4

64
: ð12Þ

The radial stability analysis of the solution (7) around the
extremal points (11) was carried out in [6] where it was
shown that u0 and u1=3 are radially stable, whereas u1=6 is a
radially unstable point.

III. LEADING-ORDER PERTURBATIONS

The study of angular perturbations around the spheri-
cally symmetric extrema (11) was performed in [7]. Below
we revisit the main points of the analysis and restate its
main results by supplying certain new details.
The static ansatz xiðτÞ ¼ μu0ei is constructed from

the SOð3Þ extrema u0 ¼ f0; 1=6; 1=3g. It satisfies (5) for
yk ¼ 0:

1See [8] for a generalized form of this solution. A similar
ansatz was studied in [15], although the prototype was probably
introduced a long time ago [16].
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ẍi ¼ ffxi; xkg; xkg −
μ2

9
xi þ

μ

2
ϵiklfxk; xlg ð13Þ

and corresponds to the initial conditions xið0Þ ¼ μx0i and
_xið0Þ ¼ 0, at τ ¼ 0. The perturbative analysis which was
performed in the paper [7] is based on the work of
Lyapunov (details can be found in many standard text-
books, e.g., [18]). Consider an infinitesimal variation of the
initial conditions (for i ¼ 1, 2, 3)

xið0Þ ¼ μðx0i þ εδxið0ÞÞ; _xið0Þ ¼ μεδ_xið0Þ: ð14Þ
The perturbation of the initial conditions (14) induces an ε
dependence in the solution xiðτ; εÞ. In general, xiðτ; εÞ
affords a series expansion in ε:

xi ¼ μ

�
x0i þ

X∞
n¼1

εnδxðnÞi

�
; i ¼ 1; 2; 3: ð15Þ

Inserting the perturbation (15) into the equations of motion
(13), we obtain to leading order ε

δẍi ¼ ffδxi; x0jg; x0jg þ ffx0i ; δxjg; x0jg

þ ffx0i ; x0jg; δxjg −
1

9
δxi þ ϵijkfδxj; x0kg; ð16Þ

where, from now on, we switch to the dimensionless time

t≡ μτ. For simplicity we have also set δxð1Þi ≡ δxi. The
Gauss law constraint (4) becomes

fδ_xi; x0i g ¼ 0: ð17Þ
It can be shown [7] that if (17) is satisfied at t ¼ 0, then the
perturbation equations (16) guarantee its validity at all
times t. Following the works [19], we expand δx in
spherical harmonics:

δxi ¼
X
j;m

ηjmi ðtÞYjmðθ;ϕÞ; ð18Þ

where δx must be real, so that the fluctuation modes ηjmi ðtÞ
satisfy

ηjm�
i ðtÞ ¼ ð−1Þmηjð−mÞ

i ðtÞ: ð19Þ

By using the property of spherical harmonics,

fei; Yjmðθ;ϕÞg ¼ −iĴðjÞi Yjmðθ;ϕÞ
¼ −i

X
m0

ðJiÞðjÞm0mYjm0 ðθ;ϕÞ; ð20Þ

where ĴðjÞi is the spin-j angular momentum operator and

ðJiÞðjÞmm0 the 2jþ 1-dimensional (spin-j) matrix representa-
tion of suð2Þ, we can show that the fluctuation modes ηi
satisfy the following equations of motion:

η̈i þ ω2
3ηi ¼ u20Tikηk þ u0Qikηk: ð21Þ

In (21), we have omitted the indices j and m; we have
summed the repeated indices and have used the definitions

ω2
3 ≡ u20J

2 þ 1

9
; Tik ≡ JiJk − 2iϵiklJl; ð22Þ

Qik ≡ iϵiklJl; ð23Þ

where J2 ¼ jðjþ 1Þ. Equation (21) can be written in a
compact form as follows:

Ḧ þK ·H ¼ 0; K≡ ω2
3 − u20T − u0Q; ð24Þ

where H, Q and T refer to the 3 × ð2jþ 1Þ-dimensional
representations of ηjmi , Qik and Tik, respectively:

H ¼

0
BB@

ηjmx

ηjmy

ηjmz

1
CCA; Q ¼ i

0
BB@

0 Jz −Jy
−Jz 0 Jx
Jy −Jx 0

1
CCA; ð25Þ

T ¼

0
BB@

J2x JxJy − 2iJz JxJz þ 2iJy

JyJx þ 2iJz J2y JyJz − 2iJx

JzJx − 2iJy JzJx þ 2iJx J2z

1
CCA: ð26Þ

The 2jþ 1 and the 3 × ð2jþ 1Þ-dimensional representa-
tions (21) and (24) are in many ways inequivalent. Many
important details of the analysis that follows depend
crucially on which of the two representations is being used.

