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We calculate the leading corrections to jet momentum broadening and medium-induced branching that

arise from the velocity of a moving medium at first order in opacity. These results advance our knowledge

of jet quenching and demonstrate how it couples to the collective flow of the quark-gluon plasma in heavy-

ion collisions. We also compute the leading corrections to jet momentum broadening due to transverse

gradients of temperature and density. We find that the velocity effects lead to both anisotropic transverse

momentum diffusion proportional to the medium velocity and anisotropic medium-induced radiation

emitted preferentially in the direction of the flow. We isolate the relevant subeikonal corrections by working

with jets composed of scalar particles with arbitrary color factors interacting with the medium by scalar

QCD. Appropriate substitution of the color factors and light-front wave functions allow us to immediately

apply the results to a range of processes including ¢ — ¢g branching in real QCD. The resulting general

expressions can be directly coupled to hydrodynamic simulations on an event-by-event basis to study the

correlations between jet quenching and the dynamics of various forms of nuclear matter.

DOI: 10.1103/PhysRevD.104.094044

I. INTRODUCTION

In ultrarelativistic heavy-ion collisions a new extreme
state of nuclear matter is created far from equilibrium, with
an energy density so high that the quarks and gluons
normally confined within hadrons are liberated into a
continuous medium [1]. After thermalization, when the
medium is sufficiently close to equilibrium to be charac-
terized by local thermodynamic quantities, it is known as
the quark-gluon plasma (QGP). The QGP exhibits pro-
nounced collectivity [2—4], behaving as a nearly ideal fluid
[5]; while its constituents are deconfined, they are also
strongly interacting and far from being “free.” The sub-
sequent expansion and cooling of these QGP droplets are
well described by relativistic viscous hydrodynamics [6,7],
and when the energy density in a given fluid element falls
low enough, the nuclear matter becomes confined once
again into a gas of hadrons. The multiphase evolution of
this hot and dense medium is especially interesting because
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of its sensitivity to the fundamental mechanisms of color
confinement, the distributions of color charge and momen-
tum inside the initial colliding nuclei, and the origin of
hadronic matter (for a review see Ref. [8]).

The “soft” particles originating from the QGP after
hadronization have characteristic transverse momenta close
to the temperature of the medium and are characterized by
their strong final-state collectivity [9,10]. On the other
hand, the “hard probes” of the QGP—highly energetic
particles and jets—originate from the initial hard scatter-
ings in the nuclear collision. While the information
encoded in the distributions of soft particles entangles
different stages of medium evolution, the production of jets
across a range of transverse momenta p, and rapidities y
provides time resolution of the initial dynamics. By
interacting with the medium in a path-length-dependent
way, jets lose energy and have their substructure modified,
providing an “x ray” of the nuclear matter. This concept is
the core idea of the jet tomography [11].

Hadrons and jets provide an important tomographic tool
as well in the cold nuclear matter probed in deep inelastic
scattering events at the electron-ion collider (EIC) [12-15].
Part of the mission of the EIC is to perform tomographic
imaging of the partonic content of protons and nuclei,
including the distribution of those partons in space and in
momentum. The energy loss and modification of jets in this
cold nuclear medium is sensitive to these distributions, and
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in this context the intrinsic orbital motion of partons plays
an analogous role to the collective flow in the QGP.

The energy loss of an energetic parton in QCD is
dominated by soft gluon bremsstrahlung—the radiation
of small quanta of energy while propagating through nuclear
matter [ 16]. The emission of multiple soft gluons leads to the
energetic leading parton dissipating a considerable fraction
of its initial energy. All first-principles descriptions of this
process are based on perturbative techniques in quantum
chromodynamics (QCD) which treat the interaction of the
jet with the medium (quasi)particles through z-channel
gluon exchanges (see e.g., [17-29]). These approaches
agree at the level of the fundamental perturbative processes,
differing primarily in assumptions about the characteristic
length scales such as the mean free path of the parton, the
size of the matter, and the gluon emission/splitting coher-
ence length. Further differences are related to the description
of the type of nuclear medium—quark-gluon plasma or cold
nuclear matter.

The perturbative QCD (pQCD) description of parton
energy loss is usually treated with simplifying assumptions
which make the calculation tractable. These include the
eikonal approximation, corresponding to the limit of an
infinitely energetic leading parton. The approximation
(correlated with the eikonal approximation) that the
medium scattering centers can be treated as static is often
applied. Furthermore, the limit in which the initial hard-
scattering point is well separated in space from the
subsequent rescatterings is usually taken as well. Finally,
particular choices (usually equivalent within the aforemen-
tioned approximations) of the limits of integration for the
soft gluon bremsstrahlung are made. Taken together, these
approximations allow one to neglect the collisional energy
transfer and in-medium source recoil in a single collision,
with the jet-medium interaction being governed purely by
Glauber gluon exchange carrying only transverse momen-
tum [30-32]. Under these approximations, the medium
velocity is decoupled from the jet energy loss, with such
correlations neglected as subeikonal corrections. Moreover,
the thermodynamic medium parameters (such as the
momentum broadening per unit length ¢) are commonly
treated as constant in the directions transverse to the jet
axis, while in realistic heavy-ion collisions these quantities
can be expected to vary considerably across the jet’s
evolution. Thus, while jet production and substructure
are in principle amenable to a full-fledged program of
jet tomography, realizing this goal in practice will require
significant effort to relax these simplifying assumptions.

An example of efforts in this direction is the use of a hard
thermal loop potential [33] which relaxes the recoilless
approximation. The effects of medium expansion and
dilution (due to Bjorken and transverse expansion) were
considered early on [34,35]. Some transverse flow effects
on the energy loss were also discussed on the basis of
purely kinematic arguments, see e.g., [36—38]. Still there is

no dynamical treatment of the coupling of a moving
medium, nor are real gradient corrections computed from
first principles. Motivated by phenomenological consider-
ations, a model that incorporates an additional momentum
transfer in the scattering potential was proposed in [39,40].
It was later established that the apparent elongation of
away-side particle correlations is in fact a superposition of
symmetric minijets and long-range flow harmonics of the
underlying bulk matter. As we will show below, the motion
of the scattering centers of the medium translates into
different effects on the broadening of jets and soft gluon
radiation. More recently, it has been shown that gradient
corrections to the eikonal jet-medium coupling can be used
for tomographic purposes as well [41].

Some conceptual progress in this direction was achieved in
strongly interacting holographic models of the jet-medium
interaction, see e.g., [42—52]. While not directly connected to
first-principles pQCD, the holographic duality is a powerful
tool allowing one to relate some 3 + 1-dimensional con-
formal field theories in the strong-coupling regime with a
higher-dimensional gravitational theory [53-55]. This
description is particularly well suited to the computation
of transport parameters in theories with known duals. While
the exact dual of QCD is still unknown, these studies give
valuable information about the features of strongly coupled
theories similar to QCD in the nonperturbative regime. For
example, in Ref. [42], it was shown that within this
framework the drag force of the medium on the jet can be
determined within the same gradient expansion which
underlies the (traditional) hydrodynamic description of the
medium itself. Notably, the gradient corrections to the drag
force were non-negligible and were necessary to bring the
theoretical rate of energy loss in line with realistic simu-
lations within the same model [56].

In pursuit of the goal of full-fledged jet tomography in
heavy-ion collisions, we consider the analog of the holo-
graphic studies of Refs. [42-44,51] within the pQCD
framework of the Gyulassy-Levai-Vitev (GLV) opacity
expansion formalism. We will treat explicitly the subeiko-
nal motion of the medium scattering centers and compute
the corresponding modification of the collisional and
radiative processes within the opacity expansion. We will
also assume that there is an order of timescales ensuring
that the sources can be considered to be moving with a
constant velocity during a single interaction but their
velocity and thermodynamic parameters of the matter
may change between different scattering centers. In doing
so, we directly obtain a coupling between the motion of the
medium and the pattern of medium-induced radiation,
taking a significant step toward the eventual goal of full-
fledged jet tomography.

This work is organized as follows. In Sec. II we set up
the problem of jet propagation in a moving medium and use
scalar QCD as the underlying field theory. The accuracy of
our derivation and underlying assumptions are discussed.
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The effect of the medium’s velocity on the distribution of
jets is derived, and we further obtain the leading linear
gradient corrections in Sec. III. We illustrate these effects
with moments of the final-state momentum distribution.
Section IV shows the calculation of medium-induced
branching processes in scalar QCD for general kinematics
of the splitting and the effect of medium motion. We further
derive the soft parton emission limit. We conclude in
Sec. V, where we also discuss what aspects of this
calculation are applicable to the future electron-ion collider.
All of the technical details of our derivation are docu-
mented extensively in the Appendixes. In Appendix A we
show that the unpolarized 2 — 2 scattering of partons by
t-channel gluon exchange is universal (independent of
species) even after including the first subeikonal correc-
tions. Appendix B presents the derivation of the single-
Born scattering diagrams with velocity and gradient
corrections. The corresponding calculation for double-
Born diagrams is documented in Appendix C. Lastly,
the derivation of the in-medium splitting amplitudes with
single-Born and double-Born interactions is given in
Appendixes D and E, respectively.

II. THEORETICAL FORMALISM

A. Jet-medium interactions in Regge kinematics

The theory of medium modification of jets in QCD is
fundamentally based on a large separation of scales
between the jet with energy E and the medium, whose
momentum scales are characterized by the temperature 7" or
Debye mass p = ¢gT. The jet kinematics E > u are an
essential starting point of all perturbative descriptions of jet
quenching, which leads to the interactions of the jet with
the medium taking a particular form. Specifically, the
multiple scatterings which the jet undergoes as it prop-
agates through the medium take place in Regge kinematics
(not to be confused with the pre-QCD “Regge trajecto-
ries”), in which the center-of-mass energy s ~ M E between
the jet and the medium particles is much larger than the
typical momentum transfer |¢| ~p?; that is, |t/s| < 1.
(Here M is the mass of a particle in the medium and the
jet energy E is evaluated in the medium rest frame.) The
leading-power behavior as s — o0, or equivalently as the jet
energy E — oo, is referred to as the eikonal approximation.
Whether one works at eikonal accuracy or includes the
contributions of subeikonal, power-suppressed corrections
in £+ ~ £, the relevant physics for the propagation of high-
energy partons through a medium is the small-angle,
forward scattering of Regge kinematics. These purely
kinematic features are common to any field-theoretic
description of high-energy jets losing energy and being
modified by the interaction with the medium.

While there are different schemes for implementing
perturbative jet-medium physics, in this paper we work
within the framework of the opacity expansion. The opacity

expansion corresponds to a perturbative order-by-order
expansion in the typical number of scatterings a high-
energy parton will undergo in the medium before escaping.
If the length of the medium is L and the mean free path is
A= (poy)~!, with p the number density of particles in the
medium and o the total 2 — 2 elastic cross section for the
jet to scatter on those particles, then the expected number of
scatterings in the medium is L /A, which is referred to as the
opacity. The perturbative opacity expansion, in the form
which we employ here, was pioneered by Gyulassy, Levai,
and Vitev [21-23]. Other approaches fundamentally based
on the same perturbative ingredients also exist, notably the
path integral formalism of Baier, Dokshitzer, Mueller,
Peigne, Schiff, and Zakharov [17-20] which formally
resums the opacity series into a path integral and then
makes subsequent approximations suitable for a very dense
medium. These two formulations built out of elementary
QCD ingredients are consistent and compatible, providing
useful analytic insight into the physics of jet-medium
interaction in complementary regimes. Additionally, inter-
esting recent work [29,57] has also explored the viability
of a hybrid description that captures elements of both
approaches.

Because of the large separation of scales E > u between
the jet and the medium, the formalism of jet-medium
interactions can be expressed quite generally at the
Lagrangian level in terms of the interaction of the jet with
a background field [30,58]. At eikonal accuracy, the
background field modifies the jet in two essential ways:
by exchanging transverse momentum between the jet and
the medium, and by imprinting various quantum phases on
the scattering amplitude of the jet. The accumulation of
transverse momentum by the jet as it propagates through
the medium leads to the phenomenon of jet broadening
characterized by ¢, the typical transverse momentum
squared acquired per unit length. Likewise the accumu-
lation of quantum phases leads to a highly nontrivial
modification of the soft gluon radiation pattern known
as the non-Abelian Landau-Pomeranchuk-Migdal (LPM)
effect. These modifications of jet observables by the
medium are the basis for the program of jet tomography,
whereby one attempts to deconvolute the jet observables to
extract the interferometric information they carry about the
microscopic content of the medium.

We illustrate in Fig. 1 the diagrammatic contributions to
both jet broadening and medium-induced radiation in QCD
at first order in the opacity expansion. These perturbative
contributions sum over all possible single scatterings of the
jet with the medium, and the resulting integral over the
position of the single scattering effectively iterates this
kernel n = L/A times across the medium of length L.
Higher-order corrections to the diagrams shown in Fig. 1
systematically include more correlated scatterings or
branchings [32,45] in the kernel. For the medium-induced
radiation, this kernel always includes the vacuumlike
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FIG. 1. Diagrams contributing to jet broadening (a) and
medium-induced radiation (b) of a quark jet in QCD at first
order in opacity. Thick vertical lines denote all possible final-state
cuts, and vertical gluons left dangling denote all possible
attachments to partons in the jet at that point. Asymmetric
diagrams have mirror conjugates which are not drawn explicitly.

elementary branching vertex, together with the associated
medium scattering in all possible ways. Because of this, the
medium-induced radiation kernel can be expressed in terms
of the light-front wave functions (LFWF) of the elementary
branching [59], which (when squared) are simply propor-
tional to the Altarelli-Parisi vacuum splitting functions [60].
The appearance of LFWF as elementary ingredients of the
medium-modified splitting functions is natural, since the
diagrams of Fig. 1 can be computed equally well in light-
front (time-ordered) perturbation theory by collecting the
on-shell poles of all intermediate propagators.

B. Scalar approximation to unpolarized QCD

In Regge kinematics, the interaction of the jet with the
medium depends on the species of partons involved in only
a limited number of ways. The g — gg QCD process for
instance (see Fig. 7), in which the parent gluon scatters in
the medium before splitting in the final state, differs from
the corresponding g — gg process only by the replacement
of the LFWEF. The elastic scattering of quarks versus gluons
certainly differs by an overall color factor owing to the
different color representations of the partons, but it is well
known that the kinematic dependence of the elastic
scattering cross section is identical for ¢qgq — qgq,
q9 — qg, and gg — gg in the eikonal limit [16]. Indeed,
it has long been known that the kinematic dependence of
elastic scattering in Regge kinematics depends only on the
spin of the exchanged parton, not the species of partons
being scattered. For these reasons, it is a simple matter to

transform the eikonal calculations of jet broadening and
medium-induced branching from one partonic process to
another, simply by replacing the associated color factors
and LFWF; this mapping was explicitly used in [61] and
validated against previous direct calculations in the liter-
ature. This universality has been exploited since the early
days of jet quenching theory to remove unessential details
of the calculation, such as replacing quarks with funda-
mental-representation scalars in scalar QCD in the high-
energy (Regge) limit in the original GLV papers if only soft
gluon emission is considered [21].

Because the main focus of this paper is the inclusion of
velocity-dependent subeikonal corrections to the known jet
broadening and medium-induced radiation results, we
again wish to employ the simplification to equivalent scalar
theories. Doing so will help us to isolate the relevant ~O(%)
kinematic corrections to the usual results, where _L is one of
the characteristic transverse scales such as |p,| or pu.
However, one may rightly question whether the elastic
scattering processes remain universal beyond the eikonal
limit. Certainly the exact 2 — 2 elastic cross sections for
various partonic species differ in their kinematic depend-
ence, so at some order in the subeikonal corrections
O((%)") this universality must break down. Whether that
universality continues to hold at the accuracy ~O(3) we
wish to keep in order to capture the leading subeikonal
velocity corrections is not obvious a priori, so we verify it
explicitly in Appendix A.

Based on the universality of Regge scattering and the
interchangeability of the light-front wave functions, we will
hereafter replace the quarks and gluons of QCD with scalar
particles, both in the jet and in the medium. We can choose
the color representation of the various scalars to be
fundamental or adjoint, and we can choose the scalar
fields to be either real or complex. We will consider two
cases: either the medium particles are real scalar fields in
the adjoint representation, or they are complex scalar fields
in the fundamental representation. The choice of either real
adjoint scalars or complex fundamental scalars for the jet
allows us to mimic the color structures of real QCD without
the additional complexity of the numerator algebra. In our
case the real adjoint scalars are analogous to scalar gluons,
and the complex fundamental scalars are analogous to
scalar quarks and antiquarks.

These choices can be encoded at the level of the
Lagrangians describing the interactions of the medium
particles among themselves and of the jet with the
medium. For the medium particles we use a massive scalar
field @ chosen to correspond to scalar gluons or scalar
(anti)quarks as

)aC(I)C)<ayq)a - igA”d(tZdj)aeq)e)

1 .

Loed = 5(814@“ - ngllj(tgdj
1M2q>aq>“ lF“ Fam (1a)
2 4
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‘cmed = (aﬂq)i - igAILj(t?und)ij@j)T(aﬂq)i - igA”b(tllgund)ik(Dk)

fo 1
— MDD, — Fi o, (1b)

respectively. Here 4 and 3,
SU(N,) in the fundamental or adjoint representations,
respectively. For our purposes these two cases will differ
only by the representation of the generator ¢4, so we will
leave it arbitrary and evaluate specific color factors only at
the end of the calculation. The purpose of introducing the
Lagrangian (1) for the medium particles is to calculate the
leading correction to the external potential AL{, they
generate describing the interaction with the jet, which
we detail in Sec. II C below.

For the jet particles, we similarly introduce a massless
scalar field ¢ corresponding to either scalar gluons or scalar
(anti)quarks; the choice for the jet partons ¢ need not be the
same as for the medium partons ®. The Lagrangians
describing the interaction of the scalar gluons or scalar
(anti)quarks in the jet with the external field produced by
the medium are

are the generators of

ﬁ'et =

i (0.0°)(0¢") — igAL (0°9") (tiq)ue ¢ (22)

N —

'Cjet = (8/4¢i)T (a”‘ﬁt)
- igAg}?t ((8ﬂ¢i)T (t?und)ijqﬁj _¢z‘ (t?und)ij (aﬂ¢]))’ (Zb)

respectively.' The Lagrangians (2) are sufficient to compute
the velocity corrections to jet momentum broadening,
which we detail in Sec. III. For the calculation of
medium-induced branching, we can further exploit the
interchangeability of light-front wave functions by exam-
ining the ¢ — ¢ ¢ branching process with a A¢> vertex.
The appearance of this branching vertex will be different
depending on the color representation of the jet partons,
giving for the case of scalar gluon/gluon splitting and for
the mixed case of scalar quark/gluon splitting

Liew = 5 (0,9") (0" ) — igAL (") (t35)pc #°
1
3

| =

/Idabc ¢a¢b¢c’ (321)

'"We do not explicitly include the “seagull” vertex of scalar
QCD because it does not contribute to the cross section at the
order we consider here. Any corrections they introduce are
independent of the velocity, scaling at most as (’)(%) Moreover,
the seagull corrections can enter only for the double-Born
diagrams and have no unitary counterpart in the single-Born
diagrams. As such, at any order in % the seagull diagrams form a
unitary subset among themselves and do not affect the rest of the
calculation.

L= 5 D,0)(@0°) + (2,6 ()
— igAS: (0,9") (1345 pe &
— igA ((0,0:)" (thna) i ) = D) (thna) i (0u0))
— 29" ] (1500) 1) (3b)

respectively.

Our choice to study medium-induced ¢ — ¢ ¢ branch-
ing and map the LFWF and color factors back to QCD
afterward allows us to study the kinematic impact of the
velocity corrections on the LPM interference pattern in its
simplest form, without the additional complications from
the numerator algebra of real QCD. The exception to this
simple mapping between our scalar theory and real QCD is
the ¢ — ¢ ¢ branching of the adjoint scalars in (3). While
this adjoint branching channel mimics in a sense the g — gg
splitting process in QCD, it is interesting to note that the
scalar ¢* vertex couples to a different color structure than in
real QCD. In QCD, the triple-gluon vertex couples to the
antisymmetric structure constants if“*° via a derivative
coupling, whereas the ¢ vertex in (3) couples instead to the
symmetric structure constants d“”°. While this essential
difference makes the ¢ — ¢ ¢ adjoint scalar branching
process not directly comparable to the g — gg process in
QCD, the different color structures it produces mediated by
d“ are interesting to study in their own right. We leave a
detailed revisiting of the g — gg channel in real QCD for
future work.

While the replacement of the jet and medium partons
with scalars significantly simplifies the calculation of the
velocity corrections, it is important that we do not over-
simplify the problem and fundamentally change the gluon-
mediated interaction between the jet and the medium. The
t-channel exchange of non-Abelian vector bosons is essen-
tial to obtaining an energy-independent eikonal limit of the

elastic cross section 4%~ % (|M|?) ~ const discussed in

dji|
Appendix A. If we had replaced even the exchanged gluons
with scalars, the resulting cross section would have been
doubly suppressed, scaling as ﬁ ~ E™? [62]. For this
reason, we choose to work with scalar QCD in the medium
(1) in either the fundamental or adjoint representations,
dressing those gluons with an effective Debye mass y ~ gT
proportional to the temperature of the thermal medium as in
the Gyulassy-Wang potential [16].

