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In a search for the effects of quintessence dark energy on the kinetics of black hole phase transition, we
investigate in detail the dynamic phase transition of charged anti—de Sitter black holes surrounded by
quintessence in this paper. We compare the case with dark energy and the case without dark energy. It is
shown that the initial black hole state evolves more quickly in the case with dark energy than in the case
without dark energy, no matter what the initial black hole state is. The result concerning the first passage
process further supports this finding. The transition from the large (small) black hole state to the small
(large) black hole state happens quickly. Last but not least, we calculate the mean first passage time for
various choices of parameter w,. It is shown that the mean first passage time for the case with dark energy is
much shorter than that of the case without dark energy, which can be understood by the result that the height
of the barrier of Gibbs free energy for the case with dark energy is lower than that of the case without dark
energy. Interestingly enough, the effect of dark energy is quite unique. For the range of w,, there exists a
minimum mean first passage time. With the increasing of w, from —0.99 to —0.34, the mean first passage
time decreases dramatically and then increases. Considering the mean first passage time is an observable of
black hole dynamic phase transition, the unique results we obtain here may shed new light on constraining

the parameters of the quintessence dark energy theory based on future observations.
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I. INTRODUCTION

Thermodynamics, especially the phase transition of anti—
de Sitter (AdS) black holes, has received increasing
attention in the past decade. From the perspective of the
extended phase space [1-3] including both the thermody-
namic pressure and the volume as variables, Kubizndk and
Mann investigated the P-V criticality of charged AdS black
holes [4] and further enhanced the analogy between
charged AdS black holes and liquid-gas system observed
previously by Chamblin et al. [5,6]. Extensive intriguing
phenomena of AdS black holes have been disclosed, such
as reentrant phase transition [7], triple point phase tran-
sition [8,9], A-line phase transition [10], and N-fold
reentrant phase transition [11], which seems to suggest
that AdS black holes share similarities with everyday
thermodynamic systems. There are so many references
in the literature that we are not able to list them all here; for
reviews covering this research field, see Refs. [12,13].

Although a variety of results associated with the phase
transition of AdS black holes have been reported, the
underlying kinetics of black hole phase transition remained
a mystery until Li and Wang er al. attempted to crack this
tough problem recently [14,15]. Based on the free energy
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landscape, their works shed some light on both the dynamic
process of the Hawing-Page phase transition [14] and the
van der Waals-like phase transition [15]. For Schwarzschild
AdS black holes, it was found that a black hole or AdS
space has the chance to transition from one phase to another
due to thermal fluctuations. By studying the Fokker-Planck
equation, the probabilistic evolution was probed with the
mean first passage time derived in [14]. Similarly, for
Reissner-Nordstrom-AdS (RN-AdS) black holes, the large
black hole phase and the small black hole phase can
transition to each other due to thermal fluctuation. The
first passage process was studied in detail [15].

These pioneering works were subsequently generalized
to the case of four-dimensional Gauss-Bonnet AdS black
holes [16] and five-dimensional neutral Gauss-Bonnet AdS
black holes [17]. More interestingly, Wei et al. probed the
dynamic process at a black hole triple point [18] and found
that the initial large, intermediate, or small black holes can
switch to other coexistent phases. Very recently, Li et al.
investigated the turnover of the kinetics for the charged
AdS black hole phase transition [19], providing a novel
way to probe the black hole microstructure.

In the former work done by one of us [20], the P-V
criticality of charged AdS black holes surrounded by
quintessence was investigated in the extended phase space
where the cosmological constant is viewed as a variable,
and identified as thermodynamic pressure. It was shown

© 2021 American Physical Society


https://orcid.org/0000-0002-1140-900X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.104032&domain=pdf&date_stamp=2021-11-12
https://doi.org/10.1103/PhysRevD.104.104032
https://doi.org/10.1103/PhysRevD.104.104032
https://doi.org/10.1103/PhysRevD.104.104032
https://doi.org/10.1103/PhysRevD.104.104032

