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We produce the light-front wave functions (LFWFs) of the nucleon from a basis light-front approach in
the leading Fock-sector representation. We solve for the mass eigenstates from a light-front effective
Hamiltonian, which includes a confining potential adopted from light-front holography in the transverse
direction, a longitudinal confinement, and a one-gluon exchange interaction with fixed coupling. We then
employ the LFWFs to obtain the electromagnetic and axial form factors, the parton distribution functions
(PDFs), and the generalized parton distribution functions for the nucleon. The electromagnetic and axial
form factors of the proton agree with the experimental data, whereas the neutron form factors deviate
somewhat from the experiments in the low-momentum transfer region. The unpolarized, the helicity, and
the transversity valence quark PDFs, after QCD scale evolution, are fairly consistent with the global fits to
the data at the relevant experimental scales. The helicity asymmetry for the down quark also agrees well
with the measurements; however, the asymmetry for the up quark shows a deviation from the data,
especially in the small x region. We also find that the tensor charge agrees well with the extracted data and
the lattice QCD predictions, while the axial charge is somewhat outside the experimental error bar. The
electromagnetic radii of the protons, the magnetic radius of the neutron, and the axial radius are in excellent
agreement with the measurements, while the neutron charge radius deviates from the experiment.
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I. INTRODUCTION

One of the main goals in hadron physics is to understand
how nucleons and other hadrons are built up from quarks
and gluons. The subject has been investigated extensively
with dedicated experiments and theoretical efforts for
several decades. One of the most powerful tools to
investigate the structure of the nucleon is high energy

electron scattering. The electromagnetic form factors (FFs)
which can be probed through elastic scattering are among
the most basic quantities containing information about the
internal structure of the nucleon. The Fourier transform of
the FFs gives information about spatial distributions such
as the charge and the magnetization densities inside the
nucleon. On the other hand, from deep inelastic scattering
(DIS) processes one can extract the parton distribution
functions (PDFs), which encode the nonperturbative struc-
ture of the nucleon in terms of the distribution of longi-
tudinal momentum carried by the quarks and gluons as its
constituents. Both the observables, FFs and PDFs, have
taught us a great deal about the nucleon, but these quantities
do not provide full three-dimensional structural information
of the nucleon. Meanwhile, it has become clear that the
generalized parton distributions (GPDs), appearing in the
description of hard exclusive reactions, like deeply virtual
Compton scattering (DVCS) or vector meson production,
allow us to draw three-dimensional pictures of the nucleon.
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From GPDs, we learn essential information about the
distribution and orbital motion of the constituents.
The matrix element of the electromagnetic current for the

nucleon is parametrized by two independent FFs, namely,
the Dirac and Pauli FFs. The nucleon FFs have attracted
numerous dedicated experimental and theoretical efforts for
several decades [1–5]. There are two well-established
methods to extract the nucleon FFs from experiments.
One is from unpolarized scattering cross-section data by the
Rosenbluth separation technique. In this method, one
extracts the nucleon Sachs FFs, which are expressed in
terms of the Dirac and Pauli FFs. The other technique uses
either the target or the recoiled polarized proton along with
the polarized lepton beam and is known as the polarization
transfer method in which the ratios of the Sachs FFs for the
nucleon are measured. However, there are inconsistencies
in the extraction of the data for the proton electric to
magnetic Sachs FF ratio. In double polarization experi-
ments [6–10], the ratio decreases almost linearly for
momentum transfer ðQ2Þ > 0.5 GeV2, whereas the results
obtained from the Rosenbluth separation method [11–22]
remain constant in the spacelike region. The experimental
data for the neutron FFs are not available in the large
Q2 ¼ −q2 regime, and predictions of the neutron FFs are
even more challenging to explain using phenomenological
models. Meanwhile, high precision measurements of both
proton and neutron FFs are expected from ongoing and
forthcoming experiments at Jefferson Lab [23–29]. The
nucleon electromagnetic FFs have been theoretically inves-
tigated using different approaches in Refs. [30–48],
whereas the flavor decomposition of the nucleon FFs
has been reported in Refs. [38,49–51].
Unlike the nucleon electromagnetic FFs which have been

explored experimentally to a large extent, our information
about the axial FFs is very limited. Until now, there are only
two sets of experiments that can be used to determine axial
FFs: first, (anti)neutrino scattering off protons or nuclei
and, second, charged pion electroproduction. We refer to the
articles [52,53] for a review of experimental data on the
nucleon axial FFs. The axial FFs can be extracted using
various theoretical approaches [54–62]. In recent years,
lattice QCD simulations of axial FFs have been reported
for pionmasses in the range 0.2–0.6GeV [63–70], while in a
very recent study, the lattice QCD calculation of nucleon
axial FF in 2þ 1 flavor near the physical pion mass has been
presented by the PACS Collaboration [71].
PDFs, which encode the nonpertubative structure of the

