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In Paper I, three TAIJI orbital deployments have been proposed to compose alternative LISA-TAIJI
networks: TAIJIm (leading the Earth by 20° and −60° inclined with respect to ecliptic plane), TAIJIp (leading
the Earth by 20° and þ60° inclined), TAIJIc (colocated and coplanar with LISA) with respect to the LISA
mission (trailing the Earth by 20° and þ60° inclined). And the LISA-TAIJIm network has been identified as
the most capable configuration for massive black hole binary observation. In this work, we examine the
performance of three networks to the stochastic gravitational wave background (SGWB) especially for the
comparison of two eligible configurations, LISA-TAIJIm and LISA-TAIJIp. This investigation shows that
the detectability of LISA-TAIJIm is competitive with the LISA-TAIJIp network for some specific SGWB
spectral shapes. And the capability of LISA-TAIJIm is also identical to LISA-TAIJIp to separate the SGWB
components by determining the parameters of signals. Considering the performances on SGWB and massive
black hole binaries observations, the TAIJIm could be recognized as an optimal option to fulfill joint
observations with LISA.
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I. INTRODUCTION

More than 50 gravitational wave (GW) events have been
detected during the Advanced LIGO and Advanced Virgo
observing runs O1-O3a, and all signals are from compact
binary coalescences [1–6]. As another important targeting
source, the stochastic GW background (SGWB) may encode
the information about the early Universe, and the searches
for SGWB from Advanced LIGO and Advanced Virgo runs
are actively ongoing [7–12]. The NANOGrav (the North
American Nanohertz Observatory for Gravitational Waves)
has reported strong evidence of a stochastic process, how-
ever, no statistically significant evidence has been found yet
to claim a SGWB detection [13].
The space mission, LISA, is scheduled to be launched in

the 2030s and targeting to detect GW in the milli-Hz
frequency band [14]. The LISA interferometer is formed
by three spacecraft with 2.5 × 106 km separation and trails
the Earth by 20° on a heliocentric orbit to balance the
telemetry capabilities, gravity perturbation reduction, and
launch vehicle [14,15]. The formation plane of the con-
stellation is designed to be þ60° inclined with respect to
the ecliptic plane to maintain the stability of constellation.

As another space GW detector, TAIJI, is proposed to be a
LISA-like mission with a 3 × 106 km arm length and
observe the GWs in the 2030s as well [16]. The joint
LISA-TAIJI network has been studied to bring merits for
massive black hole (MBH) binary observations [17–20],
SGWB detections [21–24], and cosmological parameter
estimations [25,26].
In previous work, we proposed three TAIJI orbits to

construct LISA-TAIJI networks and investigated their per-
formances on sky localizations for MBH binaries, con-
straints on polarizations, and overlap reduction functions
[27]. And the LISA and different TAIJI orbital configura-
tions are specified as follows.
(a) LISA, which trails the Earth by ∼20°, and its ori-

entation of formation plane is þ60° with respect to the
ecliptic plane.

(b) TAIJIm, which leads the Earth by ∼20°, with a −60°
inclined orientation.

(c) TAIJIp, which leads the Earth by ∼20°, with a þ60°
inclined orientation.

(d) TAIJIc, which trails the Earth by ∼20° and is coplanar
with LISA.

And their orbital deployments are shown in Fig. 1. Restating
the previous investigation results, in three LISA-TAIJI net-
works (LISA-TAIJIm, LISA-TAIJIp, and LISA-TAIJIc), the
LISA-TAIJIm demonstrates the best performance for MBH
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binary observations and shows the lower overlap reduction
function between the two detectors. The detectability of
LISA-TAIJIp is slightly worse than LISA-TAIJIm network
for MBH binary observation, but they can have a higher
overlap reduction function than LISA-TAIJIm network. The
TAIJIc achieves an optimal cross-correlation with LISA,
but the performance of LISA-TAIJIc is much worse than the
other two networks for MBH binaries observation. On the
other side, the colocated LISA and TAIJIc may be subject to
similar space environments and cause correlated noises.
Therefore, the TAIJIc should not be an optimal deployment
for comprehensive considerations, and TAIJIm and TAIJIp
would be the qualified candidates to construct a joint network
with the LISA detector.
In this work, we further investigate the detectability of

three LISA-TAIJI networks on the SGWB observation
especially for the comparison of LISA-TAIJIm and LISA-
TAIJIp. The SGWB is supposed to be composed of two
kinds of sources: astrophysical origin and cosmological
origin. The former one could be yielded by the overlapped
GWs from abundant unresolved compact binary systems
[9,28–30]. The cosmological sources could be produced by
multiple mechanisms in the early Universe such as time-
varying scalar fields, preheating, phase transitions, and

cosmic strings, etc. [31–36]. One of the targeting sources
for space-borne detectors is the cosmological origin SGWB
which may significantly improve our understandings of the
early Universe and particle physics beyond the standard
model [14].
To examine the capabilities of the LISA-TAIJI

networks, four signal models are assumed to represent
the possible SGWB spectrum. A power-law shape is
employed to describe the astrophysical origin SGWB
which is yielded by the unresolved BH and neutron star
binaries [9] (stochastic foreground generated by the
galactic binaries is not included). For the cosmological
SGWB, three spectral shapes (flat, broken power-law, and
single peaked) are selected to depict the possible SGWBs
from processes in the early Universe [31,33–35]. As the
first step, the sensitivity of each networks’ cross-
correlation to the SGWB is evaluated. The LISA-
TAIJIp shows better sensitivity than LISA-TAIJIm in
frequencies lower than 1 mHz because of the stronger
correlation between two detectors. The LISA-TAIJIm
becomes more sensitive than LISA-TAIJIp in the fre-
quency band [1, 8] mHz. To quantify the performances, the
SNRs from each pairs’ cross-correlation are calculated by
tuning the parameters in the signal models. The SNRs of
LISA-TAIJIm are competitive to the LISA-TAIJIp net-
work in the selected parameter spaces, and LISA-TAIJIm
could surpass LISA-TAIJIp for the assumed fiducial cases.
We further examine the abilities of three networks to
determine the SGWB parameters and separate the astro-
physical and cosmological components. Both LISA-
TAIJIm and LISA-TAIJIp could improve the parameter
resolutions by a factor of ∼1.8 compared to single LISA
mission, and LISA-TAIJIc could promote this factor to
∼2.3–3.2. Therefore, considering the gains for MBH
binaries observation, the TAIJIm could be a better choice
than TAIJIp to assemble its observations with LISA.
This paper is organized as follows. In Sec. II, we introduce

