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We extend the Kerr-Schild double copy to the case of a probe particle moving in the Kerr-Schild
background. In particular, we solve Wong’s equations for a test color charge in a Coulomb non-Abelian
potential (

ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
) and on the equatorial plane for the potential generated by a rotating disk of charge

known as the single copy of the Kerr background (
ffiffiffiffiffiffiffiffiffi
Kerr

p
). The orbits, as the corresponding geodesics on

the gravity side, feature elliptic, circular, hyperbolic and plunge behavior for the charged particle. We then
find a new double copy map between the conserved charges on the gauge theory side and the gravity side,
which enables us to fully recover geodesic equations for Schwarzschild and Kerr. Interestingly, the map
works naturally for both bound and unbound orbits.

DOI: 10.1103/PhysRevD.104.105012

I. INTRODUCTION

The double copy relation between gauge and gravity
theories was first discovered for quantum scattering
amplitudes [1–3], and in recent years, it quickly became
a formidable tool to tame the complexity of perturba-
tive gravity calculations [4]. While initially applications
of color-kinematics duality were based on the Bern-
Carrasco-Johansson (BCJ) relation, there have been many
further developments in understanding the symmetry prin-
ciples [5–21] and in the implementation of the perturbative
double copy in new contexts like the worldline formalism
[22–28], celestial amplitudes [29,30] and perturbation
theory on special backgrounds [31–33].
Perhaps surprisingly, it turns out that also some exact

classical solutions ofEinstein equations can beobtained from
gauge theory solutions in Yang-Mills (YM) theory. One
prominent idea is the Kerr-Schild double copy, first discov-
ered by Monteiro, O’Connell and White [34] and later
developed by a number of authors [35–57]. It was also
clarified in Ref. [45] that the Kerr-Schild double copy is
actually a special case of the Weyl double copy, which was
recently proven using twistorial techniques [55,58,59]. The
simplest example is provided by the map between the
Coulomb-like YM solution (i.e., the non-Abelian 1

r potential)

to the Schwarzschild spacetime. The single-copy version of
the Kerr metric can also be found, and it corresponds to the
potential field generated by a rotating disk of color charge as
explained in [34] (see also Appendix A). We denote those
solutions as

ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
and

ffiffiffiffiffiffiffiffiffi
Kerr

p
, respectively.

Following the discovery of gravitational waves, therewas
a renewed interest in getting classical observables from on-
shell scattering amplitudes. In particular, a double copymap
has been explored for the impulse and the spin kick for probe
particles in the Kerr background [60]. A striking connection
of those observables with minimally coupled three-point
amplitudes of massive particles [61] with large (classical)
spin has been noticed in Refs. [60,62,63] and further
developed in Refs. [64–74]. The double copy has now
become also a useful tool in the calculation of observables of
gravitational interest for the binary problem, in particular,
for the construction of integrands [75–92]. While the
scattering problem naturally maps to hyperbolic orbits,
there is an interesting analytical continuation [93–95] which
makes it possible to directly derive results for the corre-
sponding bound cases [96].
The classical YM theory is usually studied as a toy

model for gravity, but it is also important by itself. One
example is provided by the equations of motion of classical
YM theory that describe the dynamics of the quark-gluon
plasma, which is believed to be the predominant phase of
matter before the entire Universe was formed [97–99]. In
particular, for the description of high energy heavy ion
collisions, the gluon field is also treated classically as a first
approximation [100–104].
In this work, we exploit the Kerr-Schild double copy to

understand the relationship between the geodesic equations
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for a probe particle in the gravity background with a test
charged particle moving in the corresponding gauge back-
ground. In detail, we solve Wong’s equations [105] exactly
for the

ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
background and for equatorial orbits inffiffiffiffiffiffiffiffiffi

Kerr
p

by identifying the relevant conserved charges in
terms of which the final solution can be expressed.
Interestingly, we find a direct map of the conserved charges
for probe particles in Schwarzschild and Kerr which makes
possible to recover geodesic equations.

II. DOUBLE COPY OF THE
CONSERVED CHARGES

In this section, we derive the relation between the
conserved charges of a test charged particle in the YM
potential and the corresponding charges for a probe particle
in the Kerr-Schild gravitational background. For conven-
ience, we express the non-Abelian gauge potential in a
suitable basis of generators of the SUðNÞ algebra

Aμ ¼ Aa
μTa: ð1Þ

A point charge moving in a YM background Aa
μðxÞ is

governed by the worldline Lagrangian [106,107]

LYM ¼ ḡμνvμvν

2e
−
em2

2
þ iψ† dψ

dτ
− gcavμAa

μðxÞ; ð2Þ

where vμ ¼ dxμ=dτ, eðτÞ is the einbein, ḡμν is the flat
background metric,1 and ca ¼ ψ†Taψ is the color charge of
the point particle. Note that Eq. (2) is valid for both m > 0
andm ¼ 0. For massive particles, we set eðτÞ ¼ 1=m, and τ
will be just the proper time. In the massless case, we choose
an affine parametrization so that eðτÞ is just a constant. For
simplicity, we can set eðτÞ ¼ 1, but keep in mind that e has
mass dimension −1. The constraint on the velocity is

ḡμνvμvν ¼ κ

�
κ ¼ −1 for m > 0

κ ¼ 0 for m ¼ 0:
ð3Þ

We now consider a static YM field that takes the form of a
Kerr-Schild “single copy”,