A. Eigenvalues

In order to solve (24) we set H ¼ eiλtξ. We are led to
the following eigenvalue problem in the 3 × ð2jþ 1Þ-
dimensional space:

ð−λ2 þ ω2
3 − u20T − u0QÞ · ξ ¼ 0; ξ≡ ðξjmi Þ: ð27Þ

We further introduce the ð2jþ 1Þ × ð2jþ 1Þ matrices

Pik ≡ 1

jðjþ 1Þ JiJk; ð28Þ

R�
ik ≡ 1

2jþ 1

�
1

2
ð2jþ 1 ∓ 1Þ · ðδik × I − PikÞ

� ðδik × I −QikÞ
�
; ð29Þ

which form a complete and orthogonal set of projection
operators (i.e., idempotent and Hermitian). In the
3 × ð2jþ 1Þ-dimensional space,
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P2 ¼ P ¼ P†; R2
� ¼ R� ¼ R†

�; ð30Þ

P · R� ¼ Rþ · R− ¼ 0; ð31Þ

Pþ Rþ þ R− ¼ I; ð32Þ

where I is the 3ð2jþ 1Þ × 3ð2jþ 1Þ unit matrix. It turns
out that the matrices T and Q are also Hermitian and can
be expressed in terms of the projectors P and R�:

T ¼ ½jðjþ 1Þ − 2�Pþ 2jRþ − 2ðjþ 1ÞR−; ð33Þ

Q ¼ P − jRþ þ ðjþ 1ÞR−: ð34Þ

The advantage of this decomposition is that we can
immediately read the eigenvalues of the matrices T and
Q (along with their degeneracies) in each of the projective
spaces P; R�. Plugging (33) and (34) into (27) we are
led to

ðω2
3 − λ2Þξ ¼

h
ðu20½jðjþ 1Þ − 2� þ u0ÞPþ ju0

· ð2u0 − 1ÞRþ − ðjþ 1Þu0ð2u0 − 1ÞR−

i
ξ;

ð35Þ

which we then multiply with the projectors P and R� in
order to obtain the eigenvalues λ:

λ2P ¼ 2

�
u0 −

1

3

��
u0 −

1

6

�
; ð36Þ

λ2þ ¼ jðj − 1Þu20 þ ju0 þ
1

9
; ð37Þ

λ2− ¼ ðjþ 1Þðjþ 2Þu20 − ðjþ 1Þu0 þ
1

9
: ð38Þ

The degeneracies of the eigenvalues λ2P;� are equal to the
dimensionalities of the corresponding projectors P and R�,
i.e., dþ ¼ 2jþ 3, dP ¼ 2jþ 1, and d− ¼ 2j − 1. For each
of the critical points in (11) we find

u0∶ λ2P ¼ λ2� ¼ 1

9
; ð39Þ

u1=6∶ λ2P ¼ 0; λ2þ ¼ 1

36
ðjþ 1Þðjþ 4Þ;

λ2− ¼ jðj − 3Þ
36

; ð40Þ

u1=3∶ λ2P¼0; λ2þ¼ 1

36
ðjþ1Þ2; λ2−¼

j2

9
; ð41Þ

which coincide with the eigenvalues that were found in [5]
for the BMN matrix model. Note that only the R− sector of

u1=6 is unstable for j ¼ 1, 2 (λ− is purely imaginary). These
instabilities are related to the existence of a separatrix in the
corresponding phase diagram (see e.g., [6]).
The general solution of (24) can be written in the

3 × ð2jþ 1Þ-dimensional space as follows:

HðtÞ ¼ eiλPtξP þ e−iλPtξ̃P þ eiλþtξþ þ e−iλþtξ̃þ

þ eiλ−tξ− þ e−iλ−tξ̃−; ð42Þ

where ξA; ξ̃A, A≡ fP;�g are generic 3 × ð2jþ 1Þ-dimen-
sional vectors of the subspaces P and R�. These are
naturally expressed as linear combinations of the corre-
sponding eigenvectors jP;�i. They are determined by the
initial values of H and _H at t ¼ 0 and the leading order of
the Gauss law constraint [see (59) below].

