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A quantum field of s ¼ 1=2 in the vicinity of a dust shell contracting at a distance rðt0Þ to near its
gravitational radius rs as seen by a FIDO observer is considered. Such an observer perceives a batch of
particles around the event horizon. The origin of the particles around the spherical surface of radius
r ¼ rs þ ϵ lies in the thermal excitations in the Boulware vacuum state, j0iB for an external observer. The
foregoing is done based on thermo field dynamics, as it allows one to explain the origin of SBH as a state of
entanglement between the modes of the fermionic field spreading through the Kruskal variety SEnt ∝ SBH
with respect to a FIDO observer. A location of the degrees of freedom responsible for SBH entropy is given.
The occupation number for particles of a half-integer spin s ¼ 1=2 is estimated, and it is compared with the
occupation number of particles of spin s ¼ 0, finding that the occupation number of the Dirac field is
slightly lower than the occupation number of scalar particles in the vicinity of the gravitational radius; this
allows confirming the exclusion principle near event horizons. The other thermodynamic properties of the
field are estimated.

DOI: 10.1103/PhysRevD.104.105006

I. INTRODUCTION

General relativity predicts that spacetime is a
Riemannian manifold, and some of the solutions lead to
the existence of black holes. Such astronomical bodies are
currently the subject of intense study from an observational
and theoretical point of view. A black hole (BH) possesses
unique physical characteristics: it has an event horizon, it
has an intense gravitational field such that nothing can
escape from within it, and it is characterized by only three
physical parameters: its charge Q, mass M, and angular
momentum J⃗. Hence, two black holes look identical to an
external observer.
Recent discoveries have been of gravitational waves for

black holes and compact exotic objects (ECOs) [1,2], as
well as the first direct photograph of the vicinity of a black
hole [3]. They definitely pave the way for a better under-
standing of black holes and the quantum nature of gravity
in the coming decades.
Early in the 1970s, it was possible to identify how the

horizon of a black hole is affected when a bit of information
is added to it. This allows associating entropy with a BH
[4]. By 1972, Hawking introduces the derivative of the
electromagnetic radiation temperature for a Schwarzschild
black hole [5],

TH ¼ ℏc3

8πkBGM
: ð1Þ

Subsequently Gibbons-Hawking introduced a statistical
derivative of the entropy of a black hole,

SBH ¼ kBc3

4ℏG
A; ð2Þ

where an analytic extension to the Euclidean sector is used
by imposing a Matsubara period 1=TH [6,7]. This explains
which microscopic degrees of freedom are responsible
for (1), given that the Euclidean approach suggests some
kind of origin in the topological structure of spacetime [7].
In the same vein, SBH is believed to describe a true
thermodynamic entropy that is given by a generalized
second law of thermodynamics, which expresses the sum of
SBH and the entropy of the universe never decreases [8,9].
A promising candidate for the origin of SBH corresponds

to entanglement entropy SEnt. It is associated with the
modes and quantum correlations of the field that are hidden
from an external observer in the presence of a horizon.
Under the consideration that a black hole is in an unknown
pure quantum state, there are correlations between the
modes inside and outside the horizon, so it is possible to
determine the entanglement entropy SEnt by counting the
modes outside the horizon, according to the pioneering
work of Bombelli [10], Srednicki [11], Terashima [12], and
others. Having
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SEnt ∝ A; ð3Þ

where A is the partition area of the wall and is not only an
inherent characteristic of black holes, but rather extends to
other types of scenarios [11,12]. In this sense, Srednicki
shows that the base state density matrix for a scalar field,
which is plotted over the degrees of freedom inside an
imaginary sphere, leads to an entropy proportional to
the area

S ¼ KM2A; ð4Þ

where K is a numerical constant that depends onM [11]. In
the same way, Terashima seeks to explain SBH in terms of
the inner and outer horizon modes. Hence, the thickness
of the inner and outer horizon region is around the Planck
length lP. This makes it possible to obtain an entropy of

S ≈ C
A
a2

; ð5Þ

where a corresponds to the horizon fluctuations and C is a
constant [12].
Interpreting the entanglement state is related to the wall

model introduced by ’t Hooft [13]. This model is consid-
ered as a black shell, in other words, a spherical shell
compressing from infinity to near its gravitational radius,
where the thermal atmosphere is shown to arise as the
excitations of the Boulware ground state, and a precise
location of such excitations in the Hartle-Hawking state
is also noted [14–17]. One of the explanations for SBH
entropy is related to the physical properties of the vacuum
in strong gravitational fields, where there are always zero-
point field fluctuations in a vacuum state. Thus, an observer
at rest with respect to the horizon sees the vacuum
excitations as an atmosphere around the horizon [18].
Within such a context, the free energy of the quantum
scalar field around the horizon is

FðβÞ ≈ −
π2

90

Z ffiffiffiffiffiffi
−g

p
T4d3x; ð6Þ

where g is the determinant of the metric (19) and the
temperature is determined by Tolman’s law as

TðrÞ ¼ T∞ffiffiffiffiffiffiffiffiffi
fðrÞp ; ð7Þ

where T∞ is the temperature measured by an observer at
infinity. Thus, for a Schwarzschild black hole, the entropy
is found using standard statistical mechanics as

S ¼ β2
∂FðβÞ
∂β ≈

1

360πϵ2
A; ð8Þ

where β ¼ 1
T∞
, ϵ is cutoff near the horizon, and A is the

horizon area. Here, the field is considered to be in thermal
equilibriumwith the horizon, leading to the field temperature
coinciding with the Hawking temperature, which allows the
entropy of the field external to the horizon to be of around the
samemagnitude as the entropy of the horizon SBH. Under this
model, entropy was related to properties of the vacuum. Its
explanation lies in the fact that a static observer near the
horizon perceives the vacuum as a mixed state. That occurs
because an observer cannot measure beyond the horizon,
since there is a nontrivial densitymatrix ρ̂, which occurs since
the vacuum fluctuations of the field are correlated in an
entangled state between what is observable and what is
nonobservable at the horizon and the loss of information is
quantified by means of the entanglement entropy:

SEnt ¼ −Trρ̂ ln ρ̂: ð9Þ

Hence, the entanglement entropy coincides with thermal
atmosphere entropy, because ρ̂ is a thermal densitymatrix. At
this point, Fursaev indicates that if SEnt explains the origin of
SBH, then the following questions arise:
(1) Entropy S in (8) depends on the cutoff ϵ; therefore

there must be a natural reason that explains why ϵ
must be adjusted so that S ¼ SBH. The fact of
introducing a cutoff means that the quantum field
does not spread entirely throughout spacetime.

(2) In general, S receives contributions from all fields
present in nature. This depends on the total number
of fields and their spins. However, SBH does not
seem to show such dependence [7].

In this same line of research, Arenas and Tejeiro [14] propose
a black shell model where the existence of thermal energy is
strongly concentrated near the horizon with respect to a
uniformly accelerated observer according to the equivalence
principle. For such a model, an interpretation of SBH entropy
requires a consistent cross-interpretation of the entanglement
state with thermal field dynamics, which allows one to assert
the origin and location of such entropy [14,15,19,20]. In this
sense we extend this research program to a Dirac field.
This research is distributed as follows: in Sec. II, a brief

outline of the nature of thermo field dynamics is discussed.
Section III contains the entanglement entropy for the Dirac
field in a black shell. Section IV describes the thermo field
dynamics for the Dirac field. Similarly, Sec. V provides the
quantum formulation of the Dirac field close to a black
shell. Section VI discusses the thermal energy of the Dirac
field in a black shell. Section VII describes the entangle-
ment entropy SEnt for s ¼ 1=2 fermions. It ends with the
Discussion and Conclusions, Sec. VIII.

II. NATURE OF THERMO FIELD DYNAMICS

There is a system H, which can be subdivided into two
subsystemsH1 and H2, such that H1 and H2 are physically
indistinguishable and the subsystems are coupled such that
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the state ofH is described as jΨi¼ jΨ1;Ψ2i. Consequently,
Hi can be considered the thermal batch of Hj at a
temperature T. Moreover, the subsystem Hi has a
Hamiltonian Hi, whose eigenvalue equation is

HijΨii ¼ EnjΨii: ð10Þ

On the other hand, the pure state jΨi of H at a temperature
T coupling H1 and H2 is of the form

jΨi ¼ 1ffiffiffiffi
Z

p
X
n

e−En=2T jΨ1;Ψ2i; ð11Þ

where Z is the partition function of system H,

Z ¼ e−En=T ð12Þ

with the condition that the pure states of H are normal-
ized hΨjΨi ¼ 1.
Therefore, the entropy for the pure stateΨ of systemH is

zero given that

S ¼ −Tr½ρ ln jρj� ¼ 0 ð13Þ

when

ρ ¼ jΨihΨj ¼ jΨ1;Ψ2ihΨ1;Ψ2j: ð14Þ

Under this same line of action, it is possible to estimate the
reduced density matrix ρ1 for H1, when partially plotted
over the quantum states jΨ2i. This allows determining the
eigenvalues proportional to the Boltzmann factor e−En=T,
such that the reduced density matrix takes the form

ρ1 ¼ Tr2½ρ� ¼ Tr2½jΨihΨj�
¼ Tr2½jΨ1;Ψ2ihΨ1;Ψ2j�

¼ 1ffiffiffiffi
Z

p e−En=T jΨ1ihΨ1j: ð15Þ

Consequently, entropy for H1 is

Sðρ1Þ ¼ −Tr½ρ1 ln jρ1j� ¼ ln jZj þ hEiT
T

: ð16Þ

The same result can be determined based on (15) and (16)
for H2, then obtaining

SEnt ¼ S1 ¼ S2 > 0: ð17Þ

With the condition that the total entropy of the system
HðH1; H2Þ is zero, SðHÞ ¼ S1 þ S2 ¼ 0.
Based on the foregoing, there is a mixed state of the

system H in thermal equilibrium, and it is purified when
Fock space is doubled. This allows converting the statistical
value of an operator hAii acting on Hi with the expected

value of this same operator on the extended Fock space
hΨjAijΨi [16,21–24],

hAii ¼ Tr½ρiAi�;
¼
X
n

e−En=T hΨijAijΨii ¼ hΨjAijΨi: ð18Þ

The key spirit of the thermo field dynamics technique
lies in the ability to encode the bilateral symmetry existing
between H1 and H2, which is analogous to the bilateral
symmetry existing between the modes of the Φ field
spreading into the two regions R and L of the maximally
extended Schwarzschild spacetime, as shown in Fig. 1.

