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The origin of ultrahigh-energy cosmic rays (UHECRs) remains a mystery. It has been suggested that
UHECRs can be produced by the stochastic acceleration in relativistic jets of gamma-ray bursts (GRBs)
at the early afterglow phase. We develop a time-dependent model for proton energization by cascading
compressible waves in GRB jets while considering the concurrent effect of the jet’s dynamics and the
mutual interactions between turbulent waves and particles. Considering the fast mode of a magnetosonic
wave as the dominant particle scatterer and assuming the interstellar medium for the circumburst
environment, our numerical results suggest that protons can be accelerated up to 1019 eV during the early
afterglow. An estimation shows that ultrahigh-energy nuclei can easily survive photodisintegration in the
external shocks in most cases, thus allowing the acceleration of 1020 eV cosmic-ray nuclei in the proposed
frame. The spectral slope can be as hard as dN=dE ∝ E0, which is consistent with the requirement for the
interpretation of the intermediate-mass composition of the UHECRs as measured by the Pierre Auger
Observatory.
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I. INTRODUCTION

Ultrahigh-energy cosmic rays (UHECRs) at the ankle
energy 1018.5 eV and above are the most energetic particles
in nature [1]. The presence of these particles has been
known for over half a century [2]. However, the sites and
mechanisms of their production are still open questions [3].
The study of the energy spectrum and the mass composition
of the UHECRs helps reveal their origin. Recently, the
results of cosmic-ray anisotropy observed by the Pierre
Auger Observatory and the Telescope Array support the
hypothesis of an extragalactic origin for the UHECRs [4,5].
Extragalactic sources, such as active galactic nuclei [6,7],
gamma-ray bursts (GRBs) [8–10], energetic supernovae
(such as hypernovae) [11,12], tidal disruption events
[13–15], galaxy clusters [16–18], and millisecond magnet-
ars [19,20], have been considered plausible candidates for
UHECR sources.
As the most powerful and intense explosive events in

the Universe, GRBs have been studied extensively as the
cosmic accelerator of UHECRs [8–10,21–24]. However,
the acceleration mechanisms of these particles in GRBs
remain an enigma. The standard scenario adopted to
produce nonthermal particles is the particle acceleration

at shocks, e.g., diffusive shock acceleration [25,26].
However, particle acceleration by relativistic shocks with
a bulk Lorentz factor Γ ≫ 1 is limited by a series of factors.
For example, the relative energy gain drops quickly (from
Γ2 to ≃2) after the first shock crossing circle because of
particles do not have sufficient time to become isotropic
upstream before being caught up by the shock (see, e.g.,
[27,28]; see also the recent review by Marcowith et al.
[29]). Another possible disadvantage of the shock accel-
eration is the energy budget. The required energy produc-
tion rate of CRs to explain the measured flux beyond the
ankle is 1044 ergMpc−3 yr−1 [30–32], while the gamma-ray
energy production rate of GRBs is 1043 ergMpc−3 yr−1 for
a typical gamma-ray luminosity of 1052 erg s−1 and a local
GRB rate of 1 Gpc−3 yr−1. Given a predicted spectral slope
of the accelerated particles of p≳ 2 for the relativistic
shock acceleration [33–36], the fraction of the energy of
CRs accelerated beyond the ankle ð1018.5 eVÞ is only at a
level of 10% of the total CR energy. As a result, it would
require a baryon loading factor (defined as the ratio of total
energy populated in CRs to that in gamma rays) of ∼100 to
account for the required UHECR energy production rate.
This is in tension with the constraint from the nondetection
of GRB neutrinos by the IceCube neutrino telescopes in
some dissipation mechanisms of GRBs [37]. Furthermore,
it has been pointed out that a very hard CR injection
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spectrum with p≲ 1 is favored in order to fit the spectrum
and composition of UHECRs measured by the Pierre Auger
Observatory, where the best-fit index is even p < 0 [38,39].
Recently, a stochastic acceleration (SA) model of

UHECRs via turbulence in GRB jets was proposed to
avoid the problems mentioned above [23]. The SA can
yield a hard UHECR spectrum with shallow index p≲ 2,
which has been discussed as a possible charged particle
acceleration mechanism in astrophysical plasmas [40–42].
Magnetohydrodynamic (MHD) turbulence is indispensable
in various astrophysical processes. As the magnetic scatter-
ing centers in the SA scenario, MHD waves consist mainly
of three types: incompressible Alfvén modes and com-
pressible fast and slow modes [43]. Particle scattering and
diffusion largely rely on the properties of the plasma
turbulence. Fast mode waves show an isotropic cascade
and could be the most effective scatterers of cosmic rays
[44,45]. The spectrum of the isotropic cascade was claimed
to be k−3=2 [43].
The excitation of turbulence in plasmas generally stems

from the anisotropy of particle distributions and MHD
instabilities [46]. In our work, we consider the turbulence
driven by MHD instabilities induced by the jet’s propaga-
tion in the circumburst interstellar medium (ISM), such
as Kelvin-Helmholtz, Rayleigh-Taylor, and Richtmyer-
Meshkov instabilities [47–49]. The turbulence is injected
at a scale comparable to the size of the shock and then
cascades down to small scales due to the wave-wave
interactions. We do not emphasize any specific instability
while assuming that the turbulent magnetic field is
of the same order of magnitude as the total magnetic field
(in the relativistic limit, mainly contributed by fast mode
waves under our assumption [45,50]). Charged particles
are expected to be accelerated via the gyroresonance
with MHD waves in the condition ω − kkvk ¼ lΩg

