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We study the propagation of a massless scalar wave in de Sitter spacetime perturbed by an arbitrary
central mass. By focusing on the late time limit, this probes the portion of the scalar signal traveling inside
the null cone. Unlike in asymptotically flat spacetimes, the amplitude of the scalar field detected by an
observer at timelike infinity does not decay back to zero but develops a spacetime constant shift—both at
zeroth and at first order in the central mass M. This indicates that massless scalar field propagation in
asymptotically de Sitter spacetimes exhibits both linear and nonlinear tail-induced memories. On the other
hand, for sufficiently late retarded times, the monopole portion of the scalar signal measured at null infinity
is found to be amplified relative to its timelike infinity counterpart, by its nonlinear interactions with the

gravitation field at first order in M.
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I. INTRODUCTION AND SETUP

Nonlinear perturbation theory about the cosmological
background is of physical interest. One of the reasons for
this is that the asymptotic structure of cosmological space-
times is quite different from that of a flat background. In
particular, linear perturbation theory on a de Sitter back-
ground is well studied [1,2]. For instance, Ashtekar, Bonga,
and Kesavan [3] found that adding a cosmological constant
to the Einstein equation introduces new features to the
quadrupole formula of gravitational waves. By integrating
the equations of motion for the Weyl tensor, Bieri,
Garfinkle, and Yau [4] found that the light cone part of
gravitational waves gives rise to a memory effect similar to
its Minkowski counterpart, except for a redshift factor.
Others [5-7] have since confirmed and extended the results
to more general Friedman-Robertson-Walker cosmologies.
(Also, see Refs. [6,8—10] for studies of the asymptotic
symmetries of cosmological spacetimes, and Ref. [11] for
memories in anti-de Sitter spacetimes.) Being in the de
Sitter background, the gravitational waves do not just
propagate strictly on the light cone, but also inside the
light cone; this is known as the tail effect. One of us [5,12]
discovered that the gravitational wave tail also contributes
to the memory effect. Now, concerning asymptotically flat
spacetimes, it has been known since Christodoulou [13]
and Blanchet and Damour [14] that nonlinear corrections
from general relativity produce additional memories that at
times might be even larger than the linear ones. In this
paper, we initiate an examination of cosmological nonlinear
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memories by computing that of the massless scalar inter-
acting gravitationally with an arbitrary central mass.
Furthermore, we will assume the role of an observer
approaching timelike infinity to extract the tail-induced
memories. As elucidated below, our analysis probes the
scalar-graviton-scalar interaction, and is analogous to the
de Sitter graviton three-point self-interactions that would
therefore encode potential gravitational wave memories at
leading nonlinear order. Finally, we will also compute the
null infinity limit at late retarded times of the same setup.

The late time behavior of radiative fields in asymptoti-
cally flat spacetimes has been well studied over the past
several decades. What is now known as “Price’s falloff
theorem” was first discovered by Price [15]: the spin-
0 radiative field decays in time according to an inverse
power law, with a power determined by the angular profile
of the initial wave profile. In his work, Price is using
the spherically symmetric Schwarzschild spacetime.
The corresponding falloff properties of radiative fields
in cosmological backgrounds is less well understood,
although there are a number of numerical studies, such as
Brady, Chambers, Krivan, and Laguna (BCKL) [16] and
Brady, Chambers, Laarakkers, and Poisson (BCLP) [17]
on exact Schwarzschild-de Sitter and Reissner—
Nordstrom—de Sitter backgrounds.

In this paper, we want to investigate the simplest
radiative field, a massless scalar field, in a perturbed de
Sitter spacetime by using Poisson’s approach to learn its
late time behavior [18] analytically. Given an initial profile
for the scalar wave packet, we find a constant tail signal
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observed at late times. This effect can be interpreted as a
tail-induced memory effect to the scalar field. This comple-
ments and extends the results of BCKL [16] and BCLP
[17]. In Sec. II, we describe our setup; in Sec. III, we
introduce a frequency space method to reproduce Poisson’s
work [18] on the late time behavior of a scalar field in a
perturbed Minkowski background. Following which, in
Sec. IV, we work on the scalar field solution in the late time
regime of the perturbed de Sitter background.

II. SETUP

We consider a massless free scalar field W, satisfying the
equation
O, %[x] =0, X = (x%,%), (2.1)
where [ is the wave operator [1 = ¢V, V The geometry
would take the following perturbed form':

G =@M +20)  wl <l (22)
N = diag[l, =1, -1, 1], (2.3)
where in the asymptotically Minkowski case
0 =¢ eR, W=teR, and a=1; (24)
whereas in the asymptotically de Sitter case
0=y, =75 and afy = —L, (2.5)
Hp

with these cosmological conformal times running over the
negative real line, —co <7,# <0, and H > 0 is the
Hubble constant.

Suppose at some initial time x"°, the scalar field and
its velocity are described by the following multipole
expansion’:

=) cuynE]. WE=> ¢

7' m' Z'm'

YY),
(2.6)

where Y”[#] are spherical harmonics (which form basis

orthonormal functions on the 2-sphere), and C? and C%% [']
are arbitrary functions that are nonzero only within some
finite radii. This region where the initial conditions are
nonzero is illustrated on the initial-time hypersurface in
Fig. 3. We will evolve this initial profile to the final-time

'Greek indices U, v, ... run from O (time) to 3, while latin ones
i,J,... run over only the spatial values 1 to 3.

*We denote > ¢m as the sum over all multipole indices,
namely > % >°¢ ., unless otherwise explained.

hypersurface x° by using the Kirchhoff representation of
the scalar field, up to first order in the perturbation y,,:
/| h|® (Gx, x| 0y P[]

Y[x0 > x, X /
- V[x']0,Glx.x])

B} 1.1
= A3 &xaly'P (1 +on i _Eloo>
X (G[x,x’]‘i‘[x’} — P[]0y Glx, x']).
Here, |h| is the determinant of the induced metric on the

constant-time hypersurface, which has 7% as the normal
vector:

(2.7)

hapdx?dx’ = —a*(8;; — yij)dx'd/, (2.8)
o 1 .
At =a= o5 1 =500+ Olr*l ). (2.9)

The retarded Green’s function G[x, x'| describes the propa-
gation of an initial profile located at x’ to an observer at x
(see Fig. 2) that obeys the wave equation

(2.10)

In Ref. [19], a scheme was devised to solve Green’s
functions in a perturbed spacetime g,, = g, + h,,, in
terms of the Green’s functions in the unperturbed one,
G- In our case, the massless scalar Green’s function reads

Glx,x'] = Glx,x'] + 6,Glx, '], (2.11)
where G solves the massless scalar wave equation with
respect 1o g, = a*ny,,

9, (a*nd,G)

= (2.12)
and, in turn,

51G[x, x/] — _ / d4x”a[77”]23a//(_;[x,x’/})'(“”ﬂ”aﬂ,,é[x”,x/],

(2.13)

with all double-primed indices denoting evaluation with
respect to the integration variable x”, and the “trace-
reversed” perturbation is defined as

1

01 Y ap

5 (2.14)

)_(;w E)(m/_

with its indices moved by the flat metric.
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FIG. 1. The Feynman diagram representing the massless scalar
retarded Green’s function at first order in the central mass. The
dashed lines denote the zeroth-order scalar Green’s functions;
whereas the wavy line tied to the blob labeled M describes the
metric perturbation sourced by the static but otherwise arbitrary
central mass distribution. From this depiction, we see that the
scalar Green’s function at first order in the central mass involves
the scalar-graviton-scalar nonlinear interactions. (Drawn with
JaxoDraw [20].).

The metric perturbation y,, itself is sourced by the
presence of an arbitrary quasistatic mass distribution con-
sistent with energy-momentum conservation with respect to
the background metric g,, = aziym,, namely

v/
m _ PE']
le[x ] - a[ﬂ”]

8080 (2.15)

This allows us to reexpress the first-order Green’s function in
Eq. (2.13) as a Feynman diagram in Fig. 1 involving scalar-
graviton-scalar interactions. In turn, this allows us to assert
that the scalar memory revealed below is in fact of nonlinear
character.

As an important aside: in a comoving orthonormal
frame, Ty = p/ a®, and therefore the total mass with
respect to the background metric is

M= / Tood’ X = / PR, (2.16)
R3 R3

All our major results below will be expressed in terms of
this M.

