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We discuss stationary and axisymmetric transmagnetosonic outflows in the magnetosphere of a rotating
black hole (BH). Ejected plasma from the plasma source located near the BH is accelerated far away to
form a relativistic jet. In this study, the plasma acceleration efficiency and conversion of fluid energy from
electromagnetic energy are considered by employing the transfast magnetosonic flow solution derived by
Takahashi & Tomimatsu (2008). Considering the parameter dependence of magnetohydrodynamical flows,
we search for the parameters of the transmagnetosonic outflow solution to the recent M87 jet observations
and obtain the angular velocity values of the magnetic field line and angular momentum of the outflow in
the magnetized jet flow. Therefore, we estimate the locations of the outer light surface, Alfvén surface,
and separation surface of the flow. We also discuss the electromagnetic energy flux from the rotating BH
(i.e., the Blandford–Znajek process), which suggests that the energy extraction mechanism is effective for
the M87 relativistic jet.
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I. INTRODUCTION

The system of a supermassive black hole (BH) with
accreting matter is widely believed to be the central engine
of the galactic nuclei, and relativistic jets are often
observed. Recently, very-long baseline interferometry
(VLBI) observations have revealed the configuration and
velocity distribution of the M87 jet near the BH [1,2]. The
parsec-scale jet of the galaxy M87 is parabolic-like [3,4],
and it becomes conical-like near the BH [5]. The radial
profile of the jet velocity was observed by Park et al. [6]
using the KVN and VERA Array (KaVA) (KVN: Korean
VLBI Network; VERA: VLBI Exploration of Radio
Astronomy). The rapid increase in velocity is observed
approximately 100 to 1,000 times the BH’s radius. This
area is called the acceleration region and is considered to
extend from slightly inside the outer light surface to the
area several times the fast-magnetosonic surface. Thus,

detailed data for the region closer to the base of the jet were
obtained. Exploring the base of the jet would advance our
understanding of plasma near the BH.
A magnetic field is generated by accretion plasma

around the BH, which is dominant around the axis of
rotation. Such a region is called the BH magnetosphere. At
the low- and mid-latitudes of this rotating system, a gas
torus is formed by accretion gas. The outflow is ejected
from a plasma source located in the magnetosphere and
accelerated by the Lorentz force toward a distant region.
The BH magnetosphere extends along the flow from the
BH to the region where the magnetic field and the fluid
energies become comparable. We consider stationary and
axisymmetric magnetohydrodynamic (MHD) outflows in
the BH magnetosphere as relativistic jets. Figure 1 shows
transfast magnetosonic outflow and inflow in a BH
magnetosphere. The flow region (a funnel) is confined
by a corona and/or disk wind, and cold MHD flow is
considered. It is shown separately for the electromagnetic
field component (Poynting flux: blue arrows) and fluid
component (red arrows) of the MHD flow’s energy flux.
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The jet power derived from the rotational energy of the BH
would be explained via the Blandford–Znajek (BZ) process
[7,8] (see also, [9,10]). The rotation of the magnetosphere
generates a strong centrifugal force on plasma, thereby
creating a region that produces an outward plasma flow
along a magnetic field line; moreover, there is a region of
accretion flow because of strong gravity near the BH.
Therefore, there is a plasma supply between the inflow and
outflow regions, which is a watershed for inflow and
outflow ejected from the plasma source with low velocity
and is located between the inner and outer light surfaces
(e.g., [11,12]). Thus, the BH magnetosphere can be
classified into inner and outer regions; i.e., the inner and
outer BH magnetospheres. The region where gravity and
centrifugal force act on the plasma along the streamline
balance is called the “separation surface,” rspðθÞ.
For a stationary and axisymmetric ideal MHD flow

solution in the BH magnetosphere, in addition to the

parameters of BH spacetime and the function of the
magnetic field shape Ψðr; θÞ, the total energy EðΨÞ and
total angular momentum LðΨÞ of the flow, the angular
velocity of the magnetic field lines ΩFðΨÞ, and the particle
number flux per magnetic flux tube ηðΨÞ should be
specified. These parameters are conserved along the mag-
netic field line (i.e., the flow’s streamline). By analyzing
these parameter values for the outflow solution with a
solution of magnetic field distribution, various jet mor-
phologies and behaviors would be elucidated. To apply the
flow solution to an observed relativistic jet, it is necessary
to associate the physical quantity obtained from the
observation with the model parameters as the field-aligned
conserved quantities.
We examine the nature of the magnetized outflow and

then the acceleration of the jet near its base region. Further,
we compare the outflow solution with the M87 observed
data in the framework of general relativity. We expect this
attempt to impose restrictions on unknown plasma sources
and inflow onto the BH. Generally, solving the equation of
motion for magnetized fluid involves analysis of critical
conditions at the Alfvén point as well as fast and slow
magnetosonic points under a given magnetic field line.
This analysis is complex and tedious (see, e.g., [13–15]).
However, Takahashi & Tomimatsu [16] (hereinafter, TT08)
analytically devised transmagnetosonic flow solution with-
out a complicated regularity condition analysis at the
magnetosonic surfaces. In this study, we adopt the method
of TT08 to analyze transfast magnetosonic flow solutions.
This method facilitates the analysis of stationary trans-
magnetosonic flow solutions; i.e., we can easily solve the
MHD flows and discuss the distributions of plasma density,
the flow velocity, and the ratio of the magnetization of the
flow. Hence, we apply the flow solution to the M87 jet.
The asymptotic structures of the magnetic field and

relativistic flow have been discussed (e.g., [17–20]).
Recently, Huang, Pan & Yu [21] numerically discussed
a self-consistent magnetosphere of a BH by solving the
transfield equation (the relativistic Grad–Shafranov equa-
tion) [22,23] (see also [24]) with the poloidal equation and
applied it to the M87 jet to explain the velocity distribution.
Kino et al. [25] discussed the flow acceleration of the M87
jet by employing an analytical model of Tomimatsu &
Takahashi [26] (hereinafter, TT03), which solved the
approximated transfield equation outside the outer light
surface.
Pu & Takahashi [27] discussed transfast magnetosonic

jets in a BH magnetosphere by using TT08, where the
injection surface rinjðΨÞ of flows was set to the location of
the separation surface rspðΨÞ, and the injected flow starts
with a zero velocity, urinj ¼ 0. They performed parameter
searches for ΩF, E, Ψ and the BH spin dependencies.
Notably, the angular momentum L of outflow injected from
the separation surface with zero velocity can be described
by using other conserved quantities.

FIG. 1. Schematic of MHD flows driven by rotating BH (BZ
power). The thin green curves are the global magnetic field lines
in the magnetosphere. The blue and red arrows indicate the
direction of the Poynting and fluid component fluxes, respec-
tively. The ejected outflow and inflow from a plasma source,
which may be near the separation surface, pass through the
Alfvén surface (A), light surface (L), and fast-magnetosonic
surface (F) in order, then accelerate toward a distant and the BH,
respectively. The thin black curve around the BH is the boundary
of the ergosphere.
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In this study, we release such an initial setting for
outflows by Pu & Takahashi [27] that restricted the L
parameter, and search the dependence of the values of E, L
and ΩF on the jet acceleration motivated by the M87
observations, where the configuration of the magnetic field
is considered to be of conical shape for some parameter
searches. The parameter search of L is to allow the flows to
have a finite initial velocity (urinj > 0) at the separation
surface, rinj ¼ rsp, or an initial zero velocity (urinj ¼ 0)
ejected from the radius of rinj ≥ rsp. The specific location of
rinjðθÞ is still under debate in the BH magnetosphere as the
jet base. It could be due to electron-positron pair-creation
from the background MeV photons [28–31] or modest
acceleration within a charge-starved region at the null
surface or the separation surface [32–37]). Recently, the
structure of a BH magnetosphere in consideration of the
pair-creation near the horizon was studied via general-
relativistic particle-in-cell simulations [38,39]. Thus, the
initial position and velocity (rinj, urinj), which are associated
with the angular momentum L, are expected to shift from
rinj ¼ rsp with urinj ¼ 0 to rinj ≠ rsp with urinj ≠ 0.
The rest of this manuscript is organized as follows. In

Sec. II, we review the transmagnetosonic flow solutions
discussed by TT08. In Sec. III, we summarize the proper-
ties of cold transfast magnetosonic flow solutions by
analyzing the field-aligned flow parameters. In Sec. IV,
we discuss the outflow solution in detail for comparison
with the jet observations. The application to the M87 jet is
presented in Sec. V, and we discuss it in Sec. VI. Using the
physical parameters of the outflow solution obtained by
fitting with observed data, we estimate the values of E, ΩF,
and L; i.e., the locations of the outer light surface, Alfvén
surface, and separation surface of the outflow. Further, the
observed M87 jet power can be explained by the BZ power.
The stationary model of magnetically driven jets in a BH
magnetosphere would explain the observed properties of
the M87 jet and similar low luminosity AGN jets. Finally,
we give concluding remarks in Sec. VII.