III. ENTANGLEMENT ENTROPY FOR DIRAC
FIELD IN A BLACK SHELL

An external observer in a flat region sees around the
black shell (BS) spacetime as

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ r2dθ2 þ r2 sin2 dϕ2; ð19Þ

fðrÞ ¼ 1 −
2M
r

: ð20Þ

Thus, for a spherical thin shell of dust collapsing
from infinity to the Schwarzschild radius according to
an external stationary observer, its motion equation for
BS is [25]

a ¼ M
μ
;

dr
dτ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
aþ M

2ar

�
2

− 1

s
; ð21Þ

FIG. 1. Bilateral symmetry existing between the field modes
spreading into the two regions R and L of the maximally
extended Schwarzschild spacetime.
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where a is the ratio between gravitational mass M and rest
mass μ of BS. Also τ is the proper time for free fall observer
(FFO). Arenas and Castro (AC) proposed an alternative
solution to the motion equation of BS [26],

rðtÞ ¼ rs þ δre−t=τ̄; δr ¼ r0 − rs;

rs ¼ 2M; τ̄ ¼ 4M
3

; ð22Þ

where t is the coordinate time for a BS that is contracting
and measured by a FIDO observer, r0 is the initial position
of BS in t ¼ t0, rs is the Schwarzschild radius, andM is the
mass of BS.
Consider a Dirac field in a curved spacetime with the

metric (19) [27–63]. Based on the foregoing, the Dirac
equation ½iγμ∇μ þm�Ψ ¼ 0, γμ ¼ γaeaμ is rewritten as

½γaeaμð∂μ þΩμÞ þm�Ψ ¼ 0; ð23Þ

where the tetrads are determined as

gμν ¼ ηabeμaeνb; η ¼ diagð−1; 1; 1; 1Þ; ð24Þ

furthermore, the matrices γa are

γ0 ¼
�−i 0

0 i

�
; γi ¼

�
0 −iσi

iσi 0

�
; ð25Þ

where i ¼ 1, 2, 3. And the Pauli matrices are

σ1 ¼
�
0 1

1 0

�
; ð26Þ

σ2 ¼
�
0 −i
i 0

�
; ð27Þ

σ3 ¼
�
1 0

0 −1

�
: ð28Þ

Hence, according to (24), the tetrads for the Schwarzschild
spacetime are

eμa ¼
� ffiffiffiffiffiffiffiffiffi

fðrÞ
p

;
1ffiffiffiffiffiffiffiffiffi
fðrÞp ; r; r sin θ

�
; ð29Þ

where Ωμ is called the spin connection

Ωμ ¼
1

8
½γa; γb�eaνebν;μ: ð30Þ

The radial equation given in (34) describes particles
whose positive and negative frequency modes, respectively,
have the same energy spectrum in the vicinity of the
horizon [28,64] (for specific details see Appendix A).

Thus, for this research, we assume that the radial equations
are identical for the positive and negative frequency
particles FðrÞ ¼ GðrÞ. Thus, in the high-frequency limit,
obtaining

QðrÞ ¼ 1

4κ20δr
½ω2 − Vðr; κ; m;ωÞ�; ð31Þ

where

W ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ0
δr

�
κ2

r2
þm2

�s
δr; ð32Þ

Vðr; κ; m;ωÞ ¼ 2κ0δr
dW
dr

þW2: ð33Þ

Hence,

d
dr

�
dF
dr

�
þQðrÞF ¼ 0: ð34Þ

Explicitly, obtaining

QðrÞ ¼ 2δr2

fðrÞ
�

ω2

2fðrÞδr −
m2

2δr
þ κ2

r2
TðκÞ

�
; ð35Þ

where

TðκÞ ¼ 1

2δr

0
B@ 1

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

fðrÞ ½m2 þ κ2

r2�
q − 1

1
CA: ð36Þ

Thus, under the Wentzel-Kramers-Brillouin approxi-
mation (WKB) approximation, the radial solution for
(34) is [65–68]

FðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω2

4π2QðrÞ
4

s
e−i
R ffiffiffiffiffiffiffi

QðrÞ
p

dr: ð37Þ

The condition of validity for (37) is given by

jϕðrÞ00j ≈ 1

2

���� QðrÞ0ffiffiffiffiffiffiffiffiffiffi
QðrÞp ����≪ jQðrÞj: ð38Þ

Solving Eq. (34) for the Dirac field in the Schwarzschild
spacetime, (35) and (37), the modes of the Dirac field,
according to

Φðt; r; θ;ϕÞ ¼ FðrÞ
r

 
iφ�

j;mðθ;ϕÞ
φ∓
j;mðθ;ϕÞ

!
e−iωt; ð39Þ

with FðrÞ defined in (37), QðrÞ and TðκÞ in (35) and (36)
such that these are normalized under the inner product
defined as [69]

W. A. ROJAS C. and J. R. ARENAS S. PHYS. REV. D 104, 105006 (2021)

105006-4



ðΦΩðt; xÞ;ΦΩðt0; x0ÞÞ ¼
Z

d3xΦ̄Ωðt; xÞγ0ΦΩðt; xÞ; ð40Þ

the Dirac adjoint is defined as

Φ̄Ωðt; xÞ ¼ Φ�
Ωðt; xÞγ0: ð41Þ

In addition, the harmonic spinors Ys
lm are orthogonal

when [70] Z
4π
Y�s
lmY

s
lmdΩ ¼ δll0δmm0 : ð42Þ

On the other hand, the field modes (39) are rewritten as

ΦΩðt; xÞ ¼ ΦΩðxÞeiωt;ΦΩðxÞ ¼
FðrÞ
r

� iφ�
j;mðθ;ϕÞ

φ∓
j;mðθ;ϕÞ

�
;

ð43Þ
where x ¼ ðr; θ;ϕÞ and Ω ¼ ω; κðlÞ; l; m.
The modes (43) are taken to the null coordinates

U, V [14,71,72],

ΦðϵÞ
Ω ðU; xÞ ¼ Θð−ϵÞΦout

Ω ðu; xÞ;
ΦðϵÞ

Ω ðV; xÞ ¼ ΘðϵÞΦin
Ωðv; xÞ; ð44Þ

such that Θ defines the unit step function with ϵ ¼ �1.
Consider two representations for the fermionic field

given in terms of the Killing-Boulware modes (KB),

ΦðϵÞ
Ω ðU; xÞ and ΦðϵÞ

Ω ðV; xÞ, and the Hartle-Hawking modes

(HH), ΨðϵÞ
Ω ðU; xÞ y ΨðϵÞ

Ω ðV; xÞ. The modes are orthogonal
under the inner product [44], leading to orthogonality
relations for the modes of frequency ω > 0 and ω < 0
defined as [46]

ðΦ�
ΩðxÞ;Φ∓

Ωðx0ÞÞ ¼ 0; ð45Þ

ðΦþ
ΩðxÞ;Φþ

Ω0 ðx0ÞÞ ¼ ðΦ−
ΩðxÞ;Φ−

Ω0 ðx0ÞÞ ¼ δΩΩ0 : ð46Þ

The transformation between the HH and KB modes in the
form [14,16,21,69,72]

ΨðϵÞ
Ω ðt; xÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin χ cos χ

p
× e−iωtϵðωÞϵΦΩðxÞ; ð47Þ

In the Fig. 2, we can see the modes of fermionic field for
FIDO and FFO

tan χ ¼ e−βω=2 ¼ e−πω=κ0 ; ð48Þ
In the Fig. 3, the modes of fermionic field in the Carter-
Penrose diagram can be expanded in terms of creation and
annihilation operators

β ¼ 1

T
and T ¼ TH ¼ κ0

2π
: ð49Þ

IV. THERMO FIELD DYNAMICS FOR DIRAC
FIELD IN A BLACK SHELL

Under the canonical quantization scheme, the fermionic
field expands into [31,55–57,59,65,73,74]

Φðt; xÞ ¼
X
Ω
½bΩFΩ þ d†ΩGΩ�; ð50Þ

Φðt; xÞ ¼
X
Ω
½bΩuΩe−iωt þ d†ΩvΩe

iωt�; ð51Þ

defining for (50)

FΩ ¼ uΩe−iωt; GΩ ¼ vΩeiωt; ð52Þ

and

uΩ ¼ FðrÞ
r

� iφþ
j;mðθ;ϕÞ

φ−
j;mðθ;ϕÞ

�
; vΩ ¼ FðrÞ

r

� iφ−
j;mðθ;ϕÞ

φþ
j;mðθ;ϕÞ

�
:

ð53Þ

Thus, the bispinors uΩ and vΩ contain the harmonic spinors
defined in (A4). Moreover, they are orthogonal under the
spinor product [50–53,60,62,70], then

ΦðϵÞ
Ω ðt; xÞ ¼

X
Ω

h
bðϵÞΩ FΩ þ d†ðϵÞΩ GΩ

i
; ϵ ¼ �; ð54Þ

and they satisfy the anticommutator properties for frac-
tional spin particles s ¼ 1=2 [59,61–63],

n
ΦðϵÞ

Ω ðt; xÞ;Φ†ðϵÞ
Ω0 ðt; x0Þ

o
¼ δΩΩ0δ3ðxx0Þ; ð55Þ

n
ΦðϵÞ

Ω ðt; xÞ;ΦðϵÞ
Ω0 ðt; x0Þ

o
¼
n
Φ†ðϵÞ

Ω ðt; xÞ;Φ†ðϵÞ
Ω0 ðt; x0Þ

o
¼ 0:

ð56Þ

FIG. 2. Modes of the fermionic field in terms of FIDO and FFO
observers.
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Once the field operator ΦðϵÞ
Ω ðt; xÞ under the KB scheme

has been established, it is possible to apply the trans-
formation (47) to determine the field operator under the HH
scheme. This leads to

ΨðϵÞ
Ω ðt; xÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin χ cos χ

p
e−iωtϵðωÞϵ

X
Ω
½bΩFΩ þ d†ΩGΩ�;

ð57Þ

where ϵ ¼ � and χ is defined by (48).
The Lagrangian density L for the Dirac field in the

vicinity of a shell in the form [27,29–32,69]

L ¼ i
2
½Ψ̄γμ∇μΨ − ð∇μΨ̄ÞγμΨ� −mΨ̄Ψ; ð58Þ

where the covariant derivatives of ∇μΨ and ∇μΨ̄ are in
the form

∇μΨ ¼ ∂μΨþΩμΨ; ∇μΨ̄ ¼ ∂μΨ̄ −ΩμΨ̄: ð59Þ

In addition, the spin connection defined above allows
expressing the Lagrangian density L as

L ¼ iΨ̄γμ∂↔μΨ −mΨ̄Ψþ Ψ̄
�
1

4
ϵabcdωabcγ

5γd

�
Ψ;

