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We perform a global analysis of three-body charmless hadronic decays B → VP3 → P1P2P3 in the
perturbative QCD (PQCD) approach, where V denotes an intermediate vector resonance, and Pi, i ¼ 1, 2, 3
denote final-state pseudoscalar mesons. Fitting the PQCD factorization formulas at leading order in the
strong coupling αs to measured branching ratios and direct CP asymmetries, we determine the Gegenbauer
moments in the two-meson distribution amplitudes (DAs) for the meson pairs P1P2 ¼ ππ; Kπ; KK. The
fitted Gegenbauer moments are then employed to make predictions for those observables, whose data are
excluded in the fit due to larger experimental uncertainties. A general consistency between our predictions
and data is achieved, which hints at the validity of the PQCD formalism for the above three-body B-meson
decays and the universality of the nonperturbative two-meson DAs. The obtained two-meson DAs can be
applied to PQCD studies of other multi-body B-meson decays involving the same meson pairs. We also
attempt to determine the dependence of the Gegenbauer moments on the meson-pair invariant mass, and
demonstrate that this determination is promising, when data become more precise.

DOI: 10.1103/PhysRevD.104.096014

I. INTRODUCTION

Since the perturbative QCD (PQCD) framework for
three-body B-meson decays was proposed in Ref. [1],
there have been extensive applications to various channels
[2–15], and rich phenomenology has been explored. This
formalism is based on the kT factorization theorem for
leading-power regions of a Dalitz plot, where two final-
state mesons are roughly collimated to each other. The
dominant nonperturbative dynamics responsible for the
production of the meson pair, including final-state inter-
actions between the two mesons, is absorbed into two-
meson distribution amplitudes (DAs) [16–22]. It is similar

to the absorption of collinear divergences associated with a
meson, which participates a high-energy QCD exclusive
process, into its meson DAs. The remaining contributions,
being calculable at the parton level in perturbation theory,
go into hard kernels. The analysis of three-body B-meson
decays is then simplified to that of two-body decays, where
a Feynman diagram for hard kernels at leading order (LO)
of the strong coupling αs involves a single virtual gluon
exchange. The same idea has recently been extended to
four-body charmless hadronic B-meson decays [23]: they
are assumed to proceed dominantly with two intermediate
resonances, which then strongly decay into two light meson
pairs. Various asymmetries in final-state angular distribu-
tions from the BðsÞ → ðKπÞðKπÞ decays were predicted
based on the universality of the two-meson DAs for the
Kπ pair.
A two-meson DA, being the time-like version of a

generalized parton distribution function, depends on the
parton momentum fraction x, the meson momentum
fraction ζ, which describes the relative motion between
the two mesons in the pair, and the meson-pair invariant
mass squared ω2. For the x dependence, one can decom-
pose a two-meson DA into the eigenfunctions of its
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evolution equation [24–27], i.e., the Gegenbauer polyno-
mials C3=2

n ð2x − 1Þ, based on the conformal symmetry.
This expansion follows that for a hadron DA exactly. As to
the expansion in ζ, one employs the partial waves for the
produced meson pair, i.e., the Legendre polynomials
Plð2ζ − 1Þ, noticing the relation 2ζ − 1 ¼ cos θ, with θ
being the polar angle of a meson in the center-of-mass
frame of the meson pair [28]. The expansion of a two-
meson DA in terms of the two sets of orthogonal poly-
nomials then reads [22]

Φðx;ζ;ω2Þ¼ 6

2
ffiffiffiffiffiffiffiffi
2Nc

p xð1−xÞ

×
X∞
n¼0

Xnþ1

l¼0

Bnlðω2ÞC3=2
n ð2x−1ÞPlð2ζ−1Þ; ð1Þ

where Bnlðω2Þ are the ω2-dependent coefficients,Nc ¼ 3 is
the number of colors, and l ¼ 0; 1; 2;… denote the S-wave,
P-wave, D-wave;… components, respectively.
The time-like form factor B0lðω2Þ, which normalizes

each of the partial-wave components, contains both reso-
nant and nonresonant contributions. Some form factors,
such as the time-like pion form factor that receives
contributions from the series of ρ resonances, have been
constrained stringently by experimental data [29]. The
other coefficients Bnlðω2Þ, referred to as the Gegenbauer
moments, are still quite uncertain due to a lack of
systematic nonperturbative studies. Note that these
Gegenbauer moments differ from those in the DA for a
specific resonance which strongly decays into the meson
pair, because, as stated above, a two-meson DA collects
contributions from a series of resonances as well as
nonresonant contributions. Moreover, they are ω2 depen-
dent, a feature dramatically distinct from the Gegenbauer
moments for a meson DA. It has been observed [30] that the
Gegenbauer moments of a P-wave dipion DA differ from
those of the ρð770Þ meson DA. Therefore, it is essential to
determine the Gegenbauer moments for two-meson DAs in
order to improve the precision of theoretical predictions for
multibody B-meson decays in factorization frameworks.
We perform a global fit of the Gegenbauer moments

in two-meson DAs to measured branching ratios and
direct CP asymmetries in three-body charmless hadronic
B-meson decays B → VP3 → P1P2P3 in the PQCD
approach, where V stands for an intermediate vector
resonance, and Pi, i ¼ 1, 2, 3 stand for final-state pseu-
doscalar mesons. As the first attempt at a global determi-
nation of two-meson DAs, we focus on the P-wave
components, and employ the LO PQCD factorization
formulas for decay amplitudes. We establish a
Gegenbauer-moment-independent database, by means of
which each decay amplitude is expressed as a combination
of the relevant Gegenbauer moments in the two-meson
DAs. The Gegenbauer moments in the DAs for the mesons

P3 ¼ π, K are input from the global analysis of two-
body B meson decays in Ref. [31]. The leading-twist
(twist-2) and next-to-leading-twist (twist-3) DAs for the
pairs P1P2 ¼ ππ; Kπ, and KK with the intermediate vector
mesons V ¼ ρ; K�, and ϕ, respectively, are then fixed in
the global fit. Because the current data for three-body
B-meson decays are not yet precise enough to determine
the ω2 dependence of the Gegenbauer moments, we first
treat them as constant parameters defined at the initial scale
1 GeV. One or two Gegenbauer moments for each of the
above two-meson DAs are obtained with satisfactory fit
quality, depending on the abundance of available data. It is
noticed that the results and the precision of the extracted
two-meson DAs depend on the number of the Gegenbauer
moments considered in the fit: when more Gegenbauer
moments are introduced into the Kπ DAs, the quality of the
fit is improved at the cost of amplified uncertainties for fit
outcomes.
The determined Gegenbauer moments are then

employed to make predictions for those observables, whose
data are excluded in the fit due to larger experimental
errors. A general consistency between our predictions and
data for various modes is achieved, except those which
suffer significant subleading corrections according to
previous PQCD studies, such as the B0 → π0ðρ0 →Þππ
decay [32,33]. The consistency hints at the validity of the
PQCD formalism for three-body hadronic B-meson decays
and the universality of the nonperturbative two-meson
DAs. The ππ, Kπ, and KK twist-2 and twist-3 DAs
presented in this work are ready for applications to
PQCD investigations of other multibody B-meson decays
involving the same meson pairs. Our formalism can be
straightforwardly extended to global fits for other two-
meson DAs of various partial waves. It can also be
generalized to include higher-order and/or higher-power
corrections to PQCD factorization formulas [34], when
they are available, so that more accurate two-meson DAs
are attainable in a systematic way.
As a more ambitious attempt, we explore the dependence

of the Gegenbauer moments in the dipion DAs on the pion-
pair invariant mass squared ω2. It is unlikely to determine
the exact ω2 dependence from current data, so we simply
parametrize the Gegenbauer moments up to the first power
in ω2, following their series expansion derived in Ref. [22].
The global fit shows that at least the linear term in one
of the twist-3 dipion DAs can be constrained effectively.
This indicates that the determination of the ω2-dependent
Gegenbauer moments in two-meson DAs is promising,
when data become more precise in the future.
The rest of the paper is organized as follows. The

kinematic variables for three-body hadronic B-meson
decays are defined in Sec. II, where the dependence on
final-state meson masses is included to describe the phase
space accurately. The parton kinematics and hard kernels
are then refined, such that SUð3Þ-symmetry-breaking
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effects in the decays can be evaluated more precisely. The
considered two-meson P-wave DAs are parametrized,
whose normalization form factors are assumed to take
the relativistic Breit-Wigner (RBW) model [35] or the
Gounaris-Sakurai (GS) model [36]. We explain how to
perform the global fit, present and discuss the numerical
results, and try to extract the ω2 dependence of the
Gegenbauer moments in Sec. III, which is followed by
our conclusion. We collect the PQCD factorization for-
mulas for the decay amplitudes with numerous refined hard
kernels in the Appendix.

II. FRAMEWORK

A. Kinematics

Consider the charmless B-meson decay into three
pseudoscalar mesons via a vector intermediate resonance,
BðpBÞ → VðpÞP3ðp3Þ → P1ðp1ÞP2ðp2ÞP3ðp3Þ, with the
meson momenta pB ¼ pþ p3 and p ¼ p1 þ p2. We work
in the B-meson rest frame and parametrize the relevant
momenta in the light-cone coordinates as

pB ¼
mBffiffiffi
2

p ð1;1;0TÞ; kB ¼
�
0;xB

mBffiffiffi
2

p ;kBT

�
;

p¼mBffiffiffi
2

p ðfþ;f−;0TÞ; k¼
�
zfþ

mBffiffiffi
2

p ;0;kT

�
;

p3 ¼
mBffiffiffi
2

p ðg−;gþ;0TÞ; k3 ¼
�
0;x3gþ

mBffiffiffi
2

p ;k3T

�
; ð2Þ

where mB is the B-meson mass, and kB, k, and k3 are the
valence quark momenta in the B meson, the meson pair,
and the bachelor meson with the parton momentum fraction
(transverse momenta) xB, z, and x3 (kBT kT, and k3T),
respectively. That is, we have chosen the frame such that
the meson pair and the bachelor meson move in the
directions n ¼ ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ, respectively.
Since the parton momentum k (k3) is aligned with the
meson pair (bachelor meson), its small minus (plus)
component has been neglected. We have also dropped
the plus component kþB , because it does not appear in the
hard kernels for dominant factorizable contributions. In the
above expressions, the functions f� and g� are written as

f� ¼ 1

2

�
1þη− r3�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−ηÞ2−2r3ð1þηÞþ r23

q �
;

g� ¼ 1

2

�
1−ηþ r3�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−ηÞ2−2r3ð1þηÞþ r23

q �
; ð3Þ

with the ratio r3 ¼ m2
P3
=m2

BðsÞ and η ¼ ω2=m2
BðsÞ , with mP3

being the bachelor meson mass and ω2 ¼ p2 being the
invariant mass squared of the meson pair. For a P-wave
meson pair, we introduce the longitudinal polarization
vector

ϵ ¼ 1ffiffiffiffiffi
2η

p ðfþ;−f−; 0TÞ: ð4Þ

We derive the meson momenta p1 and p2,

p1¼
��

ζþr1−r2
2η

�
fþ

mBffiffiffi
2

p ;

�
1−ζþr1−r2

2η

�
f−

mBffiffiffi
2

p ;pT

�
;

p2¼
��

1−ζ−
r1−r2
2η

�
fþ

mBffiffiffi
2

p ;

�
ζ−

r1−r2
2η

�
f−

mBffiffiffi
2

p ;−pT

�
;

p2
T¼ζð1−ζÞω2þðm2

P1
−m2

P2
Þ2

4ω2
−
m2

P1
þm2

P2

2
ð5Þ

from the relation p ¼ p1 þ p2 and the on-shell conditions
p2
i ¼ m2

Pi
, i ¼ 1, 2, with the mass ratios r1;2 ¼ m2

P1;P2
=m2

B.
The variable ζ þ ðr1 − r2Þ=ð2ηÞ ¼ pþ

1 =p
þ bears the mean-

ing of the meson momentum fraction up to corrections from
the final-state meson masses. Alternatively, one can define
the polar angle θ of the meson P1 in the P1P2 pair rest
frame. The transformation between the B-meson rest frame
and the meson pair rest frame leads to the relation between
the meson momentum fraction ζ and the polar angle θ,

2ζ − 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2

r1 þ r2
η

þ ðr1 − r2Þ2
η2

s
cos θ; ð6Þ

with the bounds

ζmax;min ¼
1

2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2

r1 þ r2
η

þ ðr1 − r2Þ2
η2

s �
: ð7Þ

We emphasize that the parametrization with the exact
dependence on the final-state meson masses in Eq. (5) is
crucial for establishing Eq. (6), such that the Legendre
polynomials in Eq. (1) correspond to the partial waves of
the meson pair exactly.
The branching ratio for a three-body B-meson decay is

given by [37]Z
dB ¼ τBmB

256π3

Z
1

ð ffiffiffi
r1

p þ ffiffiffi
r2

p Þ2
dη

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞ2 − 2r3ð1þ ηÞ þ r23

q

×
Z

ζmax

ζmin

dζjAj2; ð8Þ

with the B-meson lifetime τB. The direct CP asymmetry
ACP is then defined as

ACP ¼ BðB̄ → f̄Þ − BðB → fÞ
BðB̄ → f̄Þ þ BðB → fÞ : ð9Þ

The decay amplitude A, according to the factorization
theorem stated in the Introduction, is expressed as

A ¼ ΦB ⊗ H ⊗ ΦP1P2
⊗ ΦP3

; ð10Þ
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where ΦB (ΦP3
) is the B (bachelor) meson DA, and the

two-meson DA ΦP1P2
absorbs the nonperturbative

dynamics in the production of the meson pair P1P2. The
symbol ⊗ denotes the convolution of the above factors in
parton momenta. The LO diagrams for the hard kernel H
are displayed in Figs. 1 and 2, where Figs. 1(a)–1(d)
[Figs. 2(a)–2(d)] are associated with the B → P1P2

(B → P3) transition, and Figs. 1(e)–1(h) and 2(e)–2(h)
are associated with the annihilation contributions.