three LISA-TAIJI network configurations and the assumed
SGWB spectral shapes. In Sec. III, we evaluate the sensi-
tivities of each mission and their joint cross-correlation for
SGWB observation, and compare the SNRs obtained from
each LISA-TAIJI network for SGWB signals with different
parameters. In Sec. IV, by employing Fisher matrix analysis,
we examine the capability of each network to determine
SGWB parameters from the combined astrophysical and
cosmological signals. We recapitulate our conclusions in
Sec. V. (We set G ¼ c ¼ 1 in this work except otherwise
stated.)

II. LISA-TAIJI NETWORKS AND ASSUMED
SGWB SPECTRAL SHAPES

A. The deployments of LISA and TAIJI

The LISA and TAIJI are proposed space GW missions
to be launched in the same epoch, and targeting to detect

FIG. 1. The diagram of LISA and TAIJI missions’ orbital
configurations. The upper panel shows the LISA (trailing the
Earth by ∼20° and þ60° inclined with respect to the ecliptic
plane) and the TAIJIp (leading the Earth by ∼20° with an
inclination þ60°). The lower panel shows TAIJIm (leading the
Earth by ∼20° and −60° inclined) and TAIJIc (colocated and
coplanar with LISA). The angle between the LISA and TAIJIp
formation planes is ∼34.5°, and the angle for LISA and TAIJIm
constellation is ∼71°.
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the GW in the frequency band 0.1 mHz–0.1 Hz [14,16].
A GW interferometer network formed by properly
deployed detectors will increase the observation effi-
ciency (for instance, SNR cumulation, sky localization,
intrinsic parameter determination, and etc.) comparing
to single detector. In previous work [27], we proposed
three alternative TAIJI orbits to construct networks with
LISA as shown in Fig. 1, and the main differences
between the networks are the separation between two
constellations and their orientation of the constellation
plane.
For their performances on MBH binary observations as

we investigated, the large separation between LISA and
TAIJIp/TAIJIm (Dsep ∼ 1 × 108 km) yields significant
improvement on source sky localizations than on the
LISA and LISA-TAIJIc network [27]. Benefiting from
the more misaligned formation plane (∼71°), LISA-
TAIJIm could achieve a higher parameter resolution than
the LISA-TAIJIp network (with a ∼34.5° misaligned
angle). On the other side, because of a larger misaligned
formation plane, the overlap reduction function between
LISA and TAIJIm is lower than LISA-TAIJIp especially
for the frequencies lower than 1 mHz. Furthermore, the
larger separated distance between two detectors lowers
down a critical frequency by fcrit ¼ c=ð2DsepÞ ¼
1.5 mHz (c is speed of light) as shown in Appendix B,
Fig. 9. To further compare the performance of the LISA-
TAIJIm and LISA-TAIJIp networks, we resume the
investigation to explore their detectabilities to isotropic
SGWB. Although LISA-TAIJIc network is supposed to
be ineligible considering its low improvement on MBH
binary observation, our examinations also include it for
comparison and integrity.
The LISA is a nominal four-year mission and could be

extensible to ten years [14]. In a realistic scenario, the
observation would be interrupted by antenna repositioning
and other operations, and only 75% scientific duty cycle
can be expected [34]. Therefore, only three years of data is
suppose to be effective in the four-year observation. In the
following investigation, observation time Tobs ¼ 3 years is
preset for LISA and TAIJI joint observation.

B. Time-delay interferometry and noise budgets

Time-delay interferometry (TDI) will be employed for
both LISA and TAIJI to suppress the laser frequency noise
and achieve targeting sensitivity. The principle of the TDI is
to combine multiple time-shifted interferometric links and
obtain an equivalent equal path for two interferometric laser
beams. The GW response of TDI is combined by the
response of every single link, and formulation has been
specified in [37–41].
For a LISA-like with six laser links, three optimal TDI

channels (A, E, T) could be constructed from three first-
generation Michelson TDI configuration (X, Y, Z),

A ¼ Z − Xffiffiffi
2

p ; E ¼ X − 2Yþ Zffiffiffi
6

p ; T ¼ Xþ Yþ Zffiffiffi
3

p ;

ð1Þ

where Yand Z are obtained by circulating of the spacecraft
indexes in the X channel, and the Michelson-X channel is

X ¼ ½D31D13D21η12 þD31D13η21 þD31η13 þ η31�
− ½η21 þD21η12 þD21D12η31 þD21D12D31η13�; ð2Þ

where Dij is a time-delay operator, DijηðtÞ ¼ ηðt − LijÞ,
ηji are the Doppler measurement from S=Cj to S=Ci.
By adopting new designs in [42–44], and the expression
of measurement ηij composited by GW signal and noises
are referred to our recent work [19,45]. And the specific
formulation for GW response are reiterated in Appendix A.
These joint optimal channels represent the eventual detect-
ability of a mission [39,46].
By assuming laser frequency noise is sufficiently sup-

pressed in TDI, the acceleration noise and optical path
noise are considered to be the dominant noises for GW
observation, and they are included to evaluate the sensi-
tivity of a mission to SGWB. The budges of acceleration
noise for LISA and TAIJI are treated as same [14,47],

Sacc¼9
fm2=s4

Hz

�
1þ

�
0.4mHz

f

�
2
��

1þ
�

f
8mHz

�
4
�
: ð3Þ

And their optical path noise budgets are slightly different as

Sop;LISA ¼ 100
pm2

Hz

�
1þ

�
2 mHz

f

�
4
�
; ð4Þ

Sop;TAIJI ¼ 64
pm2

Hz

�
1þ

�
2 mHz

f

�
4
�
: ð5Þ

The power spectrum density (PSD) of noise in a TDI
channel Sn;TDI is calculated by using the numerical
method, and we refer to our previous works for detailed
algorithm [45,48].

