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We calculate the leading corrections to jet momentum broadening and medium-induced branching that
arise from the velocity of a moving medium at first order in opacity. These results advance our knowledge
of jet quenching and demonstrate how it couples to the collective flow of the quark-gluon plasma in heavy-
ion collisions. We also compute the leading corrections to jet momentum broadening due to transverse
gradients of temperature and density. We find that the velocity effects lead to both anisotropic transverse
momentum diffusion proportional to the medium velocity and anisotropic medium-induced radiation
emitted preferentially in the direction of the flow. We isolate the relevant subeikonal corrections by working
with jets composed of scalar particles with arbitrary color factors interacting with the medium by scalar
QCD. Appropriate substitution of the color factors and light-front wave functions allow us to immediately
apply the results to a range of processes including q → qg branching in real QCD. The resulting general
expressions can be directly coupled to hydrodynamic simulations on an event-by-event basis to study the
correlations between jet quenching and the dynamics of various forms of nuclear matter.
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I. INTRODUCTION

In ultrarelativistic heavy-ion collisions a new extreme
state of nuclear matter is created far from equilibrium, with
an energy density so high that the quarks and gluons
normally confined within hadrons are liberated into a
continuous medium [1]. After thermalization, when the
medium is sufficiently close to equilibrium to be charac-
terized by local thermodynamic quantities, it is known as
the quark-gluon plasma (QGP). The QGP exhibits pro-
nounced collectivity [2–4], behaving as a nearly ideal fluid
[5]; while its constituents are deconfined, they are also
strongly interacting and far from being “free.” The sub-
sequent expansion and cooling of these QGP droplets are
well described by relativistic viscous hydrodynamics [6,7],
and when the energy density in a given fluid element falls
low enough, the nuclear matter becomes confined once
again into a gas of hadrons. The multiphase evolution of
this hot and dense medium is especially interesting because

of its sensitivity to the fundamental mechanisms of color
confinement, the distributions of color charge and momen-
tum inside the initial colliding nuclei, and the origin of
hadronic matter (for a review see Ref. [8]).
The “soft” particles originating from the QGP after

hadronization have characteristic transverse momenta close
to the temperature of the medium and are characterized by
their strong final-state collectivity [9,10]. On the other
hand, the “hard probes” of the QGP—highly energetic
particles and jets—originate from the initial hard scatter-
ings in the nuclear collision. While the information
encoded in the distributions of soft particles entangles
different stages of medium evolution, the production of jets
across a range of transverse momenta p⊥ and rapidities y
provides time resolution of the initial dynamics. By
interacting with the medium in a path-length-dependent
way, jets lose energy and have their substructure modified,
providing an “x ray” of the nuclear matter. This concept is
the core idea of the jet tomography [11].
Hadrons and jets provide an important tomographic tool

as well in the cold nuclear matter probed in deep inelastic
scattering events at the electron-ion collider (EIC) [12–15].
Part of the mission of the EIC is to perform tomographic
imaging of the partonic content of protons and nuclei,
including the distribution of those partons in space and in
momentum. The energy loss and modification of jets in this
cold nuclear medium is sensitive to these distributions, and
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in this context the intrinsic orbital motion of partons plays
an analogous role to the collective flow in the QGP.
The energy loss of an energetic parton in QCD is

dominated by soft gluon bremsstrahlung—the radiation
of small quanta of energywhile propagating through nuclear
matter [16]. The emission ofmultiple soft gluons leads to the
energetic leading parton dissipating a considerable fraction
of its initial energy. All first-principles descriptions of this
process are based on perturbative techniques in quantum
chromodynamics (QCD) which treat the interaction of the
jet with the medium (quasi)particles through t-channel
gluon exchanges (see e.g., [17–29]). These approaches
agree at the level of the fundamental perturbative processes,
differing primarily in assumptions about the characteristic
length scales such as the mean free path of the parton, the
size of the matter, and the gluon emission/splitting coher-
ence length. Further differences are related to the description
of the type of nuclear medium—quark-gluon plasma or cold
nuclear matter.
The perturbative QCD (pQCD) description of parton

energy loss is usually treated with simplifying assumptions
which make the calculation tractable. These include the
eikonal approximation, corresponding to the limit of an
infinitely energetic leading parton. The approximation
(correlated with the eikonal approximation) that the
medium scattering centers can be treated as static is often
applied. Furthermore, the limit in which the initial hard-
scattering point is well separated in space from the
subsequent rescatterings is usually taken as well. Finally,
particular choices (usually equivalent within the aforemen-
tioned approximations) of the limits of integration for the
soft gluon bremsstrahlung are made. Taken together, these
approximations allow one to neglect the collisional energy
transfer and in-medium source recoil in a single collision,
with the jet-medium interaction being governed purely by
Glauber gluon exchange carrying only transverse momen-
tum [30–32]. Under these approximations, the medium
velocity is decoupled from the jet energy loss, with such
correlations neglected as subeikonal corrections. Moreover,
the thermodynamic medium parameters (such as the
momentum broadening per unit length q̂) are commonly
treated as constant in the directions transverse to the jet
axis, while in realistic heavy-ion collisions these quantities
can be expected to vary considerably across the jet’s
evolution. Thus, while jet production and substructure
are in principle amenable to a full-fledged program of
jet tomography, realizing this goal in practice will require
significant effort to relax these simplifying assumptions.
An example of efforts in this direction is the use of a hard

thermal loop potential [33] which relaxes the recoilless
approximation. The effects of medium expansion and
dilution (due to Bjorken and transverse expansion) were
considered early on [34,35]. Some transverse flow effects
on the energy loss were also discussed on the basis of
purely kinematic arguments, see e.g., [36–38]. Still there is

no dynamical treatment of the coupling of a moving
medium, nor are real gradient corrections computed from
first principles. Motivated by phenomenological consider-
ations, a model that incorporates an additional momentum
transfer in the scattering potential was proposed in [39,40].
It was later established that the apparent elongation of
away-side particle correlations is in fact a superposition of
symmetric minijets and long-range flow harmonics of the
underlying bulk matter. As we will show below, the motion
of the scattering centers of the medium translates into
different effects on the broadening of jets and soft gluon
radiation. More recently, it has been shown that gradient
corrections to the eikonal jet-medium coupling can be used
for tomographic purposes as well [41].
Some conceptual progress in this directionwas achieved in

strongly interacting holographic models of the jet-medium
interaction, see e.g., [42–52].While not directly connected to
first-principles pQCD, the holographic duality is a powerful
tool allowing one to relate some 3þ 1-dimensional con-
formal field theories in the strong-coupling regime with a
higher-dimensional gravitational theory [53–55]. This
description is particularly well suited to the computation
of transport parameters in theories with known duals. While
the exact dual of QCD is still unknown, these studies give
valuable information about the features of strongly coupled
theories similar to QCD in the nonperturbative regime. For
example, in Ref. [42], it was shown that within this
framework the drag force of the medium on the jet can be
determined within the same gradient expansion which
underlies the (traditional) hydrodynamic description of the
medium itself. Notably, the gradient corrections to the drag
force were non-negligible and were necessary to bring the
theoretical rate of energy loss in line with realistic simu-
lations within the same model [56].
In pursuit of the goal of full-fledged jet tomography in

heavy-ion collisions, we consider the analog of the holo-
graphic studies of Refs. [42–44,51] within the pQCD
framework of the Gyulassy-Levai-Vitev (GLV) opacity
expansion formalism. We will treat explicitly the subeiko-
nal motion of the medium scattering centers and compute
the corresponding modification of the collisional and
radiative processes within the opacity expansion. We will
also assume that there is an order of timescales ensuring
that the sources can be considered to be moving with a
constant velocity during a single interaction but their
velocity and thermodynamic parameters of the matter
may change between different scattering centers. In doing
so, we directly obtain a coupling between the motion of the
medium and the pattern of medium-induced radiation,
taking a significant step toward the eventual goal of full-
fledged jet tomography.
This work is organized as follows. In Sec. II we set up

the problem of jet propagation in a moving medium and use
scalar QCD as the underlying field theory. The accuracy of
our derivation and underlying assumptions are discussed.
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The effect of the medium’s velocity on the distribution of
jets is derived, and we further obtain the leading linear
gradient corrections in Sec. III. We illustrate these effects
with moments of the final-state momentum distribution.
Section IV shows the calculation of medium-induced
branching processes in scalar QCD for general kinematics
of the splitting and the effect of medium motion. We further
derive the soft parton emission limit. We conclude in
Sec. V, where we also discuss what aspects of this
calculation are applicable to the future electron-ion collider.
All of the technical details of our derivation are docu-
mented extensively in the Appendixes. In Appendix A we
show that the unpolarized 2 → 2 scattering of partons by
t-channel gluon exchange is universal (independent of
species) even after including the first subeikonal correc-
tions. Appendix B presents the derivation of the single-
Born scattering diagrams with velocity and gradient
corrections. The corresponding calculation for double-
Born diagrams is documented in Appendix C. Lastly,
the derivation of the in-medium splitting amplitudes with
single-Born and double-Born interactions is given in
Appendixes D and E, respectively.

II. THEORETICAL FORMALISM

A. Jet-medium interactions in Regge kinematics

The theory of medium modification of jets in QCD is
fundamentally based on a large separation of scales
between the jet with energy E and the medium, whose
momentum scales are characterized by the temperature T or
Debye mass μ ¼ gT. The jet kinematics E ≫ μ are an
essential starting point of all perturbative descriptions of jet
quenching, which leads to the interactions of the jet with
the medium taking a particular form. Specifically, the
multiple scatterings which the jet undergoes as it prop-
agates through the medium take place in Regge kinematics
(not to be confused with the pre-QCD “Regge trajecto-
ries”), in which the center-of-mass energy s ∼ME between
the jet and the medium particles is much larger than the
typical momentum transfer jtj ∼ μ2; that is, jt=sj ≪ 1.
(Here M is the mass of a particle in the medium and the
jet energy E is evaluated in the medium rest frame.) The
leading-power behavior as s → ∞, or equivalently as the jet
energy E → ∞, is referred to as the eikonal approximation.
Whether one works at eikonal accuracy or includes the
contributions of subeikonal, power-suppressed corrections
in p⊥

E ∼ μ
E, the relevant physics for the propagation of high-

energy partons through a medium is the small-angle,
forward scattering of Regge kinematics. These purely
kinematic features are common to any field-theoretic
description of high-energy jets losing energy and being
modified by the interaction with the medium.
While there are different schemes for implementing

perturbative jet-medium physics, in this paper we work
within the framework of the opacity expansion. The opacity

expansion corresponds to a perturbative order-by-order
expansion in the typical number of scatterings a high-
energy parton will undergo in the medium before escaping.
If the length of the medium is L and the mean free path is
λ ¼ ðρ σ0Þ−1, with ρ the number density of particles in the
medium and σ0 the total 2 → 2 elastic cross section for the
jet to scatter on those particles, then the expected number of
scatterings in the medium is L=λ, which is referred to as the
opacity. The perturbative opacity expansion, in the form
which we employ here, was pioneered by Gyulassy, Levai,
and Vitev [21–23]. Other approaches fundamentally based
on the same perturbative ingredients also exist, notably the
path integral formalism of Baier, Dokshitzer, Mueller,
Peigne, Schiff, and Zakharov [17–20] which formally
resums the opacity series into a path integral and then
makes subsequent approximations suitable for a very dense
medium. These two formulations built out of elementary
QCD ingredients are consistent and compatible, providing
useful analytic insight into the physics of jet-medium
interaction in complementary regimes. Additionally, inter-
esting recent work [29,57] has also explored the viability
of a hybrid description that captures elements of both
approaches.
Because of the large separation of scales E ≫ μ between

the jet and the medium, the formalism of jet-medium
interactions can be expressed quite generally at the
Lagrangian level in terms of the interaction of the jet with
a background field [30,58]. At eikonal accuracy, the
background field modifies the jet in two essential ways:
by exchanging transverse momentum between the jet and
the medium, and by imprinting various quantum phases on
the scattering amplitude of the jet. The accumulation of
transverse momentum by the jet as it propagates through
the medium leads to the phenomenon of jet broadening
characterized by q̂, the typical transverse momentum
squared acquired per unit length. Likewise the accumu-
lation of quantum phases leads to a highly nontrivial
modification of the soft gluon radiation pattern known
as the non-Abelian Landau-Pomeranchuk-Migdal (LPM)
effect. These modifications of jet observables by the
medium are the basis for the program of jet tomography,
whereby one attempts to deconvolute the jet observables to
extract the interferometric information they carry about the
microscopic content of the medium.
We illustrate in Fig. 1 the diagrammatic contributions to

both jet broadening and medium-induced radiation in QCD
at first order in the opacity expansion. These perturbative
contributions sum over all possible single scatterings of the
jet with the medium, and the resulting integral over the
position of the single scattering effectively iterates this
kernel n ¼ L=λ times across the medium of length L.
Higher-order corrections to the diagrams shown in Fig. 1
systematically include more correlated scatterings or
branchings [32,45] in the kernel. For the medium-induced
radiation, this kernel always includes the vacuumlike
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elementary branching vertex, together with the associated
medium scattering in all possible ways. Because of this, the
medium-induced radiation kernel can be expressed in terms
of the light-front wave functions (LFWF) of the elementary
branching [59], which (when squared) are simply propor-
tional to the Altarelli-Parisi vacuum splitting functions [60].
The appearance of LFWF as elementary ingredients of the
medium-modified splitting functions is natural, since the
diagrams of Fig. 1 can be computed equally well in light-
front (time-ordered) perturbation theory by collecting the
on-shell poles of all intermediate propagators.

B. Scalar approximation to unpolarized QCD

In Regge kinematics, the interaction of the jet with the
medium depends on the species of partons involved in only
a limited number of ways. The g → gg QCD process for
instance (see Fig. 7), in which the parent gluon scatters in
the medium before splitting in the final state, differs from
the corresponding g → qq̄ process only by the replacement
of the LFWF. The elastic scattering of quarks versus gluons
certainly differs by an overall color factor owing to the
different color representations of the partons, but it is well
known that the kinematic dependence of the elastic
scattering cross section is identical for qq → qq,
qg → qg, and gg → gg in the eikonal limit [16]. Indeed,
it has long been known that the kinematic dependence of
elastic scattering in Regge kinematics depends only on the
spin of the exchanged parton, not the species of partons
being scattered. For these reasons, it is a simple matter to

transform the eikonal calculations of jet broadening and
medium-induced branching from one partonic process to
another, simply by replacing the associated color factors
and LFWF; this mapping was explicitly used in [61] and
validated against previous direct calculations in the liter-
ature. This universality has been exploited since the early
days of jet quenching theory to remove unessential details
of the calculation, such as replacing quarks with funda-
mental-representation scalars in scalar QCD in the high-
energy (Regge) limit in the original GLV papers if only soft
gluon emission is considered [21].
Because the main focus of this paper is the inclusion of

velocity-dependent subeikonal corrections to the known jet
broadening and medium-induced radiation results, we
again wish to employ the simplification to equivalent scalar
theories. Doing so will help us to isolate the relevant ∼Oð⊥EÞ
kinematic corrections to the usual results, where⊥ is one of
the characteristic transverse scales such as jp⊥j or μ.
However, one may rightly question whether the elastic
scattering processes remain universal beyond the eikonal
limit. Certainly the exact 2 → 2 elastic cross sections for
various partonic species differ in their kinematic depend-
ence, so at some order in the subeikonal corrections
Oðð⊥EÞnÞ this universality must break down. Whether that
universality continues to hold at the accuracy ∼Oð⊥EÞ we
wish to keep in order to capture the leading subeikonal
velocity corrections is not obvious a priori, so we verify it
explicitly in Appendix A.
Based on the universality of Regge scattering and the

interchangeability of the light-front wave functions, we will
hereafter replace the quarks and gluons of QCD with scalar
particles, both in the jet and in the medium. We can choose
the color representation of the various scalars to be
fundamental or adjoint, and we can choose the scalar
fields to be either real or complex. We will consider two
cases: either the medium particles are real scalar fields in
the adjoint representation, or they are complex scalar fields
in the fundamental representation. The choice of either real
adjoint scalars or complex fundamental scalars for the jet
allows us to mimic the color structures of real QCD without
the additional complexity of the numerator algebra. In our
case the real adjoint scalars are analogous to scalar gluons,
and the complex fundamental scalars are analogous to
scalar quarks and antiquarks.
These choices can be encoded at the level of the

Lagrangians describing the interactions of the medium
particles among themselves and of the jet with the
medium. For the medium particles we use a massive scalar
field Φ chosen to correspond to scalar gluons or scalar
(anti)quarks as

Lmed ¼
1

2
ð∂μΦa− igAb

μðtbadjÞacΦcÞð∂μΦa− igAμdðtdadjÞaeΦeÞ

−
1

2
M2ΦaΦa−

1

4
Fa
μνFaμν; ð1aÞ

FIG. 1. Diagrams contributing to jet broadening (a) and
medium-induced radiation (b) of a quark jet in QCD at first
order in opacity. Thick vertical lines denote all possible final-state
cuts, and vertical gluons left dangling denote all possible
attachments to partons in the jet at that point. Asymmetric
diagrams have mirror conjugates which are not drawn explicitly.
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Lmed ¼ð∂μΦi− igAa
μðtafundÞijΦjÞ†ð∂μΦi− igAμbðtbfundÞikΦkÞ

−M2Φ†
iΦi−

1

4
Fa
μνFaμν; ð1bÞ

respectively. Here tafund and taadj are the generators of
SUðNcÞ in the fundamental or adjoint representations,
respectively. For our purposes these two cases will differ
only by the representation of the generator ta, so we will
leave it arbitrary and evaluate specific color factors only at
the end of the calculation. The purpose of introducing the
Lagrangian (1) for the medium particles is to calculate the
leading correction to the external potential Aμa

ext they
generate describing the interaction with the jet, which
we detail in Sec. II C below.
For the jet particles, we similarly introduce a massless

scalar field ϕ corresponding to either scalar gluons or scalar
(anti)quarks; the choice for the jet partons ϕ need not be the
same as for the medium partons Φ. The Lagrangians
describing the interaction of the scalar gluons or scalar
(anti)quarks in the jet with the external field produced by
the medium are

Ljet ¼
1

2
ð∂μϕ

aÞð∂μϕaÞ − igAμa
ext ð∂μϕbÞ ðtaadjÞbc ϕc; ð2aÞ

Ljet¼ð∂μϕiÞ†ð∂μϕiÞ
−igAμa

ext ðð∂μϕiÞ†ðtafundÞijϕj−ϕ†
i ðtafundÞijð∂μϕjÞÞ; ð2bÞ

respectively.1 The Lagrangians (2) are sufficient to compute
the velocity corrections to jet momentum broadening,
which we detail in Sec. III. For the calculation of
medium-induced branching, we can further exploit the
interchangeability of light-front wave functions by exam-
ining the ϕ → ϕϕ branching process with a λϕ3 vertex.
The appearance of this branching vertex will be different
depending on the color representation of the jet partons,
giving for the case of scalar gluon/gluon splitting and for
the mixed case of scalar quark/gluon splitting

Ljet ¼
1

2
ð∂μϕ

aÞð∂μϕaÞ − igAμa
ext ð∂μϕbÞ ðtaadjÞbc ϕc

−
1

3!
λ dabc ϕaϕbϕc; ð3aÞ

Ljet ¼
1

2
ð∂μϕ

aÞð∂μϕaÞ þ ð∂μϕiÞ†ð∂μϕiÞ
− igAμa

ext ð∂μϕ
bÞ ðtaadjÞbc ϕc;

− igAμa
ext ðð∂μϕiÞ† ðtafundÞij ϕj − ϕ†

i ðtafundÞij ð∂μϕjÞÞ
− λϕa ϕ†

i ðtafundÞijϕj; ð3bÞ

respectively.
Our choice to study medium-induced ϕ → ϕϕ branch-

ing and map the LFWF and color factors back to QCD
afterward allows us to study the kinematic impact of the
velocity corrections on the LPM interference pattern in its
simplest form, without the additional complications from
the numerator algebra of real QCD. The exception to this
simple mapping between our scalar theory and real QCD is
the ϕ → ϕϕ branching of the adjoint scalars in (3). While
this adjoint branching channel mimics in a sense the g → gg
splitting process in QCD, it is interesting to note that the
scalar ϕ3 vertex couples to a different color structure than in
real QCD. In QCD, the triple-gluon vertex couples to the
antisymmetric structure constants ifabc via a derivative
coupling, whereas the ϕ3 vertex in (3) couples instead to the
symmetric structure constants dabc. While this essential
difference makes the ϕ → ϕϕ adjoint scalar branching
process not directly comparable to the g → gg process in
QCD, the different color structures it produces mediated by
dabc are interesting to study in their own right. We leave a
detailed revisiting of the g → gg channel in real QCD for
future work.
While the replacement of the jet and medium partons

with scalars significantly simplifies the calculation of the
velocity corrections, it is important that we do not over-
simplify the problem and fundamentally change the gluon-
mediated interaction between the jet and the medium. The
t-channel exchange of non-Abelian vector bosons is essen-
tial to obtaining an energy-independent eikonal limit of the
elastic cross section dσ

djtj ∼
1
s2 hjMj2i ∼ const discussed in

Appendix A. If we had replaced even the exchanged gluons
with scalars, the resulting cross section would have been
doubly suppressed, scaling as dσ

djtj ∼ E−2 [62]. For this

reason, we choose to work with scalar QCD in the medium
(1) in either the fundamental or adjoint representations,
dressing those gluons with an effective Debye mass μ ∼ gT
proportional to the temperature of the thermal medium as in
the Gyulassy-Wang potential [16].
Finally, we note that there is one important class of

subeikonal corrections which can be sensitive to the
medium velocity which is not captured by our treatment
here using a scalar theory: the exchange of quarks in the
t channel rather than gluons. The same power counting [62]
which indicates that the elastic cross section scales like
σ ∼ E−2 for t-channel scalars reveals that the exchange of
quarks goes as σ ∼ E−1 and is the same order as the
subeikonal corrections we wish to keep. Indeed t-channel

1We do not explicitly include the “seagull” vertex of scalar
QCD because it does not contribute to the cross section at the
order we consider here. Any corrections they introduce are
independent of the velocity, scaling at most as Oð⊥EÞ. Moreover,
the seagull corrections can enter only for the double-Born
diagrams and have no unitary counterpart in the single-Born
diagrams. As such, at any order in ⊥

E the seagull diagrams form a
unitary subset among themselves and do not affect the rest of the
calculation.

AB INITIO COUPLING OF JETS TO COLLECTIVE … PHYS. REV. D 104, 094044 (2021)

094044-5



quark exchange, corresponding to the QCD Reggeon
[63–65], is known to enter at the same order as the
subeikonal component of gluon exchange and can carry
information about the flavor, spin, and velocity of the
medium particles [66–68]. These quark-exchange contri-
butions do not appear in the scalar theory we consider here
and make a separate class of contributions to the depend-
ence on the medium velocity. We defer an analysis of these
interesting contributions for future work.

C. External potential of a moving medium

Consider the gluon field-mediated potential of a QCD
medium made up of particles in motion. We permit
individual particles which compose that medium to move
with a space-time-dependent four velocity field UμðxÞ. The
total potential Aext of the medium is composed of a
superposition of the individual potentials ai of the various
particles at space-time positions2 xμi ¼ ð0; xiÞ:

Aμa
extðqÞ ¼

X
i

eiq·xiaμai ðqÞ : ð4Þ

The individual potentials ai can be computed from the
diagram drawn in Fig. 2:

aμai ðqÞ ¼ ðig tai Þ ð2ps i − qÞν
�

−igμν

q2 − μ2 þ iϵ

�
ð2πÞ

× δððps i − qÞ2 −M2Þ : ð5Þ

Here, tai is the generator of SUðNcÞ in the appropriate
representation in the color space of medium particle i, g is
the strong coupling constant, and μ is the Debye mass of the
t-channel gluon. The medium particles (or “scattering
centers”) have invariant mass M, which defines their
relativistic velocity Uμ

i ¼ UμðxiÞ in terms of their momenta
pμ
s i by

pμ
s i ¼ Mð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ U2

i

q
; Ui⊥; Ui zÞ≡MUμ

i : ð6Þ

The on-shell condition p2
s i ¼ M2 implies that the velocity

is timelike: U2
i ¼ 1, which is satisfied by requiring U0

i ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ U2

i

p
.

Using the kinematics (6) in the potential (5) gives

aμai ðqÞ ¼ g tai

�
2MUμ

i − qμ

q2 − μ2 þ iϵ

�
ð2πÞ δð2MUi · q − q2Þ

¼ g tai

�
Uμ

i =U
0
i

q2 − μ2 þ iϵ

�
ð2πÞ δ

�
q0 −

Ui

U0
i
· q

�
; ð7Þ

where we have neglected qμ compared to 2MUμ
i and q2

compared to 2MUi · q. In the original construction [16,23],
this is justified by considering the mass of the particles to
be very large M → ∞. While we make the same approxi-
mation here, we note that in a more symmetric frame, the
relevant suppression parameter for medium recoil will be
the jet energy E [60].
From (7) we see that the velocity enters through the

combination Uμ
i =U

0
i , corresponding to the nonrelativistic

velocity field (i.e., with the relativistic γ factor removed)

uμi ≡Uμ
i =U

0
i ¼

�
1;

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þU2

i

p Ui⊥;
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þU2
i

p Uiz

�
; ð8Þ

with U0
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ U2

i

p
¼ ð1 − u2i Þ−1=2 the relativistic γ fac-

tor. In terms of the nonrelativistic velocity uμi , the potential
takes on the simple form

g aμai ðqÞ ¼ tai u
μ
i vi ðqÞ ð2πÞ δðq0 − ui · qÞ ; ð9Þ

with

viðqÞ≡ viðq2 − ðui · qÞ2Þ≡ −g2

q2 þ μ2i − ðui · qÞ2 − iϵ
: ð10Þ

The extra factor of g in (9) is associated with the vertex
coupling the potential to the active parton. Note that we use
the compact notation viðqÞ to denote the general depend-
ence on the position/scattering center i and the four-
momentum transfer q, as well as the explicit notation

FIG. 2. Gluonic potential aμai ðqÞ produced bymedium particle i.

2Before we continue, it is instructive to comment on the nature
of the phase shifts in (4), which are essential for our discussion.
Considering a classical color charge current ja μðxÞ ¼P

iðigtai Þ
R
dt dxμi

dt δ
ð4Þðxα − xαi ðtÞÞ of pointlike sources moving

with constant velocities ui ¼ dxi
dt , one may find that its Fourier

transform reads ja μðqÞ ¼ ð2πÞPiðigtai Þuμi e−iq·x
ð0Þ
i δðq0 − ui · qÞ,

where xð0Þi is the position of the source at t ¼ 0, and uμ ¼ ð1;uÞ.
It is this phase shift in the current, expressed through the positions
of the sources at a given moment, which appears in the color field
later on. Notice that the phase factor is invariant under a shift in
the initial time due to the relation between the momentum
components, and xð0Þi can be taken to be purely spatial. For
brevity we omit the superscript (0) in all the other formulas
throughout the paper.
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viðq2 − ðui · qÞ2Þ indicating the functional form of that
dependence on the components of q.

D. Underlying assumptions and calculation accuracy

While all the assumptions used in this work are intro-
duced around the corresponding calculations, it is conven-
ient to summarize them here. As has been already
mentioned, we rely on the GLV approach [21–23], and
focus on the first order in the opacity expansion for the
scalar QCD. Following [16], we assume that the in-medium
sources are heavyM → ∞, and neglect all the contributions
suppressed by this mass. We also use the eikonal approxi-
mation, but include the subleading corrections, which are
sensitive to the medium flow, omitting only the terms of the
form Oð⊥2

E2Þ. However, we allow the medium to be large
along the z direction, and we generally keep the terms
scaling as Oðð⊥2

E zÞnÞ. As in [17] we assume that the mean
free path is sufficiently large such that μðzi − z0Þ ≫ 1. This
approximation allows one to neglect the poles of the in-
medium potentials entering the amplitudes, which have
residues exponentially suppressed due to the Debye mass μ.
We also assume that the interactions of the energetic parton
with the sources are local, and color correlations between
different sources can be neglected—a local color neutrality
condition.
Apart from the approximations listed above, in our

derivations we have additional new freedom to take into
account the change in the medium properties in the trans-
verse directions. In this work we explicitly consider two
types of situations—the medium is either assumed to be
translationally invariant, or treated within the hydrody-
namic gradient expansion up to the linear order. In the latter
case, the novel contributions can be of two types scaling as
Oð⊥E z∂⊥Þ orOð∂⊥E Þ, and we neglect the terms not enhanced
by the medium length. However, one should notice that in
the limit of an arbitrarily narrow initial jet distribution such
contributions could be important, and we leave the corre-
sponding discussion for future studies.
While the methods developed in this work are rather

general and can be applied both to the jet broadening and
gluon emission problems, the radiation amplitudes are
more involved. Thus, we restrict the consideration of the
gluon emission to the case of translationally invariant

medium, omitting all the gradient effects. Moreover, we
additionally neglect the terms scaling as Oð⊥E ð⊥

2

E zÞnÞ,
leaving some of the new interference structures for the
future work.