LAN, MO, LI, and XU

PHYS. REV. D 104, 104032 (2021)

that quintessence dark energy affects the critical physical
quantities. Inspired by the works dealing with the kinetics
of black hole phase transition mentioned above, it would
certainly be interesting to probe the dynamic phase tran-
sition of charged AdS black holes surrounded by quintes-
sence. First, we can gain a dynamical picture for the phase
transition of charged AdS black holes surrounded by
quintessence, from which the effects of dark energy on
the black hole phase transition would be more clear.
Second, this generalization will help check whether the
treatment proposed in the pioneering works of black hole
dynamic phase transition is universal or not. Last but not
least, dark energy is also of enough interest in itself; dark
energy serves as a theoretical candidate to explain why the
Universe is expanding with acceleration. As one of the dark
energy models, quintessence [21] may explain the late-time
cosmic acceleration [22-25]. Both the black holes sur-
rounded by quintessence and their thermodynamic proper-
ties have gained considerable interest [26—42].

The organization of this paper is as follows. A brief
review of thermodynamics especially P-V criticality con-
cerning the RN-AdS black hole surrounded by quintes-
sence will be presented in Sec. II. Dynamic phase
transition of the RN-AdS black hole surrounded by
quintessence will be investigated in Sec. III, where we
will focus on the Gibbs free energy landscape, probabi-
listic evolution, and the first passage process in three
subsections, respectively. We will end this paper with
conclusions in Sec. IV.

II. A BRIEF REVIEW ON P-V CRITICALITY
OF THE RN-ADS BLACK HOLE
SURROUNDED BY QUINTESSENCE

The metric of the RN-AdS black hole surrounded by
quintessence reads [26]

ds* = f(r)ydt* — f(r)~'dr* — r*(d6* + sin’0d¢?), (1)

where

The effect of quintessence dark energy is reflected in the
fourth term of the above expression, where w, is the state
parameter of quintessence dark energy satisfying the
relation —1 < w, < —1/3. a is the normalization factor
which is related to the density of quintessence p, via

a 3w,
Pq = _§r3<a,q+1> : (3)

The mass of the black hole M, the Hawking temperature
T, and the entropy S can be derived as

r Q2 a Ar?
M=—"(1+%—— T, 4
O o VAL

flry) 1 /1 @ 3aw,
= (=512 A), 5
4z dr \ry 13 * r2++3wq "+ )

e 1 (OM
S:A T<8r+>dr+=7tri. (6)

Treating the cosmological constant as thermodynamic
pressure allows us to work in the extended phase space
with the thermodynamic pressure P and thermodynamic
volume V as

A
P= % )
oM 4rr’,
V= (a—p)w =5 (®)

The Gibbs free energy has been obtained as [20]

G=H-TS=M-TS

:ﬁ_‘_r_Jr_ZPﬂr%r _a(2—|—%3a)q)' ©)
4r, 4 3 4r‘+“’4

Note that the mass has been interpreted as enthalpy in the
extended phase space [1].

P-V criticality is discussed in detail in Ref. [20]. It is
worth mentioning that we can obtain the analytic expres-

sion of critical quantities when @, = —2/3 as follows:
\/6 a 1
. =2V60, .= -—, P.=——, 10
ve=2v60 1820 2z S6ng?” 10

where v,., T,., and P. denote the critical specific volume,
critical Hawking temperature, and critical thermodynamic
pressure, respectively. When o, # —2/3, critical quantities
can be obtained numerically for different choices of
parameters.

ITII. DYNAMIC PHASE TRANSITION OF THE
RN-ADS BLACK HOLE SURROUNDED BY
QUINTESSENCE

A. Gibbs free energy landscape for the RN-AdS
black hole surrounded by quintessence

In the P-V criticality research [4], Gibbs free energy
plays a very important role by identifying the first-order
phase transition via the classical swallowtail behavior. In
the pioneering works of black hole dynamic phase tran-
sition [14,15], Gibbs free energy also plays a crucial role.
The analysis of dynamic phase transition is based on the
so-called “Gibbs free energy landscape”, where Gibbs free
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energy G; has a similar definition as Eq. (9) other than
the replacement of the Hawking temperature 7 with the
temperature of the ensemble 7r. Here, we consider the
canonical ensemble at the specific temperature 7 com-
posed by a series of black holes with an arbitrary horizon
radius. It was argued that G; describes a real black hole
only when Ty = T [14,15]. It was further proved that only
the extremal points of G; make sense with the local
minimum and maximum corresponding to the stable and
unstable phases respectively.

