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Some parts of the substellar evolution, such as fragmentation of a gaseous cloud and a Jupiter-like
planet’s cooling, are demonstrated to be impacted by Palatini fðR̄Þ gravity. Using simple models describing
those processes we show that the opacity mass limit as well as cooling time of jovian planets differ in
modified gravity.
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I. INTRODUCTION

Our understanding of the surrounding world was sig-
nificantly enriched by Einstein’s proposal [1,2], the theory
of general relativity (GR), which has been subsequently
tested by many observations and experiments [3]. There is
no doubt that the most spectacular one among them is the
confirmation of the existence of the black holes via the
gravitational waves’ detection coming from a merger of two
such [4], and by the direct observation of the black hole’s
shadow from the center of the M87 galaxy [5–8] (see [9] for
review). However, in order to explain some of the cosmo-
logical and astrophysical phenomena for which GR does
not provide satisfactory explanations, many other gravita-
tional models have been proposed to shed light on the
nature of dark matter and dark energy [10–15], spacetime
singularities [16], unification of physics of different scales
[17,18], as well as the existence of massive compact objects
exceeding theoretical predictions [19–24].
One of the features of some of those proposals is the

fact that they modify the nonrelativistic limit of equations
describing stellar and substellar objects, for example
by introducing terms which in particular cases can be
expressed by the functions of energy density [25–27] (see
[28,29] for review). Such a property has provided different
limiting masses for various kinds of astrophysical objects,
among which one can distinguish the Chandrasekhar mass
for white dwarf stars [30–35], the minimum main sequence
mass [36–39], or minimum mass for deuterium burning
[40]. It turn out that those theories also alter the stellar early
and post-main sequence evolution [41,42]; they also have
impact on the cooling processes of brown dwarfs [43] and
alter lithium abundances in stellar atmospheres [44].
Moreover, it was also demonstrated that gravitational

theories different than GR can have a non-negligible impact
on terrestrial exoplanets’ profiles, providing a possibility to

test such theories with the use of seismic data [45]. Since
such planets are much smaller and their gravitational fields
are weaker1 than those of gaseous giants from our or other
planetary systems, let us turn our attention to the jovian
planets. The gaseous giant planets possess, regarding their
inner structure, many similarities to the bigger substellar
objects, mainly brown dwarf stars. Acknowledging that the
modified gravity impact on brown dwarfs’ properties could
be detectable by our current technology [36–40,43], Jupiter
and Jupiter-like exoplanets may also provide an excellent
opportunity to understand the gravity effects on dense
environments.
Before doing so, let us recall the basic notions regarding

Palatini fðR̄Þ gravity, which will be our modified gravity
framework. We will use it to demonstrate that the evolution
of jovian planets can slightly differ than in the one provided
by GR. In contrary to the metric approach, an independent
connection is introduced which arises to the fact that we
deal with two independent geometric structures: metric g,
and the connection Γ. It was demonstrated in various works
that this approach carries a number of advantages [46–49]
which we will not discuss here. Let us also comment that
in this work we use ð−þþþÞ signature convention
while κ ¼ −8πG=c4.
The action of fðR̄Þ gravity in Palatini formulation is

given by

S½g;Γ;ψm� ¼
1

2κ

Z ffiffiffiffiffiffi
−g

p
fðR̄Þd4xþ Smatter½g;ψm�; ð1Þ

where R̄ ¼ gμνR̄μνðΓÞ is the Palatini curvature scalar, built
from the metric and the independent connection, while ψm
denotes matter fields. The variation of the action is taken
with respect to both structures; the metric one gives
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1And because of that fact the effects of modified gravity can be
hidden in the observational uncertainties.
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f0ðR̄ÞR̄μν −
1

2
fðR̄Þgμν ¼ κTμν; ð2Þ

where Tμν ¼ − 2ffiffiffiffi−gp δSm
δgμν

is the energy-momentum tensor, and

prime is understood here as differentiating with respect to
the curvature. Contracting the above equation with the
metric gμν provides an algebraic relation between the
Palatini curvature and the trace of energy-momentum
tensor:

f0ðR̄ÞR̄ − 2fðR̄Þ ¼ κT: ð3Þ

This feature allows one to solve the above equations in
some particular choices of the functional fðR̄Þ, providing
that R̄ ¼ R̄ðTÞ.
On the other hand, the relation between the connection

and the metric tensor is given by the variation of (2) with
respect to Γ, which can be written as

∇βð
ffiffiffiffiffiffi
−g

p
f0ðR̄ðTÞÞgμνÞ ¼ 0: ð4Þ

The above covariant derivative is understood as the one
defined by the independent connection. Defining a metric
tensor hμν such that

hμν ¼ f0ðR̄ðTÞÞgμν ð5Þ

is conformally related to the metric gμν, Eq. (4) can be
expressed as

∇βð
ffiffiffiffiffiffi
−h

p
hμνÞ ¼ 0: ð6Þ

The connection Γ happens to be the Levi-Civita one with
respect to the metric hμν and to be an auxiliary field that can
be integrated out, resulting that the degrees of freedom are
related to the metric tensor gμν [50–52].
The further parts of the paper are as follows: in the next

section we will provide the basic equations describing
spherical-symmetric objects in Palatini fðR̄Þ gravity in
the nonrelativistic limit. Then, we will review the Jeans
criterion for the given gravity model and we will show that
metric-affine gravity also affects the fragmentation process,
which is followed by the altered opacity mass limit, often
used as a boundary value between brown dwarf stars and
giant planets. In the second part of this work we will study
jovian planets’ evolution which turns out to differ in
modified gravity framework, too. In the last section we
will draw brief conclusions.