C. SGWB models

The isotropic SGWB could be characterized as the
variation of the energy density in the frequency domain,

ΩGW ¼ 1

ρc

dρGW
d ln f

; ð6Þ

where ρc ¼ 3H2
0
c2

8πG is the critical density of the Universe
[49,50], andH0 ≃ 2.185 × 10−18 Hz is the Hubble constant
[51]. The SGWB could be yields by astrophysical sources
and cosmological mechanisms, and kinds of cosmological
SGWB signals are predicated during the processes of the
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early Universe [31,33,52]. Four SGWB spectral shapes are
assumed to perform our investigation as follows [34,35,53].
(1) Power-law (PL) SGWB signal,

ΩPL ¼ Ω0

�
f
fref

�
α0
; ð7Þ

where Ω0 is the amplitude of the SGWB energy
density, and α0 is the index of the power law. This
power law background is expected to be generated
by abundant unresolved astrophysical BH and NS
binaries. The fiducial signal is selected to be Ω0 ¼
4.446 × 10−12 and α0 ¼ 2=3 at reference frequency
fref ¼ 1 mHz [9].

(2) Flat SGWB signal,

Ωflat ¼ Ω1: ð8Þ
The flat SGWB is a simply assumed cosmological
SGWB which permeates all frequency range with a
constant amplitude [54]. And we choose Ω1 ¼ 1 ×
10−11 as the fiducial value for this shape.

(3) Broken power-law (BPL) SGWB signal,

ΩBPL ¼ Ω1

�
f
fref

�
α1
�
1þ 0.75

�
f
fref

�
Δ
�ðα2−α1Þ=Δ

:

ð9Þ

The broken power-law SGWBmay produced during
the first-order phase transition [31,33,53,55] [and
references therein]. The fiducial parameters are
presumed to be α1 ¼ 3, α2 ¼ −4, and Δ ¼ 2, and
the amplitude Ω1 ¼ 1 × 10−9 and reference fre-
quency fref ¼ 10 mHz.

(4) Single peaked (SP) SGWB signal,

ΩSP ¼ Ω1 exp

�
−
ðlog10ðf=frefÞÞ2

Δ2

�
: ð10Þ

A single peaked SGWB signal could be a cosmo-
logical source and yielded by during particular
processes in the early Universe, and the typical
values of parameters are set to be Δ ¼ 0.2,
Ω1 ¼ 1 × 10−11, and fref ¼ 3 mHz [34,35].

The energy spectral densities of four SGWB models with
their respective fiducial values are plotted in the upper
panel of Fig. 2. And the conversion from relative energy
density to PSD will be

PhðfÞ ¼
3H2

0

4π2f3
ΩGWðfÞ: ð11Þ

For the LISA-like mission, considering the antenna pattern
of an interferometer, the PSD of SGWB in a TDI channel is
expected to be

Sh;TDIðfÞ ¼ PhðfÞRTDIðfÞ; ð12Þ

where RTDI is the averaged response function of TDI
channel in the frequency domain,

RTDIðfÞ ¼
1

4π2

Z
2π

0

Z π
2

−π
2

Z
π

0

jFh
TDIðf;nÞj2 cos βdψdβdλ;

ð13Þ

and Fh
TDI is calculated by using Eqs. (1) and (A5).

III. DETECTING SGWB WITH CROSS-
CORRELATION BETWEEN LISA AND TAIJI

In this section, we will investigate and compare the
detectability of LISA-TAIJI configurations for four kinds of
SGWB models. Similar to the ground-based GW detectors,

FIG. 2. The assumed SGWB signals and sensitivities (upper
plane) and power-law integrated sensitivities in three years for
ρth ¼ 10 (lower panel) for LISA/TAIJI/LISA-TAIJI. The sensi-
tivity from LISA-TAIJIp cross-correlation is better than LISA-
TAIJIm for the frequencies lower than 1 mHz, and LISA-TAIJIm
is more sensitive than LISA-TAIJIp for frequency band
[1, 8] mHz. LISA-TAIJIc could achieve the best sensitivity in
three networks.
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the sensitivity of the LISA-TAIJI networks to the stochastic
signals will depend on the cross-correlation between the
interferometers.

A. The sensitivities of LISA-TAIJI networks

The cross-correlation of data streams from two interfer-
ometers in Fourier domain could be described as
[49,50,54],

C ≃
Z þ∞

−∞
df

Z þ∞

−∞
df0δTðf − f0Þd̃iðfÞd̃�jðf0ÞQ̃ðf0Þ; ð14Þ

where d̃i ¼ s̃i þ ñi is the data in TDI i channel, s̃i is the

SGWB signal, ñi the detector noise, δT ¼ sinðπfTobsÞ
πf , and Q̃

is a filter function. Assuming the noises are not correlated
between two TDI channels from different missions, and
there is also no correlation between noises and signal, the
average of C will be

hCi ¼ hsi; sji þ hsi; nji þ hni; sji þ hni; nji;
¼ hsi; sji;

¼
Z þ∞

−∞
df

Z þ∞

−∞
df0δTðf − f0Þhd̃iðfÞd̃�jðf0ÞiQ̃ðf0Þ;

¼ Tobs

2

Z þ∞

−∞
dfPhðfÞγijðfÞQ̃ðfÞ: ð15Þ

The correlated SGWB signal in two TDI channels is
implemented in the last row of Eq. (15),

hd̃iðfÞd̃�jðf0Þi ¼
1

2
δTðf − f0ÞPhðfÞγijðfÞ; ð16Þ

where γij is the overlap reduction function between LISA
TDI i channel and TAIJI TDI j channel,

