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We study the propagation of a massless scalar wave in de Sitter spacetime perturbed by an arbitrary
central mass. By focusing on the late time limit, this probes the portion of the scalar signal traveling inside
the null cone. Unlike in asymptotically flat spacetimes, the amplitude of the scalar field detected by an
observer at timelike infinity does not decay back to zero but develops a spacetime constant shift—both at
zeroth and at first order in the central mass M. This indicates that massless scalar field propagation in
asymptotically de Sitter spacetimes exhibits both linear and nonlinear tail-induced memories. On the other
hand, for sufficiently late retarded times, the monopole portion of the scalar signal measured at null infinity
is found to be amplified relative to its timelike infinity counterpart, by its nonlinear interactions with the
gravitation field at first order in M.
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I. INTRODUCTION AND SETUP

Nonlinear perturbation theory about the cosmological
background is of physical interest. One of the reasons for
this is that the asymptotic structure of cosmological space-
times is quite different from that of a flat background. In
particular, linear perturbation theory on a de Sitter back-
ground is well studied [1,2]. For instance, Ashtekar, Bonga,
and Kesavan [3] found that adding a cosmological constant
to the Einstein equation introduces new features to the
quadrupole formula of gravitational waves. By integrating
the equations of motion for the Weyl tensor, Bieri,
Garfinkle, and Yau [4] found that the light cone part of
gravitational waves gives rise to a memory effect similar to
its Minkowski counterpart, except for a redshift factor.
Others [5–7] have since confirmed and extended the results
to more general Friedman-Robertson-Walker cosmologies.
(Also, see Refs. [6,8–10] for studies of the asymptotic
symmetries of cosmological spacetimes, and Ref. [11] for
memories in anti–de Sitter spacetimes.) Being in the de
Sitter background, the gravitational waves do not just
propagate strictly on the light cone, but also inside the
light cone; this is known as the tail effect. One of us [5,12]
discovered that the gravitational wave tail also contributes
to the memory effect. Now, concerning asymptotically flat
spacetimes, it has been known since Christodoulou [13]
and Blanchet and Damour [14] that nonlinear corrections
from general relativity produce additional memories that at
times might be even larger than the linear ones. In this
paper, we initiate an examination of cosmological nonlinear

memories by computing that of the massless scalar inter-
acting gravitationally with an arbitrary central mass.
Furthermore, we will assume the role of an observer
approaching timelike infinity to extract the tail-induced
memories. As elucidated below, our analysis probes the
scalar-graviton-scalar interaction, and is analogous to the
de Sitter graviton three-point self-interactions that would
therefore encode potential gravitational wave memories at
leading nonlinear order. Finally, we will also compute the
null infinity limit at late retarded times of the same setup.
The late time behavior of radiative fields in asymptoti-

cally flat spacetimes has been well studied over the past
several decades. What is now known as “Price’s falloff
theorem” was first discovered by Price [15]: the spin-
0 radiative field decays in time according to an inverse
power law, with a power determined by the angular profile
of the initial wave profile. In his work, Price is using
the spherically symmetric Schwarzschild spacetime.
The corresponding falloff properties of radiative fields
in cosmological backgrounds is less well understood,
although there are a number of numerical studies, such as
Brady, Chambers, Krivan, and Laguna (BCKL) [16] and
Brady, Chambers, Laarakkers, and Poisson (BCLP) [17]
on exact Schwarzschild–de Sitter and Reissner–
Nordström–de Sitter backgrounds.
In this paper, we want to investigate the simplest

radiative field, a massless scalar field, in a perturbed de
Sitter spacetime by using Poisson’s approach to learn its
late time behavior [18] analytically. Given an initial profile
for the scalar wave packet, we find a constant tail signal
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observed at late times. This effect can be interpreted as a
tail-induced memory effect to the scalar field. This comple-
ments and extends the results of BCKL [16] and BCLP
[17]. In Sec. II, we describe our setup; in Sec. III, we
introduce a frequency space method to reproduce Poisson’s
work [18] on the late time behavior of a scalar field in a
perturbed Minkowski background. Following which, in
Sec. IV, we work on the scalar field solution in the late time
regime of the perturbed de Sitter background.

II. SETUP

We consider a massless free scalar field Ψ, satisfying the
equation

□xΨ½x� ¼ 0; xμ ¼ ðx0; x⃗Þ; ð2:1Þ

where□ is the wave operator□≡ gμν∇μ∇ν. The geometry
would take the following perturbed form1:

gμν ¼ a2ðημν þ χμνÞ; jχμνj ≪ 1; ð2:2Þ

ημν ≡ diag½1;−1;−1;−1�; ð2:3Þ

where in the asymptotically Minkowski case

x00 ¼ t0 ∈ R; x0 ¼ t ∈ R; and a ¼ 1; ð2:4Þ

whereas in the asymptotically de Sitter case

x00 ¼ η0; x0 ¼ η; and a½η� ¼ −
1

Hη
; ð2:5Þ

with these cosmological conformal times running over the
negative real line, −∞ < η; η0 < 0, and H > 0 is the
Hubble constant.
Suppose at some initial time x00, the scalar field and

its velocity are described by the following multipole
expansion2:

Ψ½x⃗0�¼
X
l0;m0

Cm0
l0 ½r0�Ym0

l0 ½x̂0�; _Ψ½x⃗0�¼
X
l0;m0

_Cm0
l0 ½r0�Ym0

l0 ½x̂0�;

ð2:6Þ

where Ym0
l0 ½x̂0� are spherical harmonics (which form basis

orthonormal functions on the 2-sphere), andCm0
l0 and _Cm0

l0 ½r0�
are arbitrary functions that are nonzero only within some
finite radii. This region where the initial conditions are
nonzero is illustrated on the initial-time hypersurface in
Fig. 3. We will evolve this initial profile to the final-time

hypersurface x0 by using the Kirchhoff representation of
the scalar field, up to first order in the perturbation χμν:

Ψ½x0 > x00; x⃗� ¼
Z
R3

d3x⃗0
ffiffiffiffiffiffi
jhj

p
n̂α

0 ðG½x; x0�∂α0Ψ½x0�

−Ψ½x0�∂α0G½x; x0�Þ

¼
Z
R3

d3x⃗0a½η0�2
�
1þ 1

2
ηijχij −

1

2
χ00

�

× ðG½x; x0� _Ψ½x0�−Ψ½x0�∂00G½x; x0�Þ: ð2:7Þ

Here, jhj is the determinant of the induced metric on the
constant-time hypersurface, which has n̂α as the normal
vector:

hαβdxαdxβ ¼ −a2ðδij − χijÞdxidxj; ð2:8Þ

n̂α ¼ a−1δα0

�
1 −

1

2
χ00 þO½χ2�

�
: ð2:9Þ

The retarded Green’s function G½x; x0� describes the propa-
gation of an initial profile located at x0 to an observer at x
(see Fig. 2) that obeys the wave equation

□G½x; x0� ¼ δð4Þ½x − x0�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g½x�g½x0�4

p : ð2:10Þ

In Ref. [19], a scheme was devised to solve Green’s
functions in a perturbed spacetime gμν ¼ ḡμν þ hμν, in
terms of the Green’s functions in the unperturbed one,
ḡμν. In our case, the massless scalar Green’s function reads

G½x; x0� ¼ Ḡ½x; x0� þ δ1G½x; x0�; ð2:11Þ

where Ḡ solves the massless scalar wave equation with
respect to ḡμν ¼ a2ημν,

∂μða2ημν∂νḠÞ
a4

¼ δð4Þ½x − x0�
a½x0�2a½x00�2 ; ð2:12Þ

and, in turn,

δ1G½x; x0� ¼ −
Z

d4x00a½η00�2∂α00Ḡ½x; x00�χ̄α00β00∂β00Ḡ½x00; x0�;

ð2:13Þ

with all double-primed indices denoting evaluation with
respect to the integration variable x00, and the “trace-
reversed” perturbation is defined as

χ̄μν ≡ χμν −
1

2
ημνη

αβχαβ; ð2:14Þ

with its indices moved by the flat metric.

1Greek indices μ; ν;… run from 0 (time) to 3, while latin ones
i; j;… run over only the spatial values 1 to 3.

2We denote
P

l;m as the sum over all multipole indices,
namely

P∞
l¼0

Pl
m¼−l, unless otherwise explained.
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The metric perturbation χμν itself is sourced by the
presence of an arbitrary quasistatic mass distribution con-
sistent with energy-momentum conservation with respect to
the background metric ḡμν ¼ a2ημν, namely

Tμν½x00� ¼
ρ½x⃗00�
a½η00� δ

0
μδ

0
ν: ð2:15Þ

This allows us to reexpress the first-order Green’s function in
Eq. (2.13) as a Feynman diagram in Fig. 1 involving scalar-
graviton-scalar interactions. In turn, this allows us to assert
that the scalar memory revealed below is in fact of nonlinear
character.
As an important aside: in a comoving orthonormal

frame, T 0̂ 0̂ ¼ ρ=a3, and therefore the total mass with
respect to the background metric is

M≡
Z
R3

T 0̂ 0̂a
3d3x⃗0 ¼

Z
R3

ρ½x⃗00�d3x⃗00: ð2:16Þ

All our major results below will be expressed in terms of
this M.
We will focus on the late time limit of the scalar field in

both Minkowski and de Sitter backgrounds. This means
that the difference between observation time x0 and the
initial time x00 obeys x0 − x00 ≫ rþ r0, where r≡ jx⃗j and
r0 ≡ jx⃗j are, respectively, the radial coordinates of the
observer and an arbitrary point within the region where
the initial scalar profile is nontrivial. Furthermore, in the
Minkowski case, we will take the null infinity limit, where
the retarded time u≡ t − t0 − r is held fixed and the
advanced time v≡ t − t0 þ r is sent to infinity; as well
as the timelike infinity limit, where the observer time is sent
to infinity (t → ∞) while her radial position r is held still.
In the de Sitter case, we will first consider the timelike

infinity limit, where η=η0 → 0 while remaining well within
the null cone, η − η0 ≫ r > r0. Furthermore, we shall
assume that −η0 is the largest length scale in our problem:
−r0=η0 < −r=η0 ≪ 1. Then, we will examine the null
infinity limit v≡ η − η0 þ r → −2η0ð1þO½u=η0�Þ at fixed
but late retarded times u≡ η − η0 − r ≫ r0. As we shall
witness in some detail below, that the observer continues to
receive the scalar signal in such a late time regime is due
solely to the existence of tails—see Fig. 2—i.e., a portion
of the initial scalar field propagates inside the null cone.

III. PERTURBED MINKOWSKI BACKGROUND

As a warm-up to de Sitter calculation, we first discuss the
Minkowski background case. The late time behavior of a
scalar field in a weakly curved spacetime was investigated
by Poisson in Ref. [18]. The calculation was performed by
solving the Kirchhoff representation [Eq. (2.7)] directly in
position space, and both the timelike and null infinity limits
of the scalar solution were extracted.
Poisson extended Price’s falloff theorem of a scalar field

by working in a perturbed Minkowski spacetime sourced
by a central mass without any particular spatial symmetries,
as opposed to the spherically symmetric black hole solution
used by Price. In detail, Poisson assumed a spatially
localized stationary mass distribution with mass density
T00 ¼ ρ½x⃗� and mass-current density T0i ¼ j⃗½x⃗� ¼ ρv⃗,
where v⃗ is the velocity within the matter distribution. By
parametrizing Eq. (2.2) as

ds2 ¼ ð1þ 2ΦÞdt2 − ð1 − 2ΦÞdx⃗ · dx⃗ − 8ðA⃗ · dx⃗Þdt; ð3:1Þ

the linearized Einstein equations (with zero cosmological
constant) reduce to a pair of Poisson equations, whose
solutions are

Φ½x⃗� ¼ −16πGN

Z
R3

ρ½x⃗00�
jx⃗ − x⃗00j d

3x⃗00; ð3:2Þ

FIG. 1. The Feynman diagram representing the massless scalar
retarded Green’s function at first order in the central mass. The
dashed lines denote the zeroth-order scalar Green’s functions;
whereas the wavy line tied to the blob labeled M describes the
metric perturbation sourced by the static but otherwise arbitrary
central mass distribution. From this depiction, we see that the
scalar Green’s function at first order in the central mass involves
the scalar-graviton-scalar nonlinear interactions. (Drawn with
JaxoDraw [20].).