II. BASIC EQUATIONS FOR TRANSFAST
MAGNETOSONIC FLOW

We assume stationary and axisymmetric ideal MHD
flows in a BH magnetosphere in Kerr geometry. The
background metric is written by the Boyer–Lindquist
coordinates with c ¼ G ¼ 1,

ds2 ¼
�
1 −

2mr
Σ

�
dt2 þ 4amr sin2 θ

Σ
dtdϕ

−
A sin2 θ

Σ
dϕ2 −

Σ
Δ
dr2 − Σdθ2; ð1Þ

wherem and a denote the mass and angular momentum per
unit mass of the BH, respectively, and Δ≡ r2 − 2mrþ a2,

Σ≡ r2 þ a2 cos2 θ, A≡ ðr2 þ a2Þ2 − Δa2 sin2 θ. The par-
ticle number conservation is ðnuμÞ;μ ¼ 0, where n is the
number density of the plasma, and uμ is the fluid 4-velocity.
The ideal MHD condition is uνFμν ¼ 0, where Fμν is the
electromagnetic tensor, and it is written as Fμν¼Aν;μ−Aμ;ν

using the vector potential Aμ. The relativistic polytropic
relation is P ¼ KρΓ0 , where Γ is the adiabatic index, K is
related to the entropy, ρ0 ¼ nmpart is the rest mass density,
and mpart is the mass of plasma particles. The equation
of motion is Tμν

;ν ¼ 0. The energy–momentum tensor
is given by Tμν ¼ Tμν

fluid þ Tμν
EM, where the fluid part

is Tμν
fluid ¼ nμuμuν − Pgμν, the electromagnetic part is

Tμν
EM ¼ ð1=4πÞ½Fμ

λFλν þ ð1=4ÞgμνF2�, μ≡ ðρþ PÞ=n is
the relativistic enthalpy, ρ is the total energy density,
and F2 ≡ FμνFμν.

A. Relativistic Bernoulli equation for MHD flows

We define the magnetic and electric fields as
follows: Bμ ≡ �Fμνkν and Eμ ≡ Fμνkν, where �Fμν≡
ð1=2Þ ffiffiffiffiffiffi−gp

εμνσλFσλ, and kν ¼ ð1; 0; 0; 0Þ is the timelike
Killing vector. The poloidal component Bp of the magnetic
field seen by a lab-frame observer is given by

B2
p ≡ −ðBrBr þ BθBθÞ=G2

t

¼ −½grrð∂rΨÞ2 þ gθθð∂θΨÞ2�=ρ2w; ð2Þ

where Gt ≡ gtt þ gtϕΩF and ρ2w ≡ g2tϕ − gttgϕϕ ¼ Δ sin2 θ.
The function Ψðr; θÞ is the magnetic stream function
(the ϕ component of the vector potential, Aϕðr; θÞ). The
ideal MHD flow stream along the magnetic field lines,
Ψðr; θÞ ¼ constant lines, and have five field-aligned flow
parameters; the particle number flux per magnetic flux
ηðΨÞ ¼ nup=Bp, total energy EðΨÞ ¼ μut − ΩFBϕ=ð4πηÞ,
total angular momentum LðΨÞ ¼ −μuϕ − Bϕ=ð4πηÞ,
entropy, and angular velocity of magnetic field lines
ΩFðΨÞ ¼ −FtA=FϕA [40,41]. Thus, we can treat one-
dimensional MHD flows along a Ψðr; θÞ ¼ constant line.
The physical variables of flows are denoted as a function of
r and Ψ with field-aligned flow parameters.
We define the poloidal velocity up by u2p≡

−ðurur þ uθuθÞ. The relativistic Alfvén Mach number M
is defined by

M2 ≡ 4πμnu2p
B2
p

¼ μ̂up
Bp

; ð3Þ

where the term Bp ≡ Bp=ð4πμcηÞ is introduced to non-
dimensionalize and μc is the enthalpy for a cold flow; i.e.,
μc ¼ mpart. The nondimensional toroidal component of the
magnetic field Bϕ is defined as
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Bϕ ≡
�
1

ρw

�
Bϕ

4πμcη
¼ GϕÊþ GtL̂

ρwðM2 − αÞ ; ð4Þ

where Ê≡ E=mpart, L̂≡ L=mpart, Gϕ ≡ gtϕ þ gϕϕΩF,
and α≡Gt þGϕΩF. The toroidal magnetic field Bϕ ¼
ðΔ=ΣÞFθr can be expressed in terms of the field-aligned
flow parameters and Alfvén Mach number. The point of
M2 ¼ αwithGϕÊþ GtL̂ ¼ 0 on the flow solution is called
the “Alfvén point” (labeled as “A”); i.e., the point
ðrA;M2

A;ΨÞ in the r–M2 plane. At the Alfvén point,
BϕA has a nonzero finite value. The radius rA is called
the “Alfvén radius.” Notably, we may identify the radius
given byGϕÊþGtL̂ ¼ 0withoutM2 ¼ α. Such a radius is
called an “anchor radius” for the magnetic field line
considered (TT08), where Bϕ ¼ 0. Although the magnetic
field line in an axisymmetric magnetic surface (i.e.,
Ψ ¼ constant surface) has a spiral shape in the toroidal
direction, the direction of winding is reversed at the anchor
radius if such a radius appears on the magnetic surface.
Both the Alfvén and anchor radii can be located between
the inner and outer light surfaces (i.e., the αðr; θÞ > 0
region), where the two light surfaces are given by the
locations αðr;Ψ;ΩF; aÞ ¼ 0.
The relativistic Bernoulli equation for MHD flows,

which determines the poloidal velocity (or the Alfvén
Mach number) along a magnetic field line, can be
expressed as follows: [11,16,42]

ê2 ¼ μ̂2αþM4ðαB2
p þ B2

ϕÞ; ð5Þ

where ê≡ Ê −ΩFL̂. The relativistic enthalpy μ̂ is
expressed in terms of up and Bp

μ̂≡ μ

mpart
¼ 1þ

�
μinj
mpart

��
Bp

up

�
Γ−1

¼ 1þ μhot

�
Bp

up

�
Γ−1

;

ð6Þ

where μhot ≡ ðμinj=mpartÞð4πμcηÞΓ−1, and the term μinj is
evaluated at the plasma injection point by

μinj ≡ ΓK
Γ − 1

ðmpartηÞΓ−1 ¼
Γ

Γ − 1

Pinj

ninjmpart

�
uinjp

Binj
p

�Γ−1

: ð7Þ

Now, to solve the relativistic Bernoulli equation (5), we
introduce the function βðr;ΨÞ as follows: [16]

β≡ Bϕ

Bp
; ð8Þ

i.e., the pitch angle of a magnetic field line on a magnetic
flux surface. Moreover, we can introduce the poloidal
electric-to-toroidal magnetic field amplitude ratio
ξðr; θÞ≡ Ēp=jB̄T j, seen by a zero angular momentum

observer (ZAMO), where Ē2
p ≡ −ðĒrĒr þ ĒθĒθÞ and

B̄2
T ≡ −B̄ϕB̄ϕ. The electric and magnetic fields measured

by ZAMO are Ēα ≡ Fαβhβ and B̄α ≡ ð1=2ÞηαβγδhβFγδ with
hβ ¼ ðΣΔ=AÞ−1=2ð1; 0; 0;ωÞ. The function ξðr; θÞ is
related to the above function βðr; θÞ, as ξ2 ¼ −gϕϕ
ðΩF − ωÞ2=β2, where ω≡ −gtϕ=gϕϕ.
By assuming the functions of the magnetic field line

Ψ ¼ Ψðr; θÞ and β ¼ βðr; θÞ [or ξ ¼ ξðr; θÞ], we can
specify the cross-section of the magnetic flux tube of the
MHD flow. Hence, using Eqs. (4) and (5) can be expressed
in terms of M2 and β with the conserved quantities.
Although the ratio β should be determined by solving
the transfield equation with the poloidal equation self-
consistently, in this study, we only consider a magnetic flux
tube with a certain functional form of βðr; θÞ. Notably, the
function βðr;ΨÞ must satisfy certain restrictions at several
characteristic locations in a BH magnetosphere (TT08).