ðl ¼ 0;�1;�2;…Þ, where ω ¼ �kkvw is the wave fre-
quency, kk the parallel wave number, vw the phase velocity,
vk ¼ μv the particle velocity parallel to the mean magnetic
field B≡ jBj, μ the pitch-angle cosine, and Ωg the
gyrofrequency of relativistic particles. The positive and
negative signs in the dispersion relation indicate the parallel
and antiparallel propagation of waves toB. In our work, we
consider only the most important resonance occurring at
l ¼ −1 and kk ¼ Ωg=vk, which is generally true except for
90° scattering [51–53]. Notice that gyroresonance is not
the only mechanism for wave-particle interactions in the
MHD turbulence. For example, transit-time damping
ðl ¼ 0 mode) can also contribute to particle scattering,
especially when the pitch angle is close to 90° [54,55].
Asano and Mészáros [23] considered the SA process

with a test-particle treatment and assumed nonevolving
parameters such as the particle injection rate and the
diffusion coefficient. In fact, acceleration of particles
consumes the turbulence energy, represented as a damping
process. In the meantime, it relaxes the confinement of

particles in the jet and may cause particle escape from the
jet. In addition, the GRB jet decelerates as it expands into
the ISM. As a result, relevant parameters for the SA process
evolve with time and particles that, confined in the jet,
experience adiabatic cooling. These processes were not
considered in Ref. [23], but they may significantly affect
the SA process and, consequently, the accelerated CR
spectrum.
In this work, we attempt to model the acceleration of

UHECRs via the SA process in the early afterglow of GRBs
with incorporating jet dynamics and the mutual influences
between the particles and the turbulence. The configuration
of this work proceeds as follows. In Sec. II, the gyrore-
sonant interaction of wave and particle by coupled kinetic
equations in the early afterglows of GRBs is introduced. In
Sec. III, we analyze the acceleration of UHECRs by wave-
particle interactions in a comprehensive way which covers
the behaviors of the wave-particle spectra. In Sec. IV, we
estimate the photodisintegration rate of ultrahigh-energy
nuclei in the external shocks under the assumption of SA.
Conclusions are presented in Sec. V. We use Qx ¼ Q=10x

(i.e., Q ¼ 1052Q52, except when Q300, in which case
Q=300) in cgs units throughout this work.

II. STOCHASTIC ACCELERATION IN THE
EARLY AFTERGLOWS OF GRBs

For an isotropic-equivalent, adiabatic GRB ejecta expand-
ing in ISM [56], the following equations have been proposed
to depict its dynamic evolution [56]:

dΓ
dm

≃ −
Γ2 − 1

Mej þ 2Γm
; ð1Þ

dm ¼ 4πR2nISMmpdR; ð2Þ

dR ¼ βshcΓðΓþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Γ2 − 1

p
Þdtobs; ð3Þ

where Γ is the bulk Lorentz factor of the external shock and
the initial bulk Lorentz factor is fixed at Γ0 ¼ 300. m and
Mej are the rest mass of the swept-up ISM and the mass
ejected from the GRB central engine, respectively. R is the
radius of the external shock; nISM is the number density
of the interstellar medium; mp is the mass of a proton;
βsh ¼ vsh=c, where vsh is the bulk velocity of the material
and c is the speed of light; and tobs is the time measured in
the observer’s frame.
At the onset of the afterglow (external shocks) of GRBs,

the relativistic outflowing plasma can excite large-scale
turbulence by MHD instabilities. Particles in plasmas
scatter off the randomly moving induced turbulence, which
causes second-order Fermi acceleration [57]. After a period
of “scattering,” the transition from anisotropic particle
velocity distribution to the isotropic one (actually, the
scattering mentioned above is due to some collisionless
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processes between particles and fast mode waves, such
as gyroresonant wave-particle interactions [58]). Hence,
the reduced momentum diffusion equation can be written
as [42,59]

∂fðp; tÞ
∂t ¼ 1

p2

∂
∂p

�
p2Dppðp; tÞ

∂fðp; tÞ
∂p

�
; ð4Þ

where fðp; tÞ is the phase space distribution function
of momentum p and time t and Dppðp; tÞ is the momentum
diffusion coefficient which represents the rate of inter-
action with the turbulent fields. We adopt the energy of
particle E instead of its momentum p by invoking
fðp; tÞ ¼ NðE; tÞdE=ð4πp2dpÞ. Furthermore, in consider-
ation of the particle injection, escape, and adiabatic energy
loss processes, the evolution of the proton energy distri-
bution NðE; tÞ in the outflowing plasma (jet) comoving
frame can be described as follows by the Fokker-Planck
(FP) equation [42,60]:

∂N
∂t ¼ ∂

∂E
�
DEEðE; tÞ

∂N
∂E

�
−

∂
∂E

��
2DEEðE; tÞ

E
þ h _Ei

�
N

�

−
N
tesc

þQinjðE; tÞ; ð5Þ

where h _Ei ¼ −E=tad represents the adiabatic energy loss
of relativistic expansion and tad ¼ R=ðΓcÞ indicates the
adiabatic energy loss timescale. The last term, QinjðE; tÞ ¼
Q0ðtÞδðE − EinjÞ, represents the continuous particle injec-
tion from the initial moment, Q0ðtÞ ¼ 4πR2ΓnISMc indi-
cates the number density at the proton injection energy Einj,
and we assume continuous injection of particles at Einj ¼
300Γ300mpc2 during the early afterglow evolution, with
E ¼ Γmpc2 being the proton energy. The term −N=tesc
represents the spatial diffusive escape of the particle from
the accelerated region, the size of which is R=Γ in the jet’s
comoving frame. The spatial diffusion coefficient DRR
is related to the energy diffusion coefficient DEE by
DRRDEE ¼ β2wE2 when one omits the coefficient of order
unity. Therefore, the escape timescale tesc ¼ R2=DRR ¼
R2=ðΓ2v2wtaccÞ [61], where tacc ¼ E2=DEE is the acceler-
ation time for protons whose Larmor radii resonate with
some character length scales of the turbulent magnetic
fields, vw is the phase speed of fast mode magnetosonic
waves. The cooling effects owing to photopion production
and proton synchrotron radiation can be neglected [23].
Without considering the adiabatic energy loss, we can
combine the first two terms on the right-hand side of
Eq. (5) into a single term ð∂Fp=∂EÞ which represents the
SA process. Fp can be written as

FpðEÞ ¼ E2DEEðEÞ
∂
∂E

�
NðEÞ
E2

�
: ð6Þ

Since we deal with ultrarelativstic particles, the particle
velocity v ≫ vw is considered in the numerical calculation.
Hence, we use an approximated form of the diffusion
coefficient in energy space given by [62,63]

