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Free scalar correlators in de Sitter space via the stochastic approach beyond
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The stochastic approach to calculating scalar correlation functions in de Sitter spacetime is extended
beyond the overdamped “slow-roll” approximation. We show that with the correct noise term, it reproduces
the exact asymptotic long-distance behavior of field correlators in free field theory, thereby demonstrating
the viability of the technique. However, we also show that the naive way of calculating the noise term by
introducing a cutoff at the horizon does not give the correct answer unless the cutoff is chosen specifically
to give the required result. We discuss the implications of this for interacting theories.
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I. INTRODUCTION

The study of spectator scalar fields in de Sitter via
quantum field theory (QFT) in a curved spacetime is a well
studied area [1-4]. Beyond formal interest, spectator
scalars are applicable to many areas of cosmology, in
particular the inflationary epoch [5-9]. Examples of this
include the study of post-inflationary dynamics [10], the
generation of dark matter [11-13], the anisotropy of the
gravitational wave background [14] and the triggering of
electroweak vacuum decay [15-17].

Standard QFT techniques can be applied to free field
theory in de Sitter; however, for theories including self-
interactions, infrared divergences result in the breakdown
of perturbation theory for light scalar fields [18-21], which
has led physicists to explore other methods [22-29]. The
stochastic approach [30,31] is one such method, where
quantum behavior can be approximated by a stochastic
contribution to the classical equations of motion. It is
becoming increasingly popular and is now widely used
in the literature as an alternative to perturbative QFT
[10,32-50]. It is possible to derive the stochastic equations
via a path integral, which aligns more with standard thermal
field theory approaches [36,37,45,51-58]; however, in this
paper we will focus on the original mode expansion method
[30,31]. One of the major attractions of the stochastic
approach is that the scalar correlation functions can be
considered as statistical quantities governed by the prob-
ability distribution function (PDF), leading to straightfor-
ward computations via a spectral expansion [44].

In much of the current literature [35,40-44,48-50], the
stochastic approach is applied to almost-massless scalar
fields where one can use the overdamped “slow-roll”
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approximation in which the second derivative of the field
is negligible, reducing the equation of motion to a first-
order differential equation. In this limit, the pioneering
work of Starobinsky and Yokoyama [30,31] showed that
the existence of the de Sitter horizon allows one to split the
modes between subhorizon and superhorizon wavelengths.
The quantum subhorizon modes give rise to a stochastic
noise term, which can be calculated by explicitly integrat-
ing out the modes with momenta above the horizon-scale
cutoff. The long-time or long-distance asymptotic behavior
of field correlation functions obtained by solving the
resulting stochastic equation agrees with the original
QFT result, demonstrating the validity of the approach.
However, there are many situations in which the slow-
roll approximation is not valid, because the scalar field
mass m is not much smaller than the Hubble rate H. As

long as m < v/2H, the long-wavelength modes are still
amplified by the expansion of space, and at asymptotically
long distances the stochastic approach should still be valid.
The extension of the stochastic approach to these cases,
beyond the slow-roll limit, has been discussed in
Refs. [41,42,47] in the top-down picture by deriving the
effective stochastic theory from the microscopic QFT
description using a similar cutoff procedure as in the
slow-roll case. In this paper, we consider the same question
from the bottom-up perspective, asking whether and when
the stochastic theory actually reproduces the correct QFT
behavior in a free field theory where the latter is exactly
known.

We find that this is not the case for the stochastic theory
obtained with the cutoff approach: the asymptotic behavior
of the correlators does not agree with the QFT results. On
the other hand, with a different mass-dependent noise term
it is possible to reproduce all equal-time QFT correlators
correctly. This gives confidence that the stochastic
approach itself can be valid beyond the slow-roll limit,
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but it leaves open the question of how to compute the
correct noise term in general. In the free field case, we can
determine it by matching the correlators, but in an inter-
acting theory that is not possible because no exact QFT
result is known. Nonetheless, this current work with free
fields paves the way for future work on interacting theories.

The paper is organized as follows. In Sec. II, we begin
with a brief overview of Starobinsky and Yokoyama’s
original approach before extending it beyond the over-
damped limit. In Sec. III, we solve the stochastic system
and compare it with the full QFT. Finally, we discuss our
findings and conclusions in Sec. IV.

II. THE STOCHASTIC APPROACH
A. The overdamped limit

Let us consider a scalar quantum field ¢(z,x) in a
cosmological de Sitter spacetime with scale factor
a(t)=e'". We define the effective mass m>=m}+ 12£H?,
where mg is the scalar mass and & is the nonminimal
coupling constant [59], such that the scalar potential
V(q?ﬁ) incorporates all nonminimal interactions. We intro-

duce the field derivative 7 = g?ﬁ as an independent variable
such that the equations of motion are written as

<”> - (—3Hfr+T1t)2V2<;§—V’((}b)>’ ()

where dots and primes denote derivatives with respect to
time and field respectively, and H = @/ a is the Hubble rate
which we take to be constant.

The original stochastic approach proposed by
Starobinsky and Yokoyama [30,31] splits the field into
classical and quantum components:

b=d+op (2)

about the de Sitter horizon scale 1/H, where ¢ contains the
classical superhorizon [k/a(t) < 1/H] modes and

N &’k R
i) = [ GEWohtx) O
(27)
contains the quantum subhorizon [k/a(t) > 1/H] modes.
The field operator can be written as ¢ (7, X) = ¢ (¢, X)a; +
¢i(t,x)a, where {a,} are the set of creation and annihi-
lation operators relating to the Bunch-Davies vacuum
[1-3], and the window function W () = 0(k — ea(t)H)
acts as a cutoff to separate the subhorizon quantum modes
from the superhorizon classical ones, where the real

parameter € determines the precise cutoff scale.