III. JET MOMENTUM BROADENING RESULTS

We consider an intrinsic distribution of ultrarelativistic
jets

E
dNð0Þ

d3p
≡ 1

2ð2πÞ3 jJðpÞj
2 ; ð11Þ

produced by a hard-scattering event in the medium at
position x0 ¼ 0, with most of the jet momentum directed
along the þz axis: pz ≈ E. This intrinsic distribution
E dNð0Þ

d3p ¼ E dNð0Þ
d2p⊥ dE may measure the transverse momentum

p⊥ relative to an external axis (such as the direction of a
measured photon in the final state for γ þ jet correlations or
an initial-state virtual photon in deep inelastic scattering),
or such an external axis may be integrated out to give the
initial energy distribution of jets E dNð0Þ

dE . For maximum

generality, we will keep the initial jet distribution E dNð0Þ
d3p

differential in both energy and transverse momentum. For
processes such as deep inelastic scattering or γ þ jet
correlations, where the final-state jet p⊥ can be measured
relative to an external axis, this transverse momentum
distribution is broadened due to scattering in the total
external potential (4).
To derive the final-state distribution of jets we have to

calculate the diagrams shown in the top row of Fig. 1. For
our equivalent scalar theory, the distinct final-state cuts
correspond to the single- and double-Born diagrams shown
in detail in Fig. 3. The calculation is technical and presented
in Appendixes B and C, respectively.

A. Final-state distribution and unitarity

With the results from Appendixes B and C, one can write
the full jet distribution at the first order in opacity. At the
0th order in the gradient expansion from (B25) and (C19)
we obtain

FIG. 3. The Born-level amplitudeM1 (left) and double-Born amplitudeM2 (right) for transverse-momentum broadening in an external
potential.
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E
dNð1Þ

d3p
¼

Z
dz d2q⊥ ρðzÞ σ̄ðq2⊥Þ

×

��
E

dNð0Þ

d2ðp − qÞ⊥ dE

�
ð1þ u⊥ðzÞ · Γðq⊥ÞÞ

−
�
E

dNð0Þ

d2p⊥ dE

�
ð1þ u⊥ðzÞ · ΓDBðq⊥ÞÞ

�

þOð∂⊥Þ : ð12Þ

Here and in what follows Oð∂⊥Þ indicates that all trans-
verse gradients are neglected. The velocity corrections Γ
and ΓDB correspond to the subeikonal contributions

Γðq⊥Þ ¼ −2
p⊥ − q⊥
ð1− uzÞE

þ q⊥
ð1− uzÞE

�ðp− qÞ2⊥ −p2⊥
σ̄ðq2⊥Þ

� ∂σ̄
∂q2⊥

−
q⊥

1− uz

�
1

N̄0ðE;p⊥ − q⊥Þ
∂N̄0

∂E
�
; ð13aÞ

ΓDBðq⊥Þ ¼ −2
p⊥

ð1 − uzÞE
−

p⊥
ð1 − uzÞE

q2⊥
σ̄ðq2⊥Þ

∂σ̄
∂q2⊥ :

ð13bÞ

We have also introduced a shorthand notation σ̄ðq⊥Þ≡
dσ

d2q⊥
¼ 1

ð2πÞ2 Cjvðq2⊥Þj2, where C is the overall color fac-

tor defined in (B12). Finally, we denote for brevity
N̄0ðE; p⊥Þ≡ E dN

d3p ¼ 1
2ð2πÞ2 jJðpÞj2. The important point

here is that while we write intermediate results in terms
of the current JðpÞ and the potential vðqÞ, the final
corrections can be expressed as derivatives of observable
quantities such as the scattering cross section and the
distribution of jets.
The unitarity of this expression, guaranteeing that

scattering only affects the distribution of jets and not the
total number, can be explicitly checked now. In the static
limit u⊥ ¼ 0 considered in the original GLV calculation,
the double-Born terms have the same form as the single-
Born terms, differing only in that there is no net shift in
transverse momentum q⊥ of the initial momentum distri-
bution. Because the double-Born terms are q⊥ independent,
they couple to the total elastic scattering cross section
σ0 ¼

R
d2q⊥σ̄ðq⊥Þ. This allowed both single- and double-

Born terms to be simply combined through an effective
shift of the elastic scattering cross section σ̄ðq⊥Þ →
σ̄ðq⊥Þ − σ0δ

2ðq⊥Þ, leaving a broadened jet distribution

which is manifestly unitary:
R
d3p dNð1Þ

d3p ¼ 0. Thus, one

sees explicitly that the first-order rescattering in the
medium merely broadens the momentum distribution of
the produced jets while conserving their total number.
After including the velocity-dependent corrections

u⊥ · Γðq⊥Þ and u⊥ · ΓDB, however, the situation is more
involved. While the double-Born diagrams still provide no
net shift in the jet transverse momentum, they are no longer
q⊥ independent because of the q⊥-dependent shift in the
scattering potential contained in (13). Because the unitary
structure of the single- and double-Born terms has changed,
it is important to verify the unitarity of the velocity
corrections explicitly as a test of internal consistency.
To show the unitarity of (12) explicitly, we have to

integrate ðE dNð1Þ
d3p Þ over p checking that the number of jets is

unmodified and the integral is zero. In the single-Born term
ðE dNð0Þ

d2ðp−qÞ⊥ dEÞ we shift the momentum p⊥ → p⊥ þ q⊥ and

combine it with the double-Born term ðE dNð0Þ
d2p⊥ dEÞ. The

velocity-independent term and the first term of the velocity
corrections from (13b) and (13b) cancel exactly, and the
remaining terms

Z
d2p⊥d2q⊥ σ̄ðq2⊥Þ

�
dNð0Þ

d2p⊥dE

�

×
�
q⊥ðq2⊥þ2ðp⊥ ·q⊥ÞÞ−p⊥q2⊥

σ̄ðq2⊥Þ
dσ̄ðq2⊥Þ
dq2⊥

þq⊥
E
N̄0

∂N̄0

∂E
�
¼0

vanish after angular averaging over the directions of q⊥.
This explicitly demonstrates the unitarity of the jet dis-
tribution at the first order in opacity and including the
velocity effects, in the absence of transverse gradients.
While the maximally general expressions contained in

Appendixes B and C, can be directly applied to space-time
profiles of arbitrary complexity, we can express the results
in closed form only under certain simplifying approxima-
tions. One such approximation is the gradient expansion,
similar to what is used traditionally to justify the effective
theory of hydrodynamics. For comparison to such a
gradient expansion and to gain some physical insight into
the results, we consider here the first nontrivial corrections
from medium gradients only in the case when the medium
velocity is zero. Combining (B36) and (C27) in this way
yields

�
E
dNð1Þ

d3p

�ðlinearÞ
¼

Z
dz

Z
d2q⊥ σ̄ðq2⊥Þ

�
∂jρþ ρ

1

σ̄ðq2⊥Þ
∂σ̄
∂μ2 ∂jμ2

�

×
��

E
dNð0Þ

d2ðp − qÞ⊥ dE

��ðp − qÞj⊥
E

z
�
−
�
E

dNð0Þ

d2p⊥ dE

��
pj
⊥
E

z
��

: ð14Þ
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The unitarity of this expression readily follows from its
form since the two terms in brackets are equal under a shift
of the p⊥ integration. It is clear that in the case of uniform
density and temperature the whole gradient correction term
vanishes. While the variation in the medium parameters
along the direction of propagation is captured by the
longitudinal z integral exactly, without the need for a
gradient expansion, the linear corrections shown above
take into account the variations of the density in the
transverse directions in the vicinity of the jet.

B. Moments of the jet distribution

In the case when the medium is not flowing [69,70] it is
easy to see that there is no preferred direction and the
transverse-momentum broadening is isotropic: hp⊥i ¼ 0.
One of the main results of our work is the explicit breaking
of this isotropy due to the directional coupling to the
medium gradients and medium velocity, as illustrated in
Fig. 4 and by the following example. Suppose the initial
transverse-momentum profile of jets produced by the hard
scattering is highly collimated, with an energy dependence
we leave arbitrary:

E
dNð0Þ

d3p
¼ 1

2ð2πÞ3 jJðpÞj
2 ¼ fðEÞ δð2Þðp⊥Þ : ð15Þ

Then we can compute averages of various functions of the
transverse momentum p⊥ weighted by the broadened jet
distribution (12)

h� � �i≡
R
d2p⊥ ð� � �ÞE dNð1Þ

d2p⊥ dER
d2p⊥ E dNð0Þ

d2p⊥ dE

¼ 1

fðEÞ
Z

d2p⊥ ð� � �ÞE dNð1Þ

d2p⊥ dE
; ð16Þ

where ð� � �Þ denotes the function of p⊥ being averaged,
which we assume for simplicity is zero at p⊥ ¼ 0. This
allows us to evaluate the leading contribution to the
numerator at first order in opacity, while the denominator
is fully given by the 0th order in opacity due to unitarity.
Unlike the isotropic broadening which occurs for a static

medium, for any odd moment hp⊥Fðp2⊥Þi, where F is an
arbitrary function of p2⊥, we have

hp⊥Fðp2⊥Þi ≃
Z

dz ρðzÞ
Z

d2p⊥ d2q⊥ p⊥Fðp2⊥Þ σ̄ðq2⊥Þ

× ½δð2Þðp⊥ − q⊥Þð1þ u⊥ðzÞ · Γðq⊥ÞÞ
− δð2Þðp⊥Þð1þ u⊥ðzÞ · ΓDBðq⊥ÞÞ�: ð17Þ

By construction, the double-Born diagrams do not broaden
the jet profile, which comes only from the single-Born
contributions in the first term. Using the explicit form of Γ
from (13a) with p⊥ ¼ q⊥, we have

hp⊥Fðp2⊥Þi ≃
Z

dz ρðzÞ
Z

d2q⊥ q⊥Fðq2⊥Þ σ̄ðq2⊥Þð1þ u⊥ðzÞ · Γjp⊥¼q⊥Þ

¼ −
1

2E

Z
d2q⊥ q4⊥ Fðq2⊥Þ

∂
∂q2⊥

�Z
dz

u⊥ðzÞ
ð1 − uzðzÞÞ

σ̄ðz; q2⊥Þ ρðzÞ
�

−
1

2fðEÞ
∂f
∂E

Z
d2q⊥ q2⊥ Fðq2⊥Þ

�Z
dz

u⊥ðzÞ
ð1 − uzðzÞÞ

σ̄ðz; q2⊥Þ ρðzÞ
�

¼ −
1

2

Z
d2q⊥ q2⊥ Fðq2⊥Þ

�
hu⊥ðq2⊥Þi

1

fðEÞ
∂f
∂Eþ 1

E
q2⊥

∂hu⊥ðq2⊥Þi
∂q2⊥

�
; ð18Þ

where the preferred direction which breaks the isotropy of
the broadened jet profile comes from the weighted average
of the velocity distribution

hu⊥ðq2⊥Þi ¼
Z

dz
u⊥ðzÞ

ð1 − uzðzÞÞ
σ̄ðz; q2⊥Þ ρðzÞ ; ð19Þ

which is an interesting combination of the density, the
differential cross section as a function of q2⊥, and both
the longitudinal and transverse components of the velocity.
To illustrate the features of the broadening anisotropy

more clearly, let us assume that the medium properties are z
independent. Then we have

FIG. 4. The coupling of jets to the medium velocity presented
in this work. The transverse momentum of the jet is deflected in
the direction of the medium velocity.
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hp⊥Fðp2⊥Þi ¼ −
u⊥

ð1 − uzÞ
L
2λ

�
1

E

Z
d2q⊥ q4⊥ Fðq2⊥Þ

1

σ0

∂σ̄
∂q2⊥ þ 1

fðEÞ
∂f
∂E

Z
d2q⊥ q2⊥Fðq2⊥Þ

σ̄ðq2⊥Þ
σ0

�
: ð20Þ

If we choose a specific model for the elastic scattering cross section σ̄, then we can evaluate the integrals directly. For the
Gyulassy-Wang potential (10),

σ̄ðq2⊥Þ
σ0

¼ 1

π

μ2

ðq2⊥ þ μ2Þ2 ; ð21Þ

we have

hp⊥Fðp2⊥Þi ¼ −
u⊥

ð1 − uzÞ
L
2λ

μ2
�
−2

1

E

Z
∞

0

dξFðξÞ ξ2

ð1þ ξÞ3 þ
1

fðEÞ
∂f
∂E

Z
∞

0

dξFðξÞ ξ

ð1þ ξÞ2
�
; ð22Þ

where we introduced ξ ¼ q2⊥=μ2. If Fðq2⊥Þ ¼ ðq2⊥Þk ¼ ðμ2Þk ξk, then

hp⊥ðp2⊥Þki ¼ −
u⊥

ð1 − uzÞ
L
2λ

ðμ2Þkþ1

�
−
2

E

Z
∞

0

dξ
ξkþ2

ð1þ ξÞ3 þ
1

fðEÞ
∂f
∂E

Z
∞

0

dξ
ξkþ1

ð1þ ξÞ2
�
: ð23Þ

For −2 < k < 0 both integrals are convergent, becoming
logarithmically divergent in the UVas k → 0 and in the IR
as k → −3 for the first integral and as k → −2 for the
second. Taking for illustration purposes the cases k ¼ −1
and k ¼ 0, and assuming that the hard scattering follows
the perturbative tail fðEÞ ∝ E−4 at large E, we have

	
p⊥
p2⊥



¼ −

u⊥
ð1 − uzÞ

L
2λ

�
1

fðEÞ
∂f
∂E −

1

E

�

¼ þ 5

2

u⊥
ð1 − uzÞ

L
λ

1

E
; ð24aÞ

hp⊥i
μ2

¼ −
u⊥

ð1 − uzÞ
L
2λ

�
1

fðEÞ
∂f
∂E − 2

1

E

�
ln
E
μ

¼ þ3
u⊥

ð1 − uzÞ
L
λ

1

E
ln
E
μ
; ð24bÞ

where for k ¼ 0 we regulate the UV divergence with the
cutoff q⊥;max ∼

ffiffiffiffiffiffi
Eμ

p
corresponding to ξmax ∼ E

μ. Because
Oð1Þ uncertainty in this logarithmic cutoff leads to Oð1Þ
corrections to the finite terms, we keep only the terms
proportional to ln E

μ in the leading-log approximation. By
studying moments of the form (23) as a function of the
continuous parameter −2 ≤ k ≤ 0, we can extract informa-
tion about the shape of the scattering potential from the UV
to the IR regimes.
While the velocity corrections lead to the generation of

nonzero anisotropic momentum broadening (18), at this
order they do not affect the width of the broadened
distribution, as evidenced by the vanishing of the correc-
tions to the even moments:

hFðp2⊥Þi − hFðp2⊥Þiju⊥¼0

≃
Z

dz ρðzÞ
Z

d2p⊥ d2q⊥ Fðp2⊥Þ σ̄ðq2⊥Þ

× ½δð2Þðp⊥ − q⊥Þðu⊥ðzÞ · Γðq⊥ÞÞ
− δð2Þðp⊥Þðu⊥ðzÞ · ΓDBðq⊥ÞÞ� ¼ 0 ; ð25Þ

with the zero following directly from the angular integra-
tion over d2p⊥ and d2q⊥. While at this order the correction
to the even moments vanishes, it is clear that such a
correction may be possible at Oð⊥2

E2Þ.
Finally, let us consider the leading gradient corrections at

zero velocity to the broadening anisotropy (17) and
symmetric measures of the width (25). If we take the
initial distribution to be a highly collimated delta function
as in (15), then the moments arising from gradients are
trivially zero. Instead we take the initial distribution to be a
Gaussian of finite width w:

E
dNð0Þ

d3p
¼ 1

2ð2πÞ3 jJðpÞj
2 ¼ fðEÞ

2πw2
e−

p2⊥
2w2 : ð26Þ

Using the expression (14) for the corrections linear in the
gradients at zero velocity [that is, corrections of Oð∂⊥Þ but
at eikonal accuracy Oðð⊥EÞ0Þ in the jet energy], we have

hp⊥Fðp2⊥ÞiðlinearÞ

≃
Z
dz
Z
d2p⊥ d2 q⊥ p⊥Fðp2⊥Þ

�
∂jρ σ̄ðq2⊥Þþ ρ

∂σ̄
∂μ2 ∂

jμ2
�

×

�
e−

ðp−qÞ2⊥
2w2

2πw2

�ðp− qÞj⊥
E

z

�
−
e−

p2⊥
2w2

2πw2

�
pj
⊥
E

z

��
; ð27Þ

SADOFYEV, SIEVERT, and VITEV PHYS. REV. D 104, 094044 (2021)

094044-10



where we have set the velocity corrections Γ ¼ 0 to eikonal
accuracy. Quantities such as ρðzÞ are evaluated at the initial
transverse position x⊥ ¼ 0, with the linear corrections from
the transverse position dependence written explicitly.
Under the assumption that the d2p⊥ integral is con-

vergent, we shift the momentum p⊥ → p⊥ þ q⊥ in the first
term in braces (the single-Born term), giving

hp⊥Fðp2⊥ÞiðlinearÞ

≃
Z
dz

Z
d2p⊥d2q⊥

e−
p2⊥
2w2

2πw2

�
pj
⊥
E
z

��
∂jρσ̄ðq2⊥Þþρ

∂σ̄
∂μ2 ∂

jμ2
�

×fðp⊥þq⊥ÞFððpþqÞ2⊥Þ−p⊥Fðp2⊥Þg: ð28Þ
After integration over d2p⊥ and d2q⊥, the integral (28)
remains a vector-valued function depending only on the
gradients ∇⊥ρ and ∇⊥μ2. By rotational symmetry, after
integration the result must be proportional to ∇⊥ρ or ∇⊥μ2
in the corresponding term. Schematically

I⊥ð∇⊥hÞ ¼ ∇⊥hIðð∇hÞ2Þ ↔ Iðð∇hÞ2Þ
¼ 1

ð∇hÞ2 ∇⊥h · I⊥ð∇⊥hÞ ð29Þ

for some function h. Since the scalar part I of the integral is
independent of the direction of ∇⊥h, it is invariant under
averaging over the directions of the gradient. Following this
logic, we pull out the overall direction ∇⊥ρ σ̄ðq2⊥Þ þ
ρ ∂σ̄
∂μ2 ∇⊥μ2 which survives after integration and angular-

average the remaining scalar:

hp⊥Fðp2⊥ÞiðlinearÞ

≃
Z
dz
Z
d2p⊥d2q⊥

e−
p2⊥
2w2

2πw2

1

2

�
∇⊥ρσ̄ðq2⊥Þþρ

∂σ̄
∂μ2 ∇⊥μ2

�
z
E

×fðp2⊥þp⊥ ·q⊥ÞFððpþqÞ2⊥Þ−p2⊥Fðp2⊥Þg : ð30Þ
Equation (30) shows that the gradients of the density and of
the temperature (and hence of the Debye mass μ2) produce
a preferred direction for the momentum broadening, break-
ing the isotropy and leading to the possibility of nonzero
vector moments.
To further illustrate the dependence of the result, let us

consider the case where the medium is homogeneous in the
direction of the jet, so that the z dependence becomes
trivial. Then we immediately perform the integralR
L
0 dz z ¼ 1

2
L2 to obtain

hp⊥Fðp2⊥ÞiðlinearÞ

≃
L
λ

L
4E

Z
d2p⊥ d2q⊥

e−
p2⊥
2w2

2πw2

�
∇⊥ρ
ρ

σ̄ðq2⊥Þ
σ0

þ 1

σ0

∂σ̄
∂μ2 ∇⊥μ2

�

× fðp2⊥ þ p⊥ · q⊥ÞFððpþ qÞ2⊥Þ−p2⊥Fðp2⊥Þg : ð31Þ

Further specifying to the Gyulassy-Wang potential and
using the ratio (21) we obtain

hp⊥ ðp2⊥ÞkiðlinearÞ

≃
L
λ

L
4E

Z
d2p⊥ d2q⊥

e−
p2⊥
2w2

2πw2

×

�
∇⊥ρ
ρ

1

π

μ2

ðq2⊥ þ μ2Þ2 − ∇⊥μ2
2

π

μ2

ðq2⊥ þ μ2Þ3
�

× fðp2⊥ þ p⊥ · q⊥Þ ððpþ qÞ2⊥Þk − ðp2⊥Þkþ1g ; ð32Þ

where we have taken Fðp2⊥Þ ¼ ðp2⊥Þk for some power k.
The angular integrals over the directions of p⊥ and q⊥ are
significantly more complicated than in the velocity case,
but they can be done analytically in terms of hypergeo-
metric functions. For −1 < k < 1 the integrals over the
magnitudes dp2⊥ and dq2⊥ are absolutely convergent, with
terms logarithmic in either the UV or IR beginning to
appear at the end points k ¼ �1. As with the velocity-
dependent case, dialing the weight parameter k used in the
moments allows one to select the UV properties of the
scattering potential, the IR properties, or anything in
between.
Now let us consider a few illustrative values of k. For

k ¼ 0we have just the average transverse momentum hp⊥i,
but the angular average vanishes

Z
dϕ
2π

fp2⊥ − p⊥ · q⊥ − p2⊥g ¼ 0 :

Interestingly, we find that unlike the medium velocity,
gradients do not produce a net hp⊥i at this order. For the
case k ¼ 1, we have the cubic moment hp⊥ p2⊥i, and the
angular integral,

Z
dϕ
2π

fðp2⊥ þ p⊥ · q⊥Þðpþ qÞ2⊥ − p4⊥g ¼ 2p2⊥q2⊥ ;

does not vanish, giving

hp⊥p2⊥iðlinearÞ≃
L
λ

L
4E

ð2πÞ
Z

dp2⊥ dq2⊥p2⊥
e−

p2⊥
2w2

2πw2

×

�
∇⊥ρ
ρ

μ2q2⊥
ðq2⊥þμ2Þ2 − 2∇⊥μ2

μ2q2⊥
ðq2⊥þμ2Þ3

�
:

ð33Þ

Evaluating the Gaussian integral, introducing the dimen-
sionless variable ξ≡ q2⊥=μ2, and regulating the UV behav-
ior with a cutoff ξ < E=μ, we have
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hp⊥ p2⊥iðlinearÞ

≃
L
λ

L
4E

ð4w2μ2Þ

×

�
∇⊥ρ
ρ

Z E
μ

0

dξ
ξ

ð1þ ξÞ2 − 2
∇⊥μ2
μ2

Z E
μ

0

dξ
ξ

ð1þ ξÞ3
�
:

ð34Þ

Observing that only the integral multiplying ∇⊥ρ is
logarithmic in the UV, we work to leading-logarithmic
accuracy and obtain

hp⊥ p2⊥iðlinearÞ ≃
L
λ

L
E
w2μ2

∇⊥ρ
ρ

ln
E
μ
: ð35Þ

The dependence on the ∇⊥ρ gradient only is a consequence
of the cubic moment selecting on the UV behavior of the
scattering cross section.
Similarly, we find that the gradient corrections to the

average of an even power of the jet transverse momentum is
zero—hp2k⊥ iðlinearÞ ¼ 0. Indeed, the double angular averag-
ing in (27) cancels terms involving odd powers of p⊥ or q⊥
but for even moments of the jet momentum all terms are
odd at least in one of the two momenta after the shift
ðp⊥ − q⊥Þ → p⊥ in the first term under the integral. Thus,
we conclude that transverse gradients (at zero velocity)
generate transverse momentum anisotropies without modi-
fying the width of the transverse momentum distribution,
just as in the case of the transverse velocity.
We end this section with a few physics comments. The

equations that give nonzero values for functions of
moments of p⊥ are best applied for low moments where
the integrals are convergent. While the integrals with higher
p⊥ weights can be performed because the maximum
momentum transfer between the jet and the medium is
limited to q⊥ ≲ ffiffiffiffiffiffi

Eμ
p

, high moments will exhibit power law
sensitivity to the jet energy E. It is instructive to note that
neither the transverse velocity u⊥ nor the transverse
gradients ∇⊥ρ or ∇⊥μ2 contribute to the root mean square
jet broadening at the considered accuracy.3 Instead, the odd
vector moments get a contribution proportional to the
velocity u⊥ or the gradients ∇⊥ρ;∇⊥μ2, deflecting the
jet in the corresponding direction and producing an
anisotropy of the jet transverse momentum (see Fig. 4).
This deflection depends on how fast the medium flows or
how large the gradients are and grows with the average
number of scatterings, but decreases with the jet energy. For
a medium in thermal equilibrium, both types of gradients
∇⊥ρ and ∇⊥μ2 are proportional to gradients of the temper-
ature, ∇⊥T. This is the case, for instance, in the model used
in Ref. [61] where ρ ∝ T3 and μ ∝ T. On the other hand, far

from equilibrium, ∇⊥ρ and ∇⊥μ2 can encode independent
information about the medium, as exemplified in the case
of cold nuclear matter at the EIC.

IV. MEDIUM-INDUCED BRANCHING RESULTS

Next we wish to investigate the role of velocity correc-
tions to the pattern of medium-induced radiation and
subsequent radiative energy loss. The formalism derived
here can also be used to derive the anisotropic corrections
to the radiation pattern arising from pure gradients; how-
ever, due to the length of the corresponding derivations, we
reserve a dedicated analysis of these for future study.
With either choice of representations (3) for the jet

partons, we consider the production of a jet of total
momentumpμ, composed of a radiated parton with momen-
tum kμ and a counterpart with momentum ðp − kÞμ. Then,
the vacuumlike radiation amplitude shown in Fig. 5, cor-
responding to the 0th order in opacity, is given by

R0 ¼ C0
−iλ

p2 þ iϵ
JðpÞ ; ð36Þ

where C0 is a color matrix depending on the color repre-
sentation chosen in (3). For the real adjoint scalars in (3a)
we have C0 → dabc, while for real adjointþ complex
fundamental scalars in (3b) we have C0 → ðtafundÞij, with
the color indices appropriately identified with the initial and
final-state partons. For the calculation of the velocity
corrections to the LPM interference pattern, we will keep
the color factor C0 generic, and we tabulate the appropriate
color factors in Table I at the end of the calculation.
The final-state jet constituents kμ and ðp − kÞμ are on

shell, while the parent parton pμ is off shell, leading to the
kinematics

kμ ¼
�
xE; k⊥; xE −

k2⊥
2xE

�
; ð37aÞ

ðp − kÞμ ¼
�
ð1 − xÞE; p⊥ − k⊥; ð1 − xÞE −

ðp − kÞ2⊥
2ð1 − xÞE

�
;

ð37bÞ

FIG. 5. Elementary splitting vertex for the emission of scalar
radiation from a scalar jet. We do not distinguish diagrammati-
cally the color representations of the scalars, which may
correspond to either choice in (3).

3We note that if two directions are present simultaneously, e.g.,
velocity and one of the gradients, the even moments could be
generated from the interference of both effects.
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pμ ¼
�
E; p⊥; E −

k2⊥
2xE

−
ðp − kÞ2⊥
2ð1 − xÞE

�
: ð37cÞ

Here x ¼ k0=p0 is the fractional energy of the radiated
parton, and we consider arbitrary x, excluding a small
region near the end points x → 0, 1 where the eikonal
approximation for either kμ or ðp − kÞμ fails.
From the kinematics (37) we obtain

R0 ¼ −iλC0
xð1 − xÞ
ðk − xpÞ2⊥

JðpÞ

¼ −C0ψðx; k⊥ − xp⊥Þ JðpÞ ; ð38Þ

where we have identified the scalar splitting light-front
wave function ψ , which is manifestly boost invariant.
Squaring Eq. (38) and including the final-state phase space
factors, we obtain the differential distribution of produced
partons within the jet:

E
dNð0Þ

d2kdxd2pdE
¼ 1

½2ð2πÞ3�2
1

xð1−xÞhjR0j2i

¼ 1

½2ð2πÞ3�2
hC0C†0i
xð1−xÞjψðx;k⊥−xp⊥Þj2jJðpÞj2

≡ Cð0;0Þ
2ð2πÞ3xð1−xÞjψðx;k⊥−xp⊥Þj2

×

�
E

dNð0Þ

d2p⊥dE

�
: ð39Þ

Here,

Cð0;0Þ ≡ hC0C†0i≡ 1

dproj
trðC0C†0Þ ð40Þ

denotes the averaging over the jet (“projectile”) color states,
with dproj the dimension of its color representation.
Equation (39) expresses the distribution of partons after
the branching in terms of the intrinsic distribution E dNð0Þ

d3p

of jets produced by the scattering event and the branch-
ing probability encoded through the light-front wave
function.
Next we will consider the corrections to the vacuum-

like radiation pattern described by (38) due to scattering in
the moving medium. The single-Born and double-Born
amplitudes that we have to evaluate are the scalar
analogs of the diagrams shown in Fig. 1. Just like for jet
broadening, their calculation is technical and can be
found in the Appendixes. The single-Born diagrams and
double-Born diagrams are presented in Appendixes D
and E, respectively, and include the effects of medium
velocity.