Utilizing Eqgs. (4), (6), and (7), we can obtain the
expression of Gibbs free energy G; on the Gibbs free
energy landscape as

GL:H—TES
r. 0? a 8nPri
=—\1l+5-——F—+—F—-2ar.Tg|. (11
) < +,,2+ r3+m,,+1 3 Tyl g (11)

To gain an intuitive understanding, we present a specific
example in Fig. 1. From the G-T graph on the left side, it
can be witnessed that there exists three branches; namely,
the large black hole branch, the intermediate black hole
branch, and the small black hole branch. The swallow tail
behavior which is characteristic of first-order phase tran-
sition appears when the pressure is fixed at a value lower
than the critical thermodynamic pressure. We can read off
the phase transition temperature from the intersection point
between the large black hole branch and the small black
hole branch as 0.0285. Note that in the following inves-
tigation of dynamic phase transition, we will consider the
case Ty = 0.0285 for consistency. From the right graph,
one can see clearly there exist double wells in the G; — r,
curve. Note that these two wells have the same depth.

B. Probabilistic evolution of the RN-AdS black
hole surrounded by quintessence

Considering the thermal fluctuation, we can define in the
canonical ensemble a probability distribution of black hole
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FIG. 1.
(a) G —T graph (b) G, vs r, when T = 0.0285.

states with respect to the horizon radius. Namely, p(r.,).
Given the initial distribution, we can probe its evolution
with time in the Gibbs free energy landscape. Then it
should be a function of both the black hole horizon radius
r, and time 7 can be expressed as p(r,,1).

As a useful tool to probe the probabilistic evolution of
the black hole, Fokker-Planck equation reads [43—47]

Oplret) _p 0 {e—ﬁcL(TﬁP.n) i[eﬁGL<T,P,r+)p(r+, 0] }

ot or, or,
(12)
The parameter f = k,%T and the diffusion coefficient
D= "BTT where ¢ and kp are the dissipation coefficient

and Boltzman constant, respectively. Both k5 and { can be
set to one without loss of generality.

We can obtain the time evolution picture of the prob-
ability distribution by numerically solving Eq. (12).
Note that there are several types of boundary conditions;
reflecting boundary condition, absorbing boundary con-
dition, periodic boundary condition, etc. The boundary
conditions are chosen correspondingly considering the
nature of the problem. Since G; here does not possess
the periodic property, we would not consider the periodic
boundary condition. Here, we consider the reflecting
boundary condition because it can ensure the normaliza-
tion of p. As proposed in Ref. [15], the reflecting boun-
dary condition can be imposed as pG'(rp)p(ry,t)+
p'(ry,t)],, -, = 0. It can be derived by letting the expres-
sion inside the brace of the right-hand side of Eq. (12) equal
zero. Since the Gibbs free energy is divergent at 7, = 0 and
r, = oo, the reflecting boundary condition should be
carefully considered to avoid numerical instability. As
shown in Fig. 2, we plot the evolution of p(r, ) for the
RN-AdS black hole surrounded by quintessence with
QO =1, T =0.0285. In the top rows, the parameters of
a and w, are chosen as 0 and 0, respectively. In the bottom

0.89
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& 087} ]
0.86] ]
A(1.548,0.8594)  C(4.481, 0.8594)
085 L L L L L L
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Gibbs free energy for the RN-AdS black hole surrounded by quintessence with O = 1, , = —0.78, a = 0.05, P = 0.00303.
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FIG. 2. Time evolution of p(r,,t) for the RN-AdS black hole surrounded by quintessence with Q = 1, T = 0.0285. (a) a =0
(b) a=0(c) a=0.05 o, =-0.78 (d) a = 0.05, w, = —0.78. For the left two graphs, the initial condition is chosen as a Gaussian
wave pocket located at the large black hole state while for the right two graphs, the initial condition is chosen as a Gaussian wave pocket

located at the small black hole state.

rows, the parameters of a and w, are chosen as 0.05 and
—0.78, respectively. For the left two graphs, the initial
condition is chosen as a Gaussian wave pocket located at

the large black hole state {p(r,,0) :ﬁe‘(u"ﬂ)z/”z

[15], where r; denotes the horizon radius of large black
hole} while for the right two graphs, the initial condition is
chosen as a Gaussian wave pocket located at the small
black hole state {p(r,,0) = ﬁe‘(”‘%)z/”z [15], where

r,, denotes the horizon radius of small black hole}. Here,
we use the notation b instead of a in Ref. [15] to avoid
confusion with the normalization factor @ which is related
to the density of quintessence.

