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We study two- and three-gluon glueballs of C = + using the method of QCD sum rules. We
systematically construct their interpolating currents, and find that all the spin-1 currents of C = + vanish.
This suggests that the “ground-state” spin-1 glueballs of C =+ do not exist within the relativistic
framework. We calculate masses of the two-gluon glueballs with J7¢ = 0¥+ /2** and the three-gluon
glueballs with J7¢ = 0¥+ /2%F. We propose searching for the J*¢ = 0~ /2% /3*~ three-gluon glueballs
in their three-meson decay channels in the future BESIII, GlueX, LHC, and PANDA experiments.
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I. INTRODUCTION

Glueballs, composed of valence gluons, are important for
the understanding of nonperturbative QCD [1-3]. There
have been tremendous theoretical studies on them in the past
fifty years using various models and methods, such as the
MIT bag model [4], the flux-tube model [5], the Coulomb
Gauge model [6,7], Regge trajectories [8], holographic QCD
[9], lattice QCD [10~14], and QCD sum rules [15-30], etc.
However, experimental efforts in searching for glueballs are
confronted with the difficulty of identifying them unambig-
uously, and there is currently no definite experimental
evidence for their existence.

Recently the DO and TOTEM Collaborations studied pp
and pp [31] cross sections, which are found to be different
with a significance of 3.4¢ [32]. Together with their previous
result [33], this significance can be increased to 5.26—5.7¢.
The above difference leads to the evidence of a r-channel
exchanged odderon [34-38], that is predominantly a three-
gluon glueball of C = —. We refer to Refs. [39—47] and a
review of [48] for more discussions. Due to these studies,
interest in glueballs have recently been revived. Since the
above odderon evidence is still indirect, it is crucial and
important to directly study the glueball itself.

The lowest-lying two-, three-, and four-gluon glueballs
have been systematically investigated in Ref. [49], where the
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authors constructed their corresponding nonrelativistic low-
dimension operators. These operators have been successfully
used in lattice QCD calculations. In this paper we system-
atically study two- and three-gluon glueballs of C = +. We
shall construct their corresponding relativistic glueball cur-
rents, and calculate the masses of these glueballs using the
method of QCD sum rules. The same approach has been
applied in Ref. [50] to study three-gluon glueballs of C = —,
so a rather complete QCD sum rule study will be done on the
lowest-lying glueballs composed of two- or three-valence
gluons. These studies can largely improve our understanding
of the gluon degree of freedom as well as the nonperturbative
behaviors of the strong interaction at the low-energy region.

This paper is organized as follows. We systematically
construct relativistic two- and three-gluon glueball currents
of C = + in Sec. II. We apply them to perform QCD sum
rule analyses in Sec. III, and perform numerical analyses in
Sec. IV. The obtained results are summarized and discussed
in Sec. V, and are compared with lattice QCD results
[11-14].

II. RELATIVISTIC GLUEBALL CURRENTS

In this section we systematically construct relativistic
glueball currents, including the two-gluon glueball currents
and the C = + three-gluon glueball currents. We shall do
this separately in the following subsections. Note that the
two-gluon glueball currents cannot reach C = — [51], and
the C = — three-gluon glueball currents have been sys-
tematically constructed in Ref. [50].

A. Couplings of tensor currents

In the present study we shall use some special tensor
currents to study glueballs with nonzero spins J # 0. These
currents have 2 x J Lorentz indices with certain symmetries,
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and they couple to both positive- and negative-parity glue-
balls. In this subsection we briefly explain how we deal
with them.