A. Medium-induced branching:
Final-state distribution

Let us combine all the results of the velocity corrections
to the in-medium branching process throughout
Appendixes D and E. To make the final result more
compact let us introduce a number of shorthand notations.
For the wave functions we associate the kinematics of the
branching with the single-Born diagrams A, B, C of Figs. 7
and 8: ψA ≡ ψðx; k⊥ − xp⊥Þ, ψB ≡ ψðx; k⊥ − xp⊥ þ xq⊥Þ,
and ψC≡ψðx;k⊥−xp⊥−ð1−xÞq⊥Þ. For the double-Born
diagrams, only diagram G of Fig. 11 introduces a

TABLE I. Color matrices and factors for the Lagrangian (3a) with all real adjoint scalars and for the Lagrangian
(3b) with mixed real/adjoint scalars which is identical to the QCD branching channel q → qg. For the former case,
the final-state scalars k; p − k have adjoint color indices a, b, respectively, and the initial-state scalar p has color e.
For the latter case, the final-state gluon k has adjoint color index a. In both cases, color indices d, d0 correspond to
the insertion of the external potentials Aμd

ext.

Generic color factors:
C0 CA CB CC Cdd

0
D Cdd

0
E Cdd

0
F Cdd

0
G

Cð0;0Þ CðA;AÞ CðB;BÞ CðC;CÞ CðD;0Þ CðE;0Þ CðF;0Þ CðG;0Þ
C CðA;BÞ CðB;CÞ CðA;CÞ

Adjoint scalars (3):
dabe dabc ifecd dace ifcbd decb ifcad dabc ifc

0cd ifec
0d deac

0
ifc

0cd ifcbd dec
0b ifc

0cd ifcad
0

decc
0
ifcad

0
ifc

0bd

N2
c−4
Nc

Nc
2CR̄

C0;0
Nc
2CR̄

C0;0
Nc
2CR̄

C0;0
Nc
2CR̄

C0;0
Nc
2CR̄

C0;0
Nc
2CR̄

C0;0
Nc
4CR̄

C0;0
Nc
2CR̄

Nc
4CR̄

C0;0
Nc
4CR̄

C0;0
Nc
4CR̄

C0;0

Fundamentalþ adjoint scalars (3b) / QCD q → qg:
−ta −tatd −tdta −itcfadc −tatd0 td −td0 tdta tcfdcc

0
fad

0c0 −itd0 tcfadc
CF

CF
2CR̄

C0;0
CF
2CR̄

C0;0
Nc
2CR̄

C0;0
CF
2CR̄

C0;0
CF
2CR̄

C0;0
Nc
2CR̄

C0;0 − Nc
4CR̄

C0;0
CF
2CR̄

− 1
4NcCR̄

C0;0 − Nc
4CR̄

C0;0
Nc
4CR̄

C0;0
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wave function with a different argument ψG ≡
ψðx; k⊥ − xp⊥ þ q⊥Þ. For the LPM phases we denote
the pole values in the static limit as

q−p ≡ ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

;

q−p−q ≡ ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

−
ðp − qÞ2⊥ − p2⊥
2Eð1 − uzÞ

;

q−p−k−q ≡ −
ðp − k − qÞ2⊥ − ðp − kÞ2⊥

2ð1 − xÞEð1 − uzÞ
;

q−k−q ≡ −
ðk − qÞ2⊥ − k2⊥
2xEð1 − uzÞ

; q−kþq ≡ −
ðkþ qÞ2⊥ − k2⊥
2xEð1 − uzÞ

:

When we square the amplitude and average over the colors,
the in-medium source averaging produces a color factor 1

2CR̄

as in (B10), with the averaging in the projectile being
denoted by a combined color factor as in CðA;AÞ ≡
1

2CR̄
hCaA Ca †A i, where the single color factors CaA are

introduced for the single-Born diagrams in the
Appendixes D and E. The explicit color factors for the
Lagrangian (3a) are tabulated in Table I and may be
compared, for example, with the explicit color factors
from Eq. (55) of Ref. [60]. These color factors are also
generally accompanied by the color factor C from the
conversion between jvðq2⊥Þj2 and the elastic cross sec-
tion σ̄ðq2⊥Þ.
With this notation we proceed to square the sum of the

single-Born amplitudes (D11), (D24), and (D27). We
convert the discrete sum over medium particles into a
continuous integral over densities, and neglect transverse
gradients. For interference terms like hR1;AR�

1;Bi, we note
that the product of wave functions is real and symmetric:
ψAψ

�
B ¼ ψBψ

�
A; this is also true of the wave functions of

particles other than scalars, after the external quantum
numbers have been summed over [see Eq. (31) of
Ref. [60]].
The resulting distribution E dNð1Þ

d2k⊥ dxd2p⊥ dE, which for the

moment we keep in separate terms, is given as follows:

�
E

dNð1Þ

d2k⊥ dxd2p⊥ dE

�
A
¼ 1

2ð2πÞ3xð1 − xÞ
CðA;AÞ
C

Z
L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥ÞjψAj2
�
E

dNð0Þ

d2ðp − qÞ⊥ dE

�
½1þ 2u⊥ ·ΩA� ; ð41aÞ

�
E

dNð1Þ

d2k⊥ dx d2p⊥ dE

�
B
¼ 1

2ð2πÞ3xð1 − xÞ
2CðB;BÞ

C

Z
L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥ÞjψBj2
�
E

dNð0Þ

d2ðp − qÞ⊥ dE

�

× ½1þ u⊥ · ðΩI B þΩII BÞ�½1 − cos ððq−p−k−q − q−p−qÞzÞ� ; ð41bÞ
�
E

dNð1Þ

d2k⊥ dxd2p⊥ dE

�
C
¼ 1

2ð2πÞ3xð1 − xÞ
2CðC;CÞ

C

Z
L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥ÞjψCj2
�
E

dNð0Þ

d2ðp − qÞ⊥ dE

�

× ½1þ u⊥ · ðΩI C þΩII CÞ�½1 − cos ððq−k−q − q−p−qÞzÞ� ; ð41cÞ
�
E

dNð1Þ

d2k⊥ dxd2p⊥ dE

�
AB

¼ 1

2ð2πÞ3xð1 − xÞ
2CðA;BÞ

C

Z
L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥ÞðψAψ
�
BÞ
�
E

dNð0Þ

d2ðp − qÞ⊥dE
�

× f½1þ u⊥ · ðΩA þΩI BÞ� cos ððq−p−k−q − q−p−qÞzÞ−½1þ u⊥ · ðΩA þΩII BÞ� g ; ð41dÞ
�
E

dNð1Þ

d2k⊥ dxd2p⊥ dE

�
AC

¼ 1

2ð2πÞ3xð1 − xÞ
2CðA;CÞ

C

Z
L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥ÞðψAψ
�
CÞ
�
E

dNð0Þ

d2ðp − qÞ⊥ dE

�

× f½1þ u⊥ · ðΩA þΩI CÞ� cos ððq−k−q − q−p−qÞzÞ−½1þ u⊥ · ðΩA þΩII CÞ�g ; ð41eÞ
�
E

dNð1Þ

d2k⊥ dx d2p⊥ dE

�
BC

¼ 1

2ð2πÞ3x ð1 − xÞ
2CðB;CÞ

C

Z
L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥ÞðψBψ
�
CÞ
�
E

dNð0Þ

d2ðp − qÞ⊥ dE

�

× f½1þ u⊥ · ðΩI B þΩI CÞ� cos ððq−p−k−q − q−k−qÞzÞ
− ½1þ u⊥ · ðΩI B þΩII CÞ� cos ððq−p−k−q − q−p−qÞzÞ
− ½1þ u⊥ · ðΩII B þΩI CÞ� cos ððq−k−q − q−p−qÞzÞ þ ½1þ u⊥ · ðΩII B þΩII CÞ�g ; ð41fÞ

�
E

dNð1Þ

d2k dx d2p⊥ dE

�
D
¼ −

1

2ð2πÞ3 xð1 − xÞ
CðD;0Þ
C

Z
L

0

dz ρ
Z

d2q⊥ σ̄ðq2⊥ÞjψAj2
�
E

dNð0Þ

d2p⊥ dE

�

× cos ðq−pzÞ½1þ u⊥ · ΓDBðq⊥Þ� ; ð41gÞ
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�
E

dNð1Þ

d2k dx d2pdE

�
E
¼ −

1

2ð2πÞ3 xð1 − xÞ
CðE;0Þ
C

Z
L

0

dz ρ
Z

d2q⊥ σ̄ðq2⊥ÞjψAj2

×

�
E

dNð0Þ

d2pdE

�
½1 − cos ðq−pzÞ�½1þ u⊥ · Γðp−kÞ

DB � ; ð41hÞ

�
E

dNð1Þ

d2k dx d2pdE

�
F
¼ −

1

2ð2πÞ3 xð1 − xÞ
CðF;0Þ
C

Z
L

0

dz ρ
Z

d2q⊥ σ̄ðq2⊥ÞjψAj2

×

�
E

dNð0Þ

d2pdE

�
½1 − cos ðq−pzÞ�½1þ u⊥ · ΓðkÞ

DB� ; ð41iÞ

�
E

dNð1Þ

d2k dx d2p⊥ dE

�
G
¼ 1

2ð2πÞ3 xð1 − xÞ
2CðG;0Þ

C

Z
L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥ÞðψGψ
�
AÞ

×

�
E

dNð0Þ

d2pdE

�
½1þ u⊥ · ΓG�½cos ðq−pzÞ − cos ððq−kþq þ q−p−k−qÞzÞ� : ð41jÞ

Here ΩA is given in (D12), ΩI B and ΩII B are given in (D25), ΩI C and ΩII C can be obtained from ΩI B and ΩII B under the

substitution k ↔ ðp − kÞ and x ↔ 1 − x, Γðp−kÞ
DB and ΓðkÞ

DB defined in (E40) and (E43) correspond to ΓDB under appropriate
momentum substitution, and ΓG is given by (E59).
Combining all the contributions together, the total distribution at first order in opacity is

E
dNð1Þ

d2k⊥ dx d2p⊥ dE
¼ 1

2ð2πÞ3xð1 − xÞ
Z

L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥Þ
��

E
dNð0Þ

d2ðp − qÞ⊥ dE

�

×

�
CðA;AÞ
C

jψAj2ð1þ 2u⊥ ·ΩAÞ

þ 2CðB;BÞ
C

jψBj2ð1þ u⊥ · ðΩI B þΩII BÞÞð1 − cos ððq−p−k−q − q−p−qÞzÞÞ

þ 2CðC;CÞ
C

jψCj2ð1þ u⊥ · ðΩI C þΩII CÞÞð1 − cos ððq−k−q − q−p−qÞzÞÞ

þ 2CðA;BÞ
C

ðψAψ
�
BÞ½ð1þ u⊥ · ðΩA þΩI BÞÞ cos ððq−p−k−q − q−p−qÞzÞ − ð1þ u⊥ · ðΩA þΩII BÞÞ�

þ 2CðA;CÞ
C

ðψAψ
�
CÞ½ð1þ u⊥ · ðΩA þΩI CÞÞ cos ððq−k−q − q−p−qÞzÞ − ð1þ u⊥ · ðΩA þΩII CÞÞ�

þ 2CðB;CÞ
C

ðψBψ
�
CÞ½ð1þ u⊥ · ðΩI B þΩI CÞÞ cos ððq−p−k−q − q−k−qÞzÞ þ ð1þ u⊥ · ðΩII B þΩII CÞÞ

− ð1þ u⊥ · ðΩI B þΩII CÞÞ cos ððq−p−k−q − q−p−qÞzÞ

− ð1þ u⊥ · ðΩII B þΩI CÞÞ cos ððq−k−q − q−p−qÞzÞ�
�

þ
�
E

dNð0Þ

d2p⊥ dE

��
−
CðD;0Þ
C

jψAj2 cos ðq−pzÞð1þ u⊥ · ΓDBÞ

−
CðE;0Þ
C

jψAj2ð1 − cos ðq−pzÞÞð1þ u⊥ · Γðp−kÞ
DB Þ − CðF;0Þ

C
jψAj2ð1 − cos ðq−pzÞÞð1þ u⊥ · ΓðkÞ

DBÞ

þ 2CðG;0Þ
C

ðψGψ
�
AÞð1þ u⊥ · ΓGÞðcos ðq−pzÞ − cos ððq−kþq þ q−p−k−qÞzÞÞ

��
: ð42Þ

While (42) contains the full answer for the velocity corrections to the medium-induced branching, it is instructive to
consider various simplifying limits. To begin, we note that as discussed in Eq. (E16) and the paragraph thereafter, in the
approximation which allows us to neglect the velocity corrections times sines of the LPM phases, for consistency we can
replace the cosine with unity. While it would be preferable to keep the cosine structures derived in (42) and augment them
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with the additional sine terms, we can instead use this approximation to simplify the interference pattern by dropping the
velocity corrections multiplying phase structures of the form ð1 − cosϕÞ and ðcosϕ1 − cosϕ2Þ:

E
dNð1Þ

d2k⊥ dx d2p⊥ dE
¼ 1

2ð2πÞ3xð1 − xÞ
Z

L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥Þ
��

E
dNð0Þ

d2ðp − qÞ⊥ dE

�

×
�
CðA;AÞ
C

jψAj2ð1þ 2u⊥ ·ΩAÞ þ
2CðB;BÞ

C
jψBj2ð1 − cos ððq−p−k−q − q−p−qÞzÞÞ

þ 2CðC;CÞ
C

jψCj2ð1 − cos ððq−k−q − q−p−qÞzÞÞ

þ 2CðA;BÞ
C

ðψAψ
�
BÞ½cos ððq−p−k−q − q−p−qÞzÞ − 1þ u⊥ · ðΩI B −ΩII BÞ�

þ 2CðA;CÞ
C

ðψAψ
�
CÞ½cos ððq−k−q − q−p−qÞzÞ − 1þ u⊥ · ðΩI C −ΩII CÞ�

þ 2CðB;CÞ
C

ðψBψ
�
CÞ½1þ cos ððq−p−k−q − q−k−qÞzÞ − cos ððq−p−k−q − q−p−qÞzÞ − cos ððq−k−q − q−p−qÞzÞ�

�

þ
�
E

dNð0Þ

d2p⊥ dE

��
−
CðD;0Þ
C

jψAj2ðcos ðq−pzÞ þ u⊥ · ΓDBÞ −
CðE;0Þ
C

jψAj2ð1 − cos ðq−pzÞÞ

−
CðF;0Þ
C

jψAj2ð1 − cos ðq−pzÞÞ þ
2CðG;0Þ

C
ðψGψ

�
AÞðcos ðq−pzÞ − cos ððq−kþq þ q−p−k−qÞzÞÞ

��
: ð43Þ

In this limit, many of the velocity corrections drop out, but a few remain. Of particular note are the combinations

ΩI B −ΩII B ¼ 2q⊥
1 − uz

ðk − xpþ xqÞ2⊥
2xð1 − xÞE

1

v
∂v
∂q2⊥ ; ð44aÞ

ΩI C −ΩII C ¼ 2q⊥
1 − uz

ðk − xp − ð1 − xÞqÞ2⊥
2xð1 − xÞE

1

v
∂v
∂q2⊥ ; ð44bÞ

for which all corrections except the virtuality shift of the potential have canceled out.
Alternatively we may consider the small-x limit x ≪ 1 in which one of the radiated partons is very soft. In this limit

ψA ¼ ψB ¼ ψðx; k⊥Þ, ψC ¼ ψðx; k⊥ − q⊥Þ, and ψG ¼ ψðx; k⊥ þ q⊥Þ. We also have

ΩII B ¼ ΩA ¼ −
q⊥

1 − uz

k2⊥
xE

1

v
∂v
∂q2⊥ ; ð45aÞ

ΓGð−q⊥Þ ¼ ΩI C ¼ −
k⊥

ð1 − uzÞxE
þ q⊥
1 − uz

ðk − qÞ2⊥ − k2⊥
xE

1

v
∂v
∂q2⊥ ; ð45bÞ

ΩII C ¼ −
k⊥

ð1 − uzÞxE
−

q⊥
1 − uz

k2⊥
xE

1

v
∂v
∂q2⊥ ; ð45cÞ

and ΩI B ¼ Γðp−kÞ
DB ¼ ΓDB ¼ 0, and the phases simplify to

q−p ¼ q−p−q ¼
k2⊥

2xEð1 − uzÞ
; q−k−q ¼ −

ðk − qÞ2⊥ − k2⊥
2xEð1 − uzÞ

; q−kþq ¼ −
ðkþ qÞ2⊥ − k2⊥
2xEð1 − uzÞ

; q−p−k−q ¼ 0:

If we impose both the small-x limit and set cosϕ ¼ 1 for the velocity corrections, we obtain
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E
dNð1Þ

d2k⊥ dx d2p⊥ dE
¼ 1

2ð2πÞ3xð1 − xÞ
Z

L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥Þ
��

E
dNð0Þ

d2ðp − qÞ⊥ dE

�

×

�
CðA;AÞ
C

jψAj2ð1þ 2u⊥ ·ΩAÞ þ
2CðB;BÞ

C
jψAj2ð1 − cos q−pzÞ

þ 2CðC;CÞ
C

jψCj2ð1 − cos ððq−k−q − q−pÞzÞÞ þ
2CðA;BÞ

C
jψAj2ðcos q−pz − 1 − u⊥ ·ΩAÞ

þ 2CðA;CÞ
C

ðψAψ
�
CÞðcos ððq−k−q − q−pÞzÞ − 1þ u⊥ · ðΩI C −ΩII CÞÞ

þ 2CðB;CÞ
C

ðψAψ
�
CÞð1þ cos q−k−qz − cos q−pz − cos ððq−k−q − q−pÞzÞÞ

�

þ
�
E

dNð0Þ

d2p⊥ dE

��
−
CðD;0Þ
C

jψAj2 cos q−pz −
CðE;0Þ
C

jψAj2ð1 − cos q−pzÞ

−
CðF;0Þ
C

jψAj2ð1 − cos q−pzÞ þ
2CðG;0Þ

C
ðψAψ

�
CÞðcos q−pz − cos q−k−qzÞ

��
: ð46Þ

Finally, it is instructive to substitute color factors for (3b) which are motivated by the QCD branching channel q → qg as
enumerated in Table I and to employ the so-called “broad source approximation” dNð0Þ

d2ðp−qÞ⊥dE ≈
dNð0Þ

d2p⊥dE
used in the original

GLV calculation [23]. With these substitutions, we have

E
dNð1Þ

d2k⊥ dxd2p⊥ dE
¼ CF

2ð2πÞ3xð1 − xÞ
�
2Nc

CF

�Z
L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥Þ
�
E

dNð0Þ

d2p⊥ dE

�

× fðjψCj2 − ðψAψ
�
CÞÞð1 − cos ððq−k−q − q−pÞzÞÞ

þ 1

2
jψAj2ðu⊥ ·ΩAÞ þ

1

2
ðψAψ

�
CÞðu⊥ · ðΩI C −ΩII CÞÞg: ð47Þ

Since ΩA ∝ q⊥ with all other factors independent of the direction of q⊥, this term vanishes after angular averaging.
Similarly, in the small-x limit the combination

1

2
ðψAψ

�
CÞ u⊥ · ðΩI C −ΩII CÞ ¼ ψðx; k⊥Þψ�ðx; k⊥ − q⊥Þ

u⊥ · q⊥
1 − uz

ðk − qÞ2⊥
2xE

1

v
∂v
∂q2⊥ ð48Þ

simplifies. Interestingly, for the strictly scalar theory, this quantity also averages to zero, since the scalar wave function is
isotropic:

1

2
ðψAψ

�
CÞ u⊥ · ðΩI C −ΩII CÞ ¼

�
λ2x2

k2⊥ðk − qÞ2⊥

�
u⊥ · q⊥
1 − uz

ðk − qÞ2⊥
2xE

1

v
∂v
∂q2⊥ : ð49Þ

However, for the q → qg splitting wave function, the splitting is not isotropic [see e.g., Eq. (31) of Ref. [60] ] and leads to a
nonzero term which survives angular averaging:

1

2
ðψAψ

�
CÞ u⊥ · ðΩIC −ΩII CÞ ¼ 16παs

�
k⊥ · ðk⊥ − q⊥Þ
k2⊥ðk − qÞ2⊥

�
u⊥ · q⊥
1 − uz

ðk − qÞ2⊥
2xE

1

v
∂v
∂q2⊥

→ −8παs
�
q2⊥
k2⊥

�
u⊥ · k⊥
1 − uz

1

2xE
1

v
∂v
∂q2⊥ : ð50Þ

As a result, we find that in this simplest case (small x and broad source) the velocity correction to the purely scalar theory is
zero, while the velocity correction to real q → qg branching leads to anisotropic emission of gluons based on the preferred
direction provided by the medium velocity:
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E
dNð1Þ

d2k⊥ dxd2p⊥ dE
¼ αsNc

π2x

�
E

dNð0Þ

d2p⊥ dE

�Z
L

0

dz ρ
Z

d2q⊥σ̄ðq2⊥Þ

×

�
2k⊥ · q⊥

k2⊥ðk − qÞ2⊥

�
1 − cos

� ðk − qÞ2⊥
2xEð1 − uzÞ

z

��
þ q2⊥
k2⊥ðq2⊥ þ μ2Þ

u⊥ · k⊥
2ð1 − uzÞxE

�
; ð51Þ

where we have evaluated the derivative of the potential for
the specific choice of the Gyulassy-Wang potential (10).
Equation (51) explicitly reproduces the original GLV result
of Ref. [23] in the same limit, with a single surviving
velocity correction which leads to the preferential emission
of the radiated gluon in the direction of the medium
velocity as schematically shown in Fig. 6. This correction
is suppressed by one power of the energy, but enhanced in
the small-x limit.
It is instructive to note that uz dependance of the first

term in (51) can be readily understood as a longitudinal
boost of the GLV result from the frame, where the matter
has zero uz. This longitudinal boost transforms the param-
eters of the problem in the matter rest frame resulting in pz,
E, and L of the lab frame. After the z integration is rescaled
the first term of (51) is reproduced. However, the transverse
velocity correction cannot be obtained by merely boosting
the static result since the eikonal expansion and transverse
boosts do not commute—the transverse momentum gains a
large shift γu⊥E under such a boost. Thus, to obtain the full
(51) from its static limit one has to start with an expression
including the second subleading order in the eikonal
expansion in the matter rest frame.

B. Moments of the radiation spectrum
in the soft gluon emission limit

It is instructive to consider vector-valued moments of
the transverse momentum distribution of radiated gluons as
well, just as we did for jet broadening. Defining the
average as

h� � �i≡
R
d2k⊥ ð� � �ÞE dNð1Þ

d2kdx d2pdER
d2k⊥ E dNð0Þ

d2kdx d2pdE

; ð52Þ

where we have evaluated both the numerator and denom-
inator to the first nonvanishing order, let us consider the
vector-valued moments hk⊥ ðk2⊥Þni for some power n. For
the numerator, integrating (51) with the vector k⊥ leads to
no contribution from the first term which corresponding
to the static, eikonal limit. For the anisotropic term coupling
to the medium velocity, we have

Z
d2k⊥ k⊥ðk2⊥Þn E

dNð1Þ

d2kdx d2pdE

¼ αs Nc

π2x

�
E

dNð0Þ

d2p⊥ dE

�
L
λ

u⊥
4ð1 − uzÞxE

×
Z

d2q⊥
σ̄ðq2⊥Þ
σ0

q2⊥
q2⊥ þ μ2

Z
d2k⊥ ðk2⊥Þn

¼ αs Nc

πx

�
E

dNð0Þ

d2p⊥ dE

�
L
λ

u⊥
8ð1 − uzÞxE

Z
k2max

k2min

dk2⊥ ðk2⊥Þn ;

ð53Þ

where we have utilized angular averaging and taken the
medium to be homogeneous for simplicity. For the cross
section ratio (21) corresponding to the Gyulassy-Wang
potential the d2q⊥ integral trivially gives 1=2. For the
denominator of (52) which normalizes the average, we use
the vacuum distribution (39) in the small-x limit with the
q → qg light-front wave functions [see for instance
Eq. (31) of Ref. [60] ], obtaining

Z
d2k⊥ E

dNð0Þ

d2kdx d2pdE

¼ CF

2ð2πÞ3x
�
E

dNð0Þ

d2p⊥dE

�Z
d2k⊥ jψðx; k⊥Þj2

¼ αsCF

πx

�
E

dNð0Þ

d2p⊥dE

�
ln
k2max

k2min

: ð54Þ

The vector-valued moment of the radiated momentum is
then given by the ratio

FIG. 6. The coupling of soft radiation to the medium velocity
presented in this work. The medium-induced radiation is emitted
preferentially in the direction of the medium velocity as sche-
matically shown by the number of gluons along the direction of
the flow in comparison to the “standard” symmetric unbent jet.
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hk⊥ðk2⊥Þni ¼
Nc

CF

L
λ

u⊥
8ð1 − uzÞxE

R k2max

k2min
dk2⊥ ðk2⊥Þn

ln k2max=k2min

: ð55Þ

For moments of simple powers k⊥ ðk2⊥Þn, a good illustrative
choice is n ¼ −1, for which the dependence on the integra-
tion limits kmin; kmax cancels exactly with the vacuum:

	
k⊥
k2⊥



¼ Nc

CF

L
λ

u⊥
8ð1 − uzÞxE

: ð56Þ

Any other choice of n will lead to power-law sensitivity to
the end points kmin; kmax, although more complicated
functions can also be chosen which are insensitive to the
end points. The final result (56) demonstrates that the soft-
gluon radiation is emitted preferentially in the direction of
the medium velocity, with the softest gluons (smallest
energy ω ¼ xE) being deflected the most (see Fig. 6). This
demonstrates that the soft radiation produced by the jet
which dominates the radiative energy loss actually flows
along with the medium itself. By replacing the standard
eikonal expression for the medium-induced spectrum [23]
with our extended result (51), one can immediately general-
ize existing phenomenology to include the velocity cou-
pling, such as in the Boltzmann transport framework
of Ref. [71].

C. Comments on model dependence

With the derivation of velocity and gradient effects on jet
broadening and in-medium branching complete, a few
comments about the model dependence (and independ-
ence) of our results are in order. First, we note that our most
general expressions for the single-Born diagrams (B21) for
broadening and (D11), (D24), and (D27) for radiative
branching do not make use of the specific form of the
scattering potential at all. They are therefore valid for any
model of the medium potential and are not limited to the
particular form of the Gyulassy-Wang potential (10).
Accordingly, (B25) and the single-Born terms in (42)
are valid for any model of the elastic scattering cross
section. For the double-Born diagrams, however, contact
integrals such as (C10) were sensitive to the poles and
details of the potential itself. These results have therefore
incorporated features which are specific to the Gyulassy-
Wang potential (10), both in the broadening case and in the
radiation case.
Despite this, the model dependence which may be

present in the double-Born velocity corrections (13b) to
jet broadening cannot be too great, or it would spoil the
unitarity which we showed explicitly in (12). This delicate
cancellation between the (model-independent) single-Born
diagrams and the (possibly model-dependent) double-Born
diagrams suggests that deviations from (13b) for ΓDB in
other models of the potential are, at worst, highly con-
strained. Moreover, in the calculation of the moments (17)

of the jet transverse momentum, the double-Born diagrams
do not enter at all since by construction they do not
contribute to the broadening of the momentum. As a result,
the general expressions for the transverse momentum
moments (18) and (25) do not depend on the choice of
the Gyulassy-Wang potential and are fully independent of
the model chosen for the medium. Thus, we find that our
conclusions for the jet broadening calculation are quite
general and independent of the assumption of the
Gyulassy-Wang potential in particular. For the case of
radiative branching, however, the sensitivity to the details
of the pole structure associated with the medium potential
may be greater, and it will be interesting to investigate in
future work the corresponding expressions with other
choices of the medium potential.