Finally, we note that there is one important class of
subeikonal corrections which can be sensitive to the
medium velocity which is not captured by our treatment
here using a scalar theory: the exchange of quarks in the
t channel rather than gluons. The same power counting [62]
which indicates that the elastic cross section scales like
o ~ E72 for t-channel scalars reveals that the exchange of
quarks goes as 6~ E~' and is the same order as the
subeikonal corrections we wish to keep. Indeed #-channel
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quark exchange, corresponding to the QCD Reggeon
[63—65], is known to enter at the same order as the
subeikonal component of gluon exchange and can carry
information about the flavor, spin, and velocity of the
medium particles [66-68]. These quark-exchange contri-
butions do not appear in the scalar theory we consider here
and make a separate class of contributions to the depend-
ence on the medium velocity. We defer an analysis of these
interesting contributions for future work.

C. External potential of a moving medium

Consider the gluon field-mediated potential of a QCD
medium made up of particles in motion. We permit
individual particles which compose that medium to move
with a space-time-dependent four velocity field U*(x). The
total potential A.,, of the medium is composed of a
superposition of the individual potentials a; of the various
particles at space-time positions” x* = (0, x;):

AL

bilg) = e'rid(q). (4)

i

The individual potentials a; can be computed from the
diagram drawn in Fig. 2:

a;“(q) = (igt{) (2psi — q), <#g;+l€> (27)

x8((psi —q)* = M?). (5)

Here, ¢/ is the generator of SU(N,) in the appropriate
representation in the color space of medium particle i, g is
the strong coupling constant, and y is the Debye mass of the
t-channel gluon. The medium particles (or ‘“scattering
centers”) have invariant mass M, which defines their
relativistic velocity U¥ = U*(x;) in terms of their momenta

P?i by
Pfi:M(\/1+U%’ U;..U,)=MU;. (6)

2 . e . .
Before we continue, it is instructive to comment on the nature
of the phase shifts in (4), which are essential for our discussion.

Considering a classical color charge current j9%(x) =

>oi(iged) [ dt ddﬁ5<4) (x* — x%(1)) of pointlike sources moving

t

with constant velocities u; = % one may find that its Fourier

transform reads j#(q) = (2x) Zi(igtf‘)u’;e"'q‘xg())é(qo —u;-q),
where x§0> is the position of the source at = 0, and u* = (1, u).
It is this phase shift in the current, expressed through the positions
of the sources at a given moment, which appears in the color field
later on. Notice that the phase factor is invariant under a shift in
the initial time due to the relation between the momentum

components, and x§°> can be taken to be purely spatial. For

brevity we omit the superscript (0) in all the other formulas
throughout the paper.

X, ai(Q)
q
e Dsi—q

FIG. 2. Gluonic potential & (g) produced by medium particle i.

The on-shell condition p?, = M? implies that the velocity
is timelike: U? = 1, which is satisfied by requiring U? =

V14 U7

Using the kinematics (6) in the potential (5) gives

MU — g
a;"(q) = g1} <m> (27)6(2MU; - q - ¢°)

Ut /u? U.
=gt¢ | 55— 27)6(¢°-—5-q). 7
o (G tw) ool =gg-0) 0

where we have neglected g# compared to 2MU* and ¢*
compared to 2M U, - q. In the original construction [16,23],
this is justified by considering the mass of the particles to
be very large M — oo. While we make the same approxi-
mation here, we note that in a more symmetric frame, the
relevant suppression parameter for medium recoil will be
the jet energy E [60].

From (7) we see that the velocity enters through the
combination U%/U?, corresponding to the nonrelativistic
velocity field (i.e., with the relativistic y factor removed)

i =viu=( 8

1 1
17 Ul ) Ul )
N e Z)

with U = /1 + U? = (1 —u?)~"/? the relativistic y fac-
tor. In terms of the nonrelativistic velocity u/, the potential
takes on the simple form

ga(q) =1} u} v; (q) (27)8(¢° —u;-q),  (9)
with

2
o) =0~ - ) = e (10

The extra factor of g in (9) is associated with the vertex
coupling the potential to the active parton. Note that we use
the compact notation v;(q) to denote the general depend-
ence on the position/scattering center i and the four-
momentum transfer g, as well as the explicit notation
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v;(¢* — (u; - q)*) indicating the functional form of that
dependence on the components of q.

D. Underlying assumptions and calculation accuracy

While all the assumptions used in this work are intro-
duced around the corresponding calculations, it is conven-
ient to summarize them here. As has been already
mentioned, we rely on the GLV approach [21-23], and
focus on the first order in the opacity expansion for the
scalar QCD. Following [16], we assume that the in-medium
sources are heavy M — oo, and neglect all the contributions
suppressed by this mass. We also use the eikonal approxi-
mation, but include the subleading corrections, which are
sensitive to the medium flow, omitting only the terms of the
form (’)(é—f) However, we allow the medium to be large
along the z direction, and we generally keep the terms
scaling as (’)((%2 z)"). As in [17] we assume that the mean
free path is sufficiently large such that u(z; — z) > 1. This
approximation allows one to neglect the poles of the in-
medium potentials entering the amplitudes, which have
residues exponentially suppressed due to the Debye mass pu.
We also assume that the interactions of the energetic parton
with the sources are local, and color correlations between
different sources can be neglected—a local color neutrality
condition.

Apart from the approximations listed above, in our
derivations we have additional new freedom to take into
account the change in the medium properties in the trans-
verse directions. In this work we explicitly consider two
types of situations—the medium is either assumed to be
translationally invariant, or treated within the hydrody-
namic gradient expansion up to the linear order. In the latter
case, the novel contributions can be of two types scaling as
O(3 z0,) or O(%), and we neglect the terms not enhanced
by the medium length. However, one should notice that in
the limit of an arbitrarily narrow initial jet distribution such
contributions could be important, and we leave the corre-
sponding discussion for future studies.

While the methods developed in this work are rather
general and can be applied both to the jet broadening and
gluon emission problems, the radiation amplitudes are
more involved. Thus, we restrict the consideration of the
gluon emission to the case of translationally invariant

FIG. 3.
potential.

medium, omitting all the gradient effects. Moreover, we

o . 1 /12 n
additionally neglect the terms scaling as Oz (F2)"),
leaving some of the new interference structures for the
future work.

III. JET MOMENTUM BROADENING RESULTS

We consider an intrinsic distribution of ultrarelativistic
jets

dN©) 1

— =553 ()P,
d3p 3

2(2x) (1)

produced by a hard-scattering event in the medium at
position xy, = 0, with most of the jet momentum directed

along the 4z axis: p,~ E. This intrinsic distribution

dN®© _ dN©
E &Fp T EdlzpldE

p. relative to an external axis (such as the direction of a
measured photon in the final state for y 4 jet correlations or
an initial-state virtual photon in deep inelastic scattering),
or such an external axis may be integrated out to give the

may measure the transverse momentum

initial energy distribution of jets Edg—g)). For maximum
dN©
&*p
differential in both energy and transverse momentum. For
processes such as deep inelastic scattering or y + jet
correlations, where the final-state jet p; can be measured
relative to an external axis, this transverse momentum
distribution is broadened due to scattering in the total
external potential (4).

To derive the final-state distribution of jets we have to
calculate the diagrams shown in the top row of Fig. 1. For
our equivalent scalar theory, the distinct final-state cuts
correspond to the single- and double-Born diagrams shown
in detail in Fig. 3. The calculation is technical and presented
in Appendixes B and C, respectively.

generality, we will keep the initial jet distribution E

A. Final-state distribution and unitarity
With the results from Appendixes B and C, one can write
the full jet distribution at the first order in opacity. At the

Oth order in the gradient expansion from (B25) and (C19)
we obtain

P—q— @

—_ o —

pP—q p

- > — - o — —

q2

The Born-level amplitude M (left) and double-Born amplitude M, (right) for transverse-momentum broadening in an external
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dNW
E 3
d’p

_/dzaan_,D(Z)E(‘ﬁ_)

y KE%) (1 4+u.(2) - T(g))

- (E%) (1+u,(z) 'FDB<qJ_))]

+0(0,). (12)
Here and in what follows O(9, ) indicates that all trans-

verse gradients are neglected. The velocity corrections I'
and I'pp correspond to the subeikonal contributions

Ig,) = - PL—q. q. (r=-93-pri 95
L (1-u)E ' (1-u,)E (q7) 04
q. 1 ON,

1—u, <N0(E,p¢—¢u) 3E)’ o

) _

_ p. Py 9 96

Ips(q.) = 2(1 —u)E (1-u,)E (_7((11) 8611 '

(13b)

We have also introduced a shorthand notation 6(q )=
cffi;l = (2]7)2C|v(q2l) 2, where C is the overall color fac-
tor defined in (B12). Finally, we denote for brevity
No(E.p,) = E;—A; = ﬁ |[7(p)|*>. The important point

here is that while we write intermediate results in terms
of the current J(p) and the potential v(g), the final
corrections can be expressed as derivatives of observable
quantities such as the scattering cross section and the
distribution of jets.

The unitarity of this expression, guaranteeing that
scattering only affects the distribution of jets and not the
total number, can be explicitly checked now. In the static
limit #;, = 0 considered in the original GLV calculation,
the double-Born terms have the same form as the single-
Born terms, differing only in that there is no net shift in
transverse momentum ¢ ; of the initial momentum distri-
bution. Because the double-Born terms are ¢ | independent,
they couple to the total elastic scattering cross section
oo = [d*q,5(q, ). This allowed both single- and double-
Born terms to be simply combined through an effective
shift of the elastic scattering cross section &(g,) —
5(q.) — 606°(q.), leaving a broadened jet distribution

|

dN( 1)\ (linear) ) 96
EC = [ dz [ Pqa@)(dp+p—ri
< d*p > / : / I 6(%)( PP S ) o

which is manifestly unitary: [ d° p‘{]’g—?: 0. Thus, one

sees explicitly that the first-order rescattering in the
medium merely broadens the momentum distribution of
the produced jets while conserving their total number.

After including the velocity-dependent corrections
u, -T'(q,) and u, -Tpp, however, the situation is more
involved. While the double-Born diagrams still provide no
net shift in the jet transverse momentum, they are no longer
g, independent because of the g, -dependent shift in the
scattering potential contained in (13). Because the unitary
structure of the single- and double-Born terms has changed,
it is important to verify the unitarity of the velocity
corrections explicitly as a test of internal consistency.

To show the unitarity of (12) explicitly, we have to
integrate (E dg (m) over p checking that the number of jets is
unmodified and the integral is zero. In the single-Born term

(0)
E dN!
( d*(p—q)L dE

combine it with the double-Born term (E dzdli\i( O;E). The
velocity-independent term and the first term of the velocity
corrections from (13b) and (13b) cancel exactly, and the

remaining terms

) we shift the momentum p, - p, + ¢, and

B dN©)
/ d’p,d*q,5(q%) (m)
y [qL(QiJrZ(Iu'qL))—pMid&(Qi)
5(q%) dg*

E 0Ny

. =0
N, OE

vanish after angular averaging over the directions of ¢q .
This explicitly demonstrates the unitarity of the jet dis-
tribution at the first order in opacity and including the
velocity effects, in the absence of transverse gradients.

While the maximally general expressions contained in
Appendixes B and C, can be directly applied to space-time
profiles of arbitrary complexity, we can express the results
in closed form only under certain simplifying approxima-
tions. One such approximation is the gradient expansion,
similar to what is used traditionally to justify the effective
theory of hydrodynamics. For comparison to such a
gradient expansion and to gain some physical insight into
the results, we consider here the first nontrivial corrections
from medium gradients only in the case when the medium
velocity is zero. Combining (B36) and (C27) in this way
yields

1 —

8f/42>

(e
X
d&*(p—q), dE

ez

(0) J
sz7 Pl b, (14)
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FIG. 4. The coupling of jets to the medium velocity presented
in this work. The transverse momentum of the jet is deflected in
the direction of the medium velocity.

The unitarity of this expression readily follows from its
form since the two terms in brackets are equal under a shift
of the p | integration. It is clear that in the case of uniform
density and temperature the whole gradient correction term
vanishes. While the variation in the medium parameters
along the direction of propagation is captured by the
longitudinal z integral exactly, without the need for a
gradient expansion, the linear corrections shown above
take into account the variations of the density in the
transverse directions in the vicinity of the jet.

B. Moments of the jet distribution

In the case when the medium is not flowing [69,70] it is
easy to see that there is no preferred direction and the
transverse-momentum broadening is isotropic: (p ) = 0.
One of the main results of our work is the explicit breaking
of this isotropy due to the directional coupling to the
medium gradients and medium velocity, as illustrated in
Fig. 4 and by the following example. Suppose the initial
transverse-momentum profile of jets produced by the hard
scattering is highly collimated, with an energy dependence
we leave arbitrary:

dN©) 1

P 2007 [J(p)|> = f(E)&®

(py).  (15)

Then we can compute averages of various functions of the
transverse momentum p, weighted by the broadened jet
distribution (12)

E AN

2 AN
fd pJ_Edzp dE

1 dN®™
m/dzpl('“)Em, (16)

where (---) denotes the function of p, being averaged,
which we assume for simplicity is zero at p, = 0. This
allows us to evaluate the leading contribution to the
numerator at first order in opacity, while the denominator
is fully given by the Oth order in opacity due to unitarity.

Unlike the isotropic broadening which occurs for a static
medium, for any odd moment (p, F(p?)), where F is an
arbitrary function of p3, we have

<P¢F(Pi)>2/ dzp(Z)/ d*p, d*q, pF(p?)5(q?)

X [6@(p. —q)(1+uy(z) - T(g.))
—6@(p)(1+uy(z) - Tpglgr))]  (17)

By construction, the double-Born diagrams do not broaden
the jet profile, which comes only from the single-Born
contributions in the first term. Using the explicit form of T’
from (13a) with p; = ¢, we have

pLF(p)) = /dZ/)( )/dZQLqLF(‘Ii) a(q1)(1+ui(z) Tl -,

1 0
_E/ dQCILCIiF(CIi)@ [/d

1 of

2f(E) OE

-3 [ PadF@) ) oy

where the preferred direction which breaks the isotropy of
the broadened jet profile comes from the weighted average
of the velocity distribution

wila) = [ d: s s gtn). (19)

d*q, q7 F(q7) [/ d

u(z)

- ”z(z)
1(2)
1

5(z. q’i>p<z>]

<

Z
: 5<z,qi>p<z>]

)]

(1 )
(1-u,z))

Lof
FE5 (18)

|
which is an interesting combination of the density, the
differential cross section as a function of g%, and both
the longitudinal and transverse components of the velocity.

To illustrate the features of the broadening anisotropy
more clearly, let us assume that the medium properties are z
independent. Then we have
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P F(p1)) =

—ﬁ;(l / dq, ¢% F(q1)

1 Oo 1 Jf

a(q)
wi fEor ] Fudra@) ). @

If we choose a specific model for the elastic scattering cross section &, then we can evaluate the integrals directly. For the

Gyulassy-Wang potential (10),

(2 1 2
O'(qJ_> —— 5 55 (21)
) m(q1 +p°)
we have
u L 1 [e £ 1 of &
F(p?)) = ——= —2(—2—/ dEF(E) ——=+ === 22
where we introduced ¢ = ¢% /u?. If F(g%) = (g% )F = (u?)* &, then
k+2 o k+1
2vky W1 2)kt1 < / f Lif ¢
p = 5 3+ df . 23
1)) = =i FEOE S “liver >
For —2 < k < 0 both integrals are convergent, becoming (F(p3)) - (F(pi))huzo
logarithmically divergent in the UV as k — 0 and in the IR
as k — =3 for the first integral and as k — —2 for the :/ dzp(z)/ d’p, d*q, F(p?)a5(q?)
second. Taking for illustration purposes the cases k = —1
and k = 0, and assuming that the hard scattering follows x [0 (pL—q.)(u. (z) T(g))
. . —4
the perturbative tail f(E) x E~* at large E, we have —6@(p ). (z) Tha(gL))] =0, (25)

<I;T> N (1?»: >2Lz <f(1E)g_£_é>

. 5 uJ_ Ll

T i—u)i B (242)
pr)  uy L( 1 of 1>1E
2 (—u)2A\f(E)OE "E) "u

=43 att )%%1 g (24b)

where for k = 0 we regulate the UV divergence with the
cutoff g, .x ~ v Ep corresponding to & .« ~§. Because
O(1) uncertainty in this logarithmic cutoff leads to O(1)
corrections to the finite terms, we keep only the terms
proportional to lnf in the leading-log approximation. By

studying moments of the form (23) as a function of the
continuous parameter —2 < k < 0, we can extract informa-
tion about the shape of the scattering potential from the UV
to the IR regimes.

While the velocity corrections lead to the generation of
nonzero anisotropic momentum broadening (18), at this
order they do not affect the width of the broadened
distribution, as evidenced by the vanishing of the correc-
tions to the even moments:

with the zero following directly from the angular integra-
tion over d’>p | and d*>q | . While at this order the correction
to the even moments vanishes, it is clear that such a
correction may be possible at (’)(é—;)

Finally, let us consider the leading gradient corrections at
zero velocity to the broadening anisotropy (17) and
symmetric measures of the width (25). If we take the
initial distribution to be a highly collimated delta function
as in (15), then the moments arising from gradients are
trivially zero. Instead we take the initial distribution to be a
Gaussian of finite width w:

dN© 1

W = 2(271.)3 |J(p)|2 =

f(E) 1
e (26)

Using the expression (14) for the corrections linear in the
gradients at zero velocity [that is, corrections of O(9, ) but
at eikonal accuracy (’)((%)0) in the jet energy], we have

2 > (linear)

PpLF(
2 2 2 io=(2 do 2
~ |dz [d°p,d>q,p F(p7) a‘ﬂ"(‘h)*ﬂa—ﬂzaﬂ
q)zL

(p— 2

. P .

e > [(p—q)) | _e>"[p)
x - Pr Iy, 27
{ 27w’ [ E | 2m?|E° 27)
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where we have set the velocity corrections I' = 0 to eikonal
accuracy. Quantities such as p(z) are evaluated at the initial
transverse position x | = 0, with the linear corrections from
the transverse position dependence written explicitly.

Under the assumption that the d?p, integral is con-
vergent, we shift the momentump, — p, + ¢ in the first
term in braces (the single-Born term), giving

P F(p1
= [a: | dzmdzqu {] K&po( )+p§;3jﬂ2>
(28)

x{(pL+q.)F((p+q)})-p.F(p?)}.

After integration over d°p, and d’q, the integral (28)
remains a vector-valued function depending only on the
gradients V,p and V, u?. By rotational symmetry, after
integration the result must be proportional to V| p or V| zi?
in the corresponding term. Schematically

Z((Vh)?)
——_V,h-T,(V. h)

) > (linear)

2

Z,(V.ih)= Vihf((Vh)z)

29
for some function /. Since the scalar part Z of the integral is
independent of the direction of V| A, it is invariant under
averaging over the directions of the gradient. Following this
logic, we pull out the overall direction V,p&(q%) +

0_ 2 . . . .
pﬁz V , pu~ which survives after integration and angular-
average the remaining scalar:

<I7L F(p2 )>(linear)

e e 1 06 z
/dZ/d pLdQCIJ_ <VLP0(‘1¢)+P8 Vou )E

x{(p1 +pl-ql)F((erq)L)—pLF(pl)}- (30)

Equation (30) shows that the gradients of the density and of
the temperature (and hence of the Debye mass u?) produce
a preferred direction for the momentum broadening, break-
ing the isotropy and leading to the possibility of nonzero
vector moments.

To further illustrate the dependence of the result, let us
consider the case where the medium is homogeneous in the
direction of the jet, so that the z dependence becomes

trivia. Then we immediately perform the integral
J&Edzz =41 to obtain
(P F(p2))tnes)
Lt
L L Vipalgi) 1 06
~~ — [d&p, d? L Ly = v 2
A 4E PradLs w2( p 0y +008;42 A
x<{(pL+pi-q)F((p+q91)-pIF(p1)}.  (31)

Further specifying to the Gyulassy-Wang potential and
using the ratio (21) we obtain

(p. (p)) 1m0

2

L
L L e w2
2
ST L T
Vipl 2 @ >
x - —ves
( p w(qh +u?)? z(q1 +u?)’

- (P} (32)

x{(p +pi-q.)((p+937)

where we have taken F(p3) = (p3)* for some power k.
The angular integrals over the directions of p | and ¢, are
significantly more complicated than in the velocity case,
but they can be done analytically in terms of hypergeo-
metric functions. For —1 < k < 1 the integrals over the
magnitudes dp? and dg? are absolutely convergent, with
terms logarithmic in either the UV or IR beginning to
appear at the end points k = £1. As with the velocity-
dependent case, dialing the weight parameter k used in the
moments allows one to select the UV properties of the
scattering potential, the IR properties, or anything in
between.

Now let us consider a few illustrative values of k. For
k = 0 we have just the average transverse momentum (p | ),
but the angular average vanishes

d
/(ﬁ{m—m q.-pi}=0.

Interestingly, we find that unlike the medium velocity,
gradients do not produce a net (p ) at this order. For the
case k = 1, we have the cubic moment (p, p?), and the
angular integral,

/—{m +p1-9.)(p+q)i-pit=2p141.

does not vanish, giving

2

7
4 L L et
2\ (L 2 2 .2
<I’J_PL>(mear) E4E (27[)/dpiqupL 2w
8 Mﬂ_zwzﬂ)
p (g1 +u?)? (4% +u?)’

(33)

Evaluating the Gaussian integral, introducing the dimen-
sionless variable £ = ¢3 /u?, and regulating the UV behav-
ior with a cutoff & < E/u, we have
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<PJ_ pi> (linear)

(34)

Observing that only the integral multiplying V,p is
logarithmic in the UV, we work to leading-logarithmic
accuracy and obtain
L L A% E
— = wz/ﬂip In— .
A E p

(po p? )i (33)

The dependence on the V| p gradient only is a consequence
of the cubic moment selecting on the UV behavior of the
scattering cross section.