FIG. 2. Localized initial scalar field profile and late time
observer. The bottom and top planes are, respectively, the initial
x00 hypersurface and final (observer) x0 hypersurface. The
observer is located at x⃗, and the cone denotes her past null cone.
This illustrates, in the late time regime where the two hyper-
surfaces grow in distance, that the observer continues to receive a
scalar signal due solely to the tail effect.
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A⃗½x⃗� ¼ −16πGN

Z
R3

j⃗½x⃗00�
jx⃗ − x⃗00j d

3x⃗00: ð3:3Þ

He found that the scalar field behavior at timelike infinity is given by

Ψ½t ≫ r; r;Ω� ¼ 4GNMð−1Þlþ1
ð2lþ 2Þ!!
ð2lþ 1Þ!!

rl

t2lþ3
Ym
l ½x̂�

�
_Cl −

2lþ 3

t
Cl

�
; ð3:4Þ

and at null infinity is given by

rΨ½v → ∞; u;Ω� ¼ 2GNMð−1Þlþ1
ðlþ 1Þ!
ð2lþ 1Þ!!

1

ulþ2
Ym
l ½x̂�

�
_Cl −

lþ 2

u
Cl

�
; ð3:5Þ

where x̂≡ x⃗=jx⃗j are the angular coordinates, and we use the
retarded time coordinate u ¼ t − r as well as the advanced
time coordinate v ¼ tþ r. (Here, Poisson has set t0 ¼ 0.)
The Cl and _Cl are defined to be Cl ≡ R drrlþ2Cm

l ½r0� and
_Cl ≡

R
drrlþ2 _Cm

l ½r0�, respectively.3
The key finding of Poisson’s results in Eqs. (3.4) and

(3.5) is that, even without assuming any spatial symmetries
of the central mass, the falloff behavior of Ψ is completely
governed by its monopole moment in Eq. (2.16)—i.e., no
higher-mass multipoles entered the final answer—and the
power law in time depends on the multipole index of the
initial data. We now proceed to reproduce the same results
by employing a frequency-space-based method, which will
also be employed in the de Sitter analysis in Sec. IV below.
The advantage of this approach is that it allows us to use a
spherical harmonic basis from the outset.

A. Frequency space method

We will be content with reproducing Poisson’s result
involving the mass density only; for simplicity, we will set j⃗
and hence A⃗ to zero. The first step is to perform a spherical
harmonic decomposition to the solution to Eq. (3.2) using
the relation

1

4πjx⃗00−x⃗000j¼
1

r>

X∞
l00¼0

Xl00
m00¼−l00

Ym00
l00 ½x̂00�Ȳm00

l00 ½x̂000�
2l00þ1

�
r<
r>

�
l00

; ð3:6Þ

where r< ¼ min½r00; r000� and r> ¼ max½r00; r000�. This yields

Φ½x⃗00� ¼ −16πGN

X
l00;m00

ð−1Þm00

2l00 þ 1

Ym00
l00 ½x̂00�
r00l00þ1

Mm00
l00 ; ð3:7Þ

where

Mm00
l00 ≡

Z
rm

00
l00

0

dr000r0002þl00
Z
S2

dΩ000Ym00
l00 ½x̂000�ρ½x⃗000� ð3:8Þ

is the mass multipole moment. The mass density is
localized inside a radius rm

00
l00 of degree l00 and azimuthal

index m00, and
R
dΩ000 is the solid angle integral over the

2-sphere.

1. Zeroth-order Green’s function

In Minkowski spacetime, the propagation of a massless
scalar field is described by the following retarded Green’s
function:

Ḡ½x; x0� ¼ δ½t − t0 − jx⃗ − x⃗0j�
4πjx⃗ − x⃗0j ; ð3:9Þ

which obeys the wave equation (2.12), with a ¼ 1; namely,
∂2Ḡ ¼ δð4Þ½x − x0�. By reexpressing the delta function
using its integral representation, we obtain the frequency
space retarded Green’s function:

Ḡ½x; x0� ¼
Z

∞

−∞

dω
2π

e−iωðt−t0ÞG̃þ½ω; x⃗ − x⃗0�; ð3:10Þ

where

G̃þ½ω; x⃗ − x⃗0�≡ exp½iωjx⃗ − x⃗0j�
4πjx⃗ − x⃗0j : ð3:11Þ

The spherical harmonic decomposition of Eq. (3.11) is

G̃þ½ω; x⃗ − x⃗0� ¼ iω
X
l;m

jl½ωr<�hð1Þl ½ωr>�Ym
l ½x̂�Ȳm

l ½x̂0�;

ð3:12Þ

where jl½ωr<� is the spherical Bessel function, hð1Þl ½ωr>� is
the Hankel function of the first kind, and the radii denote
r< ≡min½r; r0� and r> ≡max½r; r0�.

2. First-order Green’s function

We will now include the perturbation to the Green’s
function generated by the gravitational potential Φ. This

3Note that Poisson [18] uses, respectively, C and _C in place of
our Cm

l and _Cm
l .
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potential will scatter the null signals transmitted by the
zeroth-order Green’s functions, so the perturbed signals can
be seen as tail propagation from the perspective of the
observer at x⃗. This is why the signal can be observed at late
times, and is to be contrasted against the pure light-cone
propagation of the signal in the unperturbed Minkowski
background.
The perturbed retarded Green function can be obtained

from Eq. (2.13) by setting a ¼ 1 and utilizing Eq. (3.9). Up
to the first order in perturbation,

δ1G½x; x0� ¼ −
Z
R3;1

d4x00
∂t00δ½t − t00 − jx⃗ − x⃗00j�

4πjx⃗ − x⃗00j
×Φ½x⃗00� ∂t00δ½t00 − t0 − jx⃗00 − x⃗0j�

4πjx⃗00 − x⃗0j : ð3:13Þ

Evaluation of the time integral t00 over one of the Green’s
functions will give us

δ1G½x;x0�¼−∂t∂t0

Z
R3

d3x⃗00
δ½t−t0− jx⃗− x⃗00j− jx⃗00− x⃗0j�

4πjx⃗− x⃗00j4πjx⃗00− x⃗0j Φ½x⃗00�:

ð3:14Þ

The delta function in Eq. (3.14) indicates that the null
signals actually propagate from the initial point at x0 and
reflect off the potentialΦ at x⃗00 before reaching the observer
at x. The volume integral x⃗00 must be evaluated on the
intersection of the future light cone of the initial scalar field
x0 and the past light cone of the observer at x, which is an
ellipsoid with foci at x⃗ and x⃗0. By aligning the ẑ axis to be
parallel to x⃗ − x⃗0, the spatial components in a Cartesian
basis of an arbitrary point of this ellipsoid read [18,19]

x⃗00½θ00;ϕ00� ¼ x⃗þ x⃗0

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt − t0Þ2 − jx⃗ − x⃗0j2

q
sin½θ00�ê⊥½ϕ00�

þ t − t0

2
cos½θ00�ẑ: ð3:15Þ

The value ê⊥ ¼ ðcosϕ00; sinϕ00; 0Þ is the unit radial vector
lying on the two-dimensional plane orthogonal to x⃗ − x⃗0. In
Fig. 3, we illustrate with a spacetime diagram the causal
structure of the scattering of null signals in Eq. (3.14).
To decompose the integrand of Eq. (3.14) in terms of

spherical harmonics, we again replace the delta function
with its integral representation, with ω as the frequency:

δ1G½x; x0� ¼ −
Z
R3

d3x⃗00
Z

∞

−∞
dωω2e−iωðt−t0Þ

×
eiωjx⃗−x⃗00j

4πjx⃗ − x⃗00j
eiωjx⃗00−x⃗0j

4πjx⃗00 − x⃗0jΦ½x⃗00�; ð3:16Þ

where ω2 is due to the ∂t∂t0 in Eq. (3.14). Since the
expression (3.16) is time-translation invariant, described by
exp½−iωðt − t0Þ�, we can set the initial time t0 of the scalar

field to be 0. Employing the spherical harmonic decom-
positions of Eqs. (3.12) and (3.7), we may recast Eq. (3.16)
into

δ1G½x; x0� ¼
Z
R3

d3x⃗00
Z

∞

−∞
dωω2e−iωt16πGN

×
X
l00;m00

ð−1Þm00

2l00 þ 1

Ym00
l00 ½x̂00�
r00l00þ1

Mm00
l00

× iω
X
l;m

jl½ωr<�hð1Þl ½ωr>�Ym
l ½x̂�Ȳm

l ½x̂00�

× iω
X
l0;m0

jl0 ½ωr0<�hð1Þl0 ½ωr0>�Ym0
l0 ½x̂00�Ȳm0

l0 ½x̂0�;

where r< ¼ min½r; r00�, r> ¼ max½r; r00�, r0< ¼ min½r0; r00�,
and r0> ¼ max½r0; r00�. In the late time limit
u≡ Δη − r ≫ r0, r0 will always be evaluated inside the
boundary of the initial scalar field rΨ (cf. Fig. 2), which in
turn is very small compared to r00, the spatial distance from
the origin to x⃗00 on the ellipsoid. This is because the ellipsoid
size itself is controlled by Δη ≥ jx⃗ − x⃗0j ≈ rð1þO½r0=r�Þ.
Therefore, we can directly set r0< ¼ r0 and r0> ¼ r00, while r<
and r> will be determined by further calculation. Since r0 is
the smallest length scale in our problem, we expect the final
answer to admit a power series in r0. Motivated by this

FIG. 3. Spacetime diagram of the first-order Green’s function
δ1G. The bottom and top planes are, respectively, the initial and
final time hypersurfaces. The cylindrical tube joining the two
planes is the worldtube swept out by the central mass, whose
proper mass density is ρ½x⃗00�=a3, which we assume is zero outside
some small radius. The shaded region on the initial time (lower)
plane is where the initialΨ and its velocity are nonzero, which we
assume is also a small region centered around the spatial origin.
The observer on the final time (top) surface is located at x⃗, where
we base her backward light cone. The first-order massless scalar
Green’s function receives a signal emitted from the shaded region
on the initial time surface, which propagates on the displayed
forward null cone before scattering off the gravitational pertur-
bation χ̄00½x00� engendered by the central mass, and taking another
null path to the observer at ðη; x⃗Þ. The locus of spacetime points
fx00g where the scalar signal scatters off χ̄00 is, by causality, given
by the intersection of the forward light cone of x0 ≡ ðx00; x⃗0Þ and
the backward light cone of x≡ ðx0; x⃗Þ. Notice that in the late time
limit, the size of the ellipsoid will grow very large compared to
jx⃗0j and the spatial size of the mass distribution.
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observation, we take the small argument limit of the spherical Bessel functions jl0 ½ωr0� and use an integral representation of
jl½ωr�:

δ1G½x; x0� ¼ −
Z

∞

0

dr00r002
Z
S2

dΩ
Z

∞

−∞
dωω4e−iωt16πGN

X
l00;m00

ð−Þm00

2l00 þ 1

Ym00
l00 ½x̂00�
r00l00þ1

Mm00
l00

×
X
l;m

Z
1

−1

dc
2

eiωr<c

l!

�
−
ωr<
2

�
l
ðc2 − 1Þlð−iÞlþ1

eiωr>

ωr>

Xl
s¼0

is

s!ð2ωr>Þs
ðlþ sÞ!
ðl − sÞ! Y

m
l ½x̂�Ȳm

l ½x̂00�

×
X
l0;m0

ðωr0Þl0
ð2l0 þ 1Þ!! ð1þO½ðωr0Þ2�Þð−iÞl0þ1

eiωr
00

ωr00
Xl0
s0¼0

is
0

s0!ð2ωr00Þs0
ðl0 þ s0Þ!
ðl0 − s0Þ! Y

m0
l0 ½x̂00�Ȳm0

l0 ½x̂0�: ð3:17Þ

By collecting ω in the integrand, we can see that ω has the positive power 2þ lþ l0 − s − s0. Therefore, ω2þlþl0−s−s0 can
simply be replaced with ði∂tÞ2þlþl0−s−s0 , and the integral over ω evaluated:

δ1G½x; x0� ¼ −
X
l;m

�
−
1

2

�
l
Z

1

−1

dc
2

1

l!
ðc2 − 1Þlð−iÞlþ1

Xl
s¼0

is

s!ð2Þs
ðlþ sÞ!
ðl − sÞ! Y

m
l ½x̂�ð−Þm

× 32π2GN

X
l00;m00

ð−Þm00

2l00 þ 1
Mm00

l00
X
l0;m0

ðr0Þl0
ð2l0 þ 1Þ!! ð−iÞ

l0þ1
Xl0
s0¼0

is
0

s0!ð2Þs0
ðl0 þ s0Þ!
ðl0 − s0Þ! Ȳ

m0
l0 ½x̂0�

×
∂2þlþl0−s−s0
t

ð−iÞ2þlþl0−s−s0

�
Θ½t − cr − 2r�rl
ðt − crÞl00þs0þsþ1

1

2
þ Θ

�
r −

t − r
1þ c

��
t − r
1þ c

�
l−l00−s0 1

rsþ1

1

1þ c

�

×

�ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þ
4π

�
1=2
�
l l0 l00

0 0 0

��
l l0 l00

−m m0 m00

�
ð1þO½ðr0=tÞ2�Þ; ð3:18Þ

where we have evaluated the solid angle integral Ω00 with
three spherical harmonics in the integrand, which intro-
duces the Wigner 3j symbols, and the r00 integral collapses
the delta functions into step functions.
We will consider two possible configurations of the

observer. In the first, the observer is located near timelike
infinity, t → ∞, with r fixed. In this case, the largest
quantity is the observer time t. In the second, the observer is
located at null infinity, where the advanced time grows
without bound, v → ∞, and the retarded time u is large
but fixed.