In the overdamped slow-roll limit, where V" (¢) < H2,
which corresponds to (nearly) massless scalar fields,
#is negligible. Therefore, one obtains a one-dimensional
equation of motion:

0=h+5; V@), @)

Applying the field split of Eq. (2), we obtain

0=+ V@) - &%) (5
where
3
§(t, x) = ea(r)H? / éﬂl;é(k—ea(t)H)(;ﬁk(t,x). ()

For massless scalars, the vacuum Bunch-Davies mode
solutions [1-3] are given by

__H T igkky
Pi(t,x) = \/ﬂ<Ha(t)+k>e @ . (7)

The key observation of Starobinsky and Yokoyama
[30,31] was that Eq. (5) may be approximated by a
Langevin equation,

. 1
0= = V'(¢) = &(t,x), 8
bt 3V (@) - €0 Q
with a stochastic white noise contribution &£(7,x) that
satisfies

. . H?
(&%) %)) = lim (1. x)E(1 %) ) =5 58— ). (9)
e—0 471'
Thus, ¢ is now considered as a stochastic quantity with
an associated probability distribution function and hence
correlators can be evaluated by statistical methods.

B. The cutoff method

We will now consider massive fields, requiring us to go
beyond the overdamped approximation. The naive exten-
sion of Starobinsky and Yokoyama’s cutoff approach is to
follow the same procedure as in the overdamped limit, but
now we also need to split the time derivative of the field
[42,58]. This gives

f=d=§+0,58) =7+ 6 (10)

where 7 contains the classical modes and

om = /%Wk(r)fzk(z,x), (11)

where 7, (t,x) = 7 (1, X)a, + z(t,x)a, and W, (1) is a
window function that satisfies W, (¢) = 1 for k> a(t)H
and W;(r) = 0 for k < a(t)H. The mode functions obey
the equation of motion (1), which is solved to give
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o) = oty o ()

for the Bunch-Davies vacuum [1-3], where Hﬁi)(z) is the

Hankel function of the ith kind and v = %— Z—i We can

now write the equation of motion in terms of the splits as

hd 3 . A

i=n-[ %m(zm(r,x), (13a)
3

7=-3Hd -V () - éﬂl;wk(z)fzk(t, x), (13b)

where Eqs. (13) and (13b) are the first and second rows of
Eq. (1) respectively. Thus, the equations of motion can be
written as a system of first-order differential equations:

@) - (—3Hﬁiv’($)> ’ (Zgj) (14)

where
2(1.x) = - / %v‘vkm(r,x), (15a)
3
& (%) = / éTk)}Wmm(r,x). (15b)

Once again, we may approximate Eq. (14) as a Langevin
equation, where the field and field momentum move from
quantum to classical objects. This is written as

(f) B (—3HniV’<¢)> i (?gzi) (16

where the stochastic noise &; satisfies

(&i(t.x)E;( . x)) = <2§i(tvx)§j(t/7x)>7

for {i, j} = {¢, n}. Note that we will refer to 7 as the field
momentum, though this is now slightly more complicated
than just the time derivative of the field, as per Eq. (14).

Computing the quantum correlator for a sharp cutoff at
k = ea(t)H, namely W, (1) = 6(k — ea(t)H), where € is a
parameter whose relevance we will discuss later, we obtain

(18)

(17)

(&6, x)&;(r. x)) = Ggut,ijé(t - 1),

(12a)
k (hm (K m (_k i
= - ix(12b
a0 (om) = (am)) ) (120)
|
where
ea(t)*H*
Tt = Ty |Pea(yn (1.X)|?
H3 3
=1 D (eyHP (), (19a)
8
agut.(/)ﬁ = oguf,ﬂ{/)
ea(t)*H* .
= 4”2 (¢€a([)H(I’X)7[€a([>H(t7X)
+ Zea(nn (1:X)D g1 (1:X))
H'e 1 (1 2)
=5 el @ =1 (e)H(e)
+HD (M, (€) + 61 (€) —eHP (e))|. (19b)
ea(t)*H*
O%ut,;m = T ‘”ea(t)H(tv X)2|
Hé?

I (e @+ 300 - ey o))

x <eH§2_>, (€) + 31 (e) — eH?), (e)>, (19¢)

2
cut,pn

is given by the classical part of the quantum noise correlator
as we know that it must be real for this to be considered a
stochastic process. Choosing € < 1 ensures that the
classical symmetric part dominates over the quantum
antisymmetric part. The details of this statement are dealt
with more carefully in Refs. [42,58].

and the subscript cut stands for cutoff. We note that o

C. The Fokker-Planck equation

The time evolution of the probability distribution func-
tion (PDF) P(¢, x; t) of the variables ¢ and 7 is given by
the Fokker-Planck equation associated with the Langevin
equation (16):
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OP(¢p, 7 1)
ot

OP(¢p, 7 1)
¢
OP(¢, m; 1)
on

1 O?P(¢p, m; 1)
20 ogr O
la O*P(p, ;1)

2 on? ’

=3HP(¢p,m;t) — =

+ (BHz +V'(¢))

PP(¢. 7:1)
+ 20r

+ (20)

where, in this section, we consider general white noise with
the form

(Gi(1,x);(7, %)) = 056(t = 1), (21)

which does not necessarily have the amplitude (19).

In principle it is possible to solve Eq. (20) using the
spectral expansion in the same way as in the overdamped
limit [44]. However, the two-dimensional eigenvalue equa-
tion is hard to solve numerically. It is also not self-adjoint,
and therefore the eigenfunctions are not orthogonal. In this
paper, we will restrict ourselves to the free field case,

V(p) = ymi (22)

where we can solve Eq. (20) using a different technique. It
is worth noting, that in the special case 63, = 63, = 0, the
eigenvalue equation can also be solved analytically using
creation and annihilation operators [60].