nucleon in terms of the number densities of its confined
constituents, are functions of the light-front longitudinal
momentum fraction (x) of the nucleon carried by the
constituents. At leading twist, the complete spin structure
of the nucleon is described in terms of three independent
PDFs, namely, the unpolarized f1ðxÞ, the helicity g1ðxÞ,
and the transversity h1ðxÞ.
Precise knowledge of PDFs is needed for the analysis

and interpretation of the scattering experiments in the LHC

era. Global fitting collaborations such as NNPDF [72],
HERAPDF [73], MMHT [74], CTEQ [75], and MSTW
[76] have made considerable efforts to determine PDFs and
their uncertainties. Precise determination of the helicity
PDF from polarized lepton-proton inclusive processes is
now available [77,78]. Perturbative QCD (pQCD) indicates
that the polarized to unpolarized PDF ratio for the up quark
increases toward 1 as x → 1 [79,80]. For the down quark,
the ratio is found to remain negative in the experimentally
covered region of x≲ 0.6 [81–87], without any indication
of a sign reversal at large x values. This is supported by the
global pQCD analyses of the experimental data extracted
to large x [88–92] as well as by the Dyson-Schwinger
equation approach [93]. However, a recent study from
light-front holography predicts the sign reversal of the
polarized down quark distribution in the proton at large x
[94]. Nucleon PDFs have also been investigated with lattice
QCD using different approaches such as the path-integral
formulation [95,96], the inversion method [97,98], pseudo-
PDFs [99,100], quasi-PDFs [101–104], and lattice cross
sections [105]. The current status and challenges of lattice
calculations of PDFs can be found in Ref. [106].
While the unpolarized and the helicity PDFs have been

investigated for decades and are well determined, much
less information is available on the transversity PDF. Due to
its chiral-odd nature, the distribution can only be accessed
in a process wherein it couples to another chiral-odd
quantity [107].
The h1 distribution describes the correlation between

the transverse polarization of the constituents and the
transverse polarization of the nucleon. An important
approach for studying the h1 distribution is to measure
the Collins azimuthal asymmetries in semi-inclusive
hadron production in deep inelastic scattering [108].
Considerable efforts have been made to measure spin
asymmetries by the HERMES Collaboration [109,110],
JLab HALL A [111], and the COMPASS Collaboration
[112] experiments, whereas the azimuthal angular asym-
metries of two back-to-back hadrons produced in eþe−
annihilations have been measured by the Belle and BABAR
Collaborations [113,114]. However, the extraction of the
transversity PDF requires knowledge of the chiral-odd
Collins fragmentation functions [108,115–117]. In the last
few years, extensive efforts to extract the transversity
distributions has been carried out using the data on
polarized single-hadron SIDIS and back-to-back emission
of two hadrons in eþe− annihilations [118–125]. Recently,
the extraction of the transversity PDF from a global
analysis of electron-proton and proton-proton data has
been reported in Ref. [126].
In principle, the GPDs provide valuable information

about the spin and orbital angular momentum of the
constituents, as well as the spatial structure of the nucleon.
As opposed to ordinary PDFs, GPDs are functions of three
variables, namely, the longitudinal momentum fraction x of
the partons, the square of the totalmomentum transferred (t),
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and the skewness (ζ), which corresponds to the longitudinal
momentum transferred. We refer to the articles [127–131]
for reviews on this subject.
The GPDs reduce to the ordinary PDFs in the forward

limit (t ¼ 0). The first moments of the GPDs are related to
the FFs, while the second moments of the sum of the GPDs
are related to the angular momentum by a sum rule
proposed by Ji [132]. Being off-forward matrix elements,
the GPDs do not have probabilistic interpretations. Having
said that, the Fourier transforms of the GPDs with respect
to the momentum transfer purely in the transverse
direction (ζ ¼ 0) provide the impact parameter-dependent
GPDs, which have probabilistic interpretation and
satisfy the positivity condition [131,133–135]. The impact
parameter-dependent GPDs give us the information about
partonic distributions in the transverse position space for a
given longitudinal momentum (x).
Unlike the FFs and PDFs, it is very difficult to measure