B. Cold MHD flow solutions

The Alfvén Mach number and poloidal velocity along
the flow are obtained by solving Eq. (5) with Eq. (4), which
is a higher-order equation for M2 (or up). However, for a
cold MHD flow (P ¼ 0), we obtain the following quadratic
equation for M2: [16]

AM4 − 2BM2 þ C ¼ 0; ð9Þ

where

A ¼ −ðkþ 1Þ − 1

β2ρ2w
ðGϕÊþGtL̂Þ2; ð10Þ

B ¼ ê2 − α; ð11Þ

C ¼ αðê2 − αÞ; ð12Þ

with k≡ ðgϕϕÊ2 þ 2gtϕÊ L̂þgttL̂
2Þ=ρ2w. The Alfvén Mach

number of the flow is obtained using the following:

M2
ð�Þ ¼

B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − AC

p

A
; ð13Þ

where M2
ðþÞð> αÞ denotes the super-Alfvénic flow, and

M2
ð−Þð< αÞ denotes the sub-Alfvénic flow. At the Alfvén

point, we see the condition L̃ΩF ¼ YA with the definitions
L̃≡ L̂=Ê and Yðr; θÞ≡ −GϕΩF=Gt; therefore, we have
ðB2 − ACÞA ¼ 0, and we confirm that the Alfvén
Mach number becomes M2

A ≡M2
ðþÞA ¼ M2

ð−ÞA ¼ αA. At

the light surface, we have M2
ð−ÞL ¼ 0 and M2

ðþÞL ¼ 2ê2=

½−ðkL þ 1Þ − ê2=β2L�.
For the cold MHD flow, we define two characteristic

Alfvén Mach numbers related to the Alfvén and
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fast-magnetosonic wave speeds, M2
AWðr; θÞ≡ αðr; θÞ,

and M2
FWðr; θÞ≡ αðr; θÞ þ β2ðr; θÞ, respectively [11,16].

At the light surface, we obtain M2
AWðrL;ΨÞ ¼ 0

and M2
FWðrL;ΨÞ ¼ β2, and at the event horizon

rH ¼ mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p
, we have M2

AWðrH;ΨÞ ¼ gϕϕðΩF −
ωHÞ2 < 0 and M2

FWðrH;ΨÞ ¼ 0, where ωH ¼ a=ð2mrHÞ is
the angular velocity of the BH. Hence, the inflow into the
BH must be a transfast magnetosonic flow between
the Alfvén surface and the event horizon. The location
of ðαÞ0sp ¼ 0, where the prime is a derivative along a
streamline ðÞ0 ≡ ∂r þ ðBθ=BrÞ∂θ, makes the separation
surface r ¼ rspðθÞ.
For a trans-Alfvénic outflow, we should select

M2 ¼ M2
−ð< M2

AWÞ in the sub-Alfvénic region of
L̃ΩF > Y, where is the region from the injection point
to the outer Alfvén point, whereasM2 ¼ M2þð> M2

AWÞ is in
the super-Alfvénic region of L̃ΩF < Y, where is the region
from the outer Alfvén point to a distant region. The solution
of M2 ¼ M2þ in the super-Alfvénic region becomes trans-
fast magnetosonic. Notably, at the fast-magnetosonic point
(labeled as “F”), the solution of the above quadratic
equation does not diverge provided βðr;ΨÞ is a smooth
function such that we can obtain a transfast magnetosonic
solution without the usual critical analysis at the magneto-
sonic point. However, if there is a location A ¼ 0 along a
distant region, the Mach number M2 begins to diverge
there, where the particle number density and the magneti-
zation parameter become zero. To obtain a physical flow
solution ejected from the plasma source, we require the
condition AðrÞ > 0 in all areas of the super-Alfvénic flow.
Using the definition of the Alfvén Mach number, the

poloidal velocity of the cold flow up is given by

u2p ¼ B2
pM4 ¼ 1

β2
ðGϕÊþGtL̂Þ2
ρ2wðM2 − αÞ2 M4; ð14Þ

or using the poloidal Eq. (5), we obtain

u2p ¼ ê2 − α

αþ β2
: ð15Þ

At the light surface, the poloidal velocity is up ¼ ê=β,
where we should select M2ðrLÞ ¼ M2

ðþÞðrLÞ. Notably,

M2
ð−ÞðrLÞ ¼ 0 with BpðrLÞ ¼ 0; i.e., the solution M2ðrÞ ¼

M2
ð−ÞðrÞ breaks at the light surface. At the Alfvén and

fast-magnetosonic surfaces, we have u2pðrAÞ ¼ u2AWðrAÞ
and u2pðrFÞ ¼ u2FWðrFÞ, respectively, where the 4-velocity
of the Alfvén and fast-magnetosonic waves are defined
as u2AW ≡ B2

pM4
AW ¼ ðB2

ϕ=β
2Þα2, and u2FW ≡ B2

pM4
FW ¼

ðB2
ϕ=β

2Þðαþ β2Þ2.
From defining the Alfvén Much number, the distribution

of the particle number density is obtained as follows:

n ¼ 4πμcη
2

M2
: ð16Þ

The magnetization parameter σ, which is defined as the
ratio of the Poynting flux to the total mass-energy flux seen
by a ZAMO, is expressed as follows: [43,44]

σðr; θÞ ¼ BϕGϕ

4πμηutρ2w
¼ −

ê − αĥ

ê −M2ĥ
; ð17Þ

where ĥ≡ gttðÊ − L̂ωÞ. Thus, the energy conversion
between the magnetic and fluid parts of the MHD flow’s
energy E along the streamline is discussed depending on
plasma acceleration.

III. PROPERTIES OF TRANSFAST
MAGNETOSONIC FLOWS

Before considering the transfast magnetosonic outflow
solution, the classification and constraints of the entire
transfast magnetosonic inflow and outflow solutions in the
BH magnetosphere is summarized.
For stationary and axisymmetric ideal MHD flows in

the cold limit, there are four conserved quantities along
the flow. The flow properties are characterized by these
parameters with some constraints. In this section, we
investigate the characteristics of the transfast magnetosonic
flow solution under the constraints.

A. Classification of the trans-Alfvénic flows

The magnetic field lines in the magnetosphere around the
Kerr BH are dragged toward the rotation of the BH by the
dragging effect of spacetime. In particular, the toroidal
component of the magnetic field of Bϕ ∝ ðΩF − ωÞ and the
angular momentum of the flows L ∝ ðΩF − ωAÞ are
strongly influenced by the drag of spacetime. The value
of the angular momentum of the flow can be specified by
the location of the Alfvén point under given E and ΩF.
Trans-Alfvénic MHD flows in a BH magnetosphere can be
classified by L̃ΩF, which gives the constraint on the field-
aligned flow parameters at the Alfvén point by the
relation L̃ΩF ¼ YA.
The conditions at the Alfvén point can be typed by the

spin of a BH a and the angular velocity of the magnetic
field lines ΩF; i.e., type I (ωH ≤ ΩF < Ωmax

F ), type II
(0 < ΩF < ΩH), and type III (Ωmin

F < ΩF ≤ 0), where
Ωmin =max

F is the minimum/maximum values of ΩF for
the existence of the inner and outer light surfaces on the
θ ¼ π=2 plane. For types I and III, where ðL̃ΩFÞmin <
L̃ΩF ≤ 1 with E > 0 and L > 0 for type I and L < 0 for
type III, both the inner and outer Alfvén radii appear in the
MHD flow solution. For type II, however, there is one
Alfvén radius (the inner or outer one) in the solution, and it
can be further classified into the following three cases:
(a) type IIa: 0 < L̃ΩF ≤ 1 with L > 0 and E > 0, (b) type
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IIb: L̃ΩF ≤ 0 with L ≤ 0 and E ≥ 0 and (c) type IIc: 1 ≤
L̃ΩF with L < 0 and E ≤ 0 (see also, Table I).