Aa
μðxÞ ¼

g
4π

c̃aφðxÞkμðxÞ; ð4Þ

where kμðxÞ is a null vector in Minkowski space, φðxÞ is a
scalar field and c̃a is the static color charge of the source of
the YM field. For a charged test particle moving in this
background, we crucially require the coupling constant to
be small enough to not affect the gauge field configuration.
Interestingly, perturbations on a (Coulomb) static YM
potential beyond some critical value of the coupling can
produce instabilities due to the color charge screening, as

was first noticed by Mandula [108] and then further
developed by several authors [109–111].
Suppose we have a cyclic coordinate ξ, which does not

appear explicitly in the Lagrangian. From Noether’s theo-
rem, we know that the corresponding conserved charge is2

pYM
ξ ¼ ∂LYM

∂vξ ¼ ∂vμ
∂vξ

�
ḡμνvν

e
−
g2

4π
cac̃aφðxÞkμðxÞ

�
: ð5Þ

In our convention, the Kerr-Schild double copy relation is

g2

4π
→ 2G; c̃a → Mkμ: ð6Þ

The corresponding gravitational field reads

gμν ¼ ḡμν þ hμν; hμν ¼ 2GMφðxÞkμðxÞkνðxÞ: ð7Þ

The flat metric ḡμν is the same as in the Yang-Mills theory.
The Lagrangian of the point mass in this background reads

LGR ¼ ðḡμν þ hμνÞvμvν
2e

−
em2

2
; ð8Þ

where again the einbein is e ¼ 1=m for massive particles,
and e ¼ 1 for massless particles. Meanwhile, the relativ-
istic constraint is

ðḡμν þ hμνÞvμvν ¼ κ

�
κ ¼ −1 for m > 0

κ ¼ 0 for m ¼ 0:

ð9Þ

It is clear that ξ is also a cyclic coordinate for LGR, so we
have a conserved charge for the point mass

pGR
ξ ¼ ∂LGR

∂vξ ¼ ∂vμ
∂vξ

�
ḡμνvν

e
þ 2GM

e
φkνvνkμ

�
: ð10Þ

From Eqs. (5) and (10), we can derive the double copy
relation between the conserved charges in Yang-Mills and
gravity background by supplementing (6) with

ca → −
vμ

e
so that C ≔ c · c̃ → −

M
e
k · v: ð11Þ

We note that the double copymapworks for bothC > 0 and
C < 0, corresponding to repulsive and attractive forces,
respectively. Nevertheless, in the analysis of solutions of the
equations ofmotion, we focus on the caseC < 0 to resemble
gravity, where the interaction is always “attractive”
(see Fig. 1).

1We use the “mostly plus” signature for the spacetime metric.

2See Refs. [112,113] for alternative approaches on how to
derive the conserved charges.
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In the case where the dynamics is integrable, knowing the
conserved charges is sufficient to fully solve the equations of
motion. In particular, this is true for

ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
and equatorial

orbits in
ffiffiffiffiffiffiffiffiffi
Kerr

p
. In the following sections, we apply (11) to

obtain the conserved energy and angular momentum for a
probe particle moving in the Schwarzschild background and
on the equatorial plane of the Kerr background.

III. CHARGED TEST PARTICLE IN
A NON-ABELIAN COULOMB POTENTIAL

As proposed in the original work on the black hole
double copy [34], the single copy of the Schwarzschild
solution corresponds to a Coulomb-like potential. In the
standard spherical coordinates xμðτÞ ¼ ðt; r; θ;ϕÞ, it reads

Aa
t ¼ Aa

r ¼
g
4π

c̃a

r
→ Fa

rt ¼ −
g
4π

c̃a

r2
: ð12Þ

All the other components of the field strength are
vanishing.

A. Massive probe

The Euler-Lagrange equations of (2) give us Wong’s
equations,

d2xμ

dτ2
þ Γμ

νρvνvρ ¼ −
g
m
caFa;μ

νvν; ð13Þ

dca

dτ
¼ gfabcvμAb

μccðτÞ; ð14Þ

where Γμ
νρ is the Christoffel symbol for spherical coor-

dinates. Moreover, we have already fixed v2 ¼ −1. Thanks
to the spherical symmetry of the problem, we can restrict
our analysis to the x-y plane by setting θ ¼ π=2 and
dθ=dτ ¼ 0. Then, the θ component of (13) is simply

d
dτ

�
r2
dϕ
dτ

�
¼ 0 → L ≔ r2vϕ; ð15Þ

which corresponds to the conservation of the z component
of the angular momentum L. Explicitly, Wong’s equations
restricted to the θ ¼ π=2 plane are

dvrðτÞ
dτ

−
L2

rðτÞ3 ¼
g2

4πm
caðτÞc̃a
rðτÞ2 vtðτÞ;

dvtðτÞ
dτ

¼ g2

4πm
caðτÞc̃a
rðτÞ2 vrðτÞ;

dcaðτÞ
dτ

¼ g2

4π
fabcvtðτÞ c̃

bccðτÞ
rðτÞ ; ð16Þ

where we have made manifest the explicit dependence on
the proper time τ. A crucial ingredient in solving the
equations of motion is to observe that the scalar product of
the two color vectors C ≔ caðτÞc̃a is always conserved,

dC
dτ

¼ g2

4π
fabcvtðτÞ c̃

ac̃bccðτÞ
rðτÞ ¼ 0: ð17Þ

In the following, we consider color charges of opposite sign
so that the force is attractive; therefore, C < 0. Another
conserved charge is the energy which can be defined from
the t component of Wong’s equation,