V. DISCUSSION AND CONCLUSIONS

In this paper, we performed a first-principles calculation
of the effects of medium motion on parton propagation and
branching in strongly interacting matter. We also calculated
the effects of gradients in density and velocity on the in-
medium propagation. The investigation of these effects in
perturbative calculations of jet broadening and energy loss
is well motivated. In the case of heavy ion collisions, where
a rapidly expanding QGP is created, the overwhelming
majority of produced hard partons will be moving at an
angle relative to the direction of medium’s transverse
expansion. Even for the rare cases when the partons
propagate radially outward from the center of the collisions
region, we might expect that the fluid velocity fields and the
jet direction of motion might not be always collinear.
Furthermore, in noncentral collisions the medium will have
a nonzero angular momentum, resulting in directed flow v1.
This is yet another source of motion that will affect the
propagation of jets, especially away from midrapidity.
While the application of our results is most transparent

for heavy ion collisions, the approach is general and
applicable to both the QGP and cold nuclear matter. For
the upcoming EIC, as theory and phenomenology in eþ A
collisions progress [12,13,72,73], we expect this study to
be relevant for the inclusion of nuclear matter density and
color charge fluctuations and gradients. Furthermore, there
is always the orbital motion of nucleons and in addition it
might be interesting to consider the motion of the nucleon
remnants set by the nuclear breakup in large Q2 deep
inelastic scattering processes.
To address these questions, we developed a new

approach to incorporate velocity and gradient corrections
into pQCD calculations that differentially take into account
the interactions with the scattering centers in the medium,
such as the opacity expansion. This allowed us to address
the jet/flow coupling for the QGP and set the stage for
future studies of color charge fluctuations and orbital
motion at the EIC. While collisional energy losses have
been studied extensively for leading partons and parton
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showers [74–76], in this work we derived the effect of
collisional energy transfer to/from the jet by the medium
and an angle-dependent shift in the exchanged gluon
virtuality on the broadening pattern and the in-medium
splitting kernels. We found that these lead to a deflection of
the jet in the direction of medium motion. While medium
velocity and gradients (separately) do not affect the root
mean square broadening of final-state jets,

ffiffiffiffiffiffiffiffiffiffi
hp2⊥i

p
, they do

lead to anisotropies, such as hp⊥i ≠ 0. We showed that the
deflection of jets is proportional to the transverse velocity
u⊥, is enhanced by the medium opacity L=λ, and is
suppressed by the jet energy. Not only is the distribution
of jets affected, but higher odd moments also receive
nontrivial contributions.
We further investigated the formation of the parton

shower in matter and derived the velocity corrections on
in-medium branching. We found that these corrections
directly couple to the interference phases that reflect the
formation times of parton splitting to the typical length
scales in the medium and are at the heart of the LPM effect.
While in this study we used scalar QCD as the underlying
field theory, our results are general and full QCD is
recovered by substituting the relevant wave functions
and color factors. To gain physics insight into the formal
results, we considered simplifying limits such as soft gluon
emission and linear velocity corrections. A peculiar feature
of scalar QCD is that branching is isotropic and in this case
the velocity correction would vanish in the simplest
kinematic limit. Going to full QCD, however, in the soft
branching limit we found the leading correction that results
in gluon emission preferentially in the direction of u⊥.
Interestingly, the corrections are larger for soft gluons
emitted at a large angle relative to the jet axis.
Using the techniques developed here, it may be possible

to deconvolute information about the medium motion and
spatial distribution (gradients) from the observed distribu-
tions of jets and jet substructure.As such,we believe that this
work constitutes a significant step toward full-fledged, first-
principles velocity and gradient tomography using jets.
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APPENDIX A: UNIVERSALITY OF REGGE
SCATTERING BEYOND EIKONAL ORDER

Consider the 2 → 2 scattering of particles with momenta
p1 þ p2 → p0

1 þ p0
2. Wewill compare three cases, in which

the particles are scalars, spin-1=2 fermions, and vector
bosons (gluons). In all three cases we consider the
scattering by the exchange of t-channel gluons, either in
real QCD or in scalar QCD, depending on the theory. We
wish to compare the kinematic dependence of the 2 → 2
cross section on the ratio t=s in the forward-scattering
Regge limit jt=sj ≪ 1, after averaging over any spin
quantum numbers.
The usual Regge limit corresponds to s → ∞, with all

other scales including t and the masses held fixed and small.
This differs, however, from the assumptions which underlie
the Gyulassy-Wang potential we employ. The Gyulassy-
Wang potential assumes that the scattering centers of the
medium are very heavy, possessing a mass M → ∞ which
suppresses the recoil of themedium particles. These assump-
tions can be relaxed, see for example [30].
The 2→2 scattering kinematics are compactly expressed

in terms of the Mandelstam invariants

s≡ ðp1 þ p2Þ2 ¼ ðp0
1 þ p0

2Þ ¼ 2p1 · p2 þM2

¼ 2p0
1 · p

0
2 þM2 ; ðA1aÞ

t≡ q2 ≡ ðp0
1 − p1Þ2 ¼ ðp2 − p0

2Þ2 ¼ −2p1 · p0
1

¼ −2p2 · p0
2 þ 2M2 ; ðA1bÞ

u≡ ðp1 − p0
2Þ ¼ ðp0

1 − p2Þ ¼ −2p1 · p0
2 þM2

¼ −2p0
1 · p2 þM2 ; ðA1cÞ

where we have taken the jet particle to be massless p2
1 ¼

p0 2
1 ¼ 0 and the medium particle p2

2 ¼ p0 2
2 ¼ M2 to be

heavy. The sum of the Mandelstam invariants is
sþ tþ u ¼ 2M2, and for concreteness we will work in
Feynman gauge and treat the t-channel gluon as having a
mass μ for consistency with the Gyulassy-Wang potential.
For a direct comparison with the heavy-mass assumption of
the Gyulassy-Wang potential, we can explicitly write the
initial momenta p1 of the jet and p2 of the medium
particle as
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pμ
1 ¼ ðE; p1⊥; p1 zÞ ; ðA2aÞ

pμ
2 ¼ γMð1;u⊥; uzÞ ; ðA2bÞ

such that

s −M2 ¼ 2γ ð1 − uzÞME

�
1 −

u⊥ · p1⊥
ð1 − uzÞE

þO
�
p2
1⊥
E2

��
: ðA3Þ

After computing the square of the scattering amplitude, we will first take the M → ∞ limit, dropping all terms which are
subleading in powers of M for consistency with the Gyulassy-Wang potential. Then we will expand the kinematics in the
Regge limit in powers of the small quantity p1⊥=E, comparing the results up to first subeikonal order Oð⊥EÞ.
For quarks scattering by gluon exchange, the amplitude is

iMquarks ¼
ig2

t − μ2
ðta ⊗ taÞ ½Ūðp0

1ÞγμUðp1Þ� ½Ūðp0
2ÞγμUðp2Þ�; ðA4Þ

leading to the spin- and color-averaged amplitude squared

hjMj2iquarks ¼
1

4

g4

ðt− μ2Þ2
CF

2Nc
tr½p1γνp 0

1γμ� tr½ðp2 þMÞγνðp 0
2 þMÞγμ�

¼ g4

ðt− μ2Þ2
CF

2Nc
½4ðs−M2Þ2 þ 4ðs−M2Þtþ 4M2tþ 2t2�

¼ g4

ðt− μ2Þ2
CF

2Nc

�
16γ2ð1− uzÞ2M2E2

�
1−

u⊥ · p1⊥
ð1− uzÞE

�
2

þ 8γð1− uzÞMEt

�
1−

u⊥ · p1⊥
ð1− uzÞE

�
þ 4M2tþ 2t2

�

≈
g4

ðt− μ2Þ2
CF

2Nc

�
16γ2ð1− uzÞ2M2E2

�
1−

u⊥ · p1⊥
ð1− uzÞE

�
2

þ 4M2t

�

≈
g4

ðt− μ2Þ2
CF

2Nc
16γ2ð1− uzÞ2M2E2

�
1− 2

u⊥ · p1⊥
ð1− uzÞE

þO
�
p2
1⊥
E2

��
: ðA5Þ

Similarly, for gluon scattering the amplitude is

iMgluons ¼
−ig2

t − μ2
ðfabc fdceÞ ½ðp1 − qÞ · ϵ�λ0

1
ðϵλ1Þμ − ðp1 þ p0

1Þμ ðϵλ1 · ϵ�λ0
1
Þ þ ðp0

1 þ qÞ · ϵλ1 ðϵ�λ0
1
Þμ�

× ½ðp2 þ p0
2Þμ ðϵλ2 · ϵ�λ0

2
Þ − ðp2 þ qÞ · ϵ�λ0

2
ðϵλ2Þμ − ðp0

2 − qÞ · ϵλ2 ðϵ�λ0
2
Þμ�; ðA6Þ

with q ¼ p0
1 − p1 ¼ p2 − p0

2 and the various ϵλ factors denoting polarization vectors. Squaring the amplitude and averaging
over colors and spins gives

hjMj2igluons ¼
g4

ðt− μ2Þ2
Nc

2CF
½4ðs−M2Þ2 þ 4ðs−M2Þtþ 2t2 − 8M2t�

¼ g4

ðt− μ2Þ2
Nc

2CF

�
16γ2ð1− uzÞ2M2E2

�
1−

u⊥ · p1⊥
ð1− uzÞE

�
2

þ 8γð1− uzÞMEt

�
1−

u⊥ · p1⊥
ð1− uzÞE

�
þ 2t2 − 8M2t

�

≈
g4

ðt− μ2Þ2
Nc

2CF

�
16γ2ð1− uzÞ2M2E2

�
1−

u⊥ · p1⊥
ð1− uzÞE

�
2

− 8M2t

�

≈
g4

ðt− μ2Þ2
Nc

2CF
16γ2ð1− uzÞ2M2E2

�
1− 2

u⊥ · p1⊥
ð1− uzÞE

þO
�
p2
1⊥
E2

��
; ðA7Þ

which agrees up to Oð⊥EÞ with the expression for quark-quark scattering, up to the fundamental/adjoint color factor
substitution.
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For scalars scattering by gluon exchange in scalar QCD,
we may choose the representation R of the SUðNcÞ
generators tR to be either fundamental or adjoint. The
resulting color factors will reproduce either the quark-
scattering factor CF

2Nc
or the gluon-scattering factor Nc

2CF
; we

can write either case compactly in terms of the Casimir CR
of the scalar representation R and the complementary
Casimir CR̄ of the opposite representation: CR

2CR̄
. The

kinematic part of the scalar scattering amplitude is then
straightforward:

iMscalars ¼
ig2

t − μ2
ðtaR ⊗ taRÞ ðp1 þ p0

1Þ · ðp2 þ p0
2Þ ; ðA8Þ

leading to

hjMj2iscalars ¼
g4

ðt − μ2Þ2
CR

2CR̄
½ðp1 þ p0

1Þ · ðp2 þ p0
2Þ�2

¼ g4

ðt − μ2Þ2
CR

2CR̄
½4ðs −M2Þ2 þ 4ðs −M2Þtþ t2Þ�

¼ g4

ðt − μ2Þ2
CR

2CR̄

�
16γ2ð1 − uzÞ2M2E2

�
1 −

u⊥ · p1⊥
ð1 − uzÞE

�
2

þ 8γð1 − uzÞMEt

�
1 −

u⊥ · p1⊥
ð1 − uzÞE

�
þ t2

��

≈
g4

ðt − μ2Þ2
CR

2CR̄

�
16γ2ð1 − uzÞ2M2E2

�
1 −

u⊥ · p1⊥
ð1 − uzÞE

�
2
�

≈
g4

ðt − μ2Þ2
CR

2CR̄
16γ2ð1 − uzÞ2 M2E2

�
1 − 2

u⊥ · p1⊥
ð1 − uzÞE

þO
�
p2
1⊥
E2

��
: ðA9Þ

Comparing the amplitudes-squared for quarks (A5),
gluons (A7), and scalars (A9), we see that not only do
they agree in the strict eikonal limit, but the universality
continues to hold at Oð⊥EÞ. This assures us that in replacing
the Regge scattering of quarks or gluons with scalars in the
corresponding color representation, we do not modify the
structure of the velocity corrections in any way. Instead, all
three cases receive the same correction to the eikonal
vertex, arising entirely from the correction (A3) to
ðs −M2Þ2. One can also compare Eqs. (A5), (A7), and
(A9) in the usual Regge limit by setting M2 ¼ 0 and
expanding in powers of jt=sj. Doing so again verifies that
the universality of Regge scattering continues to hold at
least through the first subeikonal order Oðjt=sjÞ. This
analysis justifies our replacement of the quark and gluon
degrees of freedom of QCD with a simpler scalar theory,
combining the universal nature of Regge scattering and the
interchangeability of the light-front wave functions.

APPENDIX B: JET BROADENING:
SINGLE BORN DIAGRAM

With either choice of Lagrangian (2), the lowest-order
scattering amplitude for this process is shown in Fig. 3 and
gives

iM1ðpÞ ¼
Z

d4q
ð2πÞ4 ½ig t

a
projA

μa
extðqÞð2p− qÞμ�

�
i

ðp− qÞ2 þ iϵ

�

× Jðp− qÞ ; ðB1Þ

where the jet with initial momentum ðp − qÞμ is scattered
by the potential into the measured final-state distribution of
momentum pμ. The momentum of the jet is

pμ ¼
�
E;p⊥ ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2−p2⊥

q �
≈
�
E;p⊥ ;E

�
1−

p2⊥
2E2

��
; ðB2Þ

where we have neglected higher-order terms Oð⊥4

E4Þ sup-
pressed by the jet energy. We want to ultimately keep all
corrections of Oð⊥EÞ and drop corrections of Oð⊥2

E2Þ and
higher in our final answer, while making no assumptions
about uμi to allow for a highly relativistic medium.
Substituting (4) and (8) into (B1) gives

M1ðpÞ ¼ i
X
i

taprojt
a
i

Z
d4q
ð2πÞ4 e

iq·xi
uμi ð2p − qÞμ
ðp − qÞ2 þ iϵ

× viðqÞ Jðp − qÞ ð2πÞδðq0 − ui · qÞ : ðB3Þ

The delta function from the potential helps to perform
the dq0 integral immediately, and the numerator algebra
gives

uμi ð2p − qÞμ ¼ 2uμi pμ ¼ 2ðE − ui⊥ · p⊥ − ui zpzÞ

≈ 2Eð1 − ui zÞ
�
1 −

ui⊥ · p⊥
Eð1 − ui zÞ

þO
�⊥2

E2

��
:

ðB4Þ
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After picking up the delta function in q0, the next step is to perform the integration over qz by residues. To this end, the
propagator is

ðp − qÞ2 þ iϵ ¼ ðE − q0Þ2 − ðp − qÞ2⊥ − ðpz − qzÞ2 þ iϵ

¼ ðE − ui⊥ · q⊥ − ui zqzÞ2 − ðp − qÞ2⊥ −
�
E −

p2⊥
2E

− qz

�
2

þ iϵ

¼ −ð1 − u2i zÞq2z þ 2qz

�
ð1 − ui zÞE −

p2⊥
2E

þ ðui⊥ · q⊥Þui z
�

þ ðp2⊥ − ðp − qÞ2⊥ − 2Eðui⊥ · q⊥Þ þ ðui⊥ · q⊥Þ2Þ þ iϵ

¼ −ð1 − u2i zÞ½qz −Qþ
p−q − iϵ�½qz −Q−

p−q þ iϵ� ðB5Þ

with poles

Qþ
p−q ¼

2E
1þ ui z

�
1 −

ui ⊥ · q⊥
2E

þO
�⊥2

E2

��
; ðB6aÞ

Q−
p−q ¼

ui⊥ · q⊥
1 − ui z

þ ðp − qÞ2⊥ − p2⊥
2Eð1 − ui zÞ

þO
�⊥2

E2

�
; ðB6bÞ

where the subscript indicates that these poles are zeros of
ðp − qÞ2 þ iϵ ¼ 0. In principle, there can also be poles of
qz associated with the potential (10). These poles occur at

momenta q with finite imaginary part, as there is no valid
cut of the t-channel gluon carrying the potential. As such,
these poles of the potential lead to an exponentially
decaying amplitude in the position xi of the scattering
center. For a sufficiently large medium μzi ≫ 1, this
decaying mode can be neglected [23,77], so here we only
consider the explicit poles (B6) arising from the cuttable
propagator. Such corrections can be safely neglected for
these single-Born diagrams where the imaginary part of the
pole leads to a decaying mode, but they will become
important for the double-Born diagrams where no such
exponential decay occurs.

Inserting (B4) and (B5) into (B3) gives

M1ðpÞ ¼ i
X
i

taprojt
a
i

Z
d3q
ð2πÞ3 e

iq·xi ½2Eð1 − ui zÞ�
�
1 −

ui⊥ · p⊥
Eð1 − ui zÞ

�

×

�
−1

1 − u2i z

1

ðqz −Qþ
p−q − iϵÞ ðqz −Q−

p−q þ iϵÞ
�
viðqiÞ Jðp − qiÞ : ðB7Þ

Of the two polesQ�
p−q, the large poleQþ

p−q leads to an amplitude which is highly suppressed by the jet energy E and can be
neglected. The only unsuppressed contribution arises from collecting the residue of Q−

p−q, which requires closing the
contour below the real axis and hence zi > 0. Doing so yields

M1ðpÞ ¼
X
i

2E θðziÞ
1þ ui z

taprojt
a
i

Z
d2q⊥
ð2πÞ2 e

iqi·xi

�
1 −

ui⊥ · p⊥
Eð1 − ui zÞ

��
1

Qþ
p−q −Q−

p−q

�
viðqiÞ Jðp − qiÞ

¼
X
i

2EθðziÞ
1þ ui z

taprojt
a
i

Z
d2q⊥
ð2πÞ2 e

iqi·xi

�
1 −

ui⊥ · p⊥
Eð1 − ui zÞ

�

×

�
2E

1þ ui z
−
ui⊥ · q⊥
1þ ui z

−
ui⊥ · q⊥
1 − ui z

�
−1
viðqiÞJðp − qiÞ ;

M1ðpÞ ¼
X
i

θðziÞ taprojtai
Z

d2q⊥
ð2πÞ2 e

iqi·xi

�
1 −

ui⊥ · ðp⊥ − q⊥Þ
Eð1 − ui zÞ

�
viðqiÞ Jðp − qiÞ : ðB8Þ

Note that in addition to the explicit correction factor we obtain to the eikonal vertex of the external potential, there are also
other implicit corrections to the arguments of viðqiÞ and Jðp − qiÞ after setting the momentum transfer q equal to its pole
value qi:
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qμ → qμi ¼ ðui · qi ; q⊥ ; Q−
p−qÞ

¼ ðui⊥ · q⊥ þ ui zQ−
p−q; q⊥; Q−

p−qÞ ðB9Þ

from the delta function in the external potential and from
the pole of the jet propagator. Wewill address these implicit
corrections after we have squared the amplitude.
We now proceed to square the amplitude and average

over quantum numbers in the usual way. First, performing
the averaging over colors of the in-medium sources, we
obtain

htai tbj i ¼
1

dtgt
trðtai tbj Þ

¼
� 1

2Nc
δijδ

ab if target is fundamental

1
2CF

δijδ
ab if target is adjoint

≡ 1

2CR̄
δijδ

ab; ðB10Þ

where dtgt is the dimension of the color representation of
the in-medium sources (“target”) and CR̄ is the quadratic
Casimir in the opposite representation as defined above. We
note this color averaging enforces a color-neutrality con-
dition δij—that is, that both gluon exchanges occur on the
same in-medium parton—which is equivalent to perform-
ing a Gaussian averaging of the target fields Aμa

ext
[60,78,79]. Here, the particular color factors used assume
that the scattering centers of the medium exist in the same
representation of SUðNcÞ. Then, upon squaring the ampli-
tude (B8), we generate two transverse integrals over d2q
and d2q0⊥, but only a single summation

P
i:

hjM1j2i¼
Cproj

2CR̄

X
i

θðziÞ
Z

d2q⊥
ð2πÞ2

d2q0⊥
ð2πÞ2 e

iðqi−q0iÞ·xi viðqiÞ

×v�i ðq0iÞJðp−qiÞJ�ðp−q0iÞ

×

�
1−

ui⊥ · ðp⊥−q⊥Þ
Eð1−uizÞ

−
ui⊥ · ðp⊥−q0⊥Þ
Eð1−uizÞ

�
; ðB11Þ

where Cproj1 ¼ taprojt
a
proj is the quadratic Casimir in the

representation of the projectile. For compactness, we define
the overall color factor of this process as

C≡ Cproj

2CR̄

¼

8>><
>>:

CF
2Nc

if proj ¼ tgt ¼ fundamental

NC
2CF

if proj ¼ tgt ¼ adjoint

1
2

if proj ≠ tgt

: ðB12Þ

Next, we convert in the usual way from the discrete
summation over scattering centers to a continuous integral
over their densities:

X
i

fi ¼ N

�
1

N

X
i

fi

�
¼ N hfi ¼ N

Z
d2xi⊥
A⊥

Z
dzi
L

fðxiÞ

¼
Z

d3xρ ðxÞfðxÞ ; ðB13Þ

where N is the number of scattering centers and ρ is their
number density over a transverse area A⊥ and length L. The
last line is also often expressed in terms of the elastic
scattering cross section σ0 and mean free path λ through
ρ ¼ 1

λ σ0
. With a continuous density profile (B11) becomes

hjM1j2i ¼ C
Z

d3xρðxÞ
Z

d2q⊥
ð2πÞ2

d2q0⊥
ð2πÞ2 e

iðq−q0Þ·x vðqÞv�ðq0Þ

× Jðp−qÞJ�ðp−q0Þ

×
�
1−

u⊥ · ðp⊥ − q⊥Þ
Eð1−uzÞ

−
u⊥ · ðp⊥− q0⊥Þ
Eð1−uzÞ

�
: ðB14Þ

In the usual formulation, the dependence on the trans-
verse coordinate x⊥ of quantities such as the density ρ is
often neglected, such that for example ρ ¼ ρðzÞ. Then the
integration over d2x⊥ yields a delta function δ2ðq⊥ − q0⊥Þ
and collapses the momentum integration. In our case, the
velocity field ui ¼ uðxÞ also contains a spatial dependence
in both its transverse and longitudinal components, and
neglecting those spatial variations would constitute a severe
restriction on the kinds of velocity fields to which our
formulas would apply. This motivates us to retain the
transverse spatial dependence of all such quantities: the
density ρðxÞ, the velocity field uðxÞ, and the Debye mass
μðxÞ.4 To make the final expressions more tractable, we will
expand them in powers of transverse gradients and analyze
the various contributions.
It is noteworthy that, in the physical situations of interest

to us, the applicability of a formal gradient expansion may
be questionable. In cold nuclear matter, the applicability of
a perturbative calculation of the jet-medium interaction is
limited to distances of Oð1=ΛQCDÞ ∼ 1 fm. In the QGP, for
the exchange of Debye screened gluons, that distance is
further shortened to be Oð1=μÞ ∼Oð1=gTÞ. If the medium
density ρ or velocity field uμ is slowly varying over these
scales, then a gradient expansion, starting at 0th order, is
appropriate. In cold nuclear matter this can be justified
based on a smooth optical Glauber picture of the density
profile ρðxiÞ, in which the density only varies over macro-
scopic scales L ∼ A1=3. However nucleon-scale density
fluctuations are known to play a crucial role in heavy-
ion collisions (see, e.g., [80]), making such an expansion
questionable. However, we emphasize that the general
expressions derived at the level of Eq. (B14), for instance,

4The Debye mass μ ∼ gT contains a spatial dependence
implicitly through its dependence on the temperature profile
TðxÞ.
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can be applied to medium properties which vary arbitrarily
and are not limited to the gradient expansion.
The usual treatment of the transverse averaging then

corresponds to the leading term in the gradient expansion:

hjM1j2i ¼ C
Z

dz ρðzÞ
Z

d2q⊥
ð2πÞ2 jvðqÞj2j Jðp − qÞj2

×

�
1 − 2

u⊥ðzÞ · ðp⊥ − q⊥Þ
Eð1 − uzðzÞÞ

�
þOð∂⊥Þ ; ðB15Þ

where also the Debye mass μ ¼ μðzÞ is independent
of transverse position. Noting that neglecting transverse
gradients is an especially poor approximation to the
hydrodynamics of heavy ion collisions, we proceed by
carefully isolating the spatial dependence implicit in vðqÞ
and Jðp − qÞ through the various poles (B9).
First we note that the phase factor eiðq−q0Þ·x takes a simple

form because of the lightlike kinematics of the jet:

exp ½iðq − q0Þ · x� ¼ exp ½−iðq⊥ − q 0⊥Þ · x⊥ − iðqz − q0zÞz�
¼ e−iðq⊥−q 0⊥Þ·x⊥ exp ½−iðQ−

p−q −Q−
p−q0 Þz�

¼ e−iðq⊥−q 0⊥Þ·x⊥ exp
�
−i

u⊥ · ðq⊥ − q 0⊥Þ
1 − uz

z − i
ðp − qÞ2⊥ − ðp − q0Þ2⊥

2Eð1 − uzÞ
z

�
: ðB16Þ

We also note that the last term in the exponential is suppressed by 1=E but enhanced by the position z of the scattering,
which may be large (on the order of the medium length L). As such we do not make any assumption at this stage about the
smallness of that combined quantity.
For the scattering potential vðqÞ, the correction due to the x⊥-dependent shift in the argument is

vðqÞ ¼ vðq2⊥ þ ðQ−
p−qÞ2 − q20Þ ≈ vðq2⊥Þ

�
1þ ðQ−

p−qÞ2 − q20
vðq2⊥Þ

∂v
∂q2⊥

�
≈ vðq2⊥Þ

�
1þ u⊥ · q⊥

ð1 − uzÞE
ðp − qÞ2⊥ − p2⊥

vðq2⊥Þ
∂v
∂q2⊥

�
; ðB17Þ

and similarly for vðq0Þ. Using both (B16) and (B17) in (B15) gives

hjM1j2i ¼ C
Z

d3x
d2q⊥
ð2πÞ2

d2q0⊥
ð2πÞ2 ρ e−iðq⊥−q0⊥Þ·x⊥

× exp

�
−i

u⊥ · ðq⊥ − q0⊥Þ
1 − uz

z − i
ðp − qÞ2⊥ − ðp − q0Þ2⊥

2Eð1 − uzÞ
z

�
vðq2⊥Þv�ðq0 2⊥ Þ

× Jðp − qÞJ�ðp − q0Þ
�
1 −

u⊥ · ðp⊥ − q⊥Þ
Eð1 − uzÞ

−
u⊥ · ðp⊥ − q0⊥Þ
Eð1 − uzÞ

þ u⊥ · q⊥
ð1 − uzÞE

ðp − qÞ2⊥ − p2⊥
vðq2⊥Þ

∂v
∂q2⊥ þ u⊥ · q 0⊥

ð1 − uzÞE
ðp − q0Þ2⊥ − p2⊥

v�ðq0 2⊥ Þ
∂v�
∂q0 2⊥

�
; ðB18Þ

where we have suppressed the explicit position dependence of ρ; u⊥, and uz for brevity.
Similarly, we can account for the shift of argument in the source terms Jðp − qÞ,

ðp − qÞμ ¼ ðE − u⊥ · q⊥ − uzQ−
p−q; p⊥ − q⊥; E −Q−

p−qÞμ ≈
�
E −

u⊥ · q⊥
1 − uz

; p⊥ − q⊥; E −
u⊥ · q⊥
1 − uz

�
μ

; ðB19Þ

by recognizing that the medium motion enters through a shift in the energy. We can extract the explicit energy shift by
writing

Jðp − qÞ ¼ J

�
E −

u⊥ · q⊥
1 − uz

; p⊥ − q⊥
�

¼ JðE; p⊥ − q⊥Þ −
�
u⊥ · q⊥
1 − uz

� ∂J
∂E ; ðB20Þ

which then gives
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hjM1j2i ¼ C
Z

d3x
d2q⊥
ð2πÞ2

d2q0⊥
ð2πÞ2 ρ e−iðq⊥−q0⊥Þ·xi⊥ vðq2⊥Þv�ðq0 2⊥ Þ JðE; p⊥ − q⊥ÞJ�ðE; p⊥ − q0⊥Þ

× exp

�
−i

u⊥ · ðq⊥ − q 0⊥Þ
1 − uz

z − i
ðp − qÞ2⊥ − ðp − q0Þ2⊥

2Eð1 − uzÞ
z

�

×

�
1 −

u⊥ · ðp⊥ − q⊥Þ
Eð1 − uzÞ

−
u⊥ · ðp⊥ − q 0⊥Þ
Eð1 − uzÞ

þ u⊥ · q⊥
ð1 − uzÞE

ðp − qÞ2⊥ − p2⊥
vðq2⊥Þ

∂v
∂q2⊥

þ u⊥ · q 0⊥
ð1 − uzÞE

ðp − q0Þ2⊥ − p2⊥
v�ðq0 2⊥ Þ

∂v�
∂q02⊥ −

�
u⊥ · q⊥
1 − uz

�
1

J
∂J
∂E −

�
u⊥ · q0⊥
1 − uz

�
1

J�
∂J�
∂E

�

¼ C
Z

d3x
d2q⊥
ð2πÞ2

d2q0⊥
ð2πÞ2 ρ e−iðq⊥−q0⊥Þ·x⊥vðq2⊥Þv�ðq0 2⊥ Þ JðE; p⊥ − q⊥ÞJ�ðE; p⊥ − q0⊥Þ

× exp

�
−i

u⊥ · ðq⊥ − q 0⊥Þ
1 − uz

z − i
ðp − qÞ2⊥ − ðp − q0Þ2⊥

2Eð1 − uzÞ
z

�
× ½1þ u⊥ · Γ⊥ðq⊥; q0⊥Þ� ; ðB21Þ

with the velocity profile u⊥ coupling to the correction factor

Γðq⊥; q 0⊥Þ≡ −
p⊥ − q⊥
ð1 − uzÞE

−
p⊥ − q 0⊥
ð1 − uzÞE

þ q⊥
ð1 − uzÞE

�ðp − qÞ2⊥ − p2⊥
vðq2⊥Þ

� ∂v
∂q2⊥

þ q 0⊥
ð1 − uzÞE

�ðp − q0Þ2⊥ − p2⊥
v�ðq0 2⊥ Þ

� ∂v�
∂q02⊥ −

q⊥
1 − uz

�
1

J
∂J
∂E

�
−

q 0⊥
1 − uz

�
1

J�
∂J�
∂E

�
: ðB22Þ

We emphasize that the dependence on the spatial content
of the medium is encoded explicitly in the density ρðxÞ and
transverse and longitudinal velocity profiles u⊥ðxÞ and
uzðxÞ, as well as implicitly in the temperature dependence
of the Debye mass μðxÞ ∼ gTðxÞ.
The exchanged gluonswhich couple the jet to themedium

have a characteristic transverse wavelength 1=μ over which
they resolve the medium. Because this calculation employs
pQCD to describe the degrees of freedom, thismust be a hard
scale: μ≳Oð1 GeVÞ such that the length scale resolved by
the interactions is Δx ∼ 1=μ < 1 fm. Depending on how
rapidly the medium quantities vary over this perturbative
distance, the gradients of these spatial densities may become
increasingly important.