Figure 2 allows one to gain an overall picture of how the
probability distribution p(r,,t) evolves. For a precise
understanding, we plot the time evolution of both
p(ryy,t) and p(ro,, t) in Fig. 3. The parameters here are
chosen the same as Fig. 2. Also, the initial condition is
chosen as a Gaussian wave pocket located at the large black

hole state for the left two graphs while the initial condition
is chosen as Gaussian wave pocket located at the small
black hole state for the right two graphs.

As can be seen from Figs. 2(a) and 2(c) where the initial
state is the large black hole, the peak denoting the large
black hole gradually decreases while the other peak
denoting the small black hole starts to grow from zero.
Also, p(r,,t) approaches a stationary distribution in the
long time limit with two peaks denoting the large and small
black holes, respectively. This clearly exhibits the dynamic
process of how the initial large black hole evolves into the
small black hole. Similar analysis is applicable when the
initial black hole state is a small black hole. It is worth
pointing out that although the final probability distribution
does not rely on the initial condition and the location of two
peaks would not change with the initial condition, the
values of the two peaks would change slightly. This is
because p(r,, 1) is not strictly normalized in the numerics
treatment.
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Time evolution of p(r,, t) and p(r., t) for the RN-AdS black hole surrounded by quintessence with Q = 1, T = 0.0285.

@a=0(®)a=0()a=005 w,=-0.78 (d) a =0.05, o, = —0.78. For the left two graphs, the initial condition is chosen as a
Gaussian wave pocket located at the large black hole state while for the right two graphs, the initial condition is chosen as a Gaussian

wave pocket located at the small black hole state.

More specifically, the evolution of both the p(r,;, #) and
p(ris, t) can be reflected in Figs. 3(a) and 3(c). At first,
p(ryy, 1) is finite while p(r, , t) equals to zero. During the
evolution, p(r,; t) decreases while p(r,,, ) increases.
Finally, they approach to the same value (0.367 for the
case of a =0 and 0.293 for the case of w, = —0.78),
consistent with the conclusion in Ref [17] that the final
probability of the large black hole equals to that of the small
black hole because their Gibbs free energy are equal to
each other.

Comparing the top two graphs with the bottom two
graphs in both Figs. 2 and 3, we can see that the initial black
hole state evolves more quickly in the case with dark energy
than in the case without dark energy. So this phenomenon
reflects the effect of quintessence dark energy on the
dynamic phase transition of black holes.

C. First passage process for the phase transition of the
RN-AdS black hole surrounded by quintessence

The first passage process for a black hole phase
transition describes a process where the initial small (large)
black hole state reaches the intermediate transition state for
the first time. This process can be interpreted intuitively
from the Gibbs free energy landscape where for the first

time the state at the well of G; reaches the state at the
barriers of G, . The corresponding time for this process is
called the first passage time.

