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Recent models formulated by Kafri, Taylor, and Milburn and by Tilloy and Diosi describe the
gravitational interaction through a continuous measurement and feedback protocol. In such a way, although
gravity is ultimately treated as classical, they can reconstruct the proper quantum gravitational interaction at
the level of the master equation for the statistical operator. Following this procedure, the price to pay is the
presence of decoherence effects leading to an asymptotic energy divergence. One does not expect the latter
in isolated systems. Here, we propose a dissipative generalization of these models. We show that, in these
generalizations, in the long time limit, the system thermalizes to an effective finite temperature.
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I. INTRODUCTION

The unification of the quantum theory with general
relativity is still an open problem. The two theories well
perform in their respective realms, yet one still needs to
bridge an important gap in order to arrive at a unique
theory. While there are several approaches trying to
quantize gravity [1-3], such as string theory [4], loop
quantum gravity [5] or spin foam quantum gravity [6], a
clear empirical evidence that gravity should be treated
quantum mechanically is still lacking [7-27]. The other
option is to move closer to the realm of general relativity as
we know it, modifying quantum mechanics [28-33]. In the
spirit of this latter approach, some proposed that gravity
should be fundamentally classical and that the quantum
dynamics should accommodate for it [34-38]. The price to
pay in such a framework is the appearance of non-linear
and stochastic terms in the Schrodinger equation, which
lead to decoherence, and thus to the rupture of the energy
conservation of an isolated system [39-43]. While devia-
tions from quantum mechanics are expected when moving
toward the realm of general relativity, energy conservation
is something one would want to maintain also in an
hybrid model.

Here we analyze two models which develop a continuous
measurement and feedback protocol to include classical
Newtonian gravity in the quantum framework. Those
models are the Kafri, Taylor and Milburn (KTM) model
[41] and the Tilloy-Diosi (TD) model [42]. Both feature a
violation of energy conservation due to this protocol, which
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is unexpected from the dynamics of isolated systems. Here,
we delve into the possibility of constructing a dissipative
generalization of these two models. Under this perspective,
the gravitationally induced stochastic noise acts in an
isolated system as a dissipative medium, similarly to what
a thermal bath does in a typical open quantum system. In
particular as we will see the energy of the system will reach
an asymptotic finite value.

The paper is structured as follows. In Sec. II, we briefly
introduce the KTM model underling its violation of the
energy conservation principle. In Sec. III, we propose
a dissipative extension of the KTM model, explicitly
showing that it provides a finite asymptotic energy. In
Sec. IV, we review the TD model, which also does not
conserve the total energy; then, we propose its dissipative
extension. In Sec. V, we compare the dissipative TD
model to the dissipative KTM model in the appropriate
linear limit.

II. THE KTM MODEL

To set the contest of the problem, we briefly introduce the
KTM model highlighting the relevant features. The model
consists of a one-dimensional system composed of two
masses m; and m,, which are harmonically trapped at
frequencies w; and w, at a distance d, and interact gravi-
tationally. Assuming that the quantum fluctuations in posi-
tion |%; — %,|, with &; the position operator of the ith particle,
are small compared to d, one can approximate the Newtonian
potential to the second order in X; — X,. With a suitable
choice of the coordinates [41], the Hamiltonian reads
H = Ay + Hy,,, where f, = Z%zl(pi +1mQ2%7) and
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A

ngav = KX %y, (1)

with Q2 = w? —K/m; and we have defined K =
2Gmm,/d’® where G is the gravitational constant.

The key idea of the model is that the guantum interaction
ﬁlgrav between the two masses is replaced by a classical
protocol. The latter consists of the continuous weak
measurement of the positions X; of each particle and the
broadcast of the corresponding measurement record r; to
the other particle through a classical channel. The gravi-
tational interaction is realized through a feedback dynam-
ics, which is implemented by replacing 1’:1grav with the
feedback Hamiltonian

Hy, = 1113 + ark. (2)

where the position operator of one mass is coupled to the
classical stochastic measurement record of the position of
the other mass. In particular, the measurement record is
defined as

hodw,,

"k_<A> \/_dt’

(3)

where y, are the measurement information gain rates and
W, are the standard Wiener processes, whose correlations
read E[dW,,dW,,] = 6 ,dt. Following the calculations
reported in detail in Appendix A, one arrives at the
following non-linear and stochastic equation for the state
vector |y;)

dly,) = { Z%)(kxj(xk (Xe))dt

2
#30 [ s LR aw

2 . A
(X)X )(k j X

- di— dw .