1. No gradients (translational invariance)

At 0th order in the gradient expansion, all medium
quantities are taken to possess 2D translational invariance
and are functions of z only. This gives

Z
d2x⊥ e−iðq⊥−q 0⊥Þ·x⊥ → ð2πÞ2δð2Þðq⊥ − q 0⊥Þ ðB23Þ

and thus,

hjM1j2i ¼ C
Z

dz
d2q⊥
ð2πÞ2 ρ jvðq2⊥Þj2 jJðE; p⊥ − q⊥Þj2

× ½1þ u⊥ · Γðq⊥Þ� þOð∂⊥Þ ; ðB24Þ

with Γðq⊥Þ ¼ Γðq⊥; q⊥Þ, which is explicitly given in (13a).
Using (11) we can further write

�
E
dNð1Þ

d3p

�
SB

¼
Z
dz d2q⊥ ρðzÞ σ̄ðq2⊥Þ

�
E

dNð0Þ

d2ðp − qÞ⊥ dE

�

× ½1þ u⊥ðzÞ · Γðq⊥Þ� þOð∂⊥Þ ; ðB25Þ

where SB stands for single Born.
We will discuss in Appendix C the appearance of

the double-Born diagrams which enforce unitarity.
Interestingly, we find that the manner in which unitarity
is preserved in the more general case appears different;
whereas in the static case, the double-Born diagrams
effectively replace σ̄ðq⊥Þ → σ̄ðq⊥Þ − σ0δ

2ðq⊥Þ in (B25)
with σ0 being the integral of σ̄ðq⊥Þ, after including medium
flow and gradients we find a different, explicitly uni-
tary form.
The essential physics of how the jet couples to the

mediummotion is already contained in the simple kinematic
statement q0 ¼ u · q from the potential (9) of a moving
source. Unlike the static case where q0 → 0, now a finite
energy q0 is transferred between the source and the jet.
Dependingonwhether themomentum transferq flows along
with or against the flow u, the medium can transfer energy to
the jet or vice versa. This exchange is best quantified by the
light-cone momentum qþ ∼ q0 þ qz ∼ u⊥·q⊥

1−uz
. When q⊥ is

parallel to the flow u⊥, the medium constructively transfers
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energy to the jet; conversely, when q⊥ is antiparallel to the
transverse flow, the jet loses energy to the medium.
This collisional energy transfer to/from the jet has a few

consequences. Looking at the last two terms of (13a), we
can identify two of them. One is that the energy transfer qþ

or q0 leads to a small shift in the energy of the initial jet
distribution N̄0 compared to the final-state jet distribution.
The other is that the longitudinal momentum Qz ≈

u⊥·q⊥
1−uz

at

the on-shell pole leads to a shift in the transverse momen-
tum spectrum of σ̄ðq⊥Þ.
Finally, the first factor in (13a) comes from the explicit

correction to the eikonal approximation, which itself comes
in two pieces. The first, as seen in (B4), is the penalty
− u⊥·p⊥

ð1−uzÞE for bending the high-energy jet. The vector

coupling of the jet to the medium is 2uμpμ. In the eikonal
approximation, this is just 2E, but the extra transverse
momentum from the medium leads to a spacelike correc-
tion − u⊥·p⊥

ð1−uzÞE. The other correction arises from the propa-

gator 1
ðp−qÞ2 and couples the recoil direction q⊥ to the flow.

When the momentum transfer q⊥ is parallel to the trans-
verse flow u⊥, the scattering amplitude (and hence the
probability) increases.
Together, these details comprise the effect of coupling

the flow velocity u to the jet. There will be additional
subtleties when gradient corrections are considered and the
averaging procedure is modified, but the basic physical
mechanism is the finite energy transfer between the
medium and the jet due to the flow.

2. Linear gradient corrections

It is instructive to illustrate the gradient effects in the
simplest nontrivial limit. To first order in transverse

gradients and at zero velocity, we expand the explicit
spatial dependence of the density to linear order:

ρðx⊥; zÞ ≈ ρ0ðzÞ þ ∂jρðzÞ xj⊥ ; ðB26Þ

where we use roman superscripts for the transverse two-
dimensional subspace. To get a complete accounting of the
gradient corrections, we also need to expand the implicit
spatial dependence contained in the Debye mass μ ∼ gTðxÞ
embedded in the potential vðq2⊥Þ. Thus we make the
comparable expansions

μ2ðx⊥; zÞ ≈ μ20ðzÞ þ ∂jμ2ðzÞ xj⊥ : ðB27Þ

The expansion of the implicit dependence in v gives

vðq2⊥;μ2ðx⊥ÞÞ ¼ vðq2⊥;μ20þ ∂jμ2ðzÞxj⊥Þ

≈ vðq2⊥;μ20Þ
�
1þ ∂jμ2ðzÞxj⊥

v
∂v
∂μ2

�
; ðB28aÞ

with

∂v
∂μ2






μ2¼μ2

0

¼ g2

ðq2⊥ þ μ20Þ2
ðB29Þ

for the Gyulassy-Wang potential.
Then, the full spatial dependence of the medium vari-

ables is expanded to linear order, giving

Z
d2x⊥ ρðxÞ e−iðq⊥−q 0⊥Þ·x⊥ vðq2⊥; μ2ðx⊥ÞÞv�ðq02⊥; μ2ðx⊥ÞÞ

≈
Z

d2x⊥ ρ0 e−iðq⊥−q
0⊥Þ·x⊥ v0ðq2⊥Þv�0ðq02⊥Þ

�
1þ 1

ρ0
∂jρ xj⊥ þ

�∂jμ2

v
∂v
∂μ2 þ c:c:

�
xj⊥

�

≈ ð2πÞ2 δ2ðq⊥ − q 0⊥Þ
�
ρ0 v0ðq2⊥Þ v�0ðq02⊥Þ

− i ρ0
∂

∂ðq − q0Þj⊥
v0ðq2⊥Þ v�0ðq02⊥Þ

�
1

ρ0
∂jρþ

�∂jμ2

v
∂v
∂μ2 þ c:c:

���
; ðB30Þ

where the derivative in principle acts not only on the factors explicitly written here but also on the full q⊥ − q0⊥ dependence
of (B21).
For these purposes it is useful to change variables in (B21) from q⊥; q0⊥ to the mean and relative coordinates

Q⊥ ≡ 1

2
ðq⊥ þ q0⊥Þ; q12⊥ ≡ q⊥ − q0⊥; ðB31Þ

giving
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hjM1j2i ¼ C
Z

d3x
d2q⊥
ð2πÞ2

d2q0⊥
ð2πÞ2 ρðxÞ e−iðq⊥−q 0⊥Þ·x⊥ exp

�
−i

ðp − qÞ2⊥ − ðp − q0Þ2⊥
2E

z

�

× vðq2⊥Þv�ðq0 2⊥ Þ JðE; p⊥ − q⊥ÞJ�ðE; p⊥ − q0⊥Þ

¼ C
Z

d3x
d2Q⊥
ð2πÞ2

d2q12⊥
ð2πÞ2 ρðxÞe−i q12⊥·x⊥ exp

�
−i

ðp −Q − 1
2
q12Þ2⊥ − ðp −Qþ 1

2
q12Þ2⊥

2E
z

�

× v

��
Qþ 1

2
q12

�
2
�
v

��
Q −

1

2
q12

�
2
�
J

�
E; p⊥ − Q⊥ −

1

2
q12⊥

�
J

�
E; p⊥ − Q⊥ þ 1

2
q12⊥

�
; ðB32Þ

where in the last step we have used that v and J have at most constant imaginary phases. This is explicitly true for the
Gyulassy-Wang potential, and it is also true for a tree-level 2-to-2 process for the source.
We note that the symmetry properties of many factors in the integrand mean that the derivative with respect to q12

vanishes:

∂
∂q12 ½fðQþ q12Þ þ fðQ − q12Þ�q12⊥¼0 ¼ f0ðQÞ − f0ðQÞ ¼ 0 ; ðB33aÞ

∂
∂q12 ½fðQþ q12Þ fðQ − q12Þ�q12⊥¼0 ¼ f0ðQÞfðQÞ − fðQÞf0ðQÞ ¼ 0 : ðB33bÞ

This means that the derivative does not act on the potential squared vv� or the source current squared JJ�; it only acts on the
exponential

∂
∂qj12⊥

�
exp

�
−i

ðp −Q − 1
2
q12Þ2⊥ − ðp −Qþ 1

2
q12Þ2⊥

2E
z

��




q12⊥¼0

¼ i
ðp −QÞj⊥

E
z : ðB34Þ

Notice that while the leading gradient corrections are proportional to ðp−QÞi⊥
E z, this factor is not additionally suppressed since

z may be large depending on the geometry of the nuclear matter.
The term which was independent of gradients was calculated previously; for the term linear in gradients, we obtain

hjM1j2iðlinearÞ ¼
Z

dz d2q⊥ ρ0 σ̄0ðq2⊥Þ jJðE; p⊥ − q⊥Þj2
�ðp − qÞj⊥

E
z

��
1

ρ0
∂jρþ 2

�∂jμ2

v
∂v
∂μ2

��
; ðB35Þ

where one should notice the difference between σ̄0 and σ0. Finally we convert to the jet multiplicity distribution

�
E
dNð1Þ

d3p

�ðlinearÞ

SB
¼

Z
dz d2q⊥ ρ0 σ̄0ðq2⊥Þ

�
E

dNð0Þ

d2ðp − qÞ⊥ dE

��ðp − qÞj⊥
E

z

��
1

ρ0
∂jρþ ∂jμ2

σ̄0

∂σ̄
∂μ2

�
; ðB36Þ

where all of the quantities ρ0, μ20, ∂j
⊥ρ, and ∂j

⊥μ2 are
considered functions of z.
The corrections due to an inhomogeneous but static

medium,

�ðp − qÞj⊥
E

z

��
∂jρþ ρ0

σ̄0

∂σ̄
∂μ2 ∂

jμ2
�
; ðB37Þ

account for either the increase in density ρ or the increase in
cross section due to changing Debye mass μ2 along the
propagator p − q. As drawn in Fig. 3, this describes the

propagation from the source point (taken to be zero) to
the point of interaction x with the medium. Note that the
ratio ðp − qÞ⊥=E is related to an angle θ and that tan θ ¼
Δx⊥=z ≈ ðp − qÞ⊥=E provides the transverse displacement
as a result of the nonzero angle θ. Therefore the factor

½ðp−qÞ
j
⊥

E z� is really the transverse displacement Δxj⊥ along
the trajectory of p − q.
If, for example, the density increases by dρ ¼ ∇⊥ρ · Δx⊥

along the direction p − q, then this jet has an increased
chance to scatter in the medium and acquire final momen-
tum p. Conversely, this means that a final state jet observed
with momentum p is more likely to have come from an
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initial jet that was moving along the direction of ∇⊥ρ.
Although each scattering leads to isotropic broadening in
this example, jets moving in this particular direction are
more likely to suffer the broadening.

APPENDIX C: JET BROADENING: DOUBLE
BORN DIAGRAM

Now we can turn to the double-scattering amplitude iM2

which is needed to ensure unitarity of the problem. In the
case of jet broadening unitarity is easy to understand—it
ensures that while the distribution of jets can change, their
total number is conserved. The corresponding diagram is
sketched in Fig. 3 and involves two insertions of the
external potential (9):

M2ðpÞ¼−i
X
ij

ðtbprojtaprojÞ tbj tai
Z

d4q1
ð2πÞ4

d4q2
ð2πÞ4

×eiq1·xi eiq2·xj viðq1Þvjðq2ÞJðp−q1−q2Þ

×

�
2uj ·p

ðp−q2Þ2þ iϵ

��
2ui · ðp−q2Þ

ðp−q1−q2Þ2þ iϵ

�

× ½ð2πÞδðq01−ui ·q1Þ�½ð2πÞδðq02−uj ·q2Þ� : ðC1Þ

Note that, as discussed in (2), we only consider two
sequential insertions of the external potential, neglecting
the “seagull” diagrams particular to scalar QCD. Like the
contributions of the 4-gluon vertex in real QCD, these
contributions would be the same order in the coupling but
without the phase-space enhancement associated with
having a propagator in between them.

Because both insertions of the potential occur at the amplitude level, it is trivial to multiply by the complex conjugate of
the unmodified amplitude M�

0ðpÞ ¼ i JðpÞ and perform the averaging over quantum numbers. The color averaging sets
i ¼ j following (B10), giving

hM2M�
0i ¼ C

X
i

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 eiðq1þq2Þ·xi viðq1Þ viðq2Þ Jðp − q1 − q2ÞJ�ðpÞ

×

�
2ui · p

ðp − q2Þ2 þ iϵ

��
2ui · p

ðp − q1 − q2Þ2 þ iϵ

�
½ð2πÞ δðq01 − ui · q1Þ�½ð2πÞ δðq02 − ui · q2Þ�

¼ C
X
i

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 eiðq1þq2Þ·xi viðq1Þ viðq2Þ

�
2Eð1 − ui zÞ

ðp − q2Þ2 þ iϵ

��
2Eð1 − ui zÞ

ðp − q1 − q2Þ2 þ iϵ

�
Jðp − q1 − q2ÞJ�ðpÞ

× ½ð2πÞ δðq01 − ui · q1Þ�½ð2πÞ δðq02 − ui · q2Þ�
�
1 − 2

ui⊥ · p⊥
Eð1 − ui zÞ

�
: ðC2Þ

The poles of both propagators ðp − q2Þ2 þ iϵ and ðp − q1 − q2Þ2 þ iϵ are those given in (B6) for q → q2 and q → q1 þ q2,
respectively:

ðp − q2Þ2 þ iϵ ¼ −ð1 − u2i zÞ½q2 z −Qþ
p−q2 − iϵ�½q2 z −Q−

p−q2 þ iϵ� ; ðC3aÞ

ðp − q1 − q2Þ2 þ iϵ ¼ −ð1 − u2i zÞ½q1 z þ q2 z −Qþ
p−q1−q2 − iϵ�½q1 z þ q2 z −Q−

p−q1−q2 þ iϵ� : ðC3bÞ

After taking the q0 integrals, we can immediately collect the residue of q1 z since it only enters into ðp − q1 − q2Þ2.
The dominant contribution is the pole q1 z ¼ −q2 z þQ−

p−q1−q2 − iϵ, which we can enclose below the real axis for zi > 0

and find

hM2M�
0i ¼ iC

X
i

Z
d2q1⊥
ð2πÞ2

d3q2
ð2πÞ3 e

iðq1 iþq2 iÞ·xi viðq1 iÞviðq2 iÞ Jðp− q1 i − q2 iÞJ�ðpÞ

×

�
1− 2

ui⊥ · p⊥
Eð1− ui zÞ

��
2E

1þ ui z

1

Q−
p−q1−q2 −Qþ

p−q1−q2

��
−

2E
1þ ui z

1

½q2 z −Qþ
p−q2 − iϵ�½q2 z −Q−

p−q2 þ iϵ�
�

¼ C
X
i

Z
d2q1⊥
ð2πÞ2

d3q2
ð2πÞ3 e

iðq1 iþq2 iÞ·xi viðq1 iÞviðq2 iÞ Jðp− q1 i − q2 iÞJ�ðpÞ

× ð−iÞ
�
1− 2

ui⊥ · p⊥
Eð1− ui zÞ

��
1−

ui⊥ · ðq1⊥ þ q2⊥Þ
Eð1− ui zÞ

�
−1
�
−

2E
1þ ui z

1

½q2 z −Qþ
p−q2 − iϵ�½q2 z −Q−

p−q2 þ iϵ�
�
; ðC4Þ
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where we have expanded 1
Q−

p−q1−q2−Q
þ
p−q1−q2

in powers of 1=E.

Note that the Fourier exponent has lost the ability to
constrain the direction of closure of the q2 z integral:

eiðq1iþq2iÞ·xi ¼ e−iðq1⊥þq2⊥Þ·xi⊥ exp
�
−i

ui⊥ · ðq1⊥ þ q2⊥Þ
1 − ui z

zi

− i
ðp − q1 − q2Þ2⊥ − p2⊥

2Eð1 − ui zÞ
zi

�
; ðC5Þ

just as in (B16). However, including the q2 z dependence in
the potential, there is more than enough convergence of the
q2 z integral to close the contour at infinity in either
direction and perform the integral by residues. The various
poles of q2 z are

vðq1Þ∶ P�
1 ≡Q−

p−q1−q2 −
uz

1 − u2z
ðu⊥ · q1⊥Þ �

i
1 − u2z

R1 ;

ðC6aÞ

vðq2Þ∶ P�
2 ≡ uz

1 − u2z
ðu⊥ · q2⊥Þ �

i
1 − u2z

R2 ; ðC6bÞ

propagators∶ P3 ≡Qþ
p−q2 þ iϵ ; ðC6cÞ

P4 ≡Q−
p−q2 − iϵ ; ðC6dÞ

where we have introduced the shorthand

R2 ≡ ð1 − u2zÞðq2⊥ þ μ2Þ − ðu⊥ · q⊥Þ2 > 0 ; ðC7Þ

and suppressed the source index for brevity. The fact that
R2 > 0 can be seen directly by explicitly introducing the
polar angle θ of u with respect to the z axis and the
azimuthal angle ϕ between u⊥ and q⊥:

R2¼ð1−u2zÞq2⊥− ðu⊥ ·q⊥Þ2þð1−u2zÞμ2
¼ q2⊥½1−u2ðcos2θþ sin2θcos2ϕÞ�þð1−u2zÞμ2 : ðC8Þ

Since cos2 ϕ ≤ 1, we have ðcos2 θ þ sin2 θ cos2 ϕÞ ≤
ðcos2 θ þ sin2 θÞ ¼ 1. Moreover, we also have the
relativistic constraint u2 < 1, such that ½1 − u2ðcos2 θþ
sin2 θ cos2 ϕÞ� > 0 and hence R2 > 0. Knowing the real
and imaginary parts of the poles will help considerably in
combining the double-Born diagram with its complex
conjugate.
Let us now consider the corresponding q2 z integral in

(C4) which can be written as

I ≡
Z

dq2 z
2π

vðq1Þ vðq2Þ
1

q2 z −Qþ
z ðq2Þ − iϵ

1

q2 z −Q−
z ðq2Þ þ iϵ

¼ g4

ð1 − u2zÞ2
Z

dq2 z
2π

1

q2 z − Pþ
1

1

q2 z − P−
1

1

q2 z − Pþ
2

1

q2 z − P−
2

1

q2 z − P3

1

q2 z − P4

; ðC9Þ

with

Re I ¼ 1þ uz
2E

vðq21⊥Þvðq22⊥Þ
R1ðu⊥ · q2⊥Þð2R1R2 þ ð1 − u2zÞðq21⊥ þ μ2ÞÞ
2R1R2½ðR1 þ R2Þ2 þ ðu⊥ · ðq1⊥ þ q2⊥ÞÞ2�

;

− ð1 ↔ 2Þ þO
�⊥2

E2

�
; ðC10Þ

and

Im I ¼ 1þ uz
4E

vðq21⊥Þvðq22⊥Þ þO
�⊥2

E2

�
: ðC11Þ

Several comments are in order about Eqs. (C10) and (C11).
As a first check, note that in the limit u → 0, the real part
vanishes at the leading order and the contact integral gives
its usual value

I →
1

2E

�
i
2

�
vðq21⊥Þvðq22⊥Þ þO

�⊥2

E2

�
: ðC12Þ

While the dominant imaginary part is unmodified from the
static case, now for the first time a nonzero real part is
generated as well. At the leading order in the eikonal
expansion, the imaginary part is symmetric under q1 ↔ q2
(and hence R1 ↔ R2) and the real part is explicitly
antisymmetric. The existence of this term will complicate
the interference with the complex conjugate amplitudes
hM2M�

0i þ hM0M�
2i, and appears to lead to dramatically

new phase structures in the LPM interference pattern. Note
also that the particular form of the real part (C10) is specific
to the Gyulassy-Wang potential (10).
With the result (C10) we return to the contribution to the

cross section:
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hM2M�
0i ¼ C

Z
d3x ρðxÞ

Z
d2q1⊥
ð2πÞ2

d2q2⊥
ð2πÞ2 e−iðq1⊥þq2⊥Þ·x⊥ e−i

u⊥ ·ðq1⊥þq2⊥Þ
1−uz

z−i
ðp−q1−q2Þ2⊥−p2⊥

2Eð1−uzÞ z

× Jðp − q1 − q2ÞJ�ðpÞ
2E

1þ uz

�
1 −

2u⊥ · ðp⊥ − 1
2
ðq1⊥ þ q2⊥ÞÞ

Eð1 − uzÞ
�
i I ; ðC13Þ

where we have converted from a discrete summation to a continuous integral. For the source current J we have (in
Minkowski coordinates)

ðp − q1 − q2Þμ ¼
�
E −

u⊥ · ðq1⊥ þ q2⊥Þ
1 − uz

; p⊥ − q1⊥ − q2⊥ ; E −
u⊥ · ðq1⊥ þ q2⊥Þ

1 − uz

�
; ðC14Þ

so that we can write Jðp − q1 − q2Þ ¼ JðE − u⊥·ðq1⊥þq2⊥Þ
1−uz

; p⊥ − q1⊥ − q2⊥Þ. Taylor expanding the shift in momentum,

J

�
E −

u⊥ · ðq1⊥ þ q2⊥Þ
1 − uz

; p⊥ − q1⊥ − q2⊥
�

¼ JðE ; p⊥ − q1⊥ − q2⊥Þ
�
1 −

u⊥ · ðq1⊥ þ q2⊥Þ
1 − uz

1

J
∂J
∂E

�
; ðC15Þ

gives the complete expression

hM2M�
0i ¼ C

Z
d3xρðxÞ

Z
d2q1⊥
ð2πÞ2

d2q2⊥
ð2πÞ2 e−iðq1⊥þq2⊥Þ·x⊥ e−i

u⊥ ·ðq1⊥þq2⊥Þ
1−uz

z−i
ðp−q1−q2Þ2⊥−p2⊥

2Eð1−uzÞ z JðE; p⊥ − q1⊥− q2⊥ÞJ�ðE; p⊥Þ
2E

1þuiz
iI

×

�
1−

2u⊥ · ðp⊥ − 1
2
ðq1⊥þ q2⊥ÞÞ

Eð1−uzÞ
−
u⊥ · ðq1⊥þ q2⊥Þ

1−uz

1

J
∂J
∂E

�
: ðC16Þ

Now we may add the complex conjugate term to obtain

hM2M�
0i þ c:c: ¼ iC

Z
d3x ρðxÞ

Z
d2q1⊥
ð2πÞ2

d2q2⊥
ð2πÞ2

2E
1þ ui z

J�ðE ; p⊥ − q1⊥ − q2⊥ÞJðE ; p⊥Þ

×

�
1 −

2u⊥ · ðp⊥ − 1
2
ðq1⊥ þ q2⊥ÞÞ

Eð1 − uzÞ
−
u⊥ · ðq1⊥ þ q2⊥Þ

1 − uz

1

J
∂J
∂E

�

×
n
e−iðq1⊥þq2⊥Þ·x⊥ e−i

u⊥ ·ðq1⊥þq2⊥Þ
1−uz

z−i
ðp−q1−q2Þ2⊥−p2⊥

2Eð1−uzÞ z I − c:c:
o
; ðC17Þ

where we have again assumed that J�ðE ; p⊥ − q1⊥ − q2⊥ÞJðE ; p⊥Þ ¼ JðE ; p⊥ − q1⊥ − q2⊥ÞJ�ðE ; p⊥Þ. This is about as
far as we can go without next invoking the gradient expansion.

1. No gradients (translational invariance)

If transverse gradients of all quantities can be neglected, then we can immediately perform the d2x⊥ integral to obtain
δ2ðq1⊥ þ q2⊥Þ. We also need to use the explicit form of Im I at q1⊥ þ q2⊥ ¼ 0 while Re I cancels between the conjugated
parts of the full amplitude. Thus, noticing that

Im I jq2⊥¼−q1⊥ ¼ 1þ uz
4E

ðvðq21⊥ÞÞ2 −
1þ uz
1 − uz

ðu⊥ · q1⊥Þ
1 − 2ððpþ q1Þ2⊥ − p2⊥Þvðq21⊥Þ

4E2
ðvðq21⊥ÞÞ2 ;

we write

hM2M�
0i þ c:c: ¼ −C

Z
dz ρðzÞ

Z
d2q⊥
ð2πÞ2 ½vðq2⊥Þ�2 jJðE ; p⊥Þj2

×

�
1 −

2u⊥ · p⊥
Eð1 − uzÞ

−
ðu⊥ · q⊥Þð1 − 2ððpþ qÞ2⊥ − p2⊥Þvðq2⊥ÞÞ

Eð1 − uzÞ
�
þOð∂⊥Þ : ðC18Þ
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The angular structure of the integrand in the transverse
plane can be simplified through the angular averaging.
After that one may rewrite this expression in the form of
(B25) introducing similar notations

�
E
dNð1Þ

d3p

�
DB

¼ −
Z

dz ρðzÞ
Z

d2q⊥σ̄ðq2⊥Þ
�
E

dNð0Þ

d2p⊥ dE

�

× ½1þ u⊥ · ΓDB� þOð∂⊥Þ ; ðC19Þ

where ΓDB is explicitly given in (13b). The effects of the
mediummotion on the jet broadening are again intrinsically
related to the nonzero energy transfer q0 ¼ u⊥ · q⊥ and the
subeikonal corrections to the vertices as in the case of the
single-Born diagram.