γijðfÞ ¼
1

4π

Z
d2nFi;LISAðf;nÞFj;TAIJIðf;nÞ; ð17Þ

where Fi;LISA=TAIJI is the response function from TDI
channel i (i ¼ A=E=T) of LISA/TAIJI as calculated by
Eqs. (1) and (A5). The overlap reduction functions for each
LISA-TAIJI pair have been calculated in previous work
[27], and the normalized overlap reduction functions of
three LISA-TAIJI networks are plotted in Fig. 9.
The SNR ρ from two detector cross-correlations are

expected to be [[30,49,50,54] and references therein],

ρ2 ≡ hCi2
hN2i ¼

hCi2
hC2i − hCi2 : ð18Þ

And the variance is

hN2i ¼ hC2i − hCi2

¼ Tobs

4

Z þ∞

−∞
dfMðfÞjQ̃ðfÞj2; ð19Þ

by implementing the power spectral density of noise in TDI
channel,

hñiðfÞñ�i ðf0Þi ¼
1

2
δTðf − f0ÞSnðfÞ; ð20Þ

where

M ¼ Sn;iðfÞSn;jðfÞ þ Sn;iðfÞSh;jðfÞ þ Sh;iðfÞSn;jðfÞ
þ Sh;iðfÞSh;jðfÞ þ γ2ijðfÞP2

hðfÞ: ð21Þ

By defining the inner product

ðA;BÞ ¼
Z þ∞

−∞
dfAðfÞB�ðfÞMðfÞ; ð22Þ

the ρ2 will be

ρ2 ¼ Tobs

ðQ̃; PhðfÞγijðfÞ
MðfÞ Þ2

ðQ̃; Q̃Þ ; ð23Þ

and then an optimal filter Q̃ðfÞ is applied to maximize the
SNR,

Q̃ðfÞ ¼ PhðfÞγijðfÞ
MðfÞ : ð24Þ

Therefore, the SNR for SGWB observation from LISA-
TAIJI correlation will be

ρ2 ¼ Tobs

Z þ∞

−∞
df

γ2ijðfÞP2
hðfÞ

MðfÞ : ð25Þ

For a weak-signal (Sn;i ≫ Sh;i), the SNR could be approxi-
mated as

ρ2 ≃
X

i;j¼A;E;T

Tobs

Z þ∞

−∞
df

γ2ijðfÞP2
hðfÞ

Sn;iðfÞSn;jðfÞ
;

¼
X

i;j¼A;E;T

2Tobs

Z þ∞

0

df
γ2ijðfÞP2

hðfÞ
Sn;iðfÞSn;jðfÞ

; ð26Þ

where Tobs ¼ 3 years is the observation time.
To characterize the sensitivity of cross-correlation

to SGWB, the equivalent energy density could be evalu-
ated as

ΩcrossðfÞ¼
4π2f3

3H2
0

� X
i;j¼A;E;T

jγijðfÞj2
SLISAn;i ðfÞSTAIJIn;j ðfÞ

�−1=2
: ð27Þ
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The sensitivities of three LISA-TAIJI networks are shown
by the solid curves in the upper panel of Fig. 2. As we can
expect, the LISA-TAIJIc shows an optimal sensitivity in
the three networks. For the LISA-TAIJIm and LISA-
TAIJIp pairs, subjecting to the critical frequency and
instrument noises, their most sensitive frequency is
around fcrit ¼ 1.5 mHz. The LISA-TAIJIp is more sensi-
tive than LISA-TAIJIm for frequencies lower than 1 mHz,
while LISA-TAIJIm becomes more sensitive to SGWB in
the frequency band ∼½1; 8� mHz.
For a single LISA-like mission with three optimal TDI

channels, the equivalent energy density of noise could be
evaluated as

ΩmissionðfÞ ¼
4π2f3

3H2
0

� X
i¼A;E;T

RiðfÞ
Smission
n;i ðfÞ

�
−1
; ð28Þ

where Ri is the averaged response function of TDI i
channel. The corresponding sensitivities of LISA and TAIJI
mission are shown by dashed curves in the upper panel
of Fig. 2.
To illustrate the detectability of a detector to a power-law

SGWB signal, Ωh ¼ Ωiðf=frefÞαi , a power-law integrated
sensitivity is proposed in [56]. Based on given observation
time Tobs and SNR threshold ρth, the power-law sensitivity
(PLS) is calculated as

Ωi ¼
ρthffiffiffiffiffiffiffiffiffiffiffi
2Tobs

p 4π2

3H2
0

×

� X
i;j¼A;E;T

Z
fmax

0

df
jγijj2ðf=frefÞ2αi
f6SLISAn;i STAIJIn;j

�−1=2
;

ΩPLS ¼ max
αi

�
Ωi

�
f
fref

�
αi
�
; for αi ∈ ½−8; 8�: ð29Þ

By assuming ρth ¼ 10, the ΩPLS for each LISA-TAIJI
networks are shown in Fig. 2 lower panel, as well as the
PLS curves for LISA and TAIJI mission. As we can see, for
a power-law SGWB signal, the LISA-TAIJIp will have
better sensitivity than LISA-TAIJIm for the frequencies
lower than 1 mHz, and LISA-TAIJIm will be more sensitive
for the frequency band [1, 8] mHz.

B. SNR to SGWB

For assumed SGWB model listed by Eqs. (7)–(10), the
SNR is calculated by implementing Eq. (25) to evaluate the
detectability of each LISA-TAIJI network. The motivation
to use Eq. (25) instead of Eq. (26) is that weak signal
approximation becomes inaccurate when the amplitude of
energy density of SGWB is large compared to detector
noise. To compare the detectability of networks in different
SGWB parameter spaces, one or two parameters in
Eqs. (7)–(10) are selected to be tunable.