dvtðτÞ
dτ

¼ −
d
dτ

�
g2

4πm
caðτÞc̃a
rðτÞ

�
→ h ≔ vt þ α

m
C
r
; ð18Þ

where for conciseness we define α ¼ g2=4π. The energy
(18) and angular momentum charge (15) could be derived
also directly from the Lagrangian approach as (5).
Thanks to Eq. (17), the non-Abelian Coulomb potential

problem can be effectively reduced to the Abelian case,
where the strength of the potential is determined byC. Even
though the structure of the solution is fully known in the
Abelian case since long ago [114], we display it here to
show the features of the orbits. Using the r component of
the equations of motion we have

d2rðτÞ
dτ2

−
L2

rðτÞ3 ¼
α

m
C

rðτÞ2
�
h −

α

m
C
rðτÞ

�
; ð19Þ

and changing variable to u ≔ 1
r as a function of ϕ,

d2uðϕÞ
dϕ2

þ uðϕÞ ¼ −
αC
mL2

�
h −

αCuðϕÞ
m

�
; ð20Þ

where we have used the simple relation du=dϕ ¼
−ð1=LÞdr=dτ. Moreover, uðϕÞ is constrained by the
relativistic condition vμvμ ¼ −1 which effectively reduces
the degrees of freedom to the ones of a first order differ-
ential equation. If we define the critical value of the angular
momentum as

Lcrit ¼ −
αC
m

; ð21Þ

then, Eq. (20) can be rewritten as

FIG. 1. For a massive charged particle, we can have both
attractive and repulsive gauge theory forces depending on the
sign of the charges. This suggests to focus on the case C < 0,
because masses in gravity are always positive.
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d2uðϕÞ
dϕ2

þ uðϕÞ ¼ Lcrit

L2
ðhþ LcrituðϕÞÞ; ð22Þ

while vμvμ ¼ −1 gives

�
duðϕÞ
dϕ

�
2

¼ 1

L2
½ðhþ LcrituðϕÞÞ2 − L2uðϕÞ2 − 1�: ð23Þ

The analytical solution of the differential equation (22) for
L < Lcrit is

uð�ÞðϕÞ ¼
B1L sinh

�
ϕ

ffiffiffiffiffiffiffiffiffiffiffiffi
L2
crit−L

2
p

L

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
crit − L2

p þ

�
Bð�Þ
2 ðL2 − L2

critÞ − hLcrit

	
cosh

�
ϕ

ffiffiffiffiffiffiffiffiffiffiffiffi
L2
crit−L

2
p

L

�
þ hLcrit

L2 − L2
crit

; ð24Þ
where

B1 ¼ uðϕÞjϕ¼0 B2 ¼
duðϕÞ
dϕ






ϕ¼0

;

Bð�Þ
2 ¼ � 1

L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ B1LcritÞ2 − B2

1L
2 − 1

q
: ð25Þ

The last equation is directly deduced from Eq. (24). A similar result holds for L > Lcrit by using analytical continuation
arguments,

uð�ÞðϕÞ ¼
B1L sin

�
ϕ

ffiffiffiffiffiffiffiffiffiffiffiffi
L2−L2

crit

p
L

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − L2

crit

p þ

�
Bð�Þ
2 ðL2 − L2

critÞ − hLcrit

	
cos

�
ϕ

ffiffiffiffiffiffiffiffiffiffiffiffi
L2−L2

crit

p
L

�
þ hLcrit

L2 − L2
crit

; ð26Þ

while the critical case L ¼ Lcrit instead gives

uð�ÞðϕÞ ¼ Bð�Þ
2 þ B1ϕþ hϕ2

2Lcrit
; ð27Þ

where B1 and Bð�Þ
2 are again given by Eq. (25). The

presence of a critical value of the angular momentum,
which is crucial for the classification of the orbits, is related
to the relativistic nature of the problem (see the analysis in
Ref. [115]). It is convenient to analyze the nature of the
orbits by looking at the zeros of the potential, which is
instructive in preparation for the next section. We have�
duðϕÞ
dϕ

�
2

¼ 1

L2
½ðhþ LcrituðϕÞÞ2 − L2uðϕÞ2 − 1�

¼ L2
crit − L2

L2
ðuðϕÞ − uþÞðuðϕÞ − u−Þ;

u� ≔
hLcrit �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh2 − 1ÞL2 þ L2

crit

p
L2 − L2

crit

; ð28Þ

where du
dϕ ju¼uþ ¼ du

dϕ ju¼u− ¼ 0. From this, we can deduce
that the possible orbits are as follows:

(i) Elliptic bound orbits (see Fig. 2) which require
two positive roots u� > 0 with d2u

dϕ2 ju¼uþ < 0 and
d2u
dϕ2 ju¼u− > 0, that is

Lcrit < jLj < 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2

p Lcrit; 0 < jhj < 1: ð29Þ

(ii) Circular orbits (see Fig. 3), which correspond to
uþ ¼ u− ¼ u� with d2u

dϕ2 ju¼u� ¼ 0, i.e.,

L ¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2

p Lcrit; 0 < jhj < 1; ð30Þ

where the radius of such orbits is

r� ¼
1 − h2

hLcrit
: ð31Þ

–1.5 –1.0 –0.5 0.5 1.0 1.5

–1.5

–1.0

–0.5

0.5

1.0

1.5

FIG. 2. Elliptic orbit for the massive charged particle in theffiffiffiffiffiffiffiffiffiffiffi
Schw