Z [( h + 27 ) Ve kit ‘l//t>

4)

Here, the second line is given by the continuous measure-
ment process, the last line is the feedback contribution,
while the first one arises from the combined effect of the
two processes. We stress again that at this level gravity
enters in a semiclassical, nonlinear and stochastic manner,
with no apparent resemblance with the (linearized)
Newtonian potential usually entering the Schrodinger
equation. By setting y; = y» = K, we find the correspond-
ing KTM master equation [41]:

dp N
P —%[Ho + KX %, Py

B Z (8h2

kj=1
J#k

) o ltepl, )

where p, = E[|y,)(w,|] and we added the free evolution
described by H,. Equation (5) comprises two terms: the
first is a von Neumann term, where the usual gravitational
interaction of nonrelativistic quantum mechanics is repro-
duced, while the second is a decoherence term which
originates from the stochastic dynamics induced by the
continuous measurement and feedback mechanism. Now, if
we set m; = m, it is then reasonable to consider y; = y.
The parameter y is free, but it can be suitably fixed to
minimize the corresponding decoherence effects. After
such a minimization, corresponding to y = ygryv With

Ykrm = 2hK, (6)

we obtain the following master equation [41]:

(35}

d

R [ S K s e A
E/)t = —%[Ho + lexz’ﬂt] —ﬁ;[xkv [xlwptﬂ' (7)

The second term quantifies the minimum decoherence
effect induced by the protocol, which is not zero.
Among the predictions of Eq. (7), and Eq. (5) as well,
one has that the mean energy of the system increases
linearly in time, eventually diverging in the long-time
limit. Indeed, independently from the details of the poten-
tial in A, the contribution of the second term of
Eq. (7) to the single-particle kinetic energy - (p7) gives
Tr{- £ [%, [*.5 p*|p} = Kh/2m. Consequently, for a sys-
tem of two identical harmonically trapped masses m, the
expectation value of the Hamiltonian A reads

N hK
() ==, (8)
which grows linearly in time.

In this work we show how it is possible to modify the
measurement and feedback protocol keeping the energy
bounded, while reproducing the correct quantum gravita-
tional interaction in the von Neumann term of the master
equation.

III. THE DISSIPATIVE KTM MODEL

To avoid the asymptotic divergence of the average
energy arising in the KTM model, we propose a dissipative
generalization in analogy to the quantum Brownian model
[44-52]. The latter describes the motion of a massive
harmonic oscillator under the influence of a thermal
environment. When extending the quantum Brownian
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model to two particles having mass m;, and frequency w;,
the master equation reads [44,53]

Lo L1, = 5 B sy )

i’ " " n 2
2/1kmkkBT N

)

k=1

2

A

- p s [,\7 Pl (9)

> kg P 7]

where 4, are the dissipative constants and 7 is the temper-
ature of the bath, and we used the standard notation for
anticommutator {A, B} = AB+BA. In the high temper-
ature limit the last term of Eq. (9) becomes negligible, and
the asymptotic average energy of the system reads

(H),, = 2k,T. (10)

The system thermalizes to a finite energy, which is in
agreement with the equipartition theorem in the canonical
statistical ensemble [54]. We underline that 7 in the
canonical ensemble is a universal temperature, namely it
does not depend on the specific properties of the system but
only on those of the bath. Thus, when generalizing the
KTM model to include dissipative features, it is desirable to
have an asymptotic energy which is independent from the
specific properties of the system. Conversely, such asymp-
totic value should be analogue to the temperature in the
quantum Brownian motion.

We include dissipative effects in the KTM model by
modifying the measurement and feedback protocol so that
the corresponding master equation is similar to Eq. (9).
Clearly, in this modification, we have to preserve the main
properties of the original model, namely we need to recover
the linearized gravitational interaction. This can be done by
substituting the continuous measurement of X; with that of
the following operator

~ N i(lk R

Ak:xk+7pkv (11)
where a;, are real parameters to be determined. Conversely,
we do not modify the form of the feedback Hamiltonian,
which will continue to read as in Eq. (2), where now the
measurement record reads

1 hodw,,
A Al .
e = 2( kAR + \/— o

This choice is twofold: we obtain the same dissipative term
as that in Eq. (9), which depends on both the position
and momentum operators, and we mimic the gravitational
Hamiltonian A erav- Lhe latter result is determined by the

(12)

fact that §(A; +A]) = % —consequently the feedback
Hamiltonian and the measurement record are the same
as in the KTM model—and thus the gravitational inter-
action is correctly reproduced at the linear order. The
former result instead is possible due to the different choice
of the measured operator in Eq. (11), which drives the
continuous measurement and allows to introduce the
desired dissipative effects. Now, by taking y; = y, = K,
we straightforwardly arrive at the following master equa-
tion [cf. Appendix A]:

d

Ept

Iy kQy

. 2
Lo~y .~ A A
—%[H0+Kx1x2,ﬂz] Z TS

k=
2 2
A A VEALTEN
3 (&5 ) sl pl)- Y Gt lp

k.j=1
J#k

(XA Pr-Pi}]

P [ﬁk’ﬁt“

2

+Y S byl (13)

kj=1
J#k

where Hjy = Hy + AH, with AHy = =37 %% (&, p;}
being an addition to the Hamiltonian deriving from the
continuous measurement.

