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In this paper, we investigate gravitational waves (GWs) from the axionlike particle inflation by applying
the multinature inflation model. The model parameter n determines the exit way of inflation, the number of
phase transitions (PTs), and the number of multiples of inflation. In the inflation exit with PTs, there is a
lower bound for parameter n to reach the corresponding multiples of inflation, but the magnitude of n is
negligible for the physical observations, such as ns, r, and ΩGWh2. GWs can be generated in two ways for
the inflation exit with PTs, one derives from quantum fluctuations, which dominate the low-frequency
regions, and these GWs can be detected by the Ultimate-Decigo detector at around 10−1 Hz. However, the
other one derives from PTs, which dominate the high-frequency regions, and it is expected to be detected
by the future higher-sensitivity 3DSR GW detector.
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I. INTRODUCTION

With the first discovery of gravitational waves (GWs) from
a binary neutron star system by the Laser Interferometer
Gravitational Wave Observatory (LIGO) [1] and by the Virgo
detector [2], the primary GWs from inflation are increasingly
the focus of theorists and experimentalists. The inflationary
scenario not only explains the problem in the hot big bang
universe gracefully, i.e., the flatness puzzles, the horizon
puzzles, and the monopole puzzles (refer to Refs. [3–11]), but
also predict the near scale invariance which is strongly
supported by the anisotropies of cosmic microwave back-
ground (CMB) radiation [12].
Typically, in the inflationary models with broken slow-roll

conditions [13–20], the primary GWs come only from the
quantum fluctuations (QFs) during inflation [21–24], and its
intensity is related to the tensor-to-scalar ratio r of inflation
[25,26]. However, the r predicted by the theory, in this case,
is so small that weak GWs will be generated [27], which
brings great challenges for experimental detection [28].

Alternatively, in the literature [29–31], a new way to end
inflation has been proposed, i.e., the inflationary end of the
phase transition method. This method also has the natural
function of reheating the Universe through the collision of
true vacuum bubble walls and converting it to radiation. Here
are two scalar fields in this inflationary model; one of the
fields is responsible for driving the inflation of the Universe,
whereas the other field can indeed percolate the true vacuum
from the metastable one and complete the phase transitions
(PTs) and end inflation simultaneously. In this case, the
source of GWs includes quantum fluctuations during infla-
tion as well as the PT that will produce considerable GWs
[32–35]. This makes it possible to detect GWs during
inflation.
In this work, a singlet axionlike particle (ALP) is applied

to drive cosmic inflation and to terminate the inflation
through the PT simultaneously, and we then investigate in
detail the GWs produced by the ALP inflation. The multi-
natural inflation (MNI) [36,37] based on natural inflation
(NI) [38] can increase the feasible parameter space of the NI
that is shrunk by the latest CMB data [12]. The inflation of
MNI has a good property, shift symmetry, which allows an
ALP to act as the inflaton [37,39]. Besides, it also keeps the
flatness of potential energy, which is essential for driving the
expansion of the Universe and generating density perturba-
tions. Moreover, MNI can provide multiple false vacuums
due to the multiple cosine functions in the potential of MNI.
When the slow-roll inflation proceeds, the inflation first falls
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into the false vacuum, the vacuum bubbles then collide with
each other, and the inflation finally transits into the true
vacuum. This provides the possibility for MNI of an ALP to
complete cosmic inflation and to end inflation through PT
simultaneously. We calculate the GWs for the period of ALP
inflation that will consist of two parts, namely, the QF GWs
and the PT GWs.
The remaining parts of the paper are organized as

follows. In Sec. II, we present the multi-NI model and
study the inflation exit from the PT. In Sec. III, the GWs
from both QF and PT are in detail discussed. Section IV is a
summary for this work.

II. AXIONLIKE PARTICLE INFLATION

The minimal axionlike particle inflation derived from a
multinatural inflation is the simplest and most economical
inflation model. In this model, inflation can be terminated
in two different ways: One is that the slow-rolling
condition breaks directly to stop inflation, which has
been widely studied. Another way to stop inflation
is through a PT, which can be achieved by changing
the related parameter to obtain the false vacua. The
minimal axionlike particle inflation potential is defined
as follows [36,37]:

VðϕÞ ¼ Λ4

�
cos

�
ϕ

fϕ
þ θ

�
−

κ

n2
cos

�
n
ϕ

fϕ

��
þ C; ð1Þ

where Λ is related to the inflation scale and fϕ represents
the decay constant. We set the relative phase θ ¼ π=2 for
creating false vacua between the maximum and minimum
values of adjacent potential and take the coefficient κ ¼ n2

for equalizing the energy difference between two adjacent
vacua. We require the minimum of the potential at
ϕ ¼ π=2; thus, the rational number n is a multiple of 4.
And n shall determine the tunneling events of the PT. With
each PT, the Universe will expand by a certain number of
times, so the size of n also determines the number of times
the Universe will expand. As the tunneling events of the
PT should be more than 200 with a grand unified theory
scale inflation [34]; thus, the rational number n should be
at least 404. C ¼ 2Λ4 is a constant that shifts the minimum
of the potential to zero.
For the convenience of presentation, we take a small

value for n ¼ 20 and show the ALP inflation potential in
Fig. 1, in which the dashed cyan line with arrows represents
the direction of inflation and phase transitions. The inflaton
first rolls to the first false vacuum point B from the highest
point A of potential, then reaches the lower vacuum point
through a phase transition, and finally reaches the true
vacuum point C.
During the slow-roll inflation, the kinetic energy of

inflaton is much less than that of the potential energy, and
the change rate of kinetic energy should much less than that

of the cosmic expansion, which can be characterized by the
so-called slow-roll conditions:

εðϕÞ≡Mpl
2

2

�
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ηðϕÞ≡Mpl
2

�
V 00ðϕÞ
VðϕÞ

�
≪ 1; ð2Þ

where the prime denotes the derivative with respect to ϕ.
The slow-roll inflation stops when the slow-roll con-

ditions are broken, i.e., ε ¼ 1 or jηj ¼ 1. In the usual
method, inflation stops when the slow-roll conditions are
broken as the Universe expands. In the ALP inflation exited
with PT, the PT takes place before the slow-roll conditions
are broken, and the slow-roll condition is broken after the
PT. This can also be referred to Refs. [31,40]. More
specifically, the slow-roll conditions are still held at the
beginning of PT, i.e., εðϕBÞ ≪ 1 and ηðϕBÞ ≪ 1 with ϕB
bing the field value of the first vacuum, which will bring a
lower limit for the decay constant fϕ with a fixed n. As an
example, we will show two cases as follows:

f ≫
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4.39742 × 1031

p
; for n ¼ 404; ð3Þ

f ≫
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7.10613 × 1030

p
; for n ¼ 2000: ð4Þ

There are two observable quantities, i.e., scalar spectral
index ns ¼ 1–6εþ 2η and the tensor-to-scalar ratio
r ¼ 16ε, which are tightly constrained by the Planck data
combined with CMB observations as [12]

ns ¼ 0.9649� 0.0042; ð5Þ

r < 0.10ð95% C:L:Þ: ð6Þ

For calculating them at the moment of horizon crossing, we
need to know the value of the field where inflation starts,
ϕ�, which is usually determined by applying for the
e-folding number. Numerical calculation shows that the

FIG. 1. Schematic diagram of ALP inflation and PTwith n ¼ 20.
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contributions of the e-folding number from the highest
potential energy point ϕA to the first vacuum point ϕB are
negligible; thus, we are approximating ϕ� around the
highest potential energy point ϕA.
There is another important experimental observation,

i.e., amplitude of scalar fluctuations Δ2
R:

Δ2
R ¼ 1

24π2M4
pl

VðϕAÞ
εðϕAÞ

: ð7Þ

where Δ2
R ≃ e3.098 × 10−10 ≃ 2.2 × 10−9 [41], which will

give out the inflation scale Λ.
Given the above constraints, we fix n ¼ 404, 2000 for

the rest of analysis. The scalar spectral index ns and the
tensor-to-scalar ratio r are shown in Fig. 2. The green and

cyan lines (dashed) represent that ϕ� are 602.9 πfϕ
404

and

602.8 πfϕ
404

(2998.9 πfϕ
2000

and 2998.8 πfϕ
2000

), respectively. Both
r and ns are almost independent of n, and the larger ϕ�, the
smaller r. To see the specific values more clearly, the upper
and lower limits of the corresponding other parameters are
listed in Table I.

III. GRAVITATIONAL WAVES FROM INFLATION

A. GWs from quantum fluctuations

During the ALP inflation, the quantum fluctuations of
inflaton will lead to the perturbations in energy and
momentum, which will transmit to the metric in terms

of Einstein’s equation, in which the tensor perturbations of
the metric will produce the so-called QF GWs. Generally,
the initial tensor power spectrum (spectrum at τ ¼ 0) PhðkÞ
can be parameterized as a power-law form [42], i.e.,

PhðkÞ ¼ rk2ARðk0Þ
�
k
k0

�
nt
; ð8Þ

where nt is the power index of tensorial spectrum and the
value of scalar power spectrum ARðk0Þ ¼ 2.371 × 10−9

with k0 ¼ 0.002 Mpc−1 [41,43].
Furthermore, the present spectrum of energy density in

terms of PhðkÞ can be written as [26]