B. Eigenvectors

Calculating the square of the matrix Q [defined in (23)
above] by using the decomposition (33)–(34), we find that
the projection operators P and R� can be expressed in
terms of Q as follows:

P ¼ I þ Q −Q2

jðjþ 1Þ ; R� ¼ 1

2jþ 1

�
1

2
ð2jþ 1 ∓ 1Þ

·
Q2 −Q
jðjþ 1Þ � ðI −QÞ

�
: ð43Þ

This implies that the eigenvectors of P and R� are fully
determined by those of Q.
Before going on to derive the precise expressions of

these eigenvectors, let us note that Q is just the spin-orbit
coupling operator of the orbital angular momentum L ¼ 1
with the spin angular momentum J ¼ j. To see why this is
so, consider the so-called adjoint representation of SUð2Þ
in which the three components of the orbital angular
momentum L ¼ 1 read

ðLiÞkl ¼ iϵilk ⇒ Lx ¼

0
B@

0 0 0

0 0 −i
0 i 0

1
CA;

Ly ¼

0
B@

0 0 i

0 0 0

−i 0 0

1
CA; Lz ¼

0
B@

0 −i 0

i 0 0

0 0 0

1
CA; ð44Þ

and Q indeed takes the form of spin-orbit coupling:

Qik ¼ ðLlÞkiJl ⇔ Q ¼ −Li ⊗ Ji ð45Þ

or, in terms of the raising and lowering operators L� ≡
Lx � iLy and J� ≡ Jx � iJy,
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Q ¼ −
1

2
ðLþ ⊗ J−Þ −

1

2
ðL− ⊗ JþÞ − Lz ⊗ Jz: ð46Þ

The three components of the total angular momentum
JT ¼ Lþ J, for J ¼ j, L ¼ 1, are given by

JiT ¼ Ji ⊗ I3 þ I2jþ1 ⊗ Li ð47Þ

and, explicitly,

JxT ¼

0
B@

Jx 0 0

0 Jx −iI
0 iI Jx

1
CA; JyT ¼

0
B@

Jy 0 iI

0 Jy 0

−iI 0 Jy

1
CA;

JzT ¼

0
B@

Jz −iI 0

iI Jz 0

0 0 Jz

1
CA; ð48Þ

while the square of the total angular momentum is

J2T ¼ ðjðjþ 1Þ þ 2ÞI3ð2jþ1Þ − 2Q; ð49Þ

so that its eigenstates

jjþ 1; m; j; 1i; jj; m; j; 1i; jj − 1; m; j; 1i ð50Þ

will obviously also diagonalize the spin-orbit coupling
operator Q.
By directly diagonalizing the matrix Q in (46) or,

equivalently, by means of the standard Clebsch-Gordan
analysis (see e.g., [20]) we find

jjþ 1;m; j;1i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjþmÞðjþmþ 1Þ
2ðjþ 1Þð2jþ 1Þ

s
· j1;1ijj;m− 1i

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjþ 1Þ2 −m2

ðjþ 1Þð2jþ 1Þ

s
· j1;0ijj;mi

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj−mÞðj−mþ 1Þ
2ðjþ 1Þð2jþ 1Þ

s
· j1;−1ijj;mþ 1i;

ð51Þ

jj; m; j; 1i ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjþmÞðj −mþ 1Þ

2jðjþ 1Þ

s
· j1; 1ijj; m − 1i

þ mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðjþ 1Þp · j1; 0ijj; mi

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞðjþmþ 1Þ

2jðjþ 1Þ

s
· j1;−1ijj; mþ 1i;

ð52Þ

jj− 1;m;j;1i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj−mÞðj−mþ 1Þ

2jð2jþ 1Þ

s
· j1;1ijj;m− 1i

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 −m2

jð2jþ 1Þ

s
· j1;0ijj;mi

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjþmÞðjþmþ 1Þ

2jð2jþ 1Þ

s
· j1;−1ijj;mþ 1i:

ð53Þ

Acting with the spin-orbit coupling operator Q on the
Clebsch-Gordan system (51)–(53), we obtain the following
eigenvalues:

Q · jjþ 1; m; j; 1i ¼ −jjjþ 1; m; j; 1i; ð54Þ

Q · jj; m; j; 1i ¼ jj; m; j; 1i; ð55Þ

Q · jj − 1; m; j; 1i ¼ ðjþ 1Þjj − 1; m; j; 1i: ð56Þ

Furthermore, by plugging the eigenstates (51)–(53) into the
expressions (43) that give the projectors P and R� in terms
of the spin-orbit coupling operator Q, we find that the
eigenstates jj; m; j; 1i span the subspace of the projector P,
while the eigenstates jj� 1; m; j; 1i span the subspaces of
the projectors R�, i.e.,

jPi ¼ jj;m; j;1i; j�i ¼ jj� 1;m; j;1i: ð57Þ

C. Gauss law constraint (LO)

Plugging the solution (7) and the perturbative expansion
(18) into the Gauss law constraint (17) we obtain, to LO in
perturbation theory,