For a power-law SGWB signal with a fixed power index
α0 ¼ 2=3, the SNR of three LISA-TAIJI networks is
calculated with varying amplitude Ω0 in Eq. (7), and the
results are shown in the upper plot of Fig. 3. The LISA-
TAIJIc network has the best capability in three networks as
expected, and its SNR is almost one order higher than the
other two networks. The LISA-TAIJIm shows a better
detectability than LISA-TAIJIp when Ω0 is smaller than
10−10, and LISA-TAIJIp will obtain a higher SNR for
Ω > 10−10. For the fiducial value Ω0 ¼ 4.446 × 10−12, the
LISA-TAIJIm would be a better option to detect this
astrophysical SGWB.
The SNRs of three LISA-TAIJI networks varying with

amplitude Ω1 of flat SGWB signal are shown in Eq. (8).
The flat signal is actually a special power-law with a power
index equal to zero. Similar to the power-law case, the SNR
from LISA-TAIJIm is higher than LISA-TAIJIp for

FIG. 3. The SNRs from three LISA-TAIJI networks varying
with amplitudes Ω0 for power-law (upper panel) and Ω1 for flat
(lower panel) SGWB spectral shapes. Compared to LISA-TAIJIp
configuration, LISA-TAIJIm achieves higher SNR when the
amplitude of power-law SGWB Ω0 is smaller than 10−10 and
amplitude of flat SGWB Ω1 is less than 5 × 10−11.
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Ω < 5 × 10−11, and SNR of LISA-TAIJIp surpass LISA-
TAIJIm for Ω > 5 × 10−11.
For a broken power-law SGWB signal, the amplitude Ω1

and reference frequency fref in Eq. (9) are selected to be
variables to calculate SNRs of LISA-TAIJI networks, and
the parameter space are chosen to beΩ1 ∈ ½10−12; 10−9� and
fref ∈ ½0.3; 30� mHz. Other parameters are fixed to be their
fiducial values, (α1 ¼ 3, α2 ¼ −4, and Δ ¼ 2). As the
contour plot shown by upper left panel of Fig. 4 shows,
LISA-TAIJIm could achieve its highest SNR around fref ≃
2 mHz at a given Ω1. And LISA-TAIJIp has the highest
SNR at fref ≃ 1 mHz at a fixed amplitude as the upper right
plot shown. The optimal reference frequency moves to
4 mHz for LISA-TAIJIc network as shown in the lower
left panel, and the SNR is significantly larger than the other
two networks. To compare the detectability of LISA-TAIJIm
and LISA-TAIJIp in the selected parameter space, their SNR

ratio is made in the lower right panel. The LISA-TAIJIm
could achieve higher SNR than LISA-TAIJIp in the region
fref ≳ 0.9 mHz, while the LISA-TAIJIp becomes more
sensitive when reference frequency is lower than 0.9 mHz.
The parameter space (Ω1 ∈ ½10−12; 10−9�, Δ ∈

½0.005; 1�) in Eq. (10) are explored to evaluate the
detectability of three networks for single peaked
SGWB signal with a fixed reference frequency fref ¼
3 mHz. For all three networks, the larger Ω1 and larger Δ
values will yield a higher SNR. The SNR from LISA-
TAIJIc cross-correlation is one order higher than another
two networks. The SNR ratios of LISA-TAIJIp and LISA-
TAIJIm are shown in the lower right panel of Fig. 5. In the
selected parameter space, the LISA-TAIJIp is more
sensitive than LISA-TAIJIm only in a small region with
both large Ω1 and large Δ values, and LISA-TAIJIm could
achieve higher SNR than LISA-TAIJIp in most of the

FIG. 4. The SNR from LISA and TAIJI cross-correlations for broken power-law SGWB signal with different amplitude Ω1 and
reference frequency fref. The SNR contours for three LISA-TAIJI networks are shown in upper and lower left plots. As the SNR ratios
are shown in the lower right plot, the correlation between LISA and TAIJIm would yield higher SNR than LISA-TAIJIp for
fref ≳ 0.9 mHz, and LISA-TAIJIp configuration becomes more sensitive to broken power-law signals for reference frequency lower
than 0.9 mHz.
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parameter space. If the reference frequency fref is the
second variable instead of Δ, then we could intuitively
expect from Fig. 2 that the LISA-TAIJIm would yield
higher SNR than LISA-TAIJIp for fref≽1 mHz, and
LISA-TAIJIp is more sensitive to single peaked SGWB
when reference frequency lower than 1 mHz.
Comparing the results from LISA-TAIJIm and LISA-

TAIJIp for four assumed SGWB signals, the LISA-
TAIJIm achieves higher SNRs than LISA-TAIJIp for
the most selected parameter spaces, and a decisive factor
is that the LISA-TAIJIm has a better sensitivity at the
frequencies around 2 mHz, which is also the most
sensitive band for these two networks. On the other side,
the SGWB spectral shapes tend to have stronger signals at
a frequency higher than ∼1 mHz in selected parameter
spaces. Although the LISA-TAIJIp may have a better
detectability for other signal assumption(s), the LISA-
TAIJIm will be a better configuration for the power-law
SGWB inferred from Advanced LIGO and Advanced
Virgo runs [9,10].

IV. DISCRIMINATING SGWB COMPONENTS BY
USING LISA-TAIJI NETWORKS

As introduced in Sec. II C, the SGWB includes astro-
physical and cosmological origins. It will be essential to
decipher the information in SGWB by discriminating the
compositions and retrieving the shapes of the signals. By
using a single LISA mission, Adams and Cornish [57,58]
developed a method to separate the stochastic GW back-
ground from the instrument noise and Galactic foreground,
Caprini et al. [34] and Flauger et al. [35] demonstrated the
reconstruction of the spectral shapes of SGWB, and Boileau
et al. [59] implemented the SGWB spectral separation by
using simulated data from LISA Mock Data Challenge. In
this section, we will examine the performance of three
LISA-TAIJI networks on SGWB components separation.