B. Constraints on transfast magnetosonic outflows

For the relativistic outflow such as the M87 jet, we will
handle the flow through the Alfvén surface located outside
the separation surface, which is called the outer Alfvén
surface. Such a flow has a positive angular momentum
(L > 0). Hence, we will consider the types I and type IIa
cases. The steady magnetosonic flow in the BH magneto-
sphere has several essential surfaces that characterize its
behavior. They include the separation surface, Alfvén
surface, light surface, and fast-magnetosonic surface.
The outflow ejected from the plasma source passes through
these surfaces before reaching the far distant region.
The locations of the Alfvén surface are related to the

field-aligned parameters as L̃ΩF ¼ YAðΨÞ, and as a con-
dition that the trans-Alfvénic outflow reaches to a far
distant region, Aðr; θÞ > 0 should be required along the
flow (rA < r < ∞), as mentioned in the previous section.
That is, at the outer Alfvén surface r ¼ rA, we find the
restriction

AðrA;ΨÞ ¼ −kA − 1 > 0: ð18Þ

This imposes a limit on the field-aligned flow parameters.
Thus, we have the condition

M2
A ¼ αA >

G2
tA

Ê2
; ð19Þ

and we obtain the minimum energy for the trans-Alfvénic
outflows,

Ê2 >
G2

tA

αA
¼ GtA

1 − L̃ΩF
≡ Ê2

min: ð20Þ

Although the function Aðr;ΨÞ includes the function ξ2, the
condition for the minimum energy (20) does not depend on
the detail expression of ξ2ðr; θÞ; i.e., the minimum energy
for jets does not limit the shape of the magnetic field as
ξ2Aðr; θÞ. Notably, depending on the functional form of ξ2,

there may be a situation where A ¼ 0 with M2 → ∞ in the
radius to infinity. For a trans-Alvénic outflow solution, if
A ¼ 0 before reaching the distant region, it becomes
unphysical, unless MHD shock [43–45] or some type of
MHD instability (e.g., [46]) occurs in the flow. As
discussed in TT03, the condition ξ2ðr; θÞ < 1 − ð1=Ê2Þ≡
ξ2cr is required to reach a far distant region. In the BH
magnetosphere, the condition that the radius of A ¼ 0 does
not appear in the transfast magnetosonic solution requires
restrictions on L̃ΩF and ξ2. At the location of the A ¼ 0
surface, we have the following functions

ðL̃ΩFÞ�ðr;ΨÞ ¼
Y

1þ Y þ X

�
1þ X �

�
1þ ð1 − YÞX

− ð1þ Y þ XÞGt

Ê2

�
1=2

�
; ð21Þ

where X ≡ gϕϕGtð1 − ξ2Þ=ρ2w. For M2 not to diverge
on the way to the distant region, the condition,
L̃ΩF ¼ YA < ðL̃ΩFÞþA < 1, must be satisfied at the
Alfvén surface.
Here, the ratio of the toroidal to poloidal magnetic fields

is introduced as a model of the magnetic field line shape by
the function β2ðr;ΨÞ. As a simple situation of the poloidal
magnetic field, it may be assumed that a magnetic flux tube
is distributed along one conical magnetic flux surface
Ψðθ0Þ ¼ constant, where θ0 is the angle of the magnetic
surface to be considered, and it shows a spiral shape on this
sheet. Notably, because the functional form of the magnetic
surfaceΨðr; θÞ in the entire magnetosphere is not given, the
cross-sectional area of the magnetic flux tube along the
magnetic flux surface may differ from that of the monopole
(or split-monopole) magnetosphere. In the conventional
study of transmagnetosonic flow solution, one transmag-
netosonic solution was selected from the solution curve
group generated by combining field-aligned parameters
and give the critical condition at the magnetosonic point.
On the other hand, the handling introduced here has the
merit that by giving a regular function β2ðr;ΨÞ [or
ξ2ðr;ΨÞ], a transmagnetosonic flow can be solved without
fine-tuning the critical values of the field-aligned flow
parameters at the magnetosonic point.

TABLE I. Classification of the trans-Alfvénic flows and the relation between the flow’s total energy E and angular momentum L. The
condition Aðr;ΨÞ > 0 in the super-Alfvénic region is considered.

Ωmin
F < ΩF ≤ 0 0 < ΩF < ωH ωH ≤ ΩF < Ωmax

F

type I � � � � � � ðL̃ΩFÞmin < L̃ΩF ≤ 1 E > 0, L > 0 inflow or outflow
type IIa � � � 0 < L̃ΩF ≤ 1 � � � E > 0, L > 0 outflow
type IIb � � � L̃ΩF ≤ 0 � � � E ≥ 0, L ≤ 0 inflow
type IIc � � � 1 ≤ L̃ΩF � � � E ≤ 0, L < 0 inflow
type III ðL̃ΩFÞmin < L̃ΩF ≤ 1 � � � � � � E > 0, L < 0 inflow or outflow
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C. Constraints on magnetic field lines

In the following, the function form of ξ2ðr;ΨÞ [instead
of β2ðr; θÞ] is assumed to be a regular function at the
magnetosonic surface, and the magnetized plasma flows
depending on the field-aligned conserved flow parameters
are considered. Although the toroidal component of mag-
netic field Bϕðr;ΨÞ is specified by combining the field-
aligned parameters, the cross-sectional area change along
the flow is also specified accordingly. Moreover, the
acceleration efficiency and the magnetization parameter
in the flow are determined depending on the function
ξ2ðr;ΨÞ and the field-aligned parameters. As the functional
form of ξ2ðr; θÞ, the one considered in TT03 and TT08 is
introduced.
From the condition Aðr; θÞ > 0 for the transmagneto-

sonic flow solution, we have

ξ2ðr;θÞ< ðkþ 1ÞgϕϕðΩF −ωÞ2ρ2w
ðGϕÊþGtL̂Þ2

¼ −ðkþ 1Þ
gttÊ2ð1− L̃ΩF=YÞ2

:

ð22Þ

At the far distant region (r=m ≫ 1), this condition becomes

ξ2ðr; θÞ < 1 −
1

Ê2
þ 1

Ê2

2m
r

þOðr−2Þ: ð23Þ

(This corresponds to ζ0 < ð1=Ê2Þð2m=rÞ, where ζ0 is
introduced in Eq. (A3) of TT08.) Referencing TT03 and
TT08, we consider the following ξ2 model for each type of
BH magnetosphere. For the outflows of type I/III/IIa, we
can apply the following as a functional form of ξ2ðr;ΨÞ,

ξ2 ¼ 1 −
Δ
Σ

1

Ê2
þ ζ: ð24Þ

The effect of ζ is related to the energy conversion efficiency
of the outflow, and discussed in [27]. Assuming ζ ¼ 0 for
simplicity, the radial velocity by Eq. (15) becomes

ðurÞ2 ¼ ½Ê2ð1 − L̃ΩFÞ2 − α�½Ê2 − ðΔ=ΣÞ�
Ê2ðΣ2=AÞ − α

: ð25Þ

At a distant region (R≡ r sin θ ≫ 1), the terminal velocity
of the transfast magnetosonic relativistic jet becomes
ðurÞ∞ ¼ γ∞ ∼ Ê. Thus, the total energy is primarily kinetic
in the distant region. On the way to the distant region, the
initially magnetically dominated MHD flow energy is
converted to the kinetic energy of the plasma.
When we discuss the inflows, certain restrictions on ξ2

should be considered (TT08). First, it must be ξ2 ¼ 1 on the
event horizon. For example, for type I or III inflow case, we
can set up the following functional form:

ξ2 ¼ 1 −
Δ
Σ
fðr; θÞ; ð26Þ

where the function fðr; θÞ is a regular function. When the
anchor radius appears in the flow, where the toroidal
magnetic field becomes 0, it is necessary to satisfy the
condition ξ2 ¼ ∞ (or β2 ¼ 0Þ. Therefore, we can consider
the following as an example,

ξ2 ¼
�
1 −

Δ
Σ
fðr; θÞ

� ðGϕÊþ GtL̂Þ2H
ðGϕÊþGtL̂Þ2

: ð27Þ

For type II case, the “corotation radius” defined by the
radius of ωðr;ΨÞ ¼ ΩF occurs in the BH magnetosphere.
At the corotation radius where Gϕðr;ΨÞ ¼ 0, we obtain
the finite poloidal velocity; i.e., ðurÞ2 ¼ finite, but we get
M2 ¼ 0 where n ¼ ∞ and Bp ¼ ∞ (i.e., β2 ¼ 0 with
Bϕ ¼ finite) if ξ2ðr;ΨÞ ¼ finite ≠ 0 is assumed. This
indicates the breakdown of the flow solution there.
Therefore, we require ξ2 ¼ 0 with β2 ¼ finite at the
corotation radius. Thus, for type II flows, we can introduce
the following functional form:

ξ2 ¼
�
1 −

Δ
Σ
fðr; θÞ

��
ω −ΩF

ωH −ΩF

�
2

: ð28Þ

For type IIa outflows (discussed in Sec. IV), the above
solution (15) can be applied in the area outside the
corotation radius, where Gϕ > 0. Fortunately, because
the separation surface is located outside the corotation
radius, there should be no problem with the general
outflow, starting from the plasma source located near the
separation surface. However, to obtain physical inflow
solution (i.e., type IIb/IIc) starting around the separation
surface, we must set up ξ2 ¼ 0 at the corotation radius,
hence we should use Eq. (28) as a model of ξ2 rather than
Eq. (26). In the following sections, we focus only on
outflows ejected from outside the corotation radius as the
jet model.