X
j;m

_ηjmi fYjm; eig ¼
X
j;m;m0

_ηjmi ðJiÞðjÞm0mYjm0 ¼ 0

⇒
X
m

_ηjmi ðJiÞðjÞm0m ¼ 0; ð58Þ

since the spherical harmonics Yjm form an orthonormal

basis. Multiplying with JðjÞk and using the definition (28) of
the projector P we find

X
m;m0

_ηjmi ðJkÞðjÞm00m0 ðJiÞðjÞm0m ¼ 0

⇒
X
m0

ðPikÞðjÞmm0 _η
jm0
k ¼ 0: ð59Þ

Equation (59) constrains the generic form (42) of the LO
perturbations ηjmi , which in principle span all the three
sectors P and R�.
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Because of the Gauss law constraint (59), ηjmi is forced to
live exclusively inside the sectors R� at all the critical
points (39)–(41). However, it receives an additional con-
tribution from the zero eigenvalue eigenstate ξP of the P
sector at the critical points u1=6 and u1=3.

IV. HIGHER-ORDER PERTURBATIONS

Let us now study the perturbative expansion (15)
beyond the leading order. The initial conditions for the

perturbations δxðnÞi and their derivatives are determined
from the initial conditions of the complete solution (15).
They all vanish at t ¼ 0:

δxðnÞi ð0Þ ¼ δ_xðnÞi ð0Þ ¼ 0; n ¼ 2; 3;…; ð60Þ

unless n ¼ 0, 1. To obtain the equations of motion for the
perturbations, we plug the series (15) into the SOð3Þ
equations of motion (13). We are led to

δẍðnÞi ¼ ffδxðnÞi ; xð0Þk g; xð0Þk g þ ffxð0Þi ; δxðnÞk g; xð0Þk g þ ffxð0Þi ; xð0Þk g; δxðnÞk g − 1

9
δxðnÞi þ ϵiklfxð0Þk ; δxðnÞl g

þ
Xn−1
p¼1

�
ffxð0Þi ; δxðn−pÞk g; δxðpÞk g þ ffδxðn−pÞi ; xð0Þk g; δxðpÞk g þ ffδxðn−pÞi ; δxðpÞk g; xð0Þk g

þ 1

2
ϵiklfδxðn−pÞk ; δxðpÞl g

�
þ
Xn−1
p¼1

Xp−1
q¼1

ffδxðn−pÞi ; δxðp−qÞk g; δxðqÞk g: ð61Þ

As before, we proceed to expand the perturbations in
spherical harmonics:

δxðnÞi ¼
X
j;m

ηnjmi ðtÞYjmðθ;ϕÞ; ηnjmi ð0Þ ¼ 0; ð62Þ

which, in addition to the reality condition (19) and the
property (20), obey

fYαðθ;ϕÞ; Yβðθ;ϕÞg ¼ fγαβYγðθ;ϕÞ; ð63Þ

where fγαβ are the structure constants of the area-preserving
symmetry of the Hamiltonian (3) and α≡ jm, β≡ j0m0,
and γ ≡ j00m00. The structure constants fγαβ can be computed
by means of a closed formula that is valid for all values of
the spin quantum numbers α, β, and γ. The expressions for
the structure constants fγ1m;β and fγ2m;β can be found in the
Appendix.

A. Next-to-leading-order perturbations

For n ¼ 2, it is easy to show that the higher-order
perturbation equations (61) become

δẍð2Þi ¼
�
fδxð2Þi ; xð0Þk g; xð0Þk g þ ffxð0Þi ; δxð2Þk g; xð0Þk g þ ffxð0Þi ; xð0Þk g; δxð2Þk g − 1

9
δxð2Þi þ ϵiklfxð0Þk ; δxð2Þl

�

þ
�
ffxð0Þi ; δxð1Þk g; δxð1Þk g þ ffδxð1Þi ; xð0Þk g; δxð1Þk g þ ffδxð1Þi ; δxð1Þk g; xð0Þk g þ 1

2
ϵiklfδxð1Þk ; δxð1Þl g

�
; ð64Þ

so that by using (20), (62), and (63) we arrive at

η̈ð2Þi þ ω2
3η

ð2Þ
i ¼ u20Tikη

ð2Þ
k þ u0Qikη

ð2Þ
k þ Fð2Þ

i : ð65Þ

For simplicity, we have suppressed the spin indices j andm
and have made all time dependence implicit in (65). Notice
that the n ¼ 2 equations (65) are just the n ¼ 1 equa-
tions (21), driven by the forcing term F2jm

i ðtÞ. The latter can
be written as a bilinear form:

F2γ
i ðtÞ ¼ η1αk Kγ

ikl;αβη
1β
l ; ð66Þ

where once more we denote α≡ jm, β≡ j0m0, and γ ≡
j00m00 and have omitted the sums on the spatial indices k and

l and the spin indices α and β. The matrix of the bilinear
form K is given by

Kγ
ikl;αβ ¼ ðJ aÞðjÞ_mmf

γ
j _m;βðϵbakϵbil þ ϵbaiϵbklÞ

þ 1

2
ϵiklf

γ
αβ; ð67Þ

where J a ≡ −iu0Ja and we have omitted the dependence
of η1jmi ðtÞ on the dimensionless time t≡ μτ. As usual, we
have also omitted the sums in the spatial indices a and b
and the spin index _m in (67). In compact form, (65) can be
written as
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Ḧð2Þ þK ·Hð2Þ ¼ Fð2Þ; Fð2Þ ≡Hð1ÞKHð1Þ: ð68Þ

Let us now discuss the role of the LO unstable modes.
The presence of unstable LO modes [i.e., having λ2− < 0 in
(40)] in the forcing (67) can induce further unstable modes
at the NLO, for any spin j. The form of the structure
constants fγ1m;β and fγ2m;β [cf. (A2)–(A5) in the Appendix]
implies that the coupling of an unstable LO mode with
j ¼ 1 to a stable LO mode j0 can destabilize all the j00 ¼ j0
modes at NLO order. Similarly, the coupling of an unstable
LO mode with j ¼ 2 to a stable LO mode j0 can destabilize
all the j00 ¼ j0 � 1 modes at NLO order. The cascade of
perturbative instabilities extends to the higher perturbative
orders, so that all the modes at any given perturbative order
n can become unstable because of the LO instabilities at
j ¼ 1, 2.
Another possible source of instabilities shows up

whenever the frequency of the external forcing F2γ
i ðtÞ

in (67) matches one of the system’s natural eigenfrequen-
cies (39)–(41). These resonances are not restricted to the
unstable critical point u1=6 but they may also destabilize
the stable critical point u1=3 (i.e., the Myers sphere). For
example, a resonance will occur when a zero mode in the
P sector couples to a mode in the R� sectors in such a way
that the resulting forcing (67) contains at least one of the
system’s natural eigenfrequencies (39)–(41). The above
discussion has to take into consideration the LO and NLO
Gauss law constraints which impose the symmetries to the
solution of the equations.

B. Gauss law constraint (NLO)

The LO constraint equation (59) implies that the initial
conditions for the velocity of any mode ηð1Þi must be
orthogonal to the P sector and thus it should be a linear
combination of the eigenvectors of the other two sectors
R�. The NLO Gauss law constraint (17) reads

f_xð2Þi ; xð0Þi g þ f_xð1Þi ; xð1Þi g ¼ 0; ð69Þ

since _xð0Þi ¼ 0. Substituting the values of xð0Þi and _xðnÞi from
(7) and (18) we obtain

u0 _η
2jm
i fYjm; eig þ _η1jmi η1j

0m0
i fYjm; Yj0m0 g ¼ 0; ð70Þ

where the sums over all the repeated indices have been
omitted as usual. Calculating the brackets by using (20) and
(63) it follows that

iu0 _η
2jm
i ðJiÞðjÞm0mYjm0 þ _η1jmi η1j

0m0
i fj

00m00
jm;j0m0Yj00m00 ¼ 0; ð71Þ

which gives

iu0 _η
2j00m
i ðJiÞðj

00Þ
m00m þ _η1jmi η1j

0m0
i fj

00m00
jm;j0m0 ¼ 0; ð72Þ

after factoring out the spherical harmonics. This equation

implies that the initial velocity _ηð2Þi must be a linear
combination of the R� sectors and a component that
belongs to the P sector and is given by the LO forcing
term that appears in the constraint. The latter depends on

the coupling of the initial velocity _ηð1Þi and the values of ηð1Þi
for different spins j.

C. General solution

The general solution of the NLO perturbation equa-
tions (68) can be written as the sum of the general solution
of the homogeneous equation (24) and a special solution of
the full equation (68):

Hð2ÞðtÞ ¼ Hð2Þ
h ðtÞ þHð2Þ

s ðtÞ: ð73Þ

We have already shown that the general solution Hð2Þ
h ðtÞ of

the homogeneous equation (24) takes the form (42). By
writing K≡ ω2

3 − u20T − u0Q ¼ Ω2
0, it is easy to see that

Hð2Þ
h ðtÞ can also be written as

Hð2Þ
h ðtÞ ¼ Hð2Þ

h ð0Þ cosΩ0tþ _Hð2Þ
h ð0ÞΩ−1

0 sinΩ0t: ð74Þ

Similarly, the special solution Hð2Þ
s ðtÞ takes the following

form:

Hð2Þ
s ðtÞ ¼ Ω−1

0 sin ðΩ0tÞ
Z

t

0

ds cos ðΩ0sÞFð2ÞðsÞ

−Ω−1
0 cos ðΩ0tÞ

Z
t

0

ds sin ðΩ0sÞFð2ÞðsÞ: ð75Þ

Interestingly, the structure of the complete solution (75)
remains the same at all higher perturbative orders
n ¼ 2; 3;…, while it turns out that the corresponding
forcing terms FðnÞðsÞ depend on the solutions of the
previous orders.