the GPDs accessible in DVCS scattering [136,137]. First
experimental DVCS results in terms of the beam spin
asymmetry have been reported by HERMES at DESY
[138] and CLAS at JLab [139]. Since then, many more
results are available from the experiments performed by
the H1, ZEUS, and HERMES Collaborations at DESY
[140–149], COMPASS Collaboration at CERN [150],
and the Hall A and Hall B/CLAS Collaborations at JLab
[151–154]. Exclusive production of ρ0 meson [155] and ω
meson [156] by scattering muons off a transversely polari-
zed proton has been measured in a recent COMPASS
experiment. The target spin asymmetries extracted in those
experiments agreewell with GPD-based model calculations.
There have also been proposals to measure the GPDs

through diffractive double meson production [157,158].
The role of the GPDs in leptoproduction of vector mesons
[159] as well as in hard exclusive electroproduction of
pseudoscalar mesons [160] has been studied within the
framework of the handbag approach. In parallel to the
efforts to investigate the GPDs from experiments, several
theoretical predictions for the GPDs have been reported by
using different approaches such as light-front quantization
[161–163], constituent quark models (CQM) [164–169],
bag models [170,171], soliton models [129,172,173], light-
front quark-diquark models [40,174–177], AdS/QCD
[178–183], etc. The moments of the GPDs have been
evaluated with lattice QCD [184–187]. Recently, the first
calculation of the x dependence of the nucleon GPDs
within lattice QCD has been presented in Ref. [188].
In this paper, we employ the theoretical framework of

basis light-front quantization (BLFQ) [189–195] to study
nucleon properties. We adopt an effective light-front
Hamiltonian and solve for its mass eigenstates at the
scales suitable for low-resolution probes. With quarks as
the only explicit degrees of freedom, our Hamiltonian
includes the holographic QCD confinement potential [43]
supplemented by the longitudinal confinement [194].

Our Hamiltonian also incorporates the one-gluon exchange
(OGE) interactions [193] to account for the dynamical spin
effects. By solving this Hamiltonian in the constituent
valence quark Fock space, and fitting the quark masses,
confining strengths, and coupling constant, we obtain the
nucleon light-front wave functions (LFWFs). We then
employ the LFWFs to compute the electromagnetic and
axial FFs, transverse densities, PDFs, GPDs, radii, axial,
and tensor charges of the nucleon. We compare our results
with available experiments and with other theoretical
approaches. The future Electron-Ion Collider [196] is
planned to explore these observables.
The paper is organized as follows. A detailed description

of the BLFQ formalism and the light-front effective
Hamiltonian for the nucleon is discussed in Sec. II. The
numerical results of the various nucleon observables are
presented in Sec. III. We summarize our findings in Sec. IV.

II. BASIS LIGHT-FRONT QUANTIZATION

The theoretical framework of BLFQ [189] has emerged
as a promising tool to solve relativistic bound-state problems
in quantum field theories. BLFQ, as a nonperturbative
approach, is based on the Hamiltonian formalism and
incorporates the advantages of the light-front dynamics
[197]. This approach has been successfully applied to
QED systems including the electron anomalous magnetic
moment [190,191] and the strong coupling bound-state
positronium problem [192]. It has also been employed
to solve light mesons [195,198,199], heavy quarkonia
[193,194,200,201], heavy-light mesons [202,203], and the
proton [204] as QCD bound states.
The structure of the bound states is encoded in the

LFWFs, which are obtained from diagonalizing the light-
front Hamiltonian (H ¼ P−Pþ),

Hjβi ¼ M2
hjβi; ð1Þ

where the eigenvalues M2
h correspond to the mass-squared

spectrum, and the associated eigenvectors jβi encode
structural information of the bound states. In our approach,
we define the light-front coordinate variables as x� ¼
x0 � x3 and the corresponding momentum variables as
p∓ ¼ p0 ∓ p3. In writing Eq. (1), we indicate that we
adopt a framework for solving the Hamiltonian eigenvalue
problem in which the LFWFs are boost invariant in the
longitudinal and the transverse directions. The BLFQ
approach employs a suite of analytical and numerical
techniques for setting up and solving this eigenvalue
problem in a convenient basis space [193,194,198].
In this paper, we solve the nucleon bound-state problem

in BLFQ using an effective light-front Hamiltonian (Heff )
defined below. At fixed light-front time, the nucleon
state can be expressed schematically in terms of various
quark (q), antiquark (q̄), and gluon (g) Fock components,
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jNi ¼ ψ ð3qÞjqqqi þ ψ ð3qþqq̄Þjqqqqq̄i
þ ψ ð3qþ1gÞjqqqgi þ…; ð2Þ