∂↔μ ¼
�∂⃗μ − ∂⃖μ

2

�
: ð60Þ

Thus, for (60), a Lagrangian density for a classical Dirac
field is defined as [59,61–63]

L ¼ Lclassic þ Ψ̄
�
1

4
ϵabcdωabcγ

5γd

�
Ψ; ð61Þ

where

ωabc ¼ eμc½ηadedνeνb;μ�: ð62Þ

If we estimate the antisymmetric part of ωabc, we obtain

ω½abc� ¼ 0: ð63Þ

Therefore, the Lagrangian density L in (61) is

L ¼ iΨ̄γμ∂↔μΨ −mΨ̄Ψ: ð64Þ

At this point, the following comment regarding the term
ϵabcdωabcγ

5γd is noteworthy:

ieμaγaΩμ ¼
1

4
ϵabcdωabcγ

5γd: ð65Þ

Such a term is associated with a spin tensor current. In this
particular case, we have ω½abc� ¼ 0, which implies that
the spin connection term is zero in the case of the
Schwarzschild spacetime and also for the Minkowski
spacetime. Thus, for the Schwarzschild spacetime there
is no spin-gravitational field interaction [31,75].
Near the gravitational radius rs, the Hamiltonian density

can be rewritten as (for specific details see Appendix B)

H ¼ i
2κδr

Ψ†∂↔tΨ: ð66Þ

V. QUANTUM FORMULATION OF DIRAC
FIELD CLOSE TO BLACK SHELL

Additionally, for the Ansatz considered above

ΨΩðt; xÞ ¼
1ffiffiffiffiffiffiffiffiffi
fðrÞ4

p Φðt; xÞ; Ψ̄ðt; xÞ ¼ 1ffiffiffiffiffiffiffiffiffi
fðrÞ4

p Φ̄ðt; xÞ

ð67Þ

allow rewriting the Hamiltonian density as

H¼ i
2fðrÞ½Φ̄ðt;xÞγ0∂0ðΦΩðt;xÞÞ−∂0ðΦ̄Ωðt;xÞÞγ0ΦΩðt;xÞ�:

ð68Þ

Moreover, it has previously been written that the field
ΦΩðt; xÞ has been promoted to a field operator in the form
given in (54)

ΦðϵÞ
Ω ðt; xÞ ¼

X
Ω

h
bðϵÞΩ FΩ þ d†ðϵÞΩ GΩ

i
;

Φ̄ðϵÞ
Ω ðt; xÞ ¼

X
Ω

h
b†ðϵÞΩ F̄Ω þ dðϵÞΩ ḠΩ

i
; ϵ ¼ �: ð69Þ

Consequently, the field operator HðϵÞ for the R and L
regions of the maximally extended Schwarzschild space-
time is written as

HðϵÞ ¼
X
Ω

�
b†ðϵÞΩ bðϵÞΩ ωþ d†ðϵÞΩ dðϵÞΩ ω −

ω

2
−
ω

2

�
: ð70Þ

FIG. 3. The modes of the fieldΦðϵÞ
Ω ðt; xÞ in each region R and L

of the Penrose diagram can be extended in terms of operator
creation and annihilation.
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If, in addition, we define for (70) the occupation number

operator as NðϵÞ
Ω ¼ b†ðϵÞΩ bðϵÞΩ for particles with frequencies

ω > 0 and N̄ðϵÞ
Ω ¼ d†ðϵÞΩ dðϵÞΩ with frequencies ω < 0, addi-

tionally for (70) we identify the zero-point energy
defined as Z:P:E: ¼ ω

2
þ ω

2
, which corresponds to each

contribution for the considered particles. Thus, finally
arriving at [76]

HðϵÞ ¼
X
Ω

h
NðϵÞ

Ω ωþ N̄ðϵÞ
Ω ω − Z:P:E:

i
: ð71Þ

Given the thermo field dynamics (TFD) scheme, it is
necessary to introduce a copy system (accent), which is
identical to the original one, with a Hamiltonian denoted H̃
and state vectors jñi obey an eigenvalue equation. Con-
sequently, under this scheme and by considering the
Schwarzschild variety in Kruskal coordinates, it is neces-
sary to consider HðþÞ as the real system and Hð−Þ as the
copy system. This is why their eigenvalue equations are
[21–24,36,77–79]

HðþÞjnðþÞi ¼ EðþÞjnðþÞi ∈ R; ð72Þ

Hð−Þjnð−Þi ¼ Eð−Þjnð−Þi ∈ L: ð73Þ

Under such conditions, based on (72) and (73), the
entire Hamiltonian of the Dirac field can be expressed in
the form

H ¼ HðþÞ −Hð−Þ ¼
X
Ω

h
NðþÞ

Ω − Nð−Þ
Ω þ N̄ðþÞ

Ω − N̄ð−Þ
Ω

i
ω:

ð74Þ

On the other hand, for the region R, the Dirac field has four
incoming and four outgoing modes and similar modes for
the region L. Hence, 16 modes are needed to describe the
whole Dirac field in the Schwarzschild spacetime as shown
in Fig. 4.

In addition, the anticommutation rules for the creation
and annihilation operators are in the form fbðϵÞ; b†ðϵÞg ¼
fdðϵÞ; d†ðϵÞg ¼ I, and the other combinations that may
arise are fbðϵÞ; bðϵÞg ¼ fdðϵÞ; dðϵÞg ¼ fb†ðϵÞ; b†ðϵÞg ¼
fd†ðϵÞ; d†ðϵÞg ¼ � � � ¼ 0.
The Hilbert space for the Dirac field allows building the

vacuum state [80,81]

j0iB ¼ j0iðþÞþ
B ⊗ j0ið−Þ−B ; ð75Þ

where j0iðþÞþ corresponds to the vacuum state for positive
frequency particles in the region R and j0ið−Þ− corresponds
to the vacuum state for positive frequency particles in the
region L. Also know that the state is normalized when

Bh0j0iB ¼ 1 for regions R and L including the positive and
negative frequency modes particles

bðþÞbð−Þj0ðþÞ; 0ð−ÞiþB ¼ 0;

dðþÞdð−Þj0ðþÞ; 0ð−Þi−B ¼ 0: ð76Þ

Therefore, the thermal vacuum state j0ðβÞi for the Dirac
field is defined as

j0ðβÞiþB ¼ j0ðβÞðþÞiþB ⊗ j0ðβÞð−ÞiþB ;
j0ðβÞi−B ¼ j0ðβÞðþÞi−B ⊗ j0ðβÞð−Þi−B; ð77Þ

which corresponds to the entanglement state between the R
and L regions for particles of positive frequency modes.
Consequently, the most general possible full vacuum state
including particles with positive and negative frequency
modes corresponds with [22–24,28,64,78–80,82]

j0ðβÞiB ¼ 1

ZðβÞ ½1þ e−βEn=2b†ðþÞb†ð−Þ�

× ½1þ e−βEn=2d†ðþÞd†ð−Þ�j0ðþÞ; 0ð−ÞiþB
⊗ j0ðþÞ; 0ð−ÞiþB : ð78Þ

Finally, once the Bogoliubov coefficients have been
determined, it is possible to estimate the expected value

of the occupation numbers hNðϵÞ
Ω i and hN̄ðϵÞ

Ω i (for specific
details see Appendix C),

hNðϵÞ
Ω i ¼ hN̄ðϵÞ

Ω i ¼ h0ðβÞjbðϵÞ†Ω bðϵÞΩ j0ðβÞi

¼ h0ðβÞjdðϵÞ†Ω dðϵÞΩ j0ðβÞi ¼ v2ðβÞ ¼ 1

1þ eβω
: ð79Þ

VI. THERMAL ENERGY OF DIRAC FIELD
IN A BLACK SHELL

Therefore, the momentum-energy tensor of the Dirac
field for a spacetime is [69,83,84]

FIG. 4. Incoming and outgoing modes in the maximal repre-
sentation of the Schwarzschild spacetime in Kruskal coordinates.
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Ta
μ ¼

1

e
δðeLMÞ
δeμa

; ð80Þ

which allows obtaining

Tμν ¼
i
2
½Ψ̄γμ∇

↔

νΨþ Ψ̄γν∇
↔

μΨ�: ð81Þ

Estimating the value of the Wightman function for the
Dirac field in a curved spacetime is [14,69,85–87]

Wabðx; x0ÞH ¼ Hh0jΨaðxÞΨ̄bðx0Þj0iH; ð82Þ

Wabðx; x0ÞB ¼ Bh0jΦaðxÞΦ̄bðx0Þj0iB; ð83Þ

where a and b are the indexes that run 1–4 for the spinor
space. On the other hand, the field ψaðxÞ is expressed as

ψaðxÞ¼
X
ϵ;ω

h
bðϵÞΩ þdðϵÞΩ

i
ΦðϵÞ

a;ΩðxÞ¼
X
ϵ;ω

h
fðϵÞΩ þgðϵÞΩ

i
ΨðϵÞ

a;ΩðxÞ:

ð84Þ

Based on the foregoing, we find that (for specific details see
Appendix D)

−hT0
0ðx; x0Þi ¼

Z
∞

0

E

1þ eE=TðrÞ
4πp2

ð2πÞ3 dp

¼
Z

∞

0

E

1þ eE=TðrÞ
4πp2

h3
dp: ð85Þ

We know the T00 component of the energy-momentum
tensor is associated with the matter-energy density of the
field, ρ ¼ −hT0

0ðx; x0Þi. Hence, we have

ρ ¼ −
Z

∞

0

E

1þ eE=TðrÞ
4πp2

h3
dp; ð86Þ

which corresponds to a remarkable finding since the energy
density of the fermionic field coincides with that reported
by [7,14] for scalar fields. If, in addition, considering that
the modeled Dirac field corresponds to Majorana fermions,
which are weakly interacting, then the energy-momentum
tensor Tμν can be considered as an ideal fluid such that
ρ ¼ −hT0

0ðx; x0Þi and the pressures p ¼ 1
3
hTa

aðx; x0Þi ¼ 1
3
ρ.