We now compare Eqgs. (13) and (9). First, we notice that
the effective Hamiltonian in the first term of Eq. (13)
comprises the quantum gravitational interaction as in the
KTM master equation (7). Moreover, Eq. (13) displays
three terms analogous to those in Eq. (9), and which
implement dissipation, diffusion in momentum and in
position respectively. Conversely to Eq. (9), Eq. (13)
contains also a new term, the last, which derives from
the feedback mechanism and also produces diffusion in
position and momentum.

A. Asymptotic energy of the KTM model

To verify that our modification can actually solve the
energy divergence problem, we start by computing the
asymptotic value of the average energy in the simple case
of v = yxrm, My = m and o, = a. For the sake of sim-
plicity, we will assume A, = H, in Eq. (13), since no sub-
stantial change in the mechanism causing the thermalization
of the system is expected. To simplify the calculations,
we move to center-of-mass and relative displacement
coordinates, which are defined as Xx., = %(561 + ),
Pem = D1+ D2y X =X — X%, and Py :%(IA’I - p2).
Then, the Hamiltonian in Eq. (13) can be rewritten as H=
I:ICm + I:Irel, where

pcm

I:Icm 1 P rel L= QZ
m

2y mw? xcm and Hrel— 1 Xiols

(14)

are respectively the Hamiltonian center-of-mass of mass 2m,
and that of the relative displacement with mass m/2 and
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frequency Q = 1/Q? — K/m. Consequently, by assuming
that y, takes the expression in Eq. (6), we find that Eq. (13)
can be divided in two independent master equations. The
one for the center-of-mass reads

d i .
o =——[H.  p. 1=—1Ir )
dtpcm h [ cm’pcm] h« [xcm’ [xcm’pcm]]
iKa Ko* .. .
2h2 ['me’ {pcmv/)cm” 8h3 [pcm’ [pcmvpcmﬂ
aK
2fl2 [xcm7 [pcm’pcm“ (15)

while that for the relative displacement is given by

d i~ K . A
Eprel == E [Hrelv prel] - E [xrel’ [xrel’ prel”

iKa Ka? A

th [xrelﬂ {pre]’prel}] 2fl3 [pre]’ {prel’prelH

akK

th [xrel’ [prel’prel” (16)
By deﬁning Tcm = f)gm/4m’ ch = ma)g%%m’ ?rel = f)%el/m

and V, = mQ?32,/4, we obtain, through Eqs. (15) and
(16), two systems of three coupled differential equations of
the first order. The system for the center-of-mass reads

d . w Ko*mw?
E<ch>t:_<{pcmvxcm}>t+T’

d . 2Ka A hK
—(T, T.

= =25 ) = ()

Ka, . . A
_7 <{pcm’xcm}>t + 4<Tcm>t

_4<‘A/cm>t+aK’ (17)

d, .
E<{pcmvxcm}>t =

while that for the relative degrees of freedom is

Ka*m ~

d L~y
E(Vrel>t:E‘Qz<{p12axrel}>z+ 7 Qz,
d . 2Ka Loy K
E<Trcl>t:_ A <Trel>t_592<{p1’61’xrel}>t+%,
d 7 % <{ﬁrel’$crel}>
E<{pu,xrel}>,=—z<a<1+Tr
+4<Trel_‘7rel>z- (18)

Finally, we can obtain the asymptotic energy of the system
by setting the above derivatives to zero. Thus, once summing
the four contribution to H = Ty 4 Ve + The + Vi We
find

Az amQ? K*aPm

H >0
(H)oo moc+2~|_4h2

(19)

By making explicit all the constants and parameters of the
model we have

R am?*G  G*a&*m?®
H) =— - . (20
(H)eo ma + 2 & + h2d° (20)

