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In this work, we elaborate on the finite action in the framework of Horava-Lifshitz gravity. Assuming the
finite action principle, we show that the beginning of the Universe is flat and homogeneous. Depending on
the version of the theory, different cosmological scenarios are possible. Furthermore, we show that the
Horava-Lifshitz gravity action selects only the regular black-hole spacetimes since the singular black holes
possess infinite action. We also comment on the possibility of traversable wormholes in theories with
higher-curvature invariants. The possible cosmological solutions in Horava-Lifshitz and quadratic gravity
are similar, proving that the finite action principle is not model sensitive.
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I. INTRODUCTION

The path integral approach yields a powerful framework
in quantum theory since it emphasises Lorentz covariance
and allows for the description of nonperturbative phenom-
ena. In the path integral, one is supposed to sum over all
possible configurations of a field(s) ® weighted by ¢5[®),
where S[®] is the classical action of the theory. In the Wick
rotated path integral, where one takes t — iz, the field
configuration is weighted by =5/,

Following this notion, the finite action principle (FAP)
proposes that the action should be on the fundamental
entity instead of the field values. One can then ask which of
the field configurations results in the finite action and
which in the infinite one.

Recently, this principle has been applied to the study of
black holes [1]. Since it is expected that the quantum
gravity should resolve the black-hole singularity problem,
one may ask which of the microscopic actions remains
finite for nonsingular black holes and, conversely, interferes
destructively for the singular ones. This we shall call the
finite action selection principle. Only after the inclusion of
higher-curvature operators, beyond the Einstein-Hilbert
term, can such a selection principle be satisfied [1].
Furthermore, in asymptotic safety, the quantum corrections
to the Newtonian potential eliminate the classical s
ingularity [2].

On the other hand, requirement that an action of the
Universe should be finite [3] is well motivated, theoreti-
cally (see also a newly proposed finite amplitudes principle
[4]). This principle has a significant impact on the nature of
quantum gravity and the evolution of the Universe, once the
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higher-curvature terms are included [5,6]. Following this
principle, unlike for the Einstein action, in Stelle gravity [7]
the presence of the R? term implies homogeneous and
isotropic conditions for the early universe if considering the
off-shell action (for the on-shell action anisotropies are
supposed to be washed out by inflation [4]). Furthermore,
the highly symmetric state yields a vanishing Weyl tensor
[8], explaining the low entropy of the early universe.

These findings suggest that by taking into account
the higher curvatures one can resolve the singularities in
the early universe and the black holes. Yet, an issue with the
higher-curvature theory of quantum gravity is the existence
of the particles with the negative mass-squared spectrum,
known as “ghosts,” which makes the theory nonunitary. It is
the consequence of the Ostrogradsky theorem [9] and the
presence of higher than second-order time derivatives in
the terms beyond R in the action. However, this might be
resolved by additional symmetry [10], giving up the
microcausality, changing the propagator prescriptions
[11,12], or taking into account infinitely many derivatives
13]], see also the discussion [14] on possible resolution in
the context of asymptotic safety.

In this article, we explore yet another possibility, namely,
we investigate Horava-Lifshitz (HL) gravity [15], where the
Lorentz invariance (LI) is broken at the fundamental level
(see [16] for a comprehensive progress report on this
subject). Kinetic terms are first order in the time derivatives,
while higher spatial curvature scalars regulate the
UV behavior of the gravity. Furthermore, the lower-
dimensional lattice studies of causal dynamical triangula-
tions give the same Hamiltonian as HL gravity [17-19].

In the Euclidean path integral the notion of the finite
action principle is quite natural since the infinite action
configurations clearly do not contribute. On the other hand,
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the Wick rotation is not well defined in quantum gravity, in
general, this becomes especially difficult for the theories
with higher-curvature terms. In our investigation we follow
Horava [15] and assume that the Wick rotation is well
defined. This can be motivated by the lack of the higher
timelike curvature invariants. In the usual higher derivative
constructions the existence of massive poles in the propa-
gator makes the Wick rotation troublesome [20].
Conversely to the latter, the new poles are massless and
nontachyonic for a suitable choice of parameters [21].
Furthermore, the existence of the foliation supports that
claim. For the discussion of Minkowski path integral and
FAP, see [1].

In this article, we show that the finite action arguments
applied to the projectable HL gravity result in a flat,
homogeneous, UV-complete, and ghost-free beginning of
the Universe, supporting the topological phase conjecture
[22]. We also show that the finite action selection principle
[1] works for HL gravity in the context of black holes (the
action is finite for nonsingular black holes (BHs) and
conversely for the singular). Furthermore, we have found
that wormholes possess a finite action and hence contribute
to the path integral of QG, therefore, they are consistent
with the Einstein-Rosen (ER)=EPR hypothesis [23]. On the
other hand, the stable traversable wormholes solutions are
known only in the higher derivative gravities [24] (without
exotic matter), so there seems to be a wormhole/
nonsingular BH trade-off after taking into account the
finite action principle.