II. STELLAR AND SUBSTELLAR TOOLKIT

In this section we will recall for the reader’s convenience
the basic equations which are needed to study low-mass
stars and substellar objects, such as brown dwarfs and giant
exoplanets. For the basic literature, see e.g., [53–56]; in

what follows, we will focus on equations for the quadratic
Palatini fðR̄Þ gravity derived in [39,41,43–45,57,58]. Let
us comment that in other theories of gravity some of the
equations can be modified in a different way, or even that
they may be the same as in Newtonian physics.
For the Starobinski model

fðR̄Þ ¼ R̄þ βR̄2; ð7Þ

in the framework of the Palatini fðR̄Þ gravity, a spherical-
symmetric low-mass object2 is described by the hydrostatic
equilibrium equations

dp
dr̃

¼ −
Gmðr̃Þρðr̃Þ
Φðr̃Þr̃2 ; ð8Þ

m ¼
Z

r̃

0

4πx2ρðxÞdx; ð9Þ

where r̃2 ¼ Φðr̃Þr2 and Φðr̃Þ≡f0ðR̄ðTÞÞ ¼ 1þ 2κc2βρðr̃Þ.
The radius coordinate r̃ is the one of the Einstein frame
[57,59]; transforming back to the physical Jordan frame
and considering only the terms linear in κc2β, the modified
hydrostatic equilibrium equation is

p0 ¼ −gρð1þ κc2β½rρ0 − 3ρ�Þ; ð10Þ

where prime denotes now the derivative with respect
to the radius coordinate r, while g is the surface gravity.
In the further part we will approximate it on the planet’s
atmosphere as a constant since we may assume that
ratmosphere ≈ R, where R is the radius of the planet:

g≡GmðrÞ
r2

∼
GM
R2

¼ constant; ð11Þ

whereM ¼ mðRÞ. Although the transformation of the mass
functionmðr̃Þ tomðrÞ depends on the energy density which
on the planet’s surface will drop to zero, we are using in this
work the well-known expression3

m0ðrÞ ¼ 4πr2ρðrÞ: ð12Þ

Usingm00 ¼ 8πrρþ 4πr2ρ0 and (11), wemay rewrite (10) as

p0 ¼ −gρ
�
1þ 8β

g
c2r

�
: ð13Þ

2We consider a toy model of a star or planet, therefore we do
not take into account on this stage of the work nonsphericity,
magnetic fields, time-dependency,..., which require a numerical
approach in order to consider more realistic stellar and substellar
objects.

3See [26,45] for the modified one in that model.

ANETA WOJNAR PHYS. REV. D 104, 104058 (2021)

104058-2



Another crucial element for the star’s or planet’s model-
ing is the heat transport in their interiors and atmospheres.
The most common criterion which decides what kind
of energy transport takes place is the Schwarzschild
one [60,61]:

∇rad ≤ ∇ad pure diffusive radiative or conductive transport

∇rad > ∇ad adiabatic convection is present locally

where the gradient describing the temperature T variation
with depth is defined as follows:

∇rad ≔
�
d lnT
d lnp

�
rad: ð14Þ

It was demonstrated that in the Palatini case the
Schwarzschild criterion is modified, since the temperature
gradient is [41]

∇rad ¼
3κrclp

16πacGmT4

�
1þ 8β

Gm
c2r3

�
−1
; ð15Þ

where l is the local luminosity, the radiation density
constant is a ¼ 7.57 × 10−15 erg

cm3K4 and the opacity κ−1rc ¼
1
κrad

þ 1
κcd

with κrad being the radiative opacity while κcd is the
conductive one. The modification, depending on the sign of
the parameter β, has a stabilizing or destabilizing effect.
Putting β ¼ 0 recovers the standard Schwarzschild cri-
terion. On the other hand, the adiabatic gradient ∇ad, as
discussed further, is a constant value for particular cases.
A good approximation for the microscopic description

of matter is given by the simple power-law relation
between pressure and density, called polytropic equation
of state (EoS)

p ¼ Kρ1þ1
n; ð16Þ

where K depends on the composition of the fluid and
may also carry information about the interactions between
particles, the effects of electron degeneracy, and phase
transitions, just to mention a few phenomena that can be
taken into account [62], while n is the polytropic index
whose value describes different objects [63]. In the follow-
ing part of the paper, we will use the simplest relation in
the case of fully convective objects, that is, their interior
can be modeled by nonrelativistic degenerate electron gas.4

Therefore, for the polytropic index n ¼ 3=2 one deals with
the constant value (see e.g., [53] for more details)

K ¼ 1

20

�
3

π

�2
3 h2

me

1

ðμemuÞ53
:

In the case of the polytropes one uses a suitable
approach, called the Lane-Emden formalism, allowing to
rewrite all the relevant equations in the dimensionless form.
For our particular model of gravity, Eq. (13) is now
transformed into the modified Lane-Emden equation [57]

1

ξ

d2

dξ2

� ffiffiffiffi
Φ

p
ξ

�
θ −

2α

nþ 1
θnþ1

��
¼ −

ðΦþ 1
2
ξ dΦ

dξÞ2ffiffiffiffi
Φ

p θn;

ð17Þ

where Φ ¼ 1þ 2αθn with α ¼ κc2βρc, while the dimen-
sionless θ and ξ are defined as

r ¼ rcξ̄; ρ ¼ ρcθ
n; p ¼ pcθ

nþ1; ð18Þ

r2c ¼
ðnþ 1Þpc

4πGρ2c
; ð19Þ

where pc and ρc are the core values of pressure and density,
respectively. The (numerical) solutions of the Lane-Emden
equation (17) can be used to express a star’s mass, radius,
central density, and temperature as

M ¼ 4πr3cρcωn; ð20Þ

R ¼ γn

�
K
G

� n
3−n
M

1−n
n−3; ð21Þ

ρc ¼ δn

�
3M
4πR3

�
; ð22Þ

T ¼ Kμ

kB
ρ

1
n
cθn; ð23Þ

where kB is Boltzmann’s constant and μ the mean molecu-
lar weight. It should be noticed that the constants (24)
and (26) appearing in the above equations

ωn ¼ −
ξ2Φ3

2

1þ 1
2
ξ
Φξ

Φ

dθ
dξ

����
ξ¼ξR

; ð24Þ

γn ¼ ð4πÞ 1
n−3ðnþ 1Þ n

3−nω
n−1
3−n
n ξR; ð25Þ

δn ¼ −
ξR

3 Φ−1
2

1þ1
2
ξ
Φξ
Φ

dθ
dξ jξ¼ξR

ð26Þ

include extra terms with respect to their well-known forms
in GR/Newtonian physics [58].