Similarly, we find that the gradient corrections to the
average of an even power of the jet transverse momentum is
zero—(p2k) (i) — 0 Indeed, the double angular averag-
ing in (27) cancels terms involving odd powers of p | orq
but for even moments of the jet momentum all terms are
odd at least in one of the two momenta after the shift
(p. —q.) — p, in the first term under the integral. Thus,
we conclude that transverse gradients (at zero velocity)
generate transverse momentum anisotropies without modi-
fying the width of the transverse momentum distribution,
just as in the case of the transverse velocity.

We end this section with a few physics comments. The
equations that give nonzero values for functions of
moments of p | are best applied for low moments where
the integrals are convergent. While the integrals with higher
p. weights can be performed because the maximum
momentum transfer between the jet and the medium is
limited to ¢, < /Eu, high moments will exhibit power law
sensitivity to the jet energy E. It is instructive to note that
neither the transverse velocity u; nor the transverse
gradients V, p or V y? contribute to the root mean square
jet broadening at the considered accuracy.3 Instead, the odd
vector moments get a contribution proportional to the
velocity u, or the gradients V,p,V 4>, deflecting the
jet in the corresponding direction and producing an
anisotropy of the jet transverse momentum (see Fig. 4).
This deflection depends on how fast the medium flows or
how large the gradients are and grows with the average
number of scatterings, but decreases with the jet energy. For
a medium in thermal equilibrium, both types of gradients
V,p and V u? are proportional to gradients of the temper-
ature, V| T. This is the case, for instance, in the model used
in Ref. [61] where p « T2 and i « T. On the other hand, far

*We note that if fwo directions are present simultaneously, e.g.,
velocity and one of the gradients, the even moments could be
generated from the interference of both effects.

4
M/fd ¢ _2V¢ﬂ2/5d ¢ )
X(P 0 5(14-5)2 wJo 5(14—5)3'

from equilibrium, V| p and V, 4 can encode independent
information about the medium, as exemplified in the case
of cold nuclear matter at the EIC.

IV. MEDIUM-INDUCED BRANCHING RESULTS

Next we wish to investigate the role of velocity correc-
tions to the pattern of medium-induced radiation and
subsequent radiative energy loss. The formalism derived
here can also be used to derive the anisotropic corrections
to the radiation pattern arising from pure gradients; how-
ever, due to the length of the corresponding derivations, we
reserve a dedicated analysis of these for future study.

With either choice of representations (3) for the jet
partons, we consider the production of a jet of total
momentum p*, composed of a radiated parton with momen-
tum k* and a counterpart with momentum (p — k)*. Then,
the vacuumlike radiation amplitude shown in Fig. 5, cor-
responding to the Oth order in opacity, is given by

—iA
Ry=Co——-J(p), (36)
p-+ e

where C is a color matrix depending on the color repre-
sentation chosen in (3). For the real adjoint scalars in (3a)
we have Cj — d®*c, while for real adjoint+ complex
fundamental scalars in (3b) we have Cy — (#f,,4);j» With
the color indices appropriately identified with the initial and
final-state partons. For the calculation of the velocity
corrections to the LPM interference pattern, we will keep
the color factor C, generic, and we tabulate the appropriate
color factors in Table I at the end of the calculation.

The final-state jet constituents k* and (p — k)* are on
shell, while the parent parton p* is off shell, leading to the
kinematics

(37a)

k2
k= | xE, k|, xE ——+),
2xE

(p— Ky = ((1—x>E, P —ky. (1-x)E- (’”"‘ﬁ),

2(1-x)E
(37b)
k _
p T
@———)————<:
~ -
p—Fk <

FIG. 5. Elementary splitting vertex for the emission of scalar
radiation from a scalar jet. We do not distinguish diagrammati-
cally the color representations of the scalars, which may
correspond to either choice in (3).
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TABLE I. Color matrices and factors for the Lagrangian (3a) with all real adjoint scalars and for the Lagrangian
(3b) with mixed real/adjoint scalars which is identical to the QCD branching channel ¢ — ¢gg. For the former case,
the final-state scalars k, p — k have adjoint color indices a, b, respectively, and the initial-state scalar p has color e.
For the latter case, the final-state gluon & has adjoint color index a. In both cases, color indices d, d’ correspond to
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the insertion of the external potentials Aext

Generic color factors:

Co Ca Cp Cc
Cl0.0) Cia.n) C(s.8) Cic.o)
C Cia.B) Cis.0) Cac

Ca[!)d’ C%d’ C%d/ céd’
Cio) Cieo) Ciro) Cc.0)

Adjoint scalars (3):

dube dabL fccd dacc -fcbd dub f(ad dabc fud fec’d deac f“d fcbd decb f( 'ed f(ad

ecc ; read ;rc'bd
d f if

2 N, N, N,
NN : 2cR 2c Coo Coo zc Coo 3¢; Coo 3¢; Coo ic; Coo
N, N,
2C;  icx Cvo m Coo m Coo
Fundamental + adjoint scalars (3b) / QCD g — ¢gg:
—14 _ta l‘d —l‘dl‘a _l‘tcfadc —za td’ l‘d _td’ tdl‘a tcfdcc’fad’c’ l-td’ © fadc
c N, Cr C N,
Cr ch Coo 3¢; Coo 3¢; Coo 3¢5 Coo 3¢5 Coo 3¢z Coo — 3¢ Coo
Cr C, _Ne ¢ Ne o
2Cx 4N< Cy ~0.0 icy ~0.0 icy ~0.0
— (0O = i
B T UOxE 2(1-X)E) pro)

Here x = k°/p° is the fractional energy of the radiated
parton, and we consider arbitrary x, excluding a small
region near the end points x — 0, 1 where the eikonal
approximation for either k* or (p — k)¥ fails.

From the kinematics (37) we obtain

x(1 —x
ﬁ J(p)
=—Coy(x.ky —xp,)J(p),

R() - —llCO
(38)

where we have identified the scalar splitting light-front
wave function wy, which is manifestly boost invariant.
Squaring Eq. (38) and including the final-state phase space
factors, we obtain the differential distribution of produced
partons within the jet:

dN©) 1 1

Ed2kdxd2pdE:[2(2ﬂ-)3]2 (l—x)<|R0|2>
e
A (1 g Pk P ()
_ Coo )
=20y Pk L]

(0)
an

Here,

denotes the averaging over the jet (‘“projectile”) color states,

with d,; the dimension of its color representation.

Equation (39) expresses the distribution of partons after

the branching in terms of the intrinsic distribution E ‘Z}’(m

of jets produced by the scattering event and the branch-
ing probability encoded through the light-front wave
function.

Next we will consider the corrections to the vacuum-
like radiation pattern described by (38) due to scattering in
the moving medium. The single-Born and double-Born
amplitudes that we have to evaluate are the scalar
analogs of the diagrams shown in Fig. 1. Just like for jet
broadening, their calculation is technical and can be
found in the Appendixes. The single-Born diagrams and
double-Born diagrams are presented in Appendixes D
and E, respectively, and include the effects of medium
velocity.

A. Medium-induced branching:
Final-state distribution

Let us combine all the results of the velocity corrections
to the in-medium branching process throughout
Appendixes D and E. To make the final result more
compact let us introduce a number of shorthand notations.
For the wave functions we associate the kinematics of the
branching with the single-Born diagrams A, B, C of Figs. 7
and 8:yy =w(x,ky —xpy), wp=y(x. kL —xp, +xq.),
and w=w(x,k, —xp, —(1—x)q, ). For the double-Born
diagrams, only diagram G of Fig. 11 introduces a

094044-13



SADOFYEYV, SIEVERT, and VITEV

PHYS. REV. D 104, 094044 (2021)

wave function with a different argument wg=
w(x,k, —xp, +4q,). For the LPM phases we denote
the pole values in the static limit as

= (k=xp)i
P 2x(1=x)E(1 —u,)’

= (k=xp)i  (P—q7-pi

Pr2x(1=x)E(l —u,)  2E(1—u,) °
i = ki ==kl

pkea T (1= x)E(l—u,)

= (k=q)3 -k _ (k+g9i -k
k== xE(1-u,) o™ 2xE(l-u.)

When we square the amplitude and average over the colors,
the in-medium source averaging produces a color factor %
as in (B10), with the averaging in the projectile being
denoted by a combined color factor as in Ciyu) =

ﬁ(Cﬁ C4"), where the single color factors C¢ are
|

introduced for the single-Born diagrams in the
Appendixes D and E. The explicit color factors for the
Lagrangian (3a) are tabulated in Table I and may be
compared, for example, with the explicit color factors
from Eq. (55) of Ref. [60]. These color factors are also
generally accompanied by the color factor C from the
conversion between |v(g%)|* and the elastic cross sec-
tion (g2 ).

With this notation we proceed to square the sum of the
single-Born amplitudes (D11), (D24), and (D27). We
convert the discrete sum over medium particles into a
continuous integral over densities, and neglect transverse
gradients. For interference terms like (R 4R} 5), we note
that the product of wave functions is real and symmetric:
WAy = Wy, this is also true of the wave functions of
particles other than scalars, after the external quantum
numbers have been summed over [see Eq. (31) of
Ref. [60]].

)

The resulting distribution Em, which for the

moment we keep in separate terms, is given as follows:

dN(l) 1 C(A A) L dN(O)
E = : d d%q,6(q* 2 E 14+2u, -Q,|, (41
< Jzkl dxdsz_ dE)A 2(27[)3X(1 —X) C 0 Zp/ qLG(QL)|WA| ( a{Z(p_q)J_ dE)[ + u,; A] ( a)
dNM 1 2Cpp) [L dN©
E = B dazp | q.65(q2)wsl? | E————
( P, dxdp, dE>B e o T KR ( o -a). dE)
X [1+uy - (p+Qp)][1 —cos ((Cl;—k—q - ‘];—q)z)] ) (41b)
dNn® 1 2Cc.c) dAN©
E = d d? _
< Pk, drdp, dE>c ey ¢, %o [ Fasialve ( -4, dE)
X[ +u; - (Qc+ Quc)][l —cos ((Qk—q —qp-g)2)] (41c)
dNW 2C (4 p) dAN©)
E— — d d2
( d’k | dxd*p | dE>AB 2(275) (I-x) / 24 / 9.5( ql WAWB)< d*(p-q), dE>
x{[1+uy- (2 + 913)] €08 (g — dp-g)2)—[1 +up - (24 +Qpp)] }, (41d)
dNM 1 2CAC
E = d d?
( Pk, dxd’p, dE)AC 2(27)3x(1 - x) / <P / 910 ‘“)(‘“"’C)< 2(p—q), dE)
<[l +uy - (Q4 + QIC)] cos ((Qk_q —Gp-g)2)—[1 +uy - (s +Q0)]} (41e)
dNM 1 20y L
E = . d d?q,6(q? p
( &k, dxdp, dE> s 220x(l-x) € Jo 7 / qL“("L)(‘”B”’C)< E(p—q). )
x{[1+uy - (Qp+Q )] cos ((g,_4_y — di—g)?)
—[T+uy - (R +Quc)]c0s (¢, 4y = 4p-q)7)
— [T +ug - (Qup+Qc) cos (g, — dp-g)2) + [1 +uy - (s +Quc)lt, (41f)
AN dN©)
e S R— Yarp [ 2
( Pkdxdp, dE)D 2(27r) (1—x) o / 91.5(q1)lal < )
x cos (q,2)[1 +uy 'FDB(qL)] : (41g)
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£ dNW B / p /d2 a2
PkdxdpdE) ; 2(2;;) (1—x) e | @410l
dN _ —k
< (B dE)u—cosw,,zmwurrE;’B ). (a1h)

dN 1 C(FO) L
Eo—r ) =- : (2 V12
( fkdxfpdE)F 2020 x(1-x) C Jy de/JZQLG(qJ_)ll//A'

x (E dciNdE) [1 = cos (q52)][1 + 1 - Tyl (411)

dN) 2C(60)
E = d d2
( d2k d.x dzpl dE) G 2(27[) 1 — x / zp / qLG l//Gl//A)

(0)
x (E dcfijdE> [1+u, -Tgllcos (g,2) =08 (i + pt—y)?)] - (415)

Here Q, is given in (D12), Q; 3 and €, 5 are given in (D25), Q; ~ and €;; - can be obtained from Q; 5 and €;; 5 under the

substitution k <> (p — k) and x <> 1 —x, rg’g “ and Fg‘; defined in (E40) and (E43) correspond to I'p 3 under appropriate
momentum substitution, and I'; is given by (E59).
Combining all the contributions together, the total distribution at first order in opacity is

E dNW 1 Ld P . AN©
dededszdEW(zan(l—x)A P / ‘“”(‘“){< d2<p—q)ldE>

Can
X [<—)|WA2(1 +2u; - Q)

C
+ @ s> (1 +uy - (@5 + ;) (1= cos (¢,_1_, = p-q)2))
+ ZC(CCC) lwel?(1+uy - (Qc+ Q) (1 =cos ((gi_y = dp-q)2))
+ ZC(CA’B) Wawp)[(1+up - (4 +Qp))cos ((7,_—y = Gp-g)7) = (1 +uy - (R + Q3))]
26(2'C) Wawe)[(1+uy - (@4 +Q¢)) cos ((qi_y = dp-q)2) = (1 +uy - (4 + Q1 0))]
2C5.0)

C’ ey o)1 +uy - (Qp+ L)) cos ((q,_4_y = di—g)z) + (1 tur - (Qup+Qc))

—(Ltuy - (54 Q) c0s ((9,_—g = 4p-q)7)

—(I4uy - (Qyp+c))cos ((QE—q —Gp-g)7)]

dN© Cipo
# (B ) |- 0 P eos 20 s o

; C
_$| | (1 - cos (qu))(l tu - I,(p k)) (20) |l//A|2(1 — COS (q;Z))(l +u, .rg‘é)
2C
(Ccn) (wowa) (1 +uy -Tg)(cos (g,z) —cos (g5, + q;—k—q)z))} } : (42)

While (42) contains the full answer for the velocity corrections to the medium-induced branching, it is instructive to
consider various simplifying limits. To begin, we note that as discussed in Eq. (E16) and the paragraph thereafter, in the
approximation which allows us to neglect the velocity corrections times sines of the LPM phases, for consistency we can
replace the cosine with unity. While it would be preferable to keep the cosine structures derived in (42) and augment them
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with the additional sine terms, we can instead use this approximation to simplify the interference pattern by dropping the
velocity corrections multiplying phase structures of the form (1 — cos¢) and (cos ¢ — cos¢,):

AN 1 L ., dN©
EaﬂkL dxd’p, dE 2(27)3x(1 = x) /0 dzp /dgq“’(m{ (Ecﬂ(p -q), dE)

2C(B,B)

C
x [%W(l 2u - Q) + =52 (1 = cos (454 = 05-0)2)

2C
+ =5 el (1 = cos (g7 = 45-0)2)
2C
D) (awi)eos (g = dp-g)?) = 1 T 11 - (5 — Q1 p)]
2C
+ 299 (i) leos ((giy = p-g)2) = 1 + 1 - (¢ = Q)]

+ zcg’“ (W)l +c0s (65 4g = diy)2) = €08 (45 1g = dp-g)2) = €05 (414 = q;_q>z>1]

dN©) Cipo Cieo
(B ) |~ e (g52) + . o) = T2 (1 = cos (g52)
C(F,O) 2 1 — ZC(G’O) * - - - 43
——c Wal'(1=cos(g,2)) +—5= (wewi)(cos (452) = 08 ((qsg + dpoig)2)) | (- (43)

In this limit, many of the velocity corrections drop out, but a few remain. Of particular note are the combinations

29, (k=xp+xq)i1 dv
l—u, 2x(1-x)E vdqi’

Qg —Qp= (44a)

29, (k—xp—=(1-x)g)7 1 dv
1—u, 2x(1 = x)E vog}

Qic—Qc= (44b)

for which all corrections except the virtuality shift of the potential have canceled out.
Alternatively we may consider the small-x limit x << 1 in which one of the radiated partons is very soft. In this limit

wa=yp=w(xky), we=w(x.k—q.), and yg =y(x,k. +q,). We also have

q, ki 1 Ov
Qup=Q=—-—"————5, 45

e 4 I —u,xEv0q] (459)

ky q. (k=q)1 -k 1 0v
I'g(—q,) =Q;c=- - , 45b
o(=41) e (1- uz))cE+ 1—u, xE Xolrat (45b)

k K10

Qc=- = T Sl et (45¢)

(1—u)xE 1—u xEvdg>’
and Q;p = I‘g’B_ b= I'pp = 0, and the phases simplify to

g =M PR ek ek S A s o )
PP xE(1 —uy)’ k=q 2xE(1 —u,) ’ k+aq 2xE(1 —u,) ’ p=k=q

If we impose both the small-x limit and set cos¢ = 1 for the velocity corrections, we obtain
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. dND 1 p P N©
&k, dxd®p, dE 3x1—x/ Zp/ 910 ql){( d2(p q) dE>

2(1+2uJ_QA)+

2(1 —cos ¢,z)

C

2C
c.cC _ _ A,B -
+ =5 el = cos (g = 45)2) + =5 v (cos gz = 1 —uL - Q)

2CAC _ _
+— c (l/’Al//c)(COS ((Qk—q —q,)z) = 14u - (Qc—Qyc))

L yawe) (1 + 003 gi_,z = cos g2 — cos (g, — q;)Z))]

dN© Cpo
! (Edzm ) [t s

F.0 _ 2C60 . _ _
% lyal*(1 = cos g;2) (C ) (Wawe)(cos gz —cosq;_,z) | ¢ - (46)

4*(1 = cosg,z)

Finally, it is instructive to substitute color factors for (3b) which are motivated by the QCD branching channel ¢ — ¢g as
dN© o _dN©

d*(p—q) dE ~ d&p,dE
aN®m Cr / J /dz dNU
= o
Pk, dxd’p, dE~ 2(27)°x(1 — x) e | Fasla\ g g p. dE

x{(lwcl* - (l//Al//c))(l —cos ((¢_, — 47)2))

+ % (Wawe)(uy - (¢ = Qye))} (47)

enumerated in Table I and to employ the so-called “broad source approximation”
GLV calculation [23]. With these substitutions, we have

used in the original

1
+§|WA|2(uL Q)

Since Q4 o g, with all other factors independent of the direction of ¢, this term vanishes after angular averaging.
Similarly, in the small-x limit the combination

1 . . u,-q (k—q)t 1 v
E(WAWC) uy - (Qc—Quc) =y k )y (x.k—qy) ll_ uj ( 2xE)L;8q2l

(48)

simplifies. Interestingly, for the strictly scalar theory, this quantity also averages to zero, since the scalar wave function is
isotropic:

1 22x? u k—q)1 ov
S @c-o) = (i) St (49)

2(k—q)2) 1—u, 2xE vdg:

However, for the ¢ — gg splitting wave function, the splitting is not isotropic [see e.g., Eq. (31) of Ref. [60] ] and leads to a
nonzero term which survives angular averaging:

k- (ky—qi)\u-g. (k=g)71 v
* (Q,-—Q =16
(wawe)uy - (¢ 11c) T < 12 (k- q)2 1—u, 2xE v 3ql

g7 \uy -k, 1 10v
-8 — . 50
B <k2> 1 —u, 2xEvdg% (50)

N[ =

As aresult, we find that in this simplest case (small x and broad source) the velocity correction to the purely scalar theory is
zero, while the velocity correction to real ¢ — ¢g branching leads to anisotropic emission of gluons based on the preferred
direction provided by the medium velocity:
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dNM

a,N dN©) L
E =—"°|E d Lo 5(a?
Fi i de = o (Edp,ag) |, 4 [ #onad)

K (k= q)1 2xE(1 - u;)

where we have evaluated the derivative of the potential for
the specific choice of the Gyulassy-Wang potential (10).
Equation (51) explicitly reproduces the original GLV result
of Ref. [23] in the same limit, with a single surviving
velocity correction which leads to the preferential emission
of the radiated gluon in the direction of the medium
velocity as schematically shown in Fig. 6. This correction
is suppressed by one power of the energy, but enhanced in
the small-x limit.

It is instructive to note that u, dependance of the first
term in (51) can be readily understood as a longitudinal
boost of the GLV result from the frame, where the matter
has zero u,. This longitudinal boost transforms the param-
eters of the problem in the matter rest frame resulting in p,,
E, and L of the lab frame. After the z integration is rescaled
the first term of (51) is reproduced. However, the transverse
velocity correction cannot be obtained by merely boosting
the static result since the eikonal expansion and transverse
boosts do not commute—the transverse momentum gains a
large shift yu | E under such a boost. Thus, to obtain the full
(51) from its static limit one has to start with an expression
including the second subleading order in the eikonal
expansion in the matter rest frame.

B. Moments of the radiation spectrum
in the soft gluon emission limit

It is instructive to consider vector-valued moments of
the transverse momentum distribution of radiated gluons as
well, just as we did for jet broadening. Defining the
average as

BRI

FIG. 6. The coupling of soft radiation to the medium velocity
presented in this work. The medium-induced radiation is emitted
preferentially in the direction of the medium velocity as sche-
matically shown by the number of gluons along the direction of
the flow in comparison to the “standard” symmetric unbent jet.