We assume J,; to be a tensor current with two anti-
symmetric Lorentz indices u and v. Taking the current
Jop = Cogpc as an example, it can be separated into
(a0, f=0,1,2,3and i, j =1, 2, 3)

P=+
P=-

E‘GUC,

(1)

J(l/f = E’Ua/jc e _
€op;C,

Accordingly, it couples to both positive- and negative-
parity charmonia through

(O aplhc(e. p)) = if], €apue’ P*. (2)
<O|Jaﬁ|‘,/l//(€’p)> = if;/y/(paeﬁ _pﬁea)’ (3)

where fZC and f§/w are relevant decay constants. Given the
Lorentz structures of J/y and h, are totally different, they
can be clearly separated from each other. For example, we
can isolate %, at the hadron level by investigating the two-
point correlation function containing

<0|Jozﬂ|hc><l/lc|'fr |O>

a/ﬂ/
=(f }{()zeaﬂuveﬂpyea’ﬂ’ﬂ’v’e*ﬂlPl/
= —(f1.)°P*Yaw 9pp = Gap Gpet) + -+ (4)

since the correlation function of J/y does not contain the
above coefficient. It is not so easy to isolate J /y from J 5 at
the hadron level. Instead, we can investigate its partner
current

Tup = €aps X I, (5)
which couples to J/y and h. (just in the opposite way)
<0|‘7a/}|*]/l//(€’ p)> = i};/y/eaﬂﬂueﬂpb’ (6)
<0|‘7aﬂ|hc(€v P)> = iﬁc (paeﬂ - pﬂea)' (7)

Accordingly, we can use the two currents J,; and jaﬂ to
study and separate J/y and /..

We apply the above process to generally investigate the
current J® ov-ProPy which has 2N = 2J Lorentz indices
with certain symmetries, e.g., the spin-2 current J%1®2/1/
has four Lorentz indices, satisfying

Jua by — _ jha.afy — _ Jafrfroy — Jumarfop (8)

Its coupling can be written as

(Olger-awbn[X) = if ySlembmvip, Ve, . . (9)

where X is the corresponding state having the same parity
as Jirivaidv (i -+ jy =1, 2, 3); S denotes symmetriza-
tion and subtracting trace terms in the two sets {a; - - - ay }
and {f, - - fy} simultaneously, with

[. . .}N — €a1ﬂ1ﬂ1’/1py] - €aNﬁNﬂNVNpDN‘ (10)

Note that the current J%~®#1#v can also couple to the
other state X’ having opposite parity to X, but this state X’
cannot be easily isolated at the hadron level, so we do not
consider it in the present study.

B. Two-gluon glueball currents

In this subsection we use the gluon field strength tensor
Gy, to construct two-gluon glueball currents, with a the
color index and y, v the Lorentz indices. We also need
G,’j,, = G’ X €,,,,/2 to denote the dual gluon-field
strength tensor, and f“*“ to denote the totally antisym-
metric SU(3) structure constant. In the present study we
only consider local glueball currents without explicit
derivatives, although Gj, and Gﬁ,, contain covariant
derivatives within them.

In Ref. [49] the authors use the chromoelectric and
chromomagnetic fields (i, j = 1, 2, 3),

1 .
Ei = GiO and Bi = _Eel’jkGJk’ (11)

to write down all the nonrelativistic low-dimension two-
gluon glueball operators,

ot+  E:+ B
0+ E,-B,
1-* E,xB,,

2t S[ELEL+ BBl

2tS'  [ELB) - BLE}), (12)
where S’ denotes symmetrization and subtracting trace
terms in the set {ij}.

We construct their corresponding relativistic currents in
order to perform QCD sum rule analyses,

Iy = (GG, (13)
To = GGG, 19
1P = RGIG —{a o p (19)
JHehb _ SR G Galh], (16)
]glaz,ﬁlﬂz _ S[ggGglﬁl Gaar], (17)
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We shall explicitly prove in Appendix that the third current
J7ﬂ vanishes, suggesting that the “ground-state” two-gluon
glueball of JP€ = 1=* does not exist within the relativistic
framework.