II. HORAVA-LIFSHITZ GRAVITY

In the Horava-Lifshitz gravity, space and time are scaled
in a nonequivalent way. Diffeomorphism invariance is
broken by the foliation of the four-dimensional spacetime
into three-dimensional hypersurfaces of constant time,
called leaves, making the theory power-counting renorma-
lizable (see also the renormalization group studies of the
subject [25-27]). The remaining symmetry respects trans-
formations,

t= (), x> (), (1)
and is often referred to as the foliation-preserving diffeo-
morphism, denoted by Diff(M, F). The diffeomorphism
invariance is still present on the leaves. The four-

dimensional metric may be expressed in the Arnowitt-
Deser-Misner (ADM) [28] variables,

(NN, g;;). (2)

where N, N/, (3)9,- ; denote, respectively, the lapse function,
shift vector, and three-dimensional induced metric on the
leaves. The theory is constructed from the following
quantities:

where C)R, ; 1s the three-dimensional Ricci curvature tensor,
(3)V, is the covariant derivative constructed from the three-
dimensional metric g, j» and a; = % Extrinsic curvature
K;; is the only object, invariant under general spatial
diffeomorphisms, containing exactly one time derivative
of the metric tensor ®g;,

o= U_0BGV.N.—CV.N. . 4
5=y (Tpt - v =V @)
Quantities (2) are tensor/vectors with respect to Diff (M, F)
possessing the following mass dimensions:

[OR;] =2, [Kyl=3, [a]=1.
One may use (2) to construct, order by order, scalar terms

appearing in the Lagrangian of the theory. Following
[16,29], the action of the Horava gravity takes the form

5, = / drde Ny Og(ic - v), (6)

where K = K;;K"/ — AK* with K = K;;)g", ®)g denotes
the determinant of the three-dimensional metric, and
% = 1/162G. It may be expressed as the difference of
the kinetic and potential part L£ =K -V with
K = (K;;K" — 2K?). At the sixth order, the potential part
of the Lagrangian contains over 100 terms [16]. The
immense number of invariants is limited by imposing
further symmetries. One possible restriction for the poten-
tial comes from the projectability condition N = N(7), then
terms proportional to a; = 0 vanish. Up to the sixth order
(compatible with power counting renormalizability), the
potential V restricted by the projectability condition is
given by

1 .
V =2A2 - 0GR + z (2 OR? + g;ORIOR, )

1 . _ .

4 E (g4(3)R3 4 95(3)R(3)R1J(3)Rij 4 96(3>R;(3>R',’<(3)Rf)
1 o

ta (97 RV2OIR + g3(V:OR ) (VICIRF)), (7

where A is the cosmological constant, and q;; are the
coupling constants. For our purposes, we drop terms
containing covariant derivatives )V,. One should also
mention that this “minimal theory” [30] suffers from the
existence of spin O graviton, which is unstable in the IR, see
[31-34]. Various solutions to this problem have been
proposed. One can add the additional local U(1) symmetry
[16,35]. Then by the introduction of new fields prevents the
zero-mode from propagating. On the other hand, one can
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drop the projectability condition a; = 0 and include the
terms containing a; in the potential term,

6
V=202 - OR - foaa + 3 LY, (8)
n=3

then for the spin-0 mode to be stable one requires
0 < py <2 [36,37].

Note that we shall not be interested in the IR divergences
stemming from boundary terms in the action and hence the
famous Gibbons-Hawking-York (GHY) term in context of
black holes. Those divergences have nothing to do with
resolution of singularities, which is an UV issue, see also
discussion in [1]. Nevertheless, it might be useful for the
reader to comment on that issue. The variational principle
with Dirichlet boundary condition requires variation of the
action to be zero, when we fix the boundary metric [38].
However, this is not the case for the Einstein-Hilbert action,
and hence the famous GHY term [39,40] has to be added,
which is crucial for the finiteness of the action. On the other
hand, for HL gravity the action possesses higher spatial
derivatives. The variational principle requires Jy;;, along
with its derivatives, to be zero at the spatial boundary,
hence the variation is well defined without the boundary
term [41]. We also comment further about that issue in the
context of cosmological spacetimes in the Sec. IIL
Furthermore, absence of the boundary term has been
recently proven for the mimetic Horava gravity, see [42,43].