V. EXAMPLE

We now work out a simple example that demonstrates
the instability cascade phenomenon. Let us compute F2γ

i at
the point u0 ¼ 1=6 and spin j00 ¼ 3, when only the LO
mode ξ2;0− ≡ ξ is turned on. Then (42) becomes

HðtÞ ¼ eiλ−tξ−; ξ− ¼ ξ · j−ijj¼2;m¼0: ð76Þ

Computing the value (53) of the eigenvector j−i for j ¼ 2
and m ¼ 0 it is easy to show that only the following j ¼ 2

components of η1αi are nonzero:

η1;2;�1
x ¼ � ξ

2

ffiffiffi
3

5

r
· et=ð3

ffiffi
2

p Þ; ð77Þ
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η1;2;�1
y ¼ −

iξ
2

ffiffiffi
3

5

r
· et=ð3

ffiffi
2

p Þ; ð78Þ

η1;2;0z ¼ −ξ
ffiffiffi
2

5

r
· et=ð3

ffiffi
2

p Þ: ð79Þ

It can be shown that the solution (77)–(79) satisfies both the
reality condition (19) and the LO Gauss constraint (59).
Plugging (77)–(79) into the expression (67) for the NLO
forcing term, we obtain the following nonzero components:

F2;3;�1
x ¼ � 2ξ2

5

ffiffiffiffiffiffi
3

7π

r
· e

ffiffi
2

p
t=3; ð80Þ

F2;3;�1
y ¼ −

2iξ2

5

ffiffiffiffiffiffi
3

7π

r
· e

ffiffi
2

p
t=3; ð81Þ

F2;3;0
z ¼ −

6ξ2

5
ffiffiffiffiffiffi
7π

p · e
ffiffi
2

p
t=3; ð82Þ

by using the analytic expressions (A3)–(A5) for the structure
constants fγαβ and the well-known angular momentum
matrices Ji (in the spin-j representation). The parametric
plot of the forcing (80)–(82) can be found in Fig. 1. Because
the only nonzero components of the LOmodes are (77)–(79),
we only need the following structure constants:

f3;12;0;2;1 ¼ −f3;12;1;2;0 ¼ −f3;−12;0;2;−1 ¼ f3;−12;−1;2;0 ¼ −3i
ffiffiffiffiffiffi
2

7π

r
;

f3;02;1;2;−1 ¼ −f3;02;−1;2;1 ¼
6iffiffiffiffiffiffi
7π

p : ð83Þ

We next insert the expression for the forcing (80)–(82)
into the n ¼ 2 perturbation equation (65) which we want to
solve for the mode η2;3;mi that was metastable for n ¼ 1

[cf. Eq. (40)]. As usual, the general solution of (65) can be
cast in the following form:

η2γk ðtÞ ¼ η̃γkðtÞ þ ζγke
ffiffi
2

p
t=3; k ¼ 1; 2; 3; ð84Þ

where η̃γkðtÞ is the general solution of the homogeneous part
(24) of (68) and is thus given by a formula of the form (42),
whereas ζγk is a special solution. Plugging (84) into (65) and
using the fact that η̃γkðtÞ solves the homogeneous equa-
tion (21), we get

�
2

9
þ ω2

3

�
ζi − u0ðu0Tik þQikÞζk ¼ f̃i; ð85Þ

where we have set F2γ
k ≡ f̃γke

ffiffi
2

p
t=3 in (80)–(82) so that the

coefficients f̃γk can be directly read off from the forcing. It is
easy to work out the solution of (85):

ζ3;�1
x ¼ � 9ξ2

5

ffiffiffiffiffiffi
3

7π

r
; ð86Þ

ζ3;�1
y ¼ −

9iξ2

5

ffiffiffiffiffiffi
3

7π

r
; ð87Þ

ζ3;0z ¼ −
27ξ2

5
ffiffiffiffiffiffi
7π

p : ð88Þ

The NLO initial conditions (60) imply

η2γk ð0Þ ¼ _η2γk ð0Þ ¼ 0; ð89Þ

which leads to the following set of constraints for the
solution of the homogeneous equation η̃γkðtÞ:

η̃3;�1
x;y ð0Þ ¼ −ζ3;�1

x;y ; η̃3;0z ð0Þ ¼ −ζ3;0z ; ð90Þ

_̃η3;�1
x;y ð0Þ ¼ −

ffiffiffi
2

p

3
ζ3;�1
x;y ; _̃η3;0z ð0Þ ¼ −

ffiffiffi
2

p

3
ζ3;0z : ð91Þ

Based on the above, it can be shown that the solution (84)
satisfies the NLO Gauss law constraint (72) at the initial
time t ¼ 0.
The coupling of the j ¼ 2modes leads to a nonvanishing

forcing F2γ
i , not only in the case j00 ¼ 3 (which we have just

treated), but also when the spin becomes j00 ¼ 1. Plugging
(77)–(79) into the expression (67) for the NLO forcing
term, we obtain the following nonzero forcing components:

F2;1;1;�1
x ¼ � 3ξ2

40

ffiffiffiffiffiffi
3

2π

r
· e

ffiffi
2

p
t=3; ð92Þ

FIG. 1. Parametric plot of the forcing (80)–(82).
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F2;1;�1
y ¼ −

2iξ2

40

ffiffiffiffiffiffi
3

2π

r
· e

ffiffi
2

p
t=3; ð93Þ

F2;1;0
z ¼ −

ξ2

10

ffiffiffi
3

π

r
· e

ffiffi
2

p
t=3: ð94Þ

It is again straightforward to calculate the special solution
of (85):

ζ1;�1
x ¼ � 29ξ2

20
ffiffiffiffiffiffi
6π

p ; ð95Þ

ζ1;�1
y ¼ −

29iξ2

20
ffiffiffiffiffiffi
6π

p ; ð96Þ

ζ1;0z ¼ −
8ξ2

5
ffiffiffiffiffiffi
3π

p : ð97Þ

The NLO initial conditions (60) can again be enforced by
choosing an appropriate solution η̃γkðtÞ of the homogeneous
equation (24).
It is interesting to take a closer look at the decomposition

of the above solutions into the three sectors P and R�.
As we have already mentioned, the LO mode ξ2;0− ≡ ξ that
we turned on belongs to the R− sector and corresponds to
j ¼ 2 and m ¼ 0. It is a matter of algebra to show that the
solutions (86)–(88) and (95)–(97) can be expressed in the
3 × ð2jþ 1Þ-dimensional space as follows:

Z3 ¼
9ξ2

5

ffiffiffi
3

π

r
· j−ijj¼3;m¼0 ð98Þ

and

Z1 ¼ −
ξ2

10
ffiffiffiffiffiffi
2π

p · jþijj¼1;m¼0 þ
3ξ2

2
ffiffiffi
π

p · j−ijj¼1;m¼0; ð99Þ

where we defined the 3 × ð2jþ 1Þ vectors

Z1 ¼

0
BB@

ζ1mx

ζ1my

ζ1mz

1
CCA; Z3 ¼

0
BB@

ζ3mx

ζ3my

ζ3mz

1
CCA: ð100Þ

Therefore the instabilities not only propagate to NLO
modes of higher angular momenta j (compared to the
LO instabilities), but also between sectors. Note however
that the magnitude of the Rþ instability is suppressed since
jζ3−j ≃ 44jζ1þj and jζ1−j ≃ 21jζ1þj.

VI. CONCLUSIONS AND DISCUSSION

Motivated by the idea that the dynamics of the micro-
scopic degrees of freedom on the horizon of static spherically
symmetric black holes can be described by the BMN matrix

model (a highly nonlocal field theory), we study the chaotic
properties of this theory’s classical continuum limit, that is,
super M2-brane theory in the background (1)–(2). For
previous work on this topic see [21]. The solution (1)–(2)
is nothing more that the Penrose-Güven [10,22] limit of the
maximally supersymmetric backgrounds AdS7;4 × S4;7 of
11-dimensional supergravity. Because of the flux term (2),
the corresponding supermembrane theory is found to contain
both stable and unstable sectors. In the present paper we
study the NLO perturbative dynamics of classical solutions
of spherical topology in the SOð3Þ sector of the continuum
limit of the BMN matrix model.
We show that the LO instabilities of certain spherical