(k—q)%

2
q1 u -k,
, 51
Z)) TR )2l - >E} G

2 dND
_ fd ki (- EdzkdxdzpdE

- an©® ’
f d’k, EcﬂkdxcﬂpdE

(52)

where we have evaluated both the numerator and denom-
inator to the first nonvanishing order, let us consider the
vector-valued moments (k, (k%)") for some power n. For
the numerator, integrating (51) with the vector k| leads to
no contribution from the first term which corresponding
to the static, eikonal limit. For the anisotropic term coupling
to the medium velocity, we have

aNn®
Pk k (RRVE———"
/ ko) dPkdx &’ pdE

_aN, <E dN(© )L u,

n’x d*p, dE) 2 4(1 — u)xE

a(q) 41 /
x | dq, —E "L | &Pk, (k)"
/ g1 o0 Qi+ﬂ2 J_( J_)

a, N dNO \NL  u, K
=——<(E = di (k1)",
X ( d2pLdE)/18(1—uZ)xEém 1)

(53)

where we have utilized angular averaging and taken the
medium to be homogeneous for simplicity. For the cross
section ratio (21) corresponding to the Gyulassy-Wang
potential the d?q, integral trivially gives 1/2. For the
denominator of (52) which normalizes the average, we use
the vacuum distribution (39) in the small-x limit with the
q — qg light-front wave functions [see for instance
Eq. (31) of Ref. [60] ], obtaining

dN©)
Pk, E—
/ L Pkdx & pdE
Cr dN©
E k| Jw(x k)2
ey (Etpag) [ £ o)

A CF dN(O) krznax
= E In
nx d*p dE) K

min

(54)

The vector-valued moment of the radiated momentum is
then given by the ratio
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krznax 2 2\n
(kl(kz )ﬂ> — &E u, fk.znm dkl (kl) . (55)
+ CrA8(1 —u,)xE Ink2,/k>

min

For moments of simple powers k| (k3 )", a good illustrative
choice is n = —1, for which the dependence on the integra-
tion limits &, knax cancels exactly with the vacuum:

A
K CpA8(l —u)xE "

Any other choice of n will lead to power-law sensitivity to
the end points ki, kmax> although more complicated
functions can also be chosen which are insensitive to the
end points. The final result (56) demonstrates that the soft-
gluon radiation is emitted preferentially in the direction of
the medium velocity, with the softest gluons (smallest
energy @ = xE) being deflected the most (see Fig. 6). This
demonstrates that the soft radiation produced by the jet
which dominates the radiative energy loss actually flows
along with the medium itself. By replacing the standard
eikonal expression for the medium-induced spectrum [23]
with our extended result (51), one can immediately general-
ize existing phenomenology to include the velocity cou-
pling, such as in the Boltzmann transport framework
of Ref. [71].

(56)

C. Comments on model dependence

With the derivation of velocity and gradient effects on jet
broadening and in-medium branching complete, a few
comments about the model dependence (and independ-
ence) of our results are in order. First, we note that our most
general expressions for the single-Born diagrams (B21) for
broadening and (D11), (D24), and (D27) for radiative
branching do not make use of the specific form of the
scattering potential at all. They are therefore valid for any
model of the medium potential and are not limited to the
particular form of the Gyulassy-Wang potential (10).
Accordingly, (B25) and the single-Born terms in (42)
are valid for any model of the elastic scattering cross
section. For the double-Born diagrams, however, contact
integrals such as (C10) were sensitive to the poles and
details of the potential itself. These results have therefore
incorporated features which are specific to the Gyulassy-
Wang potential (10), both in the broadening case and in the
radiation case.

Despite this, the model dependence which may be
present in the double-Born velocity corrections (13b) to
jet broadening cannot be too great, or it would spoil the
unitarity which we showed explicitly in (12). This delicate
cancellation between the (model-independent) single-Born
diagrams and the (possibly model-dependent) double-Born
diagrams suggests that deviations from (13b) for I'pp in
other models of the potential are, at worst, highly con-
strained. Moreover, in the calculation of the moments (17)

of the jet transverse momentum, the double-Born diagrams
do not enter at all since by construction they do not
contribute to the broadening of the momentum. As a result,
the general expressions for the transverse momentum
moments (18) and (25) do not depend on the choice of
the Gyulassy-Wang potential and are fully independent of
the model chosen for the medium. Thus, we find that our
conclusions for the jet broadening calculation are quite
general and independent of the assumption of the
Gyulassy-Wang potential in particular. For the case of
radiative branching, however, the sensitivity to the details
of the pole structure associated with the medium potential
may be greater, and it will be interesting to investigate in
future work the corresponding expressions with other
choices of the medium potential.

V. DISCUSSION AND CONCLUSIONS

In this paper, we performed a first-principles calculation
of the effects of medium motion on parton propagation and
branching in strongly interacting matter. We also calculated
the effects of gradients in density and velocity on the in-
medium propagation. The investigation of these effects in
perturbative calculations of jet broadening and energy loss
is well motivated. In the case of heavy ion collisions, where
a rapidly expanding QGP is created, the overwhelming
majority of produced hard partons will be moving at an
angle relative to the direction of medium’s transverse
expansion. Even for the rare cases when the partons
propagate radially outward from the center of the collisions
region, we might expect that the fluid velocity fields and the
jet direction of motion might not be always collinear.
Furthermore, in noncentral collisions the medium will have
anonzero angular momentum, resulting in directed flow v;.
This is yet another source of motion that will affect the
propagation of jets, especially away from midrapidity.

While the application of our results is most transparent
for heavy ion collisions, the approach is general and
applicable to both the QGP and cold nuclear matter. For
the upcoming EIC, as theory and phenomenology in e + A
collisions progress [12,13,72,73], we expect this study to
be relevant for the inclusion of nuclear matter density and
color charge fluctuations and gradients. Furthermore, there
is always the orbital motion of nucleons and in addition it
might be interesting to consider the motion of the nucleon
remnants set by the nuclear breakup in large Q> deep
inelastic scattering processes.

To address these questions, we developed a new
approach to incorporate velocity and gradient corrections
into pQCD calculations that differentially take into account
the interactions with the scattering centers in the medium,
such as the opacity expansion. This allowed us to address
the jet/flow coupling for the QGP and set the stage for
future studies of color charge fluctuations and orbital
motion at the EIC. While collisional energy losses have
been studied extensively for leading partons and parton
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showers [74-76], in this work we derived the effect of
collisional energy transfer to/from the jet by the medium
and an angle-dependent shift in the exchanged gluon
virtuality on the broadening pattern and the in-medium
splitting kernels. We found that these lead to a deflection of
the jet in the direction of medium motion. While medium
velocity and gradients (separately) do not affect the root
mean square broadening of final-state jets, v/ (p7 ), they do
lead to anisotropies, such as (p ) # 0. We showed that the
deflection of jets is proportional to the transverse velocity
u,, is enhanced by the medium opacity L/, and is
suppressed by the jet energy. Not only is the distribution
of jets affected, but higher odd moments also receive
nontrivial contributions.

We further investigated the formation of the parton
shower in matter and derived the velocity corrections on
in-medium branching. We found that these corrections
directly couple to the interference phases that reflect the
formation times of parton splitting to the typical length
scales in the medium and are at the heart of the LPM effect.
While in this study we used scalar QCD as the underlying
field theory, our results are general and full QCD is
recovered by substituting the relevant wave functions
and color factors. To gain physics insight into the formal
results, we considered simplifying limits such as soft gluon
emission and linear velocity corrections. A peculiar feature
of scalar QCD is that branching is isotropic and in this case
the velocity correction would vanish in the simplest
kinematic limit. Going to full QCD, however, in the soft
branching limit we found the leading correction that results
in gluon emission preferentially in the direction of u ;.
Interestingly, the corrections are larger for soft gluons
emitted at a large angle relative to the jet axis.

Using the techniques developed here, it may be possible
to deconvolute information about the medium motion and
spatial distribution (gradients) from the observed distribu-
tions of jets and jet substructure. As such, we believe that this
work constitutes a significant step toward full-fledged, first-
principles velocity and gradient tomography using jets.
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APPENDIX A: UNIVERSALITY OF REGGE
SCATTERING BEYOND EIKONAL ORDER

Consider the 2 — 2 scattering of particles with momenta
p1 + p2 = p) + p5. We will compare three cases, in which
the particles are scalars, spin-1/2 fermions, and vector
bosons (gluons). In all three cases we consider the
scattering by the exchange of f-channel gluons, either in
real QCD or in scalar QCD, depending on the theory. We
wish to compare the kinematic dependence of the 2 — 2
cross section on the ratio #/s in the forward-scattering
Regge limit |¢t/s| < 1, after averaging over any spin
quantum numbers.

The usual Regge limit corresponds to s — oo, with all
other scales including ¢ and the masses held fixed and small.
This differs, however, from the assumptions which underlie
the Gyulassy-Wang potential we employ. The Gyulassy-
Wang potential assumes that the scattering centers of the
medium are very heavy, possessing a mass M — oo which
suppresses the recoil of the medium particles. These assump-
tions can be relaxed, see for example [30].

The 2 — 2 scattering kinematics are compactly expressed
in terms of the Mandelstam invariants

s=(p1+ p2)? = (P} + ph) =2p1 - pr + M?

=2p) - ph+ M, (Ala)
t=q¢*=(pi —p1)* = (pa—pb)* = -2p; - P}

= —2py - ph+2M*, (Alb)
u=(p, —ph) = (py — p2) = =2p; - ph + M?

= =2p\ - py + M?, (Alc)

where we have taken the jet particle to be massless p% =
p}?> =0 and the medium particle p3 = p)? = M? to be
heavy. The sum of the Mandelstam invariants is
s +t+u=2M? and for concreteness we will work in
Feynman gauge and treat the 7-channel gluon as having a
mass u for consistency with the Gyulassy-Wang potential.
For a direct comparison with the heavy-mass assumption of
the Gyulassy-Wang potential, we can explicitly write the
initial momenta p; of the jet and p, of the medium
particle as
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Pi=(Epi1.pi2), (A2a)
py=rM(lu . u), (A2b)
such that
2
u, pi1 p
~M?=2y(1—u )ME|1 ——=F1L L o(ELL) ], A3
s y (1 -u,) (—u)E " <E2 (A3)

After computing the square of the scattering amplitude, we will first take the M — oo limit, dropping all terms which are
subleading in powers of M for consistency with the Gyulassy-Wang potential. Then we will expand the kinematics in the
Regge limit in powers of the small quantity p;, /E, comparing the results up to first subeikonal order (’)(%)

For quarks scattering by gluon exchange, the amplitude is

ig? _ _
iMquarks = l—g,uz (ta ® ta) [U(pll)YyU(pl)] [U(pIZ)y”U(lh)]’ (A4)

leading to the spin- and color-averaged amplitude squared

1 g Cr ,
<|M|2>quarks = Z(l—,uz)z 2Nc tr[ﬁlyyﬂ{yﬂ]tr[(HZ +M)]/ (ﬂZ/ +M)}/ﬂ]
4
C
= 0'942>2 ﬁ [4(.9 _MZ)Z +4<S —Mz)t+4M2t+2t2]
—H c
4 2
g CF 2 20212 U, -pi. U, -pi. 2 2
=———-— — [16y°(1 — M-E“(1—-———"—— 8y(l—u,)MEt |1 ———— AM=t + 2t
T 167w (T-uyp) ¥ (1-uyE) T
4 2
g Cp [ > 222 Uy -piy 2
v—2 62 (1 —u )P MPE? (1 - ) amy
(t— %)% 2N, : (1-u,)E
4 2
g CF 2 2 A2 2 u, -piL PiL
N———— 16y-(1 — M*E*|1-2——+ 0= . A5
=7 o, tori-u) (-w)E “\ B (A3)

Similarly, for gluon scattering the amplitude is

")
. -9 abc ce * * *
lMgluOns = t—,u2 (f b fd ) [(pl - Q) : e,{’l (6/1]);4 - (pl + p/l)y (eﬁ] . 6/1’1) + (pll + Q) : 6/11 (ej’l)y]
X (P2 + pa) (e, €)= (P2 +q) - € (€2,) = (Py—q) - €, ()], (A6)

with g = p| — p; =p2= p, and the various ¢ factors denoting polarization vectors. Squaring the amplitude and averaging
over colors and spins gives

4
g N,
<|M|2>gluons = m 2CF [4(5 —MZ)Z +4(S —Mz)t+2l2 - SMZI]
(=27 2C; : (I—u)E : (I—u)E
4 2
9 N 2 202 2 U, -piy 5
~—T 1672(1 —u, )2 M2E2( 1 — L P1L \"_gpp2y
o 2 1670w (1= uw)E
v N g —upaee (122 2P oM (A7)
(=2 2C, 7T (I-u)E "\E2))

which agrees up to O(%) with the expression for quark-quark scattering, up to the fundamental/adjoint color factor
substitution.
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For scalars scattering by gluon exchange in scalar QCD,

kinematic part of the scalar scattering amplitude is then

we may choose the representation R of the SU(N,)  straightforward:
generators fp to be either fundamental or adjoint. The
resulting color factors will reproduce either the quark— 5
i
scattermg factor 2C > We iMscalars = % (t;l? ® t??) (pl =+ pll> ’ (p2 =+ Plz) ’ (AS)
can write either case compactly in terms of the Casimir Cy K
of the scalar representation R and the complementary
Casimir Cy of the opposite representation: ZCTRR The  leading to
|
2 g Cr 112
<|M| >scalars = m 2CR [(pl +p1) (pZ + pZ)]
4
9 Cr 2\2 2 2
= — 4(s—M 4(s =M )t+1t
(1 =127 2Cx [4(s )7 +4(s )1+ 1))
9 G 167201 — w2 M2 (1= PN g w1 P
(t _,“2)2 2Ck : (1 - uz>E : (1 - ”z)E
A 2
g CR ) 2 a2 u, pi1
~ — |16y~(1 — ME“ |1l —-———
o 2 16— (1= u)E
w9 Gy e (11— P (Pl (A9)
(t=u?)* 2Ck : (1-u,)E E?))

Comparing the amplitudes-squared for quarks (AS),
gluons (A7), and scalars (A9), we see that not only do
they agree in the strict eikonal limit, but the universality
continues to hold at (’)(%) This assures us that in replacing
the Regge scattering of quarks or gluons with scalars in the
corresponding color representation, we do not modify the
structure of the velocity corrections in any way. Instead, all
three cases receive the same correction to the eikonal
vertex, arising entirely from the correction (A3) to
(s —M?)2. One can also compare Egs. (A5), (A7), and
(A9) in the usual Regge limit by setting M? =0 and
expanding in powers of |¢/s|. Doing so again verifies that
the universality of Regge scattering continues to hold at
least through the first subeikonal order O(|t/s|). This
analysis justifies our replacement of the quark and gluon
degrees of freedom of QCD with a simpler scalar theory,
combining the universal nature of Regge scattering and the
interchangeability of the light-front wave functions.

APPENDIX B: JET BROADENING:
SINGLE BORN DIAGRAM

With either choice of Lagrangian (2), the lowest-order
scattering amplitude for this process is shown in Fig. 3 and
gives

. o d'q Ha _ b
Mi(p) = / Gyt 9 miden(4) 2P =), [(p -q)°+ ie]
xJ(p—q), (B1)

where the jet with initial momentum (p — g)* is scattered
by the potential into the measured final-state distribution of
momentum p*. The momentum of the jet is

2
P
P”:<E7P¢,\/E2—P2L)z(E,PL,E< _ng>)’ (B2)

where we have neglected higher-order terms (’)(é—j) sup-

pressed by the jet energy. We want to ultimately keep all

corrections of O(3) and drop corrections of (’)(é—z) and

higher in our final answer, while making no assumptions

about u! to allow for a highly relativistic medium.
Substituting (4) and (8) into (B1) gives

o lztpm]tl /
xvi(q)J(p =

‘q w(2p —q),
2m)* (p—q)* +ie
q) 27)8(q° —u; - q).

iq-xl-

(B3)

The delta function from the potential helps to perform
the dq® integral immediately, and the numerator algebra
gives

w(2p—q), =2up,=2(E—u;, -p, —
J_Z
E2

Mizpz)
u,p;
~ -+ 0
E(l—u) (

2E(1 —u;.) |1 -

)]

(B4)
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After picking up the delta function in ¢°
propagator is

, the next step is to perform the integration over g, by residues. To this end, the

(p—qP+ie=(E-q")V-(p—q)3 - (p,—q.)* +ie

2
P’ .
:(E_uij_'qj__”iZQZ)Z_(p_Q)i_( 22 qz> + ie

u—u>%+a%(<—,aE———+mu_@) )

+ (P - (P—q)7 —2E(m;L-qu)+ (L -q.)°) +ie
~(1 = 1)lg: = Oy — iellg: = Oy + ie] (85)
|
with poles momenta g with finite imaginary part, as there is no valid
cut of the 7-channel gluon carrying the potential. As such,
N 2FE u;, | q, J_2 these poles of the potential lead to an exponentially
P-4 =] +u . - 2 E +0 . (Boa) decaying amplitude in the position x; of the scattering

center. For a sufficiently large medium pz; > 1, this
decaying mode can be neglected [23,77], so here we only
consider the explicit poles (B6) arising from the cuttable
propagator. Such corrections can be safely neglected for
these single-Born diagrams where the imaginary part of the

_ U, -q, (P—Q) PL 12
pr— B
O T, + E( — ) +O< ., (B6b)

where the subscript indicates that these poles are zeros of
(p — q)* + ie = 0. In principle, there can also be poles of
q, associated with the potential (10). These poles occur at

pole leads to a decaying mode, but they will become
important for the double-Born diagrams where no such
exponential decay occurs.

Inserting (B4) and (BS5) into (B3) gives

& igx; U p1
lztproj i / N TN2E(1 — u;)] {1 —m]

}ww»ﬂp—%» (B7)

-1 1
X|:1_u ( qu l€)< qu+l€)

Of the two poles Qljf_q, the large pole Q},_, leads to an amplitude which is highly suppressed by the jet energy E and can be

neglected. The only unsuppressed contribution arises from collecting the residue of Q),_,, which requires closing the
contour below the real axis and hence z; > 0. Doing so yields

2E0(z;) sa t“/ d’q, piani || — Wil Pl 1
—~ 1 +u;, ") (27)? E(1-u;,)| 0}, - 07y
2E0(z ' /JZC]L igixi | — Ui "p1

ralnt [ o E(1 - u)

2E w,,-q, u; -q. 7!

[ L )3 (- ).

1+u,»z_1+u,~Z 1 —u;,
wi-(PL—9q1)
— Lt L 2L (g) J(p —q).
E(l—u.) ]vl(ql) (P—ai)

M,(p) = vi(q:) J(p = q;)

d? q.1 ol
29 pro_] l / 2”)2 qi x|:1

Note that in addition to the explicit correction factor we obtain to the eikonal vertex of the external potential, there are also
other implicit corrections to the arguments of v;(g;) and J(p — g;) after setting the momentum transfer ¢ equal to its pole
value ¢;:

(B8)
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- (ui qi.q. Q;—q>
= (i1 g1 +ui;0pg 915 Opyg)

q" = ¢t
(B9)

from the delta function in the external potential and from
the pole of the jet propagator. We will address these implicit
corrections after we have squared the amplitude.

We now proceed to square the amplitude and average
over quantum numbers in the usual way. First, performing
the averaging over colors of the in-medium sources, we
obtain

1
(i) = —u(ift])
tat
5 6,;6%° if target is fundamental
N { ﬁéiﬁab if target is adjoint
1
=3¢, 000" (B10)

where d, is the dimension of the color representation of
the in-medium sources (“target”) and Cy is the quadratic
Casimir in the opposite representation as defined above. We
note this color averaging enforces a color-neutrality con-
dition §;;—that is, that both gluon exchanges occur on the
same in-medium parton—which is equivalent to perform-
ing a Gaussian averaging of the target fields ALy,
[60,78,79]. Here, the particular color factors used assume
that the scattering centers of the medium exist in the same
representation of SU(N,). Then, upon squaring the ampli-
tude (B8), we generate two transverse integrals over d’q
and d?¢/,, but only a single summation > _;:

(1) =523 00z) [ i q)
xvi(q;)J(p—q:) 7" (p—4q7)
X|:1_uiJ_'(pJ__qJ_)_uiJ_'(pJ__qli) . (Bll)

E(1—-u;,) E(1—-u;,)
where Cpi1 = T is the quadratic Casimir in the

representation of the projectile. For compactness, we define
the overall color factor of this process as

Coroj
2Cx

z%i if proj = tgt = fundamental

C=

_ ) N¢

=9 3¢ if proj = tgt = adjoint (B12)

1 if proj # tgt

Next, we convert in the usual way from the discrete
summation over scattering centers to a continuous integral
over their densities:

Zfi=N<%zi:fi> _ /dx,l/dz,

- / Pxp (¥)f(x). (B13)

where N is the number of scattering centers and p is their
number density over a transverse area A | and length L. The
last line is also often expressed in terms of the elastic
scattering cross section ¢y and mean free path A through
p= ﬁ With a continuous density profile (B11) becomes

2\ d2q qu/ i(q—q')x w( )
(i) =c [ @xote) [ LEL et q) ()
xJ(p—q)J"(p—q)
x [1 _ ”lb;g’i ;Z‘I)L) _ ”Lé((i’i ;:;D (B14)

In the usual formulation, the dependence on the trans-
verse coordinate x | of quantities such as the density p is
often neglected, such that for example p = p(z). Then the
integration over d?x yields a delta function 6*(q, —¢',)
and collapses the momentum integration. In our case, the
velocity field u; = u(x) also contains a spatial dependence
in both its transverse and longitudinal components, and
neglecting those spatial variations would constitute a severe
restriction on the kinds of velocity fields to which our
formulas would apply. This motivates us to retain the
transverse spatial dependence of all such quantities: the
density p(x), the velocity field u(x), and the Debye mass
44(x).* To make the final expressions more tractable, we will
expand them in powers of transverse gradients and analyze
the various contributions.