ITI. FLATNESS, ANISOTROPIES, AND
INHOMOGENEITIES IN THE
EARLY UNIVERSE

A. Flatness

We begin our investigation of the early universe flatness
by considering the FLRW metric given by the formula [44]
N = N(1), N; =0, Olgi; = a*()yij, (9)
where y;; is a maximally symmetric constant curvature
metric, with k = +1 for the metric on the sphere, k = 0 for
flat spacetime, and k = —1 for the hyperbolic metric. We
have

O L

a(t)®’

and N/©®)g = Na(t). For a(t) = ¢* the kinetic part of the
action gives us

OIR;; =2k, a

K=3(1-32) <é>2, (10)

N/ OgIC ~ 1372 (11)

since Nv/G)gKC ~ +~! leads to a logarithmic divergence at
t — 0, after integrating over time, we impose that the

exponent of ¢ in the integrand should be greater than —1.
Hence, for the action to remain finite as t — 0, one requires
s > 1/3. In the potential part we have exemplary terms

N/ ClgBIR ~ kt°, (12)
N/ @gPR* ~ 217, (13)
N/ OGRS ~ k3173, (14)

For k # 0 equations, (11), (12), (13), (14) give rise to the
following set of contradicting inequalities:

s> 1/3, s> —1, s <1, s <1/3, (15)
this shows that for k # 0 in there is no FLRW-like the
beginning of the Universe for the projectable action with
potential given by (7). This means that in this version of HL
gravity, the big bang with power-law time dependence of
the scale factor cannot be realized (similar behavior has
been observed in [4] for the LI gravity). Rejecting the cubic
R? terms from the potential, responsible for the contra-
dictory inequalities, yields the action to be finite. Below, we
also show (on the example of Bianchi IX metric) that none
of the anisotropic nonflat solutions are allowed in the action
with terms cubic in Ricci curvature.

B. Anisotropies

We consider Bianchi IX metric as a representative model
of nonflat anisotropic spacetimes (in this paragraph k = 1),

dS%X = —detz + hija)i(l)j, (16)

where h;; = diag(M?, Q*, R?) and M, Q, R are functions of
the time only. The connection is

do® =T A o =T%ab A 0°. (17)

The Bianchi IX forms satisfy
U abe, b
do’ = 56“ ‘w’ A @°. (18)

Hence, I'f, = —1 ¢ The usual closed FRLW universe is

obtained when R(f) = M(t) = Q(¢t) = @ where a(t) is
the scale factor. The explicit form of the curvature invar-

iants was calculated in [29],

-1
GIR = - M 4 L R4 _(R2Z 022
2M2Q2R2( +Q + ( Q)

= (R?=M?)* = (M? = 0%)?), (19)
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o 1
CRICIR = —— _13M8 —4aMS(0O? + R2
" 4(MQR)* [ (0" + KY)

—4MA(Q* - R)(Q* + R?)
+2M4(Q2 +R2)2 + (Q2 —R2)2(3Q4)

+(Q* - R?)*(2Q°R* + 3RY)], (20)
CRORIORE = g (4 = 07 = R
4 [<M2 _ R2)2 _ Q4]3
+[(Q° - R?)? - M*P). (21)

The kinetic and the potential part are, respectively,
MOR M> Q> R?
Ny/Oge = MR (M 2 R
9 N ( ) "2 + 0? + R2
MQ QR MR
2 —+——+—1, 22
<MQ+QR+MR>} 2
N4y/BlgV = =N(MQR)V. (23)
For the Bianchi IX metric, we use the following ansatz:
M(t) ~ 1™,

Q(r) ~1, R(t)~1t".  (24)

With such solutions, the kinetic term is proportional to

N (3>g/C ~ ptgtr=2 (25)
This results in an inequality,
m+qg+r>1. (26)

Similar reasoning is applied to all of the curvature scalars in
the potential. Ricci scalar terms lead to conditions,

3m—qg—r>—1, 3g—m—r>-—1, 3r—-m—q>-—1,

(27)

r+g—-m>1, r+m—g>-1, m—+qg-r>-1. (28)

Quadratic terms are numerous, and we provide explicit
conditions only for the R;;R" terms,

Sm—3q-3r>-1, 3m—q-3r>-1,

g—m—r>—1, (29)

3m—-3q—r>-—1,

3r—m—-3g>-1, r—-m—qg>-—1,

3g—m—3r>-—1, m+q—3r>-—1, m—q—r>-—1,

(30)

m+r—3qg>-1, 5¢g-3m-3r>-1, 3qg-3-r>-1,

(31)

q+r-3m>-1, 3r—qg-3m>-1, -3m—-3qg+5r>-1.

(32)

It is tedious to algebraically verify that the above set of
conditions is not contradictory. A geometrical interpreta-
tion brings more light to the problem: each of the inequal-
ities corresponds to half of the R® space in the (g, m,r)
coordinates. The common subspace restricted by a pair of
such inequalities vanishes if the planes corresponding to the
boundary of the half-spaces are parallel. This is easily
verified by considering the vector normal to each plane. For
example, the boundary plane obtained from inequality m +
g+ r>1lism+ g+ r=1 and the normal vector (1,1,1).
If two such normal vectors are parallel (bearing in mind the
correct inequality direction), then the half-spaces will be
separate. The kinetic part and scalars up to quadratic order
in curvature do not lead to contradictory conditions.
However, including the R term we have

N
N (3)9(3)R3 5 M—QR ~EITT S mtg4r< 1. (33)