3. Timelike infinity

Consider the observer at timelike infinity. For r00 > r,
we have a step function with −2 − cþ t=r as the argu-
ment. Since we consider the observer to be at timelike
infinity t → ∞, the step function always has a positive
value argument, i.e., Θ½ðt=r − cÞ ≫ 1� ¼ 1. However, for
r > r00 as t → ∞, the argument is always negative,
Θ½ðc − t=rÞ → −∞� ¼ 0, since the maximum value of
the cosine is 1. We take the leading contribution of this
limit, ð−crþ tÞ → t, followed by evaluating the integral:

δ1G½x; x0� ¼
X
l;m

�
−
1

2

�
l 1

l!

ffiffiffi
π

p
Γ½lþ 1�

Γ½lþ 3=2� ð−iÞ
lþ1
Xl
s¼0

is

s!ð2Þs
ðlþ sÞ!
ðl − sÞ! Y

m
l ½x̂�ð−Þm

× 8π2GN

X
l00;m00

ð−Þm00

2l00 þ 1
Mm00

l00
X
l0;m0

ðr0Þl0
ð2l0 þ 1Þ!! ð−iÞ

l0þ1
Xl0
s0¼0

is
0

s0!ð2Þs0
ðl0 þ s0Þ!
ðl0 − s0Þ! Ȳ

m0
l0 ½x̂0�

×
Γ½3þ lþ l0 þ l00�t−3−l−l0−l00
Γ½l00 þ sþ s0 þ 1�ðiÞlþl0−s−s0 r

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þ

4π

r �
l l0 l00

0 0 0

��
l l0 l00

−m m0 m00

�

× ð1þO½ðr0=tÞ2; r=t�Þ: ð3:19Þ
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Parity invariance (see Appendix A) tells us that only the l00 ¼ 0mode survives, and the double summation over s and s0

is ð−1Þl. The usual rules of angular momentum addition (as contained within the Wigner 3j symbols) then inform us
that the surviving terms are those where l ¼ l0.

δ1G½x; x0� ¼ 4GNM
X
l;m

t−2l−3ðrr0ÞlYm
l ½x̂�Ȳm

l ½x̂0�
ð2lþ 2Þ!!
ð2lþ 1Þ!! ð−1Þ

lþ1ð1þO½ðr0=tÞ2; r=t�Þ: ð3:20Þ

We are going to use this Green’s function to describe the behavior of the scalar field. Recalling the Kirchhoff representation
in Eq. (2.7), with the initial data in Eq. (2.6), we arrive at

Ψ½x� ¼ 4GNMt−2l−3rlYm
l ½x̂�

ð2lþ 2Þ!!
ð2lþ 1Þ!! ð−1Þ

lþ1

Z
∞

0

dr0r0lþ2

�
_Cm
l ½r0� −

2lþ 3

t
Cm
l ½r0�

�
: ð3:21Þ

Notice that we used time-translation invariance on the second term, which introduced a minus sign. This solution is
equivalent to Poisson’s result [Eq. (3.4)].

4. Null infinity

Now, let us consider the scalar field at null infinity. To do that, we introduce the retarded time coordinate u≡ t − r and
the advanced time coordinate v≡ tþ r in Eq. (3.18), and proceed to consider the limits: v → ∞ and u fixed.

δ1G½x; x0� ¼ −
X
l;m

�
−
1

2

�
l
Z

1

−1

dc
2

1

l!
ðc2 − 1Þlð−iÞlþ1

Xl
s¼0

is

s!ð2Þs
ðlþ sÞ!
ðl − sÞ! Y

m
l ½x̂�ð−Þm

× 32π2GN

X
l00;m00

ð−Þm00

2l00 þ 1
Mm00

l00
X
l0;m0

ðr0Þl0
ð2l0 þ 1Þ!! ð−iÞ

l0þ1
Xl0
s0¼0

is
0

s0!ð2Þs0
ðl0 þ s0Þ!
ðl0 − s0Þ! Ȳ

m0
l0 ½x̂0�

×
∂2þlþl0−s−s0
u

ð−iÞ2þlþl0−s−s0

�
Θ
�

2u
v − u

− 1 − c

�
2−l−1ðv − uÞl
ð1 − cÞl00þsþs0þ1

þ Θ
�
1þ cþ 2u

u − v

�
ul−l

00−s02sþ1

ðv − uÞsþ1ð1þ cÞl−l00−s0þ1

�

×

�ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þ
4π

�
1=2
�
l l0 l00

0 0 0

��
l l0 l00

−m m0 m00

�
ð1þO½ðr0=vÞ2; u=v�Þ: ð3:22Þ

The step function in the first term indicates that the c
integral is bounded within 1 > c > −1þ 2u=ðv − uÞ. After
expanding the lower bound of the integration of the first term
with respect to 2u=v, the c integral of the zeroth order is in
fact the representation of the beta function, while the first
order is suppressed by u=v relative to the zeroth order.
Moreover, we also have the same situation in the second
term. The integral is bounded within −1þ 2u=ðv − uÞ >
c > −1. Since there is a small window of integration,
u=v ≪ 1, we need to treat the integral perturbatively by
expanding the upper bound with respect to 2u=v. After
carrying out the u derivatives, we find that the zeroth order of
the expansion is zero, while the first-order term is subleading
by u=v with respect to the zeroth order of the first term.
Furthermore, because the summations here are similar to the
timelike infinity calculation above, we are able to deduce
that only the mass monopole l00 ¼ 0 contributes at leading
order, just like the timelike infinity case. Angular momentum
addition rules then imply that l0 ¼ l.

δ1G½x; x0� ¼
X
l;m

2GNMð−1Þlþ1
r0l

rulþ2

ðlþ 1Þ!!
ð2lþ 1Þ!!

× Ym
l ½x̂�Ȳm

l ½x̂0�ð1þO½ðr0=tÞ2; u=v�Þ: ð3:23Þ

We now use the form of the Green’s function in Eq. (3.23) in
the Kirchhoff representation of Eq. (2.7) with Eq. (2.6) as the
initial profile of the scalar field. Finally, we have

rΨ½v→∞; u;Ω� ¼ 2GNM
1

ulþ2

ðlþ 1Þ!
ð2lþ 1Þ!!Y

m
l ½x̂�

×
Z

∞

0

dr0r0lþ2

�
_Cm
l ½r0�−

lþ 2

u
Cm
l ½r0�

�
:

ð3:24Þ

We have again used time-translation invariance on the
second term, which introduces a minus sign. This solution
is equivalent to Poisson’s result [Eq. (3.5)].
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IV. PERTURBED DE SITTER BACKGROUND

A. Pseudo-frequency space method

We now turn to the de Sitter case, where a½η� ¼
−1=ðHηÞ. Within the generalized de Donder gauge con-
dition η∂μχ̄μν ¼ 2χ̄0ν − δ0νη

ρσχ̄ρσ, the metric perturbation
χμν in Eq. (2.2) [or, equivalently, its trace-reversed cousin
χ̄μν in Eq. (2.14)] satisfying the linearized Einstein’s
equations with a positive cosmological constant Λ ¼
3H2 had been solved analytically in Ref. [21] for a general
source Tμν; namely,

δ1Gμν − Λa2χμν ¼ 8πGNTμν; ð4:1Þ

where δ1Gμν is the Einstein tensor expanded about a de
Sitter background and containing precisely one power of
χμν. For technical simplicity, we are considering a stress
tensor in Eq. (2.15) whose only nonzero component is its
mass density. Hence, the only nonzero component is χ̄00,
which can be found from the so-called pseudo-trace mode
solution in Ref. [21].

χ̄00½η00; x⃗00� ¼ −
16πGN

a½η00�
Z
R3

d3x⃗000
ρ½x⃗000�

4πjx⃗00 − x⃗000j : ð4:2Þ

In terms of χ̄00, the metric perturbation components are

χ00 ¼
1

2
χ̄00; χij ¼

1

2
δijχ̄00; χi0 ¼ 0: ð4:3Þ

Equation (4.2) tells us that up to the scale factor, χ̄00 is
identical to the flat spacetime Newtonian gravitational
potential, which in turn means that the spherical harmonic
decomposition in Eq. (3.6) may continue to be exploited.
Specifically, if χ̄00 is evaluated outside the matter distri-
bution, then Eq. (4.2) becomes

χ̄00½η00;x⃗00�¼−
16πGN

a½η00�
X
l00;m00

ð−Þm00

2l00þ1

Mm00
l00 ½rm

00
l00 �

r00l00þ1
Ym00
l00 ½x̂00�; ð4:4Þ

where the mass multipoles are

Mm00
l00 ½rm

00
l00 �≡

Z
rm

00
l00

0

dr000
Z
S2

dΩ000r000l00þ2Ȳm00
l00 ½x̂000�ρ½x⃗000�: ð4:5Þ

On the other hand, if χ̄00 is evaluated inside the matter
distribution, the integration needs to be separated into two
different regions. The first region lies between the origin
and the location of metric perturbation r00, where r> ¼ r00.
However, the second region is between r00 and the boundary
of matter distribution rm

00
l00 , with r> ¼ r000. Then, Eq. (4.2)

becomes

χ̄00½η00; x⃗00� ¼ −
16πGN

a½η00�
X
l00;m00

ð−Þm00

2l00 þ 1
Ym00
l00 ½x̂00�

×

�
Mm00

l00 ½r00�
r00l00þ1

þ Nm00
l00 ½r00�r00l00

�
; ð4:6Þ

where the internal multipoles are now

Mm00
l00 ½r00�≡

Z
r00

0

dr000
Z
S2

dΩ000r000l00þ2Ȳm00
l00 ½x̂000�ρ½x⃗000�;

Nm00
l00 ½r00�≡

Z
rm

00
l00

r00
dr000

Z
S2

dΩ000r000−l00þ1Ȳm00
l00 ½x̂000�ρ½x⃗000�: ð4:7Þ

These Mm00
l00 and Nm00

l00 contribute, respectively, to the two
integration regions 0 < r000 < r00 and r00 < r000 < rm

00
l00 .