We notice that Eq. (20) depends on the parameters of the
system, namely the mass m, the distance d and the frequency
®, and on the free parameter a of the model. On the contrary,
in order to associate a universal temperature to the system,
one would expect an expression free of such dependencies,
as that in Eq. (10). A way to approximately remove such
dependence is to assume that « is suitably small in such a
way to retain only the first term of Eq. (20). Then, by
defining

m
a:ﬁao, (21)

where my is a reference mass and « is a free parameter, the
asymptotic average energy becomes

hZ
myQgp 7

(H)o = (22)

which is system independent. By comparing such an
expression with that in Eq. (10), we can define a temperature
at which the system will eventually thermalize. This reads

h2

—_—. 2
2m0a0kb, ( 3)

Tey =

Thus, in light of the analogy with the quantum Brownian
model, we can interpret the dynamics described by the
dissipative KTM model as that of a system in contact with a
thermal bath of temperature 7'.;. Here the bath is associated
to the measurement process and feedback protocol.

We now inquire what changes without making the choice
vy = ykrMm- In this case the expression in Eq. (20) without
such an assumption, becomes

n 8n*G*m? + amw* am*G + ma’y?
r2ad® 2 &’ 16n*

(H)o=5,— (24)

By choosing a = " &, we remove the dependence on the
mass in the first and third term of Eq. (24). Thus, in order to
remove the dependence on the mass and on the distance of

the second term, we can choose for example y = #}yo.
However, in this way, one still has the dependence on the
frequency in the third term and that on the mass and on the
distance in the fourth and fifth term. If the values of @ and y
are both suitably small we can neglect the last three terms in

Eq. (24) and find
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R ARG}

i), = 25
(B = gt 25)
In such a way the effective temperature reads
h? 2h*G*m}
T = ¢, (26)

dmgyapk, y%aOkB
We notice that Eq. (26) depends explicitly on the gravi-
tational constant G unlike Eq. (23). The first term of
Eq. (26) is due to the measurement process, while the
second term is due to the feedback mechanism. Thus, by
comparing Eq. (26) with Eq. (23) is clear that the effect of
the choice y = yxrm 1S to make the contributions of the
measurement and of the feedback indistinguishable.

IV. THE TD MODEL AND ITS DISSIPATIVE
GENERALIZATION

The second model we consider is the Tilloy-Diosi (TD)
model [42]. Similarly to the KTM model, also here a weak
continuous measurement is performed with the subsequent
classical broadcast of the corresponding measurement
record, which modifies the system dynamics through a
feedback Hamiltonian. The conceptual difference lies in the
way the Newtonian gravitational interaction is imple-
mented [43]. While in the KTM model the gravitational
interaction is approximated to the linear regime, the full
Newtonian potential is

Haw = [ @5 [ @yvix=yiae). @7

where V(x —y) = —G/|x —y| is the Newtonian potential.
In particular, what is measured here is the mass density
A(x) and the corresponding feedback Hamiltonian reads

iy = [ @ [ @S-y, @3
where
)= G0+ [ Pty T, (ao)

is the measurement record of the mass density, where
y(x —y) is a spatial correlation function, y~'(x —y) its
inverse function and W,(x) is a standard Wiener process
with zero average and correlations E[dW,(x)dW,(y)] =
y(x —y)dt. By following the procedure highlighted in
Appendix A, one can derive the nonlinear and stochastic
equation for the state vector |y,) of the system, which will
take a form analogous to that in Eq. (4). Then, one derives
the corresponding master equation, which reads [42]

d A i A A A
_% [HO + ngavvpt]

+—1 d )C/dS V (X —y) u(x) {,{(y) ﬂ]] (30)
y s sl

where we chose y(x —y) = —2AV(x —y) and H, is the
free Hamiltonian. As in KTM model, also in TD model the
gravitational interaction ngav is reproduced in the von
Neumann term, although one pays the price of having an
additional gravitational decoherence term.

We notice that due to the form of the Newtonian
gravitational potential, the integrals in Eq. (30) are in
general divergent. However, they can be regularized by
using a suitable smearing function g(x). Here, we will
consider a normalized Gaussian smearing of the form

| 2

x-y|
2R

2
0
X—V)=———>,

(31)
where R, sets its variance. The latter can be interpret as
the minimum gravitational interaction distance [28,29],
and thus becomes an extra parameter of the model.

As for the KTM model, also for the TD model the
asymptotic energy in general is divergent. For example, if
we consider a system of N pointlike particles, whose mass,
position operator and mass density respectively read my,
X, and

N
alx) = md(x — %), (32)
=1
we find that Eq. (30) gives
A hGkak
H), =—=—1, 33

which, again, grows linearly in time.