4Examples of fully convective objects are low-mass stars with
masses ≲0.6 M⊙, brown dwarfs, and giant gaseous planets;
however, when their atmospheres are considered, one deals with
radiative heat transport instead.
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Using the defined quantities in Eqs. (13) and (15) we
may write them as hydrostatic equilibrium equation for
polytropes

p0 ¼ −gρ
�
1 −

4α

3δ

�
; ð27Þ

while the Schwarzschild criterion is

∇rad ¼
3κrclp

16πacGmT4

�
1 −

4α

3δ

�
−1
: ð28Þ

If one deals with an object massive enough to burn light
elements in its core, such as for instance hydrogen,
deuterium, and lithium, the luminosity produced by this
energy generation process is given by

dLburning

dr
¼ 4πr2 _ϵρ; ð29Þ

where the energy generation rate _ϵ is a function of energy
density, temperature, and stellar composition, and it is often
approximated as a power-low function of the two first [64].
In our current work we will not study energy generation in
the object’s core, which for an equilibrium configuration is
compensated by energy radiated from the surface. To see
the works considering such processes in metric-affine
gravity, see [39,40,44].
The energy radiated through the surface is given by the

Stefan-Boltzmann law

L ¼ 4πfσT4
effR

2; ð30Þ

where σ is the Stefan-Boltzmann constant while f is a
factor with the value less than one in order to take into
account that the object can radiate less than a blackbody
with the same effective temperature Teff . To determine the
effective temperature as well as to find some particular
quantities in the atmosphere, one often uses the definition
of the optical depth τ with a mean opacity κ̄ (averaged over
the stellar or planetary atmosphere, see e.g., [53,54]):

τðrÞ ¼ κ̄

Z
∞

r
ρdr: ð31Þ

In further part of the work, as we will deal with low
temperatures in atmospheres, we will use Rosseland mean
opacity given by the Kramer law

κ̄ ¼ κ0puT4w; ð32Þ

where κ0, u, and w are values depending on different
opacity regimes [65,66].

III. THE JEANS AND OPACITY MASS LIMITS
IN PALATINI f ðR̄Þ GRAVITY

The Jeans mass is a critical mass of a gaseous cloud, or
of its fragment, which is still stable against gravitational
collapse [67]. Exceeding this mass, the cloud contracts
until there appears some other process producing pressure
balancing the gravitational one (such as for example
electron degeneracy or pressure related to the hydrogen
ignition) which stops the collapse.
It was demonstrated that the Jeans mass differs in some

theories of gravity as for example metric fðRÞ gravity [68]:
for spherical-symmetric large clouds of gas modified
gravity can be repulsive, causing that instead of forming
quasiuniform bodies thin shells are produced [69], and also
that one deals with a faster growth of perturbations [70].
Those results were used as well to constrain the fðRÞ
gravity model with Bok globules data [71].
It turns out that also dark matter models affect this mass

limit, having various effects on structure formations in
different astrophysical and intergalactic scales [72–74].
Quantum effects, such as e.g., extended or generalized
uncertainty principle increase or decrease, respectively, the
Jeans mass [75]. Other models, such as energy-momentum
squared [76] and nonminimal matter-curvature coupling
gravities [77] can also lead to changes in the Jeans criterion.
Jeans mass limit was also studied in metric-affine models

of gravity, for instance Eddington-inspired Born-Infeld
gravity [78–80], proving a departure from the standard
scenario of self-gravitating systems, such as collisionless
clouds or thin disks, or Palatini fðR̄Þ gravity [81]. In what
follows, we will perform a simplified procedure which is
better suited for our further purposes.

A. The Jeans criterion

To derive the Jeans criterion for the considered gravity
model, we need to be equipped with Poisson [82],
Euler [46], and continuity equations modified by the
quadratic Palatini fðR̄Þ gravity:

∇2ϕ ¼ κ

2
ðρþ 2β∇2ρÞ; ð33Þ

ρð∂tv þ vi∇ivjÞ ¼ −ρ∂jϕ − ∂j

�
pþ κβρ2

2

�
; ð34Þ

0 ¼ ∂tρþ ∂jðρvjÞ: ð35Þ

Therefore, let us consider a simplified situation when we
are dealing with an infinite, homogeneous gas which obeys
the above equations. For the equilibrium state we assume
that

ρ ¼ ρ0 ¼ const; T ¼ T0 ¼ const; v0 ¼ 0 ¼ const;

ð36Þ
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while ϕ0 can be obtained by ∇2ϕ0 ¼ 4πGρ0 and boundary
conditions at infinity.
Moreover, the gas can be described by the ideal gas

equation of state in the terms of isothermal speed sound,
which we denote by vs,

p ¼ R
μ
ρT ¼ v2sρ: ð37Þ

We will perturb the above EoS together with the equa-
tions (33)–(35) by the standard procedure

ρ ¼ ρ0 þ ρ1; p ¼ p0 þ p1; ϕ ¼ ϕ0 þ ϕ1; v ¼ v1;

ð38Þ
where the quantities with the index 1 depend on time and
spatial coordinates. Up to the linear terms, the equa-
tions (33)–(35) take the following forms5

∇2ϕ1 ¼
κ

2
ðρ1 þ 2β∇2ρ1Þ; ð39Þ

∂tv1 ¼ −∇
�
ϕ1 þ v2s

ρ1
ρ0

þ κβ

2
ρ1

�
; ð40Þ

0 ¼ ∂tρ1 þ ρ0∂jvj; ð41Þ

where the equilibrium terms denoted by the index 0
vanished. Proceeding as usual, that is, assuming that for
the above linear homogeneous system of differential equa-
tions there exists a solution of the form ∼ exp½iðkxþ ωtÞ�
we end up with the relation