1. Initial value formulation

Now, let us prepare the Kirchhoff representation of the
scalar field in a perturbed de Sitter background. Here, we
set the initial hypersurface at η0. Therefore, up to first order
in χμν, the square root of induced metric determinant and
the normal vector of the initial hypersurface are

ffiffiffiffiffiffi
jhj

p
≈ a½η0�3

�
1 −

3

4
χ̄00

�
;

n̂α ≈ a½η0�−1δα0
�
1 −

1

4
χ̄00

�
: ð4:8Þ

Up to first order in perturbations, we have from Eq. (2.7)

Ψ½x� ¼
Z
R3

d3x⃗0a½η0�2ðḠ½x; x0� _Ψ½x0� −Ψ½x0�∂η0 ðḠ½x; x0�ÞÞ

þ
Z
R3

d3x⃗0a½η0�2ð−χ̄00ÞðḠ½x; x0� _Ψ½x0�

− Ψ½x0�∂η0 ðḠ½x; x0�ÞÞ þ
Z
R3

d3x⃗0a½η0�2ððδ1Gx;x0 Þ _Ψ½x0�

− Ψ½x0�∂η0 ðδ1Gx;x0 ÞÞ
≡Ψð0Þ½η; η0; x⃗� þΨð0;χÞ½η; η0; x⃗� þΨð1Þ½η; η0; x⃗�: ð4:9Þ

The first, second, and third terms after the first equality are
defined, respectively, as Ψð0Þ½η; η0; x⃗�, Ψð0;χÞ½η; η0; x⃗�, and
Ψð1Þ½η; η0; x⃗�. Ψð0Þ and Ψð0;χÞ will be discussed in the next
section. Unlike in 4D Minkowski, where there is no linear
tail effect, these two terms do contribute to the observed
scalar field at late times because the background de Sitter
Green’s function [in Eq. (4.10) below] contains a tail.
Therefore, we need to include these terms and compare
them with the nonlinear signal Ψð1Þ½η; η0; x⃗� associated with
scalar-gravity scattering described by δ1G.
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2. Perturbed Green’s function

The retarded Green’s function of a massless scalar field in de Sitter spacetime contains two terms. One of them,
proportional to a delta function, describes the propagation of the field on the light cone, while the other, proportional to a
step function, describes the propagation of the field inside the future light cone of the source at x0. It is given by

Ḡ½x; x0� ¼ H2

4π

�
δ½η − η0 − jx⃗ − x⃗0j�

jx⃗ − x⃗0j ηη0 þ Θ½η − η0 − jx⃗ − x⃗0j�
�
: ð4:10Þ

The first-order perturbed Green’s function is given by Eq. (2.13). Its late time limit reads

δ1G½x; x0� ¼ −16πGN

Z
∞

0

dr00r002
Z
S2

dΩ00H3
X
l00;m00

ð−Þm00

2l00 þ 1

Ym00
l00 ½x̂00�
r00l00þ1

Mm00
l00

× ðηη0A−1 − ηη0∂η0A0 þ ηB−1;x⃗ − ηη0∂ηA0 þ ηη0∂η∂η0A1 − η∂ηB0;x⃗ − η0B−1;x⃗0 þ η0∂η0B0;x⃗0 − C−1Þ; ð4:11Þ

where we have defined

Aa ≡
Z

0

−∞
dη00η00a

δ½η − η00 − jx⃗ − x⃗00j�
4πjx⃗ − x⃗00j

δ½η00 − η0 − jx⃗00 − x⃗0j�
4πjx⃗00 − x⃗0j ; ð4:12Þ

Bb;x⃗o ≡
Z

0

−∞
dη00η00b

δ½η − η00 − jx⃗ − x⃗00j�δ½η00 − η0 − jx⃗00 − x⃗0j�
ð4πÞ2jx⃗o − x⃗00j ; x⃗o ∈ fx⃗; x⃗0g; ð4:13Þ

C−1 ≡
Z

0

−∞
dη00

1

ð4πÞ2η00 δ½η − η00 − jx⃗ − x⃗00j�δ½η00 − η0 − jx⃗00 − x⃗0j�: ð4:14Þ

That only delta functions are present in Eqs. (4.12)–(4.14) is because the derivatives in Eq. (2.13) have converted the Θ’s of
the tail term in Eq. (4.10) into δ’s. Moreover, these delta functions teach us that, as far as the causal structure of the signal is
concerned, the de Sitter massless scalar Green’s function at first order in the central mass is similar to its asymptotically flat
cousin: the signal at the observer’s location x arises from the signal emitted at x0 scattering off the central mass’s
gravitational potential lying on the ellipsoid that is associated with the intersection of the future light cone of x0 and the past
light cone of x; recall Fig. 3. This also explains why we have employed in Eq. (4.11) the form of the perturbation in
Eq. (4.4): the ellipsoid of integration at late times always lies outside the matter distribution itself.

3. Timelike infinity

In this work, we will be extracting the leading-order terms from expanding in powers of η=η0, r=η0, and r0=η0. In
particular, we shall specialize to an observer approaching timelike infinity, where η=η0 → 0 and η − η0 ≫ r > r0. By using
these assumptions, the first six terms from the left are subleading relative to the remaining three terms:

δ1G½x; x0� ¼ −16πGNH3

Z
∞

0

dr00
Z
S2

dΩ00X
l00;m00

ð−1Þm00

2l00 þ 1

Yl00m00 ½x̂00�
r00l00−1

Mm00
l00 × ð−η0B−1;x⃗0 þ η0∂η0B0;x⃗0 − C−1Þ: ð4:15Þ

The calculations of B−1;x⃗0 ; B0;x⃗0 , and C−1 have been performed in Appendix B. Here we will discuss how each term
contributes. By including the r00 integration from δ1G, the values B−1;x⃗0 , B0;x⃗0 , and C−1 have the following forms:

Z
∞

0

dr00
B−1;x⃗0

r00l00−1
¼ −

X
l;m

ðrÞl
ð2lþ 1Þ!!Y

m
l ½x̂�Ȳm

l ½x̂00�
X
l0;m0

ðr0Þl0
ð2l0 þ 1Þ!!Y

m0
l0 ½x̂00�Ȳm0

l0 ½x̂0�
ð−1Þlþl0 ðlþ l0 þ l00Þ!

ðη − η0Þlþl0þl00þ1

×
π21−l

00Γ½l00�
Γ½−l−l0þl00

2
�Γ½l−l0þl00þ1

2
�Γ½−lþl0þl00þ1

2
�Γ½lþl0þl00þ2

2
�

�
1þO

�
η

η0

��
; ð4:16Þ
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Z
∞

0

dr00
B0;x⃗0

r00−l00þ1
¼
�
1

8π

X
l0;m0

ðr0Þl0
ð2l0 þ 1Þ!!Y

m0
l0 ½x̂00�Ȳm0

l0 ½x̂0� 2l
00

ð−1Þl0
ðη − η0Þ−l0−l00

ðl00Þ−l0

þ
X
l¼1;m

X
l0;m0

2l
00−1rlr0l0 ð−1Þlþl0 ðη − η0Þ−l00−l−l0

ð2l0 þ 1Þ!!
Γ½l00 þ lþ l0�
ð2lþ 1Þ!!

×
π23−2l

00Γ½l00 − 1�Ym
l ½x̂�Ȳm

l ½x̂00�Ym0
l0 ½x̂00�Ȳm0

l0 ½x̂0�
Γ½−l−l0þl00

2
�Γ½l−l0þl00−1

2
�Γ½−lþl0þl00þ1

2
�Γ½lþl0þl00

2
�

��
1þO

��
r
η0

�
2
��

; ð4:17Þ

Z
∞

0

dr00
C−1

r00−l00þ1
¼
�
−

1

8π

X
l;m

ðrÞl
ð2lþ 1Þ!!Y

m
l ½x̂00�Ȳm

l ½x̂0�
2l

00

ð−1Þl
ðη − η0Þ−l−l00

ðl00Þ−l

−
X

l0¼1;m0

X
l;m

2l
00−1rlr0l0 ð−1Þlþl0 ðη − η0Þ−l00−l−l0

ð2lþ 1Þ!!
Γ½l00 þ lþ l0�
ð2l0 þ 1Þ!!

×
π23−2l

00Γ½l00 − 1�Ym
l ½x̂�Ȳm

l ½x̂00�Ym0
l0 ½x̂00�Ȳm0

l0 ½x̂0�
Γ½−l−l0þl00

2
�Γ½l0−lþl00−1

2
�Γ½−l0þlþl00þ1

2
�Γ½lþl0þl00

2
�

��
1þO

��
r0

η0

�
2
��

: ð4:18Þ

In the first term of Eq. (4.17), because the Pochhammer
symbol ðl00Þ−l0 will blow up if l0 ¼ l00 > 0, only the l00 ¼
l ¼ 0 terms survive. This in turn renders the first term of
Eq. (4.17) independent of both η and η0, and since B0;x⃗0

shows up in Eq. (4.15) only as a derivative with respect to
η0, we may therefore drop the first term of Eq. (4.17).
Similar arguments related to ðl00Þ−l in the first term of
Eq. (4.18) tell us that only its l ¼ 0 term remains.
Additionally, the intermediate summations leading up to

Eqs. (4.16), (4.17), and (4.18) have been tackled in
Appendix A—see the discussion leading up to Eq. (A5).
Now, the gamma functions in the denominators of
Eqs. (4.16), (4.17), and (4.18) will blow up when their
arguments are nonpositive integers. In particular, parity
arguments, spelled out in more detail in Appendix B,
provide the constraint l00 þ 2q ¼ lþ l0, where q is an
arbitrary integer. This implies that Γ½−l−l0þl00

2
� in

Eqs. (4.16), (4.17), and (4.18) diverges, except when l00 ¼
0 due to the Γ½l00� in Eq. (4.16) and Γ½l00 − 1� in Eqs. (4.17)
and (4.18). Angular momentum addition tells us that l ¼
l0 when l00 ¼ 0; hence, at this point, we simply need to
compute the limits

lim
l00→0þ

21−2l
00
πΓ½l00�

Γ½l00
2
− l�Γ½1

2
ðl00 þ 1Þ�Γ½1

2
ðl00 þ 1Þ�Γ½l00

2
þ ðlþ 1Þ�

¼ ð−1Þl

and

lim
l00→0þ

22−2l
00
πΓ½l00 − 1�

Γ½l00
2
− l�Γ½l00

2
�Γ½1

2
ðl00 þ 2Þ�Γ½l00

2
þ l� ¼ 2lð−1Þl:

Altogether, we gather

δ1G½x; x0� ¼ ðδ1;0Gþ δ1;1G½x; x0�Þ

×

�
1þO

�
η

η0
;

�
r
η0

�
2

;

�
r0

η0

�
2
��

; ð4:19Þ

where we define the monopole-only term (with
l ¼ l0 ¼ l00 ¼ 0) as

δ1;0G≡GNH3
M
2π

; ð4:20Þ

and the higher multipole terms as

δ1;1G½x; x0� ¼ 2GNMH3
X∞
l¼1

Xl
m¼−l

ð−1Þl

×
2l!!

ð2lþ 1Þ!!
�
rr0

η02

�
l
Ym
l ½x̂�Ȳm

l ½x̂0�: ð4:21Þ

4. Null infinity

We now turn to extracting the late retarded time and
null infinity limits of δ1G in Eq. (4.11). By late retarded
time, we mean u ¼ η − η0 − r ≫ r0, but it is otherwise
held fixed (see Fig. 4), whereas the null infinity limit
entails taking η → 0 and the maximum possible advanced
time coordinate allowed by the cosmological hori-
zon, v ¼ η − η0 þ r → −η0 þ r ≈ −2η0ð1þO½u=η0�Þ ≫ u.
Because η → 0 in the null infinity limit, we find the first

six terms to be subleading:
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δ1G ¼ 16πG
Z

dr00r002
Z

dΩ00 1

−H
H4

�X
l00;m00

ð−Þm00

2l00 þ 1

Yl00m00 ½x̂00�
r00l00þ1

Mm00
l00

�

× ðηη0A−1 − ηη0∂η0A0 þ ηB−1;x⃗ − ηη0∂ηA0 þ ηη0∂η∂η0A1 − η∂ηB0;x⃗ − η0B−1;x⃗0 þ η0∂η0B0;x⃗0 − C−1Þ;

≈ 16πG
Z

dr00r002
Z

dΩ00ð−H3Þ
�X

l00;m00

ð−Þm00

2l00 þ 1

Yl00m00 ½x̂00�
r00l00þ1

Mm00
l00

�

× ð−η0B−1;x⃗0 þ η0∂η0B0;x⃗0 − C−1 þO½η=η0�Þ: ð4:22Þ

We shall focus only on the monopole contributions to the final signal.
To this end, we start by taking B−1;x⃗0 , B0;x⃗0 , and C−1 from Eqs. (B30), (B25), and (4.14), respectively, followed by setting

l ¼ l0 ¼ l00 ¼ 0:

−η0
Z

∞

0

dr00r00B−1;x⃗0 ¼
v
2

Z
∞

0

dr00r00
Z

∞

−∞

dω
ð4πÞ2

exp ½−iωðuþv
2

− r> − r00Þ�
2πr>r00

�
eiωr< − e−iωr<

2ir<ω

�

¼ −
ln½u=v�
32π2

�
1þO

�
u
v

��
; ð4:23Þ

η0
Z

∞

0

dr00r00∂η0B0;x⃗0 ¼ −
v
2

Z
∞

0

dr00
Z

∞

−∞

dω
ð4πÞ2

i exp ½−iωððuþvÞ
2

− r>Þ�
2πωr00r

×

�
−
i
2
ðe−iωr< þ eiωr<Þr<ωþ i

2
ðe−iωr< − eiωr<Þðiþ r<ωÞ

�

¼ −
v

64π2u
þ ln½u=v�

32π2
þO

�
u
v

�
; ð4:24Þ

Z
∞

0

dr00r00C−1 ¼
Z

∞

0

dr00r00
Z

∞

−∞

dω
ð4πÞ2

exp ½−iωðuþv
2

− r> − r00Þ�
2πr>

�
eiωr< − e−iωr<

2ir<ω

��
1þ ir0

3r002ω

�

¼ 1

32π2

�
1þO

�
u
v

��
þO

�
r0

v

�
; ð4:25Þ

where r< ¼ min½r; r00� and r> ¼ max½r; r00�. Inserting these
integration results into Eq. (4.22), we have δ1G ¼ GNH3M

2π

�
1þ 1

2

v
u

�
: ð4:26Þ

Observe that the first term in Eq. (4.26) is the same as its
timelike infinity counterpart in Eq. (4.20), whereas the
second term in Eq. (4.26) describes a relative enhancement
of v=ð2uÞ.