DEEðEÞ ∼
E2β2wkresc

rguB

Z
kmax

kres

k−1WBðkÞdk; ð7Þ

where the dimensionless speed is given by [64]

βw ¼ vw
c

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ̂Pþ B2=4π
ρc2 þ γ̂P=ðγ̂ − 1Þ þ B2=4π

s
; ð8Þ

γ̂ ¼ 4=3 represents the adiabatic index in the relativistic
regime, P ¼ ð4Γ2nISMmpc2Þ=3 is the relativistic gas pres-
sure, ρ ¼ 4ΓnISMmp is the downstream rest mass energy
density, and nISM is the upstream rest number density of
protons. Without considering the damping effect on turbu-
lent MHD waves, we find that the coefficient DEE ∝
β2wE2c=ðr2−qg λq−1maxÞ is tested under different cases, such as
q ¼ 2 (hard sphere approximation), q ¼ 3=2 (Kraichnan
type), q ¼ 5=3 (Kolmogorov type), and q ¼ 1 (Bohm
limit), and the spectral indices of the proton energy spectra
E2NCRðEÞ are separately shown as 1, 3=2, 4=3, and 2,
which is consistent with previous work [23,42,65]. The
comoving magnetic field energy density will be calculated
in Eq. (10), which satisfies

uB ¼ B2

8π
¼

Z
kmax

kmin

WBðkÞdk; ð9Þ

under the assumption that the magnitude of the initial
magnetic field B0 ≃ ð32πεBΓ2

0nISMmpc2Þ1=2, and with εB
being the magnetic field equipartition factor which indi-
cates fraction of the magnetic field energy to the internal
energy Etot (almost equal to the initial total energy of the
GRBs). For highly turbulent plasma, we assume that the
energy of the turbulent magnetic field is comparable to
the total magnetic energy. The fast mode magnetosonic part
WBðkÞ ¼ αWðkÞ is the magnetic component of the total
turbulent field energy density per unit wave number WðkÞ
(magnetic field plus plasma motion). Because it is still
not clear what the portion of fast mode waves in relativistic
MHD turbulence is, here we set the dimensionless param-
eter α¼0.25 [45]. Given the turbulent energy Etur ¼ εTEtot,
where εT is the turbulence equipartition factor. kres ≡
1=rgðEÞ is the corresponding wave number of the wave
resonating with protons of energy E, where rg ≃ E=ðeBÞ is
the gyroradius (Larmor radius) of the protons. kmin and kmax
represent, respectively, the minimum and the maximum
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wave number of the turbulence which correspond to the
injection eddy scale λinj ¼ 2π=kmin and the smallest eddy
scale λmin ¼ 2π=kmax. Note that the injection eddy scale λinj
should not be larger than the width of the shocked jet in the
comoving frame R=Γ at the jet’s radius R from the central
engine. Hence, we use a dimensionless parameter ξ to
parametrize the injection eddy scale λinj ¼ ξR=Γ≲ R=Γ.
The value of λmax is rather trivial for our calculation as long
as it is smaller than the gyroradius of the protons at
injection, i.e., 2πrgðE0Þ. We here simply set it to 1016cm.
The gyroresonant wave-particle interactions lead to

energy exchange between the turbulent waves and particles.
As we mentioned above, the MHD waves in relativistic jets
are taken to be isotropic, and their spectral density Wðk; tÞ
in wave-number space is determined as follows by the FP
equation [66,67]:

∂W
∂t ¼ ∂

∂k
�
Dkkðk; tÞ

∂W
∂k

�
−

∂
∂k

�
2Dkkðk; tÞ

k
W

�

þ k
3
ð∇ · vÞ ∂W∂k þ Γwðk; tÞW þQw;injðk; tÞ; ð10Þ

where the third term on the rhs of the equation represents the
energy loss of the adiabatic expansion (i.e.,∇ · v > 0Þ of
magnetic fields at different scales and v is the expansion
velocity of thewaves. Γwðk; tÞ represents the damping effect,
and Qw;injðk; tÞ ¼ Qw0ðtÞδðk − kinjÞ represents the continu-
ous energy injection into the turbulence at a monoscale
λinj¼1=kinj, where Qw0¼4Γ2εTnISMmpc2=ðR=ΓcÞ is the
injection rate per unit volume at the wave number kinj. As the
jet’s expansion, kinj will gradually get smaller. Note that kinj
is not to be confused with another characteristic wave
number kres;inj, which corresponds to the wave that is
resonate with the protons at injection energy Einj. The first
two terms on the right-hand side of Eq. (10) indicate the
energy cascade process in the wave-number space, which
can be reformulated in the same manner as Eq. (6) as
k2DkkðkÞ∂=∂k½WðkÞ=k2�.
Since we consider the compressible fast mode waves, the

Iroshnikov-Kraichnan- (IK-) type turbulence is adopted,
and the diffusion coefficient in wave-number space DkkðkÞ
can be given by [67]

DkkðkÞ ¼ C2k4vw

�
WðkÞ
2uB

�
; ð11Þ

where C is the Kolmogorov constant of order unity. Note
that turbulence could already be driven in the jet before
the onset of the afterglow phase (i.e., during the prompt
emission phase), so we assume the initial condition for
Wðk; tÞ to be

Wðk; t ¼ 0Þ≡ κ0uT

�
k
kinj

�
−q

exp

�
−

k
kmax

�
; ð12Þ

where the parameter κ0 ≈ −2kqinjðk−qþ1
max − k−qþ1

inj Þ, uT ¼
4Γ2εTnISMmpc2 is the comoving turbulent field energy
density, and the IK-type spectral index q ¼ 3=2. Note that
the damping effect, if not negligible, would cause the
deviation of the turbulence spectrum from the IK spectrum.
The energy gain of particles serves as a damping process

for the turbulence. We consider here only the damping
of the turbulence due to the gyroresonance of the
protons. Therefore, the energy dissipation rate of the
turbulence should be equal to the energy gain rate of
the protons [68], i.e.,

Z
dkΓwðkÞWðkÞ ¼ −

Z
dEE

∂FpðEÞ
∂E : ð13Þ

From Eq. (7), integrating by parts twice, we obtain

ΓwðkÞ¼−
4πe2β2wc

k

�
nðEresðkÞÞþ

Z
Emax

EresðkÞ

2nðEÞ
E

dE

�
; ð14Þ

where nðEÞ≡ NðEÞ=V represents the number density and
the volume of the acceleration zone in the jet’s comoving
frame is estimated using V ¼ 4πR2 · R=Γ. The turbulence
at the wave number k is damped by protons with energy
E > EresðkÞ, where Eres ¼ eB=k. The turbulent magnetic
fields in the relativistic jet indicate that δB≲ B.