The former two currents J, of J*¢ =0** and J, of
JP€ = 0=" couple to the JP€ = 0** and 0~F two-gluon
glueballs |GG; JP C}, respectively,

(0[Jo|GG; 07F) = for+. (18)

(0170|GG; 07F) = fo+, (19)

where fo++ and f(-+ are decay constants. In addition, the
current J, has a partner,

= 3G Gy, (20)
whose sum rule result is the same as that of J,.
The latter two currents J$'“772 and 75”2 couple to

the JP€ =2+ and 2=+ glueballs through

(0|J5|GG; 2*H) = if2++8[6“iﬁf”i”fpbi]zeﬂmz, (21)

<0|‘72 |GG; 2_+> = if27+8|:€aiﬂi'uil/[pl/,-]zeﬂ]ﬂg’ (22)
The current J5'* P12 also has a partner,
J/zfllflz-/”lﬂz _ S[gféﬁ'ﬂ' Gaﬂzﬂz]‘ (23)
aja /31/7'2

whose sum rule result is the same as that of J,

C. Three-gluon glueball currents of C = +

In this subsection we use Gy, and G;,, to construct
three-gluon glueball currents of C = +. Some of their
corresponding nonrelativistic operators have been con-
structed in Ref. [49]

0t fabC(Ea S Eb) écv
0-t  fec(E,xE,)-E,
1+ fubc(éa Eb)Eu

1=* fabc(éu'ih Ecv
2++ fach/[
2t feS(E, x Ep) EL - (24)

We further construct their corresponding relativistic
currents as follows:

Mo = fabcggGﬁbe,ypG/g-ﬂ’ (25)

’7]0 = fabcggézyéb,vpélc)#’ (26)

flﬂ fabc GZDGb,ﬂyG(clﬂv (27)
~(l/} fahc BGWGb WG(CI/37 (28)

ny MR = feS[gGE G G — {an < )], (29)

l‘jlglazﬁlﬂz _ fabcs[ggéglm GZ@#G{Z” — {az PAN ﬂZ}] (30)

We shall explicitly prove in Appendix that the third and
fourth currents 7% and 7% both vanish, suggesting that
the “ground-state” three-gluon glueballs of JF€ = 1++
and 17" do not exist within the relativistic framework.

The former two currents 7, of J'¢ = 0" and #, of
JP€ = 07" couple to the JF€ = 0** and 0~ three-gluon
glueballs [GGG; JPC), respectively,

(0lno|GGG; 0+F) = fyee (31)
(0[7|GGG;07) = [y (32)
The latter two currents 73“”'"2 and 772172 couple to the

JPC = 2%+ and 2 glueballs through

(0]ny |GGG; 2T) = if’2++S[e“fﬂf”i”fpyi]zemm, (33)

<O|'~72|GGG’ 2_+> - if/2*+S[eaiﬁiﬂibipui]zeﬂlﬂz' (34)

III. QCD SUM RULE ANALYSES

In this section we use the two-gluon glueball currents J,

Jo, JO@PPand JoePPr s well as the three-gluon

glueball currents 7q, 7o, 75 7", and 73 "2 to perform

QCD sum rule analyses. This method has been widely
applied in the field of hadron phenomenology [52,53] to
study various exotic hadrons [54-56]; all the above spin-2
currents have four Lorentz indices with certain symmetries,
so that they couple to both positive- and negative-parity
glueballs simultaneously. We refer to Ref. [50] for detailed
discussions.

We take the current J,, defined in Eq. (14) as an example,
and calculate its two-point correlation function

(g = i / e (O] TTo(0)T(0)][0).  (35)

separately at hadron and quark-gluon levels.
At the hadron level we express Eq. (35) using the
dispersion relation as

M(g?) = /0 =) (36)

s—q° —ie
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with p(s) = ImIl(s)/z the spectral density. It is para-
metrized using one pole dominance for the ground state
X as well as the continuum contribution,

ps) =) 8(s = M3)(0lTo|n)(n|7|0)
= f%6(s — M%) + continuum. (37)

At the quark-gluon level we insert Eq. (14) into Eq. (35),
and calculate it using the method of operator product
expansion (OPE). After performing the Borel transforma-
tion to Eq. (36) at both hadron and quark-gluon levels, we
approximate the continuum using the spectral density
above a threshold value s(, and obtain

M(so. M3) = fye™Mi/Mi = /0 e™Mip(s)ds.  (38)