We will focus on the late time limit of the scalar field in
both Minkowski and de Sitter backgrounds. This means
that the difference between observation time x° and the
initial time x" obeys x° — x° > r + ¥/, where r = |X| and
r = |X| are, respectively, the radial coordinates of the
observer and an arbitrary point within the region where
the initial scalar profile is nontrivial. Furthermore, in the
Minkowski case, we will take the null infinity limit, where
the retarded time u=1t—1¢ —r is held fixed and the
advanced time v =r—1¢ + r is sent to infinity; as well
as the timelike infinity limit, where the observer time is sent
to infinity (f — oo) while her radial position r is held still.
In the de Sitter case, we will first consider the timelike

5

a

FIG. 2. Localized initial scalar field profile and late time
observer. The bottom and top planes are, respectively, the initial
X0 hypersurface and final (observer) x° hypersurface. The
observer is located at X, and the cone denotes her past null cone.
This illustrates, in the late time regime where the two hyper-
surfaces grow in distance, that the observer continues to receive a
scalar signal due solely to the tail effect.

infinity limit, where /5’ — 0 while remaining well within
the null cone, n—1# > r > r. Furthermore, we shall
assume that —#’ is the largest length scale in our problem:
—r'/n < —r/ny < 1. Then, we will examine the null
infinity limit v =5 —#n' + r - =217/(1 + O[u/7']) at fixed
but late retarded times u=n—#n—r>r. As we shall
witness in some detail below, that the observer continues to
receive the scalar signal in such a late time regime is due
solely to the existence of tails—see Fig. 2—i.e., a portion
of the initial scalar field propagates inside the null cone.

III. PERTURBED MINKOWSKI BACKGROUND

As a warm-up to de Sitter calculation, we first discuss the
Minkowski background case. The late time behavior of a
scalar field in a weakly curved spacetime was investigated
by Poisson in Ref. [18]. The calculation was performed by
solving the Kirchhoff representation [Eq. (2.7)] directly in
position space, and both the timelike and null infinity limits
of the scalar solution were extracted.

Poisson extended Price’s falloff theorem of a scalar field
by working in a perturbed Minkowski spacetime sourced
by a central mass without any particular spatial symmetries,
as opposed to the spherically symmetric black hole solution
used by Price. In detail, Poisson assumed a spatially
localized stationary mass distribution with mass density
Too = p[x] and mass-current density 7o = ;[55] = pl,
where v is the velocity within the matter distribution. By
parametrizing Eq. (2.2) as

ds? = (1 +2®)dr? — (1 — 2d)dx - dx — 8(A - d¥)dr, (3.1)

the linearized Einstein equations (with zero cosmological
constant) reduce to a pair of Poisson equations, whose
solutions are

plx']

(I)[x} = —167TGN s |)_C,_ _)”|

R (3.2)
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3= FEd
AlX] = —=167G d3x’. 3.3
[x] TOUN . |x—)_c'”| X ( )
He found that the scalar field behavior at timelike infinity is given by
¢
B 3 e QO+ 2043
Y[>r,r,Q =4GyM(-1) [ DIEEE Y2 R]| C, . Ce s (3.4)
and at null infinity is given by
4+ 1) 1 . £+2
Y Q| = 2G M(~1 f+1(7_ _tre ,
¥l = oo, 9] = 26M(-1) 1 S vl (6 - TR ) 3.5)

where & = X/|x| are the angular coordinates, and we use the
retarded time coordinate u = ¢ — r as well as the advanced
time coordinate v = ¢ + r. (Here, Poisson has set ¥ = 0.)
The C, and C, are defined to be C, = [drr**2C%[r'] and
C, = [drr/t2CY[r), respectively.’

The key finding of Poisson’s results in Egs. (3.4) and
(3.5) is that, even without assuming any spatial symmetries
of the central mass, the falloff behavior of ¥ is completely
governed by its monopole moment in Eq. (2.16)—i.e., no
higher-mass multipoles entered the final answer—and the
power law in time depends on the multipole index of the
initial data. We now proceed to reproduce the same results
by employing a frequency-space-based method, which will
also be employed in the de Sitter analysis in Sec. IV below.
The advantage of this approach is that it allows us to use a
spherical harmonic basis from the outset.

A. Frequency space method

We will be content with reproducing Poisson’s result
involving the mass density only; for simplicity, we will set j

and hence A to zero. The first step is to perform a spherical

harmonic decomposition to the solution to Eq. (3.2) using
the relation

0 44 m” 4. m" 4. 1
LIS IR )y

=7 1"
4r| X" —x"| ro i =, 20'+1 s

III]

where r_ = min[r”, "] and r. = max[r”, ¥’"]. This yields

=" v

D[] = —167Gy > SFTT pT Mz, (3.7)
t)//. "
where
M?H = /r'(’” dr" ///2+f”/ dQ///ym [A///]p[)-cw/] (3.8)
0 s?

Note that Poisson [18] uses, respectively, C and Cin place of
our C7 and Cy.

|

is the mass multipole moment. The mass density is
localized inside a radius r?,f of degree £ and azimuthal
index m”, and [dQ" is the solid angle integral over the
2-sphere.

1. Zeroth-order Green’s function

In Minkowski spacetime, the propagation of a massless
scalar field is described by the following retarded Green’s
function:

- St—1t —|x=X
P, ke )

E— , 3.9
4z|X — X (3:9)

which obeys the wave equation (2.12), with a = 1; namely,
0*G = 6W[x — x]. By reexpressing the delta function

using its integral representation, we obtain the frequency
space retarded Green’s function:

- d " - o
Glx, x'] :/ 260 e~ GF [w; X — ¥, (3.10)
n
where
: b4 >/
GHw; ¥ — ¥] = expliofy - ¥ (3.11)

4r|X — X
The spherical harmonic decomposition of Eq. (3.11) is

GHws ¥ = %] = i0Y_jclor |y jor Y2 [RV2[¥),

(3.12)

where j,[wr_] is the spherical Bessel function, h(fl) [wr.] is
the Hankel function of the first kind, and the radii denote
r. =min[r, ”'] and r. = max]r, r].

2. First-order Green’s function

We will now include the perturbation to the Green’s
function generated by the gravitational potential ®. This
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potential will scatter the null signals transmitted by the
zeroth-order Green’s functions, so the perturbed signals can
be seen as tail propagation from the perspective of the
observer at X. This is why the signal can be observed at late
times, and is to be contrasted against the pure light-cone
propagation of the signal in the unperturbed Minkowski
background.

The perturbed retarded Green function can be obtained
from Eq. (2.13) by setting a = 1 and utilizing Eq. (3.9). Up
to the first order in perturbation,

Dpdlt— 1 — 3 - ]

5,Glx, x| = _A@l d*x”

dnfx — 3]
8”5[1,// _ t/ _ |5€*// _ ;/H

D" 3.13

X ['x ] 47[|)_C)// _ }/| ( )

Evaluation of the time integral #’ over one of the Green’s

functions will give us

i O
dr|x—X"|4r|x" - X | '

(3.14)

5,Glx,x'|==0,0, | &%
R3

The delta function in Eq. (3.14) indicates that the null
signals actually propagate from the initial point at x" and
reflect off the potential ® at X before reaching the observer
at x. The volume integral ¥ must be evaluated on the
intersection of the future light cone of the initial scalar field
x' and the past light cone of the observer at x, which is an
ellipsoid with foci at X and X'. By aligning the 2 axis to be
parallel to X — X', the spatial components in a Cartesian

basis of an arbitrary point of this ellipsoid read [18,19]

X+Xx
2

1
}//[9//’ ¢//] _ + E \/(t _ t/)2 _ |)-C' _ )-C>/|2 sin[@”]él[qﬁ”]

_ 4

t
+ ——cos[0"]z.

5 (3.15)

The value ¢, = (cos¢”,sin¢”,0) is the unit radial vector
lying on the two-dimensional plane orthogonal to X — X’. In
Fig. 3, we illustrate with a spacetime diagram the causal
structure of the scattering of null signals in Eq. (3.14).
To decompose the integrand of Eq. (3.14) in terms of
spherical harmonics, we again replace the delta function
with its integral representation, with @ as the frequency:

6,Gx, x| = —/ d35c'”/oo dow?e= (=)
R3 —00

S ]

o[, (3.16)

X
4x|X — X" | 4x|X" = X'
where @? is due to the 9,0, in Eq. (3.14). Since the
expression (3.16) is time-translation invariant, described by

exp[—im(t — t')], we can set the initial time ¢ of the scalar

FIG. 3. Spacetime diagram of the first-order Green’s function
0,G. The bottom and top planes are, respectively, the initial and
final time hypersurfaces. The cylindrical tube joining the two
planes is the worldtube swept out by the central mass, whose
proper mass density is p[¥"]/a*, which we assume is zero outside
some small radius. The shaded region on the initial time (lower)
plane is where the initial ¥ and its velocity are nonzero, which we
assume is also a small region centered around the spatial origin.
The observer on the final time (top) surface is located at X, where
we base her backward light cone. The first-order massless scalar
Green’s function receives a signal emitted from the shaded region
on the initial time surface, which propagates on the displayed
forward null cone before scattering off the gravitational pertur-
bation jg,[x”] engendered by the central mass, and taking another
null path to the observer at (1, X). The locus of spacetime points
{x""} where the scalar signal scatters off j is, by causality, given
by the intersection of the forward light cone of ' = (x"°, ¥') and
the backward light cone of x = (x?, X). Notice that in the late time
limit, the size of the ellipsoid will grow very large compared to
|x’| and the spatial size of the mass distribution.

field to be 0. Employing the spherical harmonic decom-
positions of Egs. (3.12) and (3.7), we may recast Eq. (3.16)
into

5,Glx, x| :/ d3)?”/00 dow’e 167Gy
R3 -0

(=D)™ YRR
X Z 20" +1 r//f”+1 M?”