It is noteworthy that, in the physical situations of interest
to us, the applicability of a formal gradient expansion may
be questionable. In cold nuclear matter, the applicability of
a perturbative calculation of the jet-medium interaction is
limited to distances of O(1/Aqcp) ~ 1 fm. In the QGP, for
the exchange of Debye screened gluons, that distance is
further shortened to be O(1/u) ~ O(1/¢T). If the medium
density p or velocity field u* is slowly varying over these
scales, then a gradient expansion, starting at Oth order, is
appropriate. In cold nuclear matter this can be justified
based on a smooth optical Glauber picture of the density
profile p(x;), in which the density only varies over macro-
scopic scales L ~A'/3. However nucleon-scale density
fluctuations are known to play a crucial role in heavy-
ion collisions (see, e.g., [80]), making such an expansion
questionable. However, we emphasize that the general
expressions derived at the level of Eq. (B14), for instance,

“The Debye mass u~ g7 contains a spatial dependence
implicitly through its dependence on the temperature profile
T(x).
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can be applied to medium properties which vary arbitrarily
and are not limited to the gradient expansion.

The usual treatment of the transverse averaging then
corresponds to the leading term in the gradient expansion:

C/dzp / s 1017 = )
% [1 _qu_<Z) : (PJ_ —lh)

(1M, )

] +0(0,), (B15)

where also the Debye mass p = u(z) is independent
of transverse position. Noting that neglecting transverse
gradients is an especially poor approximation to the
hydrodynamics of heavy ion collisions, we proceed by
carefully isolating the spatial dependence implicit in v(q)
and J(p — q) through the various poles (B9).

First we note that the phase factor ¢/(9-9)* takes a simple
form because of the lightlike kinematics of the jet:

E(1 - u.(z))
|
expli(g —¢q') - x] = exp[-i(gL —q1) -x1 —i(q, — 42)7]
= ¢ 101791) %1 exp [—i i(05_, -0 q)z}
L igima s |0 @i =a) (P —@i - (p-d)]
= e 4174 exp{ i I—u 2E( =) (B16)

We also note that the last term in the exponential is suppressed by 1/E but enhanced by the position z of the scattering,
which may be large (on the order of the medium length L). As such we do not make any assumption at this stage about the

smallness of that combined quantity.

For the scattering potential v(g), the correction due to the x | -dependent shift in the argument is

(Qp-g)* — a5 Ov uy-q. (p—qi-pi Ov
v(q) = +(07-0)* — %) = v(§? [1+7— ~v(g}) |1+ . (B17
( ) ( ( 14 51) 0) ( L) U(qzl) aqi ( L) (1 _ MZ)E U(qi) 86]1 ( )
and similarly for v(¢’). Using both (B16) and (B17) in (B15) gives
2
B J_'(qj__qj_) L p-9i-(p-dN 2y (2
xexp{ i - 2E(1 —u) z| viq1)v*(q7)
' u,-(pr—-q) u -(p.-q))
— N\ — 1— _
xJ(p—q)J*(p 61)[ E(l— ) E(l -
L e (p-gfi-pl Qv wicgl (p=q)-pl 30*] (B18)
(I-u)E  w(gl) 9¢7 (I-u)E  v*(¢?) 947

where we have suppressed the explicit position dependence of p,u, and u, for brevity.
Similarly, we can account for the shift of argument in the source terms J(p — q),

- - q _uqu
(p—q>”=(E—ul-ql—uzQ,,_q,pl—qbE—Q,,_q)ﬂz<E g E-T L>, (B19)

u; 1_”1

by recognizing that the medium motion enters through a shift in the energy. We can extract the explicit energy shift by

writing

which then gives

u, -q.\oJ
—u, ) OE’ (B20)
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2
|M| C/d3 dQJ_qu
)2 (27)?

uy (g — qlﬁ

e_l(qj__ql)xll v(qi)/u* (q

_p—a)i -

/f) J(E.p, —q.)J*(E.p, — ‘Il)

xexp[ -
4

(p-d) Z]

2E(1 —u,)
!

— u .
qj_>+ 1°q.

(p—q)i—-pi v

X[l_ul'(Pl—‘h)_"L'(Pl
E(1 —u,)
1q) (P—q)i-

l—u )E
—C/ dQQJ_ dz‘h_
)2 (27)?

J_'(qj__qi)z_

+

E(1-u,)
pi ov
v(¢?) 04t

U -q. 1@_ u,q| ial*
1—u, ) JOE l—u, )J" OE
e~ =0 )x (g Yo  (¢'2) J(E.p —q. )T (E.p1 —q))

J(p—a)i -

(1-u)E  v(¢}) 042

(r-4q)%

xexp{—z -
z

with the velocity profile u | coupling to the correction factor

pP1—4q1 PL—q)

2E(1 —u,)

4 x[1+uy T (gr.q))]. (B21)

Pl aD) =~ S F T w)E

q) (p-q)% -
- )E( (

(1 — U v* q/f)

We emphasize that the dependence on the spatial content
of the medium is encoded explicitly in the density p(x) and
transverse and longitudinal velocity profiles u, (x) and
u.(x), as well as implicitly in the temperature dependence
of the Debye mass u(x) ~ gT(x).

The exchanged gluons which couple the jet to the medium
have a characteristic transverse wavelength 1/ over which
they resolve the medium. Because this calculation employs
pQCD to describe the degrees of freedom, this must be a hard
scale: 4 2 O(1 GeV) such that the length scale resolved by
the interactions is Ax ~ 1/u < 1 fm. Depending on how
rapidly the medium quantities vary over this perturbative
distance, the gradients of these spatial densities may become
increasingly important.

1. No gradients (translational invariance)
At Oth order in the gradient expansion, all medium

quantities are taken to possess 2D translational invariance
and are functions of z only. This gives

/fnf%”W“%%WWh—ﬁ) (B23)

and thus,

qmm—c/agﬂ

pell lv(qt
x[1+u, -T(q)]+0(0,).

W NI(EpL—q.)P

(B24)

L@ <(p - 91 —ﬁ) Ov
(1-u)E v(q?) dq7

ov* q. (107 _ q, iaJ*
q? 1—u \JOE) 1—-u \J OE)

(B22)

|
with (¢, ) =T'(q.,q, ), which is explicitly given in (13a).
Using (11) we can further write

an®
(=)
d’p /s

where SB stands for single Born.

We will discuss in Appendix C the appearance of
the double-Born diagrams which enforce unitarity.
Interestingly, we find that the manner in which unitarity
is preserved in the more general case appears different;
whereas in the static case, the double-Born diagrams
effectively replace 6(q,) — 6(q,) — 0¢6*(g.) in (B25)
with o, being the integral of (g ), after including medium
flow and gradients we find a different, explicitly uni-
tary form.

The essential physics of how the jet couples to the
medium motion is already contained in the simple kinematic
statement ¢° = u - ¢ from the potential (9) of a moving
source. Unlike the static case where ¢° — 0, now a finite
energy ¢ is transferred between the source and the jet.
Depending on whether the momentum transfer g flows along
with or against the flow u, the medium can transfer energy to
the jet or vice versa. This exchange is best quantified by the
light-cone momentum ¢ ~ ¢° + ¢° ~ %4 When ¢ is

B dN©)
= /dZ d*q, p(z)5(q7) (Em)
x[1+uy(z) - T(g)]+0(0.), (B2S)

parallel to the flow u |, the medium constructively transfers
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energy to the jet; conversely, when ¢ | is antiparallel to the
transverse flow, the jet loses energy to the medium.

This collisional energy transfer to/from the jet has a few
consequences. Looking at the last two terms of (13a), we
can identify two of them. One is that the energy transfer g™
or ¢° leads to a small shift in the energy of the initial jet
distribution N, compared to the final-state jet distribution.
The other is that the longitudinal momentum Q. ~ =L~ at

the on-shell pole leads to a shift in the transverse momen-
tum spectrum of 5(q ).

Finally, the first factor in (13a) comes from the explicit
correction to the eikonal approximation, which itself comes
in two pieces. The first, as seen in (B4), is the penalty

—0 “’; for bending the high-energy jet. The vector

coupling of the jet to the medium is 2u, p#. In the eikonal
approximation, this is just 2F, but the extra transverse
momentum from the medium leads to a spacelike correc-

tion — % The other correction arises from the propa-

gator —— and couples the recoil direction ¢ ; to the flow.

(r—9)*
When the momentum transfer ¢ is parallel to the trans-
verse flow u |, the scattering amplitude (and hence the
probability) increases.

Together, these details comprise the effect of coupling
the flow velocity u to the jet. There will be additional
subtleties when gradient corrections are considered and the
averaging procedure is modified, but the basic physical
mechanism is the finite energy transfer between the
medium and the jet due to the flow.

2. Linear gradient corrections

It is instructive to illustrate the gradient effects in the
simplest nontrivial limit. To first order in transverse

gradients and at zero velocity, we expand the explicit
spatial dependence of the density to linear order:

~ po(z) + p(2) ¥, (B26)

pxi,z)

where we use roman superscripts for the transverse two-
dimensional subspace. To get a complete accounting of the
gradient corrections, we also need to expand the implicit
spatial dependence contained in the Debye mass p ~ g7 (x)
embedded in the potential v(g?). Thus we make the
comparable expansions

(2) + 0pP(z) ¥, (B27)

W2 (x1.2) ~
The expansion of the implicit dependence in v gives

v(gh P (x ) = v(g3 g + 0P (2)x)

) .
u?(z) x Ov
1 — B2
<olgi) |1+ PRI (Basa
with
ov 7
el S B29
op? W=} (a1 +u3)? (B29)

for the Gyulassy-Wang potential.
Then, the full spatial dependence of the medium vari-
ables is expanded to linear order, giving

/ d*x ) p(x) e @m10% (ks P (x ) v* (¢ P (x 1)

z/szxiﬂo e a:7a% 45(g3 ) v (q/ ){14‘ dpx, +(

z@ﬁﬁmfﬁﬁmmﬁwm@

_ipoﬁ vo(q%) V(' >Laj (v

0lu? ov
a—ﬂz‘f‘C.C

)ﬂ}

0u? v
a2 C

(B30)

)y

where the derivative in principle acts not only on the factors explicitly written here but also on the full g, — ¢/, dependence

of (B21).

For these purposes it is useful to change variables in (B21) from ¢, ,¢’, to the mean and relative coordinates

[

0 =-(q.+49))

2

giving

g1 =9, — 4. (B31)
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d*q, d2 _ (-9 -(p-4q)
3 i(qi-q})x. L
(|M]?) C/d 27 (o 5 plx)e exp[ 5 E z
x v(q)v ( 1) (E pL—q))(EpL—q))
J_ fhu iquL %) (-0~ 3912)1 = (P =0 +3qn)1
C/ 27)? plx)e exp{ i 5E z

! ’ ! ’ J\E ! JE !
U<<Q+§CI12> >U<<Q—56112)> ( 7PL—QL—§¢112¢> < ’pL_QL‘FquZL)a

(B32)

where in the last step we have used that v and J have at most constant imaginary phases. This is explicitly true for the
Gyulassy-Wang potential, and it is also true for a tree-level 2-to-2 process for the source.
We note that the symmetry properties of many factors in the integrand mean that the derivative with respect to ¢,

vanishes:

991>

8@12

[f(Q+ q12) + F(Q = q12)ly,,, ~0

[F(Q+q12) f(Q = q12)ly,,,—0 = F'(Q)f(Q)

= /(@) -7(Q) =0 (B33a)

- f(Q)f'(Q) =0 (B33b)

This means that the derivative does not act on the potential squared vv* or the source current squared JJ*; it only acts on the

exponential

_ -0

o) < [ (P-0-%qn)i -
—— | exp|—i
a51]12¢ 2E

Notice that while the leading gradient corrections are proportional to ——=+

(p— Q‘f‘%‘hz)iz])

Z. (B34)
q12.=0 E

(p— Q) z, this factor is not additionally suppressed since

z may be large depending on the geometry of the nuclear matter.
The term which was independent of gradients was calculated previously; for the term linear in gradients, we obtain

<‘M | >11near _ dz d? = 2 2 (P_Q)i 1 Vi
= [ dzd*q1poSo(q1) V(Epr —q. )1 |52 —08p+

(3)
(LT,
v Ou

(B35)

where one should notice the difference between 6, and o,. Finally we convert to the jet multiplicity distribution

dN©)

dNM (linear) B
<E &p )SB = /dZdZQLPOGO(qi) <Ed2(

where all of the quantities py, u3, & p, and & u*> are
considered functions of z.

The corrections due to an inhomogeneous but static
medium,

06
__/2
. Ha 2 o

account for either the increase in density p or the increase in
cross section due to changing Debye mass u” along the
propagator p — g. As drawn in Fig. 3, this describes the

pP—4q). dE> [(P _qul

(B36)

1.
z] [p—8/p+
0

propagation from the source point (taken to be zero) to

the point of interaction x with the medium. Note that the

ratio (p — q), /E is related to an angle 6 and that tan 6 =

Ax, [z~ (p — q),/E provides the transverse displacement

as a result of the nonzero angle 6. Therefore the factor

[(17—11)1
E

o 05
(_70 5/42 ’

z| is really the transverse displacement Ax’ along
the trajectory of p — g.

If, for example, the density increasesby dp =V  p- Ax |
along the direction p — ¢, then this jet has an increased
chance to scatter in the medium and acquire final momen-
tum p. Conversely, this means that a final state jet observed
with momentum p is more likely to have come from an
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initial jet that was moving along the direction of V p.
Although each scattering leads to isotropic broadening in
this example, jets moving in this particular direction are
more likely to suffer the broadening.

APPENDIX C: JET BROADENING: DOUBLE
BORN DIAGRAM

Now we can turn to the double-scattering amplitude iM,
which is needed to ensure unitarity of the problem. In the
case of jet broadening unitarity is easy to understand—it
ensures that while the distribution of jets can change, their
total number is conserved. The corresponding diagram is
sketched in Fig. 3 and involves two insertions of the
external potential (9):

_ Z 14 d4C]1 d4q2
=~ proj pmJ (2”) (2 )4

X M ey, (g, ) v;(g2)J (P~ 91— q2)

et [
 [(2) (0 ;- 40)][(2) ()

Note that, as discussed in (2), we only consider two
sequential insertions of the external potential, neglecting
the “seagull” diagrams particular to scalar QCD. Like the
contributions of the 4-gluon vertex in real QCD, these
contributions would be the same order in the coupling but
without the phase-space enhancement associated with
having a propagator in between them.

—"j“h)]- (C1)

Because both insertions of the potential occur at the amplitude level, it is trivial to multiply by the complex conjugate of
the unmodified amplitude M{(p) = i J(p) and perform the averaging over quantum numbers. The color averaging sets

i = j following (B10), giving

4 4
sty =y [ G0 5

ei(ql+q2)‘xi Uz(Ql)

[ 2u; - p }{ 2u; - p
X 2 . 2 .
(p—q)" +ie] [(p—q1—q2)” +ie

v(q2) J(p — a1 — q2)T* (p)

} (2 8(g0 — ;- q1)][(27) 540 — ;- 42)]

d'q, d'q,
— E i(q1+a2)-%; 4. .

(0 (g} = -0 2e) (a8 — )] | 12 7P |

The poles of both propagators (p — g,)?
respectively:

+ieand (p — q;

(p—qr)* +ie=—

(P=q1—q)* +ie=~

R ey

(1 - u )[qZZ

(1 - u )[QI + G — QIJ)r—ql—fh

—J(p—q1—q:)J*(p)
(p—q1—q2)* + i€ bR

(€2)

1_Miz

— ¢,)? + ie are those given in (B6) for ¢ — ¢, and ¢ — ¢, + ¢a,

Q;—qz - 16] [q2z - Q;—qz + l€] s (C3a)

—iellqi; + g2 — Qp_g,—q, + i€]. (C3b)

After taking the g integrals, we can immediately collect the residue of g, since it only enters into (p — g, — ¢»)>.

The dominant contribution is the pole g, =
and find

d? d .
(M M) = ’CZ/ qu q2 5 et )iy (q,,)

@2+ Qpgi—g, —

ie, which we can enclose below the real axis for z; > 0

v{(q2:) (P —q1i = q2:)7" ()

Uiy "py 2FE 1 2FE 1
X |1-=2 — T - T ; - ;
E(1 N+ uiz Qpgi-go = Q-0 Lt (g — Qpy, —i€]lqr. — Qpy, + i€]
_ CZ /quu d3q2 eilaitani)xi ”'(QI ) U~(q2<) J(p —q - 6]2')1*([7)
- (271_)2 (271_)3 i i i i i i
L. L. -1
x (=i) [1 _p Wil Pl } {1 R +‘12L)} {_ 2E . . 1 ] . } ()
E(1 _uiZ) E(1 _uiZ) 1+ u;, [QZZ_QP—% _le][QZz_Qp—qz +l€]
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1
Q;—ql—h—Q;—fil—tlz
Note that the Fourier exponent has lost the ability to
constrain the direction of closure of the g, integral:

where we have expanded in powers of 1/E.

(q11+921) ;

. . u;
el aita)xi — p=ilqiLtgr1)xiL exp | —i il ;
1- Uiz

i pmai—e)i-pt } (C5)

2E(I—u;)

justas in (B16). However, including the g, . dependence in
the potential, there is more than enough convergence of the
q». integral to close the contour at infinity in either
direction and perform the integral by residues. The various
poles of g, are

i

u
(@) Pr=0pgg—7— WL @) £——5R,

1 P=q91—9> 1-— M% 11— u%
(Cé6a)
v(qy): Py = - (wy-q>1) ié’Rz, (Céb)

2T —u? 1 —u?

propagators: P3 = Q,_, + i€, (C6c)
|

1

Py= 0,y —ic, (Ce6d)
where we have introduced the shorthand
R*=(1-u)(q] +4*)—(uL-q.)* >0, (C7)

and suppressed the source index for brevity. The fact that
R? > 0 can be seen directly by explicitly introducing the
polar angle € of u with respect to the z axis and the
azimuthal angle ¢ between u | and ¢q:
2

R=(1-u)gi—(u,-q.)*+(1—ub)u

(1
= ¢4 [1 —u?(cos’0+ sin’bcos® )] + (1 — u?)u?.

(C8)

Since cos’¢ <1, we have (cos?@ + sin®@cos?¢) <
(cos?@ +sin’@) = 1. Moreover, we also have the
relativistic constraint u?> < 1, such that [1 —u?(cos® 6 +
sin? @ cos? ¢p)] > 0 and hence R?> > 0. Knowing the real
and imaginary parts of the poles will help considerably in
combining the double-Born diagram with its complex
conjugate.

Let us now consider the corresponding g, integral in
(C4) which can be written as

1

7= [ v v(a2

G2, — Q7 (q2) — i€ gy, — Q7 (q,) + ic

B g dq,, 1 1 1 1 1 1
- 2)2 ¥ = 5 - ; (C9)
(l_uz) 2r QZZ_PI qZZ_Pl qu_PZ qu_p2 ('IZZ_P3 ('IZZ_P4
with
1 R . 2R(R 1—u?)(q? 2
ReT — -t (@) (@) (@ g21)( 1 + (1—u3) (g1, +ﬂ2))’
2E 2R Ry [(Ry + Ry)" + (uy - (q11 + ¢21))7]
J_2
-1 <—>2)+(’)<E> , (C10)
|
and While the dominant imaginary part is unmodified from the
static case, now for the first time a nonzero real part is
L+u, s 12 generated as well. At the leading order in the eikonal
Im7Z = 4E (g1 )v(g3,) + O(F) . (C11) expansion, the imaginary part is symmetric under ¢, < ¢,

Several comments are in order about Egs. (C10) and (C11).
As a first check, note that in the limit u — 0, the real part
vanishes at the leading order and the contact integral gives
its usual value

71— (S o(n). o

(and hence R; <> R,) and the real part is explicitly
antisymmetric. The existence of this term will complicate
the interference with the complex conjugate amplitudes
(MyM§) + (MyM?%), and appears to lead to dramatically
new phase structures in the LPM interference pattern. Note
also that the particular form of the real part (C10) is specific
to the Gyulassy-Wang potential (10).

With the result (C10) we return to the contribution to the
Ccross section:
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2 _,2
. g (grytap ) (PTm0)
(M, M) C/d3xp( )/d aL d QZi e~ i@t )Xy oI T m T Tyt

2E 1_2uL-(pl—%(qu+‘Iu)) iT
1+Ltz E(l_uz) ’

where we have converted from a discrete summation to a continuous integral. For the source current J we have (in
Minkowski coordinates)

xJ(p—q1—q:)J*(p) (C13)

(C14)

(p_ql_qz)u:<E_"r(‘1uw "L'<‘Iu+‘1u)>,

1 sPL—q11—q1, E-
—u, 1 —u,

_u(gitary)
I—u,

so that we can write J(p — ¢, — ¢,) = J(E ,P1 —q1. —q> ). Taylor expanding the shift in momentum,

u, (g +¢q,) 10J

u, (gL +4
J(E——L (@1, 2l),PJ__qlJ__qZJ_):J(E’pl_qll_qZL)[l_l——LtZ jﬁ_E]’ (C15)

1 —u,

gives the complete expression

2

d2 d2 ) _jeila e ) (p—a1 rlz) 2FE
<M2M6>:C/d3xp(x>/ DL CDL iy, sar e, T J(E py — 1) —g21)0 7 (E.p.) iz

(2np (2m? © Cru,
y 1_2”L'@L_%(qli+q2L))_uL'(q1L+q2L) 197 (C16)
E(1—u,) 1—u, JOE|
Now we may add the complex conjugate term to obtain
d*q,, d’q 2E
MyMj) +cc. =iC | & = JE,pL—qi.—q.)J(E,
(MyMG) +c.c. =1 / xp(x)/ 27?7 (27?2 1+u. (E.pi1—q1.—q1)J(E.p1)
< 1 C2uy (P35t g21) wi- (gt gan) 10T
E(1-u,) 1 —u, JOE
Llaritar ) Praima)] -r]
X {e"'(‘hﬁ"u”‘L o e c.C}, (C17)

where we have again assumed that J*(E, p, —q,, —q>  )J(E,p.) =J(E,p. —q11 —q>.)J*(E, p.). This is about as
far as we can go without next invoking the gradient expansion.