ΩGW;QFðkÞ ¼
PhðkÞ

12H2ðτ0Þ
× T2ðk; τ0Þ; ð9Þ

where the current Hubble parameter Hðτ0Þ is taken
as 67.8 km s−1Mpc−1, the current conformal time
τ0 ¼ 1.41 × 104 Mpc, and the last part Tðk; τ0Þ is the
transfer function as follows [44–48]:

Tðk; τ0Þ ¼
3Ωmj1ðkτ0Þ

kτ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1.0þ 1.36

k
keq

þ 2.50

�
k
keq

�
2

s
;

ð10Þ

FIG. 2. ALP inflation predictions in ðns; rÞ planes with n ¼ 404 and n ¼ 2000. Gray, red, and blue shadows stand for [TT, TE,
EEþ lowEþ lensing], [TT, TE, EEþ lowEþ lensingþ BK15], and [TT, TE, EEþ lowEþ lensingþ BK15þ BAO] constraints,
respectively [12].

TABLE I. Two sets of benchmark points with n ¼ 404, 2000 for fϕ (GeV) and 10−15Λ (GeV), in which the scalar
spectral index ns ¼ 0.9649� 0.0042 and r are also presented.

n ¼ 404 n ¼ 404 n ¼ 2000 n ¼ 2000

ϕ� 603.9 πfϕ
404

603.8 πfϕ
404

2998.9 πfϕ
2000

2998.8 πfϕ
2000

fϕ ½1021.5388; 1021.5910� ½1021.5373; 1021.5895� ½1022.2335; 1022.5889� ½1022.2319; 1022.2841�
10−15Λ [5.62998, 5.30161] [7.99456, 7.52826] [5.62942, 5.30107] [7.99479, 7.52848]
r [0.00385, 0.00303] [0.01508, 0.01186] [0.00385, 0.00302] [0.01509, 0.01186]
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where matter density Ωm ¼ 0.308, the spherical Bessel
function of the first kind j1ðkτ0Þ ∼ 1ffiffi

2
p

kτ0
, and keq ¼

0.073Ωmh2 Mpc−1 is the wave number corresponding
to the mode that entered the horizon at the equality of
matter and radiation.
Applying the input parameters in Table I and Eq. (9), we

show the GWs from the QF during the ALP inflation in
Fig. 3, in which the left and right parts stand for the QF GW
with n ¼ 404 and n ¼ 2000, respectively. The QF GW first
decreases with the increase of frequency f and then remains
almost constant from frequency f ∼ 10−16 Hz. Those
two lines with ϕ� ¼ 604.9πf=n and ϕ� ¼ 2998.9πf=n
(ϕ� ¼ 604.8πf=n and ϕ� ¼ 2998.8πf=n) almost overlap
each other due to the same value of tensor-to-scalar ratio r
that are shown in Table I, which also implies the QFGWs are
not sensitive to the parameter n. When we fix the parameter
n, the QF GWs will increase with the decrease of ϕ�.

B. GWs from phase transitions

Cosmological PTs as one of sources of the GWs in the
early Universe is currently the focus of most attention.
During the PTs, the bubbles begin to nucleate and expand
as the Universe cools. And the collision of bubbles and
motion of the surrounding cosmic fluid can produce a
stochastic GW background which could be detected by the
GW detector. The electroweak phase transition of Standard
Model is proved not a true PT but a crossover [49,50].
Many new physical models [51–59] could provide a PT
at electroweak scale. Consequently, GWs experiments
[60–73] furnish a new way toward new physics in the
early Universe.
As we emphasized earlier, in our model, ALP inflation

exited through bubble nucleations rather than the direct
breach of slow-roll conditions. There is a similar inflation
characteristic between the studied ALP inflation ends with
PT in this paper and the chain inflation [37,74]; i.e., when
the inflation falls into the first false vacuum, the Universe
will tunnel rapidly through a series of phase transitions,
until it reaches the true vacuum. Each PToccurs in the form

of multibubble collisions and is accompanied by the release
of energy δϵ, and this energy is equal to the energy
difference between the adjacent vacua. For a much more
detailed discussion, refer to Refs. [31,74]. As Refs. [75,76]
are the study of PT GWs produced by the multibubble
collisions with false vacuum and true vacuum energy
during single-phase transitions, the GWs for a single PT
can be expressed as [75]

Ωmh2ðfÞ ¼

8><
>:

Ωh2ðfmÞ
�

f
fm

�
2.8

ðf ≤ fmÞ;

Ωh2ðfmÞ
�

f
fm

�
−1.8

ðf ≥ fmÞ;
ð11Þ

where the peak frequency today fm ¼ 3×10−8
χ e−ððn−2Þ=

2 −m − 1Þχð g�
100

Þ1=6ð Te
1 GeVÞ with the temperature of the

Universe at the end of ALP inflation being
Te ¼ 1

1−e−χ ð30δϵg�π2
Þ1=4. The total number of relativistic degrees

of freedom is taken to be g� ≃ 100. And the amplitude
Ωh2ðfmÞ at this peak frequency has the following form:

Ωh2ðfmÞ ¼ 10−6ð1 − e−χÞ4χ2e−4ððn−2Þ=2−m−1Þχ

×

�
100

g�

�
1=3

: ð12Þ

Thus, the total PT energy density of the GWs is given by
a sum of the multiple tunneling events:

ΩGW;PTh2ðfÞ ¼
Xðn−2Þ=2−1

m¼1

Ωmh2ðfÞ: ð13Þ

We show the PT GWs in Fig. 4, in which the left and
right parts stand for the PT GWs with n ¼ 404 and
n ¼ 2000, respectively. The PT GWs have almost identical
peaks and shapes for different n, which also implies the
PT GWs are insensitive to n, but the energy spectrum
ΩGW;PTh2 sharp is shifted about 5 times to the left as ϕ�

FIG. 3. The spectrum of GW from the quantum fluctuations during the ALP inflation.
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increases. We can see that the GWs produced by PTs during
inflation are the high-frequency GWs. Compared to the
previous QF GWs that dominates the low-frequency
regions, the PT GWs will dominate the high-frequency
regions.

C. Total GWs

After acquiring the QF GWs and the PT GWs during the
ALP inflation, we can now analyze the total GWs.
According to Eqs. (9) and (13), it can be expressed as
follows:

ΩGW;toth2 ¼ ΩGW;PTh2 þ ΩGW;QFh2: ð14Þ

The total GWs are shown in Fig. 5. We find that, at
ultralow frequency f ∼ ð10−19; 10−17Þ Hz, all the predic-
tions of the GWs meet the CMB limits [77,78], while near
the frequency f ∼ ð10−1Þ Hz, the Ultimate-Decigo detector
[79] can search for all of the GW scenarios that we predict.
For the ultrahigh-frequency GWs, there is a peak of GWs

at around 1010 Hz. To make it easier to compare with

experiments, one can study the characteristic amplitude
hcðfÞ that is related with the total GWs ΩGW;toth2, as
follows:

hcðfÞ ≈ 1.263 × 10−18ð1 Hz=fÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩGW;toth2

q
: ð15Þ

The predicted characteristic amplitudes hcðfÞ are shown
in Fig. 6, in which the red and blue shadows represent the
current upper bounds from direct GW detection experiments
and the CMBRayleigh-Jeans tail constraint, respectively, the
magenta line is the building 3DSR GW detection experi-
ments, and the orange dashed line is the nucleosynthesis
amplitude upper limit. The results at around 1010 Hz cannot
be directly detected by the current experiment but meet the
CMB Rayleigh-Jeans tail constraint and nucleosynthesis
amplitude limit. As it almost reaches the detection range of
the building 3DSR GW detector [80,81], we believe the
predicted GWs can be tested by the future higher-sensitivity
3DSR GW detector. Concerning possibilities for detection at

FIG. 4. The spectrum of PT GWs from the ALP inflation.

FIG. 5. The spectrum of total GWs from the ALP inflation. The CMB observation makes a limit in the low frequency [77,78], while
the Ultimate-Decigo detector [79] can provide a test for the GWs in the high frequency.
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high frequency, for more details, refer to the review
in Ref. [82].

IV. SUMMARY

In this paper, we reexamined the minimal axionlike
particle inflation derived from a multinatural inflation.
We find that the model parameter n may have three main
physical meanings: (i) Whether n is equal to 1 or not
determines the exit way of inflation. When n ¼ 1, inflation
will end through the slow-roll condition being broken with
the expansion of the Universe. While n > 1, there will be
some false vacuum in the potential, which makes it possible
for PTs to end inflation. (ii) The size of n determines the
number of phase transitions. (iii)With each PT, the Universe
will expand by a certain number of times, so the size ofn also
determines the number of times the Universe will expand.
PTs usually produce sizable GWs that may be detected by

the future GW detectors; thus, we studied in detail the GWs
from the inflation ending with PTs, i.e., n > 1. As the PT
events need more than 200, therefore, the model parameter n
should not be less than 404. We investigate two scenarios
(n ¼ 404, 2000) and find that the magnitude of n is

negligible for the physical observations, such as ns, r,
and ΩGWh2, which can be obtained from the corresponding
figures.
In the inflation exit with PTs scenario, the GWs will

consist of two parts; i.e., GWs are generated by QF during
inflation and by PTs finished the inflation. The generated
GWs by QF dominate the low-frequency part, while the
GWs generated by PTs dominate the high-frequency part.
At f ∼ 10−1 Hz, the generated GWs can be detected by
Ultimate-Decigo [79], while in the extremely high-
frequency part, it is expected to be detected by the future
higher-sensitivity 3DSR designed by Chongqing
University [80,81].
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