p
potential.
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(iii) Hyperbolic-type unbound orbits where the probe
escapes to infinity (see Fig. 4), which require just one
root to be real and positive u− > 0with d2u

dϕ2 ju¼u− < 0

jLj > Lcrit; h ≥ 1

jLj ≤ Lcrit; h ≥ 1; B2 ¼ BðþÞ
2 : ð32Þ

(iv) Plunge-type orbits for the probe particle (see Fig. 5)
provided u� ≤ 0 for h > 1 or u− > 0 > uþ for
0 < h < 1

jLj ≤ Lcrit; 0 < jhj < 1

jLj ≤ Lcrit; h ≥ 1; B2 ¼ Bð−Þ
2 : ð33Þ

We observe that for jhj < 1 we always have bound orbits;
i.e., the massive particle cannot escape to timelike infinity.
This is not surprising since in the limit r → ∞, from
Eq. (18) we have h ¼ vt, which for causality reasons has to
be greater than 1. For the same reason, hyperbolic orbits are
allowed only when h ≥ 1.

B. Massless probe

In the massless limit, we effectively need to make the
replacement

α=m → α; τ → τ0 ð34Þ

to get the new radial equation of motion for the massless
charged particle (22),

d2uðϕÞ
dϕ2

þ uðϕÞ ¼ L0
crit

ðL0Þ2 ðh
0 þ L0

crituðϕÞÞ; ð35Þ

with

h0 ≔ vt þ α
C
r
; L0 ≔ r2vϕ;

L0
crit ≔ −αC: ð36Þ

The constraint equation is�
duðϕÞ
dϕ

�
2

¼ 1

ðL0Þ2 ½ðh
0 þ L0

crituðϕÞÞ2 − ðL0Þ2uðϕÞ2�; ð37Þ

and the explicit solution is given by Eqs. (24), (26) and (28)
but with the new constraint Eq. (37) in place of Eq. (25).
At this point we can easily study the nature of the

solutions. We then have the following:
(i) Circular orbits for

L0 ¼ L0
crit; h0 ¼ 0; ð38Þ

with the surprising feature that the radius of the orbit
is not constrained.

(ii) Hyperbolic-type unbound orbits for

jL0j > L0
crit or

jL0j ≤ L0
crit; B2 ¼ BðþÞ

2 : ð39Þ

(iii) Plunge behavior for

jL0j ≤ L0
crit; B2 ¼ Bð−Þ

2 : ð40Þ

These type of orbits are well represented by the pictures in
Figs. 2, 4, and 5, respectively. We note that here, compared
to the massive case, elliptic orbits are not allowed, and
circular orbits are allowed only in the very degenerate
limit h0 ¼ 0.

C. Double copy to Schwarzschild geodesics

With Eqs. (15) and (18), we are now ready to derive
the corresponding conserved quantities of a (massive or

–0.2 –0.1 0.1 0.2

–0.2

–0.1

0.1

0.2

FIG. 3. Circular orbit for the massive charged particle in theffiffiffiffiffiffiffiffiffiffiffi
Schw

p
potential.

–1.0 –0.5 0.5

–0.5

0.5

1.0

FIG. 4. Hyperbolic-type orbit for the massive charged particle
in the

ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
potential.
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massless) probe moving on the equatorial plane in a
Schwarzschild black hole background. From Eq. (12),
we identify the kμðxÞ and φðxÞ of the Kerr-Schild form
(4) as

φðxÞ ¼ 1

r
; kμ ¼ ð1; 1; 0; 0Þ: ð41Þ

As one can easily check, the Kerr-Schild double copy gives
us the Schwarzschild metric in Eddington-Finkelstein
coordinates. Applying Eqs. (6) and (11) to3

L
ffiffiffiffiffiffiffiffi
Schw

p
¼ r2vϕ; ð42Þ

h
ffiffiffiffiffiffiffiffi
Schw

p
¼ vt þ αe

C
r
; ð43Þ

we get

LSchw ¼ r2vϕ; ð44Þ

hSchw ¼
�
1 −

2GM
r

�
vt −

2GM
r

vr: ð45Þ

The constraint (9) can be written in terms of the conserved
charges as

ðvrÞ2¼ κþðhSchwÞ2−
�
1þðLSchwÞ2

r2

��
1−

2GM
r

�
: ð46Þ

Since the dynamics is integrable, with Eqs. (44), (45) and
(46), one can fully solve the geodesic problem in
Schwarzschild. In particular, this implies that the impulse
]60 ] and other observables in the probe limit are completely

determined by the double copy map.

IV. CHARGED TEST PARTICLE
IN A

ffiffiffiffiffiffiffiffiffiffiffi
Kerr

p
POTENTIAL

As proposed in [34], the single copy of the Kerr solution
is given by the following potential

Aa
μ ¼

g
4π

r3c̃a

r4 þ a2z2

�
1;
rxþ ay
r2 þ a2

;
ry − ax
r2 þ a2

;
z
r

�
; ð47Þ

where r is defined implicitly through the following
constraint

x2þy2

r2þa2
þ z2

r2
¼ 1; ∀ðx;y;zÞ∈R3nfx2þy2 ≤ a2;z¼ 0g;

r¼ 0; ∀ðx;y;zÞ∈ fx2þy2 ≤ a2;z¼ 0g: ð48Þ

The field is singular on a ring of radius a in the x-y plane,
where in fact the source of the field is located. In this
section, we always assume a > 0. We adopt spheroidal
coordinates,