To solve this issue, we aim at modifying the TD model
by adding dissipative terms although still reproducing
the quantum gravitational interaction. This can be done
through a specific choice of the operators to be measured.
Two options are possible. The first one is to choose a
suitable smearing of the mass density fi(x) to include a
momentum operator. This is the approach that was used to
construct the dissipative generalization of the continuous
spontaneous localization model [55]. Following these lines,
we consider

N R2
~ m i (x=%, ) =2 (1 +a; aPi?
A(X):;<2”;)3/d3qe 70 (x=%p) =5 {(1+a) g+2ay ’ (34)

where «; are real parameters. With this measurement
operator, we find that the measurement process provides
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the expected dissipative terms. However, with such a choice
one cannot reconstruct the potential in Eq. (27); the
resulting potential is

A

=3 [ @V x =y E0AW) + A 1) ()

which contains the momentum operators as well.
Correspondingly, the equations of motion for X, and P,
change, making the dynamics different from the one
described by the Newtonian gravitational potential. To
avoid this, we need to consider another form of the
measurement operator.

The second choice is to modify the measured operator by
adding to the density operator a non-Hermitian part,
similarly as we did with the position operator when
constructing the dissipative KTM model in Sec. IIL
Following this idea, we consider the following operator

A(X) = A(x) + ifu(x), (36)
in place of the mass density of the system ji(x) alone. Here,
p1(x) is an arbitrary Hermitian operator yet to be deter-

mined. The corresponding measurement can be computed
through

(A(x) +A"(x)),

w [ o x-n T )

| =

r(x) =

and is equal to that in Eq. (29). Correspondingly, also the
feedback Hamiltonian does not change with respect to that
of the TD model, and thus the quantum gravitational
interaction is correctly reproduced. Finally, by following
the calculations reported in Appendix A, one derives the
master equation of the dissipative generalization of the TD
model, which reads

—g[ﬁfomgm,b,]
Zh &x [ @3v(x-y)px). b(3).01)
Px [ @3V (x=)px) )5}
/d3 /d3va ¥) (%) [ (9).1)
o [ / &y (x=y)ax). [u(y) Al (38)

where we set y(x —y) = —2AV(x —y) and we defined
H) = H, + AH,, where

o= [ @5 [ @VE-DGEAG). ()

is an additional term due to the continuous measurement
process. We stress that the structure of Eq. (38) is analogous
to that of the dissipative KTM model in Eq. (13). In the
following, for the sake of simplicity, we approximate H: o to
H,, since we expect that this does not substantially change
the mechanism that causes the asymptotic mean energy of
the system to be finite.

V. LINEAR LIMIT OF THE TD MODEL

At this point of the discussion, we need to fix the form of
Ay(x) to properly derive the desired dissipative dynamics.
We start by considering a N point-particle system, whose
mass density is given in Eq. (32). We rewrite the position
and momentum operators as

2, =x” + A%, and P, =p\” + Ap..  (40)
where AX; and Ap, are the quantum fluctuations with

respect to the classical position X}({o) and momentum p,({o)

respectively. Then, we choose the following form for fi;(x):

N
n(x) = ka6<x—x<°> —‘;"Am), (41)

k=1

where q;, are real free parameters yet to be determined. The
drive for the choice in Eq. (41) is that the resulting dynamics
satisfies translational invariance. Indeed, it is straightfor-
ward to check that other choices for j;(x) of the form
>k myd(x — v — % AP, ) would lead to the violation of the

translational i 1nvar1ance for any choice of v, different from
(0)

X, '. On the other hand, the dynamics is not boost invariant.
This is however a common feature of the dissipative models,
such as the quantum Brownian motion [47], the dissipative
continuous spontaneous localization model [55] and the
dissipative KTM model introduced in Sec. III.

Being pointlike, these choices for fi(x) and j;(x) lead
to divergences in the master equation (38), which are
expected, similarly as those present in the TD model (see
also the discussion after Eq. (30) and in Ref. [43]). We
proceed then with a regularization of the gravitational
potential V(x —y), namely we implement the following
substitution: V(x —y) — (goVog)(x —y), where g(x) is
the smearing function in Eq. (31).