In order to probe the dynamic evolution of p(r,, ¢) in the
first passage process, we need to resolve the Fokker-Planck
equation by adding the absorbing boundary condition
{p(rom,t) =0 [15]} for the intermediate transition state
(the Gibbs free energy achieves the local maximum here) in
addition to the reflecting boundary condition mentioned in
the former subsection. r,, denotes the horizon radius
corresponding to the intermediate transition state. Recall
that we have solved the Fokker-Planck equation with only
the reflecting boundary conditions in the former subsection.
We plot the evolution of p(r ., ) in the first passage process
for the RN-AdS black hole surrounded by quintessence
with Q = 1, T = 0.0285 in Fig. 4. For the left two graphs,
the initial condition is chosen as a Gaussian wave pocket
located at the large black hole state while for the right two
graphs; the initial condition is chosen as the Gaussian wave
pocket located at the small black hole state. In the top rows,
the parameters of a and w, are chosen as 0 and O,
respectively. In the bottom rows, the parameters of a
and w, are chosen as 0.05 and —0.78, respectively. As
shown in Fig. 4, the peaks located at the large (small) black
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FIG. 4. Time evolution of p(r_, ) in the first passage process of the RN-AdS black hole surrounded by quintessence with Q = 1,
Ty =0.0285.(a)a=0(b)a=0()a=0.05, w0, =-0.78 (d) a = 0.05, w, = —0.78. For the left two graphs, the initial condition is
chosen as the Gaussian wave pocket located at the large black hole state while for the right two graphs, the initial condition is chosen as

the Gaussian wave pocket located at the small black hole state.

hole decay very rapidly, irrespective of the initial black hole
state. The peaks of the case with dark energy decays more
rapidly than that of the case without dark energy, showing
the effect of quintessence dark energy.

Consider the probability that by time 7 the black hole
system still stays at the large or small black hole state (not
having accomplished a first passage) and can be added up
as X(1), then the distribution of first passage time [denoted
as F,(t)] reads [14]

Fon) =-=0 (13)

The behavior of £(¢) is depicted in Fig. 5. Regardless what
the initial black hole state is, X(#) decreases quickly,
implying that the transition from the large (small) black
hole state to the small (large) black hole state happens
quickly.

Utilizing the Fokker-Planck equation and Eq. (13), the
relation between F,(¢) and p(r_, t) has been derived as [15]

Pyl =-pP=0) (14)

rm
We plot F () in Fig. 6. A single peak can be found in all four
cases, implying that considerable first passage events happen
at short time. From Figs. 5 and 6, we can see clearly that the
initial black hole state evolves more quickly in the case with
dark energy than in the case without dark energy, consistent
with the observations of Figs. 2—4.

With the time distributions, we can calculate the mean
first passage time, whose definition is as follows:

<ﬁ:AmWAmh (15)

To further probe the effect of quintessence dark energy
on the dynamic phase transition of black holes, we
investigate the relation between the mean first passage
time and the height of the barrier for various choices of
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FIG.5. Time evolution of X(¢) for the RN-AdS black hole surrounded by quintessence with Q = 1, T = 0.0285. (a)a = 0 (b)a =0
(¢) a=0.05, w, = =0.78 (d) a = 0.05, w, = —0.78. For the left two graphs, the initial condition is chosen as a Gaussian wave pocket
located at the large black hole state while for the right two graphs, the initial condition is chosen as a Gaussian wave pocket located at the
small black hole state.
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FIG. 6. Fp(t) for the RN-AdS black hole surrounded by quintessence with Q = 1, T = 0.0285. (a) a =0 (b) a = 0 (c) a = 0.05,
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= -0.78 (d) a = 0.05, w, = —0.78. For the left two graphs, the initial condition is chosen as a Gaussian wave pocket located at the

large black hole state while for the right two graphs, the initial condition is chosen as a Gaussian wave pocket located at the small black

hole state.
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TABLE I. The mean first passage time and the height of the barrier AG;.

w, / -034 -04 -05 -06 -07 =075 -0.78 -0.8 -09 -095 -0.99
a 0 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05

G, (B) 1.0137 0.9391 0.9260 0.9037 0.8853 0.8758 0.8755 0.8770 0.8788 0.9025 0.9334 0.9886
G, (A/C) 0.8943 0.8613 0.8597 0.8572 0.8556 0.8564 0.8583 0.8600 0.8615 0.8729 0.8819 0.8914
AG; =G (B) -G, (A/C) 0.1194 0.0778 0.0663 0.0465 0.0297 0.0194 0.0172 0.0170 0.0173 0.0296 0.0515 0.0972
()| .BHosBH 4839 1322 919 466 242 147 127 122 124 197 439 2124
{6 |sBuoLBH 1846 523 371 198 110 72 65 61 63 96 196 957

parameter ,. As can be seen from Table I, the mean first
passage time for the case with dark energy is much
shorter than that of the case without dark energy, showing
the influence of quintessence dark energy. This can be
attributed to the finding that the height of the barrier for
the case with dark energy is lower than that of the case
without dark energy. Interestingly enough, the effect of
dark energy is quite unique. For the range of w,, there
exists a minimum mean first passage time. With the
increasing of the w, from —0.99 to —0.34, the mean first
passage time decreases dramatically and then increases.
Considering the mean first passage time is an observable
of black hole dynamic phase transition; the unique results
we obtain here may shed new light on constraining the
parameters of the quintessence dark energy theory based
on the observation.