D. Injection surface and initial velocity

The outgoing and ingoing plasma flows are injected
into the outer and inner BH magnetospheres from the
plasma source, respectively. The plasma source must be
located between the inner and outer light surfaces so that
αinj > 0 is required. At the injection surfaces r ¼ rinjðθÞ
with M2

inj ≪ 1, from Eq. (9), we have the relation of

αinj ¼ ðÊ − L̂ΩFÞ2. Because the particle number flux per
magnetic flux tube ηðΨÞ is the conserved quantity along a
magnetic field line, for an injected plasma from the
injection surface with a low velocity urinj ≪ 1, the number

density of flow is very high ninj ≫ 1. If αinj > ðÊ − L̂ΩFÞ2,
we have ðurinjÞ2 < 0; i.e., there is no physical solution that
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flows out from the injection surface with a finite initial
velocity. Specifically, for a highly magnetized flow of
L̃ΩF ∼ Ê, the physical flow would start near the light
surface, rinj ≲ rL. Meanwhile, for a small value of the
angular momentum, jL̂j < ðÊ − ffiffiffiffiffiffiffi

αinj
p Þ=jΩFj, the flow

ejected from the injection surface initially has a relativistic
speed (i.e., urini ≳ 1).

IV. PARAMETER DEPENDENCIES
ON MHD OUTFLOW

We consider the parameter dependence of outflow in
detail. For numerical plots of the radial velocity urðr;ΨÞ
about outflows, we set up the functional form of ξ2ðr;ΨÞ.
Hence, from Eq. (13), we obtain the distribution M2ðr;ΨÞ
along the flow line; using Eq. (4), we have the toroidal
component of the magnetic field Bϕðr;ΨÞ and Bpðr;ΨÞ. As
such, assuming the function ξ2ðr; θÞ is equivalent to
assuming the poloidal magnetic field Bp. We discuss
transfast magnetosonic flow solutions along a single flux
tube that is theoretically and observationally valid so that
we can consider the qualitative understanding of the
behavior of jet flow acceleration.
Certain physical parameters would be significantly

affected by the general-relativistic effect; hence, we focus
our research on this. The locations of the light and Alfvén
surfaces, which are the typical scales of the magnetosphere,
primarily depend on the angular velocity ΩF of the
magnetic field lines and the ratio of the rotational energy
to the total energy L̃ΩF of the plasma flow, respectively. In
the following parameter search, the dependency of ΩF and
L̃ is particularly examined. We assume ΩFðΨÞ ¼ constant
for the entire magnetosphere. Although an example of

ΩFðΨÞ ¼ nonconstant is considered by Pu & Takahashi
[27], the basic properties are similar, whereas the distri-
butions of the light surfaces differ slightly. Moreover, we
assume ηðΨÞ ¼ constant for the entire magnetosphere
for simplicity. Notably, in the ξ2 model, the parameter η
is renormalized into the magnetic field Bp and Bϕ so that it
does not directly appear in the expression of the MHD flow
equations.
Figure 2 shows the velocity distribution urðR; ZÞ when

Eq. (24) is employed as the distribution of ξ2ðR; ZÞ with
constant Ê and ΩF for a rapidly rotating BH (type IIa) case,
where R ¼ r sin θ and Z≡ r cos θ. To understand the
angular momentum dependence on the flow, the cases of
constant angular momentum L̂ðθÞ ¼ constant are plotted in
Figs. 2(a) and 2(b), and the case where L̂ has angular
dependence of L̂ðθÞ ¼ L̂0 sin2 θ with a constant L̂0 is
plotted in Fig. 2(c). The outflow from the plasma source
(e.g., points P, Q, and R in Fig. 2) flows out in the distant
region.
If L̂ðθÞ ¼ constant in the magnetosphere, the higher the

latitude, the smaller the initial velocity. However, when the
angular momentum is very large, the flow’s forbidden
region (i.e., u2p < 0 region) appears in the high latitude
region [see, the shaded region in Fig. 2(b)]. Alternatively,
the angular momentum at high latitudes should be selected
not too large for the transfast magnetosonic solution to
fill the magnetosphere in the jet region [see, Fig. 2(a)].
Moreover, we observe that the behavior of acceleration
differs depending on whether the angular momentum is
constant throughout the magnetosphere or whether it has a
sin2 θ dependence [see, Fig. 2(c)]. To fit the acceleration
profile of the M87 jet (see Fig. 6), L̃ΩF ¼ constant seems

(a) (b) (c)

FIG. 2. The distribution of the radial velocity urðR; ZÞ in the BH magnetosphere of a ¼ 0.9m, ΩF ¼ 0.5ωH; (a) the cases of
L̃ΩF ¼ 0.9, (b) L̃ΩF ¼ 0.93, and (c) L̃ðΨÞ ¼ L̃0 sin2 θ, where L̃0ΩF ¼ 0.9. The broken magenta curves show the locations of the inner
and outer light surfaces. The dotted green curve shows the location of the separation surface. The shaded area on the upper left of the
dotted curve in (b) is the forbidden region, where u2p < 0. The red lines (outside the corotation surface of the cyan dashed curve) are
examples of the streamlines for outflow (Z ¼ 2R, Z ¼ 0.5R). The red dotted line in (b) is unacceptable as an outflow. The black region
shows the BH. Points P, Q, and R are examples of the injection points.
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to be better in the entire region of the magnetosphere.
Afterward, we will consider the case of L̂ðΨÞ ¼ constant.
Figure 2 also shows the velocity distribution within the

separation surface, where the parameter set used here
corresponds to the type IIa case; therefore, it fails as a
physical solution on the corotation surface. Notably, from
the area between the corotation and separation surfaces
(e.g., point P), an outgoing flow ejected with a sufficiently
large initial velocity is possible.
Figures 3–5 show the dependences of the field-aligned

parameters on the transfast magnetosonic outflow solutions
(red curves) along a θ ¼ constant magnetic field line for
the type IIa case. The label “Co” or orange dashed line
indicates the location of the corotation surface. The label
“SP” or green dotted line indicates the location of the
separation surface and the label “LS” or magenta broken
lines indicate the location of the light surfaces. The mark□
labeled “A” and the mark ∘ labeled “F” indicate the Alfvén
and fast-magnetosonic points, respectively.

A. Energy E dependence

In Fig. 3, we show the Ê dependence on the transfast
magnetosonic outflow solutions, where the values of a,
L̃ΩF, and ΩF are fixed; therefore, the locations of the
separation surface, light surfaces, and Alfvén surfaces are
the same. The Alfvén Mach number M2ðZÞ rapidly
increases from around the Alfvén point and passes through
the fast-magnetosonic point to a distant region. For large Ê
values, where the L̂ value is also large, the location of the
fast-magnetosonic point appears on the outside, and the
plot of the radial velocity urðZÞ shifts upward over
the entire area. In Fig. 3(b), the injected plasma around
the separation surface has a nonzero initial velocity. For
example, the outflow solution passing through point S has
an almost constant flow velocity between the corotation
and Alfvén surfaces and then accelerates across the fast-
magnetosonic surface. For an outflow solution passing
through point T, the outflow decelerates once toward the
separation surface, but after passing the separation surface,
it accelerates and passes through the Alfvén and fast-
magnetosonic surfaces in order. For a low energy flow,
the plasma flows out at a very low speed from the vicinity
of the Alfvén surface (point U), which is far outside the
separation surface. Such outflow is significantly acceler-
ated beyond the Alfvén surface from the injection surface.
The rescaled number density ñ≡ n=ð4πμcη2Þ ¼ 1=M2

decreases in the distance, unlike the increase in the Alfvén
Mach number [see, Fig. 3(a)]. Figure 3(c) shows the
distribution of the magnetization parameter σðZÞ. For a
large energy outflow, the magnetic field energy is dominant
at the beginning of the flow; however, as the outgoing fluid
accelerates, the fluid part of the energy increases and
becomes dominant at a far distance (σ ≪ 1). For a low
energy outflow, which corresponds to a large angular

momentum outflow, the fluid part of the energy is dominant
at the beginning of the flow when the injection point is
located just inside the outer light surface.
For a slowly rotating BH case of type I, both the outer

light surface and the outer Alfvén surface shift outward;
however, the asymptotic feature of outflows is the same.