" "
7' \m

x iy jolor ! for Y2 13]72(3)
Z.m

x iy jolwr]nl) Jorl Y 37 7],

' m'

where r_ = min[r, "], r. = max|[r, "], r. = min[/’, r"],
and 7L =max[r,r’]. In the late time limit
u=An—r>7r, r will always be evaluated inside the
boundary of the initial scalar field ry (cf. Fig. 2), which in
turn is very small compared to 7, the spatial distance from
the origin to X on the ellipsoid. This is because the ellipsoid
size itself is controlled by An > |Xx —X'| = r(1 4+ O[r'/r]).
Therefore, we can directly set 7. = 7 and v, = r’, while r_
and r.. will be determined by further calculation. Since ' is
the smallest length scale in our problem, we expect the final
answer to admit a power series in /. Motivated by this
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observation, we take the small argument limit of the spherical Bessel functions j,[wr’] and use an integral representation of

Jelwr:
5,G[x,x'] =

1dc ezmr<c

2

Xz/

(-%57) @ =1

(wr')”

>

41 ¢

/ ! ”2/ dQ/ dow*e 167Gy
f’/’m//

. 4
iwr" ¢ s

Y [

ne" 41

=)
20" +1 ¢

"]
mll

o

iwr. € i

wr, <= s!

/

i (& + )

>

2+ 1)

By collecting w in the integrand, we can see that w has the positive power 2 4+ £ + ¢/ — s — s'. Therefore, @*™/ =55

simply be replaced with (i9,)++¢' ==

a-2(5) ]

‘m

x 327%Gy Z

f// "
a2+f+f’—s—s
t

1dcl<
Al

)mﬂ m//
27" 4+ 1 7"
B[t —cr—2rr' 1
x (_i)2+f+f’—s—s’

{(t — cr)f st 2
o <(2f—|— 1)(2¢

447; (2" + 1)) 1/2<

where we have evaluated the solid angle integral Q" with
three spherical harmonics in the integrand, which intro-
duces the Wigner 3 symbols, and the r” integral collapses
the delta functions into step functions.

We will consider two possible configurations of the
observer. In the first, the observer is located near timelike
infinity, ¢ — oo, with r fixed. In this case, the largest
quantity is the observer time z. In the second, the observer is
located at null infinity, where the advanced time grows
without bound, » — oo, and the retarded time u is large
but fixed.

51G[x,

(V)

(14 Ollr PY=0" 053

Z (20 +

—l—@[r—

7
0 0

¥ 3 P[], (3.17)

s'12wr") (¢ —5')!

can

, and the integral over @ evaluated:

f(_l-)fﬂ Z

!
m

)

s1(2)° (¢ ‘

, ~s’ f/+s)
f+1

Z T
t—r

J102 ¢t

t=r\¢-"=s 1 1
1+c 1+

HJ(
f”)(f ¢ ﬂ/’/)(“r

0 -m m m

|

o[(/0%).  (3.18)

3. Timelike infinity

Consider the observer at timelike infinity. For r” > r,
we have a step function with =2 — ¢ + t/r as the argu-
ment. Since we consider the observer to be at timelike
infinity ¢t — oo, the step function always has a positive
value argument, i.e., ®[(¢/r — ¢) > 1] = 1. However, for
r>r" as t— oo, the argument is always negative,
O[(c —t/r) > —oo] =0, since the maximum value of
the cosine is 1. We take the leading contribution of this
limit, (—cr 4 t) — t, followed by evaluating the integral:

I\’ 1 /al[¢ + 1] e & +9)! et vm
8,Glx, x'] _;<—§) FW " Zs, ¥ (=) YpIR](-)
! f’ +S’)! = /
2 f 1 m' 3.
X 87[ GNKHZ” 2{//4_1 Z 2// + Z /' )' Yfr [x/]
TB+C+¢ + 3000, \/(2f+1)(2f/+1)(2f”+1) (f 4 f”)( £ ¢ f”)
! /r
"+ s+ s + 1)) 4 0 0 O -m m m'

x (14 O[(F'/1)%, r/1]).

(3.19)
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Parity invariance (see Appendix A) tells us that only the #” = 0 mode survives, and the double summation over s and s’
is (—=1). The usual rules of angular momentum addition (as contained within the Wigner 3j symbols) then inform us

that the surviving terms are those where ¢ = ¢’.

81Glx, x'] = 4GNM Y 7273 (r) Y R] V2 (%]

(2¢ +2)!!

Gz D o2 /).

(3.20)

We are going to use this Green’s function to describe the behavior of the scalar field. Recalling the Kirchhoff representation

in Eq. (2.7), with the initial data in Eq. (2.6), we arrive at

(_1)f+1A dr /f+2<C;l[rl]

(2¢ +2)!!

W[x] = 4G\M1> =3 Y2 [3] Y

—th”c;f[rf]). (3.21)

Notice that we used time-translation invariance on the second term, which introduced a minus sign. This solution is

equivalent to Poisson’s result [Eq. (3.4)].

4. Null infinity

Now, let us consider the scalar field at null infinity. To do that, we introduce the retarded time coordinate u = ¢ — r and
the advanced time coordinate v = ¢ + r in Eq. (3.18), and proceed to consider the limits: v — oo and u fixed.

Ide 1 L (£+9)!
N — _ _ - _ 1\ (_\+1 m{)(_\m
0l )= =3 (=5) [ 5 A 0D S G e
, N PPV O f’—i—s) e
X 327 GN;sz,/+1Mf,,ZW + Z e )‘Y,[x/]
al2t+f+f’—s—s 2-t— 1(1}— u f—f”—s’25+1
X (_->2+f+f’—s s’ ( L} _ u } (1 _ )f”+s+\+1 [1 +C+ ] _ s+1(1 +C)f—f”—x’+1)
2041 Zf’ (20" + ¢ ¢ £
o (BEERREEDREEIN ) (] )( Ol ). (322)
—m m m

The step function in the first term indicates that the ¢
integral is bounded within 1 > ¢ > —1 4 2u/(v — u). After
expanding the lower bound of the integration of the first term
with respect to 2u/ v, the ¢ integral of the zeroth order is in
fact the representation of the beta function, while the first
order is suppressed by u/v relative to the zeroth order.
Moreover, we also have the same situation in the second
term. The integral is bounded within —1 + 2u/(v — u) >
¢ > —1. Since there is a small window of integration,
u/v < 1, we need to treat the integral perturbatively by
expanding the upper bound with respect to 2u/v. After
carrying out the u derivatives, we find that the zeroth order of
the expansion is zero, while the first-order term is subleading
by u/v with respect to the zeroth order of the first term.
Furthermore, because the summations here are similar to the
timelike infinity calculation above, we are able to deduce
that only the mass monopole £’ = 0 contributes at leading
order, just like the timelike infinity case. Angular momentum
addition rules then imply that ' = 7.

1t 1
. _1\Z+1 r M
x| —ZZGNM( R TCVET

< YRIRIF2IR)(1 + O[(F /1P ufo]).  (3.23)

We now use the form of the Green’s function in Eq. (3.23) in
the Kirchhoff representation of Eq. (2.7) with Eq. (2.6) as the
initial profile of the scalar field. Finally, we have

1o+
PRIy RN 7]

oo . £+2
x/ dr’r’“z(C’}‘[r’]— + C?[r’}).
0 u
(3.24)

rPv — oo, u, Q] =2GyM

We have again used time-translation invariance on the
second term, which introduces a minus sign. This solution
is equivalent to Poisson’s result [Eq. (3.5)].
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IV. PERTURBED DE SITTER BACKGROUND

A. Pseudo-frequency space method

We now turn to the de Sitter case, where any] =
—1/(Hn). Within the generalized de Donder gauge con-
dition n0"y,, = 2jo, — 58;7”")'(p0, the metric perturbation
Xw 10 Eq. (2.2) [or, equivalently, its trace-reversed cousin
Xw 0 Eq. (2.14)] satisfying the linearized Einstein’s
equations with a positive cosmological constant A =
3H? had been solved analytically in Ref. [21] for a general

source T,,; namely,

6,G,, — Na*y,, = 82G\T . (4.1)

where 6,G,, is the Einstein tensor expanded about a de
Sitter background and containing precisely one power of
Xu- For technical simplicity, we are considering a stress
tensor in Eq. (2.15) whose only nonzero component is its
mass density. Hence, the only nonzero component is ),
which can be found from the so-called pseudo-trace mode
solution in Ref. [21].