B. Distribution amplitudes

The light-cone hadronic matrix element for a B meson is
parametrized as [38–42]Z

d4zeik1·zh0jqβðzÞb̄αð0ÞjBðpBÞi

¼ iffiffiffiffiffiffiffiffi
2Nc

p
�
ð=pBþmBÞγ5

�
ϕBðk1Þ−

=n−=vffiffiffi
2

p ϕ̄Bðk1Þ
��

βα

;

ð11Þ

whereq represents au,d, or s quark. The twowave functions
ϕB and ϕ̄B in the above decomposition, related toϕþ

B andϕ−
B

defined in the literature [43] via ϕB ¼ ðϕþ
B þ ϕ−

BÞ=2 and
ϕ̄B ¼ ðϕþ

B − ϕ−
BÞ=2, obey the normalization conditionsZ

d4k1

ð2πÞ4ϕBðk1Þ¼
fB

2
ffiffiffiffiffiffiffiffi
2Nc

p ;
Z

d4k1

ð2πÞ4 ϕ̄Bðk1Þ¼ 0: ð12Þ

It has been shown that the contribution from ϕ̄B is of next-
to-leading power and numerically suppressed [39,40,44],
compared to the leading-power contribution from ϕB.
Taking the PQCD evaluation of the B → π transition form
factor FB→π

0 in Ref. [44] as an example, we find that the ϕ̄B

contribution to FB→π
0 is about 20% of the ϕB one. The

higher-twist B-meson DAs have been systematically
investigated in the heavy quark effective theory [45],
which are decomposed according to definite twist
and conformal spin assignments up to twist 6. In
principle, all of the next-to-leading-power sources
should be included for a consistent and complete analysis,
which, however, goes beyond the scope of the present

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 1. LO diagrams for the three-body decays B → VP3 → P1P2P3 with the light quarks q ¼ u, d, s, where the symbol black dots
represents the weak vertex.

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 2. More LO diagrams for the three-body decays B → VP3 → P1P2P3.
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formalism. Therefore, we focus only on the leading-power
component

ΦB ¼ iffiffiffiffiffiffiffiffi
2Nc

p ð=pB þmBÞγ5ϕBðx; bÞ; ð13Þ

with the impact parameter b being conjugate to the parton
transverse momentum kBT. The B-meson DA ϕBðx; bÞ is
chosen as the model form widely adopted in the PQCD
approach [38–42,46],

ϕBðx; bÞ ¼ NBx2ð1 − xÞ2 exp
�
−
m2

Bx
2

2ω2
B
−
1

2
ðωBbÞ2

�
; ð14Þ

where the constant NB is related to the B-meson decay
constant fB through the normalization conditionR
1
0 dxϕBðx; b ¼ 0Þ ¼ fB=ð2

ffiffiffiffiffiffiffiffi
2Nc

p Þ. The shape parameter
takes the values ωB ¼ 0.40 GeV for Bþ, B0 mesons and
ωBs

¼ 0.48 GeV [31,38,47,48] for a B0
s meson with 10%

variation in the numerical study below.
The light-cone matrix elements for a pseudoscalar meson

are decomposed, up to twist 3, into [39,40]

ΦP ≡ iffiffiffiffiffiffiffiffiffi
2NC

p γ5½=p3ϕ
A
Pðx3Þ þm03ϕ

P
Pðx3Þ

þm03ð=n=v − 1ÞϕT
Pðx3Þ�; ð15Þ

with P ¼ π, K and the chiral scale m03. The pion and kaon
DAs have been determined at the scale 1 GeV in a recent
global analysis [31] based on LO PQCD factorization
formulas, which is at the same level of accuracy as this
work. The results are quoted as

ϕA
π ðxÞ ¼

3fπffiffiffi
6

p xð1 − xÞ½1þ aπ2C
3=2
2 ð2x − 1Þ

þ aπ4C
3=2
4 ð2x − 1Þ�;

ϕP
π ðxÞ ¼

fπ
2

ffiffiffi
6

p ½1þ aπ2PC
1=2
2 ð2x − 1Þ�;

ϕT
π ðxÞ ¼

fπ
2

ffiffiffi
6

p ð1 − 2xÞ½1þ aπ2Tð10x2 − 10xþ 1Þ�;

ϕA
KðxÞ ¼

3fKffiffiffi
6

p xð1 − xÞ½1þ aK1 C
3=2
1 ð2x − 1Þ

þ aK2 C
3=2
2 ð2x − 1Þ þ aK4 C

3=2
4 ð2x − 1Þ�;

ϕP
KðxÞ ¼

fK
2

ffiffiffi
6

p ½1þ aK2PC
1=2
2 ð2x − 1Þ�;

ϕT
KðxÞ ¼ −

fK
2

ffiffiffi
6

p ½C1=2
1 ðxÞ þ aK2TC

1=2
3 ðxÞ�; ð16Þ

where the Gegenbauer polynomials are defined as

C3=2
1 ðtÞ ¼ 3t; C3=2

2 ðtÞ ¼ 3

2
ð5t2 − 1Þ;

C3=2
4 ðtÞ ¼ 15

8
ð1 − 14t2 þ 21t4Þ; ð17Þ

and the Gegenbauer moments in Eq. (16) are summarized
as follows:

aπ2 ¼ 0.64�0.08; aπ4 ¼−0.41�0.10;

aπ2P¼ 1.08�0.15; aπ2T ¼−0.48�0.33;

aK1 ¼ 0.33�0.08; aK2 ¼ 0.28�0.10;

aK4 ¼−0.40�0.07; aK2P¼ 0.24; aK2T ¼ 0.35: ð18Þ

Note that the twist-3 DAs ϕP
K and ϕT

K , which were not
obtained in Ref. [31], come from sum-rule calcula-
tions [49].
As stated before, we focus on the P-wave components in

Eq. (1) proportional to Pl¼1ð2ζ − 1Þ ¼ 2ζ − 1. The corre-
sponding light-cone matrix element for a longitudinal
meson pair is decomposed, up to twist 3, into [30]

ΦP1P2
ðx; ζ;ω2Þ ¼ 1ffiffiffiffiffiffiffiffi

2Nc
p

�
ω=ϵϕ0

P1P2
ðx;ω2Þ þ ωϕs

P1P2
ðx;ω2Þ

þ =p1=p2 − =p2=p1

ωð2ζ − 1Þ ϕt
P1P2

ðx;ω2Þ
�
ð2ζ − 1Þ;

ð19Þ

where the two-meson DAs for the ππ,KK, andKπ pairs are
parametrized as

ϕ0
ππðx;ω2Þ ¼ 3Fk

ππðω2Þffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ½1þ a02ρC
3=2
2 ð2x − 1Þ�;

ϕs
ππðx;ω2Þ ¼ 3F⊥

ππðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ½1þ as2ρð10x2 − 10xþ 1Þ�;

ϕt
ππðx;ω2Þ ¼ 3F⊥

ππðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ2½1þ at2ρC
3=2
2 ð2x − 1Þ�;

ϕ0
Kπðx;ω2Þ ¼ 3Fk

Kπðω2Þffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ½1þ a01K�C3=2
1 ð2x − 1Þ

þ a02K�C3=2
2 ð2x − 1Þ þ a04K�C3=2

4 ð2x − 1Þ�;

ϕs
Kπðx;ω2Þ ¼ 3F⊥

Kπðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ;

ϕt
Kπðx;ω2Þ ¼ 3F⊥

Kπðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ2;

ϕ0
KKðx;ω2Þ ¼ 3Fk

KKðω2Þffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ½1þ a02ϕC
3=2
2 ð2x − 1Þ�;

ϕs
KKðx;ω2Þ ¼ 3F⊥

KKðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ;

ϕt
KKðx;ω2Þ ¼ 3F⊥

KKðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ2: ð20Þ

The Gegenbauer moments a0;s;t2ρ , a01K�;2K�;4K� , and a02ϕ will
be determined in a global analysis in the next section. Since
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the current data are not yet precise enough to fix the
Gegenbauer moments in the twist-3 DAs ϕs;t

Kπ and ϕs;t
KK ,

they have been set to the asymptotic forms.
The elastic rescattering effects in a final-state meson

pair can be absorbed into the time-like form factors
Fk;⊥ðω2Þ, namely, the leading Gegenbauer moment
B00ðω2Þ in a two-meson DA according to the Watson
theorem [50]. The resonant contribution from a ρ meson

with a broad width is usually parametrized as the GS
model [36] based on the Breit-Wigner (BW) function [51]
in experimental investigations of three-body hadronic
B-meson decays, which interprets observed structures
beyond the ρð770Þ resonance in terms of heavier isovector
vector mesons. Taking the ρ-ω interference and excited-
state contributions into account, we have the form factor
[10,29,30]

Fk
ππðω2Þ ¼

�
GSρðω2; mρ;ΓρÞ

1þ cωBWωðω2; mω;ΓωÞ
1þ cω

þ ΣcjGSjðω2; mj;ΓjÞ
�
ð1þ ΣcjÞ−1; ð21Þ

where mρ;ω;j (Γρ;ω;j), j ¼ ρ0ð1450Þ, ρ00ð1700Þ, and ρ000ð2254Þ are the masses (decay widths) of the series of resonances, and
cω;j are the weights associated with the corresponding resonances. The function GSρðs;mρ;ΓρÞ is given by

GSρðω2; mρ;ΓρÞ ¼
m2

ρ½1þ dðmρÞΓρ=mρ�
m2

ρ − ω2 þ fðω2; mρ;ΓρÞ − imρΓðω2; mρ;ΓρÞ
; ð22Þ

with the factors

dðmρÞ ¼
3

π

m2
π

k2ðm2
ρÞ
ln

�
mρ þ 2kðm2

ρÞ
2mπ

�
þ mρ

2πkðm2
ρÞ
−

m2
πmρ

πk3ðm2
ρÞ
;

fðω2; mρ;ΓρÞ ¼
Γρm2

ρ

k3ðm2
ρÞ
fk2ðω2Þ½hðω2Þ − hðm2

ρÞ� þ ðm2
ρ − ω2Þk2ðm2

ρÞh0ðm2
ρÞg;

Γðω2; mρ;ΓρÞ ¼ Γρ
ω2

m2
ρ

�
βπðω2Þ
βπðm2

ρÞ
�
3

; ð23Þ

where the functions kðω2Þ, hðω2Þ, and βπðω2Þ are ex-
pressed as

kðω2Þ ¼ 1

2

ffiffiffiffiffiffi
ω2

p
βπðω2Þ;

hðω2Þ ¼ 2

π

kðω2Þffiffiffiffiffiffi
ω2

p ln

� ffiffiffiffiffiffi
ω2

p
þ 2kðω2Þ
2mπ

�
;

βπðω2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π

ω2

s
: ð24Þ

The function BWωðω2; mω;ΓωÞ for the ω resonance takes
the standard BW form [51].
We apply the RBW line shape for contributions from the

intermediate resonances K� and ϕ of narrow widths to the
form factors [7,8,11,35],

Fk
Kπ;KKðω2Þ ¼ m2

K�;ϕ

m2
K�;ϕ − ω2 − imK�;ϕΓK�;ϕðω2Þ ; ð25Þ

with the mass-dependent widths

ΓK�;ϕðω2Þ ¼ ΓK�;ϕ

�
mK�;ϕ

ω

��jp⃗1j
jp⃗0j

�ð2LRþ1Þ
; ð26Þ

where the masses mK�;ϕ and the widths ΓK�;ϕ of the K� and
ϕ resonances, respectively, take the values in Ref. [37]. The
magnitude of the spatial momentum of the meson P1,

jp⃗1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðω2; m2

P1
; m2

P2
Þ

q
2ω

; ð27Þ

with the Källén function λða; b; cÞ ¼ a2 þ b2 þ c2−
2ðabþ acþ bcÞ, is measured in the rest frame of the
resonance, and jp⃗0j is its value at the resonance mass. The
orbital angular momentum LR in the two-meson system is
set to LR ¼ 1 for a P-wave state. Due to the limited
knowledge on the form factors F⊥ðω2Þ, we assume the

ratio F⊥
i ðω2Þ=Fk

i ðω2Þ ≈ ðfTi =fiÞ [30], i ¼ ρ; K� and ϕ,
with fTi (fi) being the tensor (vector) decay constants of
the intermediate resonances.
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III. NUMERICAL ANALYSIS

A. Global fit

We specify the parameters adopted in the numerical
analysis below, including the masses (in units of GeV) [37]

mB ¼ 5.280; mBs
¼ 5.367; mb¼ 4.8; mK� ¼ 0.494;

mK0 ¼ 0.498; mπ� ¼ 0.140; mπ0 ¼ 0.135; ð28Þ

and the decay constants (in units of GeV) and the B-meson
lifetimes (in units of ps) [10,49]

fB¼0.21; fBs
¼0.23; fρ¼0.216; fTρ ¼0.184;

fϕð1020Þ ¼0.215; fTϕð1020Þ ¼0.186;

fK� ¼0.217; fTK� ¼0.185;

τB0 ¼1.519; τB� ¼1.638; τBs
¼1.512: ð29Þ

The Wolfenstein parameters in the Cabibbo-Kobayashi-
Maskawa (CKM) matrix take the values in Ref. [52]: A¼
0.836�0.015, λ¼ 0.22453�0.00044, ρ̄ ¼ 0.122þ0.018

−0.017 ,
and η̄ ¼ 0.355þ0.012

−0.011 .
We stress that ωBðsÞ in the BðsÞ meson DA, as an overall

parameter, cannot be determined in our global analysis, but
must be treated as an input. This is why we take its value
extracted from the BðsÞ meson transition form factors in
lattice QCD and light-cone sum rules, which has also been
verified by the global study of two-body charmless had-
ronic B-meson decays in Ref. [31]. The value of ωBðsÞ ,
together with the corresponding pion and kaon DAs fixed
in Ref. [31], are then input into the present work on the
three-body B-meson decays for consistency. If the shape
parameter ωBðsÞ is changed, the pion and kaon DAs need to
be refitted accordingly before they can be employed to
constrain the two-meson DAs. Fortunately, the variation of
ωBðsÞ causes less than 30% uncertainties for most of the
branching ratios and negligible effects on the direct CP
asymmetries (as seen later), and is thus not expected to
make a significant impact on the determination of the two-
meson DAs. Hence, we focus only on the uncertainties of
the Gegenbauer moments in the two-meson DAs propa-
gated from experimental data here.
Equation (20) suggests that the total amplitudes A for

the BðsÞ → Pðππ; πK;KKÞ decays with P ¼ π, K can be
expanded in terms of the Gegenbauer moments of the two-
meson DAs. As a result, we decompose the squared
amplitudes

jAππj2¼M0ρþa02ρM1ρþða02ρÞ2M2ρþas2ρM3ρ

þðas2ρÞ2M4ρþat2ρM5ρþðat2ρÞ2M6ρ

þa02ρa
s
2ρM7ρþa02ρa

t
2ρM8ρþas2ρa

t
2ρM9ρ;

jAKπj2¼M0K� þða01K� ÞM1K� þða01K� Þ2M2K� þa02K�M3K�

þða02K� Þ2M4K� þa04K�M5K� þða04K� Þ2M6K�

þa01K�a02K�M7K� þa01K�a04K�M8K� þa02K�a04K�M9K� ;

jAKKj2¼M0ϕþa02ϕM1ϕþða02ϕÞ2M2ϕ ð30Þ

into the linear combinations of the Gegenbauer moments
a0;s;t2ρ , a01K�;2K�;4K� , and a02ϕ and their products. We then
compute the coefficients M, which involve only the
Gegenbauer polynomials, to establish the database for
the global fit.
Similar to the proposal in Ref. [31], we determine the