B. Angular momentum L̃ΩF (L) dependence

Figure 4 shows the L̃ΩF-dependence on the transfast
magnetosonic outflow solutions, where Ê andΩF are fixed;

(a)

(b)

(c)

FIG. 3. The dependences of total energy Ê on relativistic
outflows (Type IIa: Ê ¼ f5.0; 8.0; 10.0; 20.0; 50.0g with
a ¼ 0.9m, ΩF ¼ 0.05ωH ¼ 0.0157=m, L̃ΩF ¼ 0.9, θ ¼ 1=Ê)
(a) the Alfvén Mach number M2ðZÞ, (b) the radial velocity
urðZÞ and (c) the magnetization parameter σðZÞ. The blue curves
inside the corotation surface (Co) are unphysical solutions as
outflows.

RELATIVISTIC JET ACCELERATION REGION IN A BLACK … PHYS. REV. D 104, 103004 (2021)

103004-9



i.e., the dependence of angular momentum L̂ is inves-
tigated. The angular momentum L̂ determines the behavior
of the initial stage of acceleration of the ejected outflow
in the sub-Alfvénic region and near the light surface. For
outflows with small angular momentum, the velocity
distribution in the sub-Alfvénic region has a large value,
i.e., a solution with nonzero velocity is obtained around
the separation region. Meanwhile, for outflows with large
angular momentum, L̃ΩF ∼ 1, no physical solution region
appears around the separation surface in the sub-Alfvénic
region. Such a flow with large angular momentum starts at
a slower speed from slightly inside the outer light surface,

where the toroidal motion of the flow is dominated; i.e.,
vϕini ≈ c and γini ≫ 1 (see also, [13]). Thus, the value of L̂ is
related to the toroidal motion in the sub-Alfvénic region.
The closer the injection surface to the light surface, the
more dominant toroidal motion of plasma (σini ≪ 1) is
obtained in the initial stage of the MHD flow, whereas the
poloidal motion is relatively small. Subsequently, it is
converted to poloidal motion, and eventually becomes
magnetically dominated MHD outflow (σ ≫ 1) in the next
stage of the acceleration region. Through the equipartition
region (TT03), the kinetic energy by the poloidal motion
becomes dominant over the magnetic energy; i.e., σ∞ ≪ 1.
The terminal velocity ðurÞ∞ does not depend on angular
momentum L̂. When the angular momentum becomes
large, the flow starting near the separation surface is
prohibited.

C. Angular velocity ΩF dependence

Figure 5 shows the ΩF-dependence on the transfast
magnetosonic outflow solutions, where Ê and L̃ΩF are
fixed; therefore, a large (or small) ΩF value corresponds to
a small (or large) L̂ value. Each solution curve in Fig. 5 is
similar, although the location of the light surface depends
on both ΩF and a. When the value of ΩF decreases, the
outer light surface shifts to the outside. Meanwhile, when
the value of spin a increases, the effect of the spacetime
dragging on the magnetic field lines becomes large and it
shifts to the inside.

V. PLASMA ACCELERATION ON M87 JET

Now, we explain the observed data of the M87 jet by
parameter searching using the stationary transfast magneto-
sonic outflow model. The mass of the central BH in M87 is
estimated to be mM87¼ð6.5�0.7Þ×109m⊙ (e.g., [47,48]).
The inclination angle (viewing angle) of the M87 jet is
estimated to be θinc ≈ 17° [49]. The jet power in M87 is in a
range of 1035–1037 J s−1, and there are several theoretical
calculations of jet power driven by electromagnetic mech-
anisms represented by the BZ process [7] and/or
Blandford–Payne process [50] (see also, e.g., [51]). The
parsec-scale jet of the galaxy M87 is roughly parabolic
(Z ∝ R1.7) in structure [3,4], where Z is the deprojected
distance along the jet, and R is the jet width, and the M87
jet becomes conical-like (Z ∝ R1.3) near the BH [5]. The
radial profile of the M87 jet velocity is observed by
[1,49,52–55], and recently detail data for the region closer
to the base of the jet has been obtained by Park et al. [6]
using the KaVA.

A. Acceleration region of M87 jet

In this study, we examined the general-relativistic effects
in the outer BH magnetosphere. In this section, the M87
jet data fitting is performed using the general-relativistic

(a)

(b)

(c)

FIG. 4. The dependences of total angular momentum L̂ on
relativistic outflows (Type IIa: L̃ΩF ¼ f0.70; 0.80; 0.90; 0.95;
0.99g, a ¼ 0.9m, ΩF¼0.05ωH¼0.0157=m, Ê¼10.0, θ ¼ 1=Ê)
(a) the Alfvén Mach numberM2ðZÞ, (b) the radial velocity urðZÞ
and (c) the magnetization parameter σðZÞ.
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version of the ξ2 model by TT08 that incorporates the effect
of a rotating BH, where the plausible magnetic field
suggested by VLBI observations and general-relativistic
MHD (GRMHD) numerical simulations for the relativistic
jet are adopted (e.g., [56–58]). To discuss the acceleration
properties of the jet, we can consider the angular momen-
tum dependence on the outflow in the acceleration region
and the initial velocity around the plasma source region.
In the following, we apply the transfast magnetosonic jet

solution to the Park’s M87 data [6]. As the flow’s stream-
lines in the BH magnetosphere, we apply the approximated
magnetic field configuration in the asymptotic region
obtained from Eq. (57) of TT03; i.e.,

θ0Z=m ¼ ðR=mÞΨ0=Ψ ð29Þ

for θ ≪ 1, where Ψ → 0 for θ → 0, although this solution
should not extend inside the outer light surface because it
is out of the range of the approximation of TT03.
However, it may be suitable for around the outer light
surface, where current observation data are primarily
obtained. We expect it to be applicable for qualitative
understanding of the relativistic jets from the sub-Alfvénic
region of the outer BH magnetosphere. In Fig. 6, we
interpolate the approximated magnetic field shape (29)
into the sub-Alfvénic region that includes the plasma
source, where the boundary layerΨ0 ¼ Ψðθ0Þ between the
jet region and middle/lower latitude accreting matter
region is given by the θ0 ∼ 1=Ê conical magnetic field
line. Notably, around or inside the outer light surface,
Hada et al. [5] and TT03 model suggests a conical-like
magnetic field shape. (The nature of the conical outflow
has been discussed in Sec. IV.)
Figures 6(b) and 6(e) show the radial velocity urðZÞ of

the outgoing jet from the BH magnetosphere. The KaVA’s
data is rescaled in the unit ofmM87, where 1mas ≈ 260mM87

[6]. The correspondence between the apparent angle and
actual scale significantly depends on the inclination angle
(viewing angle) and opening angle of the jet. The ejected
outflow from the plasma source is accelerated around the
light surface; after passing the fast-magnetosonic surface,
the flow velocity reaches a nearly constant value that is
large enough; i.e., the initially magnetically dominated
outflow becomes the fluid’s kinetic energy dominated flow.
Although we assumed that a ¼ 0.9m, the spin dependence
on the outflow solutions is weak at least outside the outer
light surface. The efficiency of acceleration differs for each
magnetic field line. The magnetic field lines close to the
funnel wall (Ψ ∼Ψ0) cause large acceleration; moreover,
the acceleration efficiency is minute for the magnetic field
lines near the axis (Ψ ≪ Ψ0). The plasma source is located
near the separation surface of each curve for the magnetic
flux surface.
Now, we understand that the values of Ê and L̃ΩF are

estimated by fitting the terminal velocity ur∞ and the initial
velocity urini at the injection region (or the acceleration
region near the plasma source), and the location of the light
surface rL is specified by parameters ΩF and a. The
transfast magnetosonic MHD outflow becomes a fluid-
dominated outflow at the distant region. By observing the
terminal velocity ur∞ (or γ∞) of the M87 jet, we can specify
the value of Ê ≈ 10. Angular momentum L̂ (or L̃ΩF) is
largely related to urini and the velocity distribution in the
acceleration region around the outer light surface. By
comparing the theoretical solution with the M87 observed
data, we estimate L̃ΩF ≈ 0.9 from the acceleration profile
of the jet. If the angular momentum parameter of the
flow reduces by some extent, the ejected flow around
the separation surface will have a faster initial velocity.