For the free potential (22), the equilibrium solution is

3H(((9H2+m2)0¢¢+6Hﬂ¢ +02 )7! +6Hm? J¢¢¢Il+(l?l 5¢¢+072m)m2¢2)

(m2 a +3Ho? 402 )2 +9H2 (02 o2 ~o% )
Peq(qb,ﬂ)cxe bo " pn e ,

(23)

with the normalization condition [ d¢ [ dzP,,(¢.x) = 1.
To obtain the time-dependent solution, we introduce new
dynamical variables (g, p) as

(Z)‘ﬁ(,; af)(;) (24)

3

_3_ _3 - —./2_
where a =5 —v and f=35+v, with v=,/3

inverse transformation is given by

D5l 0

In these new variables, the Langevin equation (16) can
be written as

Z—z. The

q _ _aHQ) (éq) 26

(;‘a) (—ﬁHp e, ) 26)

where &, = = (75, + &) and &, = —1= (&, + aHEy).
q \/EﬂH ¢ P \/@ ¢

Thus, we have two one-dimensional Langevin equations
with correlated noise. The resulting Fokker-Planck equa-
tion for the PDF P(q, p;1) is

OP(q.p:t) OP(q,p;t)
—————~=aHP(q,p;t Hg———=
Y aHP(q,p;t)+aHq 4
1, 0°P(q,p;1t)
g2, 2L
2 oq?
OP(q, p;t
+ﬂHP(q,p;t)+ﬂHp—(a )
14
1, #P(g.pst)  , O*P(g.pst)
2 b 9 2 b b
Eapp ap? O4p 9q0p (27)
where 67, 67,, and ¢%, are defined in the same way by

Eq. (21), but now (i, ]) e {q, p}. The equilibrium solution
to this Fokker-Planck equation is

2452 apqp+o? aqz)

oH (”qq/}p 3 ap pp
P, ( )= 3H o e 934 p =407
eg\4d> P 9 )

aqqapp 4aﬁ0

(28)

where we have included the normalization found by the
condition [ dp [ dqP.,(q.p) = 1.

For completeness, we note that the transformation to and
from the (¢, 7) noise amplitudes with respect to the (g, p)
noise amplitudes is respectively

2 1 1 52 2 2
quzl— B2 m“‘ﬁH (/)71+6(/)(/) )

5 1 1 a\ , 2
Cyp = ﬂHa,m—i— 1+B 6¢ﬂ+aH0'¢¢ ,

1

o3, 1o %(0,,,,—|-2aH0¢ +a2H20¢¢) (29a)
1 1 2

Géff’:l_%@ZHZG?’P ,BH §P+6 )’

> _ 1 L, 1 2 Ho2

O¢n —a _ﬁ_HGPP+ +B Ogp — A10yq |
1

62, = — 2 ( 2aHc?, + a*H?62,) (29b)

p
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III. EVALUATION OF CORRELATORS

A. Stochastic correlation functions

We will now evaluate the (¢, z) correlators in terms of the (g, p) correlators using Eq. (25). For the stochastic approach,
we evaluate the correlators at equal points in space before transforming to equal-time correlators at the end of this section.

The equal-space (¢, z) correlators are written as

(#O0) =5 (7 (PO = 7 (4OP() + (PO + 40010 ). (30)
#0219 = (577 00+ GO+ (p0g18) (4010} ). (300)
(50090} =15 (- 557 PO +5 (a0)p(0) + (p(0)a() - atta(0)q(0)) (300)
m e 5 (POp 5(a)p p(0)g aH (q(0)q(1)) ).

(m(0)x(1)) = T (P(O)p(1)) ~ B ((a(0)p(1) + (p(O)a(1)) + PH(g(0)q(r)). (300)

To calculate the (g, p) correlators, we introduce a time-evolution operator U(qy, g, po, p;t), which is defined as the
Green’s function of the Fokker-Planck equation and therefore obeys

aU(QO? 4, Po> P t)
ot

+ﬂHU<CI0,q7POaP,t) +ﬂHp

9*U(q0. 4. po. p3 1)
0qOp ’

2
+ o4

for all values of g, and p,. Then, the time dependence of
the PDF is given by

P(q,p;t)z/dpo/dqu(qo,po;O)U(qo,q,po,p;t),
(32)

such that the time-evolution operator obeys the Fokker-
Planck equation (27). Unfortunately, this is not an easy
equation to solve. However, if we initially only consider the
two-point correlation functions such as those in Eq. (30),
we only need to evolve p or ¢ forward in time for any given
correlator, not both simultaneously. Therefore, one only
needs to use the one-dimensional time evolution operators
U,(qo.q:t) and U ,(py. p; ) defined by

&ww—/@wmwmm%¢m (33a)

P,(p:t) Z/dpoPp(po;O)Up(po,p;t), (33b)

U(qo.q. po. P: 1)

0
= aHU(qo.q. po. p;t) + aHgq

162 82U(q07 4, Po> D5 t)
dq 21 0q*

U(qo.q. po.pi1) 1 , 9*U(qo.q. po. p:1)

)
op T op?

(31)

|
respectively, where P,(g;t) and P,(p;t) are the time-
dependent univariate probability distributions. These time-
evolution operators satisfy the Fokker-Planck equations

0U,(qo.q:1) 0U,(qo.q:1)
qT = aHUq(QO» q; Z) + O‘qua—q
1, &PU,(q0.9:1)
+ Edgq 4‘]6612 , (348.)
oU,(po, 3 1) U ,(po. pi1)
P BH . Hp—P 777

1 o*U LDt
+§a§,p7”g; 0.P:1), (34b)
which can be derived in the standard way from the two
components of the Langevin equation (26).