This is in clear contradiction with (26). This means that also
Bianchi IX anisotropic spacetime leads to infinite action.
Notice that taking the isotropic limit m = g = r also leads
to infinite action, as discussed in the previous paragraph.
There are two ways of dealing with this—leaving the
model unchanged and considering other cosmological
solutions, such as oscillating universe with bounded
a(t) € (Amin» Amax ), See, for example, [45]. On the other
hand, this might be understood as an indication that the
flatness problem is resolved via the finite action principle
without the need of inflation. In particular, for flat aniso-
tropic Bianchi I spacetime, all of the spatial invariants
vanish, leaving us with the kinetic term condition

m+qg+r>1. (34)

Therefore, the action is finite for both isotropic and
anisotropic flat beginning of the Universe in contradistinc-
tion to the Lorentz covariant R? off-shell action [5], yet
during the evolution of the Universe, the anisotropies might
vanish dynamically [4] if spacetime is accelerating.
Furthermore, this is generically true for A > 0, see the
dynamical systems studies of the matter [46]. In our
analysis we have neglected the boundary terms in the
action. On nonflat FLRW spacetime they could lead only to
further contradictory conditions. On the other hand, for
k = 0 FLRW solution HL gravity those terms will play no
role, as it was investigated in [4].
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C. Inhomogeneities

Unlike the anisotropies, the finiteness of the action
suppresses the inhomogeneities already at the second order
of the spatial Ricci scalar curvature. Investigation of
the inhomogeneities concerns following isotropic metric
tensor,

A/2
ds® = —dr* + ﬁdr2 + A%(d&? + sin®0d¢?),  (35)

where A = A(t,r), F = F(r), and A’ = 9,A. The homo-
geneous FRLW metric is retrieved when F — 1. The
resulting Ricci scalar and Ricci scalar squared contribution
to the action are

A(=1+F)
B)gIR ~2AF + % (36)

2AFF' + A'(F* - 1)

()geIR2 oy

(37)

Again, we suppose that each term should be convergent as
t — 0. By the ansatz A(t) ~ ¢, inequalities stemming from
(3R and ()R? are contradictory. This means that F(r) — 1,
hence the metric of the early universe was homogeneous.

IV. BLACK HOLES AND WORMHOLES

In this section, we show that HL. gravity satisfies the
finite action selection principle for the microscopic action
of quantum gravity [1]. We study both the solutions of HL
gravity and the known off-shell BH spacetimes, due to the
fact that there are no known regular BH solutions in the HL
gravity. Keep in mind that a metric does not need to be a
solution to the equations of motion to enter the path
integral. We require singular black-hole metrics to interfere
destructively, while the regular ones with finite action
contribute to the probability amplitudes. We broaden this
analysis by studying the wormhole solutions.

A. Singular black holes

Singularities may be categorized [47] in the three main
groups: “scalar,” “nonscalar,” and ‘“‘coordinate singular-
ities.” Scalar singularities are the ones for which (some of)
the curvature invariants, like the Kretschmann scalar,
become divergent, and hence, they are the object of interest
in our considerations. Nonscalar singularities appear in
physical quantities, such as the tidal forces. Finally, the
coordinate singularities appear in the metric tensor, how-
ever, one may get rid of the divergence with a proper
coordinate transformation. Yet, coordinate singularities of
general relativity (GR) may become scalar singularities in
the Horava-Lifshitz gravity [48]. It is due to the fact that the
spacetime diffeomorphism of GR is a broader symmetry

than the foliation-preserving diffeomorphism of HL grav-
ity. As an example, consider the Schwarzschild metric,

2 2m\-!
ds? = —(1 —m> ar + (1 —m> dr? + r2dQ?, (38)
r r

where dQ? = r?(d6? + sin? Od¢?). The singular points are
r=20and r = r, = 2m. In GR the singular point r; = 2m
may be removed by the transformation

V2
dteg = dt + 2 dr. (39)
r—2m

The resulting Painleve-Gullstrand metric is

h 2
ds? = —di3; + (dr - 1/—mdtPG> +r2dQ2. (40)
r

For more details see, e.g., [49]. In GR, metric tensors (38)
and (40) describe the same spacetime with singularity at
r = 0. Notice, however, that the coordinate transformation
(39) does not preserve the spacetime foliation, breaking the
projectability condition. Hence, in the framework of HL
gravity, metric tensors (38) and (40) describe distinct
spacetimes. Moreover, as we will show, Schwarzschild’s
metric singularity at r = r; becomes a spacetime singu-
larity. Hence, due to the unique nature of the foliation-
preserving diffeomorphism, investigating the singularities
in HL gravity is a delicate matter.

We consider three representative solutions [48]: (anti-)
de Sitter-Schwarzschild, which is the simplest spacetime
with the black hole and the cosmological horizon, Kerr
spacetime (see also the rotating HL solution [50]), and the
HL solution found by Lu, Mei, and Pope (LMP) [51]. In
this section, we discuss the (anti-) de-Sitter-Schwarzschild
as the clearest example. The other metrics have similar
features, and we explore them in the Appendix. In the
following, all of the curvature scalars are three dimensional,
unless stated otherwise.