B. Position spacetime method

In Sec. IVA, we saw that at leading order in η=η0, r=η0,
and r0=η0, the higher multipole moments of the central mass
distribution did not contribute to the perturbed Green’s
function δ1G. In this section, we will show how we may
recover this mass-monopole-only result from a position
spacetime calculation. In the late time limit, we have seen
that χ̄00 will never be evaluated inside the mass distribution,
and hence the integrand of Eq. (4.2) may be Taylor-
expanded as follows:

FIG. 4. Spatial diagram of the first-order Green’s function
δ1G. The gray blob denotes the central mass M. Referring to
Eq. (3.13), at first nonlinear order, the initial scalar field at x⃗0

propagates along null rays to x⃗00, scattering off the gravitational
potential Φ½x⃗00� due toM before taking null paths back to x⃗. The
locus of x⃗00 is the surface of the ellipsoid given by causality:
Δη≡ η − η0 ¼ jx⃗ − x⃗0j þ jx⃗0 − x⃗00j, arising from the argument of
the δ function in Eq. (3.14). The shortest distance between x⃗00
and x⃗0 is L ¼ ðΔη − RÞ=2. By expanding in powers of r0, we see
that L ≈ ðu=2Þð1þO½r0=u�Þ; i.e., the fractional change of L is
small if and only if r0 ≪ u.
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χ̄00½η00; x⃗00�¼−
4GN

a½η00�
�

M
jx⃗00jþ

Xþ∞

l00¼1

ð−Þl00

l00!
Ξi1…il
00 ∂i00

1
� ��∂i00l

1

jx⃗00j
�
;

ð4:27Þ

Ξi1…il
00 ≡

Z
R3

d3z⃗00z00i1 � � � z00ilρ½z⃗00�: ð4:28Þ

This is equivalent to the spherical harmonic expansion of
Eq. (4.2), with the l00th term in the summation correspond-
ing to the l00th mass multipole moment. Since we only wish
to recover the mass monopole result of the previous section,
we shall discard the summation in Eq. (4.27) and insert it
and Eq. (4.10) into Eq. (2.13). By explicitly splitting the de

Sitter Green’s function Ḡ into the null cone ḠðdirectÞ and tail
GðtailÞ pieces,

Ḡ½x; x0� ¼ ḠðdirectÞ½x; x0� þ ḠðtailÞ½x; x0�;

ḠðdirectÞ½x; x0� ¼ H2

4π

δ½η − η0 − jx⃗ − x⃗0j�
jx⃗ − x⃗0j ηη0;

ḠðtailÞ½x; x0� ¼ H2

4π
Θ½η − η0 − jx⃗ − x⃗0j�; ð4:29Þ

this leads us to

δ1G½x; x0� ¼
X
1≤I≤4

δ1GðIÞ½x; x0�; ð4:30Þ

where

δ1Gð1Þ½x; x0�≡−ηρμ00ησν00
Z

0

−∞
dη00
Z
R3

d3x⃗00a½η00�2∂μ00ḠðdirectÞ½x; x00�χ̄ρσ½x00�∂ν00ḠðdirectÞ½x00; x0�

¼ −
GNM
2π

H3f∂η∂η0

�
Θ½η− η0 −R�ηη

0ðηþ η0Þ
2

I2

�
− ∂η

�
Θ½η− η0 −R�

�
ηη0I1 þ

ηðηþ η0Þ
2

I2

��

− ∂η0

�
Θ½η− η0 −R�

�
ηη0I1 þ

η0ðηþ η0Þ
2

I2

��
þΘ½η− η0 −R�

�
ðηþ η0ÞI1 þ

ηþ η0

2
I2 þ

2ηη0

ηþ η0
I3

��
; ð4:31Þ

δ1Gð2Þ½x; x0�≡ −ηρμ00ησν00
Z

0

−∞
dη00
Z
R3

d3x⃗00a½η00�2∂μ00ḠðtailÞ½x; x00�χ̄ρσ½x00�∂ν00ḠðdirectÞ½x00; x0�

¼ −
GNM
4π

H3

�
∂η0 ðΘ½η − η0 − R�η0ðη − η0ÞI−4 Þ − Θ½η − η0 − R�ðη − η0Þ

�
2η0

ηþ η0
I−5 þ I−4

��
; ð4:32Þ

δ1Gð3Þ½x; x0�≡ −ηρμ00ησν00
Z

0

−∞
dη00
Z
R3

d3x⃗00a½η00�2∂μ00ḠðdirectÞ½x; x00�χ̄ρσ½x00�∂ν00ḠðtailÞ½x00; x0�

¼ GNM
4π

H3

�
∂ηðΘ½η − η0 − R�ηðη − η0ÞIþ4 Þ − Θ½η − η0 − R�ðη − η0Þ

�
Iþ4 þ 2η

ηþ η0
Iþ5

��
; ð4:33Þ

δ1Gð4Þ½x; x0�≡ −ηρμ00ησν00
Z

0

−∞
dη00
Z
R3

d3x⃗00a½η00�2∂μ00ḠðtailÞ½x; x00�χ̄ρσ½x00�∂ν00ḠðtailÞ½x00; x0�

¼ GNM
4π

H3

�
Θ½η − η0 − R� ðη − η0Þ2

ηþ η0
I6

�
; ð4:34Þ

and, by placing x⃗00 on the ellipsoidal surface parametrized in Eq. (3.15) and defining R≡ jx⃗ − x⃗0j, the integrals involved are
defined by
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I1 ≡
Z
S2

dΩ00

4π

1

jx⃗00j ;

I2 ≡
Z
S2

dΩ00

4π

1 − ξ cos θ00

jx⃗00j ; ξ≡ −
R

ηþ η0
; 0 < ξ < 1;

I3 ≡
Z
S2

dΩ00

4π

1

jx⃗00jð1 − ξ cos θ00Þ ;

I�4 ≡
Z
S2

dΩ00

4π

1� ζ cos θ00

jx⃗00j ; ζ ≡ R
η − η0

; 0 < ζ < 1; η − η0 > rþ r0;

I�5 ≡
Z
S2

dΩ00

4π

1� ζ cos θ00

jx⃗00jð1 − ξ cos θ00Þ ;

I6 ≡
Z
S2

dΩ00

4π

ð1þ ζ cos θ00Þð1 − ζ cos θ00Þ
jx⃗00jð1 − ξ cos θ00Þ : ð4:35Þ

I1 was evaluated by DeWitt and DeWitt [22]; for
η − η0 > rþ r0, relevant for our late time calculations, it
reads

I1 ¼
1

R
ln

�
1þ ζ

1 − ζ

�
: ð4:36Þ

1. Timelike infinity

In the timelike infinity limit, −r=η0;−r0=η0; η=η0 ≪ 1,
both the ξ and ζ tend to zero. As such, the rest of I2;3;4;5;6 are
really I1 up to fractional corrections of order −r=η0:

I2;3;4;5;6 ¼ I1ð1þO½ζ; ξ�Þ: ð4:37Þ

Taking all these into account, and returning to our perturbed
Green’s function in Eq. (4.30),

δ1G½x; x0� ¼ −
1

2π
GNMH3

ðη2 − η02Þððη − η0Þ2 − 2ηη0 − R2Þ
ððη − η0Þ2 − R2Þ2

�
1þO

�
R

ηþ η0
;

R
η − η0

��
: ð4:38Þ

Next, we follow Poisson [18] to expand Eq. (4.38) in powers of cos γ ¼ x̂ · x̂0, via the relation

ðcos γÞk ¼
X∞
l¼0

2lþ1πð1þ ð−1Þk−lÞ Γ½kþ 1�Γ½kþl
2

þ 1�
Γ½k−l

2
þ 1�Γ½kþ lþ 2�

Xl
m¼−l

Ym
l ½θ;ϕ�Ȳm

l ½θ0;ϕ0�: ð4:39Þ

At this point, we have recovered δ1G of Eq. (4.19) within the timelike infinity limit:

δ1G½x; x0� ¼ 2GNMH3
X∞
l¼0

Xl
m¼−l

ð−1Þl 2l!!
ð2lþ 1Þ!!

�
rr0

η02

�
l
Ym
l ½θ;ϕ�Ym�

l ½θ0;ϕ0�
�
1þO

�
η

η0
;
r
η0
;
r0

η0

��
: ð4:40Þ

2. Null infinity

Next, let us recover the result in Eq. (4.26). We start by
taking the null infinity limits of ξ and ζ in Eq. (4.35):

ξ ¼
�

v − u
uþ v − 4η

��
1þO

�
r0

v

��
; ð4:41Þ

ζ ¼
�
v − u
vþ u

��
1þO

�
r0

v

��
: ð4:42Þ

Examining Fig. 4 tells us that 0⃗ is much closer to x⃗0 than x⃗0
is to the nearest point on the ellipsoid (namely, L ≫ r0) if
we assume that u ≫ r0. This assumption in turn guarantees
that little error is incurred in the 1=jx⃗00j occurring within the
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integrals of Eq. (4.35) if we proceed to first expand the rest of their integrands in powers of r0:

I1 ¼ 2
ln½u=v�
u − v

ð1þO½r0=u�Þ;

I2 ¼
4ð−uþ vþ ln½u=v�ð−2ηþ uþ vÞÞ

ðu − vÞð−4ηþ uþ vÞ ð1þO½r0=u�Þ;

I3 ¼
ln ½uð−2ηþ uÞ=vð−2ηþ vÞ�ð−4ηþ uþ vÞ

ðu − vÞð−2ηþ uþ vÞ ð1þO½r0=u�Þ;

Iþ4 ¼ 4

uþ v
ð1þO½r0=u�Þ;

I−4 ¼
�
4 ln½u=v�
u − v

−
4

uþ v

�
ð1þO½r0=u�Þ;

Iþ5 ¼ 2
ðuþ v − 4ηÞ ln½ðu − 2ηÞ=ðv − 2ηÞ�

u2 − v2
ð1þO½r0=u�Þ;

I−5 ¼ 2ð−4ηþ uþ vÞð2η ln½ðu − 2ηÞ=ðv − 2ηÞ� þ ln½u=v�ðuþ vÞÞ
ðu2 − v2Þð−2ηþ uþ vÞ ð1þO½r0=u�Þ;

I6 ¼ 4
ð4η tanh−1½ðu − vÞ=ð−4ηþ uþ vÞ� þ u − vÞð−4ηþ uþ vÞ

ðu − vÞðuþ vÞ2 ð1þO½r0=u�Þ: ð4:43Þ

We substitute all of these to obtain the perturbed Green’s
function δ1G [Eq. (4.30)], and we proceed to take the limits
v ≫ u and η → 0, to obtain

δ1G ¼ GNH3M
2π

�
1þ 1

2

v
u

��
1þO½η

v
;
u
v
;
r0

v
�
�
: ð4:44Þ

This recovers Eq. (4.26).

C. Behavior of scalar field

In this section, we investigate the behavior of the given
initial profile of a scalar field [Eq. (2.6)] in the late time
regime of asymptotically de Sitter spacetimes.