III. RESULTS ANDDISCUSSIONSOF TURBULENT
STOCHASTIC ACCELERATION

We adopt the Runge-Kutta method to solve the dynami-
cal evolution of the GRB jet, and the central difference
method to solve the time-dependent FP equations; see the
appendix of Ref. [69] for details. UHECR protons accel-
erated by turbulence through wave-particle gyroresonant
interactions are considered under four different cases, case I
for ξ ¼ 0.1 and nISM ¼ 0.01 cm−3, case II for ξ ¼ 0.1 and
nISM ¼ 1 cm−3, case III for ξ ¼ 1 and nISM ¼ 0.01 cm−3,
and case IV for ξ ¼ 1 and nISM ¼ 1 cm−3. All these cases
take the initial bulk Lorentz factor Γ0 ¼ 300Γ300 and
consider the onset of the afterglow at 0.1 s (in the observer’s
frame) after the burst such that the initial radius of the early
afterglows are set to R0 ≃ 2Γ2

0ct0 ¼ 5.4 × 1014 cm. The
time-dependent proton spectra in these cases are shown in
the upper panels of Figs. 1 and 2, where some relevant
timescales are shown in the lower panels. Note that here
we simply show the spectra in four typical moments. We
present the spectra at more moments of the evolution in
Appendix A.
By comparing the final spectra of the four cases, we

can see that the maximum accelerated energy is roughly
proportional to ξ, implying that the particle acceleration in
the early afterglow is limited mainly by the eddy size or the
longest wavelength of the turbulence. This agrees with
the result in Ref. [23]. Considering the adiabatic cooling
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slightly softens the spectrum at the cutoff regime (where
tacc ≃ tad or E ≃ Eeq), as shown with the green dash-dotted
lines. A smaller ξ, on the other hand, leads to a hardening or
a pileup spectral feature at the high-energy end. This is
because the same energy of turbulence would then distrib-
ute over a narrower span in the wave-number space given a
smaller ξ, and hence enhance the energy density per unit
wave number (i.e., there would be a larger DEE). As a
consequence, the SA process would push protons to higher
energy more efficiently and, on the other hand, a smaller
eddy size would result in the termination of wave-particle

interactions at smaller energy. These two effects jointly lead
to the formation of the pileup bump. The diffusive escape
of particles does not have a significant influence on the
spectrum at the high-energy end but plays an important role
in shaping the spectrum around Einj, as shown in the upper
panels of Figs. 1 and 2. The eddies around the resonant
injection scale ∼1=kres;inj are largely consumed by the
injected particles. Meanwhile, the number of scatterers
(eddies) drops quickly, as particles can no longer be bound
by waves. Therefore, particles can efficiently escape from
the present acceleration region, causing the reduction of the

(a) (b)

FIG. 1. UHECR proton spectra resulting from joint stochastic acceleration, particle diffusive escape, and adiabatic energy loss and
their corresponding comoving timescales as a function of observed proton energy. Upper panels: dark blue lines represent the proton
injection at 0.1000 s in the observer’s frame. The color range of the solid lines progressing from dark blue to dark red represents the
evolution of the proton spectrum in the case of ξ ¼ 0.1. The corresponding colored short-dashed lines depict the evolution absent
consideration of the particle spatial diffusive escape effect. The green dash-dotted lines in the upper panels delineate the cases in which
one ignores the adiabatic energy loss at the final moment of the evolution. Lower panels: comoving timescales against the observed
proton energy in the case of ξ ¼ 0.1. The evolution of the energy spectra of protons for 100000 s in the comoving frame of relativistic
outflowing plasma with nISM ¼ 0.01 cm−3 (case I) and nISM ¼ 1 cm−3 (case II). The acceleration, adiabatic expansion cooling, and
diffusive escape timescales are separately denoted by dashed, dash-dotted, and solid lines. The gray lines show the evolution without
inclusion of the adiabatic cooling process. Proton spectra evolve when (a) tobs ∈ ½0.1000 s; 431.89 s� and (b) tobs ∈ ½0.1000 s; 1319.5 s�
in the observer’s frame. We show only the final moment of the various timescales in the lower panels. More moments of the evolution of
proton spectra are shown in Appendix A.
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number of particles in the acceleration zone, as in the three
cases (II–IV) shown in Appendix B, while the specificity of
case I will be discussed separately below. This can be also
seen by comparing the timescales shown in the lower
panels of Figs. 1 and 2. At the high-energy end, when the
acceleration timescale becomes comparable to the adiabatic
cooling timescale (which is also comparable to the dynami-
cal timescale), the diffusive escape timescale is still several
times longer. In Fig. 1, we can see that the influence of the
adiabatic cooling effect on the spectrum of the proton is not
significant. As shown in the top panels of Fig. 1, it is worth
noting that the total kinetic energy (or thermal energy in
the rest frame if one assumes that swept-up protons are
isotropized in the downstream of the shock) of the protons
at injection is Etot ∼ Γ2Mswc2 ∼ 1054 erg, whereMsw is the
mass of swept-up material, but the protons are accelerated
by extracting the turbulent magnetic field energy, and hence
the total proton energy is restricted by the magnetic

equipartition factor εB ¼ αεT. As a result, the baryon
loading factor of accelerated protons is determined natu-
rally instead of through manual selection. It should be
noted that in order to ensure the validity of UHECR
acceleration above the ankle in our model, the value of
εB should not be much less than 0.1. For a local GRB rate
of 1 Gpc−3 yr−1, the required cosmic-ray energy budget
should be about 1053 erg given the inferred CR energy
production rate of 1044 ergMpc−3 yr−1. For GRBs with a
typical total kinetic energy Etot ¼ 1054 ergs, it would be
insufficient to explain the origin of UHECRs with SA
if εB ≪ 0.1.
Comparing Figs. 1 and 2, we observe that the maximum

energy is also related to the ambient ISM density. At the
early afterglow phase of GRBs, the jet has not been
significantly decelerated so that the difference of the bulk
Lorentz factor Γ. Therefore, the turbulence energy injection
rate Qw;inj is proportional to the ambient gas density.