Alternatively, they can also be obtained from the
two-dimensional Fokker-Planck equation (31), by first
observing that they can be expressed in terms of the
two-dimensional time-evolution operators as

103511-5
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N . Equation (34) can be solved via a spectral expansion [44]
Uy(do-4:1) = / dpU(4o-4. po- P31). (352) as outlined in the Appendix. The resulting solutions are
Uylao 1) = ¢ =" VS0, (0)0u(a0)e™,  (362)
9 ; - n n e b
Up(po,p;t)=/qu(610,q,po,p;t), (35b) o4 oAy o
-Z-(p*-p})
which do not depend on p, and ¢, respectively. Integratin U ,pit) =e P,(p)P, e Mt (36b
P Do 4o, Tesp y grating p\Po- P P)En(Po
Eq. (31) over p and ¢, respectively, and integrating the n
relevant terms by parts gives Eqgs. (34a) and (34b).
It is a special property of the coordinates (¢, p) that one ~ Where
obtains time-evolution equations that only depend on one ]
variable. It comes as a result of the Langevin equation (26) 0,(q) = 1 aH \z I aH e—zjg’qqz (372)
being diagonal, i.e. the time derivative of ¢ is not dependent n\d) = V2T 7;52 g " géqq ’
on p and, similarly, the time derivative of p is not
dependent on ¢. It is this property that allows us to . ”

. : . 1 pH \1 pH \ L
analytically evaluate the two-point correlators using the P,(p) = —— H,(|5=p e > (37b)
one-dimensional time-evolution operators. Note, however, V2"n! ﬂG%p 6?7]7
that in order to calculate the higher-order correlators, one
needs to evaluate the full time-evolution operator. where H,(z) is the Hermite polynomial.

|
1. Two-point equal-space stochastic correlators
The two-point (g, p) correlators are given by
/ dpy / dq / d40Peq(90- P0)Uq(d0: 45 1)90d = 5 e, (38a)
2
o
(p(0)q(1)) = /de/dQ/quPeq(QOvPO)Uq(QO,q; Npog = 3¢, (38b)
/d%/dp/dpopeq 90> Po)Up(Po> P31)qop _3—2[; e PH (38¢)
d d dqyP ; e PHI 38d
/ p/ Po/ 40Peq(q0- Po) U (po. p3 1) pop = 2ﬁH (38d)
and the equal-space (¢, 7) stochastic correlators are calculated using Eq. (30) as
1 o2 2 o’ o2
0)(1)) = a9 _ %ap \ —aH: pr__ %ap_\ —pHi| 39

0000 =75 | (=575 ) "+ (s~ (399)

1 o2, Qo> o’ o
0Vz(1)) = _%4q | “0ap\ —aH: pp_ %ap )\ -pH: ’ 39h
w0m0) =15 | (-5 S )+ (s 5 (39)

1 02 o2 02 aaz

0 1)) = —449 ‘H’ —aHt —ﬁHt , 39

r00) =g | (<5t S e+ (g ) (39¢)

1 aHo?, ac? o ac?
V(1)) = 99 _ *Cqp \ —anH: pp _%0ap | —pH1| 309d
om0 = | (T3 (G (39

103511-6
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2. Stochastic variance

For completeness, we can also evaluate the stochastic
variances. We will discuss these in the context of the
quantum result in Sec. IIT E. For now, they are given by

2\ __ 1 2 2 1 2
@) =5 (@ n) + ). o
1 1
<¢ﬂ>—1_%<—ﬂ—H<p2>+<1+ﬁ><qp>—aH<q >>
(40b)
(7) = (%) ~ 2aH (qp) + @), (400)
p

2

O4q
a4 41
" 2Ha’ (412)

2

(o)
/dq/dpPeq q.p) q=3—'§, (41b)
/dq/dpPeq q.p)p

Thus, the stochastic variances in terms of a general noise
term are given by

dq | dpP.,(p.q)q" =

ZHﬂ (41¢)

1 o2 202 62
2 q9 qp pp , 42
() = 1= (2Ha 3pH 2/}3H3> (42a)
1 631[1 a ‘712117 O-%’P
- Caa g (8 Zap . Ope ) (4p
() =1 —;-;< 2’ ( +ﬂ) 3u o) 42
<ﬂ2> _ 1 chrf]q B 2050,2”, o—%p ‘ (420)
1-e\ 2 3 2pH

3. Joint unequal-time probability
distribution function

Now that we have calculated all the timelike two-point
(¢, ) stochastic correlators and their associated variance,
we can write the joint probability that ¢(0) = ¢y,

7n(0) =my, ¢(t) =¢, and x(t) =x, for any given|

O
<Q(I,X)Q(t,xl)>:/dqr/dPrPeq(Qrvpr)/quq(qr’q;t_t’)q/dq/U‘/<qr’ql;t_tr)q/:2an]

<P(t7X)61(t,X’)>=/dqr/dprPeq(qr,pr)/dPUp(pr,p;t—tr)p/dq/Uq(qr,q/;t—tr)q 29 (Ha(1)[x—x'|)">

¢o. o, ¢, m. This is given by the joint unequal-time
PDF as

Py(o. . my. w3 1) = N(f)e_%(DTM(Z)_I(D (43)

where
¢ = (”07 ¢0’ , ¢)T’ (448.)
(momo)  (modbo) (mom) (moh)
_ (Pomo)  (Podo) (dom) (dod)
MOZ ) (et (om) (aay |
(pmo)  (Pgo) (Pm) (Do)

The normalization constant N(z) is found by the
condition [ d¢ [ dey [ dr [ dmoPs(¢o. P, 7o, 751) = 1.
Note that Eq. (43) is a solution to the Fokker-Planck
equation (20) for any value of ¢, and . This allows us to
calculate higher-order correlators directly, as will be shown
in Sec. Il F.