2. Linear gradient corrections

The gradient corrections to the double-Born contribution
are considerably more involved since now the transverse
coordinate dependence will transform to the momentum
derivative ∂

∂Qi⊥ which results in many more terms. While
the expression (C17) can be used to derive the general
answer, here we will omit the corrections which are
simultaneously subeikonal and gradient suppressed, and
also set velocity to zero. Then, to first order in transverse
gradients, we expand the spatial dependence as for the
single-Born diagram.
Keeping only the leading eikonal terms in (C17) which

are not suppressed by powers of E but allowing the
hydrodynamic parameters to vary in space and time we
start with

hM2M�
0i þ c:c: ¼ iC

Z
d3x ρðxÞ

Z
d2q1⊥
ð2πÞ2

d2q2⊥
ð2πÞ2

2E
1þ uz

n
e−iðq1⊥þq2⊥Þ·x⊥ e

−i
h
ðp−q1−q2Þ2⊥−p2⊥

2E

i
z
I

− eiðq1⊥þq2⊥Þ·x⊥ e
i

h
ðp−q1−q2Þ2⊥−p2⊥

2E

i
z
I�

o
J�ðE ; p⊥ − q1⊥ − q2⊥ÞJðE ; p⊥Þ þO

�⊥
E

�
: ðC20Þ

The transverse integral appearing from the gradient terms can again be performed through integration by parts:

Z
d2x⊥ e−2iQ⊥·x⊥ xj⊥ fðQ⊥; q12⊥Þ ¼

Z
d2x⊥

�
i
2

∂
∂Qj

⊥
e−2iQ⊥·x⊥

�
fðQ⊥; q12⊥Þ

¼ ð2πÞ2
2

δð2Þð2Q⊥Þ
�
−i

∂
∂Qj

⊥
fðQ⊥; q12⊥Þ

�
Q⊥¼0

; ðC21Þ

with the c.c. term eiðq1⊥þq2⊥Þ·x⊥ differing by a minus sign. Let us illustrate that on the example of the gradient of ρ which up
to 1=E corrections contributes

hM2M�
0iðlinearÞρ þ c:c: ¼ C

Z
dz

Z
d2Q⊥d2q12⊥

2ð2πÞ2
2E

1þ uz0
∂jρ δð2Q⊥Þ

×
∂

∂Qj

hn
e
−i
h
ðp−2QÞ2⊥−p2⊥

2E

i
z
I0 þ e

i

h
ðp−2QÞ2⊥−p2⊥

2E

i
z
I �

0

o
J�ðE ; p⊥ − 2Q⊥ÞJðE ; p⊥Þ

i
; ðC22Þ

where I0 is the value of I when the gradients are neglected in its definition. One should notice now that the leading eikonal
part of I0 satisfies

I0ðq12; QÞ ¼ I0ðq12;−QÞ; ∂
∂Qj I0






Q⊥¼0

¼ 0 : ðC23Þ

The momentum derivative gives a nonzero result only when it acts on the source function or the LPM phase. However
Re I0 ¼ 0 for u ¼ 0; thus, the only nontrivial contribution comes from the term with the momentum derivative acting on
the LPM phase giving

hM2M�
0iðlinearÞρ þ c:c: ≃ −C

Z
dz

Z
d2q⊥
ð2πÞ2 ∂jρ

�
pj

E
z

�
½vðq2⊥Þ�2jJðE ; p⊥Þj2 : ðC24Þ

For the contribution due to the gradient of μ2 we write
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hM2M�
0iðlinearÞμ2

þ c:c: ¼ C
Z

dz
Z

d2Q⊥d2q12⊥
2ð2πÞ2

2E
1þ uz0

ρ ∂jμ2 δð2Q⊥Þ

×
∂

∂Qj

��
e
−i
h
ðp−2QÞ2⊥−p2⊥

2E

i
z ∂I0

∂μ2 þ c:c:

�
J�ðE ; p⊥ − 2Q⊥ÞJðE ; p⊥Þ

�
þO

�⊥
E

�
: ðC25Þ

Unless the derivative acts on the LPM phase, the integrand is proportional to ∂
∂μ2 Re I0 or its momentum derivative which

vanish for u ¼ 0. Thus, (C17) can be simplified to

hM2M�
0iðlinearÞμ2

þ c:c: ≃ −C
Z

dz
Z

d2q⊥
ð2πÞ2 ρ ∂jμ2 jJðE ; p⊥Þj2

�
pj
⊥
E

z

� ∂
∂μ2 ðvðq

2
TÞÞ2 : ðC26Þ

Similarly, the contributions due to the gradients of u⊥ and uz are zero since 2E
1þuz

Re I gives zero contribution to the result

while 2E
1þuz

Im I is independent of u. Thus, the full leading eikonal gradient correction to the double-Born contribution reads

�
E
dNð1Þ

d3p

�ðlinearÞ

DB
≃
Z

dz
Z

d2q⊥σ̄0ðq2⊥Þ
�
E

dNð0Þ

d2p⊥dE

��
pj
⊥
E

z

��
∂jρþ ρ0

1

σ̄0

∂σ̄
∂μ2 ∂jμ2

�
: ðC27Þ

APPENDIX D: IN-MEDIUM BRANCHING:
SINGLE BORN DIAGRAMS

At OðgÞ in the external potential, there are three
diagrams contributing to the radiative branching of the
scalar jet, which we denote RA

1 , R
B
1 , and R

C
1 and compute in

the sections below.

1. Diagram A

The diagram denoted RA
1 shown in Fig. 7 corresponds to

a final-state branching that occurs after the scattering.
Using the external potential given in Eqs. 2 and (9) gives

R1;A ¼ i
X
i

CaAt
a
i

Z
d4q
ð2πÞ4 e

iq·xi
λ uμi ð2p − qÞμ

½p2 þ iϵ�½ðp − qÞ2 þ iϵ�
× viðqÞJðp − qÞ ð2πÞδðq0 − ui · qÞ;

where CaA is a generic color matrix for the projectile,
associated with diagram A. We write the target color matrix
tai explicitly and will perform the target color averaging
momentarily. Evaluating the scalar-boson vertex to Oð⊥EÞ
gives

R1;A ¼ i
X
i

CaAt
a
i

Z
d3q
ð2πÞ3 e

iq·xi
2Eλ ð1 − ui zÞ½1 − ui⊥·p⊥

Eð1−ui zÞ�
½p2 þ iϵ�½ðp − qÞ2 þ iϵ�

× viðqiÞJðp − qiÞ; ðD1Þ

and for the final-state branching diagram A, the kinematics
(37) of the splitting are unmodified from the vacuum case:

p2 ¼ ½k − xp�2⊥
ð1 − xÞx ; ðD2Þ

which can be identified with the scalar branching light-
front wave function (38).
Next we evaluate the pole structure of the q integral; the

propagator (p − q) can be expressed as

ðp−qÞ2¼−ð1−u2izÞ½qz−Qþ
p−q−iϵ�½qz−Q−

p−qþiϵ�; ðD3Þ

where the large and small poles Qþ and Q− are given by

Qþ
p−q ≃

2E
1þ ui z

�
1 −

ui⊥ · q⊥
2E

�
; ðD4aÞ

Q−
p−q≃

ui⊥ ·q⊥
1−uiz

−
xðp−kÞ2⊥þð1−xÞk2⊥−xð1−xÞðp−qÞ2⊥

2xð1−xÞð1−uizÞE

¼ ui⊥ ·q⊥
1−uiz

−
1

1−uiz

� ðk−xpÞ2⊥
2xð1−xÞE−

ðp−qÞ2⊥−p2⊥
2E

�
;

ðD4bÞ

with the difference generated from the residue

Qþ
p−q −Q−

p−q ≃
2E

1þ ui z

�
1 −

ui⊥ · q⊥
ð1 − ui zÞE

�
; ðD5Þ

FIG. 7. The initial-state scattering diagram denoted RA
1 .
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all evaluated to first subeikonal accuracy. Noting that the
residue of the large pole Qþ is highly suppressed, we
collect the residue of the small pole Q− for zi > 0 to obtain

R1;A ¼
X
i

CaAt
a
i θðziÞ

Z
d2q⊥
ð2πÞ2 e

iq·xi

�
1 −

ui⊥ · ðp − qÞ⊥
Eð1 − ui zÞ

�

×
λ xð1 − xÞ
½k − xp�2⊥

viðqiÞJðp − qiÞ

¼ −i
X
i

CaAt
a
i θðziÞψðx; k⊥ − xp⊥Þ

Z
d2q⊥
ð2πÞ2 e

iq·xi viðqiÞ

× Jðp − qiÞ
�
1 −

ui⊥ · ðp − qÞ⊥
Eð1 − ui zÞ

�
: ðD6Þ

Here the potential vðqiÞ and the source current Jðp − qiÞ
depend indirectly on the velocity ui through the pole value
of the momentum

qμi ¼ ðui⊥ · q⊥ þ ui zQ−
p−q ; q⊥ ; Q−

p−qÞ: ðD7Þ

The Fourier exponent, in turn, reads

eiqi·xi ¼ e−iq⊥·xi⊥ e−iQ
−
p−qzi

¼ e−iq⊥·xi⊥ e−i
ui⊥ ·q⊥
1−uiz

zie
i

�
ðk−xpÞ2⊥

2xð1−xÞEð1−uizÞ

�
zi
e
−i
�

ðp−qÞ2⊥−p2⊥
2Eð1−uizÞ

�
zi
:

ðD8Þ

We see that the velocity dependence only mildly modifies
the usual LPM phase structure with the so-called “boundary

phase” e
i

�
ðk−xpÞ2⊥

2xð1−xÞEð1−uizÞ

�
zi
and “impulse phase” e

−i
�

ðp−qÞ2⊥−p2⊥
2Eð1−ui zÞ

�
zi

[60] clearly identifiable as in the static medium.
The shift in the argument of the source current Jðp − qiÞ

corresponds to the energy shift due to collisional energy
transfer with the moving medium:

Jðp − qiÞ ¼ JðE − ui⊥ · q⊥ − ui zQ−
p−q ; p⊥ − q⊥ ; pz −Q−

p−qÞ

¼ J

�
E −

ui⊥ · q⊥
1 − ui z

; p⊥ − q⊥ ; E −
ui⊥ · q⊥
1 − ui z

�

¼ JðE; p⊥ − q⊥Þ
�
1 −

ui⊥ · q⊥
1 − ui z

1

J
∂J
∂E

�
: ðD9Þ

Similarly, the nontrivial shift in the argument of the potential Eq. (10) due to the velocity is

viðqiÞ ¼ viðq2⊥ þ ðQ−
p−qÞ2 − q20Þ

¼ vi

�
q2⊥ −

2ðui⊥ · q⊥Þ
1 − ui z

� ðk − xpÞ2⊥
2xð1 − xÞE −

ðp − qÞ2⊥ − p2⊥
2E

��

¼ viðq2⊥Þ
�
1 −

2ðui⊥ · q⊥Þ
1 − ui z

� ðk − xpÞ2⊥
2xð1 − xÞE −

ðp − qÞ2⊥ − p2⊥
2E

�
1

viðq2⊥Þ
∂vi
∂q2⊥

�
: ðD10Þ

Altogether, this lets us express the leading velocity corrections to R1;A as

R1;A ¼ −i
X
i

CaAt
a
i θðziÞψðx; k⊥ − xp⊥Þ

Z
d2q⊥
ð2πÞ2 viðq2⊥Þ JðE; p⊥ − q⊥Þ e−iq⊥·xi⊥

× e−i
ui⊥ ·q⊥
1−ui z

zi e
i

�
ðk−xpÞ2⊥

2xð1−xÞEð1−ui zÞ

�
zi
e
−i
�

ðp−qÞ2⊥−p2⊥
2Eð1−ui zÞ

�
zi
�
1 −

ui⊥ · ðp − qÞ⊥
Eð1 − ui zÞ

�

×

�
1 −

ui⊥ · q⊥
1 − ui z

1

J
∂J
∂E

��
1 −

2ðui⊥ · q⊥Þ
1 − ui z

� ðk − xpÞ2⊥
2xð1 − xÞE −

ðp − qÞ2⊥ − p2⊥
2E

�
1

viðq2⊥Þ
∂vi
∂q2⊥

�

¼ −i
X
i

CaAt
a
i θðziÞψðx; k⊥ − xp⊥Þ

Z
d2q⊥
ð2πÞ2 viðq2⊥Þ JðE; p⊥ − q⊥Þ e−iq⊥·xi⊥

× e−i
ui⊥ ·q⊥
1−ui z

zi e
i

�
ðk−xpÞ2⊥

2xð1−xÞEð1−ui zÞ

�
zi
e
−i
�

ðp−qÞ2⊥−p2⊥
2Eð1−ui zÞ

�
zi ½1þ ui⊥ ·ΩA�; ðD11Þ

where the velocity correction ΩA is given by
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ΩA ¼ −
p⊥ − q⊥
ð1 − ui zÞE

−
q⊥

ð1 − ui zÞ
1

J
∂J
∂E −

2q⊥
1 − ui z

� ðk − xpÞ2⊥
2xð1 − xÞE −

ðp − qÞ2⊥ − p2⊥
2E

�
1

viðq2⊥Þ
∂vi
∂q2⊥ ; ðD12Þ

with the LPM phase shifts directly coupling to the medium velocity.

2. Diagrams B and C

In the sameway we begin the evaluation of the final-state scattering diagrams R1;B and R1;C shown in Fig. 8. The diagram
RB
1 denotes the case of an initial-state branching followed by rescattering on the parton which emerges with momentum

(p − k). The diagram RC
1 , in which the rescattering takes place on the parton with final-state momentum k is obtained from

RB
1 by the replacement k → ðp − kÞ. For the simplified case of scalar jets considered here, this replacement is sufficient to

generate the third diagram, but in full QCD one has also the conversion between fundamental and adjoint partons. For
diagram R1;B we have

R1;B ¼ i
X
i

CaBt
a
i

Z
d4q
ð2πÞ4 e

iq·xi
λ uμi ð2ðp − kÞ − qÞμ

½ðp − qÞ2 þ iϵ�½ðp − k − qÞ2 þ iϵ� viðqÞJðp − qÞð2πÞδðq0 − ui · qÞ:

Computing the numerator to Oð⊥EÞ gives

R1;B ¼ i
X
i

CaBt
a
i

Z
d3q
ð2πÞ3 eiq·xi

2λð1 − ui zÞð1 − xÞE½1 − ui⊥·ðp⊥−k⊥Þ
ð1−ui zÞð1−xÞE�

½ðp − qÞ2 þ iϵ�½ðp − k − qÞ2 þ iϵ� viðqiÞJðp − qiÞ: ðD13Þ

Next we collect the poles of qz from the propagators; in addition to the propagator (p − q) computed in (D3) we also have

ðp − k − qÞ2 þ iϵ ¼ −ð1 − u2i zÞðqz −Qþ
p−k−q − iϵÞðqz −Q−

p−k−q þ iϵÞ ; ðD14Þ

which contributes new large and small poles given by

Qþ
p−k−q ≃

2Eð1 − xÞ
1þ ui z

�
1 −

ui⊥ · q⊥
2ð1 − xÞE

�
; ðD15aÞ

Q−
p−k−q ≃

ui⊥ · q⊥
1 − ui z

þ ðp − k − qÞ2⊥ − ðp − kÞ2⊥
2ð1 − xÞð1 − ui zÞE

: ðD15bÞ

As with the diagram R1;A, we close the qz contour below to generate a factor of ð−2πiÞθðziÞ to encircle the small poles
Q−

p−k−q and Q−
p−q; the residue of the large poles Qþ we neglect as (further) power suppressed.

Unlike with the diagram R1;A, now the pole structure couples to the splitting wave function as well through the new
propagator ðp − k − qÞ and generates two distinct contributions to the residue:

FIG. 8. The final-state scattering diagrams denoted RB
1 and RC

1 .
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Z
dqz
2π

e−iqzzi viðqiÞ Jðp − qiÞ
1

ðp − k − qÞ2 þ iϵ
1

ðp − qÞ2 þ iϵ

¼ 1

ð1 − u2i zÞ2
Z

dqz
2π

e−iqzzi viðqiÞ Jðp − qiÞ
1

ðqz −Qþ
p−k−q − iϵÞðqz −Q−

p−k−q þ iϵÞ

×
1

ðqz −Qþ
p−q − iϵÞðqz −Q−

p−q þ iϵÞ

≃
−i θðziÞ
ð1 − u2i zÞ2

1

Q−
p−k−q −Q−

p−q

�
e−iðQ

−
p−k−qÞzi viðQ−

p−k−qÞ Jðp − qiðQ−
p−k−qÞÞ

ðQþ
p−k−q −Q−

p−k−qÞðQþ
p−q −Q−

p−k−qÞ

−
e−iðQ−

p−qÞzi viðQ−
p−qÞ Jðp − qiðQ−

p−qÞÞ
ðQþ

p−k−q −Q−
p−qÞðQþ

p−q −Q−
p−qÞ

�
: ðD16Þ

The various contributions to the residue denominators all need to be evaluated, keeping their leading (eikonal) contributions
and first subleading correction in 1=E to maintain control over the coupling to the medium velocity. In addition to the
difference Qþ

p−q −Q−
p−q already computed in (D5), we now have

Qþ
p−k−q −Q−

p−k−q ≃
2Eð1 − xÞ
1þ ui z

�
1 −

ui⊥ · q⊥
ð1 − ui zÞð1 − xÞE

�
; ðD17aÞ

Qþ
p−q −Q−

p−k−q ≃
2E

1þ ui z

�
1 −

ui⊥ · q⊥
ð1 − ui zÞE

�
; ðD17bÞ

Qþ
p−k−q −Q−

p−q ≃
2Eð1 − xÞ
1þ ui z

�
1 −

ui⊥ · q⊥
ð1 − ui zÞð1 − xÞE

�
: ðD17cÞ

Note that, in order to maintain control of the overall Oð⊥EÞ corrections, we must also keep the small poles Q−
p−q and Q−

p−k−q

to Oð⊥2

E2Þ accuracy in

Q−
p−k−q −Q−

p−q ≃
ðk − xpþ xqÞ2⊥

2Exð1 − xÞð1 − ui zÞ
þ ½ðp − k − qÞ2⊥ − ð1 − xÞ2ðp − qÞ2⊥�ðui⊥ · q⊥Þ

2E2ð1 − xÞ2ð1 − ui zÞ2
: ðD18Þ

This is because the product of three factors in the denominator with leading terms E × E × 1=E includes an overall
correction of Oð⊥EÞ from both the Oð⊥EÞ corrections to the large poles Qþ

p−q; Q
þ
p−k−q and from the Oð⊥2

E2Þ correction to the
small poles.
Luckily, since the leading term in both poles is the same, Q−

p−q ≈Q−
p−k−q ≈

ui⊥·q⊥
1−ui z

, the Oð⊥EÞ shift in the source current is
the same for both terms:

Jðp − qiðQ−
p−k−qÞÞ ≃ Jðp − qiðQ−

p−qÞÞ ≃ J

�
E −

ui⊥ · q⊥
1 − ui z

; p⊥ − q⊥
�

¼ JðE; p⊥ − q⊥Þ
�
1 −

ui⊥ · q⊥
1 − ui z

1

J
∂J
∂E

�
: ðD19Þ

We also see from (D5) and (D17) that at this accuracy, we have ðQþ
p−k−q −Q−

p−k−qÞ ≃ ðQþ
p−k−q −Q−

p−kÞ and
ðQþ

p−q −Q−
p−k−qÞ ≃ ðQþ

p−q −Q−
p−kÞ: compared to the values of the large poles, the difference between the small poles

is negligible. This allows us to factor out the denominators from both of the residue terms, giving

R1;B ¼
X
i

CaBt
a
i θðziÞ

Z
d2q⊥
ð2πÞ2 e−iq⊥·xi⊥

2λð1 − ui zÞð1 − xÞE
ð1 − u2i zÞ2ðQ−

p−k−q −Q−
p−qÞ

JðE; p⊥ − q⊥Þ

×

�
viðQ−

p−k−qÞe−iQ
−
p−k−qzi − viðQ−

p−qÞe−iQ−
p−qzi

ðQþ
p−q −Q−

p−qÞðQþ
p−k−q −Q−

p−qÞ
��

1 −
ui⊥ · ðp⊥ − k⊥Þ
ð1 − ui zÞð1 − xÞE

��
1 −

ui⊥ · q⊥
1 − ui z

1

J
∂J
∂E

�
: ðD20Þ
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Then inserting the explicit correction factors from (D5) and (D17) we obtain

R1;B¼
X
i

CaBt
a
i θðziÞ

Z
d2q⊥
ð2πÞ2 e

−iq⊥·xi⊥ λxð1−xÞ
ðk−xpþxqÞ2⊥

JðE;p⊥−q⊥Þ½viðQ−
p−k−qÞe−iQ

−
p−k−qzi −viðQ−

p−qÞe−iQ−
p−qzi �

×

�
1−

ui⊥ · ðp⊥−k⊥−q⊥Þ
ð1−uizÞð1−xÞE −

ui⊥ ·q⊥
1−uiz

1

J
∂J
∂Eþ ui⊥ ·q⊥

ð1−uizÞE
−
xðui⊥ ·q⊥Þ½ðp−k−qÞ2⊥− ð1−xÞ2ðp−qÞ2⊥�

ð1−uizÞð1−xÞEðk−xpþxqÞ2⊥

�
: ðD21Þ

We identify the light-front wave function ψðx; k⊥ − xp⊥ þ xq⊥Þ and LPM phases in the exponents to write

R1;B ¼ −i
X
i

CaBt
a
i θðziÞ

Z
d2q⊥
ð2πÞ2 e−iq⊥·xi⊥e−i

ui⊥ ·q⊥
1−ui z

zi ψðx; k⊥ − xp⊥ þ xq⊥Þ JðE; p⊥ − q⊥Þ

×
h
viðQ−

p−k−qÞe
−i
�

ðp−k−qÞ2⊥−ðp−kÞ2⊥
2ð1−xÞEð1−ui zÞ

�
zi − viðQ−

p−qÞe
þi

�
ðk−xpÞ2⊥

2xð1−xÞEð1−ui zÞ−
ðp−qÞ2⊥−p2⊥
2Eð1−ui zÞ

�
zi
i

×
�
1 −

ui⊥ · ðp⊥ − k⊥ − q⊥Þ
ð1 − ui zÞð1 − xÞE −

ui⊥ · q⊥
1 − ui z

1

J
∂J
∂Eþ ui⊥ · q⊥

ð1 − ui zÞE

−
xðui⊥ · q⊥Þ½ðp − k − qÞ2⊥ − ð1 − xÞ2ðp − qÞ2⊥�

ð1 − ui zÞð1 − xÞE ðk − xpþ xqÞ2⊥

�
: ðD22Þ

We note that there are two sets of velocity-dependent corrections to R1;B. First there are the common corrections to the
amplitude coming from the changes in the energy denominators and the correction to the external potential vertex. Second,
there are the shifts in the virtuality of the potential which differ between the two terms in brackets. These term-specific
corrections are

viðQ−
p−k−qÞ ¼ viðq2⊥ þ ðQ−

p−k−qÞ2 − q20Þ

¼ viðq2⊥Þ
�
1þ 2ðui⊥ · q⊥Þ

1 − ui z

�ðp − k − qÞ2⊥ − ðp − kÞ2⊥
2ð1 − xÞE

�
1

vi

∂vi
∂q2⊥

�
;

viðQ−
p−qÞ ¼ viðq2⊥ þ ðQ−

p−qÞ2 − q20Þ

¼ viðq2⊥Þ
�
1 −

2ðui⊥ · q⊥Þ
1 − ui z

� ðk − xpÞ2⊥
2xð1 − xÞE −

ðp − qÞ2⊥ − p2⊥
2E

�
1

vi

∂vi
∂q2⊥

�
; ðD23Þ

which explicitly couple the LPM phases which drive the radiative energy loss to the medium velocity. Together, all these
corrections are written as

R1;B ¼ −i
X
i

CaBt
a
i θðziÞ

Z
d2q⊥
ð2πÞ2 e−iq⊥·xi⊥ e−i

ui⊥ ·q⊥
1−ui z

zi vðq2⊥Þψðx; k⊥ − xp⊥ þ xq⊥Þ JðE; p⊥ − q⊥Þ

×
n
e
−i
�

ðp−k−qÞ2⊥−ðp−kÞ2⊥
2ð1−xÞEð1−ui zÞ

�
zi ½1þ ui⊥ ·ΩI B� − e

þi

�
ðk−xpÞ2⊥

2xð1−xÞEð1−ui zÞ−
ðp−qÞ2⊥−p2⊥
2Eð1−ui zÞ

�
zi ½1þ ui⊥ ·ΩII B�

o
; ðD24Þ

where we have introduced shorthand notations

ΩI B ¼ −
p⊥ − k⊥ − q⊥

ð1 − ui zÞð1 − xÞE −
q⊥

1 − ui z

1

J
∂J
∂Eþ 2q⊥

1 − ui z

�ðp − k − qÞ2⊥ − ðp − kÞ2⊥
2ð1 − xÞE

�
1

v
∂v
∂q2⊥

þ q⊥
ð1 − ui zÞE

−
xq⊥½ðp − k − qÞ2⊥ − ð1 − xÞ2ðp − qÞ2⊥�
ð1 − ui zÞð1 − xÞE ðk − xpþ xqÞ2⊥

ðD25aÞ

ΩII B ¼ −
p⊥ − k⊥ − q⊥

ð1 − ui zÞð1 − xÞE −
q⊥

1 − ui z

1

J
∂J
∂E −

2q⊥
1 − ui z

� ðk − xpÞ2⊥
2xð1 − xÞE −

ðp − qÞ2⊥ − p2⊥
2E

�
1

v
∂v
∂q2⊥

þ q⊥
ð1 − ui zÞE

−
xq⊥½ðp − k − qÞ2⊥ − ð1 − xÞ2ðp − qÞ2⊥�
ð1 − ui zÞð1 − xÞE ðk − xpþ xqÞ2⊥

: ðD25bÞ
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Notice that ΩII B is similar to ΩA in (D12) while both factors appear in front of the same LPM phase expo-

nent: ΩII B ¼ ΩA þ k⊥−xp⊥
ð1−ui zÞð1−xÞE þ

q⊥
ð1−ui zÞE

k2⊥−x2ðp−qÞ2⊥
ðk−xpþxqÞ2⊥

.

Finally, we consider the diagram R1;C, in which the final-state rescattering occurs on the parton with momentum k rather
than the one with momentum (p − k). The amplitude is given by

R1;C ¼ i
X
i

CaCt
a
i

Z
d4q
ð2πÞ4 e

iq·xi
λ uμi ð2k − qÞμ

½ðp − qÞ2 þ iϵ�½ðk − qÞ2 þ iϵ� vðqÞJðp − qÞð2πÞδðq0 − u · qÞ: ðD26Þ

Comparison with (D13) confirms that they are related by k ↔ ðp − kÞ [including the longitudinal momentum fraction
x ↔ ð1 − xÞ] and by replacement of the color factor. This allows us to immediately write the final expression

R1;C ¼ −i
X
i

CaCt
a
i θðziÞ

Z
d2q⊥
ð2πÞ2 e

−iq⊥·xi⊥e−i
ui⊥ ·q⊥
1−ui z

zivðq2⊥Þψðx; k⊥ − xp⊥ − ð1 − xÞq⊥ÞJðE; p⊥ − q⊥Þ

×
n
e
−i
�

ðk−qÞ2⊥−k2⊥
2xEð1−ui zÞ

�
zi ½1þ ui⊥ ·ΩI C� − e

þi

�
ðk−xpÞ2⊥

2xð1−xÞEð1−ui zÞ−
ðp−qÞ2⊥−p2⊥
2Eð1−ui zÞ

�
zi ½1þ ui⊥ ·ΩII C�

o
; ðD27Þ

where ΩI C and ΩII C follow from ΩI B and ΩII B under the substitution k ↔ ðp − kÞ and x ↔ 1 − x.