(a) (b)

FIG. 2. Consistent with the descriptions in Fig. 1. Upper panels: lines ranging from dark blue to dark red represent the evolution of the
proton spectrum in the case of ξ ¼ 1. Lower panels: comoving timescales against the observed proton energy in the case of ξ ¼ 1. The
evolution of the energy spectra of protons for 100000 s in the comoving frame of relativistic outflowing plasma with nISM ¼ 0.01 cm−3

(case III) and nISM ¼ 1 cm−3 (case IV). For simplicity, here we simply compare the cases with and without the escape effect. More
moments of the evolution of proton spectra are shown in Appendix A.
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A higher ISM density converts more kinetic energy into
magnetic energy, and hence a larger diffusion coefficient,
which facilitates the acceleration, can be expected.
According to Ref. [42], if q ¼ 3=2, the steady-state

particle spectrum implied by Eq. (5) is dN=dE ∝ E1−q

when E ∈ ðEinj; EeqÞ, as long as the particle escape can be
neglected ðtesc ≫ tacc, tadÞ. Thus, the power-law energy
spectra E2NCRðEÞ is proportional to E3=2. This is the result
obtained in the test-particle limit and without considering
the dynamic evolution of the system. In Figs. 1 and 2, we
see that the bulk of the accelerated particle spectra in all
four considered cases are softer. In general, when one takes
the feedback of particle acceleration on the turbulence
into account, the turbulence energy is consumed. Such a
negative feedback from the protons impedes themselves to
be further accelerated. The feedback is also reflected in
the magnetic field strength, as can be seen in Fig. 3, where
we compare the evolution of the magnetic field under the
feedback with that expected in the standard GRB afterglow
dynamic model. It is interesting to note that much of the
previous literature found a very small εB for the external
shock during modeling of the multiwavelength afterglow
of some GRBs (see, e.g., Refs. [70–72]), which signifi-
cantly deviates from the energy-equipartition value. We
speculate that the feedback of the particle acceleration on
the turbulence energy could be a reason. This will be
studied elsewhere.
To show the tendency of energy transfer from turbulent

magnetic field to particles, we compare the magnetic field
energy density evolution under the four different cases, as
shown in Fig. 3. Since the escape effect is considered in
our model, the UHECR spectrum should be based on the
escaped particles. If protons are confined in the shocked
region, the protons lose energy via adiabatic cooling. The
evolution time of the final UHECR spectra that escaped
from the region should be longer than the deceleration
time tdec. We know that the GRB jets start decelerating at a
typical radius,

Rdec≡
�

3Etot

4πΓ2
0nISMmpc2

�
1=3

≃1.2×1017n−1=3ISM

�
Etot

1054 erg

�
1=3

�
Γ0

300

�
−2=3

cm: ð15Þ

Therefore, in cases I and III, the deceleration radius
Rdec ≃ 5.6 × 1017 cm, and it is about 1.2 × 1017 cm in
cases II and IV. Their corresponding deceleration time-
scales are tdec ≃ 7.8 × 104 s and 1.7 × 104 s in the jet’s
comoving frame. To ensure that the final UHECR spectra
escaped from the region after calculations longer than tdec,
we set the evolution timescale of the wave-particle system
in the jet’s comoving frame tcmv ¼ 1.0 × 105 s, as shown
in Fig. 3.

The evolution of turbulence energy and cosmic-ray
energy are shown in the middle panels of Fig. 3. The
turbulence energy is calculated as

Etur ¼ ΓV
Z

kmax

kmin

WðkÞdk; ð16Þ

and the corresponding cosmic-ray energy is given by

ECR ¼ Γ
Z

Emax

Eacc

E
dNðEÞ
dE

dE ð17Þ

in the observer’s frame. Here, Eacc is adopted as 5Einj for all
cases. In cases III and IV, we can see that Etur is almost 10%
of Etot ðεT ¼ 0.1Þ in the equilibrium state, and the cosmic-
ray energy which is extracted from the fast mode waves
energy is about 25% to Etur (α ¼ 0.25). However, in cases I
and II, we can see that Etur is only slightly larger than ECR.
Owing to the smaller ξ ¼ 0.1 in cases I and II, the position
of resonant injection wave number kres;inj is closer to the
injection wave number kinj (higher energetic waves), as
shown in cases I and II of Fig. 5 in Appendix A. We noticed
that the magnitudes of the turbulent magnetic fields in
cases III and IV (conservation of the turbulent magnetic
field is well maintained) are almost twice those in cases I
and II during the evolution. This means that protons get
twice as much energy in cases I and II than in cases III
and IV. With fewer scatterers, these energized protons are
more likely to escape from the acceleration region, and
this is the case, as shown in Fig. 6 in Appendix B.
The turbulence energy in cases I and II is half that of
cases III and IV. The reason for this is that damping of
waves occurs even at the wave injection scale ∼kinj.
In addition, we noticed that the complex behavior of

case I is related to the relative values between kinj and
kres;inj. A detailed explanation of it is given in Appendix C.
In the meanwhile, our model requires that the wave number
k should not be less than the injection wave number kinj, as
shown in the final moment of evolution of Fig. 4. However,
the diffusive nature of the FP equation allow the existence
of wave numbers smaller than kinj. In our calculation of the
turbulent magnetic field, the distribution of wave numbers
k < kinj is omitted. Hence, we get a relatively small value
for the turbulent magnetic field in the case with ξ ¼ 0.1.
Furthermore, the magnetic energy is also lost due to