A. Fisher matrix analysis

The Fisher information matrix (FIM) is employed to
determine the parameters describing SGWB spectral

FIG. 5. The SNR from LISA and TAIJI cross-correlation for the single peaked SGWB signals in parameter space
Ω1 ∈ ½10−12; 10−9� × Δ ∈ ½0.005; 1�. The SNR contours for three LISA-TAIJI networks are shown in upper and lower left plots.
The SNR ratios of LISA-TAIJIp and LISA-TAIJIm are shown in the lower right plot, the LISA-TAIJIm achieves higher SNR than LISA-
TAIJIp configuration for most selected parameters except for higher Ω1 and Δ at the upper right corner.
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shapes [52,53,59–61][and references therein]. Two parts
are expected to contribute to the FIM calculation, the first
one is from an individual mission’s three optimal channels,
and the second part is the cross-correlation between two
missions.
For LISA or TAIJI mission with six laser links, three

orthogonal optimal channels (A, E, and T) could be formed.
And the T channel is expected to be a null data stream and
could be utilized to characterize the noise of the instru-
ments, and two science data channels, A and E, could be
used to detect SGWB signals [57–59]. In a realistic case,
the T channel will not be a fully null data stream due to the
inequality of arms [18,45,48,57]. And the parameters of
SGWB could be inferred from joint three optimal channels
[59,60],

Fab;self ¼
X

i¼A;E;T

2Tobs

Z
fmax

0

∂Sh;i
∂θa

∂Sh;i
∂θb

½Sn;i þ Sh;i�2
df;

¼
X

i¼A;E;T

�
3H2

0

4π2

�
2

2Tobs

Z
fmax

0

R2
i
∂Ωtot;i

∂θa
∂Ωtot;i

∂θb
f6½Sn;i þ Sh;i�2

df;

ð30Þ
where Ωtot is energy density of SGWB combining the
astrophysical and cosmological components, θa is the
SGWB parameter to be determined, and Sn;i and Sh;i are
the PSD of noise and SGWB in TDI i channel, respectively.
The cross-correlations between two missions are also

could used to determine the parameters of SGWB. By
assuming the signal is weak compared to the detector
noises, the corresponding FIM could be calculated as [52]

Fab;cross ¼
X

i;j¼A;E;T

2Tobs

Z
fmax

0

γ2ij
∂Ph∂θa

∂Ph∂θb
SLISAn;i STAIJIn;j

df;

¼
X

i;j¼A;E;T

�
3H2

0

4π2

�
2

2Tobs

Z
fmax

0

γ2ij
∂Ωtot∂θa

∂Ωtot∂θb
f6SLISAn;i STAIJIn;j

df;

ð31Þ

where γij is the overlap reduction function between LISA’s
i channel and TAIJI’s j channel as calculated in Eq. (17),
Ph is the PSD of SGWB defined in Eq. (11). The FIM of
the joint LISA-TAIJI network is obtained by summing up
the FIM from two missions’ cross-correlation and two
individual missions,

Fab;joint ¼ Fab;cross þ
XTAIJI

m¼LISA

Fm
ab;self : ð32Þ

The variance-covariance matrix of the parameters will be

hδθiδθji ¼ ðF−1
ab;jointÞij þOðρ−1Þ ≃ρ≫1ðF−1

ab;jointÞij: ð33Þ

The standard deviations σi of the parameter i is

σi ≃
ρ≫1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF−1

ab;jointÞii
q

: ð34Þ

B. Determining SGWB parameters

The total SGWB signal is composed of astrophysical
and cosmological parts, Ωtot ¼ Ωastro þΩcosmos. The
shape of the astrophysical component is assumed to be
a power-law shape in Eq. (7), and the cosmological part is
represented by flat, broken power-law, or single peaked
shapes as specified in Eqs. (8)–(10). Therefore, three
combinations, (ΩPL þ Ωflat, ΩPL þ ΩBPL, ΩPL þΩSP), are
constructed for SGWB observed by LISA-TAIJI net-
works, and the constraints on parameters describing the
spectral shapes are investigated. And the fiducial values
are utilized to characterize the shapes of each selected
SGWB signal.
For the power-law signal, the parameters, Ω0 and α0 in

Eq. (7) are selected to be determined, and the partial
derivatives of SGWB with respect to these two parameters
are

∂ΩPL

∂ log10Ω0

¼ ΩPL ln 10; ð35Þ

∂ΩPL

∂α0 ¼ ΩPL ln
f

1 mHz
: ð36Þ

FIG. 6. The parameter corner plot of SGWB signal modelΩtot ¼
ΩPL þ Ωflat with single LISA (green), LISA-TAIJIm (blue), and
LISA-TAIJIc (magenta) configurations. The uncertainties of param-
eters from LISA and LISA-TAIJI networks are shown in Table I.
(The result from LISA-TAIJIp is not shown in the plot because it is
highly overlapped with LISA-TAIJIm result.).
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When the flat is assumed to be the cosmological SGWB
shape, the partial derivative of Ωtot ¼ ΩPL þ Ωflat to the
amplitude of energy density Ω1 will be

∂Ωtot

∂ log10Ω1

¼ Ωflat ln 10: ð37Þ

When SGWB is described by the broken power-law model,
three parameters (Ω1, α1, and α2) are selected to be

determined, and the partial derivatives of Ωtot ¼
ΩPL þ ΩBPL to three parameters will be

∂Ωtot

∂ log10Ω1

¼ ΩBPL ln 10; ð38Þ

FIG. 7. The parameter corner plot of SGWB signal model Ωtot ¼ ΩPL þ ΩBPL with single LISA (green), LISA-TAIJIm (blue), and
LISA-TAIJIc (magenta) configurations. The uncertainties of parameters from LISA and LISA-TAIJI networks are shown in Table II.
(The result from LISA-TAIJIp is not shown in the plot because it is highly overlapped with LISA-TAIJIm result.).

TABLE I. The 1σ uncertainties of parameters of SGWB model
Ωtot ¼ ΩPL þΩflat from LISA and LISA-TAIJI configurations.