1. (Anti-) de Sitter-Schwarzschild solution

The general static ADM metric with projectability
condition takes the form

ds* = —dt* + ¥ (dr + e#7¥dt)? + r*dQ?*,  (41)

where p = pu(r), v = v(r). (Anti-) de Sitter-Schwarzschild
solutions are obtained for y = 3In (4 +2+?), v = 0. The
resulting kinetic terms and Ricci scalar are
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GR =0,
oo (M AEASN4 3M - 2N
a 1253 r 3AM+ AP )’
3 _ 3\ 2
K,--K’j _ 3M + Ar IM —2Ar ‘ (42)
J 1273 3M + AP

The kinetic part is divergent at r = 0 and r = (?/\_MI)% for the
negative cosmological constant. We investigate the finite-

ness of the function

S, (rovs i) = / " drN (KK = K + BR),  (43)

ruv

which is a part of the action qualitatively describing the
singularities. The rr is chosen so that the volume integral
is finite, hence, we do not consider singularities stemming
from the IR behavior (large distances) of the spacetime
boundary and time integration. In particular, the ryy is the
minimal radius, in which we take ryy — 0. For the scalars
(42) and value of A#1, the function S (ryy,rr) is
divergent at the expected points r; =rygy =0 and

ry = (%)é However, for 4 = 1, which is the value required
for low energy Einstein-Hilbert approximation, the terms
divergent at r, = (%)% remain finite, as one could expect,
since r, corresponds to the cosmological horizon.
Explicitly we have

2 M
Sy(rov, rr) = 5 Ary = 8Argy + (Z - 16A> In ryy

9
24M 24

- +——+ IR terms. (44)
rov  Toy

Here, only the spatial Ricci scalar is necessary for the
singular solution to be suppressed in the gravitational path
integral.

As mentioned previously, different gauges of the same
spacetime in GR correspond to distinct spacetimes in HL.
gravity. Hence, we consider the (anti-) de Sitter-
Schwarzschild metric in the orthogonal gauge, which is
not a solution to the projectable HL theory, in contrast to
the previous case,

ds* = —e?*de? 4+ 220 dr? + 2dQ?,  (45)
here,

Y(r)=—-®(r) = %ln <1 —ZTM —l—%/\rz). (46)

In the orthogonal gauge, the components of the metric
tensor do not depend on the time coordinate, hence the
kinetic part vanishes K;; = 0. One finds, that the Ricci

scalar is constant )R = —2A. However, the higher-order
curvature terms (see Appendix for the general form) are
divergent at the origin,

L ANE 6M?
(3)Rij<3>R J = 5 + 5
, j 8A3  12AM?  6M?
i 3 pk
(3)Rj(3)R{{(3)Ri R R i (47)

yielding an infinite action and suppressing the singularity.
The same conclusions can be drawn for Kerr spacetime and
singular Lu-Mei-Pope metric, derived in the context of
Horava gravity, see Appendix.

2. Regular black holes

Due to observations of the binary black holes mergers
[52] and the Event Horizon Telescope observations [53,54],
the structure of BHs can be investigated on an unprec-
edented scale [55]. Furthermore, due to the expectation that
the quantum gravity shall resolve the BH singularity issue,
the regular black holes have been of interest recently, for
discussions in various quantum gravity approaches [56—63]
(see for more model independent viewpoints [64—67]).
Following [1], we shall discuss the Hayward metric [65]
(Dymnikova spacetime [64] is discussed in the Appendix).
The Hayward metric is an example of the regular black hole
solution in GR,

ds* = —f(r)d* + f(r)~'dr* + rdQ?,
2Mr?

f(r)zl—m’ (48)

where ¢ is an arbitrary positive parameter. The metric is
nonsingular in r — 0. It is not a solution to HL theory,
however, we consider it as an off-shell metric present in the
path integral.

The kinetic tensor vanishes Kl-j = (0, while the Ricci
scalar and the second-order curvature scalars are regular,

2443 GM
OR= T2
(29" + 1)
L 6M*(32¢° + 19)
(GR,,PRY = Tas (49)

leading to finite action. A similar conclusion arises in the
case of Dymnikova spacetime, see Appendix. These two
regular solutions to GR are also regular in the off-shell HL
theory.

B. Wormbholes

Here, we take the first step in the direction of the
investigations of the consequences of the finite action
principle in the context of wormholes (WHs). The worm-
holes may be characterized in two classes: traversable and
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nontraversable. The traversable WH, colloquially speaking,
are such that one can go through it to the other side, see [68]
for specific conditions. The pioneering Einstein-Rosen
bridge has been found originally as a nonstatic nontravers-
able solution to GR. The traversable solutions are unstable,
however, they might be stabilized by an exotic matter or
inclusion of the higher-curvature scalar gravity [24]. This is
important in the context of finite action since usually the
divergences of black holes do appear in the curvature
squared terms. Hence, due to the inclusion of the higher-
order terms in the actions, the traversable wormholes are
solutions to the equations of motions without the exotic
matter. The exemplary wormhole spacetimes investigated
here are the Einstein-Rosen bridge proposed in [69], the
Morris-Thorne (MT) wormhole [68], the traversable expo-
nential metric wormhole [70], and the wormhole solution
discussed in the HL gravity [71]. All of them have a finite
action. Here, we shall discuss the exponential metric WH.
The conclusions for the other possible wormholes are
similar, and we discuss them in the Appendix. For the
exponential metric WH, the line element is given by

ds?> = —edP? + & (dr + 2dQ?).  (50)