One can also write the joint unequal-time PDF in terms
of the time-evolution operator as

Py (o, . 7o, 75)

= Peq(¢0’”0)U(q<¢0’”0)’ CI(¢,ﬂ),p(¢0,ﬂo),p(¢,ﬂ>;t>,

(45)
where ¢ and p are written in terms of ¢ and x as of Eq. (24).

4. Two-point equal-time stochastic correlators

The quantum objects that are of interest physically are
the equal-time correlators. Currently, the stochastic corre-
lators are for equal points in space and thus we need to find
a way of moving to equal times. Following the original
work by Starobinsky and Yokoyama [31], we introduce a
time coordinate

t,:—%ln(mx—x’\). (46)

We then connect the equal-space and equal-time correlators
by evaluating a three-point function, incorporating this time
coordinate. We will follow a similar line of reasoning as the
equal-space correlators, whereby we calculate the equal-
time (g, p) correlators and then move to the equal-time
(¢, ) correlators using Eq. (30). The equal-time (g, p)
correlators are given by

(Ha(1)[x=x'|)7¢ (47a)

2

3H (470b)

103511-7
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2

O
(aex)p(ex))= [ da, [ dpPeylarp) [ daUy(angit=)a [ apUy(pptit=)p =5 Halx-x])" (470

2

(p(:3)p(0:x)) = [ da, [ dpPeofarpr) [ dpU(prpit=t)p [[dp'Uy(prptst=t) =32 (Halolx =X ) (@70

where U,(q,.q;t—t,) and U,(p,, p;t — t,) are given in Eq. (36), ¢, = ¢(t,) and p, = p(t,). Thus, using the equal-time
version of Eq. (32), the equal-time (¢, ) stochastic correlators are given by

(H0010.0) = [ a2 558 o = 28 a0 (450
(400030 = - [ a0 = ol S a2 (o)
001800 = - [~ a0 2 = 2 a2 + 2 o) (45c)
(0. 005(130) = 1 [0 o) 2]+ S22 a9 222 a5 (484

B. Quantum correlators

In order to understand how effective the stochastic approach is, we must compare the correlators with their QFT
counterparts. The simplest correlator to calculate is the two-point Feynman propagator of the field. In free field theory, this
can be evaluated exactly by solving the linear mode functions as [1-4]

N A H? 3 3 3 3
lA([, t/, X, X/) = <T¢(Z, X)d)(t/, X/)> = ﬁl—‘(z + U)F<§ - I/) 2F1 (E + U,z -V, 2, 1 + %) (49)

in the Bunch-Davies vacuum, where ,F(a, b, c; z) is the hypergeometric function, I'(z) are the Euler-Gamma functions
and y is given by

H2 /
y:cosh(H(t—t’))—TeH(’+’>|X—X’|2—1. (50)

From Eq. (49), we can find the quantum ¢ — 7, 7 — ¢ and ¢ — ¢ correlators by taking time derivatives. The results are

(Tg(t,x)a(f,x")) = 9, (iA(t, 7, x, X))

H? ,
= <—H sinh(H(r—1')) — TeH(IH)'X - x’|2>

H /5 5 5 5 y
2 r r(2-v),F(2-v24u,31+2 1
X64 <2+1/> <2 1/)2 1(2 u,2+v,3, +2) (51a)

(Ta(1,x)p(f, x")) = 8,(iA(r. 7, x, X))
3

H /
= <H sinh(H(t—1)) — 7e”<”’>|x - x’|2>

H> _[5 5 5 5 y
><64ﬂ2F<§+u>F<§—I/>2F1(E—U,E—i-u,?);l+§>, (51b)
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(T#(t,x)a(, X)) = 0,0, (iA(1, 7, x,X))
4

H )
= (—H2 cosh(H(r—1")) — 76H(t+t)|x - x’|2>

H? (5 5 5 5 y
XWr‘(E—FU)F(E—U)zFl(E—I/,E‘i—y,?ﬁ;l+§>,

H? ,
+ <H sinh(H(t - 1)) — 7eH(tth)|X _ X/|2)

H? (17 7 707 y
D(s+v|T(5—v),Fi|s—vis+ud14+3). 1
X Ssan? <2+1/> (2 1/>2 1<2 vyt +2> (51c)

The stochastic approach relies on quantum fluctuations being stretched to classical perturbations by the expansion of the
Universe. This approximation is only valid for large spacetime separations and therefore we will only be interested in the
leading order term in a large y expansion. We can expand the quantum field correlator to give

H?> [T(=20)(1 4 20) ST + v+ s)F(l +uv+s) y\ s
iA(2, 7, _

(88, x,x7) = 167> { G —|—1/ G-v) ; (142v+s)s! < 2>
C2u)r(1 —2v) il" G-v+s)FE-v+ys) Ly - ' 52)
FG+uv)(G—v) < I'(1-2v+s)s! 2

Thus, we find that taking the leading order terms in the two sums gives
H?> [T(20)I(- v (=203 v

A7, x,x') = QTG—w) ()= TGy () (53)

1677 r'GG+v) 2 r'GG-v) 2

The first term in the above expression is the leading term in the asymptotic expansion, while the second term is subleading.
For light scalar fields where 0 < v < 1/2, this term is not next-to-leading order.