Parameter LISA LISA-TAIJIm LISA-TAIJIp LISA-TAIJIc

δ log10 Ω0 2.24 × 10−2 1.18 × 10−2 1.16 × 10−2 8.65 × 10−3

δα0 1.74 × 10−2 9.04 × 10−3 8.90 × 10−3 6.71 × 10−3

δ log10 Ω1 1.27 × 10−2 6.77 × 10−3 6.64 × 10−3 4.99 × 10−3

TABLE II. The FIM uncertainties of parameters of SGWB
model Ωtot ¼ ΩPL þ ΩBPL from LISA and LISA-TAIJI networks.

Parameter LISA LISA-TAIJIm LISA-TAIJIp LISA-TAIJIc

δ log10 Ω0 7.24 × 10−3 4.13 × 10−3 4.20 × 10−3 2.60 × 10−3

δα0 1.78 × 10−2 9.07 × 10−3 9.08 × 10−3 7.08 × 10−3

δ log10 Ω1 5.84 × 10−3 3.36 × 10−3 3.38 × 10−3 1.83 × 10−3

δα1 1.93 × 10−2 1.08 × 10−2 1.09 × 10−2 6.40 × 10−3

δα2 5.04 × 10−2 2.79 × 10−2 2.81 × 10−2 1.76 × 10−2
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∂Ωtot

∂α1 ¼ ΩBPL

�
ln

f
10 mHz

−
1

Δ
ln

�
1þ 0.75

�
f

10 mHz

�
Δ
��

; ð39Þ

∂Ωtot

∂α2 ¼ ΩBPL
1

Δ
ln

�
1þ 0.75

�
f

10 mHz

�
Δ
�
: ð40Þ

If the cosmological SGWB is a single peaked shape,Ωtot ¼
ΩPL þ ΩSP, then the derivatives of Ωtot to Ω1 and Δ are

∂Ωtot

∂ log10Ω1

¼ ΩSP ln 10; ð41Þ

∂Ωtot

∂Δ ¼ ΩSP
2½log10ðf=3 mHzÞ�2

Δ3
: ð42Þ

For each SGWB combination, the FIM from a LISA-
TAIJI network is obtained by implementing Eq. (32). And
the distribution of parameters could be made by

pðΔθ⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det

�
Fab

2π

�s
exp

�
−
1

2
δθ⃗TFabδθ⃗

�
: ð43Þ

The corner plot for the Ωtot ¼ ΩPL þΩflat case is shown in
Fig. 6, and the uncertainties of three parameters from
different mission configurations are listed in Table I. As
Table I showed, the constraints on parameters from LISA-
TAIJIm and LISA-TAIJIp are comparable and better than
the LISA mission by a factor of ∼1.8. The LISA-TAIJIc
could further narrow down uncertainties by a factor of ∼2.5
compared to LISA.
The corner plot and uncertainties of parameters for Ωtot ¼

ΩPL þ ΩBPL scenario are shown in Fig. 7 and Table II,
respectively. Compared to PLþ flat results in Table I, the
uncertainties of the amplitude of the energy density Ω0 and
Ω1 could be narrowed in the PLþ BPL case, which means
the PL and BPL components could be better separated. For
performance between mission configurations, the capabilities
of the LISA-TAIJIm and LISA-TAIJIp are still comparable
and could determine the parameters with a better accuracy

FIG. 8. The parameter corner plot of SGWB signal model Ωtot ¼ ΩPL þΩSP with single LISA (green), LISA-TAIJIm (blue), and
LISA-TAIJIc (magenta) configurations. The uncertainties of parameters from LISA and LISA-TAIJI networks are shown in Table III.
(The result from LISA-TAIJIp is not shown in the plot because it is highly overlapped with LISA-TAIJIm result.).
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than LISA by a factor of ∼1.8. The parameter resolutions
from the LISA-TAIJIc network could be ∼2.5–3.2 times
better than LISA for the selected five parameters.
Figure 8 and Table III show the parameter constraints

from LISA and LISA-TAIJI networks for SGWB signals
Ωtot ¼ ΩPL þ ΩSP. Similar to the previous two scenarios,
both LISA-TAIJIm and LISA-TAIJIp networks could
reduce parameter uncertainties by a factor of ∼1.8
compared to LISA, and joint observation from LISA
and TAIJIc could promote the factors to ∼2.3–2.6 for the
selected parameters.
Aswe can deduce from these results, for a stochastic signal,

LISA-TAIJIm or LISA-TAIJIp joint observation could deter-
mine the parameters with a better accuracy than LISA by a
factor of∼1.8.And this improvement is largely contributed by
the two missions’ individual observations which correspond
to the term Fab;self in Eq. (32). The reason is that comparing
the curves in Fig. 2, the sensitivity for LISA or TAIJI obtained
from Eq. (28) is much better than the sensitivities for LISA-
TAIJIm or LISA-TAIJIp cross-correlation from Eq. (27).
Therefore, we can expect the FIM from Fab;self [from
Eq. (30)] should contribute more constraints on parameter
measurements than Fab;cross [from Eq. (31)]. For the LISA-
TAIJIc network, the FIM from cross-correlation could be
comparable to a single LISA mission. However, a caveat is
that a weak signal approximation is applied by using Eq. (31),
and the FIM may overestimate the contribution of cross-
correlation from two detectors for a strong SGWB signal.

V. CONCLUSIONS

In this work, we investigate the detectability of three LISA-
TAIJI networks to the isotropic SGWB. For the colocated and
coplanar LISA-TAIJIc network, it can detect the SGWBwith
an optimal sensitivity. The TAIJIp and TAIJIm are placed at
locations 1 × 108 km from the LISA detector, compared to
the LISA-TAIJIm network, the LISA and TAIJIp will have
stronger correlated data streams, and their cross-correlation
will be more sensitive to SGWB at frequencies lower than
∼1 mHz. However, the LISA-TAIJIm has a better sensitivity
than LISA-TAIJIp in the frequency band ∼½1; 8� mHz
[1, 8] mHz which will be decisive to promote its detectability
to SGWB signals. In the selected parameter spaces for four
assumed SGWB shapes, the performance from LISA-TAIJIm
is competitive with LISA-TAIJIp configuration or even better
than LISA-TAIJIp for selected fiducial cases.