The foregoing necessarily leads to

P ¼ 1

3

Z
∞

0

E

1þ eE=TðrÞ
4πp2

h3
dp: ð87Þ

Following Mukohyama [7] with the ultrarelativistic
approximation for massive particles whose velocities are
v ∼ c and p ≫ m, we get E ∼ pv; hence, Eq. (87) is
simplified to

P ¼ 1

3

Z
∞

0

pv

1þ eE=TðrÞ
4πp2

h3
dp: ð88Þ

Now, recalling (D29), which corresponds to the spatial
components of the Wightman function [14],

hTijðx; x0Þijx¼x0 ¼ 0: ð89Þ

VII. ENTANGLEMENT ENTROPY
OF DIRAC FIELD

Considering the partition function ZΩðβÞ per mode,
given in (C1), for when Ω¼ω;κðlÞ;m [14,22,23,78,88,89],

ZΩðβÞ ¼
X1
n¼0

½e−βω�n ¼ ð1þ e−βEnÞ; ð90Þ

where n ¼ fnΩ ∀ Ω;ω > 0g. Moreover, under the high
energy range, we have

En ¼
X
Ωω>0

nΩω: ð91Þ

Consequently, we find that the partition function for the
Dirac field in the vicinity of the shell corresponds to the
product of the partition functions for each mode with
quantum numbers Ω ¼ ω; κðlÞ; m [88,89], which is equally
valid for bosons and fermions. Therefore, the partition
function becomes

Z ¼
Y
Ωω>0

ZΩðβÞ ¼
Y

Ω;ω>0

X1
n¼0

½e−βω�n ¼
Y

Ω;ω>0
ð1þ e−βEnÞ:

ð92Þ
We require that (for specific details see Appendix E)

sin
�Z

rκn

rsþϵ

ffiffiffiffiffiffiffiffiffiffi
QðrÞ

p
dr
�
¼ 0; ð93Þ

which is equivalent toZ
rκn

rsþϵ

ffiffiffiffiffiffiffiffiffiffi
QðrÞ

p
dr¼

Z
rκn

rsþϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Qðrκn;ωκn;κðlÞÞ

p
dr¼nπ; ð94Þ

where QðrÞ is defined by (35) and (36) for the fermionic
field in the vicinity of the shell. Arenas and Tejeiro propose
the case of a scalar field as [14]

k2 ≡ 1

f

�
ω2

f
−
lðlþ 1Þ

r2
−m2 −

ðr2fÞ00
2r2

�
: ð95Þ

Figure 5 shows the surface diagram for Qðr; lÞ and kðr; lÞ
near the gravitational radius. It is possible to make the
following comments regarding the model:
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(1) The behavior of QðrÞ and kðrÞ is similar in the high
energy range, ω → ∞.

(2) QðrÞ and kðrÞ are increasing when r → rs. This
allows one to confirm that for the fields under study,
the field modes are strongly concentrated very close
to the horizon [14,21].

(3) QðrÞ and kðrÞ decrease with distance, r → ∞.
(4) QðrÞ and kðrÞ exhibit similar behavior and are

independent of spin [90].
On the other hand, taking (E12)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Qðrκn;ωκn; κðlÞÞ

p
¼ Q0ðr0κn;ωκn; κðlÞÞ: ð96Þ

Therefore, Eq. (94) is rewritten as

Z
rκn

rsþϵ
Q0ðr0κn;ωκn; κðlÞÞdr0 ¼ nπ: ð97Þ

Next, we must change the independent variables ðκ; nÞ
to other independent variables ðκ;ωÞ with n ¼ nðω; κÞ.
Hence, Eq. (97) is rewritten as

nðω; κÞ ¼ 1

π

Z
rκn

rsþϵ
Q0ðr0ðω; κÞ;ω; κðlÞÞdr0; ð98Þ

∂nðω; κÞ
∂ω ¼ 1

π

Z
ω

Z
κ

Z
rðω;κÞ

rsþϵ
dωdκdr0ð2lþ 1Þ ln j1þ eβωj

×

�∂Q0ðr0ðω; κÞ;ω; κðlÞÞ
∂ω

�
; ð99Þ

where Q2ðr0;ω; κðlÞÞ ¼ 0 when r0 ¼ rs þ ϵ and r0 ¼ R,
∀ω; κ ≥ 0 (for specific details see Appendix F).
On the other hand, the Helmholtz free energy is related to

the partition function as

F ¼ −
1

β
ln jZj

¼ −
ffiffiffiffiffi
δr

p Z
∞

0

NðωÞ
eβω þ 1

dω: ð100Þ

It is also true that according to (D37), we find that (F9) is
rewritten as

NðωÞ ¼ 4

3π

Z
R

rsþϵ
dr

1

r
ffiffiffiffiffiffiffiffiffi
fðrÞp L3

max

¼
Z

R

rsþϵ
N�

FðωÞdr: ð101Þ

Based on (F8), we define the occupation number per unit
frequency for fermions in the vicinity of a shell, N�ðωÞ, as

N�
FðωÞ ¼

4

3π

1

r
ffiffiffiffiffiffiffiffiffi
fðrÞp �

r2
�

ω2

fðrÞ −m2

��
3=2

¼ 4

3π

r2

fðrÞ2 ½ω
2 −m2fðrÞ�3=2: ð102Þ

It is possible to compare the occupation number per unit
frequency for bosons (103) and fermions (F9),

NðωÞB ¼
Z

R

rsþϵ
N�

BðωÞdr; ð103Þ

where N�
BðωÞ is

N�
BðωÞ ¼

2

3π

r2

f2ðrÞ
�
ω2 −

�
m2 þ ðr2fÞ00

2r2

�
f

�
3=2

: ð104Þ

Figure 6 shows the comparison between the occupation
numbers per unit frequency for bosonsN�

BðωÞ and fermions
N�

FðωÞ. It shows that for the high frequency range
N�

BðωÞ > N�
FðωÞ. This type of behavior is expected, since

the fermions are subject to the exclusion principle in the
vicinity of the shell, since only a few fermions can be
located per energy level provided they do not have the same

FIG. 5. Comparison ofQðrÞ and kðrÞ for fermionic and bosonic
fields, respectively, in the vicinity of a shell that has contracted
from infinity to near its gravitational radius rs.

FIG. 6. Comparison between the occupation numbers per unit
frequency for bosons N�

BðωÞ and fermions N�
FðωÞ.
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quantum numbers. In the case of bosons, the occupation
number in the vicinity of the shell is higher. It is interesting
to note that N�

BðωÞ and N�
FðωÞ decrease when r → ∞.

Consider the internal energy U if the form

U ¼ −
∂
∂β ln jZj

¼
Z

∞

0

1

eβω þ 1
ω
∂NðωÞ
∂ω dω; ð105Þ

where the quantity ∂NðωÞ
∂ω is obtained from (101)

N0ðωÞ ¼ ∂NðωÞ
∂ω

¼
Z

R

rsþϵ
dr

4

π

r2

fðrÞ3=2 ω
�
ω2

fðrÞ −m2

�
1=2

: ð106Þ

Consequently, the internal energy U is simplified to

U ¼
Z

∞

0

ωN0ðωÞ
eβω þ 1

dω: ð107Þ

Revisiting (D37)

p2 ¼ ω2

2fðrÞδr −
m2

2δr
; ð108Þ

such that

pdp ¼ ω

2fðrÞδr dω: ð109Þ

Based on the foregoing, taking (107) we obtain

U ¼
Z

∞

0

ωN0ðωÞ
eβω þ 1

dω

¼ 2δr
ffiffiffiffiffi
2δ

p Z
R

rsþϵ
4πr2drρðrÞ; ð110Þ

where, for (110), the quantity ρðrÞ given in (86) is
acknowledged; consequently we find

U ¼ cte
Z

R

rsþϵ
4πr2drρðrÞ: ð111Þ

The foregoing makes it possible to calculate the Dirac field
entropy as [67]

S ¼ β½U − F�

¼ β2
Z

∞

0

ωNðωÞ eβω

ðeβω þ 1Þ2 dω: ð112Þ

To solve (112), the variables ðr;ωÞ need to be substituted
by ðr; pÞ. Therefore,

NðωÞF ¼
Z

R

rsþϵ
N�

FðωÞdr

¼
Z

R

rsþϵ
dr

4

3π

r2ffiffiffiffiffiffiffiffiffi
fðrÞp ½2δrp2�3=2: ð113Þ

Inserting (101) into (112) with ωdω ¼ fðrÞpdp,

S ¼
Z

R

rsþϵ

4πr2ffiffiffiffiffiffiffiffiffi
fðrÞp drsðrÞ; ð114Þ

where sðrÞ is identified as the entropy density of the
fermionic field in the vicinity of the shell as

sðrÞ ¼ β2

3
fðrÞ

Z
∞

0

p2eβω

ðeβω þ 1Þ2
4πp2

ðhÞ3 dp: ð115Þ

Moreover, the term

β2fðrÞ ¼ 1

T2ðrÞ ; ð116Þ

and then

sðrÞ ¼ 1

3T2ðrÞ fðrÞ
Z

∞

0

p2eβω

ðeβω þ 1Þ2
4πp2

ðhÞ3 dp: ð117Þ

Considering again the energy density of the Dirac field
given by (86)

ρ ¼
Z

∞

0

E

1þ eE=TðrÞ
4πp2

h3
dp ð118Þ

with the condition that

E
TðrÞ ≈

p
TðrÞ ¼ x ð119Þ

leads to (119)

ρðrÞ ¼ 4π

h3
T4ðrÞ

Z
∞

0

x2

ex þ 1
dx

¼ 7π2

240ℏ3
T4ðrÞ: ð120Þ

Similarly, for the entropy density defined in (117)

sðrÞ ¼ 1

3T2ðrÞ fðrÞ
Z

∞

0

p2eβω

ðeβω þ 1Þ2
4πp2

ðhÞ3 dp

¼ 7π2

180ℏ3
T3ðrÞ: ð121Þ

The combination of (120) and (121) leads to
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sðrÞ ¼ 4

3

ρðrÞ
TðrÞ : ð122Þ

Now, at this point of the discussion, it must be assumed that
the energy-momentum tensor (Tμν) of the Dirac field in the
vicinity corresponds to a perfect fluid [7] such that the
equation of state of the Dirac field corresponds to Tr½Tμν�,
which yields the relationship between the pressure P and
the energy density ρ, and is in the form

P ¼ 1

3
ρ: ð123Þ

Hence, the entropy density sðrÞ is simplified to [7,14]

sðrÞ ¼ βðrÞ½ρþ P�; ð124Þ

s ¼ 16πkB
3h3c3kBT

Z
∞

0

E3

eE=kBT þ 1
dE: ð125Þ

For an ideal gas fluid, the existing relationship between the
energy density ρ and the pressure P is in the form

ρ ¼ 4π

h3c3

Z
∞

0

E3

eE=kBT þ 1
dE; ð126Þ

P ¼ 1

3
ρ ¼ 1

3

4π

h3c3

Z
∞

0

E3

eE=kBT þ 1
dE: ð127Þ

It is possible to determine the entropy of the quantum field
once the proper distance α is known [7,14,15,19,20,91,92]