This equation can be used to further calculate the mass of X
through

%0 e=5/Misp(s)ds
M2 (sg. M) = D0 ¢ SP)ES 39
R(s0p) = EGIE 3

Since the gluon field strength tensor Gy, is defined as
GZL/ = 8/4Aza/ - auAZ + gsfabcAbV/AAc,w (40)

it can be naturally separated into two parts. As shown in
Fig. 1, we depict the former two terms using the single-
gluon line, and the latter one term using the double-gluon
line with a red vertex [see also diagram Fig. 2(c — 3)]. Here
Ay, is the gluon field, whose propagator is [57]

OTIAL ()AL )][0) = oS
H v\ Az (x — y)?
g In(=(x = ¥)%) e
+—< 8(712 ) >f G (0)
a,p
gsg;wx y abc
~ DItV yave (). (41
87[2<)C—y)2f c,a/}( ) ( )

We work in the fixed-point gauge so that

el

(@) (b)

FIG. 1. The gluon field strength tensor Gy, = 0,A7—
0,A5 + g, f"b"Ab_”AC_D, naturally separated into two parts
(a) and (b).

A9(x) _%va;;D(O). (42)

In the present study we consider the Feynman diagrams
depicted in Fig. 2 (for three-gluon glueballs), and calculate
OPEs up to dimension eight (D = 8) condensates. We take
into account the perturbative term, the two-gluon conden-
sate (g>?GG), the three-gluon condensate {g;G?), and the
D = 8 condensate (2GG)?,

Mg+ (80, M3) = / " (320252 + 6002 (G G) e~/ Mids

0
+ 24za,(g:G?), (43)
S0 (205 502 (GG
H‘GG$2++>(SO’ M%) = A <F §2 — %) e=5'M3 ds
ra (G
= (a4

MG (s0, M3) = / 322252 Mids — 40ma, (53GP),

0
(45)
so (2 2 2 2GG .
HGG~2-+>(SO,M%;):/O % s2+m e—5IM3 g
’ o \5 12
ray(g;G?)
2 (46)
s (3a; 13503 (2 GG)
Macan (50 Mz) = A (10;; e
81 2 3G3
—%hﬁe*/’”ﬁd& (47)

Mg+ (5. M3)

o (20 ,  ai(giGG) ,
_[) <315;zs+ 5

5363(5:GG) , | @ (6:GY)
3207 3

>e-s/M%ds, (48)

so (3 13503 (42GG)
a0+ My = [ St TSI T2
|GGG;0 )(So, %) /0 <1O”S + 307 s

2703 (53 G?
+7a"<295 >s>e—s/Mids, (49)
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FIG. 2. Feynman diagrams for three-gluon glueball currents, including the perturbative term, the two-gluon condensate (g2GG), the
three-gluon condensate (g3G?), and the D = 8 condensate (g>?GG)?. Diagrams (a) and (b — i) are proportional to & x ¢, diagrams
(c — i) are proportional to &’ x g!, and diagram (d) is proportional to a3 x g2.

Migeea—+) (50 M%)

_ /So 2a§? 4 a%(g%GG) §2
o \315% 15

5723 {5?GG) ) 502(giG?)
s
3207 4

s) e™Mids.  (50)

In the calculations we have considered all the diagrams
proportional to o/ x ¢° and a x g! (n = 2 for two-gluon
glueballs and n = 3 for three-gluon glueballs); however,
there are so many diagrams proportional to & x g2, so we
have only taken into account one of them. Specifically, we
find that all the D =8 terms proportional to (g2GG)?
vanish, so the convergence of the above OPE series are
quite good.

In Ref. [22] the authors studied J¢ = 0+ three-gluon
glueballs using the current 7, defined in Eq. (25), where
they calculated the Feynman diagrams depicted in Figs. 2
(a,b—i,c—1,c—2). In Ref. [24] the authors studied
JP€ =0~ three-gluon glueballs using the current #j,
defined in Eq. (26), where they calculated the diagrams
depicted in Figs. 2 (a, b — i, ¢ — i). Their calculations are
done (mainly) by hand. In the present study we use the
software Mathematica with the package FeynCalc, and we
can obtain exactly the same results for these diagrams. In

Refs. [16,21,23] the authors studied J°¢ = 0+ and 0—F
two-gluon glueballs using the currents J;, and J, defined in
Egs. (13) and (14), where they calculated more diagrams
than those calculated in the present study. However, such
calculations are too complicated to be applied to three-
gluon glueballs, and we still calculate similar diagrams as
those depicted in Fig. 2 for two-gluon glueballs to make the
present study unified as a whole.