(a)

(b)

(c)

FIG. 5. Thedependences ofmagnetosphere’s angular velocityΩF
on relativistic outflows (Type IIa: mΩF ¼ f0.0003; 0.003; 0.03;
0.10; 0.30g, a ¼ 0.9m, Ê ¼ 10.0, L̃ΩF ¼ 0.9, θ ¼ 1=Ê) (a) the
Alfvén Mach number M2ðZÞ, (b) the radial velocity urðZÞ and
(c) the magnetization parameter σðZÞ.
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The initial flow acceleration obtained in certain GRMHD
simulations (e.g., [2,56,57]) that show urini ≳ 1 and do not
explain the M87 observations well would be explained in a
parameter range with a small angular momentum.
The location of the outer light surface depends on both

the angular velocity of the magnetic field lines and the BH
spin. In Figs. 6(b) and 6(e), from the location of the
acceleration region for the M87 jet, we estimate that ΩF ≈
0.023=m for a ¼ 0 case, and ΩF ≈ 0.022=m for a ¼ 0.9m
case. Thus, the outer light surface, RL ∼ c=ΩF, will be
located far enough from the central BH; i.e., the effect of
BH spin decreases at the outer light surface. It can be said
that the behavior of the jet does not depend on the details of
type I or type IIa.

B. Energy conversion in M87 jet

Figures 6(c) and 6(f) show the distribution of the
magnetization parameter σðZÞ in the jet. The efficiency
of energy conversion from the magnetic energy to the
fluid’s kinetic energy differs for each magnetic field line.
Although the jet has a large value of σ at the beginning,
the value of σ decreases along the magnetic field lines of
Ψ ∼Ψ0; then, at a distant region, the jet becomes a kinetic
energy-dominated outflow. However, along the magnetic
field lines near the axis of rotation, Ψ ≪ Ψ0, where the
centrifugal force on plasma does not work effectively, the
acceleration efficiency is relatively small, and the value of σ
does not decrease significantly. Thus, the magnetic field
lines close to the funnel wall cause efficient energy

(b)

(a)

(c)

(d)

(e)

(f)

FIG. 6. The Ψ-dependence on the jet solution is shown (Ψ=Ψ0 ¼ f1.0; 0.8; 0.6; 0.4; 0.2; 10−5g, θ0 ¼ 1=Ê). (a)–(c) type I: a slowly
rotating BH of a ¼ 0 with Ê ¼ 10.0, ΩF ¼ ωH þ 0.12ðΩmax

F − ωHÞ ¼ 0.0231=m, L̃ΩF ¼ 0.9, and (d)–(f) type IIa: a rapidly rotating
BH of a ¼ 0.9m with Ê ¼ 10, ΩF ¼ 0.07ωH ¼ 0.0219=m, L̃ΩF ¼ 0.9 are presented. The measured data points with error bars are
adopted from [6]. In panels (d)(e), the dotted blue curves inside the corotation surface show unphysical branches as the jet solution.
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conversion, whereas the efficiency is minute for the
magnetic field lines near the axis.
The strength of the magnetic field at the footpoint of the

jet is estimated from the Event Horizon Telescope (EHT)
observation [59,60]. The value of the magnetization
parameter σ within the outer light surface is estimated
by Kino et al. [25]; i.e., 1 × 10−5 ≤ σ ≤ 6 × 103 within the
radio core with VLBA at 43 GHz and 5 ≤ σ ≤ 1 × 106

within the putative synchrotron self-absorption (SSA) thick
region in the EHT emission region at 230 GHz. Thus, we
identify that the high values of the σ profile within the outer
light surface agree the ξ2 model for the GRMHD jet.
Moreover, low-σ (σ ∼ 10−4) has been observed in the

major atmospheric gamma imaging Cherenkov telescope
(MAGIC) TeV-gamma observation [61], although the exact
location of the gamma-ray emitting region is uncertain.
For example, in Fig. 6(c), such a low-σ flow can be
achieved at a distance of Z=m > 106. Alternatively, the
MAGIC observation region may be near the outer light
surface, which is because the outflow solution emitted from
the region slightly inside the outer light surface is realized
with very low-σini for L̃ΩF ∼ 1 [see, Figs. 3(c) and 4(c)].
Such an outflow initially rotates in the toroidal direction
at very high speed (γini ≫ 1), resulting in low-σ, and then it
accelerates outward. Interestingly, the plasma moving at
high speed in the toroidal direction just inside the outer
light surface generates an extremely large acceleration,
which would be a region where very-high-energy gamma
rays are generated. If the vicinity of the outer light surface is
the source of high-energy γ-ray for some magnetic field
lines in the jet, the γ-ray source may also be distributed
along the jet (i.e., hollow cylindrical-shape) because the
outer light surface is distributed in the region extending
along the jet.

VI. DISCUSSION

A. Dependence on magnetic field line shapes

To discuss the parameter dependence of the ideal MHD
field-aligned quantities, we assume the magnetic surface
has a conical shape. Further, it is easy to extend to other
plausible magnetic field shapes; e.g., we can use the model

θ0Z=m ¼ ðR=mÞpðΨ0=ΨÞ; ð30Þ

where p is a parameter for a magnetic field configuration,
and Ψ ¼ Ψ0 is the streamline for the jet’s boundary
wall. According to Hada’s observation [5], the M87 jet
shape near the jet source region bends around the fast-
magnetosonic surface, suggesting a conical-like shape on
the side near the central BH. This shape would suggest the
magnetic field configuration in the BH magnetosphere.
When applied to the above model (30), it is about p ≈ 1.3
for the boundary wall of the funnel on the inside of the bend
and about p ≈ 1.7 on the outside.

Figure 7 shows the dependence of the funnel wall
configuration of p ¼ 1.0, 1.3, and 1.7. Hence, one can
understand the dependence of the magnetic field shape on
the acceleration efficiency of jets. In Fig. 7(a), we plot the
radial velocity ur for magnetic field lines within the conical
boundary wall of θ ¼ θ0. Figures 7(b) and 7(c) show the
cases of parabolic boundary wall of p ¼ 1.3 and 1.7,
respectively. When the jet’s boundary wall is conical
(p ¼ 1.0), it is estimated that ΩF ≈ 0.02=m, whereas when
it is a parabolic shape, the value of ΩF is overestimated

(b)

(a)

(c)

FIG. 7. The radial 4-velocity ur of the flow with different
magnetic field shapes, (a) p ¼ 1.0, (b) p ¼ 1.3, and
(c) p ¼ 1.7, overlapped with the observation jet velocity of
M87. The transfast magnetosonic solutions along the magnetic
flux surfaces of ðΨ=Ψ0Þ ¼ f1.0; 0.8; 0.6; 0.4; 0.2; 10−5g are plot-
ted, where a ¼ 0.9m, Ê ¼ 10.0, L̃ΩF ¼ 0.9, θ0 ¼ 1=Ê and
(a) ΩF ¼ 0.07ωH ¼ 0.0219=m, (b) ΩF ¼ 0.15ωH ¼ 0.0470=m,
(c) ΩF ¼ 0.30ωH ¼ 0.0940=m are assumed.
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compared with the case of conical; i.e., ΩF ≈ 0.05=m for
p ¼ 1.3, and ΩF ≈ 0.09=m for p ¼ 1.7. By fitting with
KaVA data within several times rF, a value of about ΩF ¼
ð0.02 − 0.05Þ=m is obtained such that it should be slightly
parabolic for a slowly rotating BH magnetosphere accord-
ing to Thoelecke et al. [62]. Thus, the model of the
magnetic line shape of Ψðr; θÞ and ξ2ðr;ΨÞ used in this
study incorporates a plausible situation based on the
observation results to some extent.
Although Hada et al. [5] observed bending of the jet