3 167:GN/ P PR
a[n//] R3 4ﬂ|‘i.)// _ ‘i.)///| :

In terms of jg, the metric perturbation components are

i "//

Jooln" . X"] = (4.2)

1 1
Xoo = 5)_{00, Xij = 551']')_(00, Xio=0. (4.3)
Equation (4.2) tells us that up to the scale factor, j, is
identical to the flat spacetime Newtonian gravitational
potential, which in turn means that the spherical harmonic
decomposition in Eq. (3.6) may continue to be exploited.
Specifically, if yqo is evaluated outside the matter distri-

bution, then Eq. (4.2) becomes

162G M,
P S Sy, (@4

" "
26" 1 e

where the mass multipoles are

bp// f” / f” H/ /Sz Q/H 1e"+2 Ym” [A/N]p[)?//y (45)

On the other hand, if jyy, is evaluated inside the matter
distribution, the integration needs to be separated into two
different regions. The first region lies between the origin
and the location of metric perturbation r”’, where r. = r”.
However, the second region is between " and the boundary
of matter distribution r}’,ﬁ’, with r. = #". Then, Eq. (4.2)
becomes

. 16nGN Z 5
){00 [’7// x// — f(/ + 1 Lﬂ” //}
fl/ 1"

M'",,[ 4 ,
: ( ’ff”H TN )

where the internal multipoles are now

(4.6)

f” r// / dr////SZ do” ///f”+2ym [A///]p[ }
f” r// // f” //I/Sz do" "= 44 +1?m”[”’/]p[f’"], (47)

These M’ f// and N7, f// contribute, respectively, to the two

/1" 1

integration regions 0 < " < 7/ and 7" < ¥ < rf,/.

1. Initial value formulation
Now, let us prepare the Kirchhoff representation of the
scalar field in a perturbed de Sitter background. Here, we
set the initial hypersurface at 77'. Therefore, up to first order
in y,,, the square root of induced metric determinant and
the normal vector of the initial hypersurface are

(4.8)
Up to first order in perturbations, we have from Eq. (2.7)

il = / EF aly' P (Glx, ¥ P[] - Wx]0, (Glx. »]))
=+ A} ¥ aln'1*(=700) (Glx. x’]‘i‘[x’]

—‘P[)C’]anf(é[)ﬁX’]))JFA2 X aly?((5,G )P
- Lp[x/]an' (51 Gx.x’))

= YOl %] + YOO .0 . X] + YD [n. . X]. (4.9)
The first, second, and third terms after the first equality are
defined, respectively, as ¥ [n, 5, %], Y[y, #,X], and
YWD p, 1, %]. PO and PO4) will be discussed in the next
section. Unlike in 4D Minkowski, where there is no linear
tail effect, these two terms do contribute to the observed
scalar field at late times because the background de Sitter
Green’s function [in Eq. (4.10) below] contains a tail.
Therefore, we need to include these terms and compare
them with the nonlinear signal ¥{!) [, 1/, X] associated with
scalar-gravity scattering described by 6,G.
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2. Perturbed Green’s function

The retarded Green’s function of a massless scalar field in de Sitter spacetime contains two terms. One of them,
proportional to a delta function, describes the propagation of the field on the light cone, while the other, proportional to a
step function, describes the propagation of the field inside the future light cone of the source at x'. It is given by

_ H? (8[n—n —|x-X - o
Gtxv) = (P o Ol = = =71 ). (4.10)

The first-order perturbed Green’s function is given by Eq. (2.13). Its late time limit reads

(_)m” Y?n [A//] Mm
Zf”—‘rl e e

8,Glx,x'] = 162Gy / dr’ " / dQ"H* Y
0 s? o m

X (' A_y — ' OyAg +nB_y 3 — ni' 0,A¢ + i 0,0,A, —n0,Boz —'B_1» +1'0yBoz —C_y), (4.11)

where we have defined

Oy —n" = X = X"|| 80" —n' — " — X'
A, = dn"n"* S T , 4.12
a /_oo mn 4ﬂ|x //| 4ﬂ|x”—x’| ( )
5,,] n_x ¥ 5’7//_’7/_)—5//_)—5/ ~ o
o = [ e DA BRI A2 RR g ey @13
0 /! 1 ) ! / s >
Ca= | e, )277”5[” ' =X = X"[]8ln" - — ¥ - X]. (4.14)

That only delta functions are present in Egs. (4.12)—(4.14) is because the derivatives in Eq. (2.13) have converted the ®’s of
the tail term in Eq. (4.10) into &’s. Moreover, these delta functions teach us that, as far as the causal structure of the signal is
concerned, the de Sitter massless scalar Green’s function at first order in the central mass is similar to its asymptotically flat
cousin: the signal at the observer’s location x arises from the signal emitted at x’ scattering off the central mass’s
gravitational potential lying on the ellipsoid that is associated with the intersection of the future light cone of x’ and the past
light cone of x; recall Fig. 3. This also explains why we have employed in Eq. (4.11) the form of the perturbation in
Eq. (4.4): the ellipsoid of integration at late times always lies outside the matter distribution itself.

3. Timelike infinity

In this work, we will be extracting the leading-order terms from expanding in powers of #/#/, r/#/, and ¥ /5’. In
particular, we shall specialize to an observer approaching timelike infinity, where 57/ — 0 and n — ' > r > r'. By using
these assumptions, the first six terms from the left are subleading relative to the remaining three terms:

0 m Y o e
5,Glx,x'] = 162Gy H? A ar” /S 2 dQ”Z 5 f,, e ]M;z, x (—n'B_yz +10yByz — C_,). (4.15)

1" —1
f// " r

The calculations of B_; z, By, and C_; have been performed in Appendix B. Here we will discuss how each term
contributes. By including the 7 integration from 6,G, the values B_; y, Byy, and C_; have the following forms:

) - )¢ _ 7\ _1\¢+ / Y
A dr”rB_lf I—Z( (r) Y2R|YY [A”]Z_< ) Y” [A//]Ym [A/]( 1) £+ +2")!

1" -1 20 + 1) 4= /(sz/ + 1) (’7 _ n/)f+f’+f”+1
21 " [f//} < [7]}>
X ol i N — 1 I 1Pl 1 + O - ) (416)
F[ ‘- é’-&-t’ ]r[f’ f+2—f +1]1—~[ zf’+f2+zf’ +1}1—~[f+f -2rf +2] ,7/
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© . Boy 1 ()"
/! X —
A e = <§Z(2ﬂ+ i

' m'

YpRYp R

2f// (’7 _ ,l/)_f/_f//
(-7 (&")_p

2f”_1r"ﬂr"‘ﬂ(—1)’f+ﬂ (n— n’)"fﬁ_bﬂ_ﬂ L[ +¢+7)

+
) 72372 — 1Y R YRRy (87 (3] >(1 +(’)[(L)2]) (4.17)
PG T T AT 5 4
/°°dr,, c_, _ _lz (I’)f Y [ }Y [A/] 2" (77 ’7) ="
O 8ri= 20+ 1)1 7 -n° (@),
Z Z 20— (= )T + 6+ ]
T 7+
) ﬂ23—2f" Tl — YR 72 Ry 7 (2] > (1 HQKL'YD, (4.18)
R e e e 7

In the first term of Eq. (4.17), because the Pochhammer
symbol (£”)_, will blow up if #/ = ¢” > 0, only the ¢’ =
¢ = 0 terms survive. This in turn renders the first term of
Eq. (4.17) independent of both # and #/, and since Bgy
shows up in Eq. (4.15) only as a derivative with respect to
', we may therefore drop the first term of Eq. (4.17).
Similar arguments related to (£”)_, in the first term of
Eq. (4.18) tell us that only its £ = 0 term remains.

Additionally, the intermediate summations leading up to
Egs. (4.16), (4.17), and (4.18) have been tackled in
Appendix A—see the discussion leading up to Eq. (AS5).
Now, the gamma functions in the denominators of
Egs. (4.16), (4.17), and (4.18) will blow up when their
arguments are nonpositive integers. In particular, parity
arguments, spelled out in more detail in Appendix B,
provide the constraint #” 4+ 2g = ¢ + ¢/, where ¢ is an
arbitrary integer. This implies that T'[F-4*%] in
Egs. (4.16), (4.17), and (4.18) diverges, except when £’ =
0 due to the I'[#”] in Eq. (4.16) and I'[¢” — 1] in Eqs. (4.17)
and (4.18). Angular momentum addition tells us that £ =
¢’ when ¢” = 0; hence, at this point, we simply need to
compute the limits

lim 21—2f” ﬂr[fﬁ}
0 T = AN (7 + DI (" + DING + (¢ + 1)
= (1)
and
22—2f” [f// 1] _ 2f(_1)f.

lim i 7T Tl
-0 TG = ATGT (" +2)0[5 + 7]

Altogether, we gather

51G[X, x/] = (51,0G + 6]’1G[x5 x’])
n (r\2 [¥\2
(ol (7)-()1) e
where we define the monopole-only term (with
=0 =¢"=0)as
M
510G = GyH? —, 4.20
1,0 NS (4.20)
and the higher multipole terms as
00 14
81,1Glx. X' = 2G\MH* > Z
=1 m=—¢
Al rr’
———(— | YZ[R]Y” 4.21
X e 2) MR @)

4. Null infinity

We now turn to extracting the late retarded time and
null infinity limits of §;G in Eq. (4.11). By late retarded
time, we mean u =n—n —r> r, but it is otherwise
held fixed (see Fig. 4), whereas the null infinity limit
entails taking # — 0 and the maximum possible advanced
time coordinate allowed by the cosmological hori-
zon, v=n—-n+r—->—n +rx=21014+Olu/n]) > u.