This spacetime consists of two regions: “our Universe”
with r > M and the “other universe” with r < M. Note that
r = M corresponds to the wormhole’s throat. The spacial
volume of the other universe is infinite when r — 0. Such
volume divergence is irrelevant to our discussion since it
describes large distances in the other universe. Hence, we
further consider only r > M. The resulting Ricci and
Kretschmann scalars calculated in [70] and the measure
are nonsingular everywhere,

2M?* Ly
R = —76 o,
AM?(12r% — 16Mr + TM?
R”DO_/)R,HDO'/) — ( r rs r—+ )6_4%, (51)

resulting in the finite action for the Stelle gravity. Similarly
for the HL gravity,

G)R = R, K2 — Kinij —0.
O)R. ORI — 2M?(M? = 2Mr + 3r?) o

tj r8

(52)

V. CONCLUSIONS AND DISCUSSION

The finite action principle is a powerful tool to study
quantum gravity theories and also quantum field theories,
in general. In particular, we have shown that it can be
invoked to explain the flatness and homogeneity of the
early universe and can possibly be a dynamic resolution of

the singularities problem of black holes in the context of
Horava-Lifshitz gravity.

The conditions stemming from the finite action principle
justify the topological phase hypothesis without the need
for conversion of the degrees of freedom in the early
universe, which is assumed to take place in [22].
Furthermore, the anisotropic scaling of Hotava gravity
admits only flat solutions for the cosmological metrics, see
also the discussion on the instanton “no-boundary”-like
solution [72]. Moreover, the amplituﬁe of the cosmological
perturbations are scaling as 5& = H =, hence, at z = 3 they
are almost scale invariant [73]. Finally, the Weyl anomalies
structure in HL. gravity does not lead to strong nonlocal
effects during the radiation domination epoch [74,75]. This
stems from the fact that these anomalies are of second order
in derivatives in the flat spacetimes [76—79], hence, they are
harmless and allow to avoid the vanishing of conformal
anomaly criteria [80,81]. In particular, it would be inter-
esting to see whether the anisotropic Weyl anomalies can
also give departure from scale invariance, as it is discussed
in [22]. Yet we leave that for further investigation to be
performed elsewhere. Combined with earlier results, our
investigation backs up fully the topological phase con-
jecture hence making inflation redundant. Furthermore, it
seems that this is in line with the swampland conjectures
and the newly proposed finite-amplitude principle [4],
making the asymptotically safe quantum gravity to pick
initial conditions such that inflation ceases to be eternal
[82], see also [83,84].

From the point of view of the finite action selection
principle [1], they are equally good theories, resolving the
black holes singularities, assuming that the ghost issue is
resolved in the latter case. Yet none of the regular BH
solutions have been found in the context of HL gravity [85].
Hence, it is a strong suggestion that the wormholes may
appear in the UV regime of HL gravity and can serve as a
“cure” for singularities [86—88].

In the case of wormholes, both traversable and non-
traversable wormholes are on equal footing in the case of
the finite action principle. However, this principle suggests
that there is a trade-off between the resolution of black-hole
singularities and the appearance of wormhole spacetimes
due to higher-curvature invariants. The wormhole solutions
will remain in both the LI and HL path integrals. The
higher-order curvature scalars, generically present in the
quantum gravity, stabilize the wormhole solutions without
the need for an exotic matter.

Finally, one should mention that there are many experi-
ments to test the Lorentz Invariance Violations (LIV) in the
gravitational sector coming from gravitational waves obser-
vations [89-94], which could, in principle, validate
Horava’s proposal, yet we know much more about the
LIV in the matter sector (see for example [95,96]). Since
these two can be related [97], one can speculate that HL
gravity can be tested in the nearby future.
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APPENDIX A: FURTHER BLACK HOLES AND
WORMHOLES

Here, we present further examples of interesting black-
hole and wormhole spacetimes in the context of the finite
action principle. We find the restrictions on the LMP
solutions necessary to resolve the singularity at the origin.
Similarly, the spatial Ricci scalar of Kerr’s spacetime yields
infinite action. We further give three examples of worm-
holes with finite action: the Einstein-Rosen bridge, the
Morris-Thorne wormhole, and a spatially symmetric and
traversable wormhole solution to HL. gravity.