Sfield ¼
32k4Bc

3

h3α2

�
T3
∞

κ30

�
AH

4
2C1; ð128Þ

where

C1 ¼
1

τ̄

Z
t2

t1

et=τ̄dt: ð129Þ

Hence

Sfield ¼ SBH: ð130Þ

VIII. DISCUSSION AND CONCLUSIONS

In the absence of a quantum gravity theory, it is useful
to propose a classical approximation that allows one to
explain the effects of quantum fields in high curvature
scenarios. The model proposed herein corresponds to a
statistical quantum description of a fermion field with spin
s ¼ 1=2 near the gravitational radius rs.
The origin of the particles around the spherical surface of

radius r ¼ rs þ ϵ lies in the thermal excitations of the

Boulware vacuum state j0iB for an external observer
(FIDO). The foregoing is done based on thermo field
dynamics, as it allows one to explain the origin of SBH as a
state of entanglement between the modes of the fermionic
field spreading by the Kruskal manifold (see Fig. 4). We
show that for the case of a fermionic field s ¼ 1=2, the
entropy of the field is

SEntjN¼1;s¼1=2 ≈ SBH: ð131Þ

Arenas and Tejeiro [14] calculate that the case of a scalar
field s ¼ 0 has an entropy

SEntjN¼1;s¼0 ≈ SBH: ð132Þ

In the case of the superposition of two or more quantum
fields near the gravitational radius rs, we believe that

SEntjN¼2;3;…;s¼0;1=2;… ≈ SBH; ð133Þ

Eq. (133), leads to the species problem, a question still not
clearly understood. Furthermore, consider there is some
kind of particle responsible for gravity, graviton. Such
particles must be in a certain quantum state forming a Bose-
Einstein condensate. The foregoing results in total entropy,
as proposed by Chen et al. [93], in the form

S ¼ Sbare þ Satm; ð134Þ

where Sbare is the entropy associated with spacetime and
therefore to gravitons (if they exist) and Satm in the entropy
is associated with thermal atmosphere, such that if the
Boltzmann principle is valid even in the gravitational
context, which allows asserting

Sbare ∝ ln jΩbarej; ð135Þ

where Ωbare is the quantum state of the gravitons forming
the Bose-Einstein condensate.
This study is possible since we can build the Hilbert

space for the quantum field under consideration, which
allows obtaining a self-consistent result with the tech-
niques of quantum field theory on a curved spacetime.
The use of typical methods of second quantization applied
directly to the gravitational field leads to a nonrenorma-
lizable theory [94]. However, recently Ulloa et al. cal-
culate the energy-momentum tensor Tμν for the gravita-
tional field based on thermo field dynamics, such that
they are able to directly estimate the thermal properties
to the spacetime and intuit a corpuscular structure of
spacetime [95].
This model allows providing a precise location of the

field modes responsible for SBH, since we found that such
field modes are strongly concentrated in a thin layer
r¼ rsþϵ around the horizon; see Fig. 6 [7,14,15,19,20].
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The components of Tμν for the fermionic field were
calculated where it was possible to determine that

hT00ðx; x0Þijx¼x0 ∝ ρ; ð136Þ

hTijðx; x0Þijx¼x0 ¼ 0; ð137Þ

based on the quantum vacuum states j0iB and j0iH. These
vacuum states are associated with the quantum state j0iTUB,
which corresponds to the generalization of a Hartle-
Hawking vacuum state,

ðTμνÞTUB ¼ ðTμνÞB − ΔTμν; ð138Þ

where ðTμνÞB is associated with the quantum field near
the horizon and is associated with the source ΔTμν

[7,14,15,19,20]. According to the above mentioned, it is
important to note that the role of FIDO is remarkable in
this study.
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APPENDIX A: RADIAL EQUATION FOR DIRAC
FIELD IN SCHWARZSCHILD SPACETIME

The Dirac equation for the Schwarzschild spacetime is
obtained inserting (30) into (23) [28],

�
γ0

1ffiffiffiffiffiffiffiffiffi
fðrÞp ∂

∂tþ γ1
ffiffiffiffiffiffiffiffiffi
fðrÞ

p � ∂
∂rþ

1

r
þ M
2rðr− 2MÞ

�

þ γ2
�
1

r

�� ∂
∂θþ

1

2
cotθ

�
þ γ3

�
1

r sinθ

� ∂
∂ϕþm

�
Ψ¼ 0:

ðA1Þ

Equation (A1) is simplified when using the Ansatz
Ψ ¼ 1ffiffiffiffiffiffi

fðrÞ4
p Φ

�
γ0

1ffiffiffiffiffiffiffiffiffi
fðrÞp ∂

∂tþ γ1
ffiffiffiffiffiffiffiffiffi
fðrÞ

p � ∂
∂rþ

1

r

�

þ γ2
�
1

r

�� ∂
∂θþ

1

2
cotθ

�
þ γ3

�
1

r sinθ

� ∂
∂ϕþm

�
Φ¼ 0:

ðA2Þ

Consider as a solution [60]

Φðt; r; θ;ϕÞ ¼
 iGð�ÞðrÞ

r φð�Þ
jm ðθ;ϕÞ

Fð�ÞðrÞ
r φð∓Þ

jm ðθ;ϕÞ

!
e−iEt; ðA3Þ

where j ¼ l� 1=2,

φðþÞ
jm ¼

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ1=2þm

2lþ1

q
Yl

m−1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ1=2−m
2lþ1

q
Yl

mþ1=2

1
CA; ðA4Þ

φð−Þ
jm ¼

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ1=2−m
2lþ1

q
Yl

m−1=2

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ1=2þm

2lþ1

q
Yl

mþ1=2

1
CA; ðA5Þ

which allows obtaining the radial equations

d
dr�

�
Fð�Þ

Gð�Þ

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2M
r

r �
κð�Þ=r m

m −κð�Þ=r

��
Fð�Þ

Gð�Þ

�

¼
�
0 −E
E 0

��
Fð�Þ

Gð�Þ

�
:

Consider the turtle coordinate

r� ¼ rþ 2M ln

���� r
2M

− 1

����; ðA6Þ

and also, constant κ is [57,58,60,97]

κð�Þ ¼
�−ðjþ 1=2Þ; j ¼ lþ 1=2;

ðjþ 1=2Þ; j ¼ l − 1=2.
ðA7Þ

Again, we consider a rotation for (A6) in the form

�
F̂ðþÞ

ĜðþÞ

�
¼
� sinðθðþÞ=2Þ cosðθðþÞ=2Þ
cosðθðþÞ=2Þ − sinðθðþÞ=2Þ

��
FðþÞ

GðþÞ

�
;

ðA8Þ

defining θðþÞ ¼ tan−1 mr
jκðþÞj. Therefore (A6) is simplified to
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d
dr�

�
F̂ðþÞ

ĜðþÞ

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2M
r

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
κðþÞ
r

�
2

þm2

s �
1 0

0 −1

��
F̂ðþÞ

ĜðþÞ

�

¼ −E
�
1þ 1

2E

�
1 −

2M
r

��
0 −1
1 0

��
F̂ðþÞ

ĜðþÞ

�
mjκðþÞj

κ2ðþÞ þm2r2

�
: ðA9Þ

At this point, it is possible to further rewrite (A9) as

r̂� ¼ r� þ
1

2E
tan−1

�
mr
jκðþÞj

�
: ðA10Þ

Hence, the radial equations are ultimately rewritten as

d
dr̂�

�
F̂ðþÞ

ĜðþÞ

�
þWðþÞ

�
−F̂ðþÞ

ĜðþÞ

�
¼ E

�
ĜðþÞ

−F̂ðþÞ

�
; ðA11Þ

defining the superpotential WðþÞ as

WðþÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2M

r

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðκðþÞ

r Þ2 þm2

q
1þ 1

2E ð1 − 2M
r Þ
	

mjκðþÞj
κ2ðþÞþm2r2


 : ðA12Þ

These equations for F̂ðþÞ and ĜðþÞ are decoupled as

�
−

d2

dr̂2�
þ VðþÞ1

�
F̂ðþÞ ¼ E2F̂ðþÞ ðA13Þ

and

�
−

d2

dr̂2�
þ VðþÞ2

�
ĜðþÞ ¼ E2ĜðþÞ: ðA14Þ

Additionally,

VðþÞ1;2 ¼ � dWðþÞ
dr̂�

þW2
ðþÞ: ðA15Þ

If (−) yields
�
−

d2

dr̂2�
þ Vð−Þ1

�
F̂ð−Þ ¼ E2F̂ð−Þ; ðA16Þ

�
−

d2

dr̂2�
þ Vð−Þ2

�
Ĝð−Þ ¼ E2Ĝð−Þ; ðA17Þ

where

Vð−Þ1;2 ¼ � dWð−Þ
dr̂�

þW2
ð−Þ; ðA18Þ

then

Wð−Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2M

r

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðκð−Þr Þ2 þm2

q
1 − 1

2E ð1 − 2M
r Þ
	

mκð−Þ
κ2ð−Þþm2r2


 : ðA19Þ

The integers are represented as (þ) and (−) with

κðþÞ ¼ jþ1

2
; κðþÞ ¼−

�
jþ1

2

�
and j¼ l�1

2
: ðA20Þ

APPENDIX B: HAMILTONIAN DENSITY FOR
DIRAC FIELD IN SCHWARZSCHILD

SPACETIME

Using the Lagrangian density given in (64), it is possible
to estimate the Hamiltonian density H by a Legendre

transformation [59] if the form H ¼ ΠΨ
_Ψþ _̄ΨΠΨ̄ − L

where the canonically conjugate moments are ΠΨ ¼ ∂L
∂ _Ψ

¼
i
2
_̄Ψγ0 and ΠΨ̄ ¼ ∂L

∂ _̄Ψ
¼ − i

2
γ0Ψ. Moreover, having that

∂0Ψ ¼ _Ψ and ∂0Ψ̄ ¼ _̄Ψ,

H ¼ i
2
½ð∂iΨ̄γiΨÞ − Ψ̄γi∂iΨ� þmΨ̄Ψ: ðB1Þ

Considering the Dirac equation ½iγμ∇⃗μ −m�Ψ ¼ 0 and the

Dirac adjoint equation Ψ̄½iγμ∇⃖μ þm� ¼ 0 are given by
(59), they can also be broken down into their temporal and
spatial components. Based on the foregoing, the
Hamiltonian density is transformed as