1. Linear Propagation, Ψð0Þ

Recall the definition of Ψð0Þ from Eq. (4.9),

Ψð0Þ½η;η0;x⃗�≡
Z
R3

d3x⃗0a½η0�2ðḠ½x;x0� _Ψ½x0�−Ψ½x0�∂η0Ḡ½x;x0�Þ:

ð4:45Þ

For late times, the delta function term in Eq. (4.10) will not
contribute to the observed scalar field Ψð0Þ½η; η0; x⃗�.
Moreover, the time derivative of Ḡ½x; x0� in the second term
will turn the tail of the Green function into a null signal,
which will also be excluded. Additionally,Θ½Δη − R� ¼ 1 at
late times. Hence, we are left with

Ψð0Þ½η; η0; x⃗�≡ a½η0�2
Z
R3

d3x⃗0
H2

4π
_Ψ½η0; x⃗0�: ð4:46Þ

By using the initial condition of the scalar fields in Eq. (2.6),

Ψð0Þ½η; η0; x⃗�≡H2

4π
a½η0�2

Z
∞

0

dr0r02 _C0
0½r0�: ð4:47Þ

In the null infinity case, Eq. (4.47) still holds, since the step
function of the unperturbed Green’s function goes to the
same value,Θ½Δη − R� ≈ Θ½u� ¼ 1. Other than that, we only
need to set η0 ≈ −v=2:

Ψð0Þ
Null½u; v�≡H2

4π
a½−v=2�2

Z
∞

0

dr0r02 _C0
0½r0�: ð4:48Þ

2. Linear Propagation, Ψð0;χ Þ

The next part is Ψð0;χÞ. From Eq. (4.9),

Ψð0;χÞ½η; η0; x⃗� ¼
Z
R3

d3x⃗0a2½η0�ð−χ̄00ÞðḠ½x; x0� _Ψ½x0�

−Ψ½x0�∂η0Ḡ½x; x0�Þ: ð4:49Þ

The same late time considerations forΨð0Þ apply here, since
their integral representations employ the same unperturbed
retarded Green function Ḡ½x; x0�. We thus have

Ψð0;χÞ½η;η0; x⃗�¼−
Z
R3

d3x⃗0a2½η0�χ̄00½x⃗0�
H2

4π

X
l0;m0

_Cm0
l0 ½r0�Ym0

l0 ½x̂0�;

ð4:50Þ

where we use the initial condition of the scalar fields given
in Eq. (2.6). Now, let us recall the trace-reversed perturba-
tion metric χ̄00. Since the r0 integral runs over all radii, we
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will have two integration regions: outside of the mass distribution r0 > rm
00

l00 and inside of the mass distribution rm
00

l00 > r0 > 0.
We therefore need to invoke Eq. (4.6) to deduce

Ψð0;χÞ½η; η0; x⃗� ¼ 4GNH2

Z
∞

0

dr0r02a½η0�
X
l0;m0

� ð−1Þm0

2l0 þ 1

1

r0l0þ1
Mm0

l0 ½rm
0

l0 �Θ½r0 − rm
0

l0 �

þ ð−1Þm0

2l0 þ 1

�
Mm0

l0 ½r0�
r0l0þ1

þ Nm0
l0 ½r0�r0l

0
�
Θ½rm0

l0 − r0�
�
_Cm0
l0 ½r0�; ð4:51Þ

where the first and second terms describe the contributions
from the initial scalar field outside [Eq. (4.4)] and inside
[Eq. (4.6)] the central mass, respectively, with Mm0

l0 ½r0� and
Nm0

l0 ½r0� already defined in Eq. (4.7). Like its cousin in
Eq. (4.47), the result in Eq. (4.51) is a constant with respect
to ðη; x⃗Þ, and therefore its null infinity expression remains
the same, except that η0 may be identified with −v=2.
While only the initial scalar field velocity’s monopole

contributes to the central mass independent linear propa-
gation result in Eq. (4.47), we see from Eq. (4.51) that all
the initial velocity’s multipoles fl0; m0g do contribute once
the gravitational potential of the central mass is included,
because these fl0; m0g are now tied to the mass multipoles
fl00; m00g in a one-to-one manner; namely, l0 ¼ l00 and
m0 ¼ m00. Moreover, both Eqs. (4.47) and (4.51) describe a
final scalar field that does not decay back to zero amplitude,
but instead asymptotes to a constant. In addition, we may
compare Eqs. (4.47) and (4.51) to the results obtained by
BCLK [16] and BCLP [17], where they dealt with a
spherically symmetric black hole in de Sitter spacetime.
Like them, we find the final scalar field to scale as H2; but

unlike them, because of our arbitrary matter distribution,
we uncover sensitivity to both external and internal multi-
poles of all orders. Even though BCLK and BCLP did not
name it as such, they found—as we did here—that their
massless scalar field would develop a memory at late times.

3. Nonlinear propagation, Ψð1Þ

Now, let us find out how the nonlinear parts contribute to
the scalar signal. Here, the propagation is governed by the
first-order perturbed retarded Green’s function. Recall the
definition of Ψð1Þ from Eq. (4.9):

Ψð1Þ½η; η0; x⃗� ¼
Z
R3

d3x⃗0a½η0�2ðδ1G½x; x0� _Ψ½x0�

−Ψ½x0�∂η0δ1G½x; x0�Þ: ð4:52Þ

The perturbed Green’s function for a timelike infinity
observer has been computed in Eq. (4.19). With the initial
profile in Eq. (2.6),

Ψð1Þ½η; η0; x⃗� ¼ a2½η0�MGNH3

Z
∞

0

dr0r02
�
_C0
0½r0�

4π3=2
þ
X

l0¼1;m0

�
_Cm0
l0 ½r0� −

2l
η0

Cm0
l0 ½r0�

�
Ym0
l0 ½x̂�

�
rr0

η02

�
l0 2ð2l0Þ!!ð−1Þl0

ð2l0 þ 1Þ!!
�

×

�
1þO

�
η

η0
;

�
r
η0

�
2

;

�
r0

η0

�
2
��

: ð4:53Þ

Observe that, because only the mass monopole term
contributes to δ1G in Eq. (4.19), there is an angular
momentum conservation at play here: the initial lth
multipole of the scalar field at η0 propagates forward in
time into a pure l multipole at late times, η → 0.
In the late retarded time null infinity limit, the perturbed

Green’s function is given in Eq. (4.26). By using the same
initial profile as the timelike infinity observer scenario
[Eq. (2.6)],

Ψð1Þ
Null½u; v� ¼

GNH3M

ð4πÞ3=2
Z

∞

0

dr0r02a½−v=2�2
��

v
u
þ 2

�

× _C0
0½r0� þ

C0
0½r0�
u

�
1 −

v
u

��
: ð4:54Þ

For this calculation, we have only computed the monopole
solution.

4. Comparison to static patch results

The line element of de Sitter in static patch coordinates is
given by

ds2¼ð1−H2r2sÞdt2s−ð1−H2r2sÞ−1dr2s−r2sdΩ2: ð4:55Þ

The transformation rules from the flat slicing coordinates
ðη; rÞ in Eq. (2.2) to static patch coordinates ðts; rsÞ are

r ¼ rs exp½−Hts�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −H2r2s

p and η ¼ −
exp½−Hts�

H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −H2r2s

p : ð4:56Þ
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By employing these transformation rules to rl in our
solution [Eq. (4.53)], the lth multipole of the scalar field
becomes

Ψð1Þ ∼ e−lHts : ð4:57Þ

This decay law was first obtained by BCLP [17].
We also highlight that the late time assumption that

allowed us to simplify the Green’s function expression to
that in Eq. (4.15), while made in the flat slicing coor-
dinates of Eq. (2.2), continues to hold even in the static
patch of de Sitter spacetime. This is because η=η0 ≈
exp½−Hðts − t0sÞ� → 0 as ts → ∞.

V. SUMMARY AND FUTURE WORK

In this paper, we have calculated the behavior of a
scalar field in the late time regime of perturbed de Sitter
spacetime, where the perturbation is generated by a
localized mass distribution. We performed the calculation
in a (fictitious) frequency space that amounted to replac-
ing delta functions with their integral representations.
This allowed us to implement a spherical harmonic
decomposition early on in the computation. We tested
the method in Sec. III A by recovering a portion of
Poisson’s asymptotically flat results in Ref. [18].
By taking the leading-order terms of the η=η0 → 0 and

−r0=η0 < −r=η0 ≪ 1 expansion at the early stage of cal-
culation, we recognized three contributions to the observed
scalar field at ðη; x⃗Þ in the timelike infinity limit. The first
term is the linear part of the scalar field propagation itself,
coming from the tail of the de Sitter massless scalar Green’s
function. The second is just the linear part with a first-order
metric perturbation, where the initial scalar field is sensitive
to both the internal and external mass multipoles. The first
and second terms yield linear scalar memory, as η=η0 → 0 at
fixed r: Ψ does not decay back to zero but to a spacetime
constant proportional to H2. The third term is the nonlinear
part of the scalar field propagation, governed by the
perturbed Green’s function. Here, the scalar interacts with
the gravitational potential of the central mass through
scattering off the intersection of the future light cone of
the initial scalar profile and past light cone of the observer.
There is a nonlinear scalar memory effect like the linear

case, where the scalar decays to a spacetime constant that
scales as ðGNMÞH relative to the linear memory, where M
is the total mass of the matter distribution. Moreover, this
nonlinear scalar memory does not appear to be sensitive at
all to the higher mass multipoles. We also provided an
analytic understanding of the decay law first uncovered by
BCLK [16] for the higher multipoles of the final scalar
field: in static patch coordinate time ts, the lth moment
decays in time as Ψð1Þ ∼H3 expð−lHtsÞ.
We also examined the monopole portion of the same

scalar field signal, but at null infinity v → −2η0 ≫ u and
late retarded times u ≫ r0. It exhibited a novel feature
compared to its timelike infinity cousin. Specifically, it
contains an enhancement that scales as v=ð2uÞ relative to
the nonlinear spacetime-constant memory. In the future, we
hope to further investigate the physical origin(s) of this
term, as well as its potential implications for the conver-
gence of classical perturbation theory on de Sitter
backgrounds.
To further develop the work here, we may consider more

general matter distributions, or perhaps dynamical astro-
physical systems. It could be of physical interest to extend
our late time analysis to that of intermediate times, to
understand the full causal structure of the scalar signal. We
also wish to extend the analysis here to that of gravitational
waves, and to ask what sort of nonlinear gravitational
memories there are in asymptotically de Sitter spacetimes.
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APPENDIX A: THE MULTIPOLES

1. Evaluation of double sum

In this paper, we encountered the following double
summation that appeared in the spherical harmonic expan-
sion of the perturbed scalar Green’s function δ1G in both
Minkowski and de Sitter spacetimes:

S½l;l0;l00�≡Xl
n¼0

Xl0
n0¼0

ð−1Þnþn0

ðl00 þ nþ n0Þ!
ðlþ nÞ!
n!ðl − nÞ!

ðl0 þ n0Þ!
n0!ðl0 − n0Þ! : ðA1Þ

We may first perform the n0 summation in Eq. (A1) to obtain

S½l;l0;l00� ¼
Xl
n¼0

ð−1Þn Γ½lþ nþ 1�Γ½l00 þ n�
Γ½nþ 1�Γ½l − nþ 1�Γ½l00 þ l0 þ nþ 1�Γ½l00 − l0 þ n� ; Re½l00� > 0; ðA2Þ
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where we have used the following limit to replace the ð−1Þn0 factor in Eq. (A1):

Γ½−l0 þ n0�
Γ½−l0� ¼ ð−1Þn0Γ½l0 þ 1�

Γ½l0 − n0 þ 1� ; 0 ≤ n0 ≤ l0; ðA3Þ

as well as the identity

2F1½−l0;l0 þ 1;l00 þ nþ 1; 1� ¼ Γ½l00 þ nþ 1�Γ½l00 þ n�
Γ½l00 þ l0 þ nþ 1�Γ½l00 − l0 þ n� ; Re½l00 þ n� > 0: ðA4Þ

Strictly speaking, Eq. (A2) does not hold for the monopole l00 ¼ 0 case. Nevertheless, we may proceed to compute the n
summation assuming l00 > 0, followed by taking the l00 → 0 limit.
To perform the n summation, we may exploit the replacement in Eq. (A3) again (with n0 → n and l0 → l) to reach

S½l;l0;l00� ¼ 21−2l
00
πΓ½l00�

Γ½1
2
ðl00 − l − l0Þ�Γ½1

2
ðl00 þ l − l0 þ 1Þ�Γ½1

2
ðl00 − lþ l0 þ 1Þ�Γ½1

2
ðl00 þ lþ l0 þ 2Þ� ðA5Þ

for Re½l00� > 0, where we have employed one of Whipple’s identities (see Eq. (16.4.7) in Ref. [23] by DLMF):

3F2½a; 1 − a; c; d; 2c − dþ 1; 1� ¼ 21−2cπΓ½d�Γ½2c − dþ 1�
Γ½cþ 1

2
ða − dþ 1Þ�Γ½cþ 1 − 1

2
ðaþ dÞ�Γ½1

2
ðaþ dÞ�Γ½1

2
ðd − aþ 1Þ� ; Re½c� > 0:

ðA6Þ

2. Constraints on multipole indices from parity

Up to this point, the only constraint on the multipole indices occuring within δ1G comes from the usual rules of angular
momentum addition. In this section, we will discover another set of constraints from parity considerations.
In δ1G, we have three multipoles l, l0, and l00 that correspond to the multipoles of the observed scalar field, initial profile

of the scalar field, and the mass distribution, respectively. Let us recall the structure of δ1G and up to the scale factor for the
de Sitter case:

δ1G½t; t0; x⃗; x⃗0� ∼
Z

d4x00∂t00

�
δ½t − t00 − jx⃗ − x⃗00j�

4πjx⃗ − x⃗00j
�Z

d3x⃗000
ρ½x⃗000�

jx⃗00 − x⃗000j ∂t00

�
δ½t00 − t0 − jx⃗00 − x⃗0j�

4πjx⃗00 − x⃗0j
�
: ðA7Þ

Upon the parity flip x⃗ → −x⃗ and x⃗0 → −x⃗0, followed by a similar change in the integration variables,

δ1G½t; t0;−x⃗;−x⃗0� ∼
Z

d4x00∂t00

�
δ½t − t00 − jð−x⃗Þ − x⃗00j�

4πjð−x⃗Þ − x⃗00j
�Z

d3x⃗000
ρ½x⃗000�

jx⃗00 − x⃗000j ∂t00

�
δ½t00 − t0 − jx⃗00 − ð−x⃗0Þj�

4πjx⃗00 − ð−x⃗0Þj
�

ðA8Þ

¼
Z

d4x00∂t00

�
δ½t − t00 − jx⃗ − x⃗00j�

4πjx⃗ − x⃗00j
�Z

d3x⃗000
ρ½−x⃗000�
jx⃗00 − x⃗000j ∂t00

�
δ½t00 − t0 − jx⃗00 − x⃗0j�

4πjx⃗00 − x⃗0j
�
: ðA9Þ

The spherical harmonics dependence of each multipole in Eq. (A8) is

Ym
l ½x̂�Ȳm

l ½x̂00�Ym0
l0 ½x̂00�Ȳm0

l0 ½x̂0�Ym00
l00 ½x̂000�ð−Þlþl0 ;

whereas the spherical harmonic dependence in Eq. (A9) is

Ym
l ½x̂�Ȳm

l ½x̂00�Ym0
l0 ½x̂00�Ȳm0

l0 ½x̂0�Ym00
l00 ½x̂000�ð−Þl

00
:

Since spherical harmonics are linearly independent, Eqs. (A8) and (A9) should in fact be the same:

lþ l0 ¼ l00 þ 2q; q ∈ Z: ðA10Þ
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APPENDIX B: CONTRIBUTIONS TO δ1G IN
DE SITTER BACKGROUND

1. Spherical harmonic decomposition of exp½iωR�=R2

As we shall witness below, the spherical harmonic decomposition of exp½iωR�=R2, where R≡ jx⃗ − x⃗00j, is needed in the
computation of δ1G in de Sitter. First, we reexpress it as

eiωR

4πR2
¼ i
Z

ω

0

dω̄
eiω̄R

4πR
þ 1

4πR2
: ðB1Þ

The first term can be computed by integrating Eq. (3.12):

i
Z

ω

0

dω̄
eiω̄R

4πR
¼
 X

l;m

ð−irÞl
r00ð2lþ 1Þ!!

Xl
s¼0

is

s!ð2r00Þs
ðlþ sÞ!
ðl − sÞ! Y

m
l ½x̂�Ȳm

l ½x̂00�
Xl−s
k¼0

C½l − s; k�eiωr00k!
ðωÞ−lþsþkð−iÞk r00−1−k

−
X
l;m

�
r
r00

�
l 2ll!Ym

l ½x̂�Ȳm
l ½x̂00�

r002ð2lþ 1Þ!!

!
ð1þO½ðr=r00Þ2�Þ: ðB2Þ

For the second term, we refer to Dixon and Lacroix’s work [24]. They tell us

1

4πjx⃗ − x⃗00j2 ¼
1

4π

X∞
l¼0

2lþ 1

2rr00
Ql

"
1þ ðr=r00Þ2
2ðr=r00Þ

#
Pl½x̂ · x̂00�: ðB3Þ

We can approximate ðr=r00Þ → 0. In doing so, we need to exploit the behavior of Ql½1þðr=r00Þ2
2ðr=r00Þ � at infinity, which gives us

1

4πjx⃗ − x⃗00j2 ≈
X
l;m

l!
r002

�
r
r00

�
l 2l

ð2lþ 1Þ!!Y
m
l ½x̂�Ȳm

l ½x̂00�: ðB4Þ

By combining Eqs. (B2) and (B4), we get

eiωR

4πR2
≈
X
l;m

ð−irÞl
r00ð2lþ 1Þ!!

Xl
s¼0

is

s!ð2r00Þs
ðlþ sÞ!
ðl − sÞ! Y

m
l ½x̂�Ȳm

l ½x̂00�
Xl−s
k¼0

C½l − s; k�eiωr00k!
ðωÞ−lþsþkð−iÞk r00−1−kð1þO½ðr=r00Þ2�Þ: ðB5Þ

Observe that Eq. (B4) cancels the second term of Eq. (B2).

2. Aa

Recall the definition of Aa from Eq. (4.12). We can collapse one delta function by simply integrating η00,

Aa ≡
Z

0

−∞
dη00η00a

δ½η − η00 − jx⃗ − x⃗00j�
4πjx⃗ − x⃗00j

δ½η00 − η0 − jx⃗00 − x⃗0j�
4πjx⃗00 − x⃗0j

¼ ðη − jx⃗ − x⃗00jÞa δ½η − η0 − jx⃗00 − x⃗0j − jx⃗ − x⃗00j�
4πjx⃗ − x⃗00j4πjx⃗00 − x⃗0j ; ðB6Þ

where a ¼ −1, 0, 1. Different values of a may lead to different results.

a. A0

For a ¼ 0, we have

A0 ≡
Z

∞

−∞

dω
2π

e−iωðη−η0Þ
eiωðjx⃗−x⃗00jÞ

4πjx⃗ − x⃗00j
eiωðjx⃗00−x⃗0jÞ

4πjx⃗00 − x⃗0j : ðB7Þ
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We can impose multipole expansions of eiωðjx⃗−x⃗00 jÞ
4πjx⃗−x⃗00j and

eiωðjx⃗00−x⃗0 jÞ
4πjx⃗00−x⃗0j with ω as the frequency and spherical harmonics as basis

functions. Here we take the small argument limit of spherical Bessel functions jl½ωr� and jl½ωr0�, since they are small
quantities in the timelike infinity case. After we evaluate the ω integral, we have

A0 ¼ i
X
l;m

ðrÞl
ð2lþ 1Þ!!

ð−iÞlþ1

r00
Xl
s¼0

is

s!ð2r00Þs
ðlþ sÞ!
ðl − sÞ! Y

m
l ½x̂�Ȳm

l ½x̂00�

× i
X
l0;m0

ðr0Þl0
ð2l0 þ 1Þ!!

ð−iÞl0þ1

r00
Xl0
s0¼0

is
0

s0!ð2r00Þs0
ðl0 þ s0Þ!
ðl0 − s0Þ! Y

m0
l0 ½x̂00�Ȳm0

l0 ½x̂0�ði∂ηÞl−sþl0−s0δ½ðη − η0Þ − 2r00�: ðB8Þ

By including the r00 integral and r00−lþ1, and referring to the δ1G expression in Eq. (4.15), we can collapse the delta function
that contains r00 into η − η0 and evaluate the η0 derivative:

Z
dr00r00−l00þ1A0 ¼ −

X
l;m

ðrÞl
ð2lþ 1Þ!!

Xl
s¼0

1

s!
ðlþ sÞ!
ðl − sÞ! Y

m
l ½x̂�Ȳm

l ½x̂00�
X
l0;m0

ðr0Þl0
ð2l0 þ 1Þ!!

Xl0
s0¼0

1

s0!
ðl0 þ s0Þ!
ðl0 − s0Þ! Y

m0
l0 ½x̂00�Ȳm0

l0 ½x̂0�

× 2l
00 ð−1Þ−l−l0þsþs0 ðη − η0Þ−l−l0−l00−1 Γ½lþ l0 þ l00 þ 1�

Γ½sþ s0 þ l00 þ 1� : ðB9Þ

b. A1

For a ¼ 1, we have

A1 ≡
Z

∞

−∞

dω
2π

e−iωðη−η0Þðη − jx⃗ − x⃗00jÞ eiωðjx⃗−x⃗00jÞ

4πjx⃗ − x⃗00j
eiωðjx⃗00−x⃗0jÞ

4πjx⃗00 − x⃗0j ;

¼
Z

∞

−∞

dω
2π

e−iωðη−η0Þη
eiωðjx⃗−x⃗00jÞ

4πjx⃗ − x⃗00j
eiωðjx⃗00−x⃗0jÞ

4πjx⃗00 − x⃗0j −
Z

∞

−∞

dω
2π

e−iωðη−η0Þ
eiωðjx⃗−x⃗00jÞ

4π

eiωðjx⃗00−x⃗0jÞ

4πjx⃗00 − x⃗0j ;

≡ ηA0 þ A1;2: ðB10Þ

The first term is exactly A0 multiplied by η, while the second term A1;2 is unknown at this point. Therefore, we need to
compute the latter separately. Note that the spherical harmonic expansion of exp½iωðjx⃗ − x⃗00jÞ�=4π can be obtained from that
of exp½iωðjx⃗00 − x⃗0jÞ�=4πjx⃗00 − x⃗0j (which is a standard result) via differentiation, namely

−i∂ω
exp½iωðjx⃗00 − x⃗0jÞ�

4πjx⃗00 − x⃗0j ¼ exp½iωðjx⃗ − x⃗00jÞ�
4π

: ðB11Þ

This leads us to

A1;2 ¼ −
Z

∞

−∞

dω
2π

e−iωðη−η0Þ
X
l;m

r00rω2

2lþ 1
ðhð1Þl−1½r00ω�jl−1½rω� − hð1Þlþ1½r00ω�jlþ1½rω�ÞYm

l ½x̂�Ȳm
l ½x̂00�

× iω
X
l0;m0

jl0 ½ωr0�hð1Þl0 ½ωr00�Ym0
l0 ½x̂00�Ȳm0

l0 ½x̂0�: ðB12Þ

We cannot take the small argument limit of j−1½ωr� directly. What we should do instead is to take l ¼ 0 separately. By using
a certain recursion relation of the spherical Bessel function, we have

Al¼0
1;2 ¼ −

Z
∞

−∞

dω
2π

e−iωðη−η0Þr00rω2

��
−hð1Þ1 ½r00ω� þ 1

ωr00
hð1Þ0 ½r00ω�

��
−j1½rω� þ

1

ωr
j0½rω�

�
− hð1Þ1 ½r00ω�j1½rω�

�

× Y0
0½x̂�Ȳ0

0½x̂00�iω
X
l0;m0

jl0 ½ωr0�hð1Þl0 ½ωr00�Ym0
l0 ½x̂00�Ȳm0

l0 ½x̂0�δl;0: ðB13Þ
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The same procedure as the previous calculation can be used at this level. Take the small argument limit of jl½ωr�, evaluate
the ω integral, and include the r00 integral to obtain

Z
∞

0

dr00r00−l00þ1Al¼0
1;2 ¼ −

δl;0
4π

X
l0;m0

ðr0Þl0 ðη − η0Þ−l0−l00−2
ð2l0 þ 1Þ!!

Xl0
s0¼0

1

s0!
ðl0 þ s0Þ!
ðl0 − s0Þ! Y

m0
l0 ½x̂00�Ȳm0

l0 ½x̂0�

× 2l
00−1ð−1Þ−l0þs0 ðl0 þ l00Þ!

ðs0 þ l00Þ!
�
2r2

3
ðl0 þ l00 þ 1Þ þ ðη − η0Þ2

�
: ðB14Þ

The first term is suppressed by ðr=η0Þ2, while the second term is the leading term which contributes to the overall power
of η0.
For A1;2 with l ≥ 1 in Eq. (B12),

Al≥1
1;2 ≡ −

Z
∞

−∞

dω
2π

e−iωðη−η0Þ
X
l¼1;m

r00rω2

2lþ 1
ðhð1Þl−1½r00ω�jl−1½rω� − hð1Þlþ1½r00ω�jlþ1½rω�ÞYm

l ½x̂�Ȳm
l ½x̂00�

× iω
X
l0;m0

jl0 ½ωr0�hð1Þl0 ½ωr00�Ym0
l0 ½x̂00�Ȳm0

l0 ½x̂0�: ðB15Þ

This can be computed with the same procedure as the previous calculation. Here we can directly take the small argument
limit of jl½ωr�. By including the r00 integral, its solution is

Z
∞

0

dr00r00−l00þ1Al≥1
1;2 ¼ −

XXXl0
l¼1;ml0;m0s0¼0

2l
00−1rlr0l0 ð−1Þ−s0þlþl0 ðη − η0Þ−l00−l−l0−2

ð2lþ 1Þð2l0 þ 1Þ!!s0!
ðl0 þ s0Þ!
ðl0 − s0Þ!