1. Black holes
a. LPM black hole

The popular LMP [51] metric is not a solution to the
vacuum HL equations. However, the second class of the
LMP solutions written in the ADM frame with the project-
ability condition satisfy the field equations of HL gravity
coupled to anisotropic fluid with heat flow, see [48]. The
LMP solutions were found in the orthogonal gauge (45)
without the projectability. There are two types of solutions.
Class A solutions are

1
(I):—zln(1+x2), ¥ =Y(r). (A1)
Class B solutions consist of
1
D= —Eln(l +x7 — ax®),
1
LP:—ﬂilnx—i—iln(l—|—x2—ozx”’i), (A2)

where x = \/|Ay|r, A=3Ay, a is an arbitrary real
constant, and a4 and ;. = 2a, — 1 are parameters depend-
ing on A. Their explicit form may be found in [48]. The
LPM solutions, (Al) and (A2), have vanishing kinetic
tensor K;; =0, while the Ricci scalar and the integral
measure are given, respectively, by

N\/g= r2xP=,

2
OR == (a(1 4 ay)x® —3x?), (A3)
r

The S, function (43) stands,

Ss(xUV7xIR)

2 xR/ /A
S de(a(l—|—ai)x1_"’i—3x3_2“i),

- N e (A4)

where xyy = /Awryy and xjg = \/Awrr. The necessary
condition for the spatial Ricci scalar to be finite is 2 > «a..

We proceed in the ADM gauge, which describes an
independent theory in the HL gravity. Then, the class A
solution is given by

1
U= —00, V= —Eln(l — Ayr?), (AS)

applied to (41), we get ®)R = 6Ay,. The S, function is
given by

o 6Ayr?

S¢(ruv, "r) = — )
s(ruv, Tr) o T = A

The exact form of S, (ryy, rir) depends on the sign of the
scaled cosmological constant Ay, nevertheless, it is always
finite when ryy — 0. Indeed, for the negative Ay < 0,

(A6)

3 .
Sy(ruv, rr) = — \/Tarcsmh(v —Awryv)
—Aw

—SVva/ —AW}’%V + 1

The positive cosmological constant splits the space in two
regions. When r > —— we get
g N/ g

(A7)

3 Awryy )
S,(ruv, nr) = —=—=xgarctanh | ————=
(rove i) = A arctanh (X2 Sl

+3rUV\/AWr%W -1

for a small positive cosmological constant; the above result
is irrelevant for our discussion since it would describe large
scales. When r < —1

(A8)

Ay
3 .
Sy(ruy. ) = —\/T_arcsm (VAwruy)
w

-+ 3rUV AWI’%JV - 1 (Ag)
The class B solution singularity at the origin, appearing
when 2 < a, is suppressed by the finite action principle.
Class A solutions are finite and contribute to the path
integral, if the cosmological constant is negative or small
and positive when ryy — ——.

p uv \/A_w
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b. Kerr spacetime

Kerr spacetime corresponds to an axially symmetric
rotating black hole with mass M and angular momentum J.
It is a solution to the Einstein equations in GR, however, it
has been shown order-by-order in the parameter a = J/M
that it is not a solution to the HL field equations [98]. Yet it
can still enter the path integral as an off-shell metric. The
line element in the Boyer-Lindquist coordinates is given by

ds? = 22 ” A dr e
2 0
+ & (dp — Edr)?, (A10)
where
p? = r* +a*cos’ b,
A, =1’ +a>-2Mr,
2 = (r* +a®)* - 2Mr,
2Mar
¢ =2 (AL)

We are interested in the singularity on equator plane
cos@ = 0, r = 0, described in detail in [6]. For the explicit
form of the extrinsic curvature scalars and Ricci scalar refer
to [98]. Here, we only show the form of the Ricci scalar on
the cos @ = 0 plane,

2a’m?*(a® + 3r%)?
r(r} 4+ a*(2M + 1))

GR = —

(A12)

It is singular at » = 0. Integrating )R with the measure
N/g= 2 results in the infinite action in the UV limit, and
the Kerr spacetime does not contribute to the path integral.
The vanishing four-dimensional Ricci scalar is restored in

Kretschmann scalar to resolve the singularity, as discussed
in [1].

c. Dymnikova spacetime

The Dymnikova spacetime is a regular solution in GR. It
is constructed with the line element (48) with

B 2M(r) B 3

= M(1—-e77). (Al3)

3
<3>R:6_1;”e—m,
g
L 3M* B A 2
Np (3)pij _ 5460057 _
GIR;CIRY We (4g°(er = 1)
3
—4¢3r (_’—1)+9r6), (A14)

and the action is finite in the limit ryy — 0. In particular, in
this limit we have ®R;; PRV — 12M?/¢°.

d. Higher-order curvature scalars

Here, we give a general expression for the higher-order
scalars present in the HL potential for the projectable ADM
and orthogonal gauge metric tensors. The metric tensor in
the projectable ADM gauge (41) yields