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p
sinðθÞ cosðϕÞ;

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p
sinðθÞ sinðϕÞ;

z ¼ r cosðθÞ; ð49Þ

which turn the flat metric η̄ ¼ diagð−1; 1; 1; 1Þ into

diagð−1; r2þa2cos2ðθÞ
r2þa2 ; r2 þ a2cos2ðθÞ; ða2 þ r2Þsin2ðθÞÞ. In

the limit where a → 0, this recovers the standard spherical
coordinates. The components of the gauge field in these
coordinates are

Aa
t ¼

g
4π

rc̃a

r2 þ a2cos2ðθÞ ; Aa
r ¼

g
4π

rc̃a

r2 þ a2
;

Aa
ϕ ¼ −

g
4π

rc̃a

r2 þ a2cos2ðθÞasin
2ðθÞ; Aa

θ ¼ 0: ð50Þ

For simplicity, from now on we focus on equatorial orbits
by setting θ ¼ π=2. We stress that the problem can be
solved in full generality, but the complexity is higher for
nonequatorial orbits exactly like for Kerr geodesics. The
nonvanishing components of the field strength are

Fa
rt ¼ −

g
4π

c̃a

r2
; Fa

rϕ ¼ a
g
4π

c̃a

r2
: ð51Þ

In the following, we consider only orbits which lie outside
the ring singularity at x2 þ y2 ¼ a2 on the equatorial plane
where (50) is always well defined.

–0.6 –0.4 –0.2 0.2 0.4 0.6

–0.6

–0.4

–0.2

0.2

0.4

0.6

FIG. 5. Plunge orbit for the massive charged particle in theffiffiffiffiffiffiffiffiffiffiffi
Schw

p
potential.

3We would like to remind the reader that e is the vielbein here.
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A. Massive probe

Wong’s equations on the equatorial plane are

dvt

dτ
¼ α

m
C
r2
vr;

dvr

dτ
−
1

r
ða2 þ r2ÞðvϕÞ2 þ 1

r
a2

a2 þ r2
ðvrÞ2

¼ α

m
C
r4
½ðvt − avϕÞða2 þ r2Þ�;

dvθ

dτ
¼ 0;

dvϕ

dτ
þ 2

r
r2 þ a2

vrvϕ ¼ a
α

m
C

r2ðr2 þ a2Þ v
r: ð52Þ

As in the Coulomb potential case, there is a notion of
conserved energy and angular momentum,

h ≔ vt þ α

m
C
r
; ð53Þ

L ≔ ðr2 þ a2Þvϕ þ a
α

m
C
r
: ð54Þ

In particular, the angular momentum now also includes
contributions from the parameter a which is perfectly
analogous to the Kerr case.
At this point, we can use those conserved charges to

derive the equation of motion for uðτÞ using Eq. (52). We
find

dvr

dτ
−
ðLrþ aðLcrit − rvrÞÞðLrþ aðLcrit þ rvrÞÞ

r3ða2 þ r2Þ
¼ −

Lcrit

r4
½aðah − LÞ þ rðLcrit þ hrÞ�: ð55Þ

The constrained equation for vr gives

ðvrÞ2 ¼
�
1þ a2

r2

�
ðh − VþÞðh − V−Þ −

�
1þ a2

r2

�
;

V� ≔
1

r

�
−Lcrit �

jLrþ aLcritjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p
�
: ð56Þ

It is worth noticing here that the leading term in 1=r on the
rhs of (55) is proportional to a and to ah − L, which is a
feature shared also by Kerr equatorial orbits [116].
In the limit a → 0, the solution collapses to the Coulomb

non-Abelian potential we already considered in the last
section because

V� →
a¼0 1

r
ð−Lcrit � jLjÞ: ð57Þ

Regarding the case L ¼ ah, an analytical solution for τ as a
function of r exists (similarly to Kerr black hole equatorial
geodesic), but we do not display it here.
A pressing question is whether circular orbits exist, and

what the corresponding values are for the energy and the
angular momentum in these cases. The condition for
the existence of circular orbits at r ¼ r�, meaning that
the radius

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p
) is given by the common solution of

vrjr¼r� ¼ 0
dvr

dr






r¼r�

¼ 0: ð58Þ

With some algebra, we can reduce this system of
equations to

h2¼1−
Lcrit

r3�
ðaxþhr2�Þ; x≔L−ah;

ða2−x2Þ2¼−
Lcrit

r3�
ða2þr2�Þðx2þr2�Þð4ax−Lcritr�Þ; ð59Þ

where the last equation is a quartic polynomial in x. As
proved in Appendix B, for every a > 0, there are two
distinct real (and therefore other two complex) solutions for
(59). We call the real roots x1 and x2, and we order them as
x1 > x2. The values of the energy and the angular momen-
tum for such circular orbits are given by Eq. (59), i.e.,
explicitly

h�1;2 ¼
1

2r�

�
−Lcrit �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
crit þ 4r2� − 4

a
r�
Lcritx1;2

r �
;

L�
1;2 ¼ x1;2 þ ah�1;2; ð60Þ

where only ðhþ1 ; Lþ
1 Þ always satisfies the causality con-

straint. As we see later, this solution will indeed be related
with stable circular orbits.
In order to study the general case, we need to analyze the

nature of the roots of the rhs of the constraint equation (56).
Specifically, we have

ðvrÞ2 ¼ 1

r3
PðrÞ;