For completeness, we also investigate the following
three-gluon glueball currents of C = —,

V= de PG Gy, G, (51)
&V = d"giGi Gy, G? (52)

6;[(12-/}1/}2 _ dabCS[g?GZlﬂl GZZMG@E” _ {az <—>ﬂ2}], (53)
;zlelazﬁlﬂz _ dabcs[ggGglﬂl GZZHG@Z” —{a, < B}, (54)
£ = dabCS[ggGgl/}] GZZﬁZG?3ﬂ3], (55)

%3 _ dabcs[ggéglﬁlGZzﬂzG?sﬁs]’ (56)
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where d®* is the totally symmetric SU(3). structure
constant. Their sum rule equations are

H|GGG;1+’>(S0’ M%)

_ /SO 4af & 10a%<g%GG> §2
0 81x 9

L 350 (9;GG) , | 5a;(g;G?)
s
36r 27

s> e™Mids,  (57)

igee2+) (SO7M%3>

[ @, SE(RGG) ,
o \324x 108

150}{giGG) , | 65ai(9;G”)
N
1287 216

s> e~/Mids,  (58)

Mg+ (S0, M%)

S0 Sa? 4 a?<g§GG> 2
_A <20167rs BT

_9a{giGG) , i (5G)
5127 2

s) eMids,  (59)

H\GGG;]“)(SO’M%})

N /SO 4o o 10a2(42GG) 2
. \81x 9
25a3(g;GG) , | 35a3{g;G)

s
36x 27

s> e Mids,  (60)

MGG (S0. M3)

:/SO ol s4+5a%<g§GG)s2
o \324r 108

150 (GG) , 5@ (51G")
1287 24

s> e™Mids,  (61)

H\GGG;T’)(SO’ M%)

[ Sa},_agiGG)
o \20167 16

4903 (2 GG) ) 11a?(g:G?)
— s —
15367 432

s) eMids.  (62)

The above three-gluon glueball currents of C = — have
been systematically studied in Ref. [50], but there we did
not calculate the Feynman diagrams depicted in Figs. 2
(c=3,c—4,c—5). Similar to Egs. (43)—(50), we find all
the D = 8 terms proportional to (¢?GG)? vanish, so the
convergence of the above OPE series are also quite good.

We shall use the above sum rule equations to perform
numerical analyses in the next section.

IV. NUMERICAL ANALYSES

In this section we perform numerical analyses using the
sum rules given in Egs. (43)—(50) and (57)—(62). The
glueball mass My depends significantly on the gluon
condensates (¢?°GG) and (giG?), both of which are still
not precisely known. In the present study we use the
following values for these parameters [58,59]

(a,GG) = (6.35 +0.35) x 1072 GeV*,
(£G?) = (a,GG) x (824 1.0) GeV2.  (63)

Additionally, we use the following value for the strong
coupling constant at the QCD scale Agcp = 300 MeV
(601,

47
a,(Q?) = m- (64)

We still take the current J, as an example, and use
Eq. (39) to calculate the mass of |GG; 0~ ). It depends on
two free parameters, the Borel mass My and the threshold
value s;. We use two criteria to determine the Borel
window. The first criterion is to ensure the convergence
of OPE by requiring: a) the a? x g2 term a2{g?GG) to be
less than 5%, and b) the D = 6 term a,(giG>) to be less
than 10%

1%° (59, M3
CVGAE'LZB) < 5%, (65)

(so. M)

HD:6 M2
CVGBE'LZB) < 10%. (66)

M(so. M)

As shown in Fig. 3 using the dashed curves, we determine
the lower limit of My to be M% > 3.28 GeV? when
setting 55 = 9.0 GeV2.