solutions (which appear exclusively in the dipole j ¼ 1
and quadrupole j ¼ 2 sectors of multipole perturbations;
see [7]) give rise to a cascade of NLO instabilities that
extend to all multipole sectors. The transmission of
instabilities is due to the nonlinear coupling of NLO
perturbations, which is in turn induced by the infinite-
dimensional area-preserving symmetry of the membrane.
The instability cascade is further enhanced at subsequent
perturbative orders. The physical reason behind the
development of instabilities is related to the infinite-
dimensional symmetry of relativistic membranes. In other
words, the development of infinitely many thin tubes only
costs an infinitesimal amount of energy to the membrane.
These thin tubes correspond to large values of the angular
momentum quantum number j arising in the expansion of
perturbations in the multipole basis. This confirms our
expectations that the unstable solutions ultimately induce
a hedgehog structure on the membrane. In order to
regularize these instabilities one has to rely on the matrix
model truncation of the membrane (i.e., the BMN matrix
model) where the dimension of the matrices N determines
a maximum value for each j < N − 1.
Concerning the chaotic properties of BMN membranes,

the matrix model has a higher degree of nonlocality and is
therefore expected to scramble perturbations faster than the
continuous membrane (which contains a local Poisson
bracket interaction term). Another exciting aspect relating
to the development of membrane instabilities is the possibility
of topology changes that are caused by the self-interactions of
the membranes. This is a long-standing problem in the field
and is closely related to our understanding of membrane field
theory. Presently, only Euclidean-time solutions have been
shown to be able to induce topology changes in membranes
(see e.g., [23,24]). Because matrix theory is a field theory of
discrete membranes (i.e., seen as bound states of D0-branes
[13]) it stands much better chances of providing an answer to
this riddle.
A straightforward extension of our present work is the

study of NLO perturbations of the BMN membrane in the
SOð3Þ × SOð6Þ sector. The SOð6Þ rotating configuration
encodes the effect of higher dimensions on the 3þ 1-
dimensional fluid system.
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APPENDIX: STRUCTURE CONSTANTS

The structure constants fγαβ of spherical harmonics that
show up in the forcing term (67) were defined in (63). It is
rather straightforward to invert (63):

fγαβ ¼
Z
S2
Y�
γðθ;ϕÞfYαðθ;ϕÞ; Yβðθ;ϕÞgdΩ; ðA1Þ

in order to obtain a closed formula for fγαβ that is valid for
all the values of the quantum numbers α≡ jm, β≡ j0m0
and γ ≡ j00m00. In the present paper, we only need the first
few of them (see also [25]):

fj
0m0
1;�1;jm ¼ �i

ffiffiffiffiffiffi
3

8π

r
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj ∓ mÞðj�mþ 1Þ

p
δj0jδm0;m�1; fj

0m0
1;0;jm ¼ −im ·

ffiffiffiffiffiffi
3

4π

r
δj0jδm0m; ðA2Þ

fj
0m0
2;0;jm ¼ −3im

ffiffiffiffiffiffi
5

4π

r
·

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjþ 1Þ2 −m2

ð2jþ 1Þð2jþ 3Þ

s
δj0;jþ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 −m2

ð2jþ 1Þð2j − 1Þ

s
δj0;j−1

�
· δm0m; ðA3Þ

fj
0m0
2;�1;jm ¼ �i

ffiffiffiffiffiffi
15

8π

r
·

�
ðj ∓ 2mÞ ·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj�mþ 1Þðj�mþ 2Þ

ð2jþ 1Þð2jþ 3Þ

s
δj0;jþ1

þ ðj� 2mþ 1Þ ·
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj ∓ m − 1Þðj ∓ mÞ
ð2jþ 1Þð2j − 1Þ

s
δj0;j−1

�
· δm0;m�1; ðA4Þ

fj
0m0
2;�2;jm ¼ �i

ffiffiffiffiffiffi
15

8π

r
·

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj ∓ mÞðj�mþ 1Þðj�mþ 2Þðj�mþ 3Þ

ð2jþ 1Þð2jþ 3Þ

s
δj0;jþ1

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj ∓ mÞðj ∓ m − 1Þðj ∓ m − 2Þðj�mþ 1Þ

ð2jþ 1Þð2j − 1Þ

s
δj0;j−1

�
· δm0;m�2: ðA5Þ

Equation (A1) implies that the structure constants fγαβ
obey the following sum rules:

mþm0 ¼ m00; jþ j0 þ j00 ¼ odd; ðA6Þ

where the second equation is obtained by setting ðθ;ϕÞ →
ðπ − θ;ϕþ πÞ in (A1). In addition j, j0 and j00 obey triangle
inequalities, e.g.,

jj − j0j þ 1 ≤ j00 ≤ jjþ j0j − 1; ðA7Þ

and its cyclic permutations hold. For the purposes of
our work, this implies that when modes n1jm are turned
on up to jmax, the forcing term vanishes for F2j00m00

for j00 ≥ 2jmax.
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