Gegenbauer moments of the two-meson DAs by fitting
the formulas in Eq. (30) with the Gegenbauer-moment-
independent database to the measured branching ratios B
and direct CP asymmetries ACP of the BðsÞ → Pðρ →Þππ,
BðsÞ → PðK� →ÞKπ, and BðsÞ → Pðϕ →ÞKK decays. We
adopt the standard nonlinear least-χ2 (lsq) method [53], in
which the χ2 function is defined for n pieces of exper-
imental data vi � δvi with the errors δvi and the corre-
sponding theoretical values vthi as

χ2 ¼
Xn
i¼1

�
vi − vthi
δvi

�
2

: ð31Þ

The theoretical values vthi are the functions of the fitted
Gegenbauer moments in the two-meson DAs. The lsq fit
attempts to find the smallest χ2 by adjusting the fitted
parameters that bring the theoretical values closest to the
data. The data with errors are treated as of the Gaussian
type automatically in the fit packages, and the errors of the
fitted parameters and the theoretical values vthi come from
experimental uncertainties by error propagation.
To minimize statistical uncertainties, we should include a

maximal amount of data in the fit. On the other hand, those
measurements with significance lower than 3σ do not
impose stringent constraints, and need not be taken into
account in principle. The data of those modes, which are
affected by subleading contributions manifestly based on
the previous PQCD studies [32,33], are also excluded,
even though they may have higher precision. The B0 →
π0ðρ0 →Þππ decay, dominated by the color-suppressed tree
amplitude that is expected to receive substantial higher-
order corrections [54], is a typical example.

B. Results

The Gegenbauer moments a02ρ, as2ρ, and at2ρ for the
twist-2 and twist-3ππ DAs in Table I are obtained from the
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fit to eight pieces of B → Pðρ →Þππ data marked by “†” in
Tables II and III with χ2=d:o:f: ¼ 2.6, whose errors mainly
arise from experimental uncertainties. We point out that the
measured Bþ → πþðρ0 →Þππ branching ratio, imposing a
strong constraint on the Gegenbauer moment as2ρ, is
considered in our fit, but the corresponding Bþ → πþρ0
data were excluded in the global analysis of two-body
hadronic B-meson decays [31]. It is seen that our
Gegenbauer moments differ from the corresponding ones
of the ρð770Þmeson DAs derived in QCD sum rules [55] as
mentioned before: the ππ DAs contain the ρ-ω mixing
effect and the contributions from higher ρ resonances with
finite widths via Eq. (21), so they need not be the same as
the ρð770Þ meson DAs. Our Gegenbauer moments also
differ from a02ρ ¼ 0.25, as2ρ ¼ 0.75, and at2ρ ¼ −0.60
chosen in Ref. [30] for two reasons, at least. First, only
the B → Kðρ →Þππ data were employed to constrain the
ππ DAs in Ref. [30], while the additional B → πðρ →Þππ
data are included in our global analysis. Second, some B →
Kðρ →Þππ data have been updated in this work.

A single Gegenbauer moment a02ϕ is introduced into
the KK twist-2 DA, and the twist-3 ones have been
set to their asymptotic forms, since only two pieces of
data from the B → Kðϕ →ÞKK decays in Table IV meet the
required precision. The value of a02ϕ, determined with
χ2=d:o:f: ¼ 0.35, is distinct from, but still consistent with,
that of the ϕ meson DA in QCD sum rules [55] within
theoretical errors. Note that our a02ϕ deviates from the value
−0.50� 0.10 adopted in Ref. [4], where Bs meson decays
into charmonia plus a kaon pair were investigated. The
deviation is understandable, because the choice of a02ϕ
depends on models for the uncertain charmonium DAs, as
relevant data were accommodated.
The Kπ DAs are determined in a fit to six pieces of

BðsÞ → PðK� →ÞKπ data in Tables Vand VI. We first work
on Scenario I, in which the two Gegenbauer moments a01K�

and a02K� of the twist-2 two-meson DA are fitted with
χ2=d:o:f: ¼ 1.5, and observe that a02K� is slightly larger
than unity, as shown in Table I. A larger moment is not
favored in view of the convergence of the Gegenbauer

TABLE I. Fitted Gegenbauer moments for the twist-2 and twist-3 two-meson DAs.

a02ρ as2ρ at2ρ a02ϕ

Fit 0.08� 0.13 −0.23� 0.24 −0.35� 0.06 −0.31� 0.19

a01K� (Scenario I) a02K� (Scenario I) a01K� (Scenario II) a02K� (Scenario II) a04K� (Scenario II)
Fit 0.31� 0.16 1.19� 0.10 0.57� 0.20 1.13� 0.32 −0.85� 0.16

TABLE II. CP averaged branching ratios B and direct CP
asymmetries ACP of the BðsÞ → Kðρ →Þππ decays in the PQCD
approach. The experimental data for comparison are quoted from
Ref. [37]. Those data marked by † are included in the fit. The
theoretical errors are attributed to the variations of the shape
parameter ωBðsÞ in the BðsÞ meson DA and the decay constant fBðsÞ ,
of the Gegenbauer moments in the two-pion DAs, and of the hard
scale t and the QCD scale ΛQCD.

Modes Results Data

Bþ→Kþðρ0→Þππ Bð10−6Þ 2.91þ0.68þ0.77þ1.43
−0.60−0.68−0.82 3.7� 0.5†

ACPð%Þ 53.5þ0.4þ4.5þ11.9
−1.4−4.3−15.0 37� 10†

B0→Kþðρ−→Þππ Bð10−6Þ 8.48þ2.20þ1.63þ3.87
−1.95−1.48−2.51 7.0� 0.9†

ACPð%Þ 33.0þ1.1þ5.2þ8.9
−1.5−4.9−12.1 20� 11

B0
s→K−ðρþ→Þππ Bð10−6Þ 16.41þ7.59þ0.16þ1.10

−5.30−0.15−1.31 � � �
ACPð%Þ 19.4þ3.6þ3.3þ3.1

−3.2−3.3−2.9 � � �
Bþ→K0ðρþ→Þππ Bð10−6Þ 7.86þ2.07þ1.51þ3.68

−1.82−1.50−2.31 7.3þ1.0
−1.2

†

ACPð%Þ 13.1þ1.2þ1.8þ1.5
−0.5−2.5−3.6 −3� 15

B0→K0ðρ0→Þππ Bð10−6Þ 3.76þ0.95þ0.57þ0.92
−0.81−0.52−0.81 3.4� 1.1†

ACPð%Þ 1.4þ0.6þ0.5þ2.1
−0.5−0.6−3.1 −4� 20

B0
s→ K̄0ðρ0→Þππ Bð10−6Þ 0.17þ0.04þ0.02þ0.01

−0.04−0.02−0.02 � � �
ACPð%Þ −51.0þ1.1þ11.7þ26.6

−0.6−10.6−13.4 � � �

TABLE III. Same as Table II but for the BðsÞ → πðρ →Þππ
decays.

Modes Results Data

Bþ→πþðρ0→Þππ Bð10−6Þ 5.98þ1.56þ1.46þ0.45
−1.37−1.31−0.37 8.3� 1.2†

ACPð%Þ −34.9þ2.0þ5.3þ7.3
−0.7−4.4−9.6 0.9� 1.9

B0→πþðρ−→Þππ Bð10−6Þ 5.28þ2.08þ1.56þ0.42
−1.58−1.44−0.52 23.0� 2.31†

ACPð%Þ −30.6þ3.4þ4.1þ4.5
−3.5−4.1−5.4 −8� 8

B0→π−ðρþ→Þππ Bð10−6Þ 20.20þ8.90þ0.48þ1.30
−6.62−0.54−1.04 23.0� 2.31†

ACPð%Þ 9.3þ1.9þ1.7þ1.9
−1.6−1.7−1.9 13� 6

B0
s→πþðρ−→Þππ Bð10−6Þ 0.23þ0.04þ0.03þ0.03

−0.04−0.05−0.04 � � �
ACPð%Þ −24.3þ2.0þ4.5þ8.8

−3.8−14.3−6.1 � � �
B0
s→π−ðρþ→Þππ Bð10−6Þ 0.12þ0.01þ0.01þ0.00

−0.05−0.06−0.06 � � �
ACPð%Þ −71.7þ2.1þ12.0þ4.8

−1.8−5.6−0.7 � � �
Bþ→π0ðρþ→Þππ Bð10−6Þ 8.50þ4.25þ1.05þ0.24

−3.04−0.98−0.55 10.9� 1.4†

ACPð%Þ 20.4þ5.0þ4.6þ4.7
−4.1−4.4−6.4 2� 11

B0→π0ðρ0→Þππ Bð10−6Þ 0.08þ0.01þ0.02þ0.05
−0.02−0.03−0.05 2.0� 0.5

ACPð%Þ 20.8þ6.0þ17.0þ11.7
−4.4−16.5−40.1 27� 24

B0
s→π0ðρ0→Þππ Bð10−6Þ 0.14þ0.03þ0.04þ0.04

−0.03−0.01−0.04 � � �
ACPð%Þ −47.9þ5.5þ4.8þ4.5

−3.0−6.6−7.5 � � �
1Sum of two branching ratios, BðB → fÞ þ BðB → f̄Þ.
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expansion.Therefore, onemoreGegenbauermomenta04K� is
added in Scenario II, and a fit with χ2=d:o:f: ¼ 1.4 is
attained. The resultant a02K� decreases a bit but with
amplified uncertainty, and a04K� is smaller than unity. The

measured B0
s→K�ðK�∓→ÞKπ and B0

s→ K
ð−Þ0

ðK
ð−Þ�0

→ÞKπ

branching ratios cannot give an effective constraint due
to their larger experimental errors, such that the uncer-
tainties of the Gegenbauer moments increase dramatically
in Scenario II. For a similar reason, the obtained
Gegenbauer moments differ from those of the K� meson
DA in QCD sum rules [55], and from a01K� ¼ 0.2 and
a02K� ¼ 0.5 chosen in the PQCD study on the BðsÞ → ψKπ
decays [56]. We state that the fits based on the currently
available data cannot discriminate the two scenarios
effectively. As experimental precision increases, we will
be able to impose more stringent constraints on those two-
meson DAs.
With the fitted Gegenbauer moments in Table I, we

calculate the CP averaged branching ratios B and the direct
CP asymmetries ACP in the LO PQCD formalism, and
present the results in the central columns of Tables II–VI.
The first theoretical uncertainty originates from the shape
parameter ωB ¼ 0.40 GeV or ωBs

¼ 0.48 GeV with 10%
variation, and the decay constant fBðsÞ . The second one is
from the Gegenbauer moments in the two-meson DAs.
The last one is caused by the variations of the hard scale t
from 0.75t to 1.25t, which characterizes the effect of
next-to-leading-order QCD corrections, and of the QCD
scale ΛQCD ¼ 0.25� 0.05 GeV. The errors attributed to
the CKM matrix elements are tiny and can be safely
ignored. Note that the data for the B0 → πþðρ− →Þππ

TABLE IV. Same as Table II but for the BðsÞ → Pðϕ →ÞKK
decays with P ¼ π, K.

Modes Results Data

Bþ→Kþðϕ→ÞKK Bð10−6Þ 8.46þ3.57þ0.41þ2.65
−2.70−0.45−1.95 8.8þ0.7

−0.6
†

ACPð%Þ 1.4þ0.8þ0.1þ0.0
−0.3−1.7−0.8 2.4� 2.8

B0→K0ðϕ→ÞKK Bð10−6Þ 7.82þ3.18þ0.40þ2.40
−2.50−0.19−1.71 7.3� 0.7†

ACPð%Þ 0 1� 14

B0
s→K̄0ðϕ→ÞKK Bð10−8Þ 3.52þ1.30þ1.50þ2.30

−0.64−0.02−1.27 � � �
ACPð%Þ 0 � � �

Bþ→πþðϕ→ÞKK Bð10−8Þ 1.15þ0.46þ0.02þ0.34
−0.33−0.20−0.28 3.2� 1.5

ACPð%Þ 0 10� 50

B0→π0ðϕ→ÞKK Bð10−9Þ 5.32þ2.21þ0.14þ1.61
−1.53−0.91−1.27 < 15

ACPð%Þ 0 � � �
B0
s→π0ðϕ→ÞKK Bð10−7Þ 1.06þ0.41þ0.15þ0.07

−0.34−0.20−0.14 � � �
ACPð%Þ 27.3þ1.1þ3.2þ3.5

−1.0−1.4−5.8 � � �

TABLE V. Same as Table II but for the BðsÞ → KðK� →ÞKπ decays.