The two spacetime regimes that we wish to consider are equal time and equal space. The equal-space correlators to
leading order in the two sums are

5 5 5 H? T(2u)[(3 - Hi=')\ =+v g2 (=203 + H(i—)\ —3-v
(Tt x)b(r', %)) = 1= (Fyéfy) ) <—e 1 ) e (rg—(i) Y) <—e 1 > . (54a)

H® al(2)T(3 ~v) <_6H<"”)>‘%*”+1H3 (=200 G +v) <_eH(’—”)>—%—” s

TPt R x) = e TG +v) 4 6  T(}-v) 4 ’

HY al(20)L(G—v) [ PN+ HY BO(=20)T(G+v) [ A=)\ -3 (54
- _ _ 7 .
167> T(3+v) 4 167° rg-v) 4

H* TQuTGE-v) [ -\ H* fPT(=20)TE +0) [ eHO=\ 3
- 2 1 - + 2 1 - s (54d)
167 r'GG+v) 4 167 rG-v)

(T it x)(r x)) = -

while for equal times they are given by

H? F(ZU)F(% —v) (Hetl!|x — x|\ 3+  H? F(—ZV)F(% +v) (Hel|x — x/|\ 32 (553
s a
167 T(3+v) 2 167>  T(3-v) 2

(@1 x)p(1.x)) =

H ol (2v)L (G —v) (He!|x — X’|> 3+ B Or(-20) G +v) <HeH’|x - X’|)—3—2v
1 ’

(@(r.0)#(1.x)) = - 1672 T3 +v) ( 2 6>  T(3-v) 2
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(#(t.x)(1.x)) = ~

1672 F(% +v) 2

(#(t, x)2(1,x")) =

1672  T(3+v) 2

2

H? ol 2v)l(3-v) (He”’|X - x’|> S+ B OAO(-20)0(E +v) <HeH’|x - x'|>—3-zp 550
- C
1 ’

6> TI'(}-v)

H* T (20)I(3-v) (He”’|x - X’|> 34w gY BT(-20)0(3 +v) (He”’|x - x’|> —3-20 (554)
1 )

67> rG-v) 2

We note that it is unneccesary to specify the time ordering of the operators for the equal-time correlators since they
commute. Therefore, in contrast to timelike separation, there is no ambiguity in the definition of spacelike QFT correlators.

C. Comparison between the cutoff stochastic and quantum correlators

We are now in a position to consider the validity of the cutoff approach with respect to the QFT. We will focus on the
equal-time field correlator in this comparison. By substituting the cutoff noise amplitudes of Eq. (19) into Eq. (29a), we can
express the (g, p) noise amplitudes in terms of Hankel functions and hence the stochastic field correlator is given by

H2€3
25612
H?e
+ 256127

(#(0,0)¢(0, %))y =

eH(€) + 201 (€)= eH (e

€H£1_), (e) = 20H " (e) - eH“)] (6)2’ |Hx| =32

v+

|Hx|2. (56)

Note that we exclude the |Ha(t)x| term in what follows as that is an additional stochastic term that does not appear in
the quantum correlator. Comparing this expression with Eq. (53), we find that the cutoff approach will reproduce the leading

order term of the quantum correlator if

H?e
25612

This can only be true if € is mass dependent. Note that
this solution will not reproduce the leading term in the
second sum of Eq. (52).

To make this comparison between the cutoff stochastic
and quantum correlators more concrete we define a
quantum noise as

H> TG-v)LQu)4 1 o0g,,
162> T(3+v)  1-%2Ha’

(58)

If the stochastic noise has the amplitude o3, = 67, ,, then
the leading term in the equal-time stochastic field correlator
(48a) is equal to the leading term in the equal-time quantum
field correlator (55a). To compare this with the cutoff
method, we plot 67, ,, and 6,,, 44, for various values of e, as
a function of v in Fig. 1. We observe that the cutoff
procedure correctly calculates the leading-order amplitude
in the small mass m < H limit as ¢ — 0 but beyond this the
results diverge from each other.

D. The matching procedure

As an alternative to the cutoff procedure, we propose to
generalize the stochastic approach. We assume the sto-
chastic equations are that of Eq. (14) but we keep the noise
general, as we do throughout Secs. II C and IIT A. Then, the

eHV, (e) = 20H (e) — ML), (e)

2 gp [r(g—y)r(zv)ﬁ‘”} (57)

T 167 r+v)

|
procedure for calculating stochastic correlators remains
unchanged, but we match the noise amplitude with the
equal-time quantum correlators (55). This not only trivially
reproduces the two-point equal-time correlators to leading
order, but also reproduces all higher-order equal-time
correlators correctly for the matched noise.

FIG. 1. The quantum (blue) GZQ’ " and the cutoff (red) noises
O2urgq With € =0 (dot-dashed), e =0.01 (solid), e=0.5
(dashed), and ¢ = 0.99 (dotted) is plotted as a function of v.
We see that the two approaches do not agree for any value of ¢
and therefore the cutoff procedure is unable to reproduce the

quantum field correlator for all masses.
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The noise matrix has 3 degrees of freedom: o7, 67, and
f, p- The primary constraint is that the leading order
behavior of the equal-time quantum correlators is repro-
duced by their stochastic counterparts; in other words, it
satisfies Eq. (58). We also choose to match with the
subleading contribution, which results in a constraint on
o5, Finally, we constrain o7, such that the equal-space
quantum correlators are also reproduced by their stochastic
counterparts up to a complex phase. This amounts to the
continuation from equal space to equal time via e”("=*) —
(Ha(t)|x — x'|)>. We suggest that this complex phase
should not feature in the stochastic approach since the
stochastic correlators are real by definition. This may be an
indication of long-distance quantum features that are not
accounted for, though more work is required to understand
this more concretely.