The capabilities of three LISA-TAIJI networks to deter-
mine parameters and separate the SGWB components are
also examined. The Fisher matrix algorithm for weak signal
approximation is employed to perform this investigation. By
combining two kinds of SGWB signals from assumed
fiducial cases, the LISA-TAIJIc could resolve the parameters
of SGWB signals with better accuracy than LISA by a factor
of ∼2.3–3.2. For LISA-TAIJIm and LISA-TAIJIp networks,
both of them can determine parameters with a ∼1.8 times
better resolution than LISA. The higher parameter resolutions
would be used to more precisely reconstruct the shapes of
SGWB and discriminate the components. The joint obser-
vation is also expected to better discern Galactic foreground
and instrument noises from SGWB, and we commit it as our
next work.
Considering the previous investigations in [27], although

LISA-TAIJIc is optimal for the SGWB detection, it would
not be an optimal choice to observe the MBH binaries
compared to the large separated LISA-TAIJIm or LISA-
TAIJIp networks. Moreover, the colocated detectors may be
subject to the same space environments and cause corre-
lated noises. For the selected SGWB models in this work,
the detectability of LISA-TAIJIm network to the SGWB is
competitive with LISA-TAIJIp. And comparable perfor-
mances from these two networks could be also expected for
other SGWB models. In addition, the LISA-TAIJIm could
achieve a better detectability to the MBH binaries than the
LISA-TAIJIp configuration. Therefore, the LISA-TAIJIm
network could be recognized as an optimal configuration to
fulfill the joint observation.
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APPENDIX A: RESPONSE FORMULATION OF
LASER LINK TO GW

For a source locating at ecliptic longitude λ and latitude θ
(in the solar-system barycentric coordinates), the GW
propagation vector will be

k̂ ¼ −ðcos λ cos θ; sin λ cos θ; sin θÞ: ðA1Þ

The þ, × polarization tensors of the GW signal combining
the source’s inclination angle ι are

TABLE III. The 1σ uncertainties of the parameters of SGWB
model Ωtot ¼ ΩPL þ ΩSP from LISA and LISA-TAIJIc networks.

Parameter LISA LISA-TAIJIm LISA-TAIJIp LISA-TAIJIc

δ log10 Ω0 7.60 × 10−3 4.10 × 10−3 4.08 × 10−3 3.20 × 10−3

δα0 7.75 × 10−3 4.15 × 10−3 4.13 × 10−3 3.28 × 10−3

δ log10 Ω1 4.00 × 10−3 2.21 × 10−3 2.22 × 10−3 1.58 × 10−3

δΔ 2.24 × 10−3 1.26 × 10−3 1.27 × 10−3 8.47 × 10−4
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eþ ≡O1 ·

0
B@

1 0 0

0 −1 0

0 0 0

1
CA ·OT

1 ×
1þ cos2ι

2
; e× ≡O1 ·

0
B@

0 1 0

1 0 0

0 0 0

1
CA ·OT

1 × ið− cos ιÞ; ðA2Þ

with

O1 ¼

0
B@

sin λ cosψ − cos λ sin θ sinψ − sin λ sinψ − cos λ sin θ cosψ − cos λ cos θ

− cos λ cosψ − sin λ sin θ sinψ cos λ sinψ − sin λ sin θ cosψ − sin λ cos θ

cos θ sinψ cos θ cosψ − sin θ

1
CA; ðA3Þ

where ψ is the polarization angle. The response to the GW in laser link from S=Ci to j will be

yhijðfÞ ¼
P

pn̂ij · ep · n̂ij
2ð1 − n̂ij · k̂Þ

× ½expð2πifðLij þ k̂ · piÞÞ − expð2πifk̂ · pjÞ�; ðA4Þ

where n̂ij is the unit vector from S=Ci to j, Lij is the arm length from S=Ci to j, pi is the position of the S=Ci in the solar-
system barycentric ecliptic coordinates. The response of Michelson-X channel to GW will be

Fh
XðfÞ ¼ ð−Δ21 þ Δ21Δ13Δ31Þyh12 þ ð−1þ Δ13Δ31Þyh21 þ ðΔ31 − Δ31Δ12Δ21Þyh13 þ ð1 − Δ12Δ21Þyh31; ðA5Þ

where Δij ¼ expð2πifLijÞ.

APPENDIX B: OVERLAP REDUCTION
FUNCTION

The overlap reduction function is introduced to
indicate the cross-correlation between two laser interfer-
ometers [66]. The overlap reduction function for three
LISA-TAIJI networks have been calculated in [27], the
colocated and coplanar LISA-TAIJIc network yields
unity overlap reduction function for frequency lower
than 10 mHz which should be an optimal configuration
for the SGWB observation. The overlap reduction func-
tion change the sign between two detectors’ characteristic
frequencies gap [ c

2LTAIJI
¼ 50 mHz, c

2LLISA
¼ 60 mHz]

(c is the speed of the light). The most misaligned
LISA-TAIJIm yield the worst overlap function in the
three networks for frequencies lower than a critical
frequency fcrit ≃ c=ð2DsepÞ ≃ 1.5 mHz considering the
separation, Dsep ¼ 1 × 108 km, between LISA and
TAIJIp/TAIJIm [30]. When the frequency is higher than
the critical frequency, the overlap reduction functions of
both LISA-TAIJIm and LISA-TAIJIp oscillate and
quickly approach zero.

FIG. 9. Thenormalizedoverlap reduction functionsof threeLISA-
TAIJI networks tensor polarization. The overlap reduction functions
of LISA-TAIJI network are from previous work [27]. Each curve
represents the sum of the optimal channels from two missions,
γsum ¼ P

i;j¼A;E;T γij, and thenormalization is implemented tomake
γsum ¼ 1when two detectors are coplanar and colocated. TheLISA-
TAIJIc network has the strongest cross-correlation with each other,
and the LISA-TAIJIm network yields the worst cross-correlation in
the three configurations for the isotropic SGWB observation.
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