Because # — 0 in the null infinity limit, we find the first
six terms to be subleading:
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Y a

m" [)% ]

Mm

5,G = 167rG/dr” ”Z/dQ”lH“(z ()
_H )//JII. "

27" + 1
m

X (' A_y — ' OyAg +nB_y 3 — ' 0,A¢ + ' 9,0, A,

"
r//f +1

)

- 118 Bo,x - ’1’3—1,2’

Lﬂ//
+ 10y Boz — Cy),

M”l

(=)"" Y 2]
~ 167G / dr'v'"? / Q' ( H3)<Z 20" +1
f// "

X (='B_yz +1n'0yBoz — C_y + Oln/1']).

)

7"

(4.22)

We shall focus only on the monopole contributions to the final signal.
To this end, we start by taking B_; 3, By y, and C_; from Egs. (B30), (B25), and (4.14), respectively, followed by setting

£=¢=¢"=0:

— e

o0
_’7/ dr”r”B_l ¥
0

v/ood /! /// da) exp ia)(u'gv_
== r

/!
2 Jo 2rr.r

re — r//)] (eimr<

2ir_

iwr_
)

Infu/v] u
== 1+0|—-| ), 4.23
e (1 LD 42
// ds" //8 B / /// da) zexp ((u;v) - r>)]
d 0 mr 0x =~ 27ra)r”r
x| - (e or< 4 o<\ _g + — ( Tiore — el (i 4+ r_w)
2 2
v In[u/v] u
- o|-|, 4.24
64r7u | 3222 |:U:| (4:24)
da) exp (LH-I) -7 - 7‘”)} €iwr< _ e_ia,r< l-r/
dr” //C_ — dr'y" 2 1
/0 mrE / " / (4n 27r. 2ir + 37w
/
@) O|—|, 4.25
= <+H)+ g 429
where r_ = min[r, r’] and r. = max[r, r”]. Inserting these GyH*M lv
integration results into Eq. (4.22), we have 6,G = 7 1+ ul (4.26)

FIG. 4. Spatial diagram of the first-order Green’s function
0;G. The gray blob denotes the central mass M. Referring to
Eq. (3.13), at first nonlinear order, the initial scalar field at X’
propagates along null rays to X, scattering off the gravitational
potential ®[xX"] due to M before taking null paths back to x. The
locus of X" is the surface of the ellipsoid given by causality:
Ap=n-—1n =|x-X|+|X¥ —X"|, arising from the argument of
the & function in Eq. (3.14). The shortest distance between X"
and X' is L = (An — R)/2. By expanding in powers of 7/, we see
that L ~ (u/2)(1 4+ O[r'/u]); i.e., the fractional change of L is
small if and only if ¥ < u.

Observe that the first term in Eq. (4.26) is the same as its
timelike infinity counterpart in Eq. (4.20), whereas the
second term in Eq. (4.26) describes a relative enhancement

of v/(2u).

B. Position spacetime method

In Sec. IVA, we saw that at leading order in /7, /1,
and /1, the higher multipole moments of the central mass
distribution did not contribute to the perturbed Green’s
function 0,G. In this section, we will show how we may
recover this mass-monopole-only result from a position
spacetime calculation. In the late time limit, we have seen
that ¥, will never be evaluated inside the mass distribution,
and hence the integrand of Eq. (4.2) may be Taylor-
expanded as follows:
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4Gy (M R i 1
_a[i,l/’] (W—FZ f’/! _:,6]0 llai,l,.n&i;ﬁ ,

=1
(4.27)

Lip). (428)

Eélo»..if E/ 377" ..
R3

This is equivalent to the spherical harmonic expansion of
Eq. (4.2), with the #”th term in the summation correspond-
ing to the #”th mass multipole moment. Since we only wish
to recover the mass monopole result of the previous section,
we shall discard the summation in Eq. (4.27) and insert it
and Eq. (4.10) into Eq. (2.13). By explicitly splitting the de
|

Sitter Green’s function G into the null cone Gt and tail
G pieces,

G[x, x/] _ G(direct) [x’ x/] -+ G(tail) [x’ x/]’

H>8[n—n/ =[x = ¥]

 (direct) /
G b ¥ = 4z |x — X (U
. H?
G(tall) , n— Oln—n —x=¥ , 4.29
v, ) = Ol = | (4.29)

this leads us to

(4.30)

x| = Z 5,GV[x, ],

1<I<4

where

(3 G( )[X X — _r]/)/l % / dn/// d3 a // 28 //G (direct) [X x//])(/m[ //]8b//G(direct) [x”,x’]
R3

_ G;MH3{8 < i _n’_R]WIz)—ay,<®[77_77/_R]<m7/11+M12))

/

=0y (9[77 -1’ —R] (nn’ll +

2

+ ! / / + ' 2 '
7’7("2 ’7)12>)+®[f7—n —R]<(n+n)11+’7 ’712+L’7,13>}» (4.31)

2 n+n

51G( )[x X __1,]p;4 % / d;,lll/ d3—>//a 1 28 Gtaﬂ [x x”])(pa[ ”]8 Gd1rect)[x x]

_ GuM

— - O 1 0,0~ = R 1= )15 = Ol =/~ R =) (15 17 ) | (832

51G( )[x .X — _’,Ipy o / d’?”/ d3->//a 7 28 G dlrect)[x X ])(/m-[ //]a //Gtall) [x x]
R3

=S¥ {000~ - Rata = )1) -0 = =Rl (11 + 2L ) | 4y

51G( )[x X — _n/m 2% / dﬂ”/ d3-'// // 28 //Gtall)[x X }Z/)a[ ”]8 ”Glall)[x )C}
R3

_GyM

(n—n')?

N (@ —y —R
yp <[;1;7 ]n

and, by placing X" on the ellipsoidal surface parametrized in Eq. (3.15) and defining R =

defined by

; I6>, (4.34)

— X'|, the integrals involved are
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dQ” 1

I, =
! /gz Az |x”|

dQ// 9// R
125/_5—?/%’ f=— o 0<é<l,
s 4r X n+n
, _/ Q" 1
37 Js 4x |¥|(1 = Ecos @)’
dQ" 1 + o’ R
Ifz/ &, (= 0<¢ <1, n—n>r+r,
s 4r ¥ n-n

L / dQ” 1+ ¢cosd”
I= = s
3 s 4m |X"|(1 = Ecos )

! :/ dQ” (1 + ¢cos@”)(1 —¢cosd”)
0~ Js 4 [X"](1 = Ecos @)

I, was evaluated by DeWitt and DeWitt [22]; for
n—n'">r+7r, relevant for our late time calculations, it
reads

5=t [ﬂ} (4.36)

R |1-¢|

(4.35)

1. Timelike infinity
In the timelike infinity limit, —r/#', —¢' /0’ n/0 < 1,
both the £ and { tend to zero. As such, the rest of 1, 3 456 are
really I, up to fractional corrections of order —r/#':

L3456 =1, (1 +O[L,¢&]). (4.37)

Taking all these into account, and returning to our perturbed
Green’s function in Eq. (4.30),

1 2 _ .2 _ 2 \2 21 — R2 R R
51Glx. ) = — = Gy TN = )7 = 2 = ) <1 + 0{—,—,]) (4.38)
2n ((1—n")"—R%) n+n n—n
Next, we follow Poisson [18] to expand Eq. (4.38) in powers of cosy = & - &/, via the relation
© [k—|— 1] [k+f_|_ 1] 2 _
(cosy)k = 20+ (1 + (=1)k f) Y20, )Y, ¢']. (4.39)
; T5e+1r [k+f+2]m; ‘ ‘
At this point, we have recovered 6,G of Eq. (4.19) within the timelike infinity limit:
00 4 /
201! rr " n r r
51Glx. x| =2G\MH*> " > (- f2f+)< ,2> Y20, )Y [e’,d)’]( +0[, ,,,D. (4.40)
=0 m——t mon
2. Null infinity _ /
: c= (=2 (1+0l5). (4.42)
Next, let us recover the result in Eq. (4.26). We start by v+u v

taking the null infinity limits of £ and ¢ in Eq. (4.35):

v—Uu

= (i w) (L)

(4.41)

Examining Fig. 4 tells us that 0 is much closer to ¥’ than ¥
is to the nearest point on the ellipsoid (namely, L > r/) if
we assume that u > r/. This assumption in turn guarantees
that little error is incurred in the 1/|X”| occurring within the
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integrals of Eq. (4.35) if we proceed to first expand the rest of their integrands in powers of r’:

B =22 o),

4(—u+ v+ Infu/v)(=2n +u+v))

(1+ O /ul),

(1 + O /ul),

R PR [ Ty

J. = nfu(=2n+u)/v(=2n + v)](=4n + u + v)
’ (u—v)(=2n+u+v)

= ﬁ (14 O /u]).

o <4ln[u/v] 4

u—uv u—+v

) o

(u+v—4n)In[(u—2n)/(v—"2n

I =2
5 W2 — 12

L1+ o pu,
2(=4n +u+v)(2nIn[(u —21)/(v = 21)] + In[u/v](u + v))

I5 =

16:4

(u? = 1) (=20 + u + )
(4ntanh[(u — v)/(=4n + u + v)] + u — v)(=4n + u + v)

(14 O[r'/ul),

We substitute all of these to obtain the perturbed Green’s
function 6, G [Eq. (4.30)], and we proceed to take the limits
v > u and n — 0, to obtain

HM 1
51G:G’V <1+U>< +O[g

e\:

- o ’v]> (4.44)

This recovers Eq. (4.26).