1. No gradients (translational invariance)

If transverse gradients of all quantities can be neglected, then we can immediately perform the d”x, integral to obtain
5*(q1 1 +¢q> 1 ). We also need to use the explicit form of ImZ atq; | + ¢, | = 0 while Re Z cancels between the conjugated
parts of the full amplitude. Thus, noticing that

v qu))zv

1+u, 1+u. 1-2((p+q1)1 — p1)v(qiy)
ImZ|qu=—qu T 4E = (v( ﬁ))z— 1 —Mz (wy-q11) 452 = = (o( 1

we write

satg) +e. = =€ [ dep(e) [ S (P U(E. PP

8 [1 3 é(ull_zzl) (uy-q)(1- 2};21171'53; —r)vdl)) +0(0,).

(C18)

094044-31



SADOFYEYV, SIEVERT, and VITEV

PHYS. REV. D 104, 094044 (2021)

The angular structure of the integrand in the transverse
plane can be simplified through the angular averaging.
After that one may rewrite this expression in the form of
(B25) introducing similar notations

dNW dN©
E—)| =-/]d &q,6(¢3) | E-———
(55 )=~ [ 2000 [ ot ()

x [ +u, -Tpg]+0(0,), (C19)

where I'pp is explicitly given in (13b). The effects of the
medium motion on the jet broadening are again intrinsically
related to the nonzero energy transfer ¢ = u | - ¢, and the
subeikonal corrections to the vertices as in the case of the
single-Born diagram.

|

dz@u dzé]u

2. Linear gradient corrections

The gradient corrections to the double-Born contribution
are considerably more involved since now the transverse
coordinate dependence will transform to the momentum
derivative %,- which results in many more terms. While
the expression (C17) can be used to derive the general
answer, here we will omit the corrections which are
simultaneously subeikonal and gradient suppressed, and
also set velocity to zero. Then, to first order in transverse
gradients, we expand the spatial dependence as for the
single-Born diagram.

Keeping only the leading eikonal terms in (C17) which
are not suppressed by powers of E but allowing the
hydrodynamic parameters to vary in space and time we
start with

| (p=a1 *qz)ﬁ_*pi

2E

(MyM§) + c.c. = iC/d3xp(x)/

o) 2
| (p=a1=a2)] -P7 .

. i
—ei@itai)xy o [ 2k

(2z)? (27)? 1+ u,

(
{g‘i(‘lququ)'xi e_l|: 2E :|ZI

The transverse integral appearing from the gradient terms can again be performed through integration by parts:

/dzxL e 20X, x‘if(Qleu) = /d J_|:

_ (2
2

]MI*}J*(EaPL_qli_qu)J(E’Pi)"'O(%)- (C20)
28Q’ _ZiQLxL} f(Q1.9121)
2100, |-i az, Qe (1)
0,=0

with the c.c. term ¢/(41:74920)%1 differing by a minus sign. Let us illustrate that on the example of the gradient of p which up

to 1/E corrections contributes

2F

<M2M*> o) e, = C/ /d %gichu T g d'ps(20))
). g
* 007 [{e Tote IB}J*(E7PJ_ - ZQL)J(E,pL)] . (C22)

where 7 is the value of 7 when the gradients are neglected in its definition. One should notice now that the leading eikonal

part of 7, satisfies

Zo(q12, Q)

=To(q12,—Q),

0

0,=0

The momentum derivative gives a nonzero result only when it acts on the source function or the LPM phase. However

Re IO =
the LPM phase giving

inear d2 i J
0= e [as [ G4 0 (2) @ PUE PP

For the contribution due to the gradient of > we write

0 for u = 0; thus, the only nontrivial contribution comes from the term with the momentum derivative acting on

(C24)
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mear d d
<M2M0>2ea +cc=c/ / 0. Zm

Unless the derivative acts on the LPM phase, the integrand is proportional to 57>

vanish for u = 0. Thus, (C17) can be simplified to

<M2M0>(11near)+cc "’—C/dz/

Slmllarly, the contributions due to the gradients of | and u are zero since 1=~

whlle

APPENDIX D: IN-MEDIUM BRANCHING:
SINGLE BORN DIAGRAMS

At O(g) in the external potential, there are three
diagrams contributing to the radiative branching of the
scalar jet, which we denote R}, R®, and R¢ and compute in
the sections below.

1. Diagram A

The diagram denoted R} shown in Fig. 7 corresponds to
a final-state branching that occurs after the scattering.
Using the external potential given in Eqgs. 2 and (9) gives

» pid Aui(2p—q),
Ria= IZCA / 200 PP+ id(p—q) + ie]

x v(q)J(p = q) (27)8(qo

—u;-q),

where C4 is a generic color matrix for the projectile,
associated with diagram A. We write the target color matrix
¢ explicitly and will perform the target color averaging
momentarily. Evaluating the scalar-boson vertex to O(%)
gives

A k _
pP—q P 7
@ g
\\\
_k \\
. P

FIG. 7. The initial-state scattering diagram denoted R{.

L0, pl>|2[ 2| o ).

dN© p'i , 1 06
L o/ ——— 9yt .
dszdEMEZK P G o ”)

2E .
p Ot 8(20)
Uz

(p- 2Ql lat
X507 He_l[ }z % +c.c. }J*(E,pL - 2QL)J(E,pl)] + (’)(%) . (C25)

Re T, or its momentum derivative which

(C26)

ReI gives zero contribution to the result

ImI is independent of u. Thus, the full leading eikonal gradient correctlon to the double-Born contribution reads

dN(l) (linear) _
(E & ) g/dZ/&ﬂ‘hf’o(qi)<E
P /B

(C27)

RIA = lzcata /

x v;(g;)J(p — Qi)7

2El (1 =u;)[1 = E'zlliif)]
[pz + iel[(p -

q)* + ie]
(D1)

and for the final-state branching diagram A, the kinematics
(37) of the splitting are unmodified from the vacuum case:

(1-x)x '
which can be identified with the scalar branching light-
front wave function (38).
Next we evaluate the pole structure of the ¢ integral; the
propagator (p — g) can be expressed as
(D3)

(p=a)=-(1-ui.)lg.~ Q) —iellg. — O}, +ie].

where the large and small poles QT and Q~ are given by

o 2E f_uiq
_1+uiz 2E ’

05, (D4a)

0 Uip 41 X(P k)3 +(1-x)kl —x(1-x)(p—q)1
g™ 1—u;. 2x(1=x)(1—u;.)E
_wyq 1 ((k=xp)] (p-q)i-pi
l—u;, 1 2x(1=x)E 2E '

(D4b)

with the difference generated from the residue

_ 2E Ui -q,
g = Qpq = (1 - (

, (D5
1+uiz l_uiz)E> ( )
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all evaluated to first subeikonal accuracy. Noting that the
residue of the large pole Q" is highly suppressed, we
collect the residue of the small pole O~ for z; > 0 to obtain

Ria = Ycar o) [ S 1=t =]

E(l - uiz)
Ax(1—x)
m v;(g:)J(p — q;)

= —IZC/‘i 140

XJ(P“]i)[l—

&2 .
w(x.k, — XPL)/%elw" v;(q;)

n)?
u . . p—
il (P q)i:| . (D6)
E(l - uiz)
Here the potential v(g;) and the source current J(p — g;)
depend indirectly on the velocity u; through the pole value
of the momentum

q; = Wi g +ui Qg q1,0py) (D7)
The Fourier exponent, in turn, reads
el4ixi = =1 ¥iL p=i1Qp g%

. . (k—xp)i . (p—q)i—pi
_e_iquiLe—i"{_{‘f}zie’(zx(lf,x)s(lfu,»,) Zie" E(1-u;.) )i

(D8)

We see that the velocity dependence only mildly modifies
the usual LPM phase structure with the so-called “boundary
( (k=xp)? ) _.((p a2 L)

phase” e ") and “impulse phase” e\ 00 )
[60] clearly identifiable as in the static medium.

The shift in the argument of the source current J(p — g;)
corresponds to the energy shift due to collisional energy
transfer with the moving medium:

J(p_ql) J(E U -q, — iZQI_)—q’pJ__qJ_? pz_Qg_)—q>
_J<E_"i¢ q.1 PL—q., E_uiJ_'qJ_>
1- Ujz 1 - Ui,
u, -q, 1 oJ
=J(E,p, — 1- = —. D9
Eps-a0)|1-5E 00 T (09)
Similarly, the nontrivial shift in the argument of the potential Eq. (10) due to the velocity is
vi(g;) = vi(q1 + (Qp-g)” — 45)
_o (g R an) (k- xpi (p-9i-pl
-, \2x(1-x)E 2E
oi(a) L2 q) (k=xp)l  (p—a)l-pl\ 1 0wl (D10)
n T—u;; \2x(1-x)E 2E vi(q1) g%
Altogether, this lets us express the leading velocity corrections to Ry 4 as
asa g JZQL 2 —ig,x;
Ria= _IZCA w(x.k, —xp,) (2x? vi(q1) J(E.pL —q ) e i
A o) (
¥ o i et(ﬁﬁ%)a ¢ (%)Z {1 ui - (p —‘I)l]
E<1 - uiz)
L tiicg VOTTT 20y -q) ((k=xp)i (p—g)i-pl\ 1 0O
l—u;., J OE 1—u;. \2x(1-x)E 2FE vi(q3) 0q%
d*q ,
= "Zcﬁi 1 0(z;) y(x. ey — )qru)/(zT)lz vi(@3) J(E.p —q.) e7i2
A Gep)] A (r-0)3-p?
% e—i"{}l:jzi el(m) Z e_l (#) [ +u; - QA] (Dll)

where the velocity correction 4 is given by
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QA:

pi-a g, 197 2q, ((k—api (p-q)i-pi\ 1 0v (D12)
2x(1 - x)E 2E v;(

(l_uiz)E_(l_uiz)ja_E_l_uiz q1)0q7
with the LPM phase shifts directly coupling to the medium velocity.

2. Diagrams B and C

In the same way we begin the evaluation of the final-state scattering diagrams R; 3 and R ¢ shown in Fig. 8. The diagram
R® denotes the case of an initial-state branching followed by rescattering on the parton which emerges with momentum
(p — k). The diagram RS, in which the rescattering takes place on the parton with final-state momentum & is obtained from
R® by the replacement k — (p — k). For the simplified case of scalar jets considered here, this replacement is sufficient to
generate the third diagram, but in full QCD one has also the conversion between fundamental and adjoint partons. For
diagram R; p we have

_ N [ g, Aui2(p—k) = q), N e
R = 1 it [ e (o e i @ (0 = @) (2m)3(ay — )

Computing the numerator to O(£) gives

ui - (p—k,)

dq . 220w )(1 - x)E[l - 755057
R —; 444 iqx; iz ; i‘] - q;). D13
’ZB’/(M” =P +iellp—k-q) +ieg "4 P=4) )

Next we collect the poles of ¢, from the propagators; in addition to the propagator (p — g) computed in (D3) we also have
(p—k—qP+ie=—(1-ui)(q.— Qpyy—i€)(q. = Qpy_y +ic). (D14)

which contributes new large and small poles given by

2E(1 —x) Ui "q.
+ ~ 1 - , D15
S A < 2(1 - x)E (D152)

~ i (pok=g - (p =k
e A 2(1 —x)(1 —u;,)E

(D15b)

As with the diagram R, 4, we close the ¢, contour below to generate a factor of (—27i)60(z;) to encircle the small poles
Q' k=g and Q;_,; the residue of the large poles Q" we neglect as (further) power suppressed.

Unlike with the diagram R, 4, now the pole structure couples to the splitting wave function as well through the new
propagator (p — k — ¢g) and generates two distinct contributions to the residue:

FIG. 8. The final-state scattering diagrams denoted R? and Rf.
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dQZ —qz 1 1
iq,7; )J
1
_lq G U )J(p qz) ; - /
] — M / (QZ ; k—q le)("]z - Qp—k—q + l€)
X

(CIZ ; q ie)(Qz - Qp—q + i€)
it 1 {(Q> 0@y 1) (P = 0151 y)
(1 - u%z)z p—k—q Qp q (Q;—k—q - ;—k—q)(Q;—q - I_J—k—q>
e (Qp-0)7i Ui(Qp—q) J(p - qi(Q;—q))]
(Qp k—q Q;—ﬂl)(Q;—‘l - Ql_’—q) .

(D16)

The various contributions to the residue denominators all need to be evaluated, keeping their leading (eikonal) contributions
and first subleading correction in 1/E to maintain control over the coupling to the medium velocity. In addition to the
difference Q}_, — Q,_, already computed in (D5), we now have

2E(1 —x) Ui -q.
. e J2E(Q =) () ; D17
p—k—q Qp—k—‘l 1+u;, ( (I—u;)(1-x)E)’ | !
~ 2F Ui -q,
. . L , D17b
pP—q p=k=¢ 71 o Ui, ( (1- uiz)E> | |
2E(1 —X) U, -q,
- . D17
1)—k— — 0y = 1+ u;, ( (1—u;)(1 =x)E ( K

Note that, in order to maintain control of the overall (’)( ) corrections, we must also keep the small poles Q;,_, and O k=g

to O(é—;) accuracy in

- o (k—xp+xq)1 +[(p—k—q)i—(1—X)Z(p—q)i](uu-tu)
prka =P Ex (1= x) (1 — ;) 2E2(1 —x)*(1 — u;.)? '

(D18)

This is because the product of three factors in the denominator with leading terms E x E x 1/E includes an overall

correction of O(%) from both the O(%) corrections to the large poles Q). O

»—k—q and from the (’)( +) correction to the

small poles.
Luckily, since the leading term in both poles is the same, Q,,_, ~ O k=g "’i qi , the (9( ) shift in the source current is
the same for both terms:

0= (@)~ T(p — 4i(Q50)) = J(E—M,m—ql)

l_uiz

u,»J_~qJ_18J
=J(E,p, — 1- ——=- D19
(E.pL ql){ l—u,»ZJaE} (D19)

We also see from (D5) and (D17) that at this accuracy, we have ( ;—k—q -0, 4 q) ~ (Q]f_k_q — Q;_k) and
(Qp—q — p—k— q) (Qp—g — Q;_k): compared to the values of the large poles, the difference between the small poles
is negligible. This allows us to factor out the denominators from both of the residue terms, giving

dql o 221 —u; ) (1 = x)E
R — Cata / e 1q,°X; | lZ E‘7 —_
LB Z (27)? (1= 12.)(Qy sy — Cpy) Eps—a1)

" |:Ui( p—k—g)¢ T 0(Qy e _iQ”"Z’} [1 iy (p—ky) } [1 u;-q. 190J
(Q;—q_Q;—q)( p—k—q Qp q) (l_uiz)(l_x)E l_uzz ‘]aE

(D20)
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Then inserting the explicit correction factors from (D5) and (D17) we obtain

a a0 q et Ax(1—x - —iQ i - —i0-_ 7.
R]B_Zc, / L qul(—EJ(E’pL_qL)[vi(Qp_k_q)e Qp_k_qzl_vi(Qp_q)e Qp-gi]

77.')2 (k=xp+xq)]
X |:1_uiJ_'(pJ__kJ__qJ_)_ iLqL10J  wui-q _X(”iL'QL)Kl’_k_‘I)ZL_<1_x)2(p_q)2l]] (D21)
(I—u)(1=x)E  1—u;, JOE (1—uy)E (1= ;) (1 =x) E(k—xp +xq)7 '

We identify the light-front wave function w(x,k;, —xp, + xq,) and LPM phases in the exponents to write

) MLl
Ris = ’ZC“ 10 / (273)l e ey (v ky —xpy + xq1) J(E.pL —q.)

((p k=02 (=02 ) +.< (k=xp)? <p—q>j—pi)z_

X |: ( o e q)e 7(l—xF —Uj; (QP q) 2x(1=x)E(1=uj ;)  2E(1-u;;) "i|

« l_uiJ_‘(pJ__kJ__qJ_)_uiJ_‘qJ_ lﬂ Ui " 4.
(I—u;.)(1=x)E l—u;, JOE (1-u;,)E

_x(wiyq)[(p=k=q)1 = (1 =x)*(p-q)i]
(1 —u;.)(1 —=x)E (k— xp + xq)2 } : (D22)

We note that there are two sets of velocity-dependent corrections to R, p. First there are the common corrections to the
amplitude coming from the changes in the energy denominators and the correction to the external potential vertex. Second,
there are the shifts in the virtuality of the potential which differ between the two terms in brackets. These term-specific
corrections are

1i(Qyiy) = vi(q1 + (@54 y)® = 45)
ooy L2 q)) ((P=k=q) = (p =K 1 Iv;
_”"(‘U)_H 1—u. 2(1-x)E 0,042
v;(Qp—y) = vi(gh + (Q,_a—q)z - q5)
ooy 2@iiq)) ((k=xp)i  (p—q)i-pi\ 1 Oui
=vi(q1)|1 T—w. \2x(i=nE oE el (D23)

which explicitly couple the LPM phases which drive the radiative energy loss to the medium velocity. Together, all these
corrections are written as

d? ) wiq,
Rig==i) Ci! 9(Zi)/ 9L emianin o (g )y (ke —apy +xq,) J(EpL—q.)
i

(27)?
—i(<p_k_q)2i_(p_k>i)z~ +l( (k=xp)%, (P—q)iﬂi)z
x {e A I 0 R AN | S 1 'QIIB]}’ (D24)
where we have introduced shorthand notations
Q.= — 1—ki-q.  q 10J] 2q, (p—k=—q3 —(p—k71 1 0v
'8 (1—u; )(1=x)E 1—u;, JOE 1—u;, 2(1-x)E vIqg?
— k= 2 _ 1— 2 _ 4\2
L4 _xq.l(p q)1 - (1 —x)°(p czz)l] (D25a)
(I—wui)E (1 =u;)(1 = x)E (k- xp + xq)]
o  __ Piki-a g 107 2 ((k-xp} (p-gF-pi\1 0w
T (1—u, )1 =x)E 1—u;, JOE 1 2x(1 —x)E 2E vq%
— k- 2 _ 1— 2 _ 2
L4 xq.[(p 9)L = (1= p—q)] (D25b)

(I-w)E (1= )(1 = x)E (k—xp +xq)}

094044-37



SADOFYEYV, SIEVERT, and VITEV

PHYS. REV. D 104, 094044 (2021)

Notice that ;5 is similar to Q4 in (D12) while both factors appear in front of the same LPM phase expo-

k. K —x*(p—q)>
T=u ) (1=0E T (= JE (=)

nent: Q5 = Q4 +

Finally, we consider the diagram R| , in which the final-state rescattering occurs on the parton with momentum k rather
than the one with momentum (p — k). The amplitude is given by

=i a sa d4q elai
Fre =12 ce / @0 [(p—a) +idl(k—q)? +ic]

v(q)J(p — q)(27)6(qo (D26)

—u-q).

Comparison with (D13) confirms that they are related by k <> (p — k) [including the longitudinal momentum fraction
x <> (1 —x)] and by replacement of the color factor. This allows us to immediately write the final expression

Ric= an 196(z / qu)l —ig Xy o7 flujuz‘

( ) kz) (
s | zi +i
X {e <2¥E(1 —uj,) ’[l + ull 3 glc] —e 2x(1

v(g ) w(x.ky —xp, —(1—x)q.)J(E.p, —q.)

_xp)2 —)2 —p2
(k=xp)7 (p=4)] -r7

B ) 2R ) )Zi[l +u; - Quc]}
1 ’

(D27)

where ;- and Q; follow from Q;z and Q;; 5 under the substitution k <> (p — k) and x <> 1 — x.

APPENDIX E: IN-MEDIUM BRANCHING:
DOUBLE-BORN DIAGRAMS

1. Diagram D

We begin with the double-Born diagram D shown in
Fig. 9. As before, using the external potential expressed in
(2) and (9) gives

d*q, d* ) .
Rop = —leCg“tftf‘ / q)‘ " q)z i i it
T
2p-u;

X

[P? +i€ll(p — g1 — q2)* + i€]

2(p—q5) - u

S L . J _ _ 2 2
X (p—q2)* + ic vi(q1) U](Ch) (p—q1—q2) (27)
x 5(q) —u; - q1)5(q3 —u;-q). (E1)

where C%* is a generic color matrix depending on the
representation of the projectile partons and we have used
the constraints u; - g; = u; - g, = 0 imposed by the delta

— as the light-front wave function
+le

functions. Identifying pz

D k
?—cn—qu—qz p -
—_ 5 — - > — ——>——<\

a1

FIG. 9. Double-Born diagram denoted R, j, corresponding to
initial-state scattering followed by final-state branching.

w(x,k;, —xp,) from (38), we observe that R, can be
written in the suggestive form R,p = —iy(x,k; —
xp )M, (p) with the double-Born amplitude M,(p) given
by (C1). However, despite this simple relation, one cannot
jump directly to the final expression for R, j, because here the
kinematics are slightly different than for the jet broadening
diagram M, . In the case of jet broadening without branching,
p*> =0 is on-shell, whereas in the case with final-state
branching it is off-shell. In particular, this leads to different
values of p_ which propagate and affect the resulting poles of
the propagators (p — g») and (p — q; — ).