APPENDIX E: IN-MEDIUM BRANCHING:
DOUBLE-BORN DIAGRAMS

1. Diagram D

We begin with the double-Born diagram D shown in
Fig. 9. As before, using the external potential expressed in
(2) and (9) gives

R2;D ¼ −iλ
X
i j

CbaD tbj t
a
i

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 eiq1·xi eiq2·xj

×
2p · uj

½p2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ�

×
2ðp − q2Þ · ui
ðp − q2Þ2 þ iϵ

viðq1Þ vjðq2ÞJðp − q1 − q2Þ ð2πÞ2

× δðq01 − ui · q1Þ δðq02 − uj · q2Þ; ðE1Þ

where CbaD is a generic color matrix depending on the
representation of the projectile partons and we have used
the constraints ui · q1 ¼ uj · q2 ¼ 0 imposed by the delta
functions. Identifying iλ

p2þiϵ as the light-front wave function

ψðx; k⊥ − xp⊥Þ from (38), we observe that R2;D can be
written in the suggestive form R2;D ¼ −iψðx; k⊥ −
xp⊥ÞM2ðpÞ with the double-Born amplitude M2ðpÞ given
by (C1). However, despite this simple relation, one cannot
jumpdirectly to the final expression forR2;D because here the
kinematics are slightly different than for the jet broadening
diagramM2. In the case of jet broadeningwithout branching,
p2 ¼ 0 is on-shell, whereas in the case with final-state
branching it is off-shell. In particular, this leads to different
values ofpz which propagate and affect the resulting poles of
the propagators ðp − q2Þ and ðp − q1 − q2Þ.
Proceeding, we multiply by the complex conjugate R�

0 ¼
−ψ�ðx; k⊥ − xp⊥Þ J�ðpÞ of (38) and perform the averaging
over the color states of the target to obtain

hR2;DR�
0i ¼ CðD;0Þjψðx; k⊥ − xp⊥Þj2

X
i

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4

× eiðq1þq2Þ·xiJðp − q1 − q2Þ J�ðpÞ

×
½2p · ui�2 viðq1Þ viðq2Þ

½ðp − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ� ð2πÞ
2

× δðq01 − ui · q1Þ δðq02 − ui · q2Þ; ðE2Þ

where setting j ¼ i has simplified ðp − q2Þ · ui ¼ p · ui.
We have defined the overall color factor as

hCbaD tbj t
a
i C

†
0i≡ CðD;0Þδij ¼

1

2CR̄
hCaaD C†0iδij : ðE3Þ

The correction to the eikonal vertex computed in (B4)
gives

FIG. 9. Double-Born diagram denoted R2;D corresponding to
initial-state scattering followed by final-state branching.
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hR2;DR�
0i ¼ CðD;0Þjψðx; k⊥ − x p⊥Þj2

Z
d3x ρ

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 eiðq1þq2Þ·x

×
½2Eð1 − uzÞ�2 vðq1Þ vðq2Þ

½ðp − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ�
h
1 − 2

u⊥ · p⊥
ð1 − uzÞE

i
Jðp − q1 − q2Þ J�ðpÞ

× ð2πÞ2 δðq01 − u · q1Þ δðq02 − u · q2Þ; ðE4Þ

where we have also converted the discrete sum over scattering centers to a continuous integral. Note that the position
dependence of ρ, u, and vðqÞ is left implicit for brevity.
The pole analysis now proceeds as before. We start by computing the integral over q1 z by residues, where the only poles

are given by the propagator

ðp − q1 − q2Þ2 þ iϵ ¼ −ð1 − u2zÞðq1 z þ q2 z −Qþ
p−q1−q2 − iϵÞðq1 z þ q2 z −Q−

p−q1−q2 þ iϵÞ:

The pole values Q�
p−q1−q2 are the same as for the single-Born radiation diagrams D 1 but with total momentum transfer

q ¼ q1 þ q2:

Qþ
p−q1−q2 ≃

2E
1þ uz

�
1 −

u⊥ · ðq1⊥ þ q2⊥Þ
2E

�
; ðE5aÞ

Q−
p−q1−q2 ≃

u⊥ · ðq1⊥ þ q2⊥Þ
1 − uz

−
1

1 − uz

� ðk − xpÞ2⊥
2xð1 − xÞE −

ðp − q1 − q2Þ2⊥ − p2⊥
2E

�
; ðE5bÞ

Qþ
p−q1−q2 −Q−

p−q1−q2 ≃
2E

1þ uz

�
1 −

u⊥ · ðq1⊥ þ q2⊥Þ
ð1 − uzÞE

�
: ðE5cÞ

Since the large pole q1 z þ q2 z ¼ Qþ
p−q1−q2 ∼OðEÞ is parametrically large, its residue is highly suppressed and can be

neglected. Thus the unsuppressed contribution comes from closing the contour below the real axis, generating −2πi θðzÞ
and picking up q1 z þ q2 z ¼ Q−

p−q1−q2 :

hR2;DR�
0i ¼ −i CðD;0Þjψðx; k⊥ − xp⊥Þj2

Z
d3x ρ θðzÞ

Z
d2q1⊥
ð2πÞ2

d4q2
ð2πÞ4 e−iQ

−
p−q1−q2 z

× e−iðq1⊥þq2⊥Þ·x⊥
�
4E2ð1 − uzÞ2

−1
1 − u2z

1

Q−
p−q1−q2 −Qþ

p−q1−q2

�
vðq1Þ vðq2Þ

ðp − q2Þ2 þ iϵ

×

�
1 − 2

u⊥ · p⊥
ð1 − uzÞE

�
Jðp − q1 − q2Þ J�ðpÞð2πÞ δðq02 − u · q2Þ: ðE6Þ

Using the explicit form of the pole Q−
p−q1−q2 we can simplify the expressions for the Fourier phase, the source current

Jðp − q1 − q2Þ, and the explicit residue to obtain

hR2;DR�
0i ¼ −i CðD;0Þjψðx; k⊥ − xp⊥Þj2

Z
d3x ρ θðzÞ

Z
d2q1⊥
ð2πÞ2

d4q2
ð2πÞ4 e

i

h
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞ−
ðp−q1−q2Þ2⊥−p2⊥

2Eð1−uzÞ

i
z

× e−iðq1⊥þq2⊥Þ·x⊥ e−i
u⊥ ·ðq1⊥þq2⊥Þ

1−uz
z
�
2ð1 − uzÞE

vðq1Þ vðq2Þ
ðp − q2Þ2 þ iϵ

�
JðE; p⊥ − q1⊥ − q2⊥ÞJ�ðE; p⊥Þ

×

�
1 − 2

u⊥ · p⊥
ð1 − uzÞE

þ u⊥ · ðq1⊥ þ q2⊥Þ
ð1 − uzÞE

−
u⊥ · ðq1⊥ þ q2⊥Þ

ð1 − uzÞ
1

J
∂J
∂E

�
ð2πÞ δðq02 − u · q2Þ: ðE7Þ

The next step will be to evaluate the q2 z integral by residues, including particularly the poles of q2 z present in both
potentials vðq2Þ and vðq1Þ, where the pole in the latter is induced by the previous pole value q1 z ¼ Q−

p−q1−q2 − q2 z. These
expressions can become quite unwieldy very quickly, so let us note from the outset that we limit ourselves to the leading
corrections from the velocity at Oð⊥EÞ and from transverse gradients at Oðx⊥ · ∇⊥Þ but not both at the same time. For our
present purposes in these double-Born radiation diagrams, we are interested primarily in the velocity corrections, so we will
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employ the assumption of transverse translational invariance (neglecting transverse gradients) in this section. This
significantly simplifies the (already complicated) expressions by allowing us to compute the d2x integration immediately,
obtaining ð2πÞ2 δ2ðq1⊥ þ q2⊥Þ and giving

hR2;DR�
0i ¼ −i CðD;0Þjψðx; k⊥ − xp⊥Þj2

Z
L

0

dz ρ
Z

d4q2
ð2πÞ4 e

i

h
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞ

i
zjJðE; p⊥Þj2

×

�
2ð1 − uzÞE

vðq1Þ vðq2Þ
ðp − q2Þ2 þ iϵ

��
1 − 2

u⊥ · p⊥
ð1 − uzÞE

�
ð2πÞ δðq02 − u · q2Þ: ðE8Þ

Writing q⊥ ≡ q2⊥ ¼ −q1⊥ and writing the second pole integral as ID, the expression is

hR2;DR�
0i ¼ −i CðD;0Þjψðx; k⊥ − xp⊥Þj2

Z
L

0

dz ρ
Z

d2q⊥
ð2πÞ2 e

i

h
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞ

i
zjJðE; p⊥Þj2 × ID

�
1 − 2

u⊥ · p⊥
ð1 − uzÞE

�
: ðE9Þ

where for the explicit form of the Gyulassy-Wang potential (10) the pole integral is

ID ≡ 2ð1 − uzÞE
Z

dqz
2π

vðq1Þ vðq2Þ
ðp − q2Þ2 þ iϵ

¼ −
2ð1 − uzÞEg4
ð1 − u2zÞ3

Z
dqz
2π

1

½q2 z −Qþ
p−q2 − iϵ�½q2 z −Q−

p−q2 þ iϵ�½q2 z − Pþ�½q2 z − P−�

×
1

½q2 z − Pþ −Q−
p�½q2 z − P− −Q−

p �
; ðE10Þ

where Q�
p−q2 are defined analogously to (D4) and (E5), Q−

p is similarly defined with q ¼ 0, that is,

Q−
p ¼ −1

1 − uz

ðk − xpÞ2⊥
2xð1 − xÞE ; ðE11Þ

and the poles P� associated with the potential were first defined in (C6b):

P� ≡ uzðu⊥ · q⊥Þ � iR
1 − u2z

ðE12Þ

with finite imaginary part R first defined in (C7):

R2 ≡ ð1 − u2zÞðq2⊥ þ μ2Þ − ðu⊥ · q⊥Þ2 > 0: ðE13Þ

The integral ID is calculable but unwieldy, so before we present the result, let us add the complex conjugate term to (E9)
and simplify the structure of the result:

hR2;DR�
0i þ c:c: ¼ CðD;0Þjψðx; k⊥ − xp⊥Þj2

Z
L

0

dz ρ jJðE; p⊥Þj2
�
1 − 2

u⊥ · p⊥
ð1 − uzÞE

�

×
Z

d2q⊥
ð2πÞ2 ½ð−iÞ ei

h
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞ

i
z
ID þ c:c:�

¼ 2CðD;0Þjψðx; k⊥ − xp⊥Þj2
Z

L

0

dz ρ jJðE; p⊥Þj2
�
1 − 2

u⊥ · p⊥
ð1 − uzÞE

�

×
Z

d2q⊥
ð2πÞ2

�
sin

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

�
;Re ID þ cos

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

�
Im ID

�
: ðE14Þ

Although ID has both real and imaginary parts at Oð1Þ and Oð⊥EÞ in eikonal power counting, not all of these terms will
contribute to the final answer. At the leading order (eikonal approximation) the expressions are
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Re ID ¼ −
u⊥ · q⊥
4R3

½vðq2⊥Þ�2

× ð2ðu⊥ · q⊥Þ2 − 3ð1 − u2zÞðq2⊥ þ μ2ÞÞ

þO
�⊥
E

�
; ðE15aÞ

Im ID ¼ −
1

2
½vðq2⊥Þ�2 þO

�⊥
E

�
: ðE15bÞ

Clearly the eikonal real part Re ID, which is an odd
function of q⊥, integrates to zero after angular averaging
and does not contribute to the final answer. At first
subeikonal accuracy Oð⊥EÞ, both Re ID and Im ID contain
nonvanishing corrections due to the velocity. The real part,
in particular, generates qualitatively new phase structures
proportional to sinϕ in the LPM interference pattern, as
clearly seen in (E14). Propagating these new sinϕ phase
structures significantly increases the length and complexity
of the final answer, so we defer these new terms for future
analysis.
Instead, we will tune the parametric regime of interest to

allow us to neglect them. We previously noted that while
genuine subeikonal terms of Oð⊥EÞ are generally small, the
LPM phases receive an enhancement because the separa-
tion z between scattering centers can be large, z ∼OðLÞ if
the opacity is not too large. In this case the LPM phases

ϕ ∼Oð⊥2 z
E Þ are much larger than the genuine subeikonal

corrections. To allow us to justify neglecting the
sinϕRe ID terms at present, we consider the parameteric
regime

⊥2

E2
≪

⊥3 z
E2

≪
⊥
E
≪

�⊥2 z
E

�
n

≲ 1 ðE16Þ

and drop corrections of Oð⊥3 z
E2 Þ or smaller. In this regime,

we would keep the full sinð⊥2 z
E Þ phase structure multiplying

the eikonal part of Re ID written in (E15); however, this
term integrates to zero and does not contribute. We will
drop, however, the sinð⊥2 z

E Þ phase multiplying the Oð⊥EÞ
subeikonal part of Re ID because the combination of the
sine and the subeikonal suppression factor is beyond the
working accuracy. In contrast, for the cosine phase struc-
ture multiplying Im ID, we must keep the full phase
structure together with the leading eikonal part written
in (E15), and at this accuracy we may either keep the phase
structure or set cosϕ ≈ 1 in conjunction with the Oð⊥EÞ
subeikonal correction to Im ID.
Within this approximation we need not explicitly con-

sider the subeikonal correction to Re ID, and because the
eikonal part vanishes after angular averaging, we can
neglect Re ID entirely. Thus we write

hR2;DR�
0i þ c:c: ¼ CðD;0Þjψðx; k⊥ − xp⊥Þj2

Z
L

0

dz ρ jJðE; p⊥Þj2
�
1 − 2

u⊥ · p⊥
ð1 − uzÞE

�

×
Z

d2q⊥
ð2πÞ2 2 cos

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

�
Im ID ; ðE17Þ

with

Im ID ¼ −
1

2
½vðq2⊥Þ�2 −

ðu⊥ · q⊥Þ
q2⊥ þ μ2

½vðq2⊥Þ�2
ðk − xpÞ2⊥ þ xð1 − xÞð4ðp⊥ · q⊥Þ − q2⊥ þ μ2Þ

2Eð1 − uzÞxð1 − xÞ : ðE18Þ

Angular averaging again significantly simplifies the answer, allowing us to replace

Im ID → −
1

2
½vðq2⊥Þ�2 −

u⊥ · p⊥
ð1 − uzÞE

½vðq2⊥Þ�2
q2⊥

q2⊥ þ μ2
¼ −

1

2
½vðq2⊥Þ�2

�
1 −

u⊥ · p⊥
ð1 − uzÞE

q2⊥
σ̄ðq2⊥Þ

∂σ̄
∂q2⊥

�
ðE19Þ

for the specific form of the Gyulassy-Wang potential. Substituting this result back into (E17) gives

hR2;DR�
0i þ c:c: ¼ −CðD;0Þjψðx; k⊥ − xp⊥Þj2

Z
L

0

dz ρ jJðE; p⊥Þj2
�
1 − 2

u⊥ · p⊥
ð1 − uzÞE

�

×
Z

d2q⊥
ð2πÞ2 ½vðq2⊥Þ�2 cos

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z
��

1 −
u⊥ · p⊥

ð1 − uzÞE
q2⊥

σ̄ðq2⊥Þ
∂σ̄
∂q2⊥

�
: ðE20Þ

Simplifying the result by converting ½vðq2⊥Þ�2 into the elastic scattering cross section σ̄ðq2⊥Þ, multiplying by the final-state
phase space factors, and combining the correction factors we obtain
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�
E

dNð1Þ

d2kdxd2pdE

�
D
¼ −

1

2ð2πÞ3 xð1− xÞ
CðD;0Þ
C

jψðx;k⊥ − xp⊥Þj2
Z

L

0

dzρ

�
E

dNð0Þ

d2p⊥ dE

�

× cos

� ðk− xpÞ2⊥
2xð1− xÞEð1− uzÞ

z

�Z
d2q⊥ σ̄ðq2⊥Þ

�
1− 2

u⊥ · p⊥
ð1− uzÞE

−
u⊥ · p⊥

ð1− uzÞE
q2⊥

σ̄ðq2⊥Þ
∂σ̄
∂q2⊥

�
: ðE21Þ

Recognizing the velocity corrections as the same factor u⊥ · ΓDBðq⊥Þ for the double-Born broadening diagram M2 from
(13b), we see that (E21) can be compactly summarized as

�
E

dNð1Þ

d2k dx d2pdE

�
D
¼ −

1

2ð2πÞ3 xð1 − xÞ
CðD;0Þ
C

jψðx; k⊥ − xp⊥Þj2
Z

L

0

dz ρ

�
E

dNð0Þ

d2p⊥ dE

�

× cos

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

�Z
d2q⊥ σ̄ðq2⊥Þ½1þ u⊥ · ΓDBðq⊥Þ�

¼ 1

2ð2πÞ3 xð1 − xÞ
CðD;0Þ
C

jψðx; k⊥ − xp⊥Þj2 cos
� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

��
E

dNð0Þ

d2p⊥ dE

�
DB

: ðE22Þ

Equation (E22) should be compared with the vacuumlike
production of jets in Eq. (39), which are unmodified by the
medium. For the particularly simple case of the double-
Born scattering followed by final-state branching shown in
Fig. 9, we see that the phase space distribution cleanly
factorizes into a product involving the similarly broadened
jet distribution (C19), followed by final-state branching as
in vacuum (39). This is the manifestation at the level of the
final distribution of the simple factorization R2;D ¼
−iψðx; k⊥ − xp⊥ÞM2ðpÞ at the amplitude level noted
previously. However, as anticipated, the final distribution
(E22) is not solely a product of the broadening and
vacuumlike branching factors; there is an essential addi-
tional feature generated by the interplay of these two

ingredients. This is the LPM phase cos ð ðk−xpÞ2⊥
2xð1−xÞEð1−uzÞ zÞ

which is fundamental to radiative energy loss due to

stimulated emission in the medium. As the calculation
above shows, this structure is preserved under the influence
of velocity corrections at first subeikonal accuracy. It is also
important to emphasize the emergence of modified LPM

phase structures sensitive to sin ð ðk−xpÞ2⊥
2xð1−xÞEð1−uzÞ zÞ as well, as

seen in (E17), which can couple to the velocity in new and
interesting ways. While we do not explore in full detail
these structures here, we note that they do emerge in the
general answer and will qualitatively change the LPM
interference pattern.

2. Diagrams E and F

Next we consider the double-Born diagram shown in
Fig. 10. The starting point for the amplitude is

FIG. 10. Left: double-Born diagram denoted R2;E corresponding to initial-state branching followed by final-state scattering on one of
the daughter partons. Right: diagram denoted R2;F with scattering on the other daughter parton is obtained by the substitution k ↔
ðp − kÞ from R2;E.
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R2;E ¼ −iλ
X
i j

CbaE tbj t
a
i

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 eiq1·xi eiq2·xj viðq1Þ vjðq2Þ Jðp − q1 − q2Þ

×
½2ðp − kÞ · uj�½2ðp − k − q2Þ · ui�

½ðp − k − q2Þ2 þ iϵ�½ðp − k − q1 − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ�
× ð2πÞ2δðq01 − ui · q1Þ δðq02 − uj · q2Þ: ðE23Þ

Multiplying by the vacuum splitting amplitude R�
0 ¼ −ψ�ðx; k⊥ − xp⊥ÞJ�ðpÞ and performing the color averaging, we

obtain

hR2;ER�
0i ¼ iλCðE;0Þψ�ðx; k⊥ − xp⊥Þ

Z
d3 x ρ

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 e

iðq1þq2Þ·x Jðp − q1 − q2Þ J�ðpÞ

×
½2ðp − kÞ · u�2

½ðp − k − q2Þ2 þ iϵ�½ðp − k − q1 − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ� vðq1Þ vðq2Þ

× ð2πÞ2δðq01 − u · q1Þ δðq02 − u · q2Þ; ðE24Þ

where we have converted the discrete summation into a continuous integral over the density and left the x dependence of
quantities such as ρ and u implicit. Evaluating the correction to the eikonal vertex (B4) gives

hR2;ER�
0i ¼ iλCðE;0Þψ�ðx; k⊥ − xp⊥Þ

Z
d3x ρ

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 e

iðq1þq2Þ·x Jðp − q1 − q2Þ J�ðpÞ

×
½2ð1 − uzÞð1 − xÞE�2

½ðp − k − q2Þ2 þ iϵ�½ðp − k − q1 − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ� vðq1Þ vðq2Þ

×

�
1 − 2

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

�
ð2πÞ2δðq01 − u · q1Þ δðq02 − u · q2Þ: ðE25Þ

Now we proceed to perform the dq1 z integral by residues of the poles of the propagators

½ðp − k − q1 − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ�
¼ ð1 − u2zÞ2ðq1 z þ q2 z −Qþ

p−q1−q2 − iϵÞðq1 z þ q2 z −Q−
p−q1−q2 þ iϵÞ

× ðq1 z þ q2 z −Qþ
p−k−q1−q2 − iϵÞðq1 z þ q2 z −Q−

p−k−q1−q2 þ iϵÞ ðE26Þ

with Q�
p−q1−q2 given by Eqs. (E5) from diagram R2;D and

Qþ
p−k−q1−q2 ¼

2ð1 − xÞE
1þ uz

−
u⊥ · ðq1⊥ þ q2⊥Þ

1þ uz
; ðE27aÞ

Q−
p−k−q1−q2 ¼

u⊥ · ðq1⊥ þ q2⊥Þ
1 − uz

þ ðp − k − q1 − q2Þ2⊥ − ðp − kÞ2⊥
2ð1 − uzÞð1 − xÞE : ðE27bÞ

As before we neglect the highly suppressed contributions from Qþ which necessitates closing the contour below the real
axis, generating a factor of −2π i θðzÞ and picking up the residues at Q−

p−q1−q2 ; Q
−
p−k−q1−q2 . Unlike for the amplitude R2;D,

this produces a sum of two terms from the two enclosed poles of the propagators:
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hR2;ER�
0i ¼ λCðE;0Þψ�ðx; k⊥ − xp⊥Þ

Z
d3x ρ θðzÞ

Z
d2q1⊥
ð2πÞ2

d4q2
ð2πÞ4 e

−iðq1⊥þq2⊥Þ·x⊥ J�ðpÞ

×
½2ð1 − uzÞð1 − xÞE�2
½ðp − k − q2Þ2 þ iϵ� vðq2Þ

�
1 − 2

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

�
ð2πÞ δðq02 − u · q2Þ

×

�
ResðQ−

p−q1−q2 Þ

�
e−iðq1 zþq2 zÞz vðq1Þ Jðp − q1 − q2Þ

½ðp − k − q1 − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ�
�

þ ResðQ−
p−k−q1−q2

Þ

�
e−iðq1 zþq2 zÞz vðq1Þ Jðp − q1 − q2Þ

½ðp − k − q1 − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ�
��

: ðE28Þ

While the two residues are in general quite different, we note that the leading part of the two small poles are equal:
Q−

p−q1−q2 ≃Q−
p−k−q1−q2 þOð⊥EÞ. Thus when either pole value Q− is combined with a large scale of OðEÞ, the two small

poles can be considered equal with a relative accuracy ofOð⊥EÞ. Working at this accuracy allows us to simplify and combine
several parts of the two residues:

ResðQ−
p−q1−q2 ÞJðp − q1 − q2Þ ≃ ResðQ−

p−k−q1−q2
Þ Jðp − q1 − q2Þ

¼ JðE; p⊥ − q1⊥ − q2⊥Þ
�
1 −

u⊥ · ðq1⊥ þ q2⊥Þ
1 − uz

1

J
∂J
∂E

�
; ðE29aÞ

ResðQ−
p−q1−q2 Þ

1

½ðp − k − q1 − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ�
≃ − ResðQ−

p−k−q1−q2
Þ

1

½ðp − k − q1 − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ�
¼ 1

ð1 − u2zÞ2
1

½Qþ
p−q1−q2 −Q−

p−q1−q2 �½Qþ
p−k−q1−q2 −Q−

p−q1−q2 �½Q−
p−q1−q2 −Q−

p−k−q1−q2 �
: ðE29bÞ

Note the minus sign in the second line of (E29b) arising from substituting one pole into the other. The different pole values
of q1 z þ q2 z entering the LPM phases e−iðq1 zþq2 zÞz and the potential vðq1Þ are not compared with a large scale ofOðEÞ and
thus remain distinct, giving

hR2;ER�
0i ¼ λCðE;0Þψ�ðx; k⊥ − xp⊥Þ

Z
d3x ρ θðzÞ

Z
d2q1⊥
ð2πÞ2

d4q2
ð2πÞ4 e

−iðq1⊥þq2⊥Þ·x⊥

×
vðq2Þ

ðp − k − q2Þ2 þ iϵ

�
1 − 2

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE −

u⊥ · ðq1⊥ þ q2⊥Þ
1 − uz

1

J
∂J
∂E

�

× e−i
u⊥ ·ðq1⊥þq2⊥Þ

1−uz
zJðE; p⊥ − q1⊥ − q2⊥Þ J�ðE; p⊥Þ ð2πÞ δðq02 − u · q2Þ

×
4ð1 − xÞ2E2

ð1þ uzÞ2
1

½Qþ
p−q1−q2 −Q−

p−q1−q2 �½Qþ
p−k−q1−q2 −Q−

p−q1−q2 �½Q−
p−q1−q2 −Q−

p−k−q1−q2 �

×
n
eið

ðk−xpÞ2⊥
2xð1−xÞEð1−uzÞ−

ðp−q1−q2Þ2⊥−p2⊥
2Eð1−uzÞ Þz vðq1⊥ ; q1 z ¼ −q2 z þQ−

p−q1−q2Þ

− e−ið
ðp−k−q1−q2Þ2⊥−ðp−kÞ2⊥

2Eð1−uzÞ Þz vðq1⊥ ; q1 z ¼ −q2 z þQ−
p−k−q1−q2Þ

o
: ðE30Þ

Inserting the explicit form of the difference between the large polesQþ and small polesQ− with a relative accuracy ofOð⊥EÞ
simplifies the expression somewhat:

SADOFYEV, SIEVERT, and VITEV PHYS. REV. D 104, 094044 (2021)

094044-44



hR2;ER�
0i ¼ λCðE;0Þψ�ðx; k⊥ − xp⊥Þ

Z
d3xρθðzÞ

Z
d2q1⊥
ð2πÞ2

d4q2
ð2πÞ4 e

−iðq1⊥þq2⊥Þ·x⊥e−i
u⊥ ·ðq1⊥þq2⊥Þ

1−uz
z

×
vðq2Þ

ðp − k − q2Þ2 þ iϵ
ð1 − xÞ

Q−
p−q1−q2 −Q−

p−k−q1−q2
JðE; p⊥ − q1⊥ − q2⊥ÞJ�ðE; p⊥Þð2πÞδðq02 − u · q2Þ

×

�
1 − 2

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE −

u⊥ · ðq1⊥ þ q2⊥Þ
1 − uz

1

J
∂J
∂Eþ u⊥ · ðq1⊥ þ q2⊥Þ

ð1 − uzÞE
þ u⊥ · ðq1⊥ þ q2⊥Þ
ð1 − uzÞð1 − xÞE

�

×
n
e
i

�
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞ−
ðp−q1−q2Þ2⊥−p2⊥

2Eð1−uzÞ

�
z
vðq1⊥; q1 z ¼ −q2 z þQ−

p−q1−q2Þ

− e
−i
�

ðp−k−q1−q2Þ2⊥−ðp−kÞ2⊥
2Eð1−uzÞ

�
z
vðq1⊥; q1 z ¼ −q2 z þQ−

p−k−q1−q2Þ
o
: ðE31Þ

To proceed, we further simplify the expression by neglecting transverse gradients to perform the transverse coordinate
averaging; the d2x integral generates a delta function setting q1⊥ ¼ −q2⊥, giving

hR2;ER�
0i ¼ λCðE;0Þψ�ðx; k⊥ − xp⊥Þ

Z
L

0

dz ρ
Z

d4q2
ð2πÞ4 jJðE; p⊥Þj2

×
vðq2Þ

ðp − k − q2Þ2 þ iϵ
ð1 − xÞ

Q−
p −Q−

p−k

�
1 − 2

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

�
ð2πÞ δðq02 − u · q2Þ

×
n
vðq1⊥ ¼ −q2⊥ ; q1 z ¼ −q2 z þQ−

pÞ ei
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞz

− vðq1⊥ ¼ −q2⊥ ; q1 z ¼ −q2 z þQ−
p−kÞ

o
: ðE32Þ

After setting q1⊥ þ q2⊥ ¼ 0, we have Q−
p given already by (E11), whereas Q−

p−k ∼Oð⊥3

E3Þ can be neglected entirely at this
accuracy. Together, this allows us to write the difference from the small poles in terms of the light-front wave function
through λ=ðQ−

p −Q−
p−kÞ ≃ 2ið1 − uzÞEψðx; k⊥ − xp⊥Þ. Moreover, we can use the fact that vðqÞ ¼ vðq2 − ðu · qÞ2Þ is an

even function of the three-vector q [see Eq. (10)] to simplify the arguments of the potential in braces. These simplifications
allow us to write

hR2;ER�
0i ¼ iCðE;0Þjψðx; k⊥ − xp⊥Þj2

Z
L

0

dz ρ
Z

d4q2
ð2πÞ4 jJðE; p⊥Þj2 ð2πÞ δðq02 − u · q2Þ

×
2ð1 − uzÞð1 − xÞE
ðp − k − q2Þ2 þ iϵ

�
1 − 2

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

�

×
n
vðq2⊥ ; q2 z −Q−

pÞ vðq2Þ ei
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞz − ½vðq2Þ�2
o

¼ i CðE;0Þjψðx; k⊥ − xp⊥Þj2
Z

L

0

dz ρ jJðE; p⊥Þj2
�
1 − 2

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

�

×
Z

d2q2⊥
ð2πÞ2 ½I ð1Þ

E ei
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞz − I ð2Þ
E �; ðE33Þ

where we have written the remaining pole integrals as

I ð1Þ
E ≡ 2ð1 − uzÞð1 − xÞE

Z
dq2 z
2π

vðq2⊥ ; q2 z −Q−
pÞ vðq2Þ

ðp − k − q2Þ2 þ iϵ

¼ −2ð1 − uzÞð1 − xÞE
ð1 − u2zÞ3

Z
dq2 z
2π

1

ðq2 z −Qþ
p−k−q2 − iϵÞðq2 z −Q−

p−k−q2 þ iϵÞ

×
1

ðq2 z − PþÞðq2 z − P−Þ
1

ðq2 z − Pþ −Q−
pÞðq2 z − P− −Q−

pÞ
; ðE34aÞ
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I ð2Þ
E ≡ 2ð1 − uzÞð1 − xÞE

Z
dq2 z
2π

½vðq2Þ�2
ðp − k − q2Þ2 þ iϵ

¼ −2ð1 − uzÞð1 − xÞE
ð1 − u2zÞ3

Z
dq2 z
2π

1

ðq2 z −Qþ
p−k−q2 − iϵÞðq2 z −Q−

p−k−q2 þ iϵÞ
�

1

ðq2 z − PþÞðq2 z − P−Þ
�
2

; ðE34bÞ

with P� defined as in (E12).
Similar to the what we did for diagram R2;D, we consider only the parts of the integrals IE which contribute after adding

the complex conjugate amplitude in the limit (E16). We have

hR2;ER�
0i þ c:c: ¼ CðE;0Þjψðx; k⊥ − xp⊥Þj2

Z
L

0

dz ρ jJðE; p⊥Þj2
�
1 − 2

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

�

×
Z

d2q2⊥
ð2πÞ2

�
−2Re I ð1Þ

E sin

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

�

− 2 Im I ð1Þ
E cos

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z
�
þ 2 Im I ð2Þ

E

�
; ðE35Þ

and working in the limit (E16), we see that we only need to evaluate Re I ð1Þ
E toOð1Þ but need to keep ImI ð1Þ

E and Im I ð2Þ
E to

Oð⊥EÞ. The relevant integrals are

Re I ð1Þ
E ¼ −g4ðu⊥ · q2⊥Þ ½3R2 þ ðu⊥ · q2⊥Þ2�

4R3ðq2⊥ þ μ2Þ2 þO
�⊥
E

�
;

Im I ð1Þ
E ¼ −

g4

2ðq2⊥ þ μ2Þ2 −
g4ðu⊥ · q2⊥Þ

2ð1 − uzÞxð1 − xÞE
−2xðp − k − q2Þ2⊥ þ 2xðp − kÞ2⊥ þ xðq2⊥ þ μ2Þ − ðk − xpÞ2⊥

ðq22⊥ þ μ2Þ3 ;