where the ψ ð…Þ correspond to the probability amplitudes to
find the different parton configurations in the nucleon.
Within BLFQ, each Fock component itself consists of an
infinite number of basis states. For the purpose of numeri-
cal calculations, we employ both a Fock-sector truncation
and limits on the basis states within each Fock component.
Here, we consider only the leading Fock sector to describe
the valence quark contribution to nucleon properties.
The basis states of each Fock particle are expressed in

terms of the longitudinal and transverse coordinates along
with the helicity quantum numbers [205]. We omit the color
degree of freedom in the current approach since, for the
pure valence sector treated as a color singlet, a color factor
suffices when combined with the strength of our effective
one-gluon exchange interaction (see below). The longi-
tudinal momentum of the particle is identified by the
quantum number k. We confine the longitudinal coordinate
x− to a box of length 2L with antiperiodic (periodic)
boundary conditions for fermions (bosons).1 Thus, the
amplitude in longitudinal coordinate space is given by

Ψkðx−Þ ¼
1

2L
ei

π
L kx− ; ð3Þ

with the discretized longitudinal momentum pþ ¼ 2πk=L,
where the dimensionless quantity k ¼ 1

2
; 3
2
; 5
2
;… for fer-

mions, while for bosons k ¼ 1; 2; 3;…. The zero mode
for bosons is neglected. All many-body basis states are
selected to have the same total longitudinal momentum
Pþ ¼ P

i p
þ
i , where the sum is over the particles in a

particular basis state. We then parametrize Pþ using a
dimensionless variable K ¼ P

i ki such that Pþ ¼ 2π
L K.

For a given particle i, the longitudinal momentum fraction x
is now defined as xi ¼ pþ

i =P
þ ¼ ki=K.

In the transverse direction, we employ the two-
dimensional harmonic oscillator (2D-HO) basis
ϕnmðp⃗⊥; bÞ, which is characterized by two quantum num-
bers n and m corresponding to the radial excitation and
angular momentum projection, respectively, of the particle.
In momentum space, the orthonormalized 2D-HO wave
functions are given by [189,205]

ϕn;mðp⃗⊥; bÞ ¼
ffiffiffi
2

p

bð2πÞ32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!

ðnþ jmjÞ!

s
e−p⃗

2⊥=ð2b2Þ

×

�jp⃗⊥j
b

�jmj
Ljmj
n

�
p⃗2⊥
b2

�
eimθ; ð4Þ

where b is an HO basis scale parameter with the dimension
of mass, p⃗⊥ represents the transverse momentum of the
particle, Lα

nðxÞ are the generalized Laguerre polynomials,
and θ ¼ argðp⃗⊥=bÞ. For the spin degrees of freedom, the
quantum number λ is used to label the helicity of the
particle. Thus, each single-particle basis state is identified
using four quantum numbers, fx; n;m; λg. In addition,
we require that our many-body basis states have well-
defined values of the total angular momentum projection
MJ ¼

P
i ðmi þ λiÞ.

Beyond the Fock-space truncation, within each Fock
sector, further truncation is still needed to reduce the basis
to a finite dimension. We truncate the infinite basis by
introducing a truncation parameter K on the longitudinal
direction, and in the transverse direction, we require the
total transverse quantum number,

Nα ¼
X
i

ð2ni þ jmij þ 1Þ; ð5Þ

for where a multiparticle basis state satisfies Nα ≤ Nmax,
where Nmax is a chosen truncation parameter in the trans-
verse direction. Here, K is the basis resolution in the
longitudinal direction, whereasNmax controls the transverse
momentum covered by the 2D-HO basis functions. The
Nmax truncation naturally provides ultraviolet (UV) and
infrared (IR) cutoffs. In momentum space, the UV cutof
is ΛUV ≃ b

ffiffiffiffiffiffiffiffiffiffi
Nmax

p
, and the IR cutof is λIR ≃ b=

ffiffiffiffiffiffiffiffiffiffi
Nmax

p
.

With increasing the Nmax, the UV (IR) cutoff increases
(decreases) [191], and both UVand IR increase as the basis
scale parameter b increases.