Modes Results (scenario I) Results (scenario II) Data

Bþ → KþðK̄�0 →ÞKπ Bð10−6Þ 0.55þ0.14þ0.04þ0.20
−0.13−0.06−0.14 0.56þ0.17þ0.10þ0.15

−0.13−0.06−0.13 0.59� 0.08†

ACPð%Þ 46.3þ1.0þ10.9þ2.8
−0.3−4.7−3.9 63.8þ1.1þ2.0þ3.4

−3.2−8.5−23.5 12� 10

B0 → KþðK�− →ÞKπ Bð10−6Þ 0.27þ0.05þ0.05þ0.04
−0.05−0.06−0.03 0.25þ0.01þ0.09þ0.01

−0.01−0.03−0.01 < 0.4 1

ACPð%Þ 19.8þ0.5þ2.1þ13.4
−3.6−2.1−7.5 20.2þ7.1þ10.6þ16.9

−0.0−1.6−0.0 � � �
B0 → K−ðK�þ →ÞKπ Bð10−6Þ 0.09þ0.01þ0.01þ0.04

−0.02−0.01−0.03 0.11þ0.02þ0.01þ0.03
−0.06−0.02−0.02 < 0.4 1

ACPð%Þ −5.2þ12.3þ9.4þ30.4
−15.5−11.4−0.0 33.8þ13.4þ16.4þ9.4

−0.0−14.4−0.0 � � �
B0
s → KþðK�− →ÞKπ Bð10−6Þ 15.15þ2.78þ1.90þ7.29

−2.53−1.72−4.61 9.89þ1.92þ2.93þ5.64
−1.66−1.90−4.16 (19� 5) 1†

ACPð%Þ 42.1þ4.5þ2.4þ5.5
−5.3−3.6−6.9 6.1þ0.4þ8.8þ7.0

−1.3−11.0−10.4 � � �
B0
s → K−ðK�þ →ÞKπ Bð10−6Þ 10.22þ1.97þ1.27þ4.51

−1.73−1.24−2.72 7.72þ1.88þ1.82þ3.24
−1.59−1.49−2.69 (19� 5) 1†

ACPð%Þ −34.8þ3.0þ1.5þ7.5
−2.3−0.6−6.6 −24.0þ1.5þ6.1þ11.4

−0.3−4.1−6.1 � � �
Bþ → K̄0ðK�þ →ÞKπ Bð10−6Þ 0.31þ0.06þ0.07þ0.16

−0.05−0.04−0.09 0.19þ0.06þ0.06þ0.11
−0.05−0.07−0.05 � � �

ACPð%Þ −13.6þ2.5þ2.0þ5.7
−1.0−3.5−7.9 −22.7þ13.3þ20.7þ7.5

−0.0−18.4−7.3 � � �
B0 → K0ðK̄�0 →ÞKπ Bð10−6Þ 0.44þ0.14þ0.04þ0.15

−0.11þ0.03þ0.11 0.38þ0.13þ0.05þ0.11
−0.11−0.04−0.11 < 0.96 1

ACPð%Þ 0 0 � � �
B0 → K̄0ðK�0 →ÞKπ Bð10−6Þ 0.44þ0.08þ0.06þ0.22

−0.08þ0.07þ0.15 0.30þ0.07þ0.08þ0.16
−0.05−0.02−0.12 < 0.96 1

ACPð%Þ 0 0 � � �
B0
s → K0ðK̄�0 →ÞKπ Bð10−6Þ 14.06þ2.54þ1.89þ6.88

−2.30−1.70−4.48 8.84þ1.66þ2.77þ5.31
−1.46−1.98−3.54 (20� 6) 1†

ACPð%Þ 0 0 � � �
B0
s → K̄0ðK�0 →ÞKπ Bð10−6Þ 10.39þ2.01þ1.18þ5.58

−1.78−1.17−2.86 7.92þ1.95þ1.63þ3.46
−1.64−1.36−2.85 (20� 6) 1†

ACPð%Þ 0 0 � � �
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and B0 → π−ðρþ →Þππ branching ratios in Table III re-
present the sum over these two modes. It is also the case
for the measured B0

s → KþðK�− →ÞKπ and Bþ →
π0ðK�þ →ÞKπ branching ratios, and for the measured
B0 → π0ðK�0 →ÞKπ and B0

s → K̄0ðK�0 →ÞKπ branching
ratios in Table V.

One can also assess the uncertainties from the
Gegenbauer moments aπ2;4, a

π
2PðTÞ, and aKð1;2;4Þ in the pion

and kaon DAs. Taking the Bþ → πþðρ0 →Þππ and B0
s →

K−ðK�þ →ÞKπ branching ratios in Scenario II as exam-
ples, we obtain, given the errors in Eq. (18),

BðBþ → πþðρ0 →ÞππÞ ¼ ð5.98þ0.02
−0.02ðaπ2Þþ0.24

−0.26ðaπ4Þþ0.07
−0.06ðaπ2PÞþ0.01

−0.01ðaπ2TÞÞ × 10−6;

BðB0
s → K−ðK�þ →ÞKπÞ ¼ ð7.72þ0.16

−0.14ðaK1 Þþ0.34
−0.35ðaK2 Þþ0.13

−0.14ðaK4 ÞÞ × 10−6: ð32Þ

It is seen that the former (latter) is more sensitive to the variation of the moment aπ4 (a
K
2 ) in the twist-2 pion (kaon) DA. We

remark that the total errors, derived by adding the individual ones from the moments in the pion and kaon DAs in quadrature
and associated with the labels aπ and aK below, respectively, are minor (less than 5%) compared with other uncertainties
listed in Tables III and V:

BðBþ → πþðρ0 →ÞππÞ ¼ ð5.98þ1.56
−1.37ðωB; fBÞþ0.25

−0.26ðaπÞþ1.46
−1.31ðaρÞþ0.45

−0.37ðt;ΛQCDÞÞ × 10−6;

BðB0
s → K−ðK�þ →ÞKπÞ ¼ ð7.72þ1.89

−1.59ðωB; fBÞþ0.40
−0.40ðaKÞþ1.82

−1.49ðaK� Þþ3.24
−2.69ðt;ΛQCDÞÞ × 10−6: ð33Þ

Therefore, the variation of the Gegenbauer moments in the
pion and kaon DAs has little impact on the determination of
the two-meson DAs.
It is found that most of the considered data in Tables II

and III are well reproduced, in particular those with higher
precision. Larger deviation from the data is observed in the
Bþ → πþðρ0 →Þππ and Bþ → π0ðρþ →Þππ branching
ratios. It is ascribed to the involved color-suppressed tree
contributions, which receive sizable next-to-leading-order
corrections. The observables removed from the fit are also
predicted in the LO PQCD formalism, and compared with
the data in Tables II and III. Our prediction for the B0 →
π0ðρ0 →Þππ branching ratio, which suffers significant
subleading corrections as stated before, is still below the
data, similar to that derived in the framework for two-body

decays. Most of the ACP data for the BðsÞ → Pðρ →Þππ
decays with P ¼ π, K are not yet precise enough. We
mention that ACP in the Bþ → πþρ0 mode has been
predicted to be large and negative in most QCD approaches
[10,57], including the present analysis on three-body
decays, as shown in Table III. However, its data are as
small as 0.009� 0.019 [37]. Both the theoretical and
experimental errors need to be reduced greatly in order
to tell whether the discrepancy really stands as a puzzle.
Both the B → Kðϕ →ÞKK data considered in the fit are

well reproduced with a single Gegenbauer moment a02ϕ, as
indicated in Table IV. Our predictions for the branching
ratios and direct CP asymmetries excluded in the fit,
mainly associated with Bs meson decays, can be confronted
by more precise data in the future. All of the available

TABLE VI. Same as Table II but for the BðsÞ → πðK� →ÞKπ decays.

Modes Results (scenario I) Results (scenario II) Data

Bþ → πþðK�0 →ÞKπ Bð10−6Þ 7.17þ1.56þ0.64þ3.46
−1.37−0.62−2.23 8.19þ2.14þ0.94þ2.74

−1.77−0.66−1.93 10.1� 0.8
ACPð%Þ −5.4þ0.5þ0.8þ2.1

−0.2−0.3−0.8 −4.5þ0.5þ1.1þ2.7
−0.6−1.4−1.2 −4� 9

B0 → π−ðK�þ →ÞKπ Bð10−6Þ 7.47þ1.60þ0.72þ3.29
−1.41−0.71−2.06 7.61þ1.83þ0.92þ2.40

−1.61−0.65−1.78 7.5� 0.4†

ACPð%Þ −52.9þ3.1þ0.7þ9.3
−1.8−1.0−7.0 −32.3þ0.7þ10.3þ7.9

−0.2−8.4−6.3 −27� 4

B0
s → πþðK�− →ÞKπ Bð10−6Þ 12.13þ4.66þ1.36þ0.92

−3.55−1.29−0.75 5.52þ2.22þ2.09þ0.41
−1.66−1.85−0.41 2.9� 1.1

ACPð%Þ −32.8þ4.1þ2.7þ4.2
−4.8−3.2−5.5 −30.6þ4.1þ6.5þ8.2

−4.5−6.9−8.9 � � �
Bþ → π0ðK�þ →ÞKπ Bð10−6Þ 4.71þ1.18þ0.39þ1.92

−0.98−0.38−1.30 5.62þ1.54þ0.62þ1.55
−1.28−0.49−1.11 6.8� 0.9†

ACPð%Þ −36.2þ1.6þ0.1þ7.4
−1.0−0.4−8.2 −19.1þ2.4þ6.6þ4.6

−1.9−5.4−6.0 −39� 21

B0 → π0ðK�0 →ÞKπ Bð10−6Þ 2.99þ0.59þ0.33þ1.49
−0.55−0.33−0.89 2.55þ0.57þ0.36þ1.06

−0.49−0.19−0.74 3.3� 0.6†

ACPð%Þ −11.6þ1.0þ0.49þ5.0
−1.2−0.2−1.0 −11.8þ1.2þ4.3þ4.3

−1.2−1.7−0.2 −15� 13

B0
s → π0ðK̄�0 →ÞKπ Bð10−6Þ 0.20þ0.03þ0.01þ0.06

−0.04−0.02−0.05 0.12þ0.02þ0.02þ0.03
−0.04−0.03−0.03 � � �

ACPð%Þ −70.6þ6.7þ13.2þ23.5
−6.7−2.8−15.1 −50.4þ3.1þ22.7þ15.1

−2.6−12.4−14.1 � � �
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ACP data for the B → Pðϕ →ÞKK decays with P ¼ π, K
have large errors. The central values of the prediction and the
data for the Bþ → πþðϕ →ÞKK branching ratio are differ-
ent, but still agree with each other within uncertainties.
Generally speaking, Scenario II reproduces the consid-

ered BðsÞ → PðK� →ÞKπ data with P ¼ π,K slightly better
than Scenario I does, as seen in Tables Vand VI. The Bs →
PðK� →ÞKπ branching ratios differ between the two
scenarios more than the B → PðK� →ÞKπ branching ratios
do. This feature is understandable, because the former
involve the Bs → ðK� →ÞKπ transition form factors, which
are more sensitive to the variation of the Gegenbauer
moments in the Kπ DA. Hence, more precise Bs →
PðK� →ÞKπ data are crucial for fixing the Kπ DAs. The
direct CP asymmetries ACP in some BðsÞ → PðK� →ÞKπ
modes strongly depend on the chosen scenarios, implying
that more accurate Kπ DAs are necessary to unambigu-
ously predict these observables. The central value of the
predicted B0

s → πþðK�− →ÞKπ branching ratio in Scenario
II, which is already much lower than in Scenario I, remains
above the data. It deserves more thorough theoretical and
experimental investigations. Similarly, most of the ACP
data for the BðsÞ → PðK� →ÞKπ decays have substantial
uncertainties so far, so it is not yet possible to make a
meaningful comparison with our results.
A remark is in order. The twist-2 DAs ϕA

K and ϕ0
Kπ in

Eqs. (16) and (20), respectively, are expanded up to the
fourth-order Gegenbauer polynomial without the third-order
term, which exists in general. We find that the SUð3Þ-
breaking effects in the considered decays can be well

accounted for by the first-order term alone. That is, even
when the third-order term is included in the fit, its value turns
out to be small, and does not modify the fit outcomes much.
Taking the eight BðsÞ → PðK� →ÞKπ (P ¼ π, K) decays as
examples,weperform theglobal fitwitha03K� being included,
and obtain the Gegenbauer moments of the Kπ twist-2 DA,

a01K� ¼ 0.37� 0.60; a02K� ¼ 1.19� 0.10;

a03K� ¼ −0.04� 0.36; ð34Þ
and the branching ratios in Table VII. It is seen that the central
value of a01K� increases only a bit with an enlarged uncertainty
anda02K� stays the same, comparedwith those fromScenario I
in Table I, and the central value of a03K� is tiny. The
corresponding branching ratios in Table VII also change very
little, compared with those in Tables V and VI. The above
observations support that the SUð3Þ-breaking effects in the
considered modes can be explained by the a01K� term alone
under the current data precision.Hence, the neglect of thea03K�

term in this work is justified. Besides, it is not practical to
include many parameters in the fit because of the limited
amount of experimental data at present. For a similar reason,
the asymptotic forms of theKπ twist-3 DAs ϕs;t

Kπ are adopted
in our analysis. The same argument applies to the expansion
of the kaon DAs in Eq. (16), where the higher moments
responsible for SUð3Þ-symmetry-breaking effects are also
absent. We will explore the impact of these neglected
Gegenbauer polynomials systematically in the future, when
moreexperimental datawith improvedprecision areavailable.
It is noticed that the parametrization of the parton

momenta in Eqs. (2) and (3) introduces the dependence
on the light meson mass m3 into the hard kernels and the
Sudakov exponents, as explicitly shown in the Appendix.
Since both of these factors are perturbative pieces in a PQCD
factorization formula, they should be insensitive to a light
scale. Therefore, we test the sensitivity of our numerical
results to this light scale by setting it to zero in the hard
kernels and the Sudakov exponents. The corresponding
branching ratios and direct CP asymmetries for two typical
modes, Bþ → Kþðρ0 →Þππ and B0 → π−ðK�þ →ÞKπ in
Scenario II, are presented in Table VIII. The neglect of the
kaon mass for the former mode causes about 10% variation
in the branching ratio and the direct CP asymmetry. The
quantities associated with the latter mode are relatively

TABLE VII. CP averaged branching ratios Bð10−6Þ corre-
sponding to the fitted Gegenbauer moments in Eq. (34), com-
pared with the data [37]. For simplicity, only the theoretical errors
from the Gegenbauer moments are presented.

Modes Results Data

Bþ → KþðK̄�0 →ÞKπ 0.59� 0.08 3.7� 0.5†

B0 → π−ðK�þ →ÞKπ 7.51� 0.34 7.5� 0.4†

Bþ → π0ðK�þ →ÞKπ 4.75� 0.37 6.8� 0.9†

B0 → π0ðK�0 →ÞKπ 2.91� 0.40 3.3� 0.6†

B0
s → KþðK�− →ÞKπ þ c:c 25.40� 1.60 19� 5†

B0
s → K0ðK̄�0 →ÞKπ þ c:c 24.60� 1.50 20� 6†

TABLE VIII. CP averaged branching ratios and direct CP asymmetries of the Bþ→Kþðρ0→Þππ decay and the B0 → π−ðK�þ →ÞKπ
decay in Scenario II with and without the light meson masses in the hard kernels and the Sudakov exponents. The experimental data are
quoted from Ref. [37]. The sources of the theoretical errors are the same as in Table II.