the adiabatic expansion of the jet. Since we assume the
injection eddy size to be proportional to the jet’s radius, the
expansion of the jet also reduces the injection wave number
of the turbulence kinj. The turbulent energy would then
distribute over a larger and larger range in the wave number
space, so the energy density per wave number is reduced.
Therefore, relative to the case in the test-particle limit and
the steady state, there will be a decline in the capacity of the
SAwith time. This is also reflected in the particle spectrum.
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We can see that the bulk of the accelerated particle
spectrum is softer than E3=2.
According to the above parameter evolution, the shape of

the wave energy density spectra can be easily determined

from two types of wave numbers, kinj and kres;inj, as shown
in Figs. 3 and 4. As the turbulent eddy scale becomes
larger and larger, its wave number becomes smaller and
smaller. Eddies associated with larger wave numbers

(a) (b)

FIG. 3. Top panels: evolution of the magnetic field energy density in the phase of the GRB’s early afterglows which are under the four
different cases. The blue solid lines represent the evolution of the magnetic field energy density in the GRB blast wave (downstream of the

shocked fluid) without consideration of the wave-particle interactions calculated with B ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πεBΓ2nISMmpc2

q
. (a) nISM ¼ 0.01 cm−3.

(b) nISM ¼ 1 cm−3. The colored solid lines (gray for ξ ¼ 1 and red for ξ ¼ 0.1) show the evolution of the magnetic energy density
components (without fast mode waves which are consumed by protons) of the turbulent magnetic fields with damping by protons are
calculated using Eq. (9). The black dashed lines represent the deceleration time. Middle panels: The evolution of turbulence energy (dashed
lines) and cosmic-ray energy (solid lines) in the observer’s frame. Bottom panels: injection wave number kinj (dash-dotted lines) and
resonant injection wave number kres;inj (solid lines). The vertical gray dashed line represents the moment when kinj ¼ kres;inj again.
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(smaller scales) have already been damped by the corre-
sponding lower-energy particles, the relatively higher-
energy particles trapped in the acceleration region which
can continuously gain energy from the lower-wave-number
turbulent waves. Then energy transport in k space will
cause a more remarkable deviation from the IK-type
spectrum at lower wave numbers.
In the case of the ISM environment around bursts, our

results suggest that a combination of cyclotron wave
damping and gyroresonant particle acceleration in the early
afterglows of GRBs could account for the origin of
UHECRs. It is worth noting that the evolution of the jet’s
expansion can reduce the acceleration capacity of turbu-
lence due to the dilution and adiabatic loss of the magnetic

energy. In other words, the fluctuating magnetic field can
energize cosmic rays more efficiently without considering
the evolution of the jet’s dynamics. For convenience, we list
in Table I some parameters and their implications in the
numerical calculation. Note that here we simply show the
spectra at four typical moments. We present the spectra at
more moments of the evolution in Appendix A.
It is worth mentioning that, as an equally important

component of the turbulent plasma, electrons might express
nonthermal radiation processes in the early afterglows of
GRBs. We believe that the electron acceleration in the
frame of SA has the value in itself [73]. For example, a
study of SA of electrons in a scenario with prompt emission
of GRBs has been carried out to explain the origin of the

(a) (b)

FIG. 4. Turbulence spectral energy density against wave number. The initial wave energy (magnetic field plus plasma motion)
injection at 0.1000 s in the observer’s frame is distinctly represented by the dark blue solid lines in the upper panels (ξ ¼ 0.1) and lower
panels (ξ ¼ 1). Solid lines ranging in color from dark blue to dark red represent the evolution of the turbulent waves in the cases
of ξ ¼ 0.1 (cases I and II) and ξ ¼ 1 (cases III and IV). The evolution of the relativistic outflowing plasma wave spectra for
tcmv ¼ 100000 s with nISM ¼ 0.01 cm−3 (left panels) and nISM ¼ 1 cm−3 (right panels). Evolution time is shown for
(a) tobs ∈ ½0.1000 s; 431.89 s� and (b) tobs ∈ ½0.1000 s; 1319.5 s� in the observer’s frame. Asterisks on the lines show the turbulent
magnetic field energy density which are corresponding to the wave number kres;inj. The circles at different moments show the injected
position of turbulent waves. The dash-dotted lines represent the cutoff position of the injection wave number at different moments. More
moments of the turbulence spectra are shown in Appendix A.
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Band function [74]. However, the focus of this work is on
UHECR acceleration. The study of electron SA in the
framework of our model will be studied in the near future.

IV. PHOTODISINTEGRATION OF UHECRS IN
THE STOCHASTIC ACCELERATION SCENARIO

Information about the energy loss processes of nuclei
can provide important clues as to the mass composition of
accelerated particles. An ultrahigh-energy nucleus with
Lorentz factor ΓA traveling through an isotropic photon
background with number density nγðεγÞdεγ in the energy
range ðεγ; εγ þ dεγÞ suffers from a loss of nucleons through
the photodisintegration process, and the reaction rate is
given by [75]

t−1dis ¼
c

2Γ2
A

Z
∞

εth

σdisðε0γÞε0γdε0γ
Z

∞

ε0γ=2ΓA

nγðεγÞ
ε2γ

dεγ; ð18Þ

where tdis represents the photodisintegration energy loss
time, while ε0γ and εγ are the photon energies in the nucleus
rest frame and lab frame, respectively. The dominant
channel of this process is called giant dipole resonance
(GDR). The relevant threshold energy εth ¼ 10 MeV and
the cross section in the energy range ε0γ ∈ ðεth; 30 MeVÞ
with loss of a single nucleon can be roughly described in a
Lorentzian form [76] as