Proceeding, we multiply by the complex conjugate R, =
—w*(x,k, —xp,)J*(p) of (38) and perform the averaging
over the color states of the target to obtain

d'q, d'q
DOWXkJ__xPJ_|Z/ 1 :

R> pR};
< 2,D 0> 27[)4

x e te) 5 (p — gy = q,) J*(p)
[219 : Mi]z v;(q1) vi(g2)
[(p = q2)* +i€ll(p — q1 — q2)* + ie]
x 6(q) —u;-q1) 6(45 —u; - q2),

(27)?

(E2)

where setting j = i has simplified (p —¢q,) - u; = p - u;.
We have defined the overall color factor as

<C}Z)utf[7 Co> =Cpo)ij = (& C$>5ij (E3)

2Cr

The correction to the eikonal vertex computed in (B4)
gives
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d*q, d*
(RoypRy) = Cipoylw(x.ky —xp,) |2/d3 / D 492 iqi+q)

(2m)* (27)*
2E(1—u )] v(qy) v(q2) o, ULPy o .
[(p = q2)* + i€]l(p — q1 — q2)* + i€] [ (1- uZ)E] Ip—a1 =) 7" (p)

x (27)*8(q) —u-q,)5(q% —u - q5), (E4)

where we have also converted the discrete sum over scattering centers to a continuous integral. Note that the position
dependence of p, u, and v(q) is left implicit for brevity.

The pole analysis now proceeds as before. We start by computing the integral over g, , by residues, where the only poles
are given by the propagator

(p —q1— q2)2 +ie = _(1 - u%)(qlz + qd2; — Q;—ql—qz - i€)<qlz + q2; — Q;—ql—qz + l€)

The pole values Q}_q \—q, are the same as for the single-Born radiation diagrams D 1 but with total momentum transfer
q9=4q +q

2E u, (g1 +q21)
+ ~ 1- E5
P—41— 1+”z( 2E ’ (ESa)
0 u (i +q) 1 (k=xp)l (P-a—@)i -r1 (E5b)
P==4 — 1—u, 1 2x(1 —x)E 2FE ,
_ 2FE u, (g +91)

Z—fh—qz - QP“I]—ID = 1+u (1 - (1 —u )E ’ (ESC)

Z Z

Since the large pole gy, + q>, = Q)_, -4, ~ O(E) is parametrically large, its residue is highly suppressed and can be
neglected. Thus the unsuppressed contribution comes from closing the contour below the real axis, generating —27i 0(z)
and picking up q; +¢2; = Opg,—¢,'

(Raki) = =iCpa k.~ P [ dxpoe) [ LU EE i
0 : (2r)? (27)*

x e~ @it 1)x) [4E2(1 —u,)? -1 5 — 1 - ] v(q1) 02(512).
1—u? Qpgimg, = Qpgi-g,) (P — @2)" + i€
u,-p .
1o P g ) 1 (p) 2 5~ ). (E6)
(1—u,)E

Using the explicit form of the pole Q},_, _,, we can simplify the expressions for the Fourier phase, the source current
J(p = q1 — q»), and the explicit residue to obtain

| e e -
s\ s 2 3 dz‘]lj_ d4‘12 ! [241;);1{%) - (IZIE((liiujg) pL} 2z
<R2,DRO> =l C(D,O)|W(x’ kL - xpl)| d xp@(z) (2”)2 (2”)4 e

—i(q11+q21) >y e %Z |:2(1 _ MZ)E v(ql) U(qZ)

} JEp,—qi. —q,))(E.p1)

(P—q2)* +ie
o, uLpy ul-(q1l+q2l)_lu'(¢lu+‘12l)lﬂ 0_,.
20 ET T (-w)E (-u) Jog @08 —u a). (E)

The next step will be to evaluate the ¢, , integral by residues, including particularly the poles of g,, present in both
potentials v(q,) and v(q; ), where the pole in the latter is induced by the previous pole value g, , = Q,_, _,, — 4. These
expressions can become quite unwieldy very quickly, so let us note from the outset that we limit ourselves to the leading
corrections from the velocity at O() and from transverse gradients at O(x | - V, ) but not both at the same time. For our
present purposes in these double-Born radiation diagrams, we are interested primarily in the velocity corrections, so we will
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employ the assumption of transverse translational invariance (neglecting transverse gradients) in this section. This
significantly simplifies the (already complicated) expressions by allowing us to compute the d>x integration immediately,
obtaining (27)?%*(q,, +¢» ) and giving

L dqy i Z(I(f_)—ﬁl“)li—)i|z
(Ro.pRj) = =i Cip o)y (x. Ky —xm)lz/O dzp /(27:)4 e LI p L)
v(q1) v(q2) } { u,-pi } 0
X 12(l —u)E —————"—| |1 =2————| 27)6(q5 —u-q,). E8
201 up 29 g P (o) 5w ) (B8)
Writing ¢, = ¢, | = —q; | and writing the second pole integral as Zp, the expression is
L dzq . |: (k—xﬁ)i :| z u . p
Ry pRE) = —iC d—xp )P [ d L T JEp P x Tp|1 -2 5 | (E9
(Raoks) = =iCoa ik - o) [dep [ 5o e HEPIEX Ty 1-25 52 (1)
where for the explicit form of the Gyulassy-Wang potential (10) the pole integral is
d
Ip=2(1-u,)E /&70(%) Uz(%).
' 27 (p = q2)* +ie
__Z(I—uZ)Eg4 /% 1
(1 - u%)B 2r [q2z - Q;—qz - l€] [(’hz - Q[_J—qz + 16] [Q2z - ,P-ﬂ [qZZ - P_]
1
X , E10
02~ P ~Olla—P -0 (F10)
where Q,f_qz are defined analogously to (D4) and (ES), Q) is similarly defined with ¢ = 0, that is,
Pl —u, 2x(1 =x)E’
and the poles P* associated with the potential were first defined in (C6b):
Pj: = uZ(ul : qL)zj: lR (ElZ)
1 —u;
with finite imaginary part R first defined in (C7):
R*=(1-u)(ql + )~ (uy-q1)*>0. (E13)

The integral Z, is calculable but unwieldy, so before we present the result, let us add the complex conjugate term to (E9)
and simplify the structure of the result:

# ) [t 2 U, -pL
(RopRG) +c.c. = Cipo)lw(x.k, —xp )| dzp|J(E,pL)|* |1 =2 ————
0 (1 - MZ)E
dzq . i [ X (i:)C]y)f;M ] Z
y / G e T T, e

L u,-p,
=2C N T 2 dzp|J(E, 21— L+ FPL
(D,0)|l//(x L=xp1)| /o zp|J(E.p.)| [ (1 uZ)E]

x/dz‘“ [sin( (k= xp)] z) ,ReID+cos< (k—xp)i z) ImID]. (E14)

(27)? 2x(1 =x)E(1 —u,) 2x(1 =x)E(1 —u,)

Although 7, has both real and imaginary parts at O(1) and O(%) in eikonal power counting, not all of these terms will
contribute to the final answer. At the leading order (eikonal approximation) the expressions are
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u .
ReZp, = — 2L [u(g})

x 20wy -q1)* =301 —uz)(q] +#*))
1
+o<E) ,
I

7, = -3 o()P +0(5).

(E15a)

- (E15b)

Clearly the eikonal real part ReZp,, which is an odd
function of g, integrates to zero after angular averaging
and does not contribute to the final answer. At first
subeikonal accuracy O(3), both ReZ, and ImZ , contain
nonvanishing corrections due to the velocity. The real part,
in particular, generates qualitatively new phase structures
proportional to sin¢ in the LPM interference pattern, as
clearly seen in (E14). Propagating these new sin ¢ phase
structures significantly increases the length and complexity
of the final answer, so we defer these new terms for future
analysis.

Instead, we will tune the parametric regime of interest to
allow us to neglect them. We previously noted that while
genuine subeikonal terms of O(f) are generally small, the
LPM phases receive an enhancement because the separa-
tion z between scattering centers can be large, z ~ O(L) if
the opacity is not too large. In this case the LPM phases

|

L
(RypRy) +c.c. = Cipoylw(x. ke — XI’L)PL dzp|J(E.p.)? [1 -2

¢~ (’)(%) are much larger than the genuine subeikonal
corrections. To allow us to justify neglecting the
sin¢ ReZ,, terms at present, we consider the parameteric
regime

12 13z 1 127\"
ﬁ«E—;«E« (TZ> <1 (E16)

and drop corrections of (’)(%) or smaller. In this regime,

we would keep the full sin (%) phase structure multiplying
the eikonal part of ReZ,, written in (E15); however, this
term integrates to zero and does not contribute. We will
drop, however, the sin(%) phase multiplying the O(%)
subeikonal part of ReZ, because the combination of the
sine and the subeikonal suppression factor is beyond the
working accuracy. In contrast, for the cosine phase struc-
ture multiplying ImZ,, we must keep the full phase
structure together with the leading eikonal part written
in (E15), and at this accuracy we may either keep the phase
structure or set cos¢ =~ 1 in conjunction with the O(%)
subeikonal correction to ImZ,.

Within this approximation we need not explicitly con-
sider the subeikonal correction to Re Z,, and because the
eikonal part vanishes after angular averaging, we can
neglect Re 7, entirely. Thus we write

X /EIZZTq)lZ 2 cos <2x(

with

|
ImZ, = —E[U(Qi)P - il

Angular averaging again significantly simplifies the answer, allowing us to replace

1

ImZp, = == [0(q}) ~ T (o)

(1 —u,)E

for the specific form of the Gyulassy-Wang potential. Substituting this result back into (E17) gives

L
(Ro.pRj) +c.c. = —=Cop )y (. kL — xpL)IZA dzp |J(E.pL) {1 -2

<[ f;j; () eos (5

u,-p. ]
(1—u,)E
)T ®17)
M [1}( 2 )]2 (k - XP)J_ +;étl__xii‘;ip(f '_qu_)) —q1tH ) _ (EIS)
1 u,-p. qi 06
i GOl (e 5(5&)8&) (E19)
u, -pi
1- uZ)E}
(k—xp)? _u,-py 7t 05
1-x)E(l—u,) Z) (1 (1-u)E 5(q7) GQi>' (E20)

Simplifying the result by converting [v(g3 )]* into the elastic scattering cross section (g7 ), multiplying by the final-state
phase space factors, and combining the correction factors we obtain
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dN") 1 Cipo) L dN©)
AN\ ek, —xp )P [ dzp (B2
( dzkdxdzpdE>D S a(—x) ¢ Wk XPL)’A Zp( dZPLdE>

(k—xp)i

_ u,-p,
xcos <2x<1 —OE(1 - uf) / #a.(q1) [l U —u)E (I-u)E a(¢2)0d)

u, -p, qi 06

(E21)

Recognizing the velocity corrections as the same factor u, - T'pg(q, ) for the double-Born broadening diagram M, from

(13b), we see that (E21) can be compactly summarized as

0 L dN©)
S ek —ap) P A dzp (E—

g ANV B 1 ¢
< d*k dx d*p dE)D T 20273 x(1—x)
(k—xp)}

dsz_ dE

X COS (2x(1—x)E(1—uz)Z)/dzcﬁ&(qi)[Li_quDB(ql)]

1 C(D,O)

(k—xp)}

dN©
. R NN 2
ly(x, k. —xp)|*cos <2x(1 —x)E(1—u,) Z) ( d’p, dE)DB (22

22z x(1-x) C

Equation (E22) should be compared with the vacuumlike
production of jets in Eq. (39), which are unmodified by the
medium. For the particularly simple case of the double-
Born scattering followed by final-state branching shown in
Fig. 9, we see that the phase space distribution cleanly
factorizes into a product involving the similarly broadened
jet distribution (C19), followed by final-state branching as
in vacuum (39). This is the manifestation at the level of the
final distribution of the simple factorization R, =
—iy(x,k, —xp, ) M,(p) at the amplitude level noted
previously. However, as anticipated, the final distribution
(E22) is not solely a product of the broadening and
vacuumlike branching factors; there is an essential addi-
tional feature generated by the interplay of these two

ingredients. This is the LPM phase cos (#I%_u) 2)

which is fundamental to radiative energy loss due to

E koo
p—a—a -~
@_ T~ p-k-a p—k
p—hk-—q—a y---g - -
il a2

stimulated emission in the medium. As the calculation
above shows, this structure is preserved under the influence
of velocity corrections at first subeikonal accuracy. It is also
important to emphasize the emergence of modified LPM

. . k—xp)?
phase structures sensitive to sin (%z

seen in (E17), which can couple to the velocity in new and
interesting ways. While we do not explore in full detail
these structures here, we note that they do emerge in the
general answer and will qualitatively change the LPM
interference pattern.

) as well, as

2. Diagrams E and F

Next we consider the double-Born diagram shown in
Fig. 10. The starting point for the amplitude is

q1 q2

FIG. 10. Left: double-Born diagram denoted R, g corresponding to initial-state branching followed by final-state scattering on one of
the daughter partons. Right: diagram denoted R, r with scattering on the other daughter parton is obtained by the substitution k <>

(p — k) from R, f.
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: ba +b sa d4Q1 d4q2 iq1x; ,iqrx;
Ry p = —ik E Cy 11 22 () el ¢! p,(qy ) Uj(Qz) J(p—aq1—q)
ij

% 2(p—k)- ”j] 2(p—k—q5) - u;]
[(p—k—q2)* +iell(p —k—q1 — q2)* + iel[(p — g1 — q2)* + i€]
X (2”)25(61(1) —u;-q) 5(q(2) —Uuj “q). (E23)

Multiplying by the vacuum splitting amplitude R = —y*(x,k; —xp,)J*(p) and performing the color averaging, we
obtain

(Ry.gRG) = i2C g oy (x, k. — xp ) / &3 xp/ é:)z é;])i 0+ I (p— g1 — g2) J* ()
X 2(p — k) - u]? , ”
(p—k—q)? +iel(p—k—q,—q)* +i€][(p — q1 — q2)* + i€] (q1) v(q2)
X (2”)25(‘1(1) -u-q) 5(613 —u-q), (E24)

where we have converted the discrete summation into a continuous integral over the density and left the x dependence of
quantities such as p and u implicit. Evaluating the correction to the eikonal vertex (B4) gives

) d'q) d'q, .
(Ry,gRy) = iAC g o™ (x. k| —xp,) / dxp / (2”)]4ﬁe’<q'+‘h)xf(p —q1—q2)J*(p)

2(1 —u,)(1 - x)EP

) (p—k—q))*+iel[(p—k—q —q)* + i€l[(p — q1 — q2)* + i€] v(q1) v(q2)
x |1 —2%} (27)%5(qY —u-q,)6(q5 —u - q,). (E25)

Now we proceed to perform the dq, , integral by residues of the poles of the propagators

[(p—k—a1—q)* +iell(p — a1 = q2)* + ie]
= (1 - u%)z(chz + q2; — Q;Jr—ql—qz - ie)(qlz + qd2; — Q;—ql—qz + lé‘)
X (QIZ t 42— Q;—k—ql—qz - ie)(‘]lz +t 42, = Q;_k_q]_qz + i€) (E26)

with Qg_QI_qZ given by Egs. (ES) from diagram R, , and

20-x)E u, - (q11+921)
. B B , E27
p—k—q1—q> 1+ u, 1+ u, ( a)
_ L@ te) (Pok—ai—g)l - (p=k] (E27b)
P—k=q1—q> 1-— u, 2(1 - ”z)(l - X)E '

As before we neglect the highly suppressed contributions from Q which necessitates closing the contour below the real
axis, generating a factor of —27i6(z) and picking up the residues at Q7,_, _,., p—k—gq,~q,- Unlike for the amplitude R, p,
this produces a sum of two terms from the two enclosed poles of the propagators:
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* * qu d4C] —i X *
(Ry.eRG) = AC (g oy (X,kL—XPL)/d3XP9(Z) / (2”1;@@ @+ @)% J*(p)

[2(1—uz)(1—x)E]2U L u(p—ky) I
o —k—q i " {1 T —w)(i- x)E] (2m)0(gz ~u- )
X €S- e—i(@i+a2.)z v(q1) J(P— a1 — q2)
{R (Go-n-e:) < [(p—k=q1—q)* +iell(p—aq1 = q2)* + i€]>
_ e—i(qlﬁ»qzz)z U(Ql) J(p —q1 — QZ)
TR ( [(p—k=q1~q)* +iell(p— a1 = q2)* + id) } (E28)

While the two residues are in general quite different, we note that the leading part of the two small poles are equal:
Op—gi-00 = Qpi—g,—g, T (9(%) Thus when either pole value O~ is combined with a large scale of O(E), the two small

poles can be considered equal with a relative accuracy of (’)(f) Working at this accuracy allows us to simplify and combine
several parts of the two residues:

Resg,, /(P =d1 =) = Reso- J(p=q1~q)
u (g1 +921)10J

=JEPpL—qi1—¢1)|1 - T—a J9E| (E29a)
Z
R 1
es(o- - -
G [(p— k= g1 — g2)* + iel[(p — 41 — 02)° + ie]
R 1
~ — Res
Crsain) [(p—k—q1—q:)* +i€l[(p — g1 — q2)* + ie]
1 1
= . E29b
(1 - ”%)2 [Q;—fh—(h - Q;—‘h—‘hHQ;—k—ql—qz - Q;—Ih—fh“Ql_’—ﬂh—‘h - ;—k—ql—qz] ( )

Note the minus sign in the second line of (E29b) arising from substituting one pole into the other. The different pole values

of ¢, . + g entering the LPM phases e~(91:7%::)2 and the potential v(g, ) are not compared with a large scale of O(E) and
thus remain distinct, giving

dzﬂlu d4612

(2”)2 (2”)4 e_i(lIqulIu)'xL

(Ro.sR3) = Aoy (v, ks —3p.) / P po(2)

o v(q2) -2 u-(pr—ki) ui-(q+q21)10]
(p—k—q,)*+ie (1 —u,)(1=x)E 1 —u, JOE
_i”L'(q]L+q2L)Z N 0
xXe S CJ(EpL— i —q21) J(E.pL) 27) 6(q) —u - q5)
4(1 —x)2E? 1
(1 + ”z)2 [ ;_QI_QZ - Q;_‘II_QZ][ ;—k—ql—qz - Q;—ql—qz][Q;—qu—qz - ;—k—ql—qz]
i( (k—xp)f_ (P—ﬂl—qz)i—Pi)Z
X {e 2{1-x)E(l-x) 217z V/U(qu_; di1; = —Yq2; + Q;—ql—qz)
_i((n—k—ql—@)i—(ﬁ—k)i)z
—e ) v(q113 g1z = —qa; + Q;—k—ql—qz)}' (E30)

Inserting the explicit form of the difference between the large poles Q" and small poles Q™ with a relative accuracy of (9(%)
simplifies the expression somewhat:
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4 .
{lq;‘ (d 61)24 e~ i@+ )xy 7 - (qllfutqz_l)z
2r)” (2@

(Ry pRp) = AC(E,O)V/*(kaJ_ —xpy) / d3xp¢9(z)/

v(qy) (1-x)
(p—k—qp)* +ie N
y {1_2 u,-(p.—k,) u¢'(¢11L+¢12¢)18J+ul-(qu—l-qu) u, - (g1 +q1)
(

JE.pL—qi1 —q21)I (E.p1)(27)8(q) —u - q»)

T—w)(=0F  T-w JOE (l-w)E " (I-w)(I-0F
i ( s ("_“"“Z)i‘Pzi) z
% {e B e v(qlJ_;qlz = =42 + Q;—QI_qz)

» <<p—k—q1 ~022 (-0}
2E(1-uz)
—e

Zz
) v(q113q1: = —q2. + Q;_k_q,_qz)}- (E31)

To proceed, we further simplify the expression by neglecting transverse gradients to perform the transverse coordinate
averaging; the d’x integral generates a delta function setting ¢, | = —¢q, |, giving

L d4q
(R, gR) :)“C(E,O)‘/’*(x’kl —XPL)/) dzp / (Zﬂ)24 |J(E’Pl>|2

v(q2) (1-x) {1 5 (uJ_ “(pL—k1)

k-l e 0, -0, 1—uz><1—x>E] (2x)0(g ~u-q2)

Y
(k=xp)2

X {U(‘Iu =—q21:q1, = —qa, + Q) €T

—0(qiL =15 91:=—q2. + Q;_k)}- (E32)

After setting ¢, | + ¢, = 0, we have O}, given already by (E11), whereas O, ™ (’)(é—:) can be neglected entirely at this
accuracy. Together, this allows us to write the difference from the small poles in terms of the light-front wave function
through 2/(Q; — Q) ~2i(1 —u;)Ew(x,k . — xp ). Moreover, we can use the fact that v(q) = v(g*> — (u-q)?) is an

even function of the three-vector g [see Eq. (10)] to simplify the arguments of the potential in braces. These simplifications
allow us to write

(Ro.sR3) = iy lw(x. e —xp. ) / “dzp / é L Ep. )P (2) 8}~ a2)
Xz(l—”z)(l—x)E _u(p—ky)
(p—k—qo) +ic [l 2(1—uz><1—x>E}