Modes Results (with light mass) Results (without light mass) Data

Bþ → Kþðρ0 →Þππ Bð10−6Þ 2.91þ0.68þ0.77þ1.43
−0.60−0.68−0.82 2.51þ0.56þ0.71þ1.34

−0.52−0.53−0.80 3.7� 0.5
ACPð%Þ 53.5þ0.4þ4.5þ11.9

−1.4−4.3−15.0 58.5þ0.0þ4.4þ11.9
−1.9−6.6−17.1 37� 10

B0 → π−ðK�þ →ÞKπ Bð10−6Þ 7.61þ1.83þ0.92þ2.40
−1.61−0.65−1.78 7.66þ1.84þ0.95þ2.43

−1.60−0.64−2.06 7.5� 0.4
ACPð%Þ −32.3þ0.7þ10.3þ7.9

−0.2−8.4−6.3 −32.7þ0.6þ10.4þ7.9
−0.1−8.4−6.1 −27� 4
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stable with respect to the neglect of the pion mass, as
expected. The insensitivity to the light scale confirms that
our parametrization for kinematic variables in three-body
B-meson decays is reasonable.

C. ω2-dependent Gegenbauer moments

We make a more aggressive attempt in this subsection to
determine the dependence of the Gegenbauer moments in

the two-meson DAs on the meson-pair invariant mass. As
stated in the Introduction, it is unlikely to extract the exact
dependence from current data, so we simply expand the
Gegenbauer moments up to the first power in ω2, and
examine whether the additional linear terms can be con-
strained effectively in the global fit. Consider the para-
metrizations of the dipion DAs,

ϕ0
ππðx;ω2Þ ¼ 3Fk

ππðω2Þffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ½1þ a02ρð1þ c0ρω2ÞC3=2
2 ð2x − 1Þ�;

ϕs
ππðx;ω2Þ ¼ 3F⊥

ππðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ½1þ as2ρð1þ csρω2Þð10x2 − 10xþ 1Þ�;

ϕt
ππðx;ω2Þ ¼ 3F⊥

ππðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ2½1þ at2ρð1þ ctρω2ÞC3=2
2 ð2x − 1Þ�; ð35Þ

with the free parameters a0;s;t2ρ and c0;s;tρ . The above para-
metrization follows the power series for the ω2-dependent
Gegenbauer moments derived in Ref. [22].
The global fit to the same set of BðsÞ → Pðρ →Þππ data

with P ¼ π, K leads to the outcomes in Table IX with a

smaller χ2=d:o:f: ¼ 0.51, which are not difficult to under-
stand: varying ω2 around the ρ resonance in its width
window, we find that the values of a0;s;t2ρ ð1þ c0;s;tρ ω2Þ are in
fact consistent with the corresponding ones in Table I. The
consistency is particularly obvious for at2ρð1þ ctρω2Þ with
the tiny coefficient ctρ. It is observed from Table IX that the
parameters for the twist-3 DA ϕs

ππ , which gives sizable
contributions to branching ratios, can be constrained
effectively by the current data. It suggests that the deter-
mination of the ω2-dependent Gegenbauer moments is
promising, when more precise data are available in the
future. Because our purpose is to demonstrate the potential
to extract the ω2 dependence of the Gegenbauer moments,
we will not work on the Kπ and KK DAs. The effect of
including the ω2 dependence of the Gegenbauer moments
is similar to that of introducing more parameters. That is,
the fit quality is improved with a lower χ2=d:o:f: at the cost
of larger uncertainties for fit results as shown in Table X.
For example, the reproduced branching ratios for the Bþ →
Kþðρ0 →Þππ and Bþ → πþðρ0 →Þππ decays get closer to
the data, which have relatively higher precision. However,
the uncertainty caused by the variation of the dipion DAs is
amplified compared to the second source of errors in
Table II.

IV. CONCLUSION

In this work we have performed a global fit of the
Gegenbauer moments in two-meson DAs to measured

TABLE IX. Fitted parameters for the ω2-dependent Gegenbauer moments in the twist-2 and twist-3ππ DAs.

a02ρ as2ρ at2ρ c0ρ (GeV−2) csρ (GeV−2) ctρ (GeV−2)

Fit −0.45� 0.29 1.12� 0.33 −0.43� 0.11 −0.44� 0.93 −1.42� 0.42 −0.03� 0.32

TABLE X. CP averaged branching ratios and direct CP
asymmetries derived from the fitted Gegenbauer moments in
Table IX, and compared with data [37]. For simplicity, only the
theoretical errors from the Gegenbauer moments are presented.

Modes Results Data

Bþ → Kþðρ0 →Þππ Bð10−6Þ 3.12þ1.81
−1.14 3.7� 0.5†

ACPð%Þ 37.9þ10.6
−11.9 37� 10†

Bþ → K0ðρþ →Þππ Bð10−6Þ 8.66þ3.24
−1.99 7.3� 1.2†

ACPð%Þ 17.8þ2.6
−1.1 −3� 15

B0 → Kþðρ− →Þππ Bð10−6Þ 8.22þ3.21
−1.93 7.0� 0.9†

ACPð%Þ 18.9þ7.8
−8.7 20� 11

B0 → K0ðρ0 →Þππ Bð10−6Þ 2.88þ1.19
−0.72 3.4� 1.1†

ACPð%Þ 1.9þ1.8
−0.8 −4� 20

Bþ → πþðρ0 →Þππ Bð10−6Þ 7.69þ2.67
−1.65 8.3� 1.2†

ACPð%Þ −17.2þ9.2
−4.2 0.9� 1.9

Bþ → π0ðρþ →Þππ Bð10−6Þ 10.14þ5.18
−3.89 10.9� 1.4†

ACPð%Þ 5.6þ13.4
−14.8 2� 11

B0 → π−ðρþ →Þππ Bð10−6Þ 24.49þ2.29
−1.72

1 23.0� 2.3 1†

ACPð%Þ 3.8þ5.1
−5.3 13� 6

B0 → πþðρ− →Þππ Bð10−6Þ 24.49þ2.29
−1.72

1 23.0� 2.3 1†

ACPð%Þ −16.4þ11.8
−10.1 −8� 8
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branching ratios and direct CP asymmetries in the three-
body hadronic B-meson decays B→VP3→P1P2P3, with
V ¼ ρ;ϕ; K� and P3 ¼ π, K, in the LO PQCD approach.
Two-meson DAs, collecting both nonresonant and multi-
resonance contributions, serve as crucial nonperturbative
ingredients of factorization theorems for the above
decays. The Gegenbauer moments of the pion and kaon
DAs determined in the LO global analysis of two-body
hadronic B-meson decays have been input for theoretical
consistency. To facilitate the numerical study, we have
constructed a Gegenbauer-moment-independent database,
via which a decay amplitude is decomposed into a linear
combination of the relevant Gegenbauer moments in the
two-meson DAs. It was noticed that the fitted
Gegenbauer moments differ from those associated with
an intermediate resonance which decays into the meson
pair, and from those adopted in previous PQCD calcu-
lations. This observation indicates that the Gegenbauer
moments of a two-meson DA cannot be inferred from
sum-rule results for an intermediate resonance, and their
global determination is essential.
We have examined two scenarios for the determination

of the Kπ DAs in order to check the convergence of the
Gegenbauer expansion, and the sensitivity of the fitted
observables to our setup. It was found that the Gegenbauer
expansion is improved by increasing the number of
Gegenbauer moments at the cost of large uncertainties
for fit outcomes, and that the branching ratios of Bs-meson
decays and direct CP asymmetries in some modes are more
sensitive to the chosen scenarios. Hence, more accurate
Kπ DAs are necessary to unambiguously predict these
quantities. We state that our fits have not been able to
discriminate the two scenarios effectively. We have also
explored the potential to fix the dependence of the
Gegenbauer moments on the meson-pair invariant mass,
and confirmed that at least the parameter for the twist-3 DA
ϕs
ππ can be constrained to some extent by the current data.

Therefore, the determination of the dependence on the
meson-pair invariant mass is promising, when data become
more precise.
We mention that the three-body charmless hadronic

B-meson decays included in this work have been studied
in Refs. [6,7,10,11] in a scattered manner. The improve-
ments compared to the earlier studies are as follows:
(1) the partonic kinematic variables have been refined to
take into account finite masses of final-state mesons, such
that the SUð3Þ-symmetry-breaking effects in the decays
can be evaluated more precisely; (2) the Gegenbauer
moments in the two-meson DAs have been determined
in a global analysis for the first time, which are valuable
for future applications of the PQCD framework to multi-
body B-meson decays; and (3) the dependence of the
Gegenbauer moments on the meson-pair invariant mass
has been probed for the first time. Because of (1), the

numerous hard kernels involved in the various modes
need to be modified, which are presented, together with
the factorization formulas for the decay amplitudes, in the
Appendix. The refined partonic kinematics is general
enough for its extension to multibody B-meson decays
into arbitrary massive final states. For (2), we recall that
different Gegenbauer moments for the Kπ DAs were
taken in the previous scattered studies, such as
Refs. [7,11], so our work facilitates a consistent under-
standing of multibody B-meson decays. We have shown
that the preferred central value of, for instance, the
Gegenbauer moment a01K� is 0.31, instead of 0.2 in
Ref. [7] or 0.05 in Ref. [11] (but note the large theoretical
uncertainties).
It has been demonstrated that most of the data considered

in the fit are well reproduced, namely, the fit quality is
satisfactory. It implies that the two-meson DAs presented in
this paper are ready for applications to other multibody
hadronic B-meson decays involving the same meson pairs.
With the obtained Gegenbauer moments, we have made
predictions for those observables, whose data were
excluded in the fit because of their substantial experimental
errors or significant subleading contributions to the corre-
sponding factorization formulas. Except for the B0

s →
πþðK�− →ÞKπ branching ratio, our predictions agree with
the data within uncertainties in the former case. Since our
results were still derived in the LO PQCD approach, the
data in the latter case remain unexplained, and deserve
more through investigations. As pointed out before, the
precision of the extracted two-meson DAs can be improved
systematically, when higher-order and/or higher-power
corrections to three-body hadronic B-meson decays are
taken into account in our formalism. At the same time,
more precise measurements are encouraged, especially
those of CP asymmetries. These efforts will strengthen
the constraint on the Gegenbauer moments and sharpen the
confrontation between theoretical predictions and exper-
imental data.
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APPENDIX: DECAY AMPLITUDES

In this appendix we present the PQCD factorization formulas for the amplitudes of the considered three-body charmless
hadronic B-meson decays. We first decompose various decay amplitudes A in terms of the factorizable emission
(annihilation) contributions FeðaÞV and the nonfactorizable emission (annihilation) contributionsMeðaÞV for the intermediate
vector mesons V ¼ ρ; K�;ϕ from Fig. 1, and the similar ones FeðaÞP and MeðaÞP for the bachelor mesons P ¼ π, K from
Fig. 2. These contributions are further labeled by the superscripts LL, LR, and SP corresponding to the ðV − AÞðV − AÞ,
ðV − AÞðV þ AÞ, and ðS − PÞðSþ PÞ operators, respectively:
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(2) BðsÞ → πðρ →Þππ

AðBþ→ πþðρ0 →ÞππÞ¼GF
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aK� þ
�
C1

3
þ C2

�
FLL
eK þ C1MLL

eK

�

− V�
tbVts

��
C3 þ

C4

3
þ C9 þ

C10

3
− C5 −

C6

3
− C7 −

C8

3

�
FLL
aK� þ ðC4 þ C10ÞMLL

aK�

þ ðC6 þ C8ÞMSP
aK� þ

�
C3

3
þ C4 þ

C9

3
þ C10

�
FLL
eK þ ðC3 þ C9ÞMLL

eK þ ðC5 þ C7ÞMLR
eK

þ
�
4

3

�
C3 þ C4 −

C9

2
−
C10

2

�
− C5 −

C6

3
þ C7

2
þ C8

6

�
FLL
aK

þ
�
C5

3
þ C6 −

C7

6
−
C8

2

�
FSP
aK þ

�
C3 þ C4 −

C9

2
−
C10

2

�
MLL

aK

þ
�
C5 −

C7

2

�
MLR

aK þ
�
C6 −

C8

2

�
MSP

aK

��
; ðA19Þ

AðBþ → K̄0ðK�þ →ÞKπÞ ¼ GFffiffiffi
2

p
�
V�
ubVud

��
C1

3
þ C2

�
FLL
aK� þ C1MLL

aK�

�
− V�

tbVtd

��
C3

3
þ C4 −

C9

6
−
C10

2

�
FLL
eK�

þ
�
C5

3
þ C6 −

C7

6
−
C8

2

�
FSP
eK� þ

�
C3 −

C9

2

�
MLL

eK� þ
�
C5 −

C7

2

�
MLR

eK�

þ
�
C3

3
þ C4 þ

C9

3
þ C10

�
FLL
aK� þ

�
C5

3
þ C6 þ

C7

3
þ C8

�
FSP
aK�

þ ðC3 þ C9ÞMLL
aK� þ ðC5 þ C7ÞMLR

aK�

��
; ðA20Þ

AðB0→K0ðK̄�0→ÞKπÞ¼−
GFffiffiffi
2

p
�
V�
tbVtd

��
C3þ

C4

3
−
C9

2
−
C10

6
−C5−

C6

3
þC7

2
þC8

6

�
FLL
aK� þ

�
C4−

C10

2

�
MLL

aK�

þ
�
C6−

C8

2

�
ðMSP

aK� þMSP
aKÞþ

�
C3

3
þC4−

C9

6
−
C10

2

�
FLL
eK þ

�
C3−

C9

2

�
MLL

eK

þ
�
C5−

C7

2

�
ðMLR

eK þMLR
aKÞþ

�
C5

3
þC6−

C7

6
−
C8

2

�
FSP
aK

þ
�
4

3

�
C3þC4−

C9

2
−
C10

2

�
−C5−

C6

3
þC7

2
þC8

6

�
FLL
aKþ

�
C3þC4−

C9

2
−
C10

2

�
MLL

aK

��
;