σdisðε0γÞ ¼
σ0ε

02
γ Δ2

GDR

ðε20 − ε02γ Þ2 þ ε02γ Δ2
GDR

; ð19Þ

where σ0 andΔGDR are the maximum value and width of the
cross section with the peak energy ε0. The numerical fitting
values are σ0 ¼ 1.45 A × 10−27 cm2, ΔGDR ¼ 8 MeV, and
ε0 ¼ 42.65 A−0.21 MeV for A > 4 [77]. Equation (19) is
adequate for soft photon spectra, although a power-law
function is more reasonable for the energy distribution of
photons. However, for simplicity, we choose the delta
function approximation σdisðε0γÞ ∼ σ0ΔGDRδðε0γ − ε0Þ to esti-
mate the reaction rate (the results of estimation of these two
methods are in the same order of magnitude; we can see that
it will not affect our conclusion about the photodisintegration
of heavier nuclei).
The accelerated ultrahigh-energy nuclei with energies εobs

above 1019 eV prefer to interact with these x-ray photons if
the shock’s Lorentz factor Γ ∈ ð102; 103Þ, and the Lorentz
factor of an ultrahigh-energy nucleus ΓA ¼ εobs=ðAΓmpc2Þ
in the observer’s frame. Assuming that the spectrum of the
early x-ray afterglow follows the fast-cooling behavior with
Fν ∼ ν−1 [78], we can get the following photodisintegration
rate of a nucleus moving with ΓA [79]∶

t−1dis ¼
4

3
cσ0

ΔGDR

ε00

ΓAUX

κε00
; ð20Þ

TABLE I. The list of key parameters in numerical calculation. In the value column, each long dash represents a set of data.

Parameter (units) Definition Value (cases)

ξ (⊘)a Dimensionless eddy scale 0.1 (I, II) 1 (III, IV)
nISM ðcm−3Þ Number density of the homogeneous medium 0.01 (I, III) 1 (II, IV)
B0 (G) Initial magnetic field 1.84 (I, III) 18.4 (II, IV)
Rdec (cm) Deceleration radius (in comoving frame) 5.6 × 1017 (I, III) 1.2 × 1017 (II, IV)
tdec (s) Deceleration time (in comoving frame) 7.8 × 104 (I, III) 1.7 × 104 (II, IV)
α ð⊘Þ Magnetic component of the total turbulent field 0.25 (I–IV)
C ð⊘Þ Kolmogorov constant from Eq. (11) 1 (I–IV)
Etot (erg)

b Total isotropic kinetic energy 1054 (I–IV)
εB ð⊘Þ Magnetic field equipartition factor 0.025 (I–IV)
εT ð⊘Þ Equipartition factor of turbulent waves to Etot 0.1 (I–IV)
Γ0 (⊘) Initial bulk Lorentz factor 300 (I–IV)
R0 (cm) Initial radius of the jet’s evolution 5.4 × 1014 (I–IV)
t0 (s)c Initial time of the jet’s evolution 60 (I–IV)
DEE ðeV2 s−1Þ Diffusion coefficient in energy space —(I–IV)d

Dkk ðcm−2 s−1Þ Diffusion coefficient in wave-number space —(I–IV)
Γw ðs−1Þ Damping rate of the cascading turbulent waves —(I–IV)
kres;inj ðcm−1Þ Resonant injection wave number —(I–IV)
kinj ðcm−1Þ Injection wave number —(I–IV)
WðkÞ ðerg cm−2Þ Total turbulence energy density per unit wave number —(I–IV)
WBðkÞ ðerg cm−2Þ Fast magnetosonic mode component of WðkÞ —(I–IV)

aDimensionless physical parameter.
bThe initial energy of the burst measured by an observer is Etot ¼ Γ0Mejc2.
cAt the phase of early afterglow, begin with 0.1 s after the burst in the frame of the central engine.
d“—” means a set of data.
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where UX ¼ κnbðεbÞε2b is the comoving-frame energy den-
sity of x-ray afterglow photons and εb is the break energy,
κ ¼ lnðεBAT;þ=εBAT;−Þ ≃ 3, with εBAT;þ and εBAT;− being
the upper and lower end of Swift–Burst Alert Telescope
(BAT) energy threshold. In the early phase of the external
shock for a GRB with bright x-ray afterglow emission,
such as GRB 190114C [80], the average luminosity of
the relevant x-ray afterglow observed by Swift-BAT is
about LX ¼ 4πR2

exΓ2cUX ≃ 1048.5 erg s−1 during the initial
∼68 − 110 s, whereRex is the radius of the external shock at
the final stage of the free expansion phase of the turbulent
ejecta. For ultrahigh-energy nuclei, the effective optical
depth τ ¼ tdyn=tdis for photodisintegration with the four
cases mentioned above at tobs ≃ 80 s are given by8>>>>><
>>>>>:

6.5 × 10−5LX;48.5Eobs;18R−1
ex;17.5Γ−4

249ðA=56Þ0.42 I

6.5 × 10−4LX;48.5Eobs;19R−1
ex;17.5Γ−4

249ðA=56Þ0.42 III

9.1 × 10−3LX;48.5Eobs;18.5R−1
ex;17.1Γ−4

123ðA=56Þ0.42 II

9.1 × 10−2LX;48.5Eobs;19.5R−1
ex;17.1Γ−4

123ðA=56Þ0.42 IV

:

ð21Þ

From the above results, we conclude that for all four cases
the ultrahigh-energy nuclei (iron) can easily survive photo-
disintegration. From the Hillas criterion [81], we know that
the maximum energy of UHECR is Emax ∝ AeBl, where l is
the scale of the acceleration region. As long as ultrahigh-
energy nuclei survive photodisintegration, heavier nuclei can
achieve a higher maximum energy.