ω2 ¼ k2
�
v2s þ κc2

β

2
ρ0

�
þ κ

2
ρ0: ð42Þ

We immediately notice that in Palatini fðR̄Þ gravity for
k → ∞ we deal with reduced/higher isothermal sound
waves.6 Therefore, it follows that the characteristic wave
number kJ is obtained by setting ω ¼ 0

k2J ¼ −
κρ0

2ðv2s þ κc2 β
2
ρ0Þ:

ð43Þ

The perturbations are unstable when k < kJ and stable
otherwise. Defining a characteristic wavelength by
λJ ≔ 2π=kJ, we may write down the Jeans criterion for
instability in quadratic Palatini gravity which reads

λ > λJ ¼
�
πðv2s þ κc2 β

2
ρ0Þ

Gρ0

�1
2

: ð44Þ

Depending on the sign of the parameter β, Palatini gravity
introduces a stabilizing or destabilizing effect to that
criterium.

B. Virial theorem and Jeans mass

Let us assume that the considered isothermal sphere of
the ideal gas is embedded in the medium of a nonzero
pressure. The virial theorem for nonvanishing surface
pressure p0 for the sphere is given by

Z
M

0

Gm
r

�
1 −

4α

3δ

�
dm ¼ 3

Z
M

0

p
ρ
dm − 4πR3p0: ð45Þ

Using the Lane-Emden equation (17) and a perfect mon-
atomic gas to integrate the above we may write

χEi þ Eg ¼ 4πR3p0; ð46Þ

where for the ideal monotomic gas χ ¼ 2, Ei ¼ cvMT is
the inertial energy and Eg ¼ − 3

5−n
GM2

R ð1 − 4α
3δÞ. Therefore,

the surface pressure p0 is given by

p0 ¼
cvMT
2πR3

−
ΘGM2

4πR4

�
1 −

4α

3δ

�
; ð47Þ

where we have set Θ ¼ 3=ð5 − nÞ. Introducing two scaling
factors R̃ ¼ ΘGM=ð2cvTÞ and p̃ ¼ cvMT=ð2πR̃3Þ such
that

R ¼ xR̃; p0 ¼ yp̃0

one writes

y ¼ 1

x3

�
1 −

1 − 4α
3δ

x

�
: ð48Þ

This function is depicted in Fig. 1 for a few values of α.
One immediately notices how the function y (pressure)
changes from negative values to the positive ones with
increasing dimensionless radius; after reaching its maxi-
mum the pressure approaches zero. This behavior is
however slightly different in modified gravity since
the gravitational energy differs with respect to the GR/
Newtonian case. It can be shown that the maximum of the
pressure occurs for the radius

Rm ¼ 4Θ
9

GμM
RT

�
1 −

4α

3δ

�
: ð49Þ

Therefore, we deal with a stable configuration when
R > Rm while the Jeans instability is recovered for
R < Rm when α ¼ 0. To see it, let us replace the mass by

M ¼ 4πR3
mρ̄=3; ð50Þ

5We have assumed that the perturbations are isothermal,
therefore vs is not perturbed.6Let us recall that here and everywhere in the paper we use the
negative convention for the constant κ.
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where ρ̄ is the mean density of the sphere. Then, Rm is the
critical radius of a gaseous mass of mean density ρ̄ and
temperature T which is marginally stable:

R2
m ¼ 27

16πΘ
RT

Gμρ̄ð1 − 4α
3δÞ

ð51Þ

which is of the same order (when α ¼ 0) as the critical
Jeans wavelength

λ2J ¼
πðRT

μ þ κc2 β
2
ρ̄Þ

Gρ0
; ð52Þ

where we have used v2s ¼ RT
μ .

In other words, each equilibrium state with the surface
pressure p0 and radius R has its critical massMJ. Since Rm
grows linearly with M (49), masses larger than MJ are not
gravitationally stable, so when compressed a bit more, they
will fall together. Using (51) in MJ ¼ 4π

3
ρ̄R3

m one obtains
the so-called Jeans mass

MJ ¼
27

16

�
3

π

�1
2

�
R
ΘG

�3
2

�
T
μ

�3
2

�
1

ρ̄

�1
2

�
1 −

4α

3δ

�
−3
2

: ð53Þ

Using the constants’ values and rescaling the most crucial
ingredients in the above expression, the Jeans mass can be
rewritten as

MJ ¼
1.1 M⊙

ð1 − 4α
3δÞ

3
2

�
T

10 K

�3
2

�
ρ

10−19 g cm−3

�
−1
2

�
μ

2.3

�
−3
2 ð54Þ

for Θ ¼ 1 (that is, n ¼ 2). Immediately we notice that the
difference between GR and Palatini gravity is given by the
solutions of the Lane-Emden equation for different values

of the parameter α, and hence the Jeans masses for the
values from the figure (1) are

MJ
α¼−0.4=MGR ¼ 0.96; MJ

α¼0.015=MGR ¼ 1.003:

C. Fragmentation and opacity mass limit

Currently, there is an agreement that very low-mass
stars,7 brown dwarfs, and sub-brown dwarfs (which are
sometimes called rogue planets, see e.g., [83]) follow the
same mechanics of formation, that is, they form via
turbulent fragmentation [84–86], although there is still
room for other processes, depending on the particular
case [87]. Therefore, it turns out that there exist objects
below the so-called minimum mass for deuterium burning,
which for GR is about 0.0125� 0.005 M⊙ [88] (see [40]
for metric-affine gravity case). That is, those objects form
via the fragmentation process but they do not burn any light
elements in their cores [89,90]. However, the fragmentation
mechanism is restricted by another mass limit, the so-called
opacity mass limit (∼0.003� 0.001 M⊙ for GR [91]),
which is the smallest mass that is bounded gravitationally
and that is able to cool via radiation process. It means that it
is the smallest mass of a fragment which cannot crumble
into smallest pieces caused by gravitational instabilities.
Therefore, one may define the opacity mass limit as the
minimum mass for a brown dwarf star.8