ðA21Þ
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AðB0 → K̄0ðK�0 →ÞKπÞ ¼ −
GFffiffiffi
2

p
�
V�
tbVtd

��
C3

3
þ C4 −

C9

6
−
C10

2

�
FLL
eK� þ

�
C5

3
þ C6 −

C7

6
−
C8

2

�
ðFSP

eK� þ FSP
aK�Þ

þ
�
C3 −

C9

2

�
MLL

eK� þ
�
4

3

�
C3 þ C4 −

C9

2
−
C10

2

�
− C5 −

C6

3
þ C7

2
þ C8

6

�
FLL
aK�

þ
�
C3 þ C4 −

C9

2
−
C10

2

�
MLL

aK� þ
�
C5 −

C7

2

�
ðMLR

eK� þMLR
aK� Þ

þ
�
C6 −

C8

2

�
ðMSP

aK� þMSP
aKÞ þ

�
C3 þ

C4

3
−
C9

2
−
C10

6
− C5 −

C6

3
þ C7

2
þ C8

6

�
FLL
aK

þ
�
C4 −

C10

2

�
MLL

aK

��
; ðA22Þ

AðB0
s → K0ðK̄�0 →ÞKπÞ ¼ −

GFffiffiffi
2

p
�
V�
tbVts

��
C3

3
þ C4 −

C9

6
−
C10

2

�
FLL
eK� þ

�
C5

3
þ C6 −

C7

6
−
C8

2

�
ðFSP

eK� þ FSP
aK� Þ

þ
�
C3 −

C9

2

�
MLL

eK� þ
�
4

3

�
C3 þ C4 −

C9

2
−
C10

2

�
− C5 −

C6

3
þ C7

2
þ C8

6

�
FLL
aK�

þ
�
C3 þ C4 −

C9

2
−
C10

2

�
MLL

aK� þ
�
C5 −

C7

2

�
ðMLR

eK� þMLR
aK� Þ þ

�
C6 −

C8

2

�
ðMSP

aK�

þMSP
aKÞ þ

�
C3 þ

C4

3
−
C9

2
−
C10

6
− C5 −

C6

3
þ C7

2
þ C8

6

�
FLL
aK þ

�
C4 −

C10

2

�
MLL

aK

��
;

ðA23Þ

AðB0
s → K̄0ðK�0→ÞKπÞ¼−

GFffiffiffi
2

p
�
V�
tbVts

��
C3þ

C4

3
−
C9

2
−
C10

6
−C5−

C6

3
þC7

2
þC8

6

�
FLL
aK�

þ
�
C4−

C10

2

�
MLL

aK� þ
�
C6−

C8

2

�
ðMSP

aK� þMSP
aKÞ

þ
�
C3

3
þC4−

C9

6
−
C10

2

�
FLL
eK þ

�
C3−

C9

2

�
MLL

eK þ
�
C5−

C7

2

�
ðMLR

eK þMLR
aKÞ

þ
�
C5

3
þC6−

C7

6
−
C8

2

�
FSP
aKþ

�
4

3

�
C3þC4−

C9

2
−
C10

2

�
−C5−

C6

3
þC7

2
þC8

6

�
FLL
aK

þ
�
C3þC4−

C9

2
−
C10

2

�
MLL

aK

��
: ðA24Þ

(4) BðsÞ → πðK� →ÞKπ

AðBþ → πþðK�0 →ÞKπÞ ¼ GFffiffiffi
2

p
�
V�
ubVus

��
C1

3
þ C2

�
FLL
aπ þ C1MLL

aπ

�
− V�

tbVts

��
C3

3
þ C4 −

C9

6
−
C10

2

�
FLL
eπ

þ
�
C3 −

C9

2

�
MLL

eπ þ
�
C5 −

C7

2

�
MLR

eπ þ
�
C3

3
þ C4 þ

C9

3
þ C10

�
FLL
aπ

þ
�
C5

3
þ C6 þ

C7

3
þ C8

�
FSP
aπ þ ðC3 þ C9ÞMLL

aπ þ ðC5 þ C7ÞMLR
aπ

��
; ðA25Þ
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AðB0 → π−ðK�þ →ÞKπÞ ¼ GFffiffiffi
2

p
�
V�
ubVus

��
C1

3
þ C2

�
FLL
eπ þ C1MLL

eπ

�
− V�

tbVts

��
C3

3
þ C4 þ

C9

3
þ C10

�
FLL
eπ

þ ðC3 þ C9ÞMLL
eπ þ ðC5 þ C7ÞMLR

eπ þ
�
C3

3
þ C4 −

C9

6
−
C10

2

�
FLL
aπ

þ
�
C5

3
þ C6 −

C7

6
−
C8

2

�
FSP
aπ þ

�
C3 −

C9

2

�
MLL

aπ þ
�
C5 −

C7

2

�
MLR

aπ

��
; ðA26Þ

AðB0
s → πþðK�− →ÞKπÞ ¼ GFffiffiffi

2
p

�
V�
ubVud

��
C1

3
þ C2

�
FLL
eK� þ C1MLL

eK�

�

− V�
tbVtd

��
C3

3
þ C4 þ

C9

3
þ C10

�
FLL
eK� þ

�
C5

3
þ C6 þ

C7

3
þ C8

�
FSP
eK�

þ ðC3 þ C9ÞMLL
eK� þ ðC5 þ C7ÞMLR

eK� þ
�
C3

3
þ C4 −

C9

6
−
C10

2

�
FLL
aK�

þ
�
C5

3
þ C6 −

C7

6
−
C8

2

�
FSP
aK� þ

�
C3 −

C9

2

�
MLL

aK� þ
�
C5 −

C7

2

�
MLR

aK�

��
; ðA27Þ

AðBþ → π0ðK�þ →ÞKπÞ ¼ GF

2

�
V�
ubVus

��
C1 þ

C2

3

�
FLL
eK� þ

�
C1

3
þ C2

�
ðFLL

eπ þ FLL
aπ Þ

þ C1ðMLL
eπ þMLL

aπ Þ þ C2MLL
eK�

�
− V�

tbVts

��
3C9

2
þ C10

2
−
3C7

2
−
C8

2

�
FLL
eK� þ 3C10

2
MLL

eK�

þ 3C8

2
MSP

eK� þ
�
C3

3
þ C4 þ

C9

3
þ C10

�
ðFLL

eπ þ FLL
aπ Þ þ

�
C5

3
þ C6 þ

C7

3
þ C8

�
FSP
aπ

þ ðC3 þ C9ÞðMLL
eπ þMLL

aπ Þ þ ðC5 þ C7ÞðMLR
eπ þMLR

aπ Þ
��

; ðA28Þ

AðB0→ π0ðK�0 →ÞKπÞ¼GF

2

�
V�
ubVus

��
C1þ

C2

3

�
FLL
eK� þC2MLL

eK�

�
−V�

tbVts

��
3C9

2
þC10

2
−
3C7

2
−
C8

2

�
FLL
eK�

þ3C10

2
MLL

eK� þ3C8

2
MSP

eK� −
�
C3

3
þC4−

C9

6
−
C10

2

�
ðFLL

eπ þFLL
aπ Þ

−
�
C5

3
þC6−

C7

6
−
C8

2

�
FSP
aπ −

�
C3−

C9

2

�
ðMLL

eπ þMLL
aπ Þ−

�
C5−

C7

2

�
ðMLR

eπ þMLR
aπ Þ

��
;

ðA29Þ

AðB0
s → π0ðK̄�0 →ÞKπÞ ¼ GF

2

�
V�
ubVud

��
C1 þ

C2

3

�
FLL
eK� þ C2MLL

eK�

�

− V�
tbVtd

��
−
C3

3
− C4 þ

5C9

3
þ C10 −

3C7

2
−
C8

2

�
FLL
eK� −

�
C5

3
þ C6 −

C7

6
−
C8

2

�
FSP
eK�

þ
�
−C3 þ

C9

2
þ 3C10

2

�
MLL

eK� −
�
C5 −

C7

2

�
MLR

eK� þ 3C8

2
MSP

eK�

−
�
C3

3
þ C4 −

C9

6
−
C10

2

�
FLL
aK� þ

�
C5

3
þ C6 −

C7

6
−
C8

2

�
FSP
aK�

−
�
C3 −

C9

2

�
MLL

aK� −
�
C5 −

C7

2

�
MLR

aK�

��
: ðA30Þ
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(5) BðsÞ → Kðϕ →ÞKK

AðBþ → Kþðϕ →ÞKKÞ ¼ GFffiffiffi
2

p
�
V�
ubVus

��
C1

3
þ C2

�
FLL
aK þ C1MLL

aK

�
−
GFffiffiffi
2

p V�
tbVts

��
4

3
ðC3 þ C4Þ

þ C5 þ
C6

3
−
C7

2
−
C8

6
−
2

3
ðC9 þ C10Þ

�
FLL
eK þ

�
C3 þ C4 −

1

2
ðC9 þ C10Þ

�
MLL

eK

þ
�
C5 −

C7

2

�
MLR

eK þ
�
C6 −

C8

2

�
MSP

eK þ
�
C3

3
þ C4 þ

C9

3
þ C10

�
FLL
aK

þ
�
C5

3
þ C6 þ

C7

3
þ C8

�
FSP
aK þ ðC3 þ C9ÞMLL

aK þ ðC5 þ C7ÞMLR
aK

��
; ðA31Þ

AðB0 → K0ðϕ →ÞKKÞ ¼ −
GFffiffiffi
2

p
�
V�
tbVts

��
4

3
C3 þ

4

3
C4 þ C5 þ

C6

3
−
C7

2
−
C8

6
−
2

3
C9 −

2

3
C10

�
FLL
eK

þ
�
C3 þ C4 −

C9

2
−
C10

2

�
MLL

eK þ
�
C5 −

C7

2

�
MLR

eK

þ
�
C6 −

C8

2

�
MSP

eK þ
�
C3

3
þ C4 −

C9

6
−
C10

2

�
FLL
aK þ

�
C5

3
þ C6 −

C7

6
−
C8

2

�
FSP
aK

þ
�
C3 −

C9

2

�
MLL

aK þ
�
C5 −

C7

2

�
MLR

aK

��
; ðA32Þ

AðB0
s → K̄0ðϕ →ÞKKÞ ¼ −

GFffiffiffi
2

p
�
V�
tbVtd

��
C3 þ

C4

3
þ C5 þ

C6

3
−
C7

2
−
C8

6
−
C9

2
−
C10

6

�
FLL
eK

þ
�
C3

3
þ C4 −

C9

6
−
C10

2

�
ðFLL

eϕ þ FLL
aϕ Þ þ

�
C5

3
þ C6 −

C7

6
−
C8

2

�
ðFSP

eϕ þ FSP
aϕÞ

þ
�
C3 −

C9

2

�
ðMLL

eϕ þMLL
aϕ Þ þ

�
C5 −

C7

2

�
ðMLR

eϕ þMLR
aϕ Þ þ

�
C4 −

C10

2

�
MLL

eK

þ
�
C6 −

C8

2

�
MSP

eK

��
: ðA33Þ

(6) BðsÞ → πðϕ →ÞKK

AðBþ → πþðϕ →ÞKKÞ ¼ −
GFffiffiffi
2

p
�
V�
tbVtd

��
C3 þ

C4

3
þ C5 þ

C6

3
−
C7

2
−
C8

6
−
C9

2
−
C10

6

�
FLL
eπ

þ
�
C4 −

C10

2

�
MLL

eπ þ
�
C6 −

C8

2

�
MSP

eπ

��
; ðA34Þ

ffiffiffi
2

p
AðB0 → π0ðϕ →ÞKKÞ ¼ −

GFffiffiffi
2

p
�
V�
tbVtd

��
−C3 −

C4

3
− C5 −

C6

3
þ C7

2
þ C8

6
þ C9

2
þ C10

6

�
FLL
eπ

þ
�
−C4 þ

C10

2

�
MLL

eπ þ
�
−C6 þ

C8

2

�
MSP

eπ

��
; ðA35Þ

ffiffiffi
2

p
AðB0

s → π0ðϕ →ÞKKÞ ¼ GFffiffiffi
2

p
�
V�
ubVus

��
C1 þ

C2

3

�
FLL
eϕ þ C2MLL

eϕ

�

−
GFffiffiffi
2

p V�
tbVts

��
−
3

2
C7 −

C8

2
þ 3

2
C9 þ

C10

2

�
FLL
eϕ þ 3

2
C8MSP

eϕ þ 3

2
C10MLL

eϕ

��
: ðA36Þ

The explicit PQCD factorization formulas for the functions F and M appearing in the above decay amplitudes are
given by
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FLL
eV ¼ 8πCFfPm4