H ¼ iΨ̄γ0∂↔0Ψþ Ψ̄
�
1

4
ϵabcdωabcγ

5γd

�
Ψ

¼ Hclassic� þ Ψ̄
�
1

4
ϵabcdωabcγ

5γd

�
Ψ; ðB2Þ

where

Hclassic� ¼ iΨ̄γ0∂↔0Ψ ¼ iΨ̄γ0e00∂
↔

0Ψ: ðB3Þ

Moreover, it has been written for (B3) that the gamma
matrices γμ ¼ eμaγa, e

μ
a ¼ 1ffiffiffiffiffiffi

fðrÞ
p , ðγ0Þ2 ¼ I, and the Dirac

adjoint written as Ψ̄ ¼ Ψ†γ0. Consequently, Eq. (B3) is
reduced to
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Hclassic� ¼
1ffiffiffiffiffiffiffiffiffi
fðrÞp ½iΨ†∂↔0Ψ� ¼

1ffiffiffiffiffiffiffiffiffi
fðrÞp Hclassic: ðB4Þ

Therefore, having that Hclassic ¼ iΨ†∂↔0Ψ corresponds to
the Hamiltonian density of the Dirac field in the
Minkowski spacetime [62], those field modes are
defined by (35), (36), and (37). In this context, it is
possible to conclude that the Hamiltonian density of
the Dirac field in the vicinity of a shell of matter, which
has contracted to near the Schwarzschild radius rs,
corresponds to the Hamiltonian density of the gravita-
tionally adjusted classical fermionic field by a factor

1ffiffiffiffiffiffi
fðrÞ

p , with fðrÞ ¼ 1 − 2M
r . Under the foregoing condi-

tions, we obtain

lim
r→∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2M

r

q ½iΨ†∂↔0Ψ� ¼ Hclassic: ðB5Þ

This result is important since it is possible to per-
form the second quantization scheme of the fermionic
field in the Schwarzschild spacetime analogously to the
Minkowski spacetime [31]. The Hamiltonian H is
obtained integrated over the three-volume as

H ¼
Z

d3xHclassic�: ðB6Þ

APPENDIX C: THE BOGOLIUBOV
COEFFICIENTS FOR DIRAC FIELD IN

SCHWARZSCHILD SPACETIME

The partition function ZðβÞ is in the form [78,88]

ZðβÞ ¼ ð1þ e−βEnÞ: ðC1Þ

The relation between the Boulware vacuum state
j0ðβÞiB given in (78) and the Hartle-Hawking vacuum
state j0ðβÞiHH is determined by a transformation in
the form

j0ðβÞiHH ¼ UðβÞj0ðβÞiB;
UðβÞ ¼ UðβÞþUðβÞ− ¼ e−iGðθÞþe−iGðθÞ− ; ðC2Þ

where

GðθÞþ ¼ θðβÞþ½bð−ÞbðþÞ − bðþÞ†bð−Þ†�;
GðθÞ− ¼ θðβÞ−½dð−ÞdðþÞ − dðþÞ†dð−Þ†�: ðC3Þ

Also, the Bogoliubov coefficients allow building the
canonical transformation that leaves the Hamiltonian
invariant defined as

sin θþ ¼ sin θ− ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ eβED

p ¼ vðβÞ;

cos θþ ¼ cos θ− ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e−βED

p ¼ uðβÞ: ðC4Þ

For the thermal vacuum state j0ðβÞiHH ¼ UðβÞj0ðβÞiB, it is
expressed as

j0ðβÞiHH ¼ ½sin θ þ cos θ�:j0ðβÞiB: ðC5Þ

Additionally, from (C5) we obtain

tan θ ¼ vðβÞ
uðβÞ ¼ e−βω=2; ðC6Þ

such that it fulfills

sin2 θ þ cos2 θ ¼ v2ðβÞ þ u2ðβÞ ¼ 1: ðC7Þ

The temperature-dependent creation and annihilation oper-
ators are obtained as

bðϵÞðβÞ ¼ e−iGðβÞbðϵÞeiGðθÞ; bðϵÞ†ðβÞ ¼ e−iGðβÞbðϵÞ†eiGðθÞ;

ðC8Þ

and

dðϵÞðβÞ ¼ e−iGðβÞdðϵÞeiGðθÞ; dðϵÞ†ðβÞ ¼ e−iGðβÞdðϵÞ†eiGðθÞ;

ðC9Þ

which leads to

�
bðϵÞðβÞ
bð−ϵÞ†ðβÞ

�
¼
�
uðβÞ −vðβÞ
vðβÞ uðβÞ

��
bðϵÞ

bð−ϵÞ†

�
; ðC10Þ

�
dðϵÞðβÞ
dð−ϵÞ†ðβÞ

�
¼
�
uðβÞ −vðβÞ
vðβÞ uðβÞ

��
dðϵÞ

dð−ϵÞ†

�
: ðC11Þ

APPENDIX D: THE WIGHTMAN FUNCTION
OF DIRAC FIELD IN SCHWARZSCHILD

SPACETIME

The Dirac adjoint is defined as

ψ̄bðx0Þ ¼
X
ϵ0;ω0

h
b†ðϵ

0Þ
Ω0 þ d†ðϵ

0Þ
Ω0

i
Φ̄ðϵ0Þ

b;Ω0 ðx0Þ; ðD1Þ

ψ̄bðx0Þ ¼
X
ϵ0;ω0

h
f†ðϵ

0Þ
Ω0 þ g†ðϵ

0Þ
Ω0

i
Ψ̄ðϵ0Þ

b;Ω0 ðx0Þ: ðD2Þ

Based on the foregoing, it is possible to determine the
Wightman function in the modes of the Boulware scheme.
Inserting (84) and (D1) in (83) allows finding
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Wabðx; x0ÞB ¼
X

ϵ;Ω;ϵ0;Ω0
Bh0j

h
bðϵÞΩ þ dðϵÞΩ

ih
b†ðϵ

0Þ
Ω0 þ d†ðϵ

0Þ
Ω0

i
j0iB

×ΦðϵÞ
a;ΩðxÞΦ̄ðϵ0Þ

b;Ω0 ðx0Þ: ðD3Þ

Consider the anticommutation rules for fermions

fbðϵÞΩ ; b†ðϵ
0Þ

Ω0 g ¼ fdðϵÞΩ ; d†ðϵ
0Þ

Ω0 g ¼ ϵϵðωÞδϵϵ0δΩΩ0 . Once the
anticommutator has been developed as

bðϵÞΩ b†ðϵ
0Þ

Ω0 þ b†ðϵ
0Þ

Ω0 bðϵÞΩ ¼ ϵϵðωÞδϵϵ0δΩΩ0 ðD4Þ

and likewise for the anticommutator fdðϵÞΩ ; d†ðϵ
0Þ

Ω0 g, we get
that the Wightman function is rewritten as

Wabðx; x0ÞB ¼
X
ϵ;Ω

½2ϵϵðωÞδϵϵ0δΩΩ0 �ΦðϵÞ
a;ΩðxÞΦ̄ðϵ0Þ

b;Ω0 ðx0Þ

¼
X
ϵ;Ω

2ΘðϵωÞΦðϵÞ
a;ΩðxÞΦ̄ðϵ0Þ

b;Ω0 ðx0Þ; ðD5Þ

with the condition that ϵðωÞ ¼ singðωÞ ¼ ΘðϵωÞ, δΩΩ0 ¼
δðω−ω0ÞδκðlÞκ0ðlÞδll0 ; δmm0 for the possible values of κð�Þ
defined in (A7) [28,60] and Ω ¼ ω; κðlÞ; m. Moreover
Ω ¼ Ω0, ϵ ¼ ϵ0, and ϵ ¼ 1.
With a procedure identical to the one described above,

we determine the Wightman function under the HH
scheme, which is

Wabðx; x0ÞH ¼
X
ϵ;Ω;

2ΘðϵωÞΨðϵÞ
a;ΩðxÞΨ̄ðϵ0Þ

b;Ω0 ðx0Þ: ðD6Þ

The relationship between the two modes ΨðϵÞ
Ω ðt; xÞ and

ΦðϵÞ
Ω ðt; xÞ is

ΨðϵÞ
a;Ωðt; xÞ ¼ ΦðϵÞ

a;Ωðt; xÞ cos χ þΦð−ϵÞ
a;Ω ðt; xÞ sin χ ðD7Þ

and the adjoint is

Ψ̄ðϵÞ
b;Ωðt; xÞ ¼ Φ̄ðϵÞ

b;Ωðt; xÞ cos χ þ Φ̄ð−ϵÞ
b;Ω ðt; xÞ sin χ: ðD8Þ

Substituting (D7) and (D8) in (D5), we obtain

Wabðx; x0ÞH
¼
X
ϵ;Ω;

2ΘðϵωÞ
h
ΦðϵÞ

a;Ωðt; xÞ cos χ þΦð−ϵÞ
a;Ω ðt; xÞ sin χ

i

×
h
Φ̄ðϵÞ

b;Ωðt; xÞ cos χ þ Φ̄ð−ϵÞ
b;Ω ðt; xÞ sin χ

i
; ðD9Þ

with the following products for (D9)

ΦðϵÞ
Ω ðxÞ ¼ ΦΩðt; xÞΘϵðxÞ; Φ̄ðϵÞ

Ω ðxÞ ¼ Φ̄Ωðt; xÞΘϵðxÞ
ðD10Þ

and

Φð−ϵÞ
Ω ðxÞ¼ΦΩðt;xÞΘ−ϵðxÞ; Φ̄ð−ϵÞ

Ω ðxÞ¼ Φ̄Ωðt;xÞΘ−ϵðxÞ:
ðD11Þ

Thus, for (D9), we determine products, with the con-
dition that x ∈ R, x0 ∈ L, such that ΘϵðxÞΘ−ϵðx0Þ ¼
Θϵðx0ÞΘ−ϵðxÞ ¼ 0, as it is in different regions of the
Kruskal manifold

ΦðϵÞ
Ω ðxÞΦð−ϵÞ

Ω ðx0Þ ¼ ΦΩðt; xÞΦΩðt0; x0ÞΘϵðxÞΘ−ϵðx0Þ ¼ 0

ðD12Þ
and

Φð−ϵÞ
Ω ðxÞΦðϵÞ

Ω ðxÞ ¼ ΦΩðt0; x0ÞΦΩðt; xÞΘϵðx0ÞΘ−ϵðxÞ ¼ 0:

ðD13Þ
Based on the foregoing, the Wightman function for the
Dirac field under the HH scheme is simplified to

Wabðx; x0ÞH ¼
X
ϵ;Ω

2ΘðϵωÞ ×
h
ΦðϵÞ

a;ΩðxÞΦ̄ðϵÞ
b;ΩðxÞ cos2 χ

þΦð−ϵÞ
a;Ω ðxÞΦ̄ð−ϵÞ

b;Ω ðxÞ sin2 χ
i
: ðD14Þ

The difference between Wabðx; x0ÞH −Wabðx; x0ÞB
leads to

Wabðx;x0ÞH−Wabðx;x0ÞB
¼−
X
ϵ;Ω

2ΘðϵωÞsin2χ½ΦðϵÞ
a;ΩðxÞΦ̄ðϵÞ

b;Ωðx0ÞþΦð−ϵÞ
a;Ω ðxÞΦ̄ð−ϵÞ

b;Ω ðx0Þ�:

ðD15Þ

Moreover, it holds that Wabðx; x0ÞH −Wabðx; x0ÞB ¼
ðWH −WBÞabðx; x0Þ, and it is also true that ϵ ¼ þ1 ∈ R
and ϵ ¼ −1 ∈ L can be restricted to one of the regions of
the Kruskal manifold as

ðWH −WBÞabðx; x0Þ ¼ −
X
ϵ;Ω

2 sin2 χ
h
ΦðþÞ

a;ΩðxÞΦ̄ðþÞ
b;Ωðx0Þ

i
ðD16Þ

ðWH −WBÞabðx; x0Þ ¼ −
X
ϵ;Ω

2
1

1þ eβE

h
ΦðþÞ

a;ΩðxÞΦ̄ðþÞ
b;Ωðx0Þ

i
:

ðD17Þ
On the other hand, we have already considered the explicit
form of the energy-momentum tensor (Tμν) in (81) as [98]

T00 ¼ ρ ¼ i
2
½Ψ̄γ0∇

↔

0Ψþ Ψ̄γ0∇
↔

0Ψ�; ðD18Þ
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where ρ is the energy density and for this study it is
rigorously ρ > 0, since no foreign forms of matter energy
are considered. Therefore, we get that hT00ðx; x0Þijx¼x0 ∝ ρ,
which leads to ðWH−WBÞabðx;x0Þ>0 [99]. Consequently,
(D16) is rewritten as

ðWH −WBÞabðx; x0Þ ¼
X
ϵ;Ω;

2
1

1þ eβE

h
ΦðþÞ

a;ΩðxÞΦ̄ðþÞ
b;Ωðx0Þ

i
:

ðD19Þ

At this point, Wightman’s function for the Dirac field [14]
must be expressed as

Tμν ¼
i
2
½Ψ̄γμ∂

↔

νΨþ Ψ̄γν∂
↔

μΨ�; ðD20Þ

which is rewritten as

Tμνðx; x0Þ ¼ Ψ̄ðx0Þ i
2
½γμ∂

↔

ν þ γν∂
↔

μ�ΨðxÞ; ðD21Þ

where

∂↔ν ¼
1

2
ð∂⃗ν − ∂⃖ν0 Þ

and

∂↔μ ¼
1

2
ð∂⃗μ − ∂⃖μ0 Þ;

which is why (D21) is rewritten as [7,14,69,85,86,100]

hTμνðx; x0Þi ¼ lim
x→x0

Tr

��
i
2
γðμ∂νÞ −

i
2
γðμ0∂ν0Þ

��
Wabðx; x0Þ:

ðD22Þ

According to harmonic spinors, we get [60]

ΦðþÞ
Ω ðxÞ ¼ Φω;κðrÞ

 
iφðþÞ

j;mðθ;ϕÞ
φð−Þ
j;mðθ;ϕÞ

!
; ðD23Þ

Φð−Þ
Ω ðxÞ ¼ Φω;κðrÞ

 
iφð−Þ

j;mðθ;ϕÞ
φðþÞ
j;mðθ;ϕÞ

!
: ðD24Þ

Therefore, the most general solution is in the form
ΦΩðxÞ ¼ Φþ

ΩðxÞ þΦ−
ΩðxÞ, and then

ΦΩðxÞ ¼ Φω;κðrÞ
 
iφðþÞ

j;mðθ;ϕÞ
φð−Þ
j;mðθ;ϕÞ

!
;

þΦω;κðrÞ
 
iφð−Þ

j;mðθ;ϕÞ
φðþÞ
j;mðθ;ϕÞ

!
: ðD25Þ

At this point, it is necessary to mention that in line
with Bjorken [60], for the hydrogen atom, there is a
relationship between the spherical harmonics in the form
Y�
l;m ¼ ð−1ÞmYl;−m and that the solution φ− only exists

for values of l > 0. Hence, the form of such an operator
is σ·r

r , and that allows expressing the relationship between
as [31,82]

φðþÞ
jm ¼ σ · r

r
φð−Þ
jm ¼ σ · r̂φð−Þ

jm : ðD26Þ

They allow expressing (D22) as

i
4

�
Tr

�
γμ

∂ΦΩðxÞ
∂xν Φ̄Ωðx0Þ þ γν

∂ΦΩðxÞ
∂xμ Φ̄Ωðx0Þ

�

− Tr

�
γμ0ΦΩðxÞ

∂Φ̄Ωðx0Þ
∂xν0 þ γν0ΦΩðxÞ

∂Φ̄Ωðx0Þ
∂xμ0

��
:

ðD27Þ

In turn, each term contained in (D27) is separated into its
temporal and spatial components of

hT00ðx; x0Þijx¼x0 ¼ lim
x→x0

X
ϵ;Ω

2
1

1þ eβE
i
4
× 2Tr

�
γ0

∂ΦΩðxÞ
∂x0 Φ̄Ωðx0Þ − γ00ΦΩðxÞ

∂Φ̄Ωðx0Þ
∂x00

�
ðD28Þ

and

hTijðx; x0Þijx¼x0 ¼ lim
x→x0

X
ϵ;Ω

2
1

1þ eβE
i
4

× Tr

�
γi
∂ΦΩðxÞ
∂xj Φ̄Ωðx0Þ þ γj

∂ΦΩðxÞ
∂xi Φ̄Ωðx0Þ − γi0ΦΩðxÞ

∂Φ̄Ωðx0Þ
∂xj0 − γj0ΦΩðxÞ

∂Φ̄Ωðx0Þ
∂xi0

�
: ðD29Þ
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According to the properties of the spinor spherical
harmonics we obtain

hT00ðx; x0Þijx¼x0

¼ 4
X
ω

ω

1þ eβω
×
X
κ

ffiffiffiffiffiffiffiffiffi
fðrÞ

p
jΦωκðrÞj2

�
2lþ 1

4π

�
:

ðD30Þ

Now, the sum over the frequency ω in (D30) at the limit
to the continuum can be expressed as an integral in the form

X
ω

ω

1þ eβω
→
Z

∞

−∞

ω

1þ eβω
dω ¼ 2

Z
∞

0

ω

1þ eβω
dω:

ðD31Þ

Inserting (D31) into (D30), we obtain

hT00ðx; x0Þijx¼x0 ¼ 4

�
2

Z
∞

0

ω

1þ eβω
dω

�

×
X
κ

ffiffiffiffiffiffiffiffiffi
fðrÞ

p
jΦωκðrÞj2

2lþ 1

4π
: ðD32Þ

On the other hand, under the WKB approximation,
we obtain

jΦωκðrÞj2 ¼
ω

2πr2
ffiffiffiffiffiffiffiffiffiffi
QðrÞp : ðD33Þ

Substituting (D33) in (D32), we obtain

hT00ðx;x0Þi¼4

�
2

Z
∞

0

ω2

1þeβω
dω
2

�
1

4πr2
X
κ

ffiffiffiffiffiffiffiffiffiffi
fðrÞ
QðrÞ

s
ð2lþ1Þ;

ðD34Þ

where fðrÞ ¼ 1þ 2M
r and QðrÞ is defined by (35) and TðκÞ

(36). Consequently, near the gravitational radius rs ¼ 2M,
considering that is under the approach fðrÞ ≈ 2κ0δre−t=τ̄.
We get that limt→tu fðrÞ ¼ 2κ0δr, where κ0 ¼ 1

4M. Based on
the foregoing, we get that TðκÞ is rewritten as

lim
κ→∞

TðκÞ ¼ −
1

2δr
: ðD35Þ

It should be noted that the values of κ are bounded as
κðþÞ ¼ −ðlþ 1Þ, κð−Þ ¼ l, κð−Þ > κðþÞ. We want (35) to
adopt the maximum possible values of κmax ∼ lmax,

QðrÞ ¼ 2δr2

fðrÞ
�

ω2

2fðrÞδr −
m2

2δr
−

κmax2

2r2δr

�
: ðD36Þ

The fact that κ → κmax leads to QðrÞ ¼ 0,

2δr2

fðrÞ
�

ω2

2fðrÞδr −
m2

2δr
−

κmax2

2r2δr

�
¼ 0;

κmax2

2r2δr
¼ ω2

2fðrÞδr −
m2

2δr
¼ p2; ðD37Þ

where p2 defines the centrifugal potential. Accordingly,
inserting (D37) into (D36) we obtain

ffiffiffiffiffiffiffiffiffiffi
QðrÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2δr2

fðrÞ
�
p2 −

κ2max

r2
1

2δr

�s
: ðD38Þ

On the other hand, the sum over κ contained in (D34) is
transformed into an integral when κ → ∞ and κmax ∼ l,

X
κ

ffiffiffiffiffiffiffiffiffiffi
fðrÞ
QðrÞ

s
ð2lþ 1Þ →

Z
κmax

0

ffiffiffiffiffiffiffiffiffiffi
fðrÞ
QðrÞ

s
ð2lþ 1Þdκ; ðD39Þ

Z
κmax

0

ffiffiffiffiffiffiffiffiffiffi
fðrÞ
QðrÞ

s
ð2lþ 1Þdκ ¼

Z
lmax

0

ffiffiffiffiffiffiffiffiffiffi
fðrÞ
QðrÞ

s
ð2lþ 1Þdl:

ðD40Þ

Inserting (D40) into (D35)

hT00ðx; x0Þi ¼ 4

�
2

Z
∞

0

ω2

1þ eβω
dω
2

�

×
1

4πr2

Z
lmax

0

ffiffiffiffiffiffiffiffiffiffi
fðrÞ
QðrÞ

s
ð2lþ 1Þdl: ðD41Þ

Developing the integral over l in (D41) according
to (D38)

Z
lmax

0

ffiffiffiffiffiffiffiffiffiffi
fðrÞ
QðrÞ

s
ð2lþ 1Þdl ¼ rfðrÞffiffiffiffiffi

δr
p ×

Z
lmax

0

2lþ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2r2δr − l2

p dl

¼ rfðrÞffiffiffiffiffi
δr

p
�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2r2δr

q
− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2r2δr − l2max

q
þ tan−1

�
lmaxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p2r2δr − l2max

p ��
; ðD42Þ
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where the term tan−1½ lmaxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2r2δr−l2max

p � can be written as

tan−1
�

lmaxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2r2δr − l2max

p �
¼ tan−1

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 − 1
p

�
;

x2 ¼ 2r2p2δr
l2max

; ðD43Þ

which can be transformed into a Taylor series at zero
to [101]

tan−1
�

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − 1

p
�
¼ cot−1

h ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − 1

p i
≈
π

2
: ðD44Þ

Substituting (D44) in (D42)

Z
lmax

0

ffiffiffiffiffiffiffiffiffiffi
fðrÞ
QðrÞ

s
ð2lþ 1Þdl

¼ rfðrÞffiffiffiffiffi
δr

p
�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2r2δr

q
− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2r2δr − l2max

q
þ π

2

�
:

ðD45Þ

For (D45), the term
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2r22δr − l2max

p
¼ 0, given that

p2r22δr ¼ l2max, which was defined in (D37). Therefore,
we have that the integral contained in (D42) is

Z
lmax

0

ffiffiffiffiffiffiffiffiffiffi
fðrÞ
QðrÞ

s
ð2lþ 1Þdl≈ rfðrÞffiffiffiffiffi

δr
p

�
2pr

ffiffiffiffiffiffiffi
2δr

p
þ π

2

�
: ðD46Þ

Inserting (D47) in (D41)

hT00ðx; x0Þi ¼ 4

�Z
∞

0

ω2

1þ eβω
dω
2

�

×
1

4π2r2
rfðrÞffiffiffiffiffi

δr
p

�
2

�
2pr

ffiffiffiffiffiffiffi
2δr

p
þ π

2

��
: ðD47Þ

Consider the centrifugal potential defined earlier p, (D37).
We obtain that (D47) is simplified to

hT00ðx; x0Þi ¼
1

2π2
2

�Z
∞

0

ω2

1þ eβω
dω

�

×

ffiffiffiffiffiffiffiffiffi
fðrÞp
fðrÞ

�
2fðrÞ3=2
r
ffiffiffiffiffi
δr

p
�
2lmax þ

π

2

��
; ðD48Þ

where fðrÞ can be recovered in (D48) in the following
manner: fðrÞ ≈ 2κ0δr, l2max ¼ 2r2p2δr, and also the surface
gravity on the horizon κ0 ¼ 1

4M. Therefore

hT00ðx; x0Þi ¼
1

2π2
2

�Z
∞

0

ω2

1þ eβω
dω

� ffiffiffiffiffiffiffiffiffi
fðrÞp
fðrÞ pΔ: ðD49Þ

Defining in (D49) Δ as

Δ ¼ 2

r

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8κ30δr

2

q �
2r

ffiffiffiffiffiffiffi
2δr

p
þ π

2p

�
¼ cte: ðD50Þ

On (D50), two conditions are required:
(i) κ0jrsþϵ ¼ cte, which implies that the surface gravity

on the horizon is constant.
(ii) pjrsþϵ ¼ cte, the momenta distribution near the

gravitational radius is uniform.
Based on the foregoing, the Wightman function for the
Dirac field in the vicinity of a shell of mass M, which has
contracted to near its gravitational radius rs, is in the form

hT00ðx; x0Þi ¼
1

2π2

�Z
∞

0

ω2p
1þ eβω

dω

� ffiffiffiffiffiffiffiffiffi
fðrÞp

fðrÞ cte: ðD51Þ

Again, we have that
(i) The local energy per field mode is

E ¼ ωffiffiffiffiffiffiffiffiffi
fðrÞp ; → ω ¼ E

ffiffiffiffiffiffiffiffiffi
fðrÞ

p
:

(ii) The temperature is mediated by Tolman’s law,

TðrÞ ¼ THffiffiffiffiffiffiffiffiffi
fðrÞp ; TH ¼ 1

β
→ β ¼ 1

TH
:

Then

βω ¼ E
TðrÞ : ðD52Þ

(iii) The relativistic energy E2 ¼ m2 þ p2; therefore it
can be written according to the foregoing

ωdω
fðrÞ ¼ pdp: ðD53Þ

Consequently (D51)

hT00ðx; x0Þi ¼
1

2π2

Z
∞

0

p2

1þ eE=TðrÞ
dpEfðrÞ: ðD54Þ

In addition, we know that for the metric (19), g00 ¼ − 1
fðrÞ,

so (D54) is rewritten as

−hT0
0ðx; x0Þi ¼

1

2π2

Z
∞

0

E

1þ eE=TðrÞ
p2dp; ðD55Þ

where the term

1

2π2
¼ 4π

ð2πÞ3 ; ℏ ¼ h
2π

¼ 1:
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APPENDIX E: THE ENTROPY OF THE DIRAC
FIELD IN SCHWARZSCHILD SPACETIME

Once the partition function Z has been established, the
entropy of the Dirac field is determined as

S ¼ −β
∂
∂β ln jZj þ ln jZj; ðE1Þ

and the average value of internal energy as

hUi ¼ −
d
dβ

ln jZj: ðE2Þ

Let fðωÞ be a function such that

lim
ω→∞

fðωÞ ¼ 0: ðE3Þ

Consequently, the contribution of fðωÞ for each state with
Ω values allow stating

X
Ω
fðωÞ ¼

Z
∞

0

NðωÞfðωÞdω: ðE4Þ

On the other hand, taking (92)

ln jZj ¼ ln

���� Y
Ω;ω>0

ZΩðβÞ
����

¼
X
Ω
fðωÞ ¼

Z
∞

0

NðωÞfðωÞdω; ðE5Þ

which leads toX
Ω

ln jZΩj ¼
X
Ω
fðωÞ; fðωÞ ¼ 1þ eβω: ðE6Þ

The foregoing is valid when the number of modes, NðωÞ of
the field ΦΩðxαÞ, lie within the interval ω and ωþ dω.
Accordingly, the partition function given in (E5) is sim-
plified to [89]

ln jZj ¼
X
ω

ln jZωj: ðE7Þ

Also, under the condition that the fermions do not interact,
the partition function explicitly is in the form [88]

ln jZj ¼
X
η¼�

X
κ

X
n

ð2lþ 1Þ ln j1þ eβωj; ðE8Þ

where η ¼ � has been included, which corresponds to the
number of incoming and outgoing field modes in the
Kruskal variety (see Fig. 4).
On the other hand, the field modes under the WKB

approximation

FðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

4πQðrÞ
4

s
e
−i½
R

rκn
rsþϵ

ffiffiffiffiffiffiffi
QðrÞ

p
dr�
; ðE9Þ

such that they become null on the shell with a Dirichlet
condition [13]

FðrÞjrsþϵ ¼ 0; ðE10Þ

requires that

Z
rκn

rsþϵ

ffiffiffiffiffiffiffiffiffiffi
QðrÞ

p
dr ¼ nπ; ðE11Þ

and also

Q2ðrκn;ωκn; κðlÞÞjr¼rsþϵ ¼ 0 ðE12Þ

evaluated on the shell. And outside of the shell, we get

Q2ðrκn;ωκn; κðlÞÞjr¼r0 ≥ 0; r0 < rκn: ðE13Þ

According to the foregoing, the modes become null on
the shell [13], and therefore we get

FðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω2

4π2QðrÞ
4

s
sin
�Z

rκn

rsþϵ

ffiffiffiffiffiffiffiffiffiffi
QðrÞ

p
dr
�
: ðE14Þ

APPENDIX F: THE SURFACE AND
VOLUMETRIC CONTRIBUTIONS OF THE

PARTITION FUNCTION OF DIRAC FIELD IN
SCHWARZSCHILD SPACETIME

The integration by parts of (99) with respect to ω is

Z
dω ln j1þ eβωj ∂Q

0

∂ω
¼ Q0 ln j1þ eβωj þ

Z
Q0 β

eβω þ 1
dω: ðF1Þ

Inserting (F1) into (99), we find

ln jZj ¼ 1

π

Z
ω

Z
κ

Z
rðω;κÞ

rsþϵ
dωdκdr0ð2lþ 1ÞQ0 β

eβω þ 1

þ 1

π

Z
κ
dωdκdr0Q0 ln j1þ eβωj: ðF2Þ

For (F2), the first integral corresponds to the volumetric
contribution in the space of Q0ðr0ðω; κÞ;ω; κðlÞÞ and the
second one to the surface enclosing said volume, under
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the condition that the partition function ln jZj receives its
main contribution from the volume of Q0ðr0ðω; κÞ;ω; κðlÞÞ
and not from the enclosed area. It is possible to approxi-
mate (F2) as

ln jZj ≈ 1

π

Z
ω

Z
κ

Z
rðω;κÞ

rsþϵ
dωdκdr0ð2lþ 1ÞQ0 β

eβω þ 1
:

ðF3Þ

Again, the integral in (F3),

Z
κ
dκð2lþ 1ÞQ0ðr0ðω; κÞ;ω; κðlÞÞ; ðF4Þ

is developed according to condition (E12) and (D38). So,

κ2max

r2δr
¼
�

ω2

fðrÞδr −
m2

δr

�
: ðF5Þ

The foregoing under the condition κ ≡ L ≤ Lmaxðω0; r0Þ
is [14]

κ2max

r2δr
¼ L2

max

r2δr
¼
�

ω2

fðrÞδr −
m2

δr

�
: ðF6Þ

Therefore, integral (F4) is simplified to

Z
κ
dκð2lþ 1ÞQ0ðr0ðω; κÞ;ω; κðlÞÞ

¼ 1

r

ffiffiffiffiffiffiffiffiffi
δr
fðrÞ

s Z
dLð2Lþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
max − L2

q

¼ δr
r

ffiffiffiffiffiffiffiffiffi
δr
fðrÞ

s
4

3
L3
max; ðF7Þ

where δr ¼ r0 − rs. Substituting (F7) in (F3), we find

ln jZj ¼ 1

π

Z
ω

Z
R

rsþϵ
dωdr

β

eβω þ 1

1

r

ffiffiffiffiffiffiffiffiffi
δr
fðrÞ

s
4

3
L3
max:

¼
Z
ω
dω

β

eβω þ 1

� ffiffiffiffiffi
δr

p 4

3π

Z
R

rsþϵ
dr

1

r
ffiffiffiffiffiffiffiffiffi
fðrÞp L3

max

�
:

ðF8Þ

Acknowledging in (F8) quantity NðωÞ,

NðωÞ ¼ 4

3π

Z
R

rsþϵ
dr

1

r
ffiffiffiffiffiffiffiffiffi
fðrÞp L3

max: ðF9Þ

Consequently, the partition function is written as

ln jZj ¼
Z

∞

0

βNðωÞ
eβω þ 1

dω
ffiffiffiffiffi
δr

p
: ðF10Þ
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