Im I ð2Þ
E ¼ −

g4

2ðq2⊥ þ μ2Þ2 −
g4ðu⊥ · q2⊥Þ

2ð1 − uzÞð1 − xÞE
−2ðp − k − q2Þ2⊥ þ 2ðp − kÞ2⊥ þ q22⊥ þ μ2

ðq22⊥ þ μ2Þ3 ; ðE36aÞ

and we can further simplify the expressions by utilizing angular averaging over the d2q2⊥ integral. Doing so gives

Re I ð1Þ
E → 0þO

�⊥
E

�
;

Im I ð1Þ
E ¼ Im I ð2Þ

E → −
1

2
½vðq22⊥Þ�2

�
1 −

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

q22⊥
σ̄

∂σ̄
∂q22⊥

�
; ðE37aÞ

where, after angular averaging, the imaginary parts of the two integrals are equal.
Substituting this expression back into (E35), we obtain

hR2;ER�
0i þ c:c:¼ CðE;0Þjψðx;k⊥ − xp⊥Þj2

Z
L

0

dzρ jJðE;p⊥Þj2
�
1− 2

u⊥ · ðp⊥ − k⊥Þ
ð1− uzÞð1− xÞE

�

×
Z

d2q2⊥
ð2πÞ2 ½vðq22⊥Þ�2

�
cos

� ðk− xpÞ2⊥
2xð1− xÞEð1− uzÞ

z

�
− 1

��
1−

u⊥ · ðp⊥ − k⊥Þ
ð1− uzÞð1− xÞE

q22⊥
σ̄

∂σ̄
∂q22⊥

�
; ðE38Þ

and inserting the relevant phase space factors, we obtain the corresponding phase space distribution
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�
E

dNð0Þ

d2k dx d2pdE

�
E
¼ −

1

2ð2πÞ3 xð1 − xÞ
CðE;0Þ
C

jψðx; k⊥ − xp⊥Þj2
Z

L

0

dz ρ

�
E

dNð0Þ

d2pdE

�

×

�
1 − cos

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

��Z
d2q⊥ σ̄ðq2⊥Þ

×

�
1 − 2

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE −

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

q2⊥
σ̄

∂σ̄
∂q2⊥

�
: ðE39Þ

Recognizing the velocity correction factor in brackets as possessing the same form as ΓDB from (13b), but for scattering on
the parton with momentum p − k instead [that is, having energy E → ð1 − xÞE and transverse momentum
p⊥ → ðp⊥ − k⊥Þ], we define

Γðp−kÞ
DB ¼ −2ðp⊥ − k⊥Þ

ð1 − uzÞð1 − xÞE −
ðp⊥ − k⊥Þ

ð1 − uzÞð1 − xÞE
q2⊥

σ̄ðq2⊥Þ
∂σ̄
∂q2⊥ : ðE40Þ

to write the final answer as

�
E

dNð1Þ

d2k dx d2pdE

�
E
¼ −

1

2ð2πÞ3 xð1 − xÞ
CðE;0Þ
C

jψðx; k⊥ − xp⊥Þj2
Z

L

0

dz ρ

�
E

dNð0Þ

d2pdE

�

×

�
1 − cos

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

��Z
d2q⊥ σ̄ðq2⊥Þ½1þ u⊥ · Γðp−kÞ

DB � : ðE41Þ

The structure of (E41) is intuitively easy to understand. We see that the LPM phase structure 1 − cosðϕÞ is unmodified from
the static case,5 that the double-Born contribution enters with a relative minus sign reflecting the depletion of jets with
center-of-mass transverse momentum p⊥, and that the velocity corrections enter in the standard form (E40) associated with
double-Born scattering on the associated parton.
From Eq. (E41) we can immediately obtain the counterpart diagram R2;F with final-state double-Born scattering on the

parton with momentum k by interchanging x ↔ ð1 − xÞ, k⊥ ↔ ðp⊥ − k⊥Þ, and CðE;0Þ ↔ CðF;0Þ to obtain

�
E

dNð1Þ

d2k dx d2pdE

�
F
¼ −

1

2ð2πÞ3 xð1 − xÞ
CðF;0Þ
C

jψðx; k⊥ − xp⊥Þj2
Z

L

0

dz ρ

�
E

dNð0Þ

d2pdE

�

×

�
1 − cos

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

��Z
d2q⊥ σ̄ðq2⊥Þ½1þ u⊥ · ΓðkÞ

DB� ðE42Þ

with the associated velocity correction

ΓðkÞ
DB ¼ −2k⊥

ð1 − uzÞxE
−

k⊥
ð1 − uzÞxE

q2⊥
σ̄ðq2⊥Þ

∂σ̄
∂q2⊥ : ðE43Þ

3. Diagram G

Next we continue with the final-state scattering diagram G shown in Fig. 11 with a single double-Born interaction
coupling both of the daughter partons. The amplitude is given by

R2;G ¼ −iλ
X
i j

CbaG tbj t
a
i

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 eiq1·xi eiq2·xj viðq1Þ vjðq2Þ Jðp − q1 − q2Þ

×
½2k · ui�½2ðp − kÞ · uj�

½ðp − k − q2Þ2 þ iϵ� ½ðk − q1Þ2 þ iϵ� ½ðp − q1 − q2Þ2 þ iϵ�
× ð2πÞ2 δðq01 − ui · q1Þ δðq02 − uj · q2Þ: ðE44Þ

5At least in the limit (E16) where the sinϕ terms are negligible.
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Multiplying by the vacuum splitting amplitude R�
0 ¼ −ψ�ðx; k⊥ − xp⊥ÞJ�ðpÞ and performing the color averaging as before,

we obtain

hR2;GR�
0i ¼ iλCðG;0Þ ψ�ðx; k⊥ − xp⊥Þ

Z
d3x ρ

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 eiðq1þq2Þ·x vðq1Þvðq2Þ

×
½2k · u�½2ðp − kÞ · u�

½ðp − k − q2Þ2 þ iϵ� ½ðk − q1Þ2 þ iϵ� ½ðp − q1 − q2Þ2 þ iϵ� Jðp − q1 − q2Þ J�ðpÞ

× ð2πÞ2 δðq01 − u · q1Þ δðq02 − u · q2Þ; ðE45Þ

and evaluating the correction to the eikonal vertex (B3) gives

hR2;GR�
0i ¼ iλCðG;0Þ ψ�ðx; k⊥ − xp⊥Þ

Z
d3x ρ

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 eiðq1þq2Þ·x vðq1Þ vðq2Þ

×
½2ð1 − uzÞxE�½2ð1 − uzÞð1 − xÞE�

½ðp − k − q2Þ2 þ iϵ� ½ðk − q1Þ2 þ iϵ� ½ðp − q1 − q2Þ2 þ iϵ� Jðp − q1 − q2Þ J�ðpÞ

×

�
1 −

u⊥ · k⊥
ð1 − uzÞxE

−
u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

�
ð2πÞ2 δðq01 − u · q1Þ δðq02 − u · q2Þ: ðE46Þ

Next we collect the poles of q1 z

½ðk − q1Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ� ¼ ð1 − u2zÞ2½q1 z −Qþ
k−q1 − iϵ�½q1 z −Q−

k−q1 þ iϵ�
× ½q1 z þ q2 z −Qþ

p−q1−q2 − iϵ�½q1 z þ q2 z −Q−
p−q1−q2 þ iϵ�

with

Qþ
k−q1 ¼

2xE
1þ uz

−
u⊥ · q1⊥
1þ uz

; ðE47aÞ

Q−
k−q1 ¼

u⊥ · q1⊥
1 − uz

þ ðk − q1Þ2⊥ − k2⊥
2ð1 − uzÞxE

; ðE47bÞ

defined analogously to (E27) and Q�
p−q1−q2 given in (E5). Keeping only the unsuppressed contributions Q−, we close the

contour below and obtain

FIG. 11. Double-Born diagram denoted R2;G corresponding to initial-state branching followed by final-state scattering on both of the
daughter partons.
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hR2;GR�
0i ¼ CðG;0Þ λ ψ�ðx; k⊥ − xp⊥Þ

Z
d3x ρ θðzÞ

Z
d2q1⊥
ð2πÞ2

d4q2
ð2πÞ4 e−iðq1⊥þq2⊥Þ·x⊥

×
4ð1 − uzÞ2xð1 − xÞE2

ðp − k − q2Þ2 þ iϵ
vðq2Þ J�ðpÞ

�
1 −

u⊥ · k⊥
ð1 − uzÞxE

−
u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

�
ð2πÞ δðq02 − u · q2Þ

× ðResQ−
k−q1

þ Res−q2 zþQ−
p−q1−q2

Þ
�

vðq1Þ Jðp − q1 − q2Þ
½ðk − q1Þ2 þ iϵ� ½ðp − q1 − q2Þ2 þ iϵ� e

−iðq1 zþq2 zÞz
�
: ðE48Þ

The two residues are

ResQ−
k−q1

�
vðq1Þ Jðp − q1 − q2Þ

½ðk − q1Þ2 þ iϵ� ½ðp − q1 − q2Þ2 þ iϵ� e
−iðq1 zþq2 zÞz

�

¼ 1

ð1 − u2zÞ2
vðq21⊥Þ e−iq2 zz e

−i u⊥ ·q1⊥
1−uz

z−i
h
ðk−q1Þ2⊥−k2⊥
2xEð1−uzÞ

i
z

½Q−
k−q1 −Qþ

k−q1 � ½q2 z −Qþ
p−q1−q2 þQ−

k−q1 − iϵ�½q2 z −Q−
p−q1−q2 þQ−

k−q1 �

× J

�
E −

u⊥ · q1⊥
1 − uz

− u⊥ · q2⊥ − uzq2 z ; p⊥ − q1⊥ − q2⊥ ; E −
u⊥ · q1⊥
1 − uz

− q2 z

�

×

�
1þ u⊥ · q1⊥

ð1 − uzÞxE
ðk − q1Þ2⊥ − k2⊥

vðq21⊥Þ
∂v
∂q21⊥

�
; ðE49aÞ

Res−q2 zþQ−
p−q1−q2

�
vðq1Þ Jðp − q1 − q2Þ

½ðk − q1Þ2 þ iϵ� ½ðp − q1 − q2Þ2 þ iϵ� e
−iðq1 zþq2 zÞz

�

¼ 1

ð1 − u2zÞ2
e−i

u⊥ ·ðq1⊥þq2⊥Þ
1−uz

zþi
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞ−i
ðp−q1−q2Þ2⊥−p2⊥
2ð1−xÞEð1−uzÞ z

½Q−
p−q1−q2 −Qþ

p−q1−q2 � ½q2 z −Q−
p−q1−q2 þQþ

k−q1 þ iϵ�½q2 z −Q−
p−q1−q2 þQ−

k−q1 �

×

�
1 −

u⊥ · ðq1⊥ þ q2⊥Þ
1 − uz

1

J
∂J
∂E

�
vðq1⊥; − q2 z þQ−

p−q1−q2Þ JðE ; p⊥ − q1⊥ − q2⊥Þ : ðE49bÞ

Next we must consider the poles associated with the q2 z
integral. On the face of it, the calculation appears to be quite
challenging: for each of the two residues (E49) arising from
the q1 z integral, there are several potential poles of q2 z. In
addition to the two poles of the propagator ðp − k − q2Þ2
and the potential vðq2Þ, the term ResQ−

k−q1
contains two

explicit poles, and the term Res−q2 zþQ−
p−q1−q2

contains two
more explicit poles plus two induced poles from the
potential vðq1⊥ ; − q2 z þQ−

p−q1−q2Þ. However, in practice,
the situation is not so bad.
First we note that as usual, the poles corresponding to

the large scales Qþ ∼OðEÞ are highly suppressed and
need not be considered. Second, we observe that residue
of the pole q2 z ¼ Q−

p−q1−q2 −Q−
k−q1 , which is common to

both terms in (E49), cancels exactly between the two
terms. Finally, we note that the first term ResQ−

k−q1
is not a

contact term: it retains the Fourier factor dictating the
direction of closure of the contour; as such, the poles
arising from the potential which have finite imaginary

parts lead to exponentially decaying functions of z and can
be neglected.
After taking into account these considerations, we find

that in the term ResQ−
k−q1

, only the single residue of the pole

q2 z ¼ Q−
p−k−q2 contributes. In this term, we must close the

q2 z contour below the real axis because of the presence of
the Fourier factor e−iq2 zz and the constraint θðzÞ. On the
other hand, the contact term Res−q2 zþQ−

p−q1−q2
may have its

integration contour closed either above or below the real
axis; we choose to close it below. In doing so, we collect the
three residues q2 z ¼ Q−

p−k−q2 as well as the poles q2 z ¼ P−

and q2 z ¼ Q−
p−q1−q2 þ P− from the potentials, since in this

contact term they do not lead to decaying exponentials. As
a result, we only need to consider a single residue coming
from the ResQ−

k−q1
term and the sum of three residues from

the Res−q2 zþQ−
p−q1−q2

term.
If we first neglect transverse gradients and perform the

d2x integral to set q1⊥ þ q2⊥ ¼ 0, then the above dis-
cussion becomes compact enough to write as follows:
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hR2;GR�
0i ¼ CðG;0Þ λ ψ�ðx; k⊥ − xp⊥Þ

Z
L

0

dz ρ
Z

d2q2⊥
ð2πÞ2 J�ðpÞ

�
−2Exð1 − xÞ

1þ uz

��
1 −

u⊥ · k⊥
ð1 − uzÞxE

−
u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE

�

×

�
vðq22⊥Þ

x

�
1 −

u⊥ · q2⊥
ð1 − uzÞxE

−
u⊥ · q2⊥

ð1 − uzÞxE
ðkþ q2Þ2⊥ − k2⊥

vðq22⊥Þ
dv

dq22⊥

�
I ð1Þ
G þ e−iQ

−
pz JðE; p⊥Þ I ð2Þ

G

�
ðE50Þ

with

I ð1Þ
G ¼

Z
dq2 z
2π

e−iðQ
−
kþq2

þq2 zÞz vðq2Þ
ðp − k − q2Þ2 þ iϵ

JðEþ u⊥·q2⊥
1−uz

− u⊥ · q2⊥ − uzq2 z ; p⊥ ; Eþ u⊥·q2⊥
1−uz

− q2 zÞ
½q2 z −Q−

p þQ−
kþq2

þ iϵ�½q2 z −Qþ
p þQ−

kþq2
− iϵ� ; ðE51aÞ

I ð2Þ
G ¼

Z
dq2 z
2π

vðq2Þ
ðp − k − q2Þ2 þ iϵ

vðq2⊥ ; q2 z −Q−
pÞ

½q2 z −Q−
p þQ−

kþq2
þ iϵ�½q2 z −Q−

p þQþ
kþq2

þ iϵ� : ðE51bÞ

In arriving at (E50) from (E48), we have used the residues (E49) of the q1 z integral, substituted explicitly the results for the
pole valuesQ−

k−q1 −Qþ
k−q1 andQ

−
p−q1−q2 −Qþ

p−q1−q2 . We have also used parity symmetry to write vð−q1⊥ ; − q2 z þQ−
pÞ ¼

vðq2⊥ ; q2 z −Q−
pÞ in (E51b).

As discussed above, while the integrals I ð1Þ
G ; I ð2Þ

G in (E51) contain many possible poles, in the end only one pole of I ð1Þ
G

and three poles of I ð2Þ
G will contribute. Keeping just the surviving residue q2 z ¼ Q−

p−k−q2 of I ð1Þ
G gives

I ð1Þ
G → −iResQ−

p−k−q2

�
e−iðQ

−
kþq2

þq2 zÞz vðq2Þ
ðp − k − q2Þ2 þ iϵ

JðE − u⊥·q1⊥
1−uz

− u⊥ · q2⊥ − uzq2 z ; p⊥ − q1⊥ − q2⊥ ; E − u⊥·q1⊥
1−uz

− q2 zÞ
½q2 z −Q−

p þQ−
kþq2

þ iϵ�½q2 z −Qþ
p þQ−

kþq2
− iϵ�

�
: ðE52Þ

All of these factors can be straightforwardly evaluated, although we will need to keep the energy denominator Q−
p−k−q2 −

Q−
p þQ−

kþq2
to an overall accuracy of Oð⊥2

E2Þ to obtain all of the relative Oð⊥EÞ corrections:

Q−
p−k−q2 −Q−

p þQ−
kþq2

¼ ðk − xpþ q2Þ2⊥
2xð1 − xÞð1 − uzÞE

−
ðu⊥ · q2⊥Þ½ð1 − xÞ2ðkþ q2Þ2⊥ − x2ðp − k − q2Þ2⊥�

2x2ð1 − xÞ2ð1 − uzÞ2E2

¼ ðk − xpþ q2Þ2⊥
2xð1 − xÞð1 − uzÞE

�
1 −

u⊥ · q2⊥
xð1 − xÞð1 − uzÞE

ð1 − xÞ2ðkþ q2Þ2⊥ − x2ðp − k − q2Þ2⊥
ðk − xpþ q2Þ2⊥

�
: ðE53Þ

Including the prefactors which multiply I ð1Þ
G , the result is

λ

x
vðq22⊥Þ

�
−2Exð1 − xÞ

1þ uz

�
I ð1Þ
G → −ψðx; k⊥ − xp⊥ þ q2⊥Þ e

−i
h
ðk−xpþq2Þ2⊥−ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞ

i
z ½vðq22⊥Þ�2 JðE; p⊥Þ

×

�
1þ u⊥ · q2⊥

ð1 − uzÞð1 − xÞEþ u⊥ · q2⊥
1 − uz

ðp − k − q2Þ2⊥ − ðp − kÞ2⊥
ð1 − xÞE

1

vðq22⊥Þ
dv

dq22⊥

þ u⊥ · q2⊥
xð1 − xÞð1 − uzÞE

ð1 − xÞ2ðkþ q2Þ2⊥ − x2ðp − k − q2Þ2⊥
ðk − xpþ q2Þ2⊥

�
: ðE54Þ

Similarly, keeping the three relevant residues q2 z ¼ Q−
p−k−q2 ;P

−;P− þQ−
p of I ð2Þ

G

I ð2Þ
G → −iðResQ−

p−k−q2
þ ResP− þ ResP−þQ−

p
Þ

×

�
vðq2Þ vðq2⊥ ; q2 z −Q−

pÞ
½ðp − k − q2Þ2 þ iϵ�½q2 z −Q−

p −Q−
kþq2

þ iϵ�½q2 z −Q−
p þQþ

kþq2
þ iϵ�

�
; ðE55Þ

and keeping only the imaginary part Im I ð2Þ
G which leads to cosines rather than sines of the LPM phases, we obtain
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λ

�
−2Exð1 − xÞ

1þ uz

�
i Im I ð2Þ

G → ψðx; k⊥ − xp⊥ þ q2⊥Þ ½vðq22⊥Þ�2
�
1 −

u⊥ · q2⊥
ð1 − uzÞxE

þ u⊥ · q2⊥
ð1 − uzÞð1 − xÞEþ u⊥ · q2⊥

xð1 − xÞð1 − uzÞE
ð1 − xÞ2ðkþ q2Þ2⊥ − x2ðp − k − q2Þ2⊥

ðk − xpþ q2Þ2⊥
þ u⊥ · q2⊥
xð1 − xÞð1 − uzÞE

xðp − k − q2Þ2⊥ − xðp − kÞ2⊥ − ð1 − xÞðkþ q2Þ2⊥ þ ð1 − xÞk2⊥
vðq22⊥Þ

∂v
∂q22⊥

�
: ðE56Þ

Inserting these results back into (E50) we find

hR2;GR�
0i ¼ CðG;0Þ

Z
L

0

dz ρ
Z

d2q2⊥
ð2πÞ2 ½vðq22⊥Þ�2 jJðE; p⊥Þj2ψðx; k⊥ − xp⊥ þ q2⊥Þψ�ðx; k⊥ − xp⊥Þ

×
�
e
i

h
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞ

i
z
− e

−i
h
ðk−xpþq2Þ2⊥−ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞ

i
z��

1 −
u⊥ · ðk⊥ þ q2⊥Þ

ð1 − uzÞxE

−
u⊥ · ðp⊥ − k⊥ − q2⊥Þ
ð1 − uzÞð1 − xÞE þ u⊥ · q2⊥

xð1 − xÞð1 − uzÞE
ð1 − xÞ2ðkþ q2Þ2⊥ − x2ðp − k − q2Þ2⊥

ðk − xpþ q2Þ2⊥
þ u⊥ · q2⊥
xð1 − xÞð1 − uzÞE

xðp − k − q2Þ2⊥ − xðp − kÞ2⊥ − ð1 − xÞðkþ q2Þ2⊥ þ ð1 − xÞk2⊥
vðq22⊥Þ

∂v
∂q22⊥

�
: ðE57Þ

Adding the complex conjugate and the appropriate phase space factors, we obtain

�
E

dNð1Þ

d2k dx d2p⊥ dE

�
G
¼ 1

2ð2πÞ3 xð1 − xÞ
CðG;0Þ
C

Z
L

0

dz ρ
Z

d2q2⊥ σ̄ðq22⊥Þ

× ψðx; k⊥ − xp⊥Þψ�ðx; k⊥ − xp⊥ þ q2⊥Þ
�
E

dNð0Þ

d2pdE

�
½1þ u⊥ · ΓG�

×

�
2 cos

� ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

�
− 2 cos

�ðk − xpþ q2Þ2⊥ − ðk − xpÞ2⊥
2xð1 − xÞEð1 − uzÞ

z

��
ðE58Þ

with

ΓG ≡ −
k⊥ þ q2⊥
ð1 − uzÞxE

−
p⊥ − k⊥ − q2⊥
ð1 − uzÞð1 − xÞE

þ q2⊥
xð1 − xÞð1 − uzÞE

xðp − k − q2Þ2⊥ − xðp − kÞ2⊥ − ð1 − xÞðkþ q2Þ2⊥ þ ð1 − xÞk2⊥
vðq22⊥Þ

∂v
∂q22⊥

þ q2⊥
xð1 − xÞð1 − uzÞE

ð1 − xÞ2ðkþ q2Þ2⊥ − x2ðp − k − q2Þ2⊥
ðk − xpþ q2Þ2⊥

: ðE59Þ

Moreover, if we identify the first correction factor from diagrams R1;B and R1;C from (D24) and (D27) we see that ΓG is
similar to the sum of ΩI B and ΩI C. This provides an intuitive relation between the velocity corrections to the double-Born
diagramG and two single-Born corrections of the type seen in diagrams B and C associated with each of the two final-state
partons. However, the similarity is not complete and one cannot express ΓG through other leading corrections in a
simple way.

4. Diagrams H and I

Finally, we consider the two last double-Born diagrams shown in Fig. 12. These diagrams normally do not contribute in
the eikonal limit, because the double scattering is essentially instantaneous, leaving no time in between the two scatterings
for the branching to occur. However, at subeikonal accuracy, where the energy is large but finite, these contributions cannot
be automatically neglected, and they should begin to contribute at some subeikonal order. Therefore, we consider these
diagrams here to examine whether they contribute at the Oð⊥EÞ accuracy at which the velocity corrections enter.
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The amplitude corresponding to diagram H reads

R2;H ¼ −iλ
X
i j

CbaH tbj t
a
i

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 eiq1·xi eiq2·xj viðq1Þ vjðq2Þ Jðp − q1 − q2Þ

×
½2ðp − kÞ · uj�½2ðp − q2Þ · ui�

½ðp − q2Þ2 þ iϵ�½ðp − k − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ�
× ð2πÞ2δðq01 − ui · q1Þ δðq02 − uj · q2Þ: ðE60Þ

We again multiply by R�
0 ¼ −ψ�ðx; k⊥ − xp⊥ÞJ�ðpÞ and perform the color averaging, obtaining

hR2;HR�
0i ¼ iλCðH;0Þψ�ðx; k⊥ − xp⊥Þ

Z
d3x ρ

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 e

iðq1þq2Þ·x Jðp − q1 − q2Þ J�ðpÞ

×
½2ðp − kÞ · u�½2p · u�

½ðp − q2Þ2 þ iϵ�½ðp − k − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ� vðq1Þ vðq2Þ

× ð2πÞ2δðq01 − u · q1Þ δðq02 − u · q2Þ: ðE61Þ

The correction to the eikonal vertex can be simplified and the full expression reads

hR2;HR�
0i ¼ iλCðH;0Þψ�ðx; k⊥ − xp⊥Þ

Z
d3x ρ

Z
d4q1
ð2πÞ4

d4q2
ð2πÞ4 e

iðq1þq2Þ·x Jðp − q1 − q2Þ J�ðpÞ

×
½2ð1 − uzÞð1 − xÞE�½2ð1 − uzÞE�

½ðp − q2Þ2 þ iϵ�½ðp − k − q2Þ2 þ iϵ�½ðp − q1 − q2Þ2 þ iϵ� vðq1Þ vðq2Þ

×

�
1 −

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE −

u⊥ · p⊥
ð1 − uzÞE

�
ð2πÞ2δðq01 − u · q1Þ δðq02 − u · q2Þ: ðE62Þ

The residues of the poles in q1 z are Q�
p−q1−q2 given by Eqs. (E5). We close the contour below the real axis, generating a

factor of −2π i θðzÞ and picking up the single residue at Q−
p−q1−q2 − q2 z as in the case of R2;D. Then,

hR2;HR�
0i ¼ λCðH;0Þψ�ðx; k⊥ − xp⊥Þ

Z
d3x ρ θðzÞ

Z
d2q1⊥
ð2πÞ2

d4q2
ð2πÞ4 e

−iQ−
p−q1−q2 ze−iðq1⊥þq2⊥Þ·x⊥

×
4ð1 − xÞð1 − uzÞE2

ð1þ uzÞðQþ
p−q1−q2 −Q−

p−q1−q2Þ
vð−q2 z þQ−

p−q1−q2 ; q1⊥Þ vðq2Þ
½ðp − q2Þ2 þ iϵ�½ðp − k − q2Þ2 þ iϵ�

×

�
1 −

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE −

u⊥ · p⊥
ð1 − uzÞE

−
u⊥ · ðq1⊥ þ q2⊥Þ

1 − uz

∂j
∂E

�

× JðE; p⊥ − q1⊥ − q2⊥Þ J�ðE; p⊥Þ ð2πÞδðq02 − u · q2Þ ; ðE63Þ

and, averaging over the transverse directions and setting q⊥ ≡ q2⊥ ¼ −q1⊥, we obtain

FIG. 12. Double-Born diagrams denoted R2;H ; R2;I in which the branching occurs between the double scattering.
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hR2;HR�
0i ¼ λCðH;0Þψ�ðx; k⊥ − xp⊥Þ

Z
L

0

dz ρ
Z

d4q2
ð2πÞ4 e

i
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞzjJðE; p⊥Þj2

× 2ð1 − xÞð1 − uzÞE
vðq2 z −Q−

p; q2⊥Þ vðq2Þ
½ðp − q2Þ2 þ iϵ�½ðp − k − q2Þ2 þ iϵ�

×

�
1 −

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE −

u⊥ · p⊥
ð1 − uzÞE

�
ð2πÞδðq02 − u · q2Þ: ðE64Þ

Isolating the q2 z dependence, we have

hR2;HR�
0i ¼ λCðH;0Þψ�ðx; k⊥ − xp⊥Þ

Z
dz ρ

Z
d2q⊥
ð2πÞ2 e

i
ðk−xpÞ2⊥

2xð1−xÞEð1−uzÞz jJðE; p⊥Þj2

× IH

�
1 −

u⊥ · ðp⊥ − k⊥Þ
ð1 − uzÞð1 − xÞE −

u⊥ · p⊥
ð1 − uzÞE

�
; ðE65Þ

where

IH ≡ 2ð1 − xÞð1 − uzÞE
Z

dqz
2π

vðq2 z −Q−
p; q2⊥Þvðq2Þ

½ðp − q2Þ2 þ iϵ�½ðp − k − q2Þ2 þ iϵ�

¼ 2ð1 − xÞð1 − uzÞEg4
ð1 − u2zÞ4

Z
dqz
2π

1

½q2 z −Qþ
p−q2 − iϵ�½q2 z −Q−

p−q2 þ iϵ�½q2 z − Pþ�½q2 z − P−�

×
1

½q2 z −Qþ
p−k−q2 − iϵ�½q2 z −Q−

p−k−q2 þ iϵ�½q2 z − Pþ −Q−
p �½q2 z − P− −Q−

p�
: ðE66Þ

After evaluating the integral, we find

Im IH ¼ u⊥ · q⊥
ð1 − uzÞE

½vðq2⊥Þ�2
q2⊥ þ μ2

þO
�⊥2

E2

�
;

Re IH ¼ O
�⊥
E

�
: ðE67Þ

Clearly the imaginary part integrates to zero after angular averaging, and the real part leads to terms of order
⊥
E sin

ðk−xpÞ2⊥
2xð1−xÞEð1−uzÞ z ∼

⊥3 z
E2 which we neglect (remembering the factor of i included in the wave function).

Thus we see that even atOð⊥EÞ subeikonal accuracy, diagramH still does not contribute. From the diagramH we can also
obtain the contribution of the diagram I by substituting x ↔ ð1 − xÞ and k ↔ ðp − kÞ into the diagramH, and replacing the
color factor. Both contributions are accordingly zero.
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