The above condition is the cornerstone of a reliable sum
rule analysis, where we have taken into account two terms

70% - 170%
60% 60% ¥
§‘ —_—
= 50%" 50% g
8 40% 140% 3
QOJD br=1
= 30% 30% %
>
g 0% 120%
10% " fansiozod 0% £
5% | :"--(5)%
2.0 2.5 3.0 328 349 3.70 4.0
Borel Mass? [GeV?]
FIG. 3. CVG, [short-dashed curve, defined in Eq. (65)], CVGy

[long-dashed curve, defined in Eq. (66)], and PC [solid curve,
defined in Eq. (69)] as functions of the Borel mass Mp. The
current J,, is used here when setting s, = 9.0 GeV2.
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4.0 14.0

S 3.0 3.0

L

<)

2

= 20 2.0
1.0 : e 1)
15 2.0 2.5 3.0 3.28 3.49 3.70 4.0

Borel Mass? [GeV?]

4.0r e — 14.0

3.0 30

Mass [GeV]

: : .
4.0 6.0 8.0 9.0 10.0 11.0
so [GeV?]

FIG. 4. Mass of the two-gluon glueball |GG;0~") as a function of the Borel mass My (left) and the threshold value s, (right),
calculated using the current J,. In the left panel the short-dashed/solid/long-dashed curves are obtained by setting
5o = 8.0/9.0/10.0 GeV?, respectively. In the right panel the short-dashed/solid/long-dashed curves are obtained by setting

M?% = 3.28/3.49/3.70 GeV?, respectively.

because the OPE is expanded in two directions; the
dimension of condensates and the coupling constant g;.
Equations (65) and (66) are for two-gluon glueball currents,
and the conditions for three-gluon glueball currents are

%" (59, M3
CVGQE’M < 5%, (67)

I(so, M)

HD:G M2
cvay=| TG0 Mu)| joq, (68)

(so. M)

The second criterion is to insure the one-pole-dominance
assumption by requiring the pole contribution (PC) to be
larger than 40%,

M(s9, M3)
(o0, M%)
As shown in Fig. 3 (using the solid curve), we determine
the upper limit of My to be M% <3.70 GeV?> when
setting 5o = 9.0 GeV>.

Altogether we determine the Borel window to be
3.28 GeV? < M% <3.70 GeV? for the fixed threshold
value s, = 9.0 GeV?. Then we redo the same procedures
by changing s, and find that there exists nonvanishing
Borel windows as long as 52> sg‘i“ = 8.2 GeVZ,
Accordingly, we choose s, to be slightly larger, and
determine our working regions to be 8.0 GeV? < s) <
10.0 GeV? and 3.28 GeV? < M3 < 3.70 GeV?, where we
calculate the mass of |GG;0™) to be

PCE‘

> 40%. (69)

M‘GG;0_+> =2.17+0.11 GeV. (70)

Its central value corresponds to M% = 3.49 GeV? and
so = 9.0 GeV?, its uncertainty comes from the threshold
value s, the Borel mass is Mg, and the gluon condensates
are listed in Egs. (63).

We show M g0+ in the left panel of Fig. 4 as a function
of the Borel mass M, and find it quite stable inside the Borel
window 3.28 GeV? < M% < 3.70 GeV?2. We also show it in
the right panel of Fig. 4 as a function of the threshold value
So- We find there exists a mass minimum around
so ~ 5 GeV?, and the s, dependence is weak and acceptable
inside the working region 8.0 GeV? < s, < 10.0 GeV?.

Similarly, we use the sum rules given in Egs. (43)—(50)
and (57)—(62) to perform numerical analyses, and calculate
masses of two- and three-gluon glueballs systematically.
The obtained results are summarized in Table I, where we
choose threshold values s, for two-gluon glueballs to be
around 9-10 GeV?, and those for three-gluon glueballs to
be around 33-38 GeV?2.

V. SUMMARY AND DISCUSSIONS

In this paper we study two- and three-gluon glueballs of
C = + using the method of QCD sum rules, including
(a) the two-gluon glueballs with the quantum numbers

JPC — O:H', 1—+, and 2ﬁ:+;
(b) the three-gluon glueballs with the quantum numbers
JPC —_ O:t+’ 1i+’ and 2i+.
We systematically construct their interpolating currents, and
find that all the spin-1 currents of C = + vanish, suggesting
that the “ground-state” spin-1 glueballs of C =+ do not
exist within the relativistic framework. This behavior is
consistent with lattice QCD calculations [11-14].