With these constraints in place, our matched (g, p) noise
contributions are given by

o

H3awT(20) (3 - v) 45

0% .= , (59a)
Qe an’p T +v)
oG p = 0. (59b)
31y
,  HPUT(-)E+ )4t ‘ (590)

C0rr T 42 rg-v)
|

These can then be substituted into the equal-time
stochastic correlators (48) to give (55). Note that this
choice simplifies the Fokker-Planck equation (27) to two
uncorrelated one-dimensional Fokker-Planck equations for
g and p. Thus, the separation of the time-evolution operator
discussed in Sec. III A applies to all correlators.

We note that the matching stochastic approach repro-
duces the equal-time quantum correlators for all masses,
including when v becomes imaginary. We suspect that this
is only true for free fields and that, for self-interacting
theories, the stochastic approach will break down if the
fields are too heavy since the expansion of the Universe will
no longer be sufficient to promote quantum fluctuations to
classical perturbations. More work is required to under-
stand this in more detail. However, the purpose of the
stochastic approach is to replace the IR divergent pertur-
bation theory. This is only necessary for light scalar fields,
where we expect the stochastic approach to work.

E. Quantum variance

Before considering higher-order correlators, we compare
the matched stochastic and quantum variances. We have
calculated the general form of the stochastic variances in
Sec. IIT A 2. Substituting the matched noise of Eq. (59) into
Eq. (42), we find that

_ H? TG-)(2w)4* TR+ v)0(-20)4H
<¢2> - 1671'2 |: : F(%—FI/) = F(%—l/) :|7 (608.)
_H? [alG-u)Tu)4 UG+ u)(-2v)43
() == 1672 { : rG+v) ) rd-v) } ’ (60b)
H* [@TG-v)T (204~ TG+ ) (-20)4
(%) = 16 [ 2% ) : i } (60c)

In the quantum theory, even for free fields, these
quantities contain ultraviolet divergences since they are
governed by short-distance dynamics. It is therefore not
appropriate to compare this quantum object with its
stochastic equivalent because the stochastic approach is
only valid for large spacetime separations. We only include
it here to allow us to compare higher-order correlators. Its
inclusion in these expressions allows us to isolate the
ambiguity surrounding the UV divergences.

To see this more clearly, we include the quantum
variances, which are given by Refs. [1-3]

. H> (3 3 3,3
) .
<¢ > :—16ﬂ2F<§—y>F<§+v>zF1 <§+l/,§—l/,2,1>,

(61a)
(p#) =0, (61b)
4
(72) _(';'ilzz F(z—u>F<;+y>2Fl (Z+D,;—I/,4;]>.
(61c)
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It is clear that the variances do not match between
quantum and stochastic approaches, which is to be
expected as discussed. In the small mass m < H limit,
the variances are given by

. 3H* 3H*
2 2 .
= ; = ;o (62
<¢ > m<H 871'21712 <¢ > m<H Sﬂzmz ( a)
. 17H3
@8 =0 (gm| =-—oi (620)
m<H m<H T
3H* 6H?
(7%) =— (n?) =—. (62¢)
m<<H 32z m<<H T

One can see that the field variances match. This is
because the 1/m? term comes from the leading order
contribution to the asymptotic expansion, precisely as
the stochastic approach reproduces, due to its IR divergence
in the small mass limit. For the ¢ — 7 and = — = variances,
subleading terms in the asymptotic expansion contribute to
the leading terms in the small mass expansion and thus the
stochastic and quantum variances do not match even in the
small mass limit.

F. Higher-order correlators

We are finally in a position to consider higher-order
correlators. This is done using the joint unequal-time PDF
(45) with the matched noise of Eq. (59). Thus, all equal-
space higher-order correlators can be calculated via

(f(9(0.x) . X), 2(1,X)))

/ dto / o / dmy
X/dﬂP2(¢o7¢’ﬂo’”)fo(¢o7”0)g(¢’”)- (63)

The PDF of Eq. (43) is Gaussian and therefore Wick’s
theorem can be used to compute correlators of arbitrary
functions of ¢ and z. The only quantities that need explicit
calculation are the ¢ — ¢, ¢ — 7, # — ¢ and = — & corre-
lators with their corresponding variances, all of which have
been done. This also means that we have implicitly proven
that the stochastic and quantum results agree to leading
asymptotic order for all diagrammatic contributions to all
correlators. Thus, the matching of the stochastic and
quantum two-point field correlator is not arbitrary but
provides a key calculational tool for dealing with correla-
tors in de Sitter.

As an example, let us consider the ¢? correlator.
Using Wick’s theorem, one can calculate the stochastic
correlator as

(#(0.0)%(0.x)) = (¢?) + 2({(0)p(x))*.  (64)

Alternatively, one can calculate the ¢* stochastic corre-
lator using the methods outlined in Sec. IITA. With

aqp 0, it is possible to write

Uq(‘lo’ q; t)Up(pO»P; t)’ (65)

and hence all timelike (g, p) correlators can be calculated

from
/ dqq / dq / dpg

X/ dpP,,(q0. po)U,(q0.4:1)

x U, (po, ps1)f (40, P0)9(4q, P)-
(66)

U(q0. 4. po- p3t) =

(f(q.p;0)g(q. p; 1)

Then, all higher-order (¢, 7) correlators can be related to
this via Eq. (25) and hence calculated. For the equal-space
¢?* correlator,

($(0.%)2(1%)?)
~ lﬁ) ((~5ar@+a0) (- gp0+a?) )

(67)

By expanding the brackets, we see that this correlator
will depend on nine (g, p) correlators. To ensure we get all
leading-order contributions for this correlator, we perform
the spectral expansion with a sum up to n = 2 for the time-
evolution operators of Eq. (36). Evaluating the (g, p)
correlators, we find that many of them are zero. The
remaining nonzero correlators are

(P(ORP(0)) = 288 (1 + 2072

T (68a)

02 0'2
(p(0Pq(1)?) = =G ot (68b)

62 0'2
(P(O)a(O)p(Da(n) = =5 St e s (68¢)
(0P (1)) = "Srres (684)

0.4

(9(0)2q(1)?) = 7% (142e7"). (68e)

4H?a?