C. Behavior of scalar field

In this section, we investigate the behavior of the given
initial profile of a scalar field [Eq. (2.6)] in the late time
regime of asymptotically de Sitter spacetimes.

1. Linear Propagation, ¥
Recall the definition of ¥ from Eq. (4.9),

(0)[71,'7/,35]543&)70 (G

For late times, the delta function term in Eq. (4.10) will not
contribute to the observed scalar field P© [n.1, X].
Moreover, the time derivative of G|[x, x'] in the second term
will turn the tail of the Green function into a null signal,
which will also be excluded. Additionally, ®[Ay — R] = 1 at
late times. Hence, we are left with

X P[] - P[]0, Glx,x]).

(4.45)

2

H
Oy 5] = aly'? / EX W ). (446)
R3

V¥4

(u—v)(u+v)?

(1 4+ O[F /ul). (4.43)

|
By using the initial condition of the scalar fields in Eq. (2.6),

2

w(0>[n,n/,z}zf—ﬂa[nq2 A A2 (447)

In the null infinity case, Eq. (4.47) still holds, since the step
function of the unperturbed Green’s function goes to the

same value, ®[An — R] ~ O[u] = 1. Other than that, we only
need to set ' & —v/2:

Wil 0] = 7—al—v/2]? /oo drr2Cor). (4.48)
0
2. Linear Propagation, W(0x)
The next part is ¥(°%). From Eq. (4.9),
WOy, ', X] = / X @[] (=700 (Glix, ¥ P[]
R3
- ¥[x']9,Glx. x']). (4.49)

The same late time considerations for ¥(*) apply here, since
their integral representations employ the same unperturbed
retarded Green function G|x, x']. We thus have

Zcf,

f’ m'

Yﬂl "/

p0) [ﬂﬂ?'ﬂ = —/ ’7 ])(00

(4.50)
where we use the initial condition of the scalar fields given

in Eq. (2.6). Now, let us recall the trace-reversed perturba-
tion metric jy. Since the 7 integral runs over all radii, we
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1/

will have two integration regions: outside of the mass distribution 7’ > r’{i’,:' and inside of the mass distribution r;’,f > > 0.
We therefore need to invoke Eq. (4.6) to deduce
(0.) e 2 [ 402 / (_l)m’ 1 m'[,.m’' / m'
YO, 5, X] = 4AGyH ; dr'v’ a[n]z 2 1 e M8 — )]
&' m'
(_1)m/ M”‘l’, [r/} , , . .,
oA r;’;,H + N PP e — ] | Clr). (4.51)

where the first and second terms describe the contributions
from the initial scalar field outside [Eq. (4.4)] and inside
[Eq. (4.6)] the central mass, respectively, with M ['] and
N™[r] already defined in Eq. (4.7). Like its cousin in
Eq. (4.47), the result in Eq. (4.51) is a constant with respect
to (n,X), and therefore its null infinity expression remains
the same, except that #/ may be identified with —v/2.
While only the initial scalar field velocity’s monopole
contributes to the central mass independent linear propa-
gation result in Eq. (4.47), we see from Eq. (4.51) that all
the initial velocity’s multipoles {¢”, m'} do contribute once
the gravitational potential of the central mass is included,
because these {¢’, m'} are now tied to the mass multipoles
{¢",m"} in a one-to-one manner; namely, £’ = ¢” and
m’' = m". Moreover, both Egs. (4.47) and (4.51) describe a
final scalar field that does not decay back to zero amplitude,
but instead asymptotes to a constant. In addition, we may
compare Eqs. (4.47) and (4.51) to the results obtained by
BCLK [16] and BCLP [17], where they dealt with a
spherically symmetric black hole in de Sitter spacetime.
Like them, we find the final scalar field to scale as H?; but
|

ol

Win.y. 3| = @’ [ MGy H? / ) dr’rlz{

|
unlike them, because of our arbitrary matter distribution,
we uncover sensitivity to both external and internal multi-
poles of all orders. Even though BCLK and BCLP did not
name it as such, they found—as we did here—that their
massless scalar field would develop a memory at late times.

3. Nonlinear propagation, ¥")

Now, let us find out how the nonlinear parts contribute to
the scalar signal. Here, the propagation is governed by the
first-order perturbed retarded Green’s function. Recall the
definition of $(") from Eq. (4.9):

Tmm#ﬁhi/d%%WW&GmﬂWhﬂ
R3

- ¥[x']0,,6,G[x, x']). (4.52)

The perturbed Green’s function for a timelike infinity
observer has been computed in Eq. (4.19). With the initial
profile in Eq. (2.6),

n

- 20 s (17N 22601 (=17
n / m / m [ %
0 4”3/2 + f/;m/ (Cf’ [r] - WCK’ [r ]) Yf/ [x] <T2> (2{/ + 1)”

(ol GG ])

Observe that, because only the mass monopole term
contributes to §;G in Eq. (4.19), there is an angular
momentum conservation at play here: the initial Zth
multipole of the scalar field at #’ propagates forward in
time into a pure £ multipole at late times, n — 0.

In the late retarded time null infinity limit, the perturbed
Green'’s function is given in Eq. (4.26). By using the same
initial profile as the timelike infinity observer scenario

[Eq. (2.6)],

| GyH3M [ v
w0 [ ] :7(2'”)3/2 A dr’r’za[—v/2]2<<u+2>

x@m+%@0_%>

» (4.54)

(4.53)

For this calculation, we have only computed the monopole
solution.

4. Comparison to static patch results
The line element of de Sitter in static patch coordinates is
given by
ds>=(1-H?r2)d2 = (1-H?r2)7'dr? = r2dQ%.  (4.55)

The transformation rules from the flat slicing coordinates
(n,r) in Eq. (2.2) to static patch coordinates (z,, r,) are

exp[—H,
o e L)

N

exp[—Ht,)

" Tui-me

(4.56)
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By employing these transformation rules to ¢ in our

solution [Eq. (4.53)], the #th multipole of the scalar field
becomes

P) ~ o=H (4.57)
This decay law was first obtained by BCLP [17].

We also highlight that the late time assumption that
allowed us to simplify the Green’s function expression to
that in Eq. (4.15), while made in the flat slicing coor-
dinates of Eq. (2.2), continues to hold even in the static
patch of de Sitter spacetime. This is because n/n' ~
exp[—H(t, — ;)] = 0 as 1, > .

V. SUMMARY AND FUTURE WORK

In this paper, we have calculated the behavior of a
scalar field in the late time regime of perturbed de Sitter
spacetime, where the perturbation is generated by a
localized mass distribution. We performed the calculation
in a (fictitious) frequency space that amounted to replac-
ing delta functions with their integral representations.
This allowed us to implement a spherical harmonic
decomposition early on in the computation. We tested
the method in Sec. III A by recovering a portion of
Poisson’s asymptotically flat results in Ref. [18].

By taking the leading-order terms of the /' — 0 and
—r'/n’ < —r/n < 1 expansion at the early stage of cal-
culation, we recognized three contributions to the observed
scalar field at (1, X) in the timelike infinity limit. The first
term is the linear part of the scalar field propagation itself,
coming from the tail of the de Sitter massless scalar Green’s
function. The second is just the linear part with a first-order
metric perturbation, where the initial scalar field is sensitive
to both the internal and external mass multipoles. The first
and second terms yield linear scalar memory, as /5’ — 0 at
fixed r: ¥ does not decay back to zero but to a spacetime
constant proportional to H2. The third term is the nonlinear
part of the scalar field propagation, governed by the
perturbed Green’s function. Here, the scalar interacts with
the gravitational potential of the central mass through
scattering off the intersection of the future light cone of
the initial scalar profile and past light cone of the observer.
There is a nonlinear scalar memory effect like the linear

|

f f/ f//

1)n+n

case, where the scalar decays to a spacetime constant that
scales as (GyM ) H relative to the linear memory, where M
is the total mass of the matter distribution. Moreover, this
nonlinear scalar memory does not appear to be sensitive at
all to the higher mass multipoles. We also provided an
analytic understanding of the decay law first uncovered by
BCLK [16] for the higher multipoles of the final scalar
field: in static patch coordinate time ¢, the £th moment
decays in time as P! ~ H3 exp(—£Ht,).