×

�Xl−1
s¼0

ð−Þsðη − η0Þ2Γðsþ lÞΓðl00 þ lþ l0Þ
ð2l − 1Þ!!Γðl − sÞΓ½l00 þ sþ s0�s! −

Xlþ1

s¼0

ð−Þsr2Γðsþ lþ 2ÞΓðl00 þ lþ l0 þ 2Þ
ð2lþ 3Þ!!Γ½2 − sþ l�Γ½l00 þ sþ s0�s!

�
:

ðB16Þ

c. A− 1
For a ¼ −1, we have

A−1 ≡
Z

∞

−∞

dω
2π

e−iωðη−η0Þ

η − jx⃗ − x⃗00j
eiωðjx⃗−x⃗00jÞ

4πjx⃗ − x⃗00j
eiωðjx⃗00−x⃗0jÞ

4πjx⃗00 − x⃗0j : ðB17Þ

At late time η → 0, as long as jx⃗ − x⃗00j ≠ 0, we can expand ð1 − η
jx⃗−x⃗00jÞ−1 around η ¼ 0. Up to the zeroth order, we have

A−1 ≈
Z

∞

−∞

dω
2π

e−iωðη−η0Þ

−jx⃗ − x⃗00j
eiωðjx⃗−x⃗00jÞ

4πjx⃗ − x⃗00j
eiωðjx⃗00−x⃗0jÞ

4πjx⃗00 − x⃗0j
�
1þO

�
η

jx⃗ − x⃗00j
��

: ðB18Þ

Let’s employ spherical harmonic decomposition on this expression. Notice that the multipole expansion of exp½iωR�=R2 is
nontrivial—see Sec. B 1 of this Appendix.

A−1 ≈ −
Z

∞

−∞

dω
2π

e−iωðη−η0Þ
X
l;m

ð−rωÞl
ð2lþ 1Þ!!

eiωr
00

r002
Xl
s¼0

isþl

2ss!
ðlþ sÞ!
ðl − sÞ!

Xl−s
k¼0

ð−iÞ−kk!ðωr00Þ−k−sC½l − s; k�Ym
l ½x̂�Ȳm

l ½x̂00�

× iω
X
l0;m0

ðωr0Þl0
ð2l0 þ 1Þ!!

eiωr
00

ωr00
Xl0
s0¼0

is
0 ð−iÞl0þ1

s0!ð2ωr00Þs0
ðl0 þ s0Þ!
ðl0 − s0Þ! Y

m0
l0 ½x̂00�Ȳm0

l0 ½x̂0�: ðB19Þ

By following the same scenario as the previous calculation, and including the r00 integral, we have
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Z
∞

0

dr00r00−l00þ1A−1 ¼ −
X
l;m

ðrÞl
ð2lþ 1Þ!!

Xl
s¼0

1

s!
ðlþ sÞ!
ðl − sÞ!

Xl−s
k¼0

k!C½l − s; k�Ym
l ½x̂�Ȳm

l ½x̂00�

×
X
l0;m0

ðr0Þl0
ð2l0 þ 1Þ!!

Xl0
s0¼0

1

s0!
ðl0 þ s0Þ!
ðl0 − s0Þ! Y

m0
l0 ½x̂00�Ȳm0

l0 ½x̂0�

×
2kþl00þ1

ð−1Þ−k−s−s0þlþl0
Γ½lþ l0 þ l00 þ 2�

Γ½kþ sþ s0 þ l00 þ 2� ðη − η0Þ−l−l0−l00−2: ðB20Þ

3. Bb;x⃗o

The next part is Bb;x⃗o , which is defined as

Bb;x⃗o ≡
Z

0

−∞
dη00η00b

δ½η − η00 − jx⃗ − x⃗00j�δ½η00 − η0 − jx⃗00 − x⃗0j�
ð4πÞ2jx⃗00 − x⃗oj

;

ðB21Þ

where b ¼ −1, 0 and x⃗o ¼ fx⃗; x⃗0g. We can collapse one
delta function by carrying out the η00 integral,

Bb;x⃗o ¼ðη− jx⃗− x⃗00jÞbδ½η−η0− jx⃗00− x⃗0j− jx⃗− x⃗00j�
ð4πÞ2jx⃗00− x⃗oj

: ðB22Þ

Now, let us use the integral representation of delta functions
to convert the integrand to frequency space,

Bb;x⃗o ¼
Z

∞

−∞

dω
2π

ðη − jx⃗ − x⃗00jÞbe−iωðη−η0Þ e
iωðjx⃗−x⃗00jÞeiωðjx⃗00−x⃗0jÞ

ð4πÞ2jx⃗00 − x⃗oj
:

ðB23Þ

In the next subsection, we will evaluate Bb;x⃗o for different
values of b and x⃗o.

a. B0;x⃗o

For b ¼ 0, we have

B0;x⃗o ≡
Z

∞

−∞

dω
2π

e−iωðη−η0Þ
eiωðjx⃗−x⃗00jÞeiωðjx⃗00−x⃗0jÞ

ð4πÞ2jx⃗00 − x⃗oj
: ðB24Þ

We recognize that the integrand is identical to that of A1;2.
For x⃗o ¼ x⃗0,

B0;x⃗0 ¼ −A1;2; ðB25Þ

while for x⃗o ¼ x⃗, we can just swap r and r0 from the A1;2

result:

Z
∞

0

dr00r00−l00þ1Bl0¼0
0;x⃗ ¼ δl0;0

4π

X
l;m

ðrÞlðη − η0Þ−l−l00−2
ð2lþ 1Þ!!

Xl
s¼0

1

s!
ðlþ sÞ!
ðl − sÞ! Y

m
l ½x̂00�Ȳm

l ½x̂�

× 2l
00−1ð−1Þlþs ðlþ l00Þ!

ðsþ l00Þ!
�
2r02

3
ðlþ l00 þ 1Þ þ ðη − η0Þ2

�
; ðB26Þ

Z
∞

0

dr00r00−l00þ1Bl0≥1
0;x⃗ ¼

X
l;m

X
l0¼1;m0

Xl
s¼0

2l
00−1rlr0l0 ð−1Þ−sþlþl0 ðη − η0Þ−l00−l−l0−2

ð2lþ 1Þð2l0 þ 1Þ!!s!
ðlþ sÞ!
ðl − sÞ!

×

�Xl0−1

s0¼0

ð−Þs0 ðη − η0Þ2Γðs0 þ l0ÞΓðl00 þ lþ l0Þ
ð2l0 − 1Þ!!Γðl0 − s0ÞΓ½l00 þ sþ s0�s0! −

Xl0þ1

s0¼0

ð−Þs0r02Γðs0 þ l0 þ 2ÞΓðl00 þ lþ l0 þ 2Þ
ð2l0 þ 3Þ!!Γ½2 − s0 þ l0�Γ½l00 þ sþ s0�s0!

�
:

ðB27Þ

The first term of Eq. (B26) and the second term of Eq. (B27) are suppressed by ðr0=η0Þ2 relative to the second term of
Eq. (B26) and the first term of Eq. (B27).
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b. B− 1;⃗xo
For b ¼ −1, we have

B−1;x⃗o ≡
Z

∞

−∞

dω
2π

e−iωðη−η0Þ

η − jx⃗ − x⃗00j
eiωðjx⃗−x⃗00jÞeiωðjx⃗00−x⃗0jÞ

ð4πÞ2jx⃗00 − x⃗oj
: ðB28Þ

At late time η → 0, as long as jx⃗ − x⃗00j ≠ 0, we can expand
ð1 − η

jx⃗−x⃗00jÞ−1 around η ¼ 0. Up to the zeroth order,

B−1;x⃗o ≈
Z

∞

−∞

dω
2π

e−iωðη−η0Þ

−jx⃗ − x⃗00j
eiωðjx⃗−x⃗00jÞeiωðjx⃗00−x⃗0jÞ

ð4πÞ2jx⃗00 − x⃗oj

×

�
1þO

�
η

jx⃗ − x⃗00j
��

: ðB29Þ

For x⃗o ¼ x⃗0, B−1;x⃗0 is exactly A0 with a minus sign
difference:

B−1;x⃗0 ≈ −A0; ðB30Þ

while, for x⃗o ¼ x⃗, it will be quite different:

B−1;x⃗ ≈ −
Z

∞

−∞

dω
2π

e−iωðη−η0Þ
eiωðjx⃗−x⃗00jÞeiωðjx⃗00−x⃗0jÞ

ð4πÞ2jx⃗ − x⃗00j2 : ðB31Þ

The use of Eqs. (B11) and (B5) hands us

B−1;x⃗ ≈
Z

∞

−∞

dω
2π

e−iωðη−η0Þ
X
l;m

ð−rωÞl
ð2lþ 1Þ!!

eiωr
00

r002
Xl
s¼0

isþl

2ss!
ðlþ sÞ!
ðl − sÞ!

Xl−s
k¼0

ð−iÞ−kk!ðωr00Þ−k−sC½l − s; k�Ym
l ½x̂�Ȳm

l ½x̂00�

×
X
l0;m0

r00r0ω2

2l0 þ 1
ðhð1Þl0−1ðr00ωÞjl0−1ðr0ωÞ − hð1Þl0þ1

ðr00ωÞjl0þ1ðr0ωÞÞYm0
l0 ½x̂00�Ȳm0

l0 ½x̂0�: ðB32Þ

Just as in A1;2, we cannot take the small argument limit of j−1½ωr0� directly when l0 ¼ 0. Because of that, we separate the
calculation for l0 ¼ 0 and l0 ≥ 1. The procedure is the same as previous calculation. By including r00, we find

Z
∞

0

dr00r00−l00þ1Bl0¼0
−1;x⃗ ¼ δl0;0

12π

X
l;m

Xl
s¼0

Xl−s
k¼0

k!2kþl00rl
ðsþ lÞ!
ðl − sÞ! ð−1Þ

k−sþl ðlþ l00Þ!ðη − η0Þ−l−l00−3C½l − s; k�
s!ð2lþ 1Þ!!Γ½kþ sþ l00 þ 2�

× ð3ðη − η0Þ2ð1þ kþ sþ l00Þ þ 2r02ðlþ l00 þ 1Þðlþ l00 þ 2ÞÞYm
l ½x̂�Ȳm

l ½x̂00�; ðB33Þ
Z

∞

0

dr00r00−l00þ1Bl0≥1
−1;x⃗ ¼

X
l;m

Xl
s¼0

Xl−s
k¼0

X
l0¼1;m0

 Xl0−1
s0¼1

ðη − η0Þ2ðl0 − s0Þ ðl
0 − s0 þ 1Þ

ð2l0 − 1Þ!! Γ½l0 þ s0�Γ½lþ l0 þ l00 þ 1�

−
Xl0þ1

s0¼1

r02Γ½l0 þ s0 þ 2�Γ½lþ l0 þ l00 þ 3�
ð2l0 þ 3Þ!!

!

×
ð−iÞ3l2kþl00Γ½kþ 1�ðirÞlr0l0Γ½lþ sþ 1�ð−1Þ−kþl0−s−s0 ðη − η0Þ−l−l0−l00−3C½l − s; k�

ð2l0 þ 1Þs!s0!ð2lþ 1Þ!!ðl − sÞ!Γðl0 − s0 þ 2ÞΓ½kþ l0 þ sþ s0 þ 1� : ðB34Þ

4. C− 1
The last one is C−1:

C−1 ¼
Z

0

−∞
dη00

1

ð4πÞ2η00 δ½η − η00 − jx⃗ − x⃗00j�

× δ½η00 − η0 − jx⃗00 − x⃗0j�: ðB35Þ

We may evaluate the η00 integral by collapsing one of the
delta functions, and use the delta function’s integral
representation to convert the integrand to frequency space,

C−1¼
1

ð4πÞ2
Z

∞

−∞

dω
2π

e−iωðη−η0Þ

η− jx⃗− x⃗00je
iωðjx⃗−x⃗00jÞeiωðjx⃗00−x⃗0jÞ: ðB36Þ

At late time η → 0, as long as jx⃗ − x⃗00j ≠ 0, we can expand
ð1 − η

jx⃗−x⃗00jÞ−1 around η ¼ 0. Up to zeroth order,

C−1 ≈ −
Z

∞

−∞

dω
2π

e−iωðη−η0Þ

ð4πÞ2jx⃗ − x⃗00j e
iωðjx⃗−x⃗00jÞeiωðjx⃗00−x⃗0jÞ

×

�
1þO

�
η

jx⃗ − x⃗00j
��

¼ −B0;x⃗: ðB37Þ
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