2e=) (2P0 (r)? + (1t (r) + 2)
ij = 7} s

2= (43 (r

B)R. BRI —

(3)Rt( )R/( Rk =

the LI limit A = 1. It is then necessary to include the (A15)
|
In the orthonormal gauge they are given by
o — 2 —200) (2 (r) + €®1) — 1)
= - ,
()R (IR — 2740 (270 (r)? + (r®/(r) + 2 - 1)?)
i - r4 s
ORIOR]ORE = 2e” PV (4P (r)’ + () + e —1)Y) (AL6)
r

APPENDIX B: WORMHOLES

1. Einstein-Rosen bridge

The ER bridge smoothly glues together two copies of the
Schwarzschild spacetime: black-hole and the white-hole
solutions corresponding to the positive and negative coor-
dinate u. The metric tensor of the Einstein-Rosen

wormhole proposed in [69] and discussed in, e.g., [99]
is given by

2

zidfz
+4M

1
ds® = + (u? + 4M)du® + 1 (u? + 4M)dQ>.

(BI)
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The ER bridge is nontraversable and geodesically incom-
plete in u = 0. This fact, however, does not impact the
regularity of the curvature scalars. The four-dimensional
Ricci scalar is

R 2(64M? + 32Mu?® + 4u* + u?)

B2
(4M + u?)? (B2)

The second-order curvature scalar R, R* is
4(48M?* +8(4M + u*)* + (32M — 1) (4M +u?)?) (83)

(@M +12)° ’

both of which, integrated with the measure, are non-
singular,

1
V9= A u(dM + u?). (B4)
The wormhole solutions analyzed in this paper generally
yield the finite action in both GR and HL. The finite action
principle suggests that, in the quantum UV regime, singular

black-hole spacetimes may be replaced with the regular
wormhole solutions.

2. Morris-Thorne wormhole
The MT wormhole is defined in the spherically sym-
metric Lorentzian spacetime by the line element

dr?

where ®(r) is known as the redshift, and there are no
horizons if it is finite. Function b(r) determines the
wormhole’s shape. We choose ®(r), b(r) to be

D(r) =0, b(r) =2M(1—¢e"") + rge™", (B6)

where r( is the radius of the throat of the wormhole, such
that b(ry) = ry. Four-dimensional curvature scalars for this
spacetime have been calculated in [100]. The Ricci curva-
ture scalar is singular at » =0, however, the radial
coordinate r varies between r, > 0 and infinity,

el

. (B7)

R = —2(2M— ro)
r

The resulting S, = [I® _ /gR function is divergent as
ryy — ro and cannot be expressed in terms of simple

functions,

2(2M = ry) / " G -
e \/r “aM(I =) 4 e 4

(B8)

However, this is only a coordinate singularity and one may
get rid of it with a proper transformation. Higher-order
curvature scalars for Morris-Thorne wormholes are

_ 3r2b'(r)? = 2rb(r)b'(r) + 3b(r)?

ds? = —e*®0dr* + — r’dQ*,  (B5)
O)R — 2b’§r) ’
r
B)R..GIRI

ij 2,.6
=9r2b(r)b'(r)? + 530 (r)3 + 15rb(r)*b' (r) — 3b(r)?

GRIGRICIRE =

El

and integrated give action that is finite.

3. HL. wormbhole

Static spherically traversable symmetric wormholes have
been constructed in [71] in the HL theory through the
modification of the Rosen-Einstein spacetime,

1

2 — N2 2
d NZ*(p)dt +f(p)

dp® + (ro + p*)?dQ?,  (B10)

with additional Z, symmetry with respect to the worm-
hole’s throat. There are solutions with 4 = 1 asymptotically

45 ’ (B9)

|
corresponding to the Minkowski vacuum. Explicitly we
have

f=N=1+4w(r+p)

—Jro + )@ (ro + ) +40M).  (BIN)

Radius of the wormhole’s throat is given by r,. The
parameters @ and M are connected to the coupling
constants in the HL action. See [71] for their explicit
form. The Ricci scalar of the HL. wormhole invariants are
given by
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CR=—-—— —
(p* + ro)

s 2100/ 0(p? + ro) (4M + w(ry + 0?)?)

- 4r0\/a)(p2 + 10)(4M + w(ry + @?)*) + 16p%w + 8p* + 36p*row + 24p*riw + 4ryw + 4rg — 1)),

CR.CORI =~
ij (p?
p°+ o)

3 {2(—7P2\/0)(P2 + 10) (4M + o (rg + @*)?) — 2ro\/0)(.02 + 7o) (4M + o (rg + @?)?)

+10p%w + 6p* + 22p*row + 14p*r3w + 2riw + 2rg — 1)* + 4M

4(p* + ro)

* w(4M + o(ry + ?)

SR (=4(0% + o) 0o + r)(4M + w(rg + @?)?) + w(ry + w?)?)

2ol + )M+ g+ )| =\ faly? + )M+ ol o) 4o+ P+ D) (@12

The kinetic terms with K;; = 0 are vanishing, while the spacial Ricci scalar and higher-curvature terms are finite. From the
point of view of the finite action principle, all of the investigated wormhole spacetimes are included in the gravitational path

integral.
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