—xp)2
(k=xp?2

x {0(g215 422 = 0p) 0(a2) =TT — [u(qo) |

| : u (p,— k)
_ _ 2 2 o LWL TR
= iCeolvixk—p.) A dep(EpL)| {1 2(1—uz)(1—x)E]

d2 -ﬂ

where we have written the remaining pole integrals as

d ; -,
Ig) Ez(l—l/lz)(l—x)E/ qu v(qu qZZ sz)U(QZ)
2r (p—k—q) +ie
=2(1 = )(1 —x)E/dqQZ 1
(1 - u§)3 2r (QZZ - Q;—k—qz - i€) (QZZ - ;—k—qz + i€)
1 1

G PN =P ) (qr. =P — 0) (@ —P —03) (E34a)
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A 2
I(E2) = 2(1 - uz)(l _X)E/dgj-z (p —l[ciqqi])z + ie

_—2(1 —uz)(l—x)E/dQZZ 1 1 2
(1—uz)’ 278 (G2: = Opieg, — 1€)(q2: = Qpyy, T i€) [(q2: = P*)(q2: = P7)]

(E34b)

with P* defined as in (E12).
Similar to the what we did for diagram R, ,, we consider only the parts of the integrals 7  which contribute after adding
the complex conjugate amplitude in the limit (E16). We have

L u, - _k
<R2,ER8>+C'C'_C(E.O)h//(kaj__xPJ_)lz[) deJ(Eva_)|2|:1_2 L. L)]

(I —u,)(1=x)E
szZL 1y .. (k- xp)2
</ 2r)? {‘ZRGIEl <2x<1 IR - uf)

(1 (k—xp)i @)
—2Im7 2ImZ;’|, E35
mZ, COS(2x(1—x)E(1—uZ)Z +2Im7Z, (E35)

and working in the limit (E16), we see that we only need to evaluate Re Z g) to O(1) but need to keep ImZ <El) and Im7Z g) to
O(%). The relevant integrals are

ReIg) _ —94("¢ “q>1) [3R2 + (uy "Iu)z] + O<J_> ’

4R (g1 +u)? E
m7 — g g' (L -q21)  =2x(p—k=q2)] +2x(p = k)] +x(q] +4*) = (k=xp)]
MLe = =507 222 21 = 1 —0E 2 2)3 ’
(g7 +w*)? 2(1 —u)x(1 - x) (43, +u)
m7® g g’ -grs) 2p—k=q)I +2(p -k + 45, +4 E36
MLy = =57 2.2 201 1 3 3 ; (E36a)
2(q1 +w7)* 2(1—u)(1-x)E (43, +u)

and we can further simplify the expressions by utilizing angular averaging over the d*q, | integral. Doing so gives

1
ReZl) -0+ O(E) :

1
7! =7 - - (@3 P (1-

u, - (I’L _kJ_) LI%J_ g ) (E37a)

1—u)1-0)E & 0q3,

where, after angular averaging, the imaginary parts of the two integrals are equal.
Substituting this expression back into (E35), we obtain

. L u - (p—ky)
(Ry g Ry) +c.c. = Cipglw (ke —XPJ_)|ZA dzp|J(E.pL)? {1 s =0E

[ ekl ()~ | (o ) =

and inserting the relevant phase space factors, we obtain the corresponding phase space distribution
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dN'©) 1 Cie0) L dN©)
E T )~ : e —xp )P [ dzp(E
( dedxdzpdE>E A=) ¢ Wrki—w) A Zp( dedE>

X [1 — cos <2x(](l_€;))g()ii_ uz)zﬂ /dZQL a(q7)
X|:1—2 uy-(p—ky) u-(pL—ki) ﬁ‘%]
1-—u)1-x)E (1-u)(l-x)E & 0g%]"

(E39)

Recognizing the velocity correction factor in brackets as possessing the same form as I'p from (13b), but for scattering on
the parton with momentum p —k instead [that is, having energy E — (1 —x)E and transverse momentum
p1 — (p. —k,)], we define

(p=k) _ -2(p, —k,) (p.—ky) qzl 05
Lpp T (-w)(1-x)E (1-w)(1-x)E&(q2)0g " (E40)

to write the final answer as

dN") 1 Cieo) L dN©)
E ) —_ Dk, —ap )2 [ dep (BN
( d2kdxd2pdE>E A=y ¢ Wk x””'/) Z”( d2pdE>

<1 (g )| et v ma

The structure of (E41) is intuitively easy to understand. We see that the LPM phase structure 1 — cos(¢) is unmodified from
the static case,’ that the double-Born contribution enters with a relative minus sign reflecting the depletion of jets with
center-of-mass transverse momentum p |, and that the velocity corrections enter in the standard form (E40) associated with
double-Born scattering on the associated parton.

From Eq. (E41) we can immediately obtain the counterpart diagram R, » with final-state double-Born scattering on the
parton with momentum k by interchanging x <> (1 —x), k; <> (p. —k,), and C(g) <> C) to obtain

dNM 1 C(FO) L dN©)
E ) —_ Dk, —ap 2 [ dep (BN
( dzkdxcﬂpdE)F 22—y ¢ k=)l A Z”( dzpdE>

X [1 — cos <2x(1(f ;)2181_ ) z)} /dqu () +uy - I‘g‘l);] (E42)

with the associated velocity correction

F(k) _ —2kJ_ _ kJ_ qi 65’
PP (I —uxE (1 —u)xE6(q%) 0qt

(E43)

3. Diagram G

Next we continue with the final-state scattering diagram G shown in Fig. 11 with a single double-Born interaction
coupling both of the daughter partons. The amplitude is given by

: ba +b sa d4ql d4qz iqy-X; ,igyx;
Ry = —MZCG 11 20 ) el vi(qy) vi(q2) J(p — g1 — q2)
ij

) k- wl2(p~8) - )
[(p =k =q2)* +iel[(k—q1)* +i€] [(p — q1 = 2)* + i€]
x (2m)*8(q) —u; - q1) 5(q5 —u; - q5). (E44)

At least in the limit (E16) where the sin ¢ terms are negligible.
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G ko _
@p—Q1—QQ ’k_qig -7
p:l:az ~~:k\\
il a2

FIG. 11. Double-Born diagram denoted R, ; corresponding to initial-state branching followed by final-state scattering on both of the
daughter partons.

Multiplying by the vacuum splitting amplitude Rj; = —y*(x,k, — xp, )J*(p) and performing the color averaging as before,
we obtain

d*q, d* .
<RZGRO> MCGO “(xk —xpy /d3 / ql e el(q‘+q2)'xv(%)”(42)

(27)*
) ety s
((p—k—qaF T icl (U~ ) T iel[(p — g1 — g2+ ie] 7~ 7 2P
x (27)*6(q} —u - q1)8(q5 —u - q2). (E45)

and evaluating the correction to the eikonal vertex (B3) gives

(RogRG) = i2Cgoy W (x, by —xp /d3 /é% & q; 1) p(q) v(g,)
2(1 = u)xE][2(1 — u;)(1 — x)E]
[(p =k —q2)* +iel [(k—q1)* +ie] [(p — q1 — 2)* + ie]

uy ko u,-(p—k,) )
B e e | GO R AL ) (E46)

J(p—q1—492) I (p)

X

Next we collect the poles of g,

[(k—q1)* +iell(p — g1 — q2)* +ie] = (1 —uz)*[q1. — O, —iellqi. — Q;_,, + ie]
X [Cllz +Gr;— Q;er—q.—qz - ie] [QIZ + G2, — Q;—ql—qz + ie]

with

2xE uJ_‘qll
1+u I+ u,

(O : (E47a)

0- :quu+(k—611)2¢—k2¢
k= ] —u, 2(1 —u)xE

(E47b)

defined analogously to (E27) and Qlﬂf_q \—q, given in (ES). Keeping only the unsuppressed contributions O, we close the
contour below and obtain
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d*q,, d*q, _.
R, R} =C Ay*(x, k| — Bxp0 IL % 92 —i(qii+g20)xy
(Ry6Ry) = Cigo) Aw™ (x, kL XIM)/ xXp (Z)/ 20 (20)° e

o 4(1 —u,)?x(1 — x)E?

uJ_-kJ_

u - (p—ki)

(p —k—q2)2 T ie v(q2) J*(p) |:1 -

1—u)xE (1—u)(1 -x)E

] (27)8(¢5 —u - qo)

JOE

X (RCSQZ_qI + Res_qzz+Q;_ql_qz) ([(k — qlfz(j_l lej]([lgp__(]lql__qzq)z)z T ie] =itz ) (E48)
The two residues are
R, (=g H i e )
1 U(Q%L) o4z e_i"‘{({‘l;z_i [%} ‘
T (=0, — 0L 42: = Opmgrg + Oiyy = i€ll02: = Qpgygy + O]
XJ<E—%—"¢ G2 —U G2 P — 11 —qal s E‘%‘Qu)
o {1 LA AT (k—q)i -k v } , (E49a)
(I—u)xE  w(qi,)  Oqi,
Retntro (g il a7 )
i e
N (1—u2)? (Qp-a1-0o = @r-a1-0) 422 = @pg-qp + Qk+—q. +i€llgr; = Qp—gy—q, + Ql:“]l]
X [1 - wlg (g1 — G2+ Qpg-g)) JE.PL —q11 —q21). (E49b)

1 —u,

Next we must consider the poles associated with the g, ,
integral. On the face of it, the calculation appears to be quite
challenging: for each of the two residues (E49) arising from
the g, , integral, there are several potential poles of g, .. In
addition to the two poles of the propagator (p — k — ¢,)?
and the potential v(g,), the term Rest-ﬂll contains two

explicit poles, and the term Res_qZZJrQI-)_ql_‘72 contains two

more explicit poles plus two induced poles from the
potential v(q, | ; — ¢», + Q4 ,—,,)- However, in practice,
the situation is not so bad.

First we note that as usual, the poles corresponding to
the large scales QT ~ O(E) are highly suppressed and
need not be considered. Second, we observe that residue
of the pole ¢, = @}, 4, — Q}_,,» Which is common to
both terms in (E49), cancels exactly between the two
terms. Finally, we note that the first term ResQ;_ql is not a

contact term: it retains the Fourier factor dictating the
direction of closure of the contour; as such, the poles
arising from the potential which have finite imaginary

parts lead to exponentially decaying functions of z and can
be neglected.

After taking into account these considerations, we find
that in the term ReSQ,;,“ , only the single residue of the pole

g, = Q;_k_ " contributes. In this term, we must close the

q, , contour below the real axis because of the presence of
the Fourier factor e~/%2:* and the constraint §(z). On the
other hand, the contact term Res_%zﬂg;_ql_q2 may have its

integration contour closed either above or below the real
axis; we choose to close it below. In doing so, we collect the
three residues g, ; = Q,_,_, as well as the poles g, , = P~
and g,, = Q;,_, 4, + P~ from the potentials, since in this
contact term they do not lead to decaying exponentials. As
a result, we only need to consider a single residue coming
from the Rest:q1 term and the sum of three residues from

the Res_, +05y,,, ETM
If we first neglect transverse gradients and perform the
d’x integral to set q; | +¢,, = 0, then the above dis-

cussion becomes compact enough to write as follows:

094044-49



SADOFYEYV, SIEVERT, and VITEV PHYS. REV. D 104, 094044 (2021)

L 2 _2Ex(1 —x . . —
(RyGR) = C(G.O)’h//*(x?kl —XPL)A dzp /Cézj]:); J*(p) { 2115 _f_luz )} {1 - (1u_L ,:);E_ (;ll_ u(f))J(_l _k;))E}

2 . . k P-kk d 0
8 {v(qu) [1 _ui g uy gy (bt QZZJ_ 1 ;’ } I 4 ¢mi0i J(E’pl)zé?} (E50)
X (I—u)xk  (1-u)xE  v(q3,) dq; ;.
with
MLy g — Uiy
7 _ /quZ o (it v(42) JE+TEE — ) qa) — o, P, BT~ 000) (ES1a)
¢ 27 (p—k=q:)* +ie g2, = Qp + Qpyy, +i€llar, — O + Oy, —i€]
d ; -y
70— / 4. vg) _ V@i9:70Q) (ES1b)
2r (p —k- ‘h) + 1€ [QZZ - QP + Qk+q2 + l(—,'][qu - QP + Qk-HIz + l€]

In arriving at (E50) from (E48), we have used the residues (E49) of the ¢, , integral, substituted explicitly the results for the
pole values Oy — Q,‘f_ql and Q,_, _,, — Q)—4,—q,- We have also used parity symmetry to write v(—¢q, | ; —q>, + Q) =
v(q21 3 g2, — Q}) in (E51b).

As discussed above, while the integrals 7 g )T (02 Jin (E51) contain many possible poles, in the end only one pole of 7 g )

(2)

and three poles of Z;’ will contribute. Keeping just the surviving residue ¢,, = of I(Gl) gives

P—k—q,

_i(Q;+ +‘/2:>Z J(E_M_u q _uq ’p _q _q ’E_M_q7)
Ig) e iResy. {e © v(qs) 1= 1921 422> P1 1L—4q21 1= 2z } (Es2)

ke (p —k— 6]2)2 +ie [QZZ - Q; + Q]:+q2 + i€] [q2z - Q]J?r + Q;+q2 - i€]
All of these factors can be straightforwardly evaluated, although we will need to keep the energy denominator Q;_ kegy ~
0, + Oy, to an overall accuracy of O(é—;) to obtain all of the relative O(3) corrections:
- 010 - (k—xp+ @) (ui-q)[(1-x)*(k+g2)1 —x*(p—k—g1)1]
pok=qx =P T EkGR oy (1 —x)(1 —u,)E 2x%(1 = x)%(1 — u,)?E?
__(k=xp+qp)] [1 _wedy (=Pt @)i - k-] g
2(1=x)(1—u)E | x(1=x)(1 —u)E (k=xp+ )1 '
Including the prefactors which multiply Z g), the result is
p 2Ex(1-x)].4 [ ]
~v(q3 ) {7} Ty =y k —xpy +qpi)e LT 1 u(gd )P I(Ep))
X 1 +u,
ui-qr. uy g (P—k-g@)i-(p-k3i 1 dv
x |1+ 5 3
(I-u)(1=-x)E  1-u, (I1-x)E v(g3.)dqz
+ u, 41 (1_x>2(k+q2)%__xz(pz_k_Q2)i:|‘ (E54)
x(1=x)(1 —u)E (k=xp+q2)1
Similarly, keeping the three relevant residues ¢,, = Q, 4, . P~ P~ + Q,, of T, g)
Ig) - —i (ResQ;f,le + Resp- + Resp-9-)
» { - 0(612)71_(4u,_612z _.Qp) _ . : } (ES5)
[(P — k- (’IZ) + l€] [QZZ - Qp - Qk+q2 + l€] [QZZ - Qp + Qk+q2 + 16]

and keeping only the imaginary part ImZ (Gg ) which leads to cosines rather than sines of the LPM phases, we obtain
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—2Ex(1 —x)]. 2 Ui qr
A [Tuz} imZE - y(nk, —apy +qr0) [0(3 )P |1 - (= u)E
4 1921 u, q> (1_x)z(k‘i‘éh)i—xz(l’—k—%)i
(I—u)(I=x)E  x(1-x)(1-u)E (k—xp+ )7
L wws  dpk—g)=x(p- K- (1 -x)k+ @)t + (1 -0k (E56)
x(I=x)(1 —u,)E (g5 ,) g3 |
Inserting these results back into (E50) we find
JZQZL 2 2 ¥
(Ro.6R;) = CG0) dZ [o(q3 )PP J(Ep)Pw(xky —xpy +qo 1 )w*(x. k) —xp,)
. ~xp)] (k=xp+q2)2 ~(k=xp)3
% (e’[m}z _ e"[W}Z) I (ki +4>1)
(1 —u,)xE
_uy - (pL—ki—q.) uiqry  (1-xP(k+g)i —¥(p—k-q)]
(I-u)=-x)E  x(1-x)(1-u)E (k=xp+q2)3
n 19 x(p—k=—q)1 —x(p=k)I =(1=x)(k+¢2)] + (1 —x)k] v (E57)
x(1=x)(1 - u)E v(q5,) g5 1|

Adding the complex conjugate and the appropriate phase space factors, we obtain

E dNM ., P
( JlkdXéﬂpLdE>G_2(2n) (1-x) / Zp/ 4215(43,)
dN©

Zp dE_> [1+u, -Tg]

<[ G =) o (™)) e

xy(x,k, —xp )y (x,k, —xp, +¢>1) <E

with

I =_ ki +a.  pi—ki—q.
T (I—u)xE (1-u)(1-x)E

o @ p—kmgR—x(p K- (-0t gl 4 (-0 o
S =n)(1—u)E (B ) o,
q>1 (1=x)(k+g2)3 = x*(p—k—q2)7
=01 —u)E —xp T 0 (E9)

Moreover, if we identify the first correction factor from diagrams R; 3 and R; - from (D24) and (D27) we see that I'; is
similar to the sum of Q; 5 and Q; . This provides an intuitive relation between the velocity corrections to the double-Born
diagram G and two single-Born corrections of the type seen in diagrams B and C associated with each of the two final-state
partons. However, the similarity is not complete and one cannot express I'; through other leading corrections in a
simple way.

4. Diagrams H and [

Finally, we consider the two last double-Born diagrams shown in Fig. 12. These diagrams normally do not contribute in
the eikonal limit, because the double scattering is essentially instantaneous, leaving no time in between the two scatterings
for the branching to occur. However, at subeikonal accuracy, where the energy is large but finite, these contributions cannot
be automatically neglected, and they should begin to contribute at some subeikonal order. Therefore, we consider these
diagrams here to examine whether they contribute at the O(%) accuracy at which the velocity corrections enter.
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H
P—q¢i—q@ p—q _ -7 P—q1—q p—q 12 -

R N

p—

FIG. 12. Double-Born diagrams denoted R, y , R, ; in which the branching occurs between the double scattering.

The amplitude corresponding to diagram H reads

e [ A0 gy
Ryp = ZJZCZ fﬁ’t,/ 1 (27[)2 el e v;(qy) vi(q2) J (P — 1 — 42)

(27
2(p —k)- ] 2(p = q2) - u;]
(P —a2)? +icl[(p— k= 2 + i€][(p — q1 — 42)” + id]
x (27)25(q) —u; - q1) 8(q) — u;-q). (E60)

X

We again multiply by Ry = —y*(x,k, —xp, )J*(p) and perform the color averaging, obtaining

d* 41 d4f12

207 ¢ a+a)> J(p — g, — q,) J*(p)
(2n)*

(Ry.uRy) = idC opy™ (x, kL—XPl)/prP/

x 2(p—k)- ][2p-u] o
(p— )2 +icl[(p—k—q)*+i€l[(p — q1 — q2)* + i€] (q1) v(q2)

x (27)25(qY —u-q,)8(q5 —u - qy). (E61)

The correction to the eikonal vertex can be simplified and the full expression reads

d‘q, d'q o .
(RyuRy) = iAC oy (x, kJ__pr_)/dS / ! 2ﬂ)2 el ta)x J(p — g, — q5) J*(p)

y 2(1 = u)(1 - %) ][2(1—uZ>E] o
(p—q)?+iel[(p—k—q))*+i€l[(p — q1 — 2)* + i€] (q1) v(q2)

d’i'ugh—_kifg N0 L_'LZYE] (27)°5(4) —u - 41)6(q3 —u - 42). (E62)

1 -

The residues of the poles in g, , are Q% p—q1—q, given by Egs. (ES). We close the contour below the real axis, generating a
factor of —27i6(z) and picking up the smgle residue at Q),_, _,, — g, as in the case of R, . Then,

d*q . d*qy o :
<R2,HR6> = ),C(H’O)l//*(x, kL - Xpl) / d3xp9(z) / (2”1;2' (2”)24 e Q”"/l"IZZe_’(qILJVqZL)'xL

4(1 - x)(l - uz)E2 U(_qZZ + Q;—ql—qzvqll) v(Q2)
(14 u)(Qp-gy-g, = Qp-g1-0:) [(P = @2) + i€][(p — k = q2)* + i€]
u,-(pr—ki) wi-p wi-(qit+qr1)0)

(I—u)(1=-x)E (1-u,)E 1 —u, OE
J(E.pL—q1.—q21) T (E.pL) (2”)5( —u-q), (E63)
and, averaging over the transverse directions and setting ¢, = ¢, | = —¢; |, we obtain
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(k=xp)?

L d4q iL)i
(o) = ACqpa (e —sp) [ dzp [ Gy E PP

x2(1=x)(1=u,)E

(g2, = 0y q21) v(q2)

u - (pL—ki)

[(p = q2)* +ie][(p — k= q2)* + ie]
u,p,

x {1 T —u)(1—x)E

Isolating the g,, dependence, we have

(1 —u,)E

] (20)5(d — - ). (E64)
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where
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(g2, — Q5. q2.1)0(q2)

Ty=2(1-x)(1 —uZ)E/dqZ

22 [(p = q2)* + i€l[(p — k= q2)* + ie]

1

_ 2(1 - x)(l B ”z)Eg4 qu
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X
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[qZZ - Q;J_—k—qz - i€] [qZZ - Q;—k—qz + i€] [QZZ -Pr - QI_JH(’IZZ -P - QI_J] .

After evaluating the integral, we find

u, -q, [U(qzl)}z

(E66)

ImIH -

ReIH = O(%) .

(1 - uz>E Qi +ﬂ2

J_Z
0(?) ’

(E67)

Clearly the imaginary part integrates to zero after angular averaging, and the real part leads to terms of order

Lgin . (k=xp)l L3

SNSRI £ ™ =2°* which we neglect (remembering the factor of / included in the wave function).

Thus we see that even at O(%) subeikonal accuracy, diagram H still does not contribute. From the diagram H we can also
obtain the contribution of the diagram / by substituting x <> (1 — x) and k <> (p — k) into the diagram H, and replacing the

color factor. Both contributions are accordingly zero.
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