For now, we assume that a brown dwarf star9 is an object
between the minimum mass for hydrogen burning and the
opacity mass limit; that is, an object which can be massive
enough to burn deuterium and eventually lithium, but not
massive enough to ignite hydrogen in its core. For GR,
brown dwarf stars’ masses lie in the mass range
ð∼0.08 − ∼0.003 M⊙Þ, depending on the interior structure,
the first-order phase transition, opacity, and atmosphere
model, to mention just a few [62].
Using the above result on Jeans mass in Palatini fðR̄Þ

gravity for our simplified matter description, we will
demonstrate that similarly as it was shown for minimum
mass of hydrogen and deuterium burning, the opacity limit
can also be affected by a modified gravity model which
results as a degeneracy such as in the limiting masses.
To begin our analysis, let us consider a fragment’s energy

rate. It can be shown [53] that the characteristic time of the
free fall of the fragment is given by a simple expression

tfree ¼ ðGρÞ−1
2: ð55Þ

1 2 3 4 5 6 7
x

–0.05

0.05

0.10

y

=0 =–0.4 =0.015

FIG. 1. The function (48) representing the behavior of dimen-
sionless pressure y with respect to the dimensionless radius x for
three different values of the parameter α, which are in agreement
with the constraints given in [39]. α ¼ 0 corresponds to the
GR/Newtonian case.

7That is, true stars that reached the Main Sequence but with
masses below ∼0.6 M⊙; to see the effects of modified gravity on
such objects, see [41].

8See, however, the nomenclature regarding this topic in
[83,92].

9See, e.g., [93,94], and [36,37,39,43] for modified gravity
models.
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Let us assume that the total energy to be radiated away
during collapse is of the order of the gravitational energy
Eg ≈ GM2

R ð1 − 4α
3δÞ. Then, in order to keep the fragment

always at the same temperature, the rate A of energy to be
radiated away is in approximation A ≈ Eg=tfree, so:

A ¼
�
3

4π

�1
2 G

3
2M

5
2

R
5
2

�
1 −

4α

3δ

�
: ð56Þ

The maximum luminosity that an object can radiate away is
the one of the blackbody, given by the Stefan-Boltzmann
law (30). In the case of a planet, such a situation described
by this expression would approximately happen when the
fragment is already in thermal equilibrium (see the next
section for more details). Therefore, the rate of radiation
loss for a more realistic case is given by the expression

L ¼ 4πfσT4
effR

2; ð57Þ

where σ is the Stefan-Boltzmann constant while f is a
factor with the value less than one. Introducing it will allow
us to take into account that the fragment radiates less than a
blackbody with the same temperature Teff .
Considering isothermal collapse, the energy radiated

away must be significantly higher than the one of gravi-
tational energy, that is, L ≪ A. When L ≈ A we deal with
an adiabatic collapse and it will happen for the mass

M5 ≈
64π3

3

σ2f2T8
effR

9

G3

�
1 −

4α

3δ

�
−2
: ð58Þ

Using the radius given by (50), eliminating density with the
help of (54), and replacing M by MJ in the above relation
we obtain the Jeans mass at the end of the fragmentation
(μ ¼ 1), that is, the opacity limit:

MJ ≈ 0.003 M⊙
T

1
4

eff

f
1
2

�
1 −

4α

3δ

�
−7
4

: ð59Þ

Therefore, for the given values of the parameter α from
Fig. 1 the difference between the opacity limits in GR and
Palatini gravity again depends on the solutions of the
Lane-Emden equation for the given α, so

Mα¼−0.4=MGR ¼ 0.89; Mα¼0.015=MGR ¼ 1.01:

The differences, especially for very small values of the
parameter α, are not spectacular; one can however also
expect disagreement with the models based on GR when a
more realistic treatment of the problem is within reach.

IV. MODELLING JOVIAN PLANETS

The above opacity limit roughly tells us if we deal with a
rather substellar object such as a brown dwarf star, or a

giant planet. As we have demonstrated, modified gravity
can also, as in many other cases, introduce an additional
degeneracy to limiting masses, which often is a first test
determining if one deals with a (brown dwarf) star or a
jovian planet. Apart from the mass-relying determination
on the nature of the detected object, there exists a
designation related to its formation.
It is widely agreed that the planets arise from the gaseous

protoplanetary disk surrounding a parent star—from left-
overs of the large clouds of gas contracting under its self-
gravity. There exist two (unnecessarily) mutually exclusive
models of the jovian planets’ formation: core accretion and
disk instability [56,95,96]. The first model requires that
such planets can form only in the cool outer region of the
protoplanetary disc; after forming a core made of rocky and
ice material via two-body collisions and becoming massive
enough to trap gas which subsequently collapse onto the
planet, the planet starts the cooling process and quasie-
quilibrium contraction. On the other hand, the disk insta-
bility approach provides a model of formation via
gravitational fragmentation of an unstable protoplanetary
disk. This process, resulting as a rather massive jovian
planet (∼6MJ), highly depends on cooling time of the
contracting fragment and the instability conditions, as well
as the way the energy is transported within the proto-
planetary disk. It may also be that both processes are
physically viable and happen according to different con-
ditions of a particular star’s protoplanetary disk; however, it
is quite unlikely that the Solar System’s giant planets
formed via fragmentation.
Nevertheless, in what follows, we are interested in the

late evolution of the giant gaseous planet which is still
undergoing the gravitational contraction. Therefore, we
will assume that one of the sources of energy is gravita-
tional contraction apart from radiation received from
the parent star [97]. We will not consider here other internal
energy sources, such as for instance Ohmic heating
[98–101] and tidal forces [102–104].
Since the jovian planets’ mass is dominated by the

contribution from the envelope which surrounds a core of
mass > 8MEarth, in order to understand their physics one
needs to understand the physics of gas in different physical
conditions. In this work we will deal with a very simple
model of a contracting sphere of gas, tracing rather the
modified gravity impacts instead of describing realistic
interiors and atmospheres of giant planets, for which
numerical simulations are usually used.
Summarizing, we will model our jovian planet as a

sphere of gas contracting under gravity. The gravitational
contraction makes the gaseous planet heat up and radiate
this thermal energy. Apart from that, the planet also
receives energy from its star—we will also assume here
that the planet rotates, allowing it to absorb radiation in
equal amounts. We define a planet’s atmosphere as a region
from which energy is radiated away to space. Using the