shape, the physical reason for this bending was discussed in
TT03. TT03 considered the flow of E ¼ γ∞ ≫ 1, derived
the approximated transfield equation for the outer region
of the outer light surface, and solved the self-consistent
magnetic field configuration. The outflow ejected from the
plasma source was initially magnetically dominated. In the
process of passing through the Alfvén and fast-magneto-
sonic surfaces and accelerating, the energy conversion from
magnetic field energy to fluid kinetic energy occurs slowly
but effectively. The bending of the magnetic field lines
occurs in the area where the energy of both become
equipartition. In other words, in the inner region where
the magnetic field is dominant, it is conical-like or slightly
parabolic, and when the plasma is accelerated and the
plasma inertia becomes effective, the toroidal component
Bϕ of the magnetic field is enhanced. Therefore, the
magnetic field lines are curved toward the rotation axis.
Although the shape of the magnetic field lines in the
vicinity of the BH is still unexplored, the observation
results of the jet shape (i.e., magnetic field lines) of Hada
et al. [5] in the region close to the footpoint of the jet seem
to roughly correspond to the magnetic field configuration
suggested by TT03.
Notably, comparing the parabolic shape with the

conical shape, for the same value of ΩF, the location of
the outer light surface along the jet, ZLðΨ0Þ, shifts in the
þZ-direction; however, the width of the outer light cylin-
der, RL, is the same. Even if the ZLðΨ0Þ is observably
estimated along the streamline of the jet, there is a
dependence on both ΩF, p, and θ0. If the velocity
distribution in the width direction of the jet is measured,
the width RL (i.e., ΩF) can be directly estimated.

B. M87 jet power and BZ power

The BZ power is obtained from estimating the magnetic
field strength near the rotating BH and the angular velocity
values (i.e., 0 < ΩF < ωH). It is difficult to estimate the
value of the BH spin from the observation data by Park
et al. [6]. However, theΩoutflow

F value can be estimated from
the observation and by assuming theΩF values match in the
outflow and inflow across the plasma source region without
significant energy loss. Hence, it can be considered whether
BZ power can be applied as the jet power. For example, we
can assume the junction condition at the plasma source as
Ωinflow

F ≈Ωoutflow
F , and Er

H ≈ ðηEÞoutflow, where Er ≡ Trα
EMkα

is the radial component of the conserved electromagnetic
energy flux (i.e., BZ power) and ηE is the energy flux of
MHD flow. For the outflow where ηoutflow > 0 and
Eoutflow > 0, ðηEÞoutflow indicates the jet power per mag-
netic flux. Note that the jet power ðηEÞoutflow comprises the
magnetic and fluid parts of the energy flux, whereas Er

H is
purely magnetic energy flux from the BH.
We can also consider the case of Er

H > ðηEÞinflow ≈
ðηEÞoutflow across the plasma source, where ðηEÞinflow
can be obtained as a solution of type IIc negative energy
MHD inflow; i.e., Einflow < 0, Linflow < 0, ηinflow < 0
inflow [11,63] (see also, [30] for gamma-ray bursts jets).
Notably, Er

H ≈ ðηEÞinflow > 0 in the magnetically domi-
nated limit (i.e., force-free case). For the solution of type IIc
inflow, the magnetic field geometry of Eq. (28) should be
adopted to avoid the break at the corotaion surface during
accretion onto the event horizon. Moreover, the boundary
conditions at the plasma source that agree with the outflow
solution must be estimated within the physical parameter
ranges such that Aðr; θÞ > 0 between the plasma source
and the event horizon.
When the magnetic field shape is conical near the event

horizon, we have

LBZ ¼ 2π

Z
θH

0

dθEr
HΣH sin θ

¼ 2πε0Ψ2
eq

Z
θH

0

dθ
2mrH
ΣH

ΩFðωH −ΩFÞ sin3 θ; ð31Þ

where θH is the half opening angle of the jet at the event
horizon. The magnetic flux function at the event horizon is
assumed to ΨðrH; θÞ ¼ Ψeqð1 − cos θÞwith a constant Ψeq.
The jet’s opening angle is narrow enough, θH ≪ 1, such
that the BZ power is estimated as follows:

LBZ ≈ 3.3 × 1038Λ
ΩF

ωH

�
1 −

ΩF

ωH

��
a
m

�
2

×

�
BpH

0.1T

�
2
�

m
109m⊙

�
2

J s−1; ð32Þ

where Λ is the geometrical factor given by

Λ ¼
�
2

3
−
3

4
cos θH þ 1

12
cosð3θHÞ

�
¼ θ4H

4
þOðθ6HÞ: ð33Þ

Although we estimate θ0 ∼ 1=Ê ≈ 0.1 rad at the distant
region from the BH, in the vicinity of the event horizon, the
magnetic field lines for inflows would be parabolic [62,64]
such that θH > θ0 ∼ 1=Ê. So, when θH ≈ 0.3 rad at the
event horizon, we have Λ ≈ 0.002 as a rough value. Hence,
for Λ ¼ 0.002, BpH ¼ 0.1 T, m ¼ mM87 ¼ 6.5 × 109m⊙,
a ¼ 0.9m, and ΩF ¼ 0.07ωH ¼ 0.0219=m, we have
LBZ ≈ 1.5 × 1036 J s−1, which agree with the value esti-
mated by the jet observation. In Fig. 6, the value of ΩF was
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estimated for the conical boundary wall; however, for the
parabolalike boundary shape, the estimated ΩF value is
about a factor larger. The BZ power may be an order of
magnitude larger.

VII. CONCLUDING REMARKS

In this article, we discussed the parameter dependence on
the MHD outflows, and we realized that the solutions of
urinj > 0 at rinj ¼ rsp or rsp < rinj with urinj ¼ 0. That is, the
initial velocity of the flow solution is not always 0, and
the plasma sources may be widely distributed between the
inner and outer light surfaces. Thus, the plasma source will
have some internal structure; therefore, we should discuss
some physical process for the plasma source. It may be
some kind of plasma instabilities, nonideal MHD process,
or particle pair-creation process [28–37]. By connecting the
outflow solution obtained from the observation data to the
plasma source, we can consider the junction condition or
restrictions there (i.e., [27,65]). Further, we would discuss
the inner BH magnetosphere. These details are outside the
scope of this study and are for future study.
In this study, we define the nondimensional magnetic

field Bp and Bϕ, and introduce the ratio βðr;ΨÞ as a
physical model. Therefore, there is no discussion about the
particle number flux number ηðΨÞ because this parameter is
used to make Bp and Bϕ dimensionless, which is related to
the fact that the critical condition at the magnetosonic
points is no longer necessary in this model. To estimate η
value, it is necessary to measure not only velocity dis-
tribution uαðr; θÞ but also magnetic field strength distribu-
tion Bpðr; θÞ and density distribution nðr; θÞ. Therefore, it
is paramount to understand the mechanism of shock wave
formation and the radiation mechanism in the jet region.

Thus, by comparing observational data, it is possible to
quantitatively discuss the particle number flux ηðΨÞ.
In summary, we applied the transfast magnetosonic out-

flow solution in a BH magnetosphere to the M87 jet.
Specifically, we discussed the flow velocity urðZ;ΨÞ and
the magnetization parameter σðZ;ΨÞ. We evaluate the values
of field-aligned flow parameters; Ê ≈ 10, L̃ΩF ≈ 0.9,
ΩF ≈ ð0.02 − 0.05Þ=m, i.e., ΩF ≈ ð20 − 50Þ year−1. Using
these values, the width of the outer light surface (light
cylinder) is roughly RL ≈ ð20 − 50Þm, and the width of the
Alfvén surface is roughly RA ≈ 0.95RL. As the spatial
resolution will be improved by future VLBI observations
and the spatial distributions of jet velocity urðR; ZÞ, and the
magnetic field strength are known, the distribution and limits
of EðΨÞ, LðΨÞ, ΩFðΨÞ, and ηðΨÞ will be revealed. Further,
the future observations of the BH shadow by sub-millimeter
wave and observations via other wavelengths, such as X- and
gamma-ray, will also impose restrictions on the physical
quantities of outflow and inflow. Thus, the quantitative
understanding of BH magnetosphere including the plasma
sources; hence, the BH spacetime, will be deepened.
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