V. CONCLUSIONS

In this paper, we took into account the concurrence of
GRB jet dynamics and the kinetic descriptions of wave-
particle interactions including SA process of particles and
the damping of MHD fast mode waves. Protons can be
accelerated to ultrahigh energy by turbulent waves through
wave-particle gyroresonant interactions.
Including the evolution of a jet’s dynamics can reduce

the energy density of the turbulent magnetic fields and
subsequently weaken the capacity of the acceleration of
the SA mechanism. Since energies of accelerated particles
originate from the magnetic turbulence, taking into account
the feedback (i.e., damping) of particle acceleration on the
turbulence spectrum leads to a weaker magnetic field than
was predicted in the standard afterglow dynamic model,
given that the magnetic energy is consumed by particles. It
also results in a particle spectrum softer than that predicted
in the test-particle limit. Considering the fast mode of
magnetosonic wave as the dominant particle scatterer and
assuming the ISM for the circumburst environment, we
found that protons can nevertheless be accelerated up to
1019 eV with a spectrum dN=dE ∝ E−1 for some favorable
choices of a system’s parameters. We also found that a

pileup bump may occur in the spectrum ahead of the cutoff
if the injection eddy scale is small, leading to a very hard
particle spectrum with dN=dE ∝ E0. On the other hand, the
maximum energy (or cutoff energy) of the accelerated
protons is reduced because the maximum achievable
energy in the acceleration is limited by the eddy scale.
An analytic estimate showed that ultrahigh-energy nuclei

can easily survive photodisintegration in the early after-
glows of GRBs, which implies that intermediate-mass or
heavy nuclei can achieve 1020 eV in our model if they are
loaded into GRB jets. Compared to the traditional model
with acceleration by relativistic shocks, our model not only
alleviates the energy budget problem but also provides a
mechanism to generate the hard injection spectrum as
required through explanation of the measured UHECRs
spectra above the ankle and the chemical composition of
UHECR as measured by the Pierre Auger Observatory.
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APPENDIX A: SKELETON PLOTS OF
FIGURES 1, 2, AND 4

In order to illustrate that the damping of turbulent waves
occurs not only around larger wave numbers but also
smaller ones, we plot more moments for four different cases
of the UHECR protons spectra and the turbulence spectra,
as shown in Fig. 5. We can see that at a very early stage of
the wave-particle system’s evolution in cases I and II,
the wave is damped by protons significantly around kinj.
This means that almost all of the turbulence energy is
extracted by protons via gyroresonant interactions. This is
also the reason why the magnetic field energy density in
Fig. 3 drops much more quickly than in the other two cases.
From Fig. 5, we notice that the quasiperiodic fluctuation

behavior around injection energy on the proton spectra and
around the resonant injection wave number (sometimes at
high wave numbers and sometimes at low wave numbers—
even around the injection of waves kinj) on the turbulence
spectra. This behavior is caused by the resonant wave-
particle interactions.

APPENDIX B: THE NUMBER OF PROTONS
EVOLUTION

We now address the number of particles evolution in
the jet’s comoving frame in four different cases. The
fluctuations on the curves are induced by the joint effects
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of the wave-particle gyroresonant interactions, adiabatic
cooling of turbulent magnetic fields and particle escape, as
shown in Fig. 6. In the absence of particle escape, the
number of particles continuously increase until the end
of the evolution. However, in the case of particle escape
(cases II–IV), the energized particles which extract energy
from turbulent waves will escape from the acceleration
region, causing the number of these particles to drop until
about 100 s into the comoving frame. The reduction in
particle number also reduces the damping rate. After
awhile, the newly injected magnetic energy gradually
increases to a certain amount which can keep dynamic
quasiequilibrium with their adiabatic cooling and the
damping of waves by particles until the bulk Lorentz
factor Γ of the shock begins to drop significantly, as shown
in the lower panels of Fig. 6. Owing to its high sensitivity to
the variation of the value of Γ, the evolution of the nonlinear
coupled FP equations enters the second dynamic equilib-
rium process. The multiplicity of the fluctuation of the
number of particles evolution originates from the features
of the logarithmic coordinate and the decline of Γ. An
interpretation of the peculiarity of case I can be found in the
bottom panels of Fig. 3 and in Appendix C.

APPENDIX C: THE INJECTION WAVE NUMBER
kinj VERSUS THE RESONANT INJECTION

WAVE NUMBER kres;inj

When kinj > kres;inj, the following condition should
be met:

Bξ > η≡ 2πΓEinj

eR
: ðC1Þ

In Fig. 3, we can see that the condition is well satisfied in
cases II–IV. However, in case I, kres;inj ¼ kinj at a very early
stage of evolution (t0 ¼ 60 s) for the first time in the jet’s
comoving frame. The value of η remains 0.0033 at the early
stage of evolution. The initial value of Bξ ¼ B0ξ ≃ 0.1844
is larger than the value of η from the beginning of evolution
until 60.6995 s. The damping of turbulent waves occurs
around the injection wave number until kres;inj ¼ kinj again
at around 223.5 s in the comoving frame, as shown in the
bottom panels of Fig. 3. We know that the initial magnetic
field B0 ∝ n1=2ISM with nISM ¼ 0.01 cm−3 and ξ ¼ 0.1 in
case I. As damping occurs at the injection scale, the
magnetic fields drop quickly due to their adiabatic cooling
and the damping of waves by particles. The value of Bξ
is more likely to become smaller than the value of η than
in the other three cases. With the further injection of
fast magnetosonic waves, the decline of the resonant
wave number is very slow until kres;inj ¼ kinj, again at
tcmv ¼ 223.5 s. Actually, there are no turbulent waves to
energize particles when kres;inj < kinj. Therefore, during the
period spanning from tcmv ¼ 60.6995 s to tcmv ¼ 223.5 s,
the injected particles do not accelerate to higher energy.
Consequently, the number of particles remains unchanged,
as shown in case I of Fig. 6 in Appendix B.
After the “step” transition (from kres;inj > kinj to kres;inj <

kinj again) in case I, the newly injected magnetic energy

FIG. 5. Upper panels: four cases of turbulence spectral energy density spectra evolution. Lower panels: four cases of UHECR proton
spectra evolution. The time vector of the triads represents the evolution direction.
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accumulates very quickly, resulting in a tiny bump at the
moment. In themeantime, the accumulated particles can gain
energy from turbulent waves via gyroresonant interactions
again. Thus, the escape effect of the particles is significant

within a very short period of time, as shown in Appendix B.
This is also the reason for the nontrivial behaviors of the
evolution of themagnetic field energy density and turbulence
energy and cosmic-ray energy of case I in Fig. 3.
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