We use spin-0 and spin-2 glueball currents to perform
QCD sum rule analyses, and calculate the masses of their
corresponding spin-0 and spin-2 glueballs. All these
spin-2 currents have four Lorentz indices with certain
symmetries, so that they couple to both positive- and
negative-parity glueballs, which need to be further
separated at the hadron level. We refer to Ref. [50] for
detailed discussions.

We summarize the obtained results in Table II, which are
compared with the lattice QCD results obtained using
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TABLE L

QCD sum rule results of two- and three-gluon glueballs.

Working Regions

Glueball Current spin [GeV?] so [GeV?] M?% [GeV?] Pole [%] Mass [GeV]
IGG;0*) o 7.8 9.0+ 1.0 3.70-4.19 40-48 1781014
IGG;27) Jaehb: 8.5 10.0+ 1.0 3.99-4.60 40-50 1.861014
IGG;07") Jo 8.2 9.0+ 1.0 3.28-3.70 40-47 217501
IGG;27+) Jaahip 8.1 100+ 1.0 3.27-4.20 40-55 224101
|GGG;0") Mo 31.6 33.0+3.0 7.25-7.61 40-44 4467017
|GGG;2+) plaa b 16.0 35.0+3.0 4.77-9.04 40-90 4187019
|GGG;0~") flo 17.0 33.0£3.0 4.48-8.13 40-88 4131038
|GGG;27+) poehl: 33.1 350+3.0 8.10-8.53 40-44 4297039
|GGG; 117) ab 9.0 34.0+4.0 3.16-9.09 40-99 4.01105
|GGG;277) gnahib: 327 3504 4.0 7.53-8.09 40-46 4427035
IGGG;3%)  gmaahibips 30.2 33.0+4.0 7.69-8.40 40-47 430107
|GGG;177) 7 312 34.0£4.0 5.81-6.77 40-51 4911079
IGGG;27) g ip; 19.7 36.0 £ 4.0 5.80-9.47 40-81 4251033
IGGG;37)  Fawwhibifs 35.8 380+40  6.15-7.22 40-49 5.59705
TABLE II. Masses of two- and three-gluon glueballs, in units of GeV. Our QCD sum rule results are listed in the

second column. Lattice QCD results are listed in the third—sixth columns, taken from Refs. [11-13] (quenched) and

Ref. [14] (unquenched).

Glueball QCD sum rules Ref. [11] Ref. [12] Ref. [13] Ref. [14]
|GG;0") 178014 171 +£0.054+0.08 1.73+£0.05+0.08 1.48+0.03+0.07 1.80+0.06
IGG;2") 1.867014 2394003£0.12 240+0.034+0.12 2.15£0.03+0.10 2.62+0.05
IGG;0~1) 21750 256+0.04+0.12  2.59+0.04+0.13  225+0.06+0.10 o
IGG;27H) 2247011 3.04+£0.04£0.15 3.10+0.034+0.15 278+0.05+0.13 3.46+0.32
|GGG;0") 4.46701] 267+0.18+0.13 276+£0.03+0.12 3.76+0.24
|GGG;2+) 4.187043 2.88+0.10 +0.13
|GGG;0~) 4131048 3.64+£0.06+0.18 3.37+0.15+0.15 4.49+0.59
|GGG;27) 4.291039 3.48£0.14+0.16

|GGG;177) 4.011928 298+£0.03+0.14 294+0.03+0.14 267+0.07+0.12 3274034
|GGG;2+7) 4.42402 42340054020 4.14+0.05 +0.20 o -
|GGG;377) 4.3010% 3.60+£0.04£0.17 3.55+0.04+0.17 327+0.09+0.15 3.85+0.35
|GGG;177) 4.91+9% 3.83+40.04+0.19 385+0.05+0.19 3.24+033+0.15
IGGG;27) 4251022 40140054020 3.93+0.04+0.19 3.66+0.13+£0.17 4594074
|GGG;377) 5.59105 4204005+020 4.13+0.09+0.20 433 +0.26+0.20 s

nonrelativistic-glueball operators [11-14]. For completeness,
we also reanalyze the results of C = — three-gluon glueballs
(also called odderons), which have been previously studied in
Ref. [50]. Thus, a rather complete QCD sum rule study has
been done on the lowest-lying glueballs composed of two or
three valence gluons. We find that our QCD sum rule results
are generally consistent with unquenched lattice QCD
results [14].