We also examined the monopole portion of the same
scalar field signal, but at null infinity v - =27’ > u and
late retarded times u > /. It exhibited a novel feature
compared to its timelike infinity cousin. Specifically, it
contains an enhancement that scales as v/(2u) relative to
the nonlinear spacetime-constant memory. In the future, we
hope to further investigate the physical origin(s) of this
term, as well as its potential implications for the conver-
gence of classical perturbation theory on de Sitter
backgrounds.

To further develop the work here, we may consider more
general matter distributions, or perhaps dynamical astro-
physical systems. It could be of physical interest to extend
our late time analysis to that of intermediate times, to
understand the full causal structure of the scalar signal. We
also wish to extend the analysis here to that of gravitational
waves, and to ask what sort of nonlinear gravitational
memories there are in asymptotically de Sitter spacetimes.
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APPENDIX A: THE MULTIPOLES

1. Evaluation of double sum

In this paper, we encountered the following double
summation that appeared in the spherical harmonic expan-
sion of the perturbed scalar Green’s function ;G in both
Minkowski and de Sitter spacetimes:

(¢ +n) (' +n)

n=0 n'=0

Zz(f”—i-n—l-n tnl(€ —n)!' W'\ —n')!

(A1)

We may first perform the n’ summation in Eq. (A1) to obtain

f f/ f// i

[+ n+1I¢" + n]

. Re[¢”] > 0,

n=0

FITf —n+ 1T + £ + n+ 1T

- +n]
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where we have used the following limit to replace the (—1)"/ factor in Eq. (Al):

T-¢ +n] (-1)"T[¢ +1]
r-¢] T -n+1]

.0 </, (A3)

as well as the identity

L +n+ 1[¢" + n]
L+ +n+ 101" =¢ +n]’

S =0 4 1 0+ 151] = Re[£” + n] > 0. (A4)

Strictly speaking, Eq. (A2) does not hold for the monopole #” = 0 case. Nevertheless, we may proceed to compute the 7
summation assuming £’ > 0, followed by taking the #” — O limit.
To perform the n summation, we may exploit the replacement in Eq. (A3) again (with n’ — n and ¢’ — ¢) to reach

21—2f” ﬂr[f”]

Sz, 0, 0" = A5
[ ] TR =N+ 6= + DTG =4+ + DITE (" + ¢+ ¢ +2)] (A3)
for Re[¢”] > 0, where we have employed one of Whipple’s identities (see Eq. (16.4.7) in Ref. [23] by DLMF):
21—20 I'2c —
Fola,l —a,c;d,2c—d+1;1] = 1 Tdr2e —d +1] : , Rec] > 0
Ie+i(a—d+Dlc+1—-3(a+d)TE(a+d)T5(d—a+ 1)
(A6)

2. Constraints on multipole indices from parity

Up to this point, the only constraint on the multipole indices occuring within §;G comes from the usual rules of angular
momentum addition. In this section, we will discover another set of constraints from parity considerations.

In 5, G, we have three multipoles £, #’, and #” that correspond to the multipoles of the observed scalar field, initial profile
of the scalar field, and the mass distribution, respectively. Let us recall the structure of §; G and up to the scale factor for the
de Sitter case:

- ot — 1" — |X = ¥"]] o P o =1 — ¥ = X'|]
nGl ’/”"x/]N/ d4xﬁa’”< i~ 7 / ER G O 4n|*" ¥ (57

Upon the parity flip X - —x and X’ - —X/, followed by a similar change in the integration variables,

. Ot =1 ~|(=R) =TI\ [ s PR (B~ ~ [~ (-]
5,Gt, 1, =X, =X'| ~ [ d*x"0, —— BY =0 = - A8
1 [ X x] / X0y < 477:|(—x)— //| / X |x//_x///| ! 471'| 7 ( x/)| ( )

5[2‘ - |)—C) _ )_c'”” . [)[ —'///] [t" /- |—>// —vH
— d4 1" 8 . - - d3 111 L _ a . - — . A9
/ X0y ( 471")6 _ x//l / |x// ///| 47r|x” X | ( )

The spherical harmonics dependence of each multipole in Eq. (AS8) is

Ym[ ]Ym[f\ll]ym [A//]Ym [ }Ym

=)

whereas the spherical harmonic dependence in Eq. (A9) is
YRR Y Y Ry (37](=-)7
Since spherical harmonics are linearly independent, Eqgs. (A8) and (A9) should in fact be the same:

£+ =7"+2q, qEe”. (A10)
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APPENDIX B: CONTRIBUTIONS TO 4,G IN
DE SITTER BACKGROUND

1. Spherical harmonic decomposition of expiwR]/R*

As we shall witness below, the spherical harmonic decomposition of exp[iwR]/R?, where R = |X — X”|, is needed in the
computation of 0;G in de Sitter. First, we reexpress it as

elmR @ d iR 1
= D Bl
arR? A 1R " aaR? (B1)

The first term can be computed by integrating Eq. (3.12):

. @ el[HR £ 's f—‘rS)' m m ’\// < _S’k]eiwrﬁk! JI1—1-k
g o S e I D IRt

2
LAY PRV YR )
—;< ) 720r + )1 )(HO[(W )’]). (B2)

For the second term, we refer to Dixon and Lacroix’s work [24]. They tell us

I & 25-}-1
47r|)c—x”|2 Ez; 2rr”

/7" 2
0|5 ]Pf[fc 1, (B3)

We can approximate (r/r") — 0. In doing so, we need to exploit the behavior of Qf[%] at infinity, which gives us

1 2 [ r\¢ 2¢ _
— =~ — —_— 7Y Y 1 B4
471'|)—C> _ )—CW|2 fzﬂ; r//2 <I’"> (25 + 1)” [ ] [ ] ( )

By combining Egs. (B2) and (B4), we get

P O/ 7)), (BS)

¢ioR (=ir) zf: P (C4)ty, & cle s, k] k!
~ X
AnR> S 1" (26 + D) =g s1(2r") (£ = s)! (

§=

Observe that Eq. (B4) cancels the second term of Eq. (B2).

2.4,
Recall the definition of A, from Eq. (4.12). We can collapse one delta function by simply integrating 7",

Slp—n" =X =X"]o[n" —n — X" = ¥']]
A = d i //a — =
“ /_m T 4nfi = 7| An7 — |

O A el St el )
_ _ _ 2N \a , B6
(77 ‘x X D 4”|x ->//‘4ﬂ_|)-c>// _)-C>/| ( )

where a = —1, 0, 1. Different values of a may lead to different results.
a. Ay
For a = 0, we have

odw . L elo(F=X"])  pio(]X=¥)
Ay = — i) S B7
0 /_m 27 ¢ Anli — 3| da| — 7| (B7)
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(|33

(7
We can impose multipole expansions of ¢ 4 = w‘ and jmlf// :’I with @ as the frequency and spherical harmonics as basis

functions. Here we take the small argument limit of spherical Bessel functions j,[wr] and j,[wr’], since they are small
quantities in the timelike infinity case. After we evaluate the @ integral, we have

( ) f+1

ZED3 Z e VT ]
0 (2 +41) = 12r) (£ =s)! ¢ ‘

) (rl)f’ (_Z)f’-H 4 l's’ (Z/ﬂ + S’)! S - .
; Yo R [R)(i0,) 8 (n = i) = 217, B3
X l};n:l/ (2f/ + 1)” r// ;S’!(Zrﬂ)s (f/ _ S/)! 4 [X ] % [XKI 7]) [(’7 7]) r ] ( )

By including the 7 integral and #’~“*!, and referring to the ,G expression in Eq. (4.15), we can collapse the delta function
that contains 7’ into # — 5 and evaluate the ' derivative:

P ¢ N 4 ! !
_/i _ (r) l(l’ﬂ—'_s)' mia]ym[4 L LM m [ ym 3
J e o= -3 (e PR G S o TR R

T+ + ¢+ 1]

x 28" (=)~ Hs+s (g \E—C "1 . B9
(=1) (n—1') ) (89)
b. A;
For a = 1, we have
odw . , pl@(F-F])  piw(|#'-¥)
A = = i) (1 — | — P - _ ’
: /—oo 21 (=¥ =% D4ﬂ|x —X'|4n|x" - X
_ /oo d_w e—iw(n—n’)n eiwi\i—fil) iwi|;//_*’|) /oo d_a) o) pio([F=3)) gio|¥'~F)
o0 2T dr|X — X"| 4n|X" — ¥ o 2T 4r  Az|l¥ =X
ke (B10)

The first term is exactly A, multiplied by #, while the second term A , is unknown at this point. Therefore, we need to
compute the latter separately. Note that the spherical harmonic expansion of exp[iw(|X — X”|)] /4z can be obtained from that
of explim(|X” — X'|)]/4x|xX" — X'| (which is a standard result) via differentiation, namely

explio(|x” —X'|)] _ explio(|x - ¥"|)]