JUPITER AND JOVIAN EXOPLANETS IN PALATINI … PHYS. REV. D 104, 104058 (2021)

104058-7



formalism presented below, we will demonstrate that also
Jupiter’s and jovian exoplanets’ evolution (which can be
also given by the Hertzsprung-Russell diagram) can
slightly differ in the framework of modified gravity.

A. Atmosphere quantities for the jovian planets

As discussed briefly in Sec. II, the planet’s luminosity is
given by the Stefan-Boltzmann law (30). Moreover, a given
planet can have various energy sources which contribute to
the total energy being radiated. Let us assume for now that
the only energy source of the planet with the radius Rp

is the energy flux received from the parent star:

Lreceived ¼
�

Rp

2Rsp

�
2

Ls; ð60Þ

where Ls is the luminosity of the star while Rsp is the
distance between these two objects. The planet reflects
some part of the energy which depends on the planet’s
albedo Ap; therefore, the energy flux absorbed by the planet
is given by the relation

Labs ¼ ð1 − ApÞ
�

Rp

2Rsp

�
2

Ls: ð61Þ

Assuming that the energy absorbed by the planet is
uniformly distributed, it produces the so-called equilibrium
temperature Teq, that is,

ð1 − ApÞ
�

Rp

2Rsp

�
2

Ls ¼ 4πfσT4
eqR2

p: ð62Þ

If the planet is in thermal equilibrium, that is, when the
received energy from the parent star balances the one which
is radiated away from the planet’s surface, gives Teq ¼ Teff .
Using that fact (we had assumed before that the only energy
source was the one coming from the parent star) and
expressing the star’s luminosity as Ls ¼ 4πσT4

sR2
s , we

may write down the equilibrium temperature as (for more
details see [105])

Teq ¼ ð1 − ApÞ14
�

Rs

2Rsp

�
1

2
Ts: ð63Þ

Let us note that the equilibrium temperature does not
depend on the planet’s radius when the only energy source
is that of the parent star. However, it is not true when there
exist other internal energy sources, such as already men-
tioned gravitational contraction, Ohmic heating, or tidal
forces. Because of that fact the planet radiates away more
energy than it receives from the parent star, and conse-
quently its effective temperature is higher than the equi-
librium one.

In order to find the relation between effective and
equilibrium temperatures, one uses the standard equation
for radiative transfer in gray atmosphere [106–108]
together with Eddington’s approximation.10 Therefore, it
can be shown that [105]

4T4 ¼ 3τðT4
eff − T4

eqÞ þ 2ðT4
eff þ T4

eqÞ; ð64Þ

where T is the stratification temperature in the atmosphere
while τ is the optical depth given by (31). The optical depth
is zero at the surface of the planet which is used as a
boundary condition to get (64). For simplicity, we will use
the following abbreviations in the further parts of the paper:

T− ≔ T4
eff − T4

eq; Tþ ≔ T4
eff þ T4

eq

such that Eq. (64) is now

4T4 ¼ 3τT− þ 2Tþ: ð65Þ

The atmosphere is in hydrostatic equilibrium with the
gravitational pressure—hence we will use that fact to find
the pressure in the atmosphere. As mentioned, the optical
depth definition is a useful tool to integrate the hydrostatic
equilibrium Eq. (10) and get a relation for the pressure at
the atmosphere. Therefore, using (10) and (11) one can
write

dp
dr

¼ −κρ
dp
dτ

¼ −gρ
�
1 −

4α

3δ

�
: ð66Þ

Since we are dealing with low temperatures, thus the
opacity can be written in a simple power law, that is,

κ ¼ κ0puT4w; ð67Þ

where the value of κ0 depends on various opacity regimes
by type of matter the atmosphere consists of [65,66]. The
powers u and w are values related to the energy transport in
the envelope and they will be kept general for now. Using
the formula (67), Eq. (66) is now

pu dp
dτ

¼ g
κ0T4w

�
1 −

4α

3δ

�
: ð68Þ

Substituting the expression (64) to the above

Z
p

0

pudp ¼ 4wg
κ0

�
1 −

4α

3δ

�Z
τ

0

dτ
ð3τT− þ 2TþÞw

ð69Þ

we may integrate it for w ≠ 1 and w ¼ 1, respectively, to
find the atmospheric pressure of the form:

10See e.g., [54].
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puþ1 ¼ 4wg
3κ0

uþ 1

1 − w

�
1 −

4α

3δ

�

× T1
−ðð3τT− þ 2TþÞ1−w − ð2TþÞ1−wÞ; ð70Þ

puþ1 ¼ 4g
3κ0

ðuþ 1Þ
�
1 −

4α

3δ

�
T1
− ln½3τT− þ 2Tþ�; ð71Þ

where the boundary condition p ¼ 0 at τ ¼ 0 has
been used.