B

Z
1

0

dxBdz
Z

∞

0

bBdbBbdbϕBðxB; bBÞ

×
n
½ððf−g− − fþgþð1þ fþzÞÞ

ffiffiffi
η

p
ϕ0ðzÞ − ðg− þ gþð1 − 2fþzÞÞηϕsðzÞ

þ f−fþðg− þ gþð−1þ 2fþzÞÞϕtðzÞÞ=
ffiffiffi
η

p �EeðtVa ÞhVa ðαVe ; βVa ; bB; bÞStðzÞ
þ ½fþðf−ðg− − gþÞ − g−xBÞϕ0ðzÞ − 2ððf− − xBÞg− þ fþgþÞ

ffiffiffi
η

p
ϕsðzÞ�

× EeðtVb ÞhVb ðαVe ; βVb ; bB; bÞStðjxB − f−jÞ
o
; ðA37Þ

FLR
eV ¼ −FLL

eV ; ðA38Þ

FSP
eV ¼ 16πCFfPm4

Br03

Z
1

0

dxBdz
Z

∞

0

bBdbBbdbϕBðxB; bBÞ

× f½ððfþ þ f−ð−1þ 2fþzÞÞ
ffiffiffi
η

p
ϕ0ðzÞ þ ð2þ fþzÞηϕsðzÞ − f−f2þzϕtðzÞÞ=

ffiffiffi
η

p �
× EeðtVa ÞhVa ðαVe ; βVa ; bB; bÞStðzÞ
þ ½fþxBϕ0ðzÞ þ 2ðf− þ fþ − xBÞ

ffiffiffi
η

p
ϕsðzÞ�EeðtVb ÞhVb ðαVe ; βVb ; bB; bÞStðjxB − f−jÞg; ðA39Þ

MLL
eV ¼ 32πCFm4

B=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞϕA
Pðx3Þ

× f½ðg− þ gþÞðfþðgþð−1þ x3Þ þ xBÞ þ f−ðg− þ fþzÞÞ
ffiffiffi
η

p
ϕ0ðzÞ þ ð−g−ðgþðx3 − 2Þ þ xBÞ

þ fþgþzÞηϕsðzÞ − f−fþðg−ðgþx3 þ xBÞ þ fþgþzÞϕtðzÞ�EnðtVc ÞhVc ðαVe ; βVc ; bB; b3Þ
− ½ðf−g− − fþgþÞðgþx3 − xB þ fþzÞ

ffiffiffi
η

p
ϕ0ðzÞ þ ðg−gþx3 − g−xB þ fþgþzÞηϕsðzÞ

þ f−fþðg−ð−gþx3 þ xBÞ þ fþgþzÞϕtðzÞ�EnðtVd ÞhVd ðαVe ; βVd ; bB; b3Þg; ðA40Þ

MLR
eV ¼ −32πCFm4

Br03=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞ

× f½ ffiffiffi
η

p
ϕ0ðzÞðf−ðg− þ fþzÞðϕP

Pðx3Þ − ϕT
Pðx3ÞÞ þ fþðgþðx3 − 1Þ þ xBÞðϕP

Pðx3Þ þ ϕT
Pðx3ÞÞÞ

− ðηϕsðzÞ þ fþf−ϕtðzÞÞðfþzþ g−ÞðϕP
Pðx3Þ − ϕT

Pðx3ÞÞ þ ðηϕsðzÞ − fþf−ϕtðzÞÞðxB
þ gþðx3 − 1ÞÞðϕP

Pðx3Þ þ ϕT
Pðx3ÞÞ�EnðtVc ÞhVc ðαVe ; βVc ; bB; b3Þ

þ ½fþ
ffiffiffi
η

p
ϕ0ðzÞððgþx3 − xBÞðϕP

Pðx3Þ − ϕT
Pðx3ÞÞ − f−zðϕP

Pðx3Þ þ ϕT
Pðx3ÞÞÞ

þ ðgþx3 − xBÞðϕP
Pðx3Þ − ϕT

Pðx3ÞÞðηϕsðzÞ − fþf−ϕtðzÞÞ
þ fþzðϕP

Pðx3Þ þ ϕT
Pðx3ÞÞðηϕsðzÞ þ fþf−ϕtðzÞÞ�EnðtVd ÞhVd ðαVe ; βVd ; bB; b3Þg; ðA41Þ

MSP
eV ¼ −32πCFm4

B=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞϕA
Pðx3Þ

× f½ðf−g− − fþgþÞðg− þ gþð1 − x3Þ − xB þ fþzÞ
ffiffiffi
η

p
ϕ0ðzÞ þ ð−g−ðgþð−2þ x3Þ þ xBÞ

þ fþgþzÞηϕsðzÞ þ f−fþðg−ðgþx3 þ xBÞ þ fþgþzÞϕtðzÞ�
× EnðtVc ÞhVc ðαVe ; βVc ; bB; b3Þ
− ½−fþðg− þ gþÞðgþx3 − xB − f−zÞ

ffiffiffi
η

p
ϕ0ðzÞ þ ðg−gþx3 − g−xB þ fþgþzÞ

× ηϕsðzÞ − f−fþðg−ðxB − gþx3Þ þ fþgþzÞϕtðzÞ�EnðtVd ÞhVd ðαVe ; βVd ; bB; b3Þg; ðA42Þ
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FLL
aV ¼ −8πCFm4

BfB=
ffiffiffi
6

p Z
1

0

dzdx3

Z
∞

0

bdbb3db3

× f½ððf2−g− þ f−g−gþ þ fþgþðfþðz − 1Þ − g−ÞÞ
ffiffiffi
η

p
ϕ0ðzÞϕA

Pðx3Þ þ 2r03ðf− þ fþ þ g− þ gþ − fþzÞηϕsðzÞϕP
Pðx3Þ

þ 2f−fþr03ðf− − g− þ gþ þ fþðz − 1ÞÞϕtðzÞϕP
Pðx3ÞÞ=

ffiffiffi
η

p �EaðtVe ÞhVe ðαVa ; βVe ; b; b3ÞStðzÞ
− ½fþðf−ðg− − gþÞ − g2þx3Þϕ0ðzÞϕA

Pðx3Þ þ 2r03
ffiffiffi
η

p ðfþðϕP
Pðx3Þ − ϕT

Pðx3ÞÞ
þ ðf− þ gþx3ÞðϕP

Pðx3Þ þ ϕT
Pðx3ÞÞÞϕsðzÞ�EaðtVf ÞhVf ðαVa ; βVf ; b; b3ÞStðjf− þ x3gþjÞg; ðA43Þ

FLR
aV ¼ −FLL

aV ; ðA44Þ

FSP
aV ¼ 16πCFm4

BfB=
ffiffiffi
6

p Z
1

0

dzdx3

Z
∞

0

bdbb3db3

× f½ð2r03ðfþðgþ þ f−zÞ − f−g−Þ
ffiffiffi
η

p
ϕ0ðzÞϕP

Pðx3Þ − ðf−g− þ gþðfþð1 − zÞ þ 2g−ÞÞηϕsðzÞϕA
Pðx3Þ

þ f−fþðf−g− þ fþgþðz − 1ÞÞϕtðzÞϕA
Pðx3ÞÞ=

ffiffiffi
η

p �EaðtVe ÞhVe ðαVa ; βVe ; b; b3ÞStðzÞ
þ ½fþr03ϕ0ðzÞðgþx3ðϕP

Pðx3Þ − ϕT
Pðx3ÞÞ − 2f−ϕT

Pðx3ÞÞ − 2ðf−g− þ gþðfþ þ g−x3ÞÞ
ffiffiffi
η

p
ϕsðzÞϕA

Pðx3Þ�
× EaðtVf ÞhVf ðαVa ; βVf ; b; b3ÞStðjf− þ x3gþjÞg; ðA45Þ

MLL
aV ¼ 32πCFm4

B=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

×

�
½ðfþgþ þ f−g−ðg− þ gþ − 1Þ þ fþðg− þ gþÞðgþðx3 − 1Þ þ xBÞ

þ f−fþðg− þ gþÞzÞ
ffiffiffi
η

p
ϕ0ðzÞϕA

Pðx3Þ þ r03ηððg− þ gþð1 − x3Þ − xB þ fþz − 4ÞϕP
Pðx3Þ

− ðg− þ gþðx3 − 1Þ þ xB þ fþzÞϕT
Pðx3ÞÞϕsðzÞ þ f−fþr03ððfþzþ g−ÞðϕP

Pðx3Þ − ϕT
Pðx3ÞÞ

þ ðxB þ gþðx3 − 1ÞÞðϕP
Pðx3Þ þ ϕT

Pðx3ÞÞÞϕtðzÞ�EnðtVg ÞhVg ðαVa ; βVg ; bB; bÞ
þ ½ðf− − fþÞðfþgþð1 − zÞ þ g−ðf− − xB þ gþx3ÞÞ

ffiffiffi
η

p
ϕ0ðzÞϕA

Pðx3Þ
þ ðr03ηϕsðzÞ þ f−fþr03ϕtðzÞÞðf− þ gþx3 − xBÞðϕP

Pðx3Þ − ϕT
Pðx3ÞÞ

þ ðf−fþr03ϕtðzÞ − r03ηϕsðzÞÞfþðz − 1ÞðϕP
Pðx3Þ þ ϕT

Pðx3ÞÞ�EnðtVh ÞhVh ðαVa ; βVh ; bB; bÞ
�
; ðA46Þ

MLR
aV ¼ −32πCFm4

B=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

×
�
½r03

ffiffiffi
η

p
ϕ0ðzÞðf−ð1þ g− þ fþzÞðϕP

Pðx3Þ − ϕT
Pðx3ÞÞ þ fþðgþðx3 − 1Þ − 1þ xBÞðϕP

Pðx3Þ þ ϕT
Pðx3ÞÞÞ

þ ðg−ðgþðx3 − 2Þ − 1þ xBÞ − gþð1þ fþzÞÞηϕA
Pðx3ÞϕsðzÞ

þ f−fþðgþ þ g−ðgþx3 þ xB − 1Þ þ fþgþzÞϕA
Pðx3ÞϕtðzÞ�EnðtVg ÞhVg ðαVa ; βVg ; bB; bÞ

− ½fþr03
ffiffiffi
η

p
ϕ0ðzÞððgþx3 − xBÞðϕP

Pðx3Þ þ ϕT
Pðx3ÞÞ þ f−ðzϕP

Pðx3Þ þ ð2 − zÞϕT
Pðx3ÞÞÞ

þ ðfþgþð1 − zÞ þ g−ðf− þ gþx3 − xBÞÞηϕA
Pðx3ÞϕsðzÞ þ f−fþðg−ðf− þ gþx3 − xBÞ

þ fþgþð−1þ zÞÞϕA
Pðx3ÞϕtðzÞ�EnðtVh ÞhVh ðαVa ; βVh ; bB; bÞ

�
; ðA47Þ
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MSP
aV ¼ 32πCFm4

B=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

×

�
½ðg−ðf−ð1þ gþðx3 − 2Þ þ xBÞ − fþðgþðx3 − 2Þ þ xBÞÞ

þ fþgþððfþ − f−Þz − 1ÞÞ ffiffiffi
η

p
ϕ0ðzÞϕA

Pðx3Þ − r03ηððg− þ gþð1 − x3Þ − xB þ fþz − 4ÞϕP
Pðx3Þ

þ ðg− þ gþðx3 − 1Þ þ xB þ fþzÞϕT
Pðx3ÞÞϕsðzÞ þ f−fþr03ððg− þ gþðx3 − 1Þ þ xB

þ fþzÞϕP
Pðx3Þ þ ðg− þ gþð1 − x3Þ − xB þ fþzÞϕT

Pðx3ÞÞϕtðzÞ�EnðtVg ÞhVg ðαVa ; βVg ; bB; bÞ
þ ½fþðg− þ gþÞðgþx3 − xB þ f−zÞ

ffiffiffi
η

p
ϕ0ðzÞϕA

Pðx3Þ þ ðr03ηϕsðzÞ þ f−fþr03ϕtðzÞÞfþðz − 1Þ
× ðϕP

Pðx3Þ − ϕT
Pðx3ÞÞ þ ðf−fþr03ϕtðzÞ − r03ηϕsðzÞÞðgþx3 − xB þ f−ÞðϕP

Pðx3Þ þ ϕT
Pðx3ÞÞ�

× EnðtVh ÞhVh ðαVa ; βVh ; bB; bÞ
�
; ðA48Þ

FLL
eP ¼ 8πCFm4

BFðw2Þ
Z

1

0

dxBdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞ

×

�
½ðf−g− − fþgþð1þ gþx3ÞÞϕA

Pðx3Þ þ r03ðf− þ fþð2gþx3 − 1ÞÞϕP
Pðx3Þ

− r03ðf− þ fþ − 2fþgþx3ÞϕT
Pðx3Þ�EeðtPa ÞhPa ðαPe ; βPa ; bB; b3ÞStðx3Þ

− ½−gþðfþg− þ f−ðxB − g−ÞÞϕA
Pðx3Þ þ 2r03ðfþgþ þ f−ðxB − g−ÞÞϕP

Pðx3Þ�

× EeðtPb ÞhPb ðαPe ; βPb ; bB; b3ÞStðjxB − g−jÞ
�
; ðA49Þ

FLR
eP ¼ FLL

eP ; ðA50Þ

FSP
eP ¼ 0; ðA51Þ

MLL
eP ¼ 32πCFm4

B=
ffiffiffi
6

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞϕ0ðzÞ

×

�
½ðf− − fþÞðf−g− þ gþðfþð1 − zÞ þ g−x3 − xBÞÞϕA

Pðx3Þ þ r03ðfþgþx3 þ f−xB

þ f−fþzÞϕP
P þ r03ð−fþgþx3 þ f−ðxB þ fþðz − 2ÞÞÞϕT

Pðx3Þ�EnðtPc ÞhPc ðαPe ; βPc ; bB; bÞ
− ½ðf−g− − fþgþÞðfþzþ gþx3 − xBÞϕA

Pðx3Þ þ r03ðfþgþx3 þ f−ðxB − fþzÞϕP
Pðx3Þ

þ r03ðfþgþx3 − f−ðxB − fþzÞÞÞϕT
Pðx3Þ�EnðtPd ÞhPd ðαPe ; βPd ; bB; bÞ

�
; ðA52Þ
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MLR
eP ¼ 32πCFm4

B=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

×

�
½−ðf−g− þ gþðfþ þ g−x3 − xB − fþzÞÞηϕA

Pðx3ÞϕsðzÞ þ f−fþðf−g− þ gþðg−x3 þ xB

þ fþð−1þ zÞÞÞϕA
Pðx3ÞϕtðzÞ þ r03ϕP

Pðx3Þð−ðf− þ fþð1 − zÞ þ gþx3 − xBÞηϕsðzÞ þ f−fþðf− þ gþx3
þ xB þ fþð−1þ zÞÞϕtðzÞÞ þ r03ϕT

Pðx3Þð−ðf− þ gþx3 þ xB þ fþð−1þ zÞÞηϕsðzÞ
þ f−fþðf− þ fþð1 − zÞ þ gþx3 − xBÞϕtðzÞÞ�EnðtPc ÞhPc ðαPe ; βPc ; bB; bÞ
þ ½gþϕA

Pðx3Þððg−x3 − xB þ fþzÞηϕsðzÞ þ f−fþðg−x3 þ xB − fþzÞϕtðzÞÞ
þ r03ϕP

Pðx3Þððgþx3 − xB þ fþzÞηϕsðzÞ þ f−fþðgþx3 þ xB − fþzÞϕtðzÞÞ

þ r03ϕT
Pðx3Þððgþx3 þ xB − fþzÞηϕsðzÞ þ f−fþðgþx3 − xB þ fþzÞϕtðzÞÞ�EnðtPd ÞhPd ðαPe ; βPd ; bB; bÞ