To guarantee that Eq. (41) represents a good choice for
p1(x), we make a comparison with the dissipative KTM
model in the appropriate limit. In particular, we substitute
Eq. (32) and Eq. (41) in Eq. (38), and we rewrite the
position operator as in Eq. (40). In the assumption of small
quantum fluctuations, we can take the linear limit of the
dissipative TD master equation (38), which reads
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d P
EP; =-7 [Hoy + Hypy )]
N 3
Gmkm Niiln oo . A
— Z Z # [Xkl? [xjnuol]]
k.j=11n=1
N
Gmkm]aka]qkﬂn o
N 3
iGmym @ ngin (.
Z z: 2h2 [ Xkl> {pjmpt}]

~

<.
Il
=
-
=

N

3
Z Gmkm]ajr]kjlf’l [5(

o2

Mz

[Djn- 2]l (42)

~
I
-

J

where X;; and py,; are the components in the /th direction of
AX; and Ap, respectively, and

grav E E mkmjnk]ln Xu—

k/ 1ln=

X)) Ren—Xn). (43)

is the gravitational interaction in the linear limit. Here, we
defined

Pq @) O
J— 7d (Xk Xj) 44
’/Ik]ln /2ﬂ2h3 q2 q19n€ ’ ( )

where we made explicit the Fourier transform of the
Newtonian gravitational potential V(q) = —4zGh?/q>.

Now, we reduce the problem to that of only two
harmonic oscillators at frequency @ in one dimension,
with m; = m and a; = a. Thus, Eq. (42) becomes

d, i iGm*any;
Eﬂt—_%[H’pz}_I;lT[xk {pj,pl}]
2 2
Gmngj o 1o 4 Gm’any .
_kZ 2h j[xk’[xj’p[]]_ ZTj[xb[p/’PtH
J=1 5
2 2.2
Gm=an; . .. .
B ZT][W’[PM):H, (45)

kj=1

where 1;; = 11 are explicitly computed in Appendix B,
and

R 2 If\)% sz
B = Z L —— 37 ) —GmPnpd %, (46)

includes also the linearized quantum gravitational inter-

action Hg,, and we defined

Q? = & + Gmny,. (47)

We notice that Eq. (45) has a structure similar to that of
the dissipative KTM master equation (13), although there
are some differences. In particular, additional terms in the
commutators and anticommutators mixing the position and
momentum operators of different particles appear, and the
coefficients 7;; differ.

By inserting the explicit expressions of #;; [cf. Eq. (B2)]
in Eq. (45), we can decouple the center-of-mass and relative
dynamics. Correspondingly, Eq. (45) can be divided in two
independent master equations. That for the center-of-mass
reads

: 2
%ﬁcm = _% [ﬁcm’/’)cm} - GTm’/l+ [)Accm7 [)%cmv /A)cm]]
Gm
Sfl ’7+ [pcm’ [pcmv pcm“
iGm*a

27;12 /s [xcm’ {pcmv pcm}]

Gm*a .
- 2h2 ’7+[~xcm’ [pcm7pcm]] (48)

where 7, =5+ n;, with n = (6,/zR3)™" and we defined

7 pa
Hcm 4cm

+ mQin i, (49)

with Q2 = Q% — Gmn;, = ®*. On the other hand, the
relative dynamics is described by the following master
equation

d AN Gm*>
E/)rcl = _E [Hrel’ prel] - W’/[— [xrelv [xrelvprcl]]
Gm*o* . ..
2—h3’7— [prelv [prelvprel]]
iGm*a A
272 - [xrel’ {prehprel}]
Gm’a

W n- [)%relv [f?reh f)reﬂL (50)

where n_ = n — 1, and

7 P A
Hrel — rel 4 Qrzel rzel’ (51)

is the relative Hamiltonian with Qre] = Q%+ Gmny, =
@* + 2Gmn,,. The coefficients 7, explicitly read

d2

_ ! 1ie4R2(4R2+d2)
= AR 3T P

Then, by moving along the lines drawn in Sec. III, we can
analyze the behavior of the asymptotic energy described by
Eq. (45). After lengthly calculations, which are reported in

2erf(35)

o (52)
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Appendix C, we obtain the asymptotic energy of the
system, which reads

h?  amw?® am?G

= _
(H)en ma+ 2 2 -
G*oPm?®

Since R is the spread of the smearing function regulating
the Newtonian potential, we can assume that R is small
with respect to the distance d. Thus, in the limit of R being
small, one finds that 5, = —2/d®> and 5. — F2/d°.
Correspondingly, one has n*> + 177, — 4/d®. By substituting
these values, Eq. (46) becomes equal to the Hamiltonian of
the KTM model, and Eq. (53) equates the asymptotic
energy of the dissipative KTM model in Eq. (20). Finally,
applying the limit @ — 0, one finds that the system
thermalizes at the temperature expressed in Eq. (23),
namely T = h%/2mgyayk,, where we employed Eq. (21).