T TR R 4n (B11)
This leads us to
Ay - / S PO WD i lre] = B [P0 lre]) YRR TR
oo 2T o 20 + 1
x iy jplwr WS [wr |y RV 7], (B12)

'm’

We cannot take the small argument limit of j_; [@r] directly. What we should do instead is to take £ = 0 separately. By using
a certain recursion relation of the spherical Bessel function, we have

o d . , 1 1
a0 == [Tt (<ol g ol ) (<l + el ) = 1ol

x Y{[x]YQ[R"] 1a)Z]f/ wr’] h(f,)[a)r YRV (36, (B13)

7' m'
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The same procedure as the previous calculation can be used at this level. Take the small argument limit of j,[wr], evaluate
the o integral, and include the " integral to obtain

© " 13} N (g — )02 & 1 (¢ ! ' S’
A dr -t HA{EO _ _ﬂz (") (n=1) Z_( +5') YR R

dn 4= QOO (-8
" ! f/ + f’l
<y EAEL (2 ey ) (B14)

The first term is suppressed by (r/5)%, while the second term is the leading term which contributes to the overall power
of 7.
For A|, with # > 1 in Eq. (B12),

Az == [T e ZMH heh [l milr] = b [Pl [ro)) Y2 (81728
- =1m

x i jolor|hl) lor| Yy 7 (7). (B15)
7' m'

This can be computed with the same procedure as the previous calculation. Here we can directly take the small argument
limit of j,[wr]. By including the " integral, its solution is

2f”—1 £ /f’( 1) s +E+ (’7 _ ﬂ/)—f”—f—f’—Z (5/ + S/)!
27+ (27 + D'l @ —5)!

/0 dr' - f”—HAlel Z Z Z

=1,m¢ .m's'=0

y ‘-1 (—)S(”_W/)2F(5+f) (f//_’_bﬂ_’_f/ % -)s 21- (s4+¢+2)T (f"+f+f’+2)
2 -1 —s)T[¢" + 5+ 5]s 2 +3)TR2—s+ [ + 5 + 5']s!

s=0 s=0
(B16)
c.A_;
For a = —1, we have
odp e-iew-n) pio(3=X"]) o' -¥])
A= — — — —. B17
! /_oo 2rn—|X = X"|4z|x = X" | 4n|xX" — ¥| (B17)

At late time n — 0, as long as |X — X”| # 0, we can expand (1 — ﬁ)‘l around 1 = 0. Up to the zeroth order, we have
_’//‘

o dw e—iw(r]—r]’) eiw(\?c—x ) eiw(\?c”—ﬁ’\ n
A_ ~ -— = = = = = 1 O S S . B18
! /_oo 27 —|X = X" 4x|X = X | 4x|X" — X'| < + [|x— ”J) (B13)

Let’s employ spherical harmonic decomposition on this expression. Notice that the multipole expansion of exp[iwR]/R? is
nontrivial—see Sec. B 1 of this Appendix.

Aam [ Gper PO o fﬁ PSR ksl - s YT
A ~ 20+ 1) 7 ez = 2%s! ( )! R e
eior” O N+ (1
! (_l) (Lﬂ + S ) m' [l m’
% lw; zf/ " aor” z:o S12ar") (¢ = §)! Yy (Y [¥]. (B19)

By following the same scenario as the previous calculation, and including the 7’ integral, we have
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© 1—£"+1
dr r/ A—l =
0

(r/)t”

XD G

20+ 1N
2k+f”+1

X

[+ +¢" +2]

£—s
l(f+s)‘!zk,c[f_s,k]yg?[fc}f/?[fc”]

Sty
£ (26 + 1)1 & 5!

4 / s
> S VT

L =)

(_1)—k—s—s’+f+f’ l"[k +s+s5+7"+ 2]

3.B,x,
The next part is By, , which is defined as

2! 2!

X'|oln" —n' — X" - X

I

Sn—n"—1x-
B = dn" //b -
i /-oo ™ (@dn)2f7 =%,

(B21)
where b = —1, 0 and X, = {X,X'}. We can collapse one
delta function by carrying out the #” integral,

. 5 DA B/ S i B B ey /)
i L e e 989

I

=
_xo|

Now, let us use the integral representation of delta functions
to convert the integrand to frequency space,

PR N
elo([X=X"]) pior(|¥"=X'])

-’//|)be—iw(n—n’)

B / mde
= — (= |x=X
b.xo o 27[ 7] (4”) |£”—x0|

(n=n)=0=""=2 (B20)

[
In the next subsection, we will evaluate B, ; for different
values of b and X,.

a. BO,E,,

For b = 0, we have

lw(|x—x”|) io(|X"=X])

(4ﬂ) |_W - x()|

!

odw .
Bus = [ S €

We recognize that the integrand is identical to that of A, ,.
For X, = X/,

(B24)

Byw = —A», (B25)

while for X, = X, we can just swap r and r’ from the A,

(B23) result:
|
, f” 2 14 _
/ dr' - f”+136’”}=0 :5:.0 ( ) (’7 77) l(f“'s)' Y [A”]Y [ ]
0 m i 2+ 1) g sl (£ —s)!

% 2/”—1 (_1)f+s

1" r/2
(e eyt a-nr).

(B26)

£ Q011 P (1) (g = of )02 (£ )

non=£"+1pt'>1
A dr’r Bo,i = E

Zm £'=1,m' s=0

(]

X

¢+ )27 +

1)!s! (7 —s)!

— (2 - )Ir(¢

(27 +3)1M2

%‘f(—)“’(n—n’)zr(surf’) (f”+f+f’ fz*:l V(s + 2T+ + £ +2)
T + s+ 5']s'

/ u 1 !
= —s' + " + s+ 5']s"!

(B27)

The first term of Eq. (B26) and the second term of Eq. (B27) are suppressed by ('/5')? relative to the second term of

Eq. (B26) and the first term of Eq. (B27).
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b. B_l:’x.o
For b = —1, we have

¥))

do e-iol—)  gio(F-%')) gio(¥'-

For X, =X, B_;y is exactly A, with a minus sign
difference:

B.=[ S2¢ . B28 B_, v~ —A,, B30
1% /_oo 2rn—X=X" (4n)*]¥" - X,| (B28) I 0 (B30)
Atlate time 17 — 0, as long as [¥ — X[ # 0, we can expand  pije for ¥ — 7, it will be quite different:
(1- W)_l around 7 = 0. Up to the zeroth order,
oo —io(n=n') giow(|3=2"|) yiw(|3" =) o d ‘ - elo([¥=X"]) pia (| =¥'])
B z/ dop =101 el B_lzz—/ e ey )
R s sl R VPR - 2 R -7
( + (’)[ = } > (B29)
X =¥ The use of Egs. (B11) and (B5) hands us
|
odo .., (—rw)? e it (£ + 5)) & .
o~ 7 —iw(n-n') -k —k—s _ ma]ym
B_,AVXN/_OO 27[8 n=i ;(21/”4-1)!! e ;2%‘ - ';( D)%k (wr” Clt — s, k)Y [R]Y) 2]
r'rw? ) oy / SO / m' (A yym' [ar
T B () () = W (70 () YRR (832)

' m'

Just as in A, ,, we cannot take the small argument limit of j_;[wr’] directly when ¢’ = 0. Because of that, we separate the

calculation for £/ = 0 and ¢’ > 1. The procedure is the same as previous calculation. By including r”’, we find
e O L . (s + f) (¢4 (n—n)C0"3CE - 5, k]
dy'y-¢'+1 gt'=0 Z'.0 f1DkHE" 1)k=s+¢ ’
A d LY 12 m;Z (=1) S22+ )k + s+ " +2]
3(n—n')*(1+ k+s+zf”)+2r’2(f+f”+1)(f—|—f”+2)) mR YR, (B33)
) c Ll ) (' =5s"+1)
/ drp =t BrEL = Z Z Z(n— 2(g —s’)—(zﬂ_ o T+ 0+ ¢ + " + 1]
0 Cm s=0 k=0 £'=1m' \s'=I "
'+1 / 1"
[[¢+¢ +¢"+3]
_ /ZF Lp/ / 2
;r T )
()32 Tk + 1) (ir) FOTE + s + (1) ==5 (n — )00~ 3C[¢ - 5, K] (B34)
2+ st 20+ DN =)D =5 +2)Tk+ " + 5+ 5 + 1] ’
I
. 1 [fedw e@w)
4 C—l C_ = 2/ w e — ezw(|x—x \)elw(\x —x\)' (B36)
The last one is C_;: (47)* J-co 20— X =5

0 1
C—1_/ dﬂ'/mfs[ﬂ n' =[x =X"]

x ol —n' = X" = X'[]. (B35)

We may evaluate the #” integral by collapsing one of the
delta functions, and use the delta function’s integral
representation to convert the integrand to frequency space,

At late time 7 — 0, as long as |X — X”| # 0, we can expand
(1- = ﬂ)" around n = 0. Up to zeroth order,

e—im(r/—n’)

o dw o
Com— | g @D
1 /;oo 27 (471')2|)?—7c”|e e

<(1olte]) = e

(B37)
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