To end this paper, we briefly discuss possible decay
patterns of two- and three-gluon glueballs. The two-gluon
glueballs can decay after exciting two quark-antiquark
pairs, and recombine into two mesons; however, it is rather
difficult to differentiate them from standard gg states. The
three-gluon glueballs can decay after exciting three quark-
antiquark pairs, and recombine into three mesons. Their
possible decay patterns are
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0" — VVvP,VVV (S-wave),
0t — VPP, VVP,VVV (P-wave),
1= = VPP,VVP,VVV (S-wave),
1"~ - PPP,VPP,VVP,VVV (P-wave),
27% > VVP,VVV (S-wave),
2t - VPP,VVP,VVV  (P-wave),
377> VvV (S-wave),

3t - VVP,VVV (P-wave),

where P and V denote light vector and pseudoscalar mesons,
respectively. Considering their limited decay patterns, the
JP€ = 0=+ /27% /3%~ three-gluon glueballs may have rela-
tively smaller widths, and we propose to search for them in
their VVV and VVP decay channels in future BESIII,
GlueX, LHC, and PANDA experiments.
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APPENDIX: SPIN-1 CURRENTS OF C= +

In this Appendix we prove that the three spin-1 currents
J?, 7 and 7 all vanish. Their definitions are given in
Eqs (15), (27), and (28), respectively. For simplicity, we
shall not differentiate the superscript and subscript in the
following calculations.

Firstly, we investigate the current J . Due to the Lorentz
invariant, we simply assume a=0 and p=1...3.

Additionally, we need the Lorentz indices u = 0/i,

p =0/k, and 6 = 0/, with i/k/l = 1...3. We obtain
20% = 2GH G - {0 < p}.
= GUGLe Gl Gl
— GOinoeﬂikO + GOiGOleﬂiOl _ GginI(-?Oikl. (Al)

After interchanging i <> k, the first term turns out to be zero,

GgiGﬁﬂeﬁikO — ngGfloe/}kiO — GgiGI;OGﬁkiO N O’ (Az)

as does the second term. The third term is nonzero when
p =k or f=1; however, for the case =k, we can
interchange i <> [ and obtain (not sum over f here),

G/ftGﬁl 0ipl __ GﬂlGﬁt Olpi __ GZiG'ZIGOZﬁi =0, ( A3)

similar to the case f§ = [. Therefore, the third term is also

zero, and the current J % \anishes.
Secondly, we 1nvest1gate the current 111 ,

277(11ﬁ =2f ape GIC‘ID G}l;y G?ﬁ
= f abc €’ Ggﬁ GZD G(Ll/}
= fabc etre GZD Gl’;a G?ﬂ
= _f abc€""? Gﬁy GZ” G(L)‘lﬂ

- 0. (A4)

In the above expressions, we have interchanged uv < po

and a < b. Similarly, we can prove the current 1"7{1’/’7 to
be zero.

One can construct more spin-1 three-gluon glueball
currents of C = +, such as

1’ = farcGi'Gy GE — {a < P}, (AS)

../aﬂ f b (lﬂ G;w Gvﬂ
abe

{a < p}. (A6)

It is straightforward to prove the former current n’laﬁ to be
zZero,

M = FanGi G G — {a o )
= fap GGG —{a < B}
= —f G GG + {a < P}
= farc GGG — {a < B}
= —fur GLGY G — {a < B}

~0. (A7)

It is a bit tricky but one can still prove the latter current ﬁ/laﬂ
to be zero, after explicitly writing out all its Lorentz indices.
We have done this using the software Mathematica.
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