A. Light-front effective Hamiltonian

For the valence Fock sector of the baryon, we adopt a
light-front effective Hamiltonian (Heff ¼ P−

effP
þ), which is

given by

Heff ¼
X
i

m2
i þ p⃗2

i⊥
xi

þ 1

2

X
i;j

Vconf
i;j þ 1

2

X
i;j

VOGE
i;j ; ð6Þ

where
P

i xi ¼ 1,m is the constituent mass of quark, and i,
j denote the index of particles in a Fock sector. Vconf

i;j

represents the confining potential, which includes both the
transverse and the longitudinal confinements.
We generalize the soft-wall holographic confinement

[43] in the transverse direction and also employ a com-
plementary longitudinal confining potential that reproduces
3D confinement in the nonrelativistic limit [193]. For a
many-body system, the complete confining potential is then
written as

Vconf
i;j ¼ κ4r⃗2ij⊥ þ κ4

ðmi þmjÞ2
∂xiðxixj∂xjÞ; ð7Þ

1Although we do not include dynamical gluons in the present
work, we specify their corresponding modes as seen for dynami-
cal photons in Ref. [205], for example.
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where r⃗ij⊥ ¼ ffiffiffiffiffiffiffiffixixj
p ðr⃗i⊥ − r⃗j⊥Þ is the relative coordinate, κ

is the strength of the confining potential in the transverse
and longitudinal direction, and ∂x ≡ ð∂=∂xÞrij⊥ . Note that
the form of the longitudinal confining potential for qq̄ has
been suggested in the relative momentum coordinate [193].
Here, the potential is approximately generalized for a
many-body system in the single-particle momentum coor-
dinate. We assume that the correction is small and the
potential is much less sensitive to the choice of the
momentum coordinate for a large basis.
The last term in Eq. (6) represents the one-gluon

exchange (OGE) interaction;

VOGE
i;j ¼ 4πCFαs

Q2
ij

ūs0iðp0
iÞγμusiðpiÞūs0jðp0

jÞγμusjðpjÞ ð8Þ

with fixed coupling constant αs. Here, Q2
ij ¼ −ð1=2Þðp0

i −
piÞ2 − ð1=2Þðpj − p0

jÞ2 is the average of 4-momentum
square carried by the exchanged gluon. In terms of
kinematical variables,

Q2
ij ¼

1

2

��
p⃗2
i⊥ þm2

i

xi
−
p⃗02
i⊥ þm2

i

x0i

−
ðp⃗2

i⊥ − p⃗02
i⊥Þ þ μ2g

xi − x0i

�
− ði → jÞ

�
; ð9Þ

where μg is the gluon mass. The color factor CF ¼ −2=3,
which implies that the OGE is an attractive potential. The
spinor usiðpiÞ is the solution of the free Dirac equation,
with the subscripts representing the spin, and p⃗i⊥ is the
momentum of the valence quark i. Implementing the OGE
interaction, we naturally generate the dynamical spin
structure in the LFWFs, which plays a crucial role in
computing the spin-dependent observables.
Here, we construct our basis using single-particle coor-

dinates. The advantage of using these coordinates is that we
can treat each particle in the Fock space on equal footing,
and it enables dealing with symmetry among identical
particles [191]. On the other hand, Heff incorporates the
transverse center-of-mass (c.m.) motion and this is inter-
twined with intrinsic motion when working on a basis of
single-particle states. In order to preserve boost invariance
in the transverse direction, we introduce a constraint term,

H0 ¼ λLðHc:m: − 2b2IÞ; ð10Þ

into the effective Hamiltonian which effectively factorizes
the transverse c.m. motion from the intrinsic motion.
We subtract the zero-point energy 2b2 and multiply by a
Lagrange multiplier λL. Î indicates the unity operator, and
the c.m. motion is governed by [192],

Hc:m: ¼
�X

i
p⃗i⊥

�
2 þ b4

�X
i
xir⃗i⊥

�
2
: ð11Þ

With λL sufficiently large and positive, we are able to shift
the excited states of c.m. motion to higher energy away
from the low-lying states with LFWFs in factorized form.
Therefore, the effective Hamiltonian we diagonalize is

H0
eff ¼ Heff −

�X
i
p⃗i⊥

�
2 þ λLðHc:m: − 2b2IÞ: ð12Þ

Upon diagonalization of this light-front Hamiltonian
matrix H0

eff within the BLFQ basis, we produce the
eigenvalues that correspond to the mass spectrum. We also
produce the eigenvectors that correspond to the LFWFs in
the BLFQ basis that encode the structural information of
the systems. The lowest eigenstate is naturally identified
as the nucleon state, denoted as jP;Λi, where the Λ
indicates the helicity of the nucleon. The resulting valence
LFWF in momentum space is expressed as an expansion in
the orthonormal basis set designed to preserve the sym-
metries of the effective Hamiltonian,

ΨΛ
fxi;p⃗i⊥;λig ¼ hP;Λjfxi; p⃗i⊥; λigi

¼
X

fni;mig

�
ψΛ
fxi;ni;mi;λig

Y
i

ϕni;mi
ðp⃗i⊥; bÞ

�
; ð13Þ

with