B. Boundary between radiative atmosphere and
convective interior

Interiors of gaseous giant planets, as well as of brown
dwarfs [93,94], are fully convective, that is, energy is
transported by convective processes. Therefore, there exists
a region between the interior and the atmosphere where
convection is replaced by radiative transport. The condition
for this change is given by the Schwarzschild criterion,
described briefly in Sec. II after Eq. (13). The convective
interior is well described by the polytropic equation of state
(16) with n ¼ 3=2 and hence for the fully ionized gas
stratification d ln T=d ln p ¼ ∇ad is adiabatic and equal to
2=5 [53]. Using Eq. (68) together with dp

dτ ¼ dp
dT

dT
dτ , and

applying the Schwarzschild condition to it one has

15

36
puþ1T−4T− ¼ g

κ0T4w

�
1 −

4α

3δ

�
: ð72Þ

Substituting the temperature of the atmosphere (65) and
atmospheric pressures (70) we find that the critical depth is

τc ¼
2

3

Tþ
T−

��
1þ 8

5

�
w − 1

uþ 1

�� 1
w−1

− 1

�
; w ≠ 1; ð73Þ

τc ¼
2

3

Tþ
T−

�
e
16
15 − 1

�
; w ¼ 1: ð74Þ

This is the optical depth at which the radiative transport
is replaced with the convective one. Let us note that those
expressions do not depend on Palatini gravity; they have
the same form as in [105]. Then, in order to find pressure
and temperature T at the boundary between radiative
atmosphere and convective interior one needs to substitute
those relations to (65) and (70), respectively:

puþ1
conv ¼

8g
15κ0

4wð1 − 4α
3δÞ

T−ð2TþÞw−1
�

5ðuþ 1Þ
5uþ 8w − 3

�
; ð75Þ

T4
conv ¼

Tþ
2

�
5uþ 8w − 3

5ðuþ 1Þ
�

w−1
ð76Þ

for w ≠ 1 while for w ¼ 1 those equations reduce to

puþ1
conv ¼

32g
15κ0

ð1 − 4α
3δÞ

T−
; ð77Þ

T4
conv ¼

1

2
Tþe

16
15: ð78Þ

C. Convective interior of the jovian planets

Jupiter-like planets have still a lot to uncover, but what
one can say for sure is that those majestic giants possess
a complex internal structure. Starting with theoretical
works [109–115] and the revelations provided by the
Juno mission on Jupiter’s interior [116–119], the up-to-
date model of the planet consists of at least three layers with
no sharp boundaries, contrary to the terrestrial planets: a
(possibly diffusive) core made of heavier elements, a
mantle, in which the dominant element is metallic hydro-
gen with some abundances of helium and heavier elements,
and a molecular hydrogen envelope with helium rain and
silicate droplets [120]. Another issue is related to the
behavior of hydrogen and hydrogen-helium mixture in
the pressure near to megabar at a few thousands degrees
since it is not well tested yet [119], and hence some changes
in the common accepted equations of state can be also
necessary [121,122].
Remembering the difficulties regarding the accurate

description of the Jupiter and jovian planets, in what
follows, we will model their interior pressure by the
simplified combination [97]

p ¼ p1 þ p2; ð79Þ

where p1 is pressure arising from electron degeneracy,
given by the polytropic equation of state (16) with n ¼ 3=2,
while p2 is the pressure of ideal gas

p2 ¼
kBρT
μ

; ð80Þ

where μ is the mean molecular weight. It turns out,
however, that such a combination can be written as a
new polytropic equation of state with n ¼ 3=2 [123],

say, p ¼ Aρ
5
3, such that ρ ¼ ðp=AÞ35, where A ¼ pc=ρ

5
3
c.

Substituting this to the pressure combination (79) and using
the relations from the Lane-Emden formalism given in
Sec. II to write

A ¼ γ−1GM
1
3
pRp; ð81Þ

we may express the interior pressure (79) as

pconv ¼
GM1=3

p Rp

γ

�
kTconv

μðGγ−1M1=3
p Rp − KÞ

�5
2

: ð82Þ
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The obtained pressure (82) must be equal to the boundary
pressure (75) providing us an equation which relates the
effective temperature Teff with the radius of the planet Rp:

T
5
8
uþw−3

8þ T− ¼ CG−uM
1
3
ð2−uÞ
p R−ðuþ3Þ

p μ
5
2
ðuþ1Þk−

5
2
ðuþ1Þ

B

× γuþ1ðGγ−1M1
3
pRp − KÞ52ðuþ1Þ

�
1 −

4α

3δ

�

ð83Þ
where C is a numerical constant which depends on the
opacity constants u and w:

Cw≠1 ¼
16

15κ0
2

5
8
ð1þuÞþw

�
5uþ 8w − 3

5ðuþ 1Þ
�

1þ5
8
ð1þuÞðw−1Þ

; ð84Þ

Cw¼1 ¼
32

15κ0
2
5
8
ðuþ1Þe−2

3
ðuþ1Þ: ð85Þ

Equation (83) is valid for all values w > 1. When the
planet’s contraction is over, the only source of energy
heating the planet is the parent star; it means that the
effective temperature Teff is equald to the equilibrium
one Teq, so T− ¼ 0. That gives the final radius RF from
the relation (83)

RF ¼ Kγ

GM
1
3
p

; ð86Þ

which slightly differs in Palatini gravity with respect to GR
by the value of γ. Equation (83) can be solved numerically
in the radius range ∼ð1010; 108Þ for the given values of
parameter α and equilibrium temperature (63) in order to
get the effective temperature Teff for each Rp during the
contraction. The constants related to the opacity model are
taken from [105] while the luminosity is obtained from
Stefan-Boltzmann law (30). As a reference planet’s mass
we took Jupiter’s; therefore, the distance between the parent
star, that is, the Sun and the planet, is ∼5 AU. The results
are presented in Fig. 2 for three different values of the
parameter α; the GR/Newtonian model is given by α ¼ 0.