�
; ðA53Þ

MSP
eP ¼ 32πCFm4

B=
ffiffiffi
6

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞϕ0ðzÞ

×

�
½ðf−g− − fþgþÞðf− þ fþð1 − zÞ þ gþx3 − xBÞϕA

Pðx3Þ þ r03ðfþgþx3 þ f−xB

þ f−fþzÞϕP
Pðx3Þ þ r03ðfþgþx3 − f−ðxB þ fþðz − 2ÞÞÞϕT

Pðx3Þ�EnðtPc ÞhPc ðαPe ; βPc ; bB; bÞ
− ½ðf− − fþÞgþðg−x3 − xB þ fþzÞϕA

Pðx3Þ þ r03ðfþgþx3 þ f−xB − f−fþzÞϕP
Pðx3Þ

− r03ðfþgþx3 þ f−ðfþz − xBÞÞϕT
Pðx3Þ�EnðtPd ÞhPd ðαPe ; βPd ; bB; bÞ

�
; ðA54Þ

FLL
aP ¼ −8πCFm4

BfB

Z
1

0

dzdx3

Z
∞

0

bdbb3db3

×

�
½ðf−g− þ fþgþðgþx3 − 1ÞÞϕ0ðzÞϕA

Pðx3Þ þ 2r03ðgþx3 − 2Þ ffiffiffi
η

p
ϕP
Pðx3ÞϕsðzÞ − 2gþr03x3

ffiffiffi
η

p
ϕT
Pðx3ÞϕsðzÞ�

× EaðtPe ÞhPe ðαPa ; βPe ; b; b3ÞStðx3Þ
þ ½gþðfþðg− þ fþzÞ − f−g−Þϕ0ðzÞϕA

Pðx3Þ þ 2r03ϕP
Pðx3Þððg− þ gþ þ fþzÞ

ffiffiffi
η

p
ϕsðzÞ

þ f−fþðg− − gþ þ fþzÞϕtðzÞ=
ffiffiffi
η

p Þ�EaðtPf ÞhPf ðαPa ; βPf ; b; b3ÞStðjg− þ zfþjÞ
�
; ðA55Þ

FLR
aP ¼ −FLL

aP ; ðA56Þ

FSP
aP ¼ 16πCFm4

BfB

Z
1

0

dzdx3

Z
∞

0

bdbb3db3

×

�
½2ðg−ðgþx3 − 1Þ − gþÞ

ffiffiffi
η

p
ϕA
Pðx3ÞϕsðzÞ þ r03ðf− þ fþðgþx3 − 1ÞÞϕ0ðzÞϕP

Pðx3Þ − r03ðf− þ fþ

− fþgþx3Þϕ0ðzÞϕT
Pðx3Þ�EaðtPe ÞhPe ðαPa ; βPe ; b; b3ÞStðx3Þ

þ ½ϕA
Pðx3Þð−2g−gþηϕsðzÞ þ fþgþzðf−fþϕtðzÞ − ηϕsðzÞÞÞ=

ffiffiffi
η

p þ 2r03ð−fþgþ þ f−ðg− þ fþzÞÞϕ0ðzÞϕP
Pðx3Þ�

× EaðtPf ÞhPf ðαPa ; βPf ; b; b3ÞStðjg− þ zfþjÞ
�
; ðA57Þ
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MLL
aP ¼ 32πCFm4

B=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

×

�
½ðf2−g− − f−ðg−ð1þ fþ − gþx3Þ þ gþðxB þ fþðz − 1ÞÞÞ þ fþgþð1 − g−x3 þ xB

þ fþðz − 1ÞÞÞ ffiffiffi
η

p
ϕ0ðzÞϕA

Pðx3Þ þ r03ϕP
Pðx3Þð−ð−4þ f− þ fþð1 − zÞ þ gþx3 − xBÞηϕsðzÞ

þ f−fþðf− þ gþx3 þ xB þ fþðz − 1ÞÞϕtðzÞÞ þ r03ϕT
Pðx3Þð−ðf− þ gþx3 þ xB þ fþðz − 1ÞÞηϕsðzÞ

þ f−fþðf− þ fþð1 − zÞ þ gþx3 − xBÞϕtðzÞÞ�EnðtPg ÞhPg ðαPa ; βPg ; bB; bÞ
þ ½ðg− þ gþÞðfþgþðx3 − 1Þ þ f−ðg− − xB þ fþzÞÞ

ffiffiffi
η

p
ϕ0ðzÞϕA

Pðx3Þ þ r03ϕP
Pðx3Þð−ðg− þ gþð1 − x3Þ

− xB þ fþzÞηϕsðzÞ þ f−fþðg− þ gþðx3 − 1Þ − xB þ fþzÞϕtðzÞÞ þ r03ϕT
Pðx3Þðð−g− þ gþð1 − x3Þ

þ xB − fþzÞηϕsðzÞ þ f−fþðg− þ gþð1 − x3Þ − xB þ fþzÞϕtðzÞÞ�

× EnðtPh ÞhPh ðαPa ; βPh ; bB; bÞ
�
; ðA58Þ

MLR
aP ¼ 32πCFm4

B=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

× f½ϕA
Pðx3Þðg−ð1þ f− þ gþx3Þðf−fþϕtðzÞ − ηϕsðzÞÞ þ gþð−1þ xB þ fþðz − 1ÞÞðηϕsðzÞ þ f−fþϕtðzÞÞÞ

þ r03ðfþð1þ gþx3Þ þ f−ðxB þ fþz − 1ÞÞ ffiffiffi
η

p
ϕ0ðzÞϕP

Pðx3Þ þ r03ð−fþð1þ gþx3Þ
þ f−ð−1þ xB þ fþðz − 2ÞÞÞ ffiffiffi

η
p

ϕ0ðzÞϕT
Pðx3Þ�EnðtPg ÞhPg ðαPa ; βPg ; bB; bÞ

− ½gþϕA
Pðx3Þð−ðg−ðx3 − 2Þ þ xB − fþzÞηϕsðzÞ þ f−fþðg−x3 − xB þ fþzÞϕtðzÞÞ

þ r03ðfþgþðx3 − 1Þ þ f−ðg− − xB þ fþzÞÞ
ffiffiffi
η

p
ϕ0ðzÞϕP

Pðx3Þ þ r03ð−fþgþðx3 − 1Þ
þ f−ðg− − xB þ fþzÞÞ

ffiffiffi
η

p
ϕ0ðzÞϕT

Pðx3Þ�EnðtPh ÞhPh ðαPa ; βPh ; bB; bÞg; ðA59Þ

MSP
aP ¼ 32πCFm4

B=
ffiffiffi
6

p
=

ffiffiffi
η

p Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

×

�
½ðfþgþð−1þ ðg− þ gþÞx3Þ þ f−ðg−ð1þ xBÞ þ gþxB þ fþðg− þ gþÞzÞÞ

ffiffiffi
η

p
ϕ0ðzÞϕA

Pðx3Þ

þ r03ϕP
Pðx3Þðð−4þ f− þ fþð1 − zÞ þ gþx3 − xBÞηϕsðzÞ þ f−fþðf− þ gþx3 þ xB þ fþð−1

þ zÞÞϕtðzÞÞ þ r03ϕT
Pðx3Þð−ðf− þ gþx3 þ xB þ fþðz − 1ÞÞηϕsðzÞ − f−fþðf− þ fþð1 − zÞ

þ gþx3 − xBÞϕtðzÞÞ�EnðtPg ÞhPg ðαPa ; βPg ; bB; bÞ
þ ½ðf− − fþÞgþðg−ðx3 − 2Þ þ xB − fþzÞ

ffiffiffi
η

p
ϕ0ðzÞϕA

Pðx3Þ þ r03ϕP
Pðx3Þððg− þ gþð1 − x3Þ − xB

þ fþzÞηϕsðzÞ þ f−fþðg− þ gþðx3 − 1Þ − xB þ fþzÞϕtðzÞÞ þ r03ϕT
Pðx3Þðð−g− þ gþð1 − x3Þ

þ xB − fþzÞηϕsðzÞ − f−fþðg− þ gþð1 − x3Þ − xB þ fþzÞϕtðzÞÞ�EnðtPh ÞhPh ðαPa ; βPh ; bB; bÞ
�
; ðA60Þ

with the color factor CF ¼ 4=3 and the mass ratio r03 ¼ m03=mBðsÞ .

The evolution factors EiðtÞ, i ¼ e, a, n in the above factorization formulas are written as

EeðtÞ ¼ αsðtÞ exp½−SBðtÞ − SVðtÞ�;
EaðtÞ ¼ αsðtÞ exp½−SPðtÞ − SVðtÞ�;
EnðtÞ ¼ αsðtÞ exp½−SBðtÞ − SVðtÞ − SPðtÞ�; ðA61Þ

where the Sudakov exponents SB;P;V are given by
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SB ¼ s

�
xB

mBffiffiffi
2

p ; bB

�
þ 5

3

Z
t

1=bB

dμ̄
μ̄
γqðαsðμ̄ÞÞ;

SV ¼ s

�
mBffiffiffi
2

p zfþ; b
�
þ s

�
mBffiffiffi
2

p ð1 − zÞfþ; b
�
þ 2

Z
t

1=b

dμ̄
μ̄
γqðαsðμ̄ÞÞ;

SP ¼ s

�
mBffiffiffi
2

p x3gþ; b3

�
þ s

�
mBffiffiffi
2

p ð1 − x3Þgþ; b3
�
þ 2

Z
t

1=b3

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA62Þ

with the quark anomalous dimension γq ¼ −αs=π. The explicit expressions of the functions sðQ; bÞ can be found in the
Appendix of Ref. [49].
The threshold resummation factor StðxÞ takes the form

StðxÞ ¼
21þ2cΓð3=2þ cÞffiffiffi

π
p

Γð1þ cÞ ½xð1 − xÞ�c; ðA63Þ

where c ¼ 0.3 is adopted in our numerical analysis.
The hard functions hVðPÞi , i ¼ a–h, in the factorization formulas are written as

hVðPÞi ðαVðPÞj ; βVðPÞi ; b1; b2Þ ¼ h1ðαVðPÞj ; b1Þh2ðβVðPÞi ; b1; b2Þ; j ¼ e; a;

h1ðαVðPÞj ; b1Þ ¼

8>><
>>:

K0

� ffiffiffiffiffiffiffiffiffiffi
αVðPÞj

q
b1

�
; αVðPÞj > 0

K0

�
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−αVðPÞj

q
b1

�
; αVðPÞj < 0

h2ðβVðPÞi ; b1; b2Þ ¼

8>><
>>:

θðb1 − b2ÞI0
� ffiffiffiffiffiffiffiffiffiffi

βVðPÞi

q
b2

�
K0

� ffiffiffiffiffiffiffiffiffiffi
βVðPÞi

q
b1

�
þ ðb1 ↔ b2Þ; βVðPÞi > 0;

θðb1 − b2ÞI0
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−βVðPÞi

q
b2

�
K0

�
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−βVðPÞi

q
b1

�
þ ðb1 ↔ b2Þ; βVðPÞi < 0;

ðA64Þ

with the Bessel functionK0ðixÞ ¼ π½−N0ðxÞ þ iJ0ðxÞ�=2, and the virtuality αVðPÞj (βVðPÞi ) of the internal gluon (quark) in the
diagrams:

αVe ¼ fþzxB; αVa ¼ fþðz − 1Þðf− þ gþx3Þ;
βVa ¼ zfþ; βVb ¼ ðxB − f−Þfþ
βVc ¼ ðg− þ fþzÞðxB þ gþðx3 − 1ÞÞ; βVd ¼ fþzðxB − gþx3Þ;
βVe ¼ −ðf− þ gþÞðfþð1 − zÞ þ g−Þ; βVf ¼ −ðf− þ gþx3Þfþ;
βVg ¼ 1þ ðg− þ fþzÞðxB þ gþðx3 − 1ÞÞ; βVh ¼ fþðz − 1Þðf− − xB þ gþx3Þ; ðA65Þ

and

αPe ¼ gþx3xB; αPa ¼ gþðx3 − 1Þðg− þ fþzÞ;
βPa ¼ x3gþ; βPb ¼ ðxB − g−Þgþ
βPc ¼ ðf− þ gþx3ÞðxB þ fþðz − 1ÞÞ; βPd ¼ gþx3ðxB − fþzÞ;
βPe ¼ x3gþ − 1; βPf ¼ −ðg− þ fþzÞgþ;
βPg ¼ 1þ ðf− þ gþx3ÞðxB þ fþðz − 1ÞÞ; βPh ¼ gþðx3 − 1Þðg− − xB þ fþzÞ: ðA66Þ

The hard scales tVðPÞi , i ¼ a–h, are chosen as the maxima of the virtualities involved in the decays described by Fig. 1
(Fig. 2):
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tVa;b ¼ maxfmB

ffiffiffiffiffiffiffiffi
jαVe j

q
; mB

ffiffiffiffiffiffiffiffiffiffi
jβVa;bj

q
; 1=b; 1=bBg;

tVc;d ¼ maxfmB

ffiffiffiffiffiffiffiffi
jαVe j

q
; mB

ffiffiffiffiffiffiffiffiffiffi
jβVc;dj

q
; 1=b3; 1=bBg;

tVe;f ¼ maxfmB

ffiffiffiffiffiffiffiffi
jαVa j

q
; mB

ffiffiffiffiffiffiffiffiffiffi
jβVe;fj

q
; 1=b; 1=b3g;

tVg;h ¼ maxfmB

ffiffiffiffiffiffiffiffi
jαVa j

q
; mB

ffiffiffiffiffiffiffiffiffiffi
jβVg;hj

q
; 1=b; 1=bBg; ðA67Þ

and

tPa;b ¼ maxfmB

ffiffiffiffiffiffiffiffi
jαPe j

q
; mB

ffiffiffiffiffiffiffiffiffiffi
jβPa;bj

q
; 1=b3; 1=bBg;

tPc;d ¼ maxfmB

ffiffiffiffiffiffiffiffi
jαPe j

q
; mB

ffiffiffiffiffiffiffiffiffiffi
jβPc;dj

q
; 1=b; 1=bBg;

tPe;f ¼ maxfmB

ffiffiffiffiffiffiffiffi
jαPa j

q
; mB

ffiffiffiffiffiffiffiffiffiffi
jβPe;fj

q
; 1=b; 1=b3g;

tPg;h ¼ maxfmB

ffiffiffiffiffiffiffiffi
jαPa j

q
; mB

ffiffiffiffiffiffiffiffiffiffi
jβPg;hj

q
; 1=b; 1=bBg: ðA68Þ
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