Since we have chosen the noise such that timelike
and spacelike correlators are related by e"(~)
(Ha(t)|x—x'|)?, the equal-time ¢? stochastic correlator
is given by
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wie0Pp(exP) = (11

5 2Ha

2H3ﬂ3

The first term is the square of the stochastic field
variance, Eq. (42a), while the second term is proportional
to the square of the stochastic two-point field correlator,
Eq. (48a). Hence, the spacelike ¢ correlator is given by
Eq. (64), as expected by Wick’s theorem.

Wick’s theorem can also be used to evaluate the quantum
¢* correlator to give

((.02d(1.x?) = (§)" +26Ax)2. (70)

This is equal in form to its stochastic counterpart, with
the obvious discrepancy between the variance.

IV. DISCUSSION

A. The small mass m < H limit

The new matching technique of evaluating noise has
proven to be effective in calculating the correlators at all
orders in mass. It is now instructive to compare this
matched noise with the cutoff method. In the small mass
limit, the matched and cutoff noises are

2 H3
%0.qq «H ~ a2
m
H3 2
O%ut,qq . :W (1 +§+§>, (718_)
m<
2 _
GQ’qp <H B 0’
m
H4 < €4>
2 2
Cout, =— (- +=); (71b)
uar m<<H 47[2 3
5  36H°
%0.pp -y T oo
m
HS
Ugut.pp " - mé“ (71c)
m<

One can see that the cutoff and matched gg and ¢p
noises are equal in the limit € — 0, the former as indicated
by Fig. 1. However, the pp noises are not. This suggests
that the cutoff method is only capable of reproducing the
leading order behavior, even in the small mass limit,
whereas the matching procedure reproduces both leading
and subleading. We can make this statement more precise
by writing the field correlator for both the cutoff and
matching procedures in the small mass limit. This is
given by

1 \2T/c> 02 2 o7 oy ?
) K Qg 4 QW) +z<Q*q‘f|Ha(t>x|-2a+Q“’|Ha<r>x|-2ﬂ) } (69)

2Ha 2H P

|
3H4 _om?
(@(1,0)(t,X))eue| = 32 |Ha(t)x| 2

(72a)

e=0

(72b)

We can see that both methods produce the leading order
behavior but only the matching method reproduces the
subleading contribution. The subleading contribution is
negligible compared to the mass-divergent leading term, so
the cutoff method is sufficient in this limit, as expected. The
leading term is also precisely the result of Starobinsky and
Yokoyama’s original work in the overdamped limit.

B. Concluding remarks

The stochastic approach can be applied to free scalar
fields beyond the slow-roll limit. If the noise amplitude in
the stochastic equations is correct, equal-time correlators
agree with the QFT results at asymptotically long distances,
which is the relevant regime for cosmological observations.
Timelike correlators are also reproduced up to an overall
complex phase.

However, the cutoff procedure—a naive extension of
Starobinsky and Yokoyama’s original approach—only
gives the correct noise term if the cutoff ¢ depends on
the mass in a specific way. We determine this mass
dependence by matching with the QFT. Alternatively,
one can obtain the noise term directly by matching with
the QFT, without introducing a cutoff. Both these proce-
dures are equivalent and both require knowledge of the
asymptotic QFT correlators.

Regardless of how one chooses to evaluate the noise, the
key result is that the stochastic approach is a viable
alternative to QFT for free fields if the noise contribution
is given by Eq. (5§9a). This motivates future work, where
this method will be applied to interacting theories, as it
suggests that the stochastic approach offers the ability to
calculate objects that cannot be found by standard QFT
procedures. Because the exact quantum correlators are not
known in that case, one would ideally need a way of
determining the noise amplitude directly from the micro-
scopic picture without matching. Currently it is not known
how to do that, but by showing what the answer needs to be
in the free case, our results are an important step in that
direction.
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APPENDIX: DERIVATION
OF THE EIGENSPECTRUM

In this Appendix, we derive Eq. (36), the expression for
the time-evolution operators, via a spectral expansion [44].
We will explicitly derive U, (qo. g; t) here; the derivation of
U,(po, p;t) follows in precisely the same way. We begin
with Eq. (34a):

OU,(q0- 4:1) 0U,(q0. ;1)
————==aHU,_(qy, gt Hg—1—="7
i aHU (g, ;1) + aHq 94
1, 0°U(q0,41)
+§qu8—q2’ (Al)
which holds for any ¢,. We define
(- q5) ~
Uglao qst) = e ™ " Uglqo.q:1)  (A2)

such that Eq. (A1) becomes

aUq(Q07 qat) _ 102 azqu(q07 Cl,t)
ot 279 9q?
1 H?a? 5\~
+§ Ha - 02 q Uq(quq;t)’ (A3)
99

which is solved to give

Uy(qo-q:1) = > _e™M0,(q)0u(q0)  (A4)
where
~0%0,(q) | (2Ha 1\ H?d&
0="57 +<0_5q <"+2>— a1 >Qn(q)- (AS)

This equation is recognized as that of a quantum
harmonic oscillator. Thus, these eigenstates can be found
through standard procedures, resulting in Eq. (37), and so
the time-evolution operator is given by Eq. (36a), as
required. We note that since the right-hand side of
Eq. (AS) is a self-adjoint operator, the eigenfunctions obey
the orthonormality and completeness relations

/ dq0,(4)0n(q) = . (A6a)

> 04(0)0u(d) = 8(q - 4. (A6b)
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