PðrÞ ≔ ðh2 − 1Þr3 þ 2hLcritr2

þ ða2ðh2 − 1Þ þ L2
crit − L2Þr

þ 2aLcritðah − LÞ; ð61Þ

that defines a third order polynomial PðrÞ, to which we can
apply the tools developed in Appendix B in order to
understand the nature of the roots. By computing the
reduce discriminant ΔRðPðrÞÞ [see (B5)], we can establish
whether

(i) PðrÞ has three simple real roots (ΔRðPðrÞÞ > 0),
(ii) PðrÞ has one simple real root (ΔRðPðrÞÞ < 0),
(iii) PðrÞ has a double or triple root (ΔRðPðrÞÞ ¼ 0),
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and by using Descartes’ rule of signs we can also under-
stand the number of positive/negative roots. We note that in
the case ΔRðPðrÞÞ ¼ 0 there are circular orbits with radius
given by solving Eq. (59). However, PðrÞ by itself is a
polynomial in h of degree 8, which is not possible to solve
analytically. Therefore, we can only qualitatively analyze
the real solutions of PðrÞ ¼ 0. We find that the properties
of the solution depend on the values of Lcrit and L.
Specifically, we find exactly two cases:

(i) Case 1, Lcrit < a: for a given value of L there are at
most four real solutions for h, and only two of them
can be positive. We denote them as hA, hB with
hA < hB when they exist.

(ii) Case 2, Lcrit > a: for a given value of L, there are
either two or four real solutions for h. One of these
real solutions is hþ1 , which is defined by Eq. (60).

In addition, as discussed before h ¼ L=a represents
another critical value of the energy since having h > L=a
or h < L=a will change of the sign of the constant term in
the polynomial PðrÞ. A detailed analysis for the orbits
shows that we can have the following cases:

(i) Elliptic orbits for4

hA < h < minfhB; 1g; Lcrit < a

hþ1 < h < minfL=a; 1g; Lcrit > a;

(ii) Hyperbolic-type orbits for h > 1 in all cases,
(iii) Plunge behavior for h > L=a in all cases,

where hA can be identified with the stable circular orbit
value hþ1 , and it is understood that when two intervals
overlap we can have different types of orbits according to
the boundary conditions (like the sign of the initial velocity
or also the initial radial coordinate). We have represented
the typical behavior of those solutions in Figs. 6, 7 and 8,
where we have also highlighted in red the ring singularity at
r ¼ 0 where the gauge potential has a singular behavior.
An interesting limit is the one which corresponds to

marginally bound circular orbits with h ¼ 1 (see Fig. 9); in
such a case, we can find a simple analytical solution for the
value of the radius and of the charges,

L�jh¼1 ¼ a −
� ffiffiffi

a
p �

ffiffiffiffiffiffiffiffi
Lcrit

p 	
2
;

r�;�jh¼1 ¼ a�
ffiffiffiffiffiffiffiffiffiffiffi
aLcrit

p
; ð62Þ

where r�;− exists only when Lcrit < a. Since our main goal
is to connect the conserved charges on the gauge side with
the ones on the gravity side, we leave a full analytical
analysis of the generic orbits for massive particles in the
case a > 0 for a future study.

–2 –1 0 1 2

–2

–1

0

1

2

FIG. 6. Elliptic orbit for the massive charged particle in theffiffiffiffiffiffiffiffiffi
Kerr

p
potential.
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–1

0

1

2

FIG. 7. Hyperbolic-type orbit for the massive charged particle
in the

ffiffiffiffiffiffiffiffiffi
Kerr

p
potential.
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–2

–1

0

1
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FIG. 8. Plunge orbit for the massive charged particle in theffiffiffiffiffiffiffiffiffi
Kerr

p
potential.4When Lcrit ¼ a, hB becomes equal to L=a.
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B. Massless probe

Using Eq. (34), we can derive the corresponding
equations of motion for a massless charged test particle
in the

ffiffiffiffiffiffiffiffiffi
Kerr

p
potential. In particular, the relativistic con-

straint equation becomes

ðvrÞ2 ¼
�
1þ a2

r2

�
ðh0 − V 0þÞðh0 − V 0

−Þ; ð63Þ

where the potential and the conserved quantities in the
massless case are

V 0
� ≔

1

r

�
−L0

crit �
jL0rþ aL0

critjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p
�
; ð64Þ

h0 ≔ vt þ α
C
r
; L0

crit ≔ −αC; ð65Þ

L0 ≔ ðr2 þ a2Þvϕ þ αaC
r

: ð66Þ

Causality requires vt > 0, and therefore, the conserved
energy has to satisfy h0 > −L0

crit=r. Meanwhile, from
Eq. (63), we know the region V 0

− < h0 < V 0þ is forbidden
otherwise the right-hand side is negative. Since V 0

− ≤
−L0

crit=r ≤ V 0þ, the physically meaningful value of the
energy is constrained as h0 ≥ V 0þ. Taking the time deriva-
tive of Eq. (63), we can derive

dvr

dτ
¼ −

�
1þ a2

r2

��
dV 0þ
dr

ðh0 − V 0
−Þ þ

dV 0
−

dr
ðh0 − V 0þÞ

�

−
a2

r3
ðh0 − V 0þÞðh0 − V0

−Þ; ð67Þ

and therefore, the condition to have circular orbits at r ¼ r�
is equivalent to

h0jr¼r� ¼ V 0þjr¼r� ;
dV 0þ
dr






r¼r�

¼ 0: ð68Þ

We find that a circular orbit requires the energy and angular
momentum to satisfy

h0� ¼ a2L0
crit

r3�

0
B@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2�

a2

s 1
CA; ð69Þ

L0
� ¼ −

a3L0
crit

r3�

�
1þ 2r2�

a2
�
�
1þ r2�

a2

�
3=2

�
: ð70Þ

As it is easy to show, in the vicinity of the singular ring
r → 0, we have

lim
r→0

V 0þðrÞ ¼
L0

a
: ð71Þ

A detailed analysis for the orbits show that we can have the
following:

(i) Hyperbolic-type orbits for any positive value of the
energy h0 > 0,

(ii) Plunge behavior for h0 ≥ L0=a both in the corotating
case L0 > 0 and in the in the counter-rotating
case L0 < 0,

(iii) Elliptic orbits for h0− < h0 < minf0; L0=ag with
L0 < Lcrit; h0− is determined implicitly in terms of
the minimum of V 0þ,

(iv) Stable circular orbits for ðh0; L0Þ ¼ ðh0−; L0
−Þ with

L < Lcrit and unstable circular orbits for ðh0; L0Þ ¼
ðh0þ; L0þÞ with L < −Lcrit,

where when two regions of the parameter space ðh0; L0Þ
overlap we can have different types of orbits according to
the initial boundary conditions. This behavior of the
massless probe particle is also (at least qualitatively)
exemplified by the pictures in Figs. 6, 7, 8 and 9 of the
previous section. Unlike null geodesics on the Kerr back-
ground, elliptic orbits are surprisingly allowed in the

ffiffiffiffiffiffiffiffiffi
Kerr

p
case, and there are stable circular orbits.

C. Double copy to Kerr geodesics
on equatorial orbits

We can now obtain the conserved charges for a probe
particle moving in the Kerr black hole background. In the
Kerr-Schild form we have

φðxÞ ¼ r
a2 cos2ðθÞ þ r2

; ð72Þ

kμ ¼
�
1;
r2 þ a2 cos2ðθÞ

a2 þ r2
; 0;−a sin2ðθÞ

�
: ð73Þ
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FIG. 9. Circular orbit for the massive charged particle in theffiffiffiffiffiffiffiffiffi
Kerr

p
potential.
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The conserved quantities in the Kerr spacetime is gained
from Eqs. (6) and (11); i.e., from

L
ffiffiffiffiffiffiffi
Kerr

p
¼ ðr2 þ a2Þvϕ þ aαe

C
r
; ð74Þ

h
ffiffiffiffiffiffiffi
Kerr

p
¼ vt þ αe

C
r
; ð75Þ

we get

LKerr ¼ðr2þa2Þvϕ−a
2GM
r

�
r2vr

a2þ r2
−avϕþvt

�
; ð76Þ

hKerr ¼ vt −
2GM
r

�
r2vr

a2 þ r2
− avϕ þ vt

�
: ð77Þ

The null-like and timelike geodesics on the equatorial orbit
can then be obtained by using these two charges and the
four-velocity normalization condition (9).

V. CONCLUSIONS

The color-kinematics duality offers promising ideas to
tackle complex problems in the gravitational setting, in
particular, regarding the two-body problem for two massive
particles in general relativity. In the extreme limit, where
one mass is much bigger than the other, i.e., at leading order
in the expansion in the mass ratio, the problem is equivalent
to a light particle following geodesics in the background
sourced by the other heavy particle. Making use of the
Kerr-Schild double copy, one can derive the background
metric on which the probe massive particle moves from the
corresponding gauge field configuration. In particular, for
Schwarzschild and Kerr, those correspond to a non-Abelian
1=r Coulomb-like potential (

ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
) and to the potential

generated by a rotating disk of charge (
ffiffiffiffiffiffiffiffiffi
Kerr

p
) [34]. The

latter can be also formally derived from the former using
the Newman-Janis shift [60,70,117].
In this work, we consider a test charged probe particle

moving in the
ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
and the equatorial plane of

ffiffiffiffiffiffiffiffiffi
Kerr

p
potential, and we solve Wong’s equations in terms of the
conserved energy h and the angular momentum L. In
particular, we focus on the case where the color charge
C ¼ cac̃a is negative, so that we can correctly reproduce
similar orbits with gravity, which is always attractive. We
can then extend the Kerr-Schild double copy to derive a
mapping between conserved charges of a probe particle in
the YM and in the gravitational background. Specifically,
the map (11) replaces the color charge of the test particle by
its momentum in the spirit of color-kinematics duality. This
allows us not only to recover fully the geodesic equations
for Schwarzschild and Kerr, but also provides the bridge
with the perturbative double copy prescription for charged
particles introduced by Goldberger and Ridgway to relate
the gluon and the graviton radiative field [22]. We believe

that a correspondence of our charge double copy with the
standard BCJ double copy can be done. For example,
we can compare some set of observables in the classical
limit—like the momentum impulse—computed for an
unbound orbit of a test particle with standard scattering
amplitude techniques (i.e., expanding around a straight-line
trajectory). While the double copy was originally discov-
ered in the S-matrix formalism and therefore for unbound-
like orbits, our mapping applies naturally also for bound
problems [118]. This is because explicit solutions of
equations of motion do have a natural analytical continu-
ation in terms of the conserved charges [93,118].
The

ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
and

ffiffiffiffiffiffiffiffiffi
Kerr

p
potentials are of interest on their

own, in particular, to understand better the YMdynamics in a
nonperturbative setting. Indeed, stabilities of these types of
potentials have been investigated by Mandula et al.
[108,110], Sikivie and Weiss [109] and Jackiw et al. [111]
long ago in relation to the confinement mechanism. For our
work, we keep the coupling constant small enough so that the
probe particle does not affect the gauge background. While
for

ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
we have found an analytical solution for any type

of orbit, for
ffiffiffiffiffiffiffiffiffi
Kerr

p
we have discussed qualitatively the

behavior of the probe particle moving in equatorial orbits.
For both potentials, we have found that massive test particles
can move in elliptic, circular, hyperbolic-type or plunge
orbits depending on the values of the conserved charges. For
massless particles, the situation is similar, but with a surprise;
while elliptic orbits are not allowed and circular orbits
become unstable in

ffiffiffiffiffiffiffiffiffiffiffi
Schw

p
, there are instead elliptic and

stable circular orbits for
ffiffiffiffiffiffiffiffiffi
Kerr

p
. With this exception in mind,

what is striking to us is the similarity of those solutions for
both backgrounds with the behavior of timelike and null-like
geodesics of Schwarzschild/Kerr [116], which is evident
both from intermediate stage calculations and also from the
explicit analytical results. It would be very interesting to
extend our analysis to generic nonequatorial orbits in Kerr,
perhaps by looking for a gauge theory analogue of the Carter
constant [119].
Summarizing, the probe limit contains much information

on full two-body problem in general relativity [86,120,121],
and our results provide another indication that such data are
entirely encoded in the simpler gauge theory dynamics via
the double copy map. This is supported also by previous
evidence coming from the derivation of the impulse [60] and
the multipoles [55] using double copy techniques.While we
have considered only the leading order contribution in the
so-called self-force expansion, it would be nice to under-
stand whether double copy can help to shed light also on the
higher order terms in the expansion in the mass ratio. We
leave this interesting problem for a future discussion.
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APPENDIX A: SHAPE OF THEffiffiffiffiffiffiffiffiffiffiffi
Kerr

p
POTENTIAL

We would like to show here the structure of the time
component of the potential At for

ffiffiffiffiffiffiffiffiffi
Kerr

p
, projected along

the x-z plane (there is always an azimuthal symmetry).
While for a > 0 at large distances from the singularity At
has an ellipsoidal shape, closer to the singularity line of
width a the potential develops a dipole-type configuration
(see Fig. 10).

APPENDIX B: CIRCULAR ORBITS
FOR THE

ffiffiffiffiffiffiffiffiffiffiffi
Kerr

p
POTENTIAL

The goal of this section is to recap some basic notions of
some linear algebra that is useful to understand the nature
of the roots of a third and fourth order degree univariate
polynomial. For the polynomial

λ1x4 þ λ2x3 þ λ3x2 þ λ4xþ λ5 ¼ 0; ðB1Þ

the explicit roots are given by

x1;2 ¼ −
λ2
4λ1

− S� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4S2 − 2pþ q

S

r
;

x3;4 ¼ −
λ2
4λ1

þ S� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4S2 − 2p −

q
S

r
; ðB2Þ

where we have defined

p ≔
8λ1λ3 − 3λ22

8λ21
;

q ≔
λ32 − 4λ1λ2λ3 þ 8λ21λ4

8λ31
;

Δ0 ≔ λ23 − 3λ2λ4 þ 12λ1λ5;

Δ1 ≔ 2λ33 − 9λ2λ3λ4 þ 27λ22λ5 þ 27λ1λ
2
4 − 72λ1λ3λ5;

Q ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

1 − 4Δ3
0

q
2

3

vuut
;

S ≔
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
2

3
pþ 1

3λ1

�
Qþ Δ0

Q

�s
: ðB3Þ

It turns out that if the discriminant [122] is

Δ ≔
1

27
ð4Δ3

0 − Δ2
1Þ < 0; ðB4Þ

then the Eq. (B1) has two distinct real roots and two
complex (conjugate) roots. In the particular case λ1 ¼ 0, we
can use the reduced discriminant ΔR,

ΔR ≔ λ23λ
2
4 − 4λ2λ

3
4 − 4λ33λ5 þ 18λ2λ3λ4λ5 − 27λ22λ

2
5; ðB5Þ

which is positive when the third order degree polynomial
has three real roots and negative when it has one real and
two complex conjugate roots. We can apply these tools to
find how many real solutions we have for the x variable in
the case of circular orbits in

ffiffiffiffiffiffiffiffiffi
Kerr

p
; using from the

polynomial equation (59) where

λ1 ≔ mu;

λ2 ≔ 4aLcritmu2ða2u2 þ 1Þ;
λ3 ≔ −L2

critmuða2u2 þ 1Þ − 2a2mu;

λ4 ≔ 4aLcritmða2u2 þ 1Þ;

λ5 ≔ a4mu −
L2
critmða2u2 þ 1Þ

u
; ðB6Þ

we find that

Δ ¼ −16m6ða2u2 þ 1Þ4ð2a2Lcritu2ð2a2 þ L2
critÞ þ L3

critÞ2
× fL2

critu
2½27a4u4 þ L2

crita
2u4

þ36a2u2 þ L2
critu

2 þ 8� þ 16g ðB7Þ

is always manifestly negative.
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FIG. 10. Regions of the same color on the x-z-plane (with z
pointing upwards) are divided by lines of constant At. The left
figure shows the result for a ¼ 0, the right one for a ¼ 0.7.
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