VI. CONCLUSIONS

The protocol based on the continuous measurement and
feedback mechanism in the KTM and TD model well
reconstructs the quantum gravitational interaction from a
fundamentally classical description [43]. The correspond-
ing appearance of decoherence terms which lead to an
indefinite energy increase is, however, a problem. Here, we
suggested a way to account for this feature by suitably
modifying the protocol. We derived the dissipative gener-
alizations of the two models, and showed that—in the
appropriate limits—the system under such a protocol
thermalizes to an effective temperature [cf. Eq. (23)].

With our generalization, the energy of the system
remains finite also asymptotically. Yet, energy conservation
at each time is still lacking. A possible step forward in such
a direction could be to upgrade the stochastic noises of the
protocol to physical dynamical fields [56,57]. Then, one
could in principle be able to conserve the total energy of the
system plus the stochastic field. This is subject for future
research.
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APPENDIX A: CONTINUOUS QUANTUM
MEASUREMENT AND FEEDBACK
FRAMEWORK

By following the approach in Refs. [39,40], we briefly
review the dynamics due to a continuous quantum meas-
urement and due to the feedback. For the sake of simplicity
we consider only the discrete case of a one-dimensional
system made of two particles and then the case of a generic
continuous system in three dimensions.

1. One dimensional two-particle system
a. Continuous measurement

The stochastic Schrodinger equation of two particles due
to a continuous quantum measurement of arbitrary oper-
ators A; is given by

2
diy)m == 2 (AfA, + (AD),((Ae), - 240)lw,)dt

= 8h?
NP
+ ZE(Ak — (ARl )dWy,, (A1)

where (A;), = (,|A|y,). The constants y, represent the
information rate of the measurement and dW , are standard
independent Wiener process such that E[dW; ] =0 and
E[dW,,dW;,| = 6;;dt. The measurement record corre-

sponding to the measurement of Ak is defined as in
Eq. (12). This is a stochastic quantity centered at the

average value J (Ag + A}[)t and with a variance defined by
Yk and de,l'

b. Feedback dynamics

After performing the measurement of the operators Ay,
we can send the corresponding measurement result to the
complementary subsystem. This operation can be per-
formed by employing the following feedback Hamiltonian

Hy, = y1711By + a1y By. (A2)

where y, are real constants and B, are suitable operators.
The corresponding feedback equation is computed by

unitarily evolve the state |y,) with respect to Hy,. Then, the

infinitesimal increment of the state is given by

2 . 2
l){k A AEB ){k ~0
dly,) :—E:K—<Ak+A>B‘+—B»>dt
t/fb £ Zh k/t™] 2}//( J
J#k
i}{k N

_ﬁBdek,r:| ). (A3)
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¢. Combined evolution
Finally, the stochastic Schrédinger equation comprising
the combined effects of the continuous measurement and
feedback is given by

dly,) = dly)m +dlw)p + dlw)ie (Ad)

where the third term comes from the stochastic It calculus:

2 .
l A~ A A
dlyiie == 5 Bi(Ac = (A lw)dr. (A3)

k.j=1
J#k

By fixing A; =%, and Bj =X,
gives Eq. (4).

The master equation for the density matrix correspond-
ing to Eq. (A4) is found by performing the stochastic

average over the noise, and is given by

the latter expression

d i

2
= L3 B,
dt h

[B.[B).p
k.j:]2yk ! s

J#k

[HOvﬁz] -

2 .

! BoAA o osAf

= —x[Bj. Aip; + DA}

%2}.} J t 1k
J?

2
Yi |2 o~ne Loasa o
+ ;W [Ak/’rAk - E{AkAk’pt}:|’ (A6)

where we added the unitary evolution described by the
Hamiltonian H\. The second and third terms of Eq. (A6)
come from the feedback dynamics, while the last one

comes from continuous measurement of Ak. Moreover, by
suitably rearranging the third term as

[BjAk +AzB]9ﬁt] + [B]ﬁt’AU + [ﬁtB]’Ak]’ (A7)

one can single out an effective correction to the
Hamiltonian. Such a correction reads

k=1
J#k

and it can be interpreted as a quantum interaction
Hamiltonian between the two particles. We underline that
such a term comes from the combined action of the
continuous measurement and feedback dynamics.