IV. CONCLUSIONS

We investigate in detail the dynamic phase transition of
charged AdS black holes surrounded by quintessence in
this paper and disclose the effect of quintessence dark
energy on the kinetics of the phase transition.

First, we obtain the analytic expression of Gibbs free
energy G; for charged AdS black holes surrounded by
quintessence based on the Gibbs free energy landscape. We
read off the phase transition temperature from the inter-
section point between the large black hole branch and the
small black hole branch. Then we plot the G; — r_ curve at
the phase transition temperature. As clearly shown in the
G, —r, curve, there exist double wells which have the
same depth.

Second, by numerically solving the Fokker-Planck
equation with both the initial condition and reflecting
boundary condition imposed, we probe the probabilistic
evolution of charged AdS black holes surrounded by
quintessence. We display the evolution of the probability
distribution p(r,,t) graphically. We also plot the time
evolution of both p(r.,, ) and p(r.,t). These two sets
of figures are mutually complementary with each other.
For the case where the initial state is the large black hole,
the peak denoting the large black hole gradually
decreases while the other peak denoting the small black
hole starts to grow from zero. Additionally, p(r,,1)
approaches becoming a stationary distribution in the long

time limit with two peaks denoting the large and small
black holes respectively. This clearly demonstrates the
dynamic process of how the initial large black hole
evolves into the small black hole. More specifically,
p(ry,t) is finite while p(r 1) equals zero at the
begining. During the evolution, p(r,;, ) decreases while
p(rys, t) increases. Finally, they approach to the same
value. Similar explanations are applicable when the initial
black hole state is a small black hole. We stress that the
effect of quintessence dark energy on the dynamic phase
transition of black holes can be clearly reflected in the
above process. The initial black hole state evolves more
quickly in the case with dark energy than in the case
without dark energy.

Third, we consider the first passage process which
describes the process that the small (large) black hole
state reaches the intermediate transition state for the first
time. The corresponding time is called the first passage
time. We resolve the Fokker-Planck equation by adding
the absorbing boundary condition for the intermediate
transition state. It is shown intuitively that the peaks
located at the large (small) black hole decay very rapidly,
irrespective of the initial black hole state. The corre-
sponding peak in the case with dark energy decays more
quickly than that in the case without dark energy.
Moreover, we discuss the quantity X(7) which add up
the probability that by time ¢ the black hole system still
stays at the large or small black hole state (not having
accomplished a first passage). It is shown that X(7)
decreases quickly no matter what the initial black hole
state is, suggesting that the transition from the large
(small) black hole state to the small (large) black hole
state happens quickly. It can also be witnessed from the
distribution of the first passage time F,(z).

Last but not least, we investigate the relation between the
mean first passage time and the height of the barrier for
various choices of parameter w,. It is shown that the mean
first passage time for the case with dark energy is much
shorter than that of the case without dark energy, which can
be interpreted by the finding that the height of the barrier
for the case with dark energy is lower than that of the case
without dark energy. Interestingly enough, the effect of
dark energy is quite unique. For the range of w,, there
exists a minimum mean first passage time. With the
increasing of the w, from —0.99 to —0.34, the mean first
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passage time decreases dramatically and then increases.
Considering the mean first passage time is an observable of
black hole dynamic phase transition, the unique results we
obtain here may shed new light on the constraining the
parameters of the quintessence dark energy theory based on
the future observation.

For further investigation, one can consider the case that
the initial Gaussian wave packet is not chosen at large/small
black hole state. One can also probe the dynamic evolution
from the unstable black hole to the stable black hole.
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