D. Jovian planets’ evolution

Assuming that the contraction of the planet is a quasie-
quilibrium process, we may write down the luminosity of
the planet which is a sum of the total energy absorbed
by the planet, Labs, and the internal energy whose source
is the gravitational energy. Thus, for a polytrope with
n ¼ 3=2 [43], we have

Lp ¼ Labs −
3

7

GM2
p

R2
p

dRp

dt
: ð87Þ

Using the previous formulas (30) and (61) we may write the
evolution equation (87) as

πacR2
pT− ¼ −

3

7

GM2
p

R2
p

dRp

dt
; ð88Þ

which can be integrated from an initial radius R0 to the final
one RF, providing the timescale for contraction

t ¼ −
3

7

GM2
p

πac

Z
Rp

R0

dRp

R4
pT−

: ð89Þ

Using Eq. (83), we may get rid of T− and write the cooling
equation as a function of the opacity parameters

t ¼ −
3

7

GM
4
3
pk

5
2
ðuþ1Þ
B κ0

πacγμ
5
2
ðuþ1ÞK3

2
uþ5

2C

�
1 −

4α

3δ

�
−1

×
Z

xp

x0

ðT4
eff þ T4

eqÞ58uþw−3
8dx

x1−uðx − 1Þ52ðuþ1Þ : ð90Þ

Let us observe that it takes an infinite time to reach the
thermal equilibrium, independently of the model of gravity.
However, to reach a particular stage of evolution, a jovian
planet can be younger/older than predicted in GR, as

FIG. 2. The Hertzsprung-Russell diagram for a jovian planet
at the 5 AU distance from its parent star for a few values of
the parameter α. Each curve represents an evolution of a Jupiter-
mass planet, starting from the radius R ¼ ∼1010 to the radius
R ¼ ∼108.
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signalized by the α-depending term in (90), as well as by
different values of the effective temperature given by (83).
A few values of the effective temperature, luminosity, and
the age ratios are given in Tables I and II for α ¼ −0.4 and
α ¼ 0.015, respectively.

V. CONCLUSIONS

In the presented paper we have studied the opacity mass
limit which is, roughly speaking, a boundary mass between
brown dwarf stars and giant gaseous exoplanets, and the
evolution of the last ones in the framework of the quadratic,
fðR̄Þ ¼ R̄þ βR̄2, Palatini gravity. For the purposes of this
work, we have derived a simplified version of the Jeans
mass; this critical mass is slightly smaller (bigger) for
positive (negative) parameter β, respectively.11 This means
that modified gravity will also have an impact on the
process of fragmentation and its limit, that is, the opacity
mass limit. As expected, the minimal mass for a brown

dwarf is altered in the similar manner as Jeans mass, and
therefore Palatini fðR̄Þ gravity as well as any other theory
of gravity which even slightly modifies the Newtonian
limit, introduces the additional uncertainty to the substellar
objects’ classifications which rely on limiting masses.
Regarding the evolution of the jovian planets we have also

expected small differences with respect to the models which
are based on Newtonian gravity. Let us first notice that we
have altered only the planetary structure equations, without
taking into account the effects of modified gravity on the
parent star (as a reference distance between the jovian planet
and parent star, aswell as the star’s and planet’s propertieswe
have taken the Sun-Jupiter system). It turns out that Palatini
gravity introduces an extra term to the constraint relating the
radius and effective temperature of the planet (83), as well as
to the evolutionary equation (90), from which we can obtain
the age of the planet at any point of the Hertzsprung-Russell
diagram (2). Some of those values, that is, the effective
temperature, luminosity [obtained from the equation (30) for
the given radius], and the age’s ratio with respect to the
Newtonian model for the Jupiter-like planet are given in
Tables I and II. In the case of the temperatures and
luminosities there are not very big differences with respect
to theNewtonianmodels (by saying thiswe take into account
the possible observational uncertainties, together with the
assumptions and simplifications of our model), although we
observe a shift of the evolutionary curve positions on theH-R
diagram (2) with respect to the different values of the
parameter α. However, there are significant changes in the
ages of the planet when it contracts, especially in the late
stageof the evolution. Thismeans that thegiant planets of our
Solar System, Jupiter andSaturn, can bemuch older (positive
β parameter) or younger (negative β) than we have believed
so far, obtaining their ages by using Newtonian gravity. This
resultmay change our current knowledgeon the Solar System
formation since many processes, such as, for instance,
considered here fragmentation, but also the early stellar
evolution [41], cooling of substellar objects [43], and planets’
profiles [45], differ in the framework of modified gravity.
Let us comment that although we have presented a very

simplified analysis of some of the processes which happen in
the Solar System, models and simulations which take into
account physics which we have not considered in the paper12

are based onNewtonian equations. Because of that reasonwe
also expect that in amore realistic approachwewill deal with
an altered description when another model of gravity is
applied, and our understanding of processes occurring in our
nearest neighborhood may also change. The research in this
direction is on high demand, especially in the light of many
current and future missions, whose aim is to explore our and
other planetary systems, and to provide more accurate data
regarding the substellar objects [130–136].

TABLE I. The effective temperature, luminosity (in Jupiter’s
luminosity), and age ratio with respect to the GR values at the
given point of the jovian planet’s evolution for the given radius R
for α ¼ −0.4.

R (109 m) Teff (K) L=LJ tα=tGR

10 381 9 × 106 1.5
5 372 2 × 106 1.7
1 346 0.6 × 105 1.6
0.5 329 13 × 103 1.7
0.25 304 2 × 103 1.9
0.15 273 5.6 × 102 2.4
0.1 233 1.3 × 102 3.8
0.095 227 1.1 × 102 4.3
0.09 219 83 4.7

TABLE II. The effective temperature, luminosity (in Jupiter’s
luminosity), and age ratio with respect to the GR values at the
given point of the jovian planet’s evolution for the given radius R
for α ¼ 0.015.

R (109 m) Teff (K) L=LJ tα=tGR

10 325 5.6 × 106 0.96
5 326 1.3 × 106 1.1
1 300 0.4 × 105 0.95
0.5 281 7 × 103 0.93
0.25 249 103 0.92
0.15 207 2 × 102 0.89
0.1 146 0.2 × 102 0.83
0.095 135 0.1 × 102 0.83
0.09 124 8.5 0.85

11Let us recall that α ¼ κc2βρc, where κ is defined due to the
negative sign convention.

12Such as, for instance, rotation [124], magnetic fields [125],
complex inner structure [126], gas description [127–129], etc.
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