2. Continuous system in three dimensions
a. Continuous measurement

The stochastic Schrodinger equation resulting from the
continuous measurement of an arbitrary operator A(x) is

A== [ o rx = yIA AW

HAT X)), (AW)), = 2A()]lw)dr

3 A
+ [ Sr A - A))aw, 0. (49)

where the noise is now described by E[dW,(x)] = 0 and
E[dW,(x)dW,(y)] = y(x —y)dt, where y(x—y) is an
arbitrary spatial correlator. The measurement record reads
as in Eq. (37), where y~!(x —y) is the inverse function of
y(x —y). The following expression

(ror ) (x —y) = / Pry(x =) (r—y)

=6(x -y), (A10)

relates these two functions.

b. Feedback dynamics

The measurement record is broadcasted to the system by
using the following feedback Hamiltonian

Hy = /d3xd3yV(x —y)B(x)r(y), (A11)

where B(x) is an Hermitian operator and V(x —y) is a
generic function. The corresponding infinitesimal state
evolution reads

Ao == [ @xcy |5 Vix=¥) A + 373

3 (Ve oV)(x = y)B(y)dr

Ve x = )aw, ) Bl (a12)

¢. Combined evolution

The stochastic Schrodinger equation of the combined
dynamics is given by Eq. (A4), where

(A13)

Correspondingly, the master equation reads
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Cp= 10,7
_ / d3)2‘;’l3y V(x —y)[B(x),A(y)p, + p A (y)]
_ / d3x2d3y (Ver-oV)(x — y) [B(x), [B(y).7,]
/ dz;fyy( -y)
y {xx),amw AW (A1)

We notice that Eq. (A14) has the same form of Eq. (A6).
The second and third terms come from the feedback
dynamics, while the last term comes from continuous
measurement. Similarly as done previously, we can extract
an interaction Hamiltonian reading

1

= [ ExayVx-y)BERAG A WEN). (A15)

by suitably rearrange the second term of the master
equation. Thus, also in the case of a continuous system,
one obtains an interaction Hamiltonian term from the
combined action of continuous measurement and feedback
dynamics.

APPENDIX B: CALCULATION OF THE
COEFFICIENTS IN THE LINEARIZED
DISSIPATIVE TD MASTER EQUATION

Here, we compute the coefficients 7;; appearing in
Eq. (45). In particular, they are derived from Eq. (44) by
restricting the problem to the one dimensional case.
Correspondingly, we find

”kj:/ d*q §2(Q) qze%ql(x;((m‘xﬁm).

2ﬂ2h3 q2 1

(B1)

Now, we can compare Eq. (45) with the KTM master
equation (13) once computing the coefficients in Eq. (B1),
which can be done by moving to spherical coordinates and
choosing a suitable form of the smearing function. In
particular, when considering the Gaussian smearing in

2R2
Eq. (31), whose Fourier transform reads §(q) = e~ 2h20,

we find that the coefficients become

Nk = 1, fork:12
&2
1 e 2erf(35)
Ny =11 = N (4R + d°) —TO» (B2)

where 1 = (6/7R3)" and d = |x¥ ~ ).

APPENDIX C: CALCULATION OF THE MEAN
ENERGY IN THE DISSIPATIVE TD MODEL

By following the approach used for the dissipative KTM
model, we compute the evolution of Tow = P2 /4m and
Vem = mQZ, 52, using Eq. (48). We find the following
system of differential equations

d . Q%m Gm%azﬁcmn

d_ <V > <{pcm’xcm}> 4fl—+ ,

d - 2Gm any A

d_<T m)e = T+<Tcm>t

sz aGm
S ({Beme Rem} )y + 5

d, . Gm an A A
E<{pcmaxcm}>t =~ A - <{pcm»xcm}>t + 4<Tcm>t

_4<ch>t - Gm2a77+' (C])

Slmllarly, we compute the evolution of T = prel /m and

Vil = 20O %%, using Eq. (50). The energy behavior is
described by
d ~ Qfel Gm Q2 m_
d_<V > <{prelvxrel}> 47 s
d - 2Gm an_ -
E <Trel>t == T <Trel>t
Qfe thn_
: <{pre]vxre]}> 2 ’
d, . . Gm an_ .. . A
E<{prelvxrel}>t = P ({Prets et 1) + 4T rar),
- 4<‘7rel>t - szan_. (C2)

By imposing that the time derivatives in Egs. (C1) and (C2)
vanish, we find

. Gmia*y
({Pem>Fem}) oo = —T+
A Gma*y_
<{prel’xrel}>oo - _T
A h? Q2
(Tan)eo = em,
dma 8
. h? othrze1
(Trel) oo = a3
<‘7 ) = (T > szsagni szom+
cm/oo T cm/ oo 8h2 4 ’
. . Gmia’n:  GmPan_
<Vrel>oo = <Tl‘el>oo 872 4 ’ (C3)

which gives Eq. (53) once considering that H=H n” +H,y =
Tem+Vem+ T+ Vie, and Q2 = Q2 — Gmy = o?, Q2
@ + Gmiyy = @ +2Gmn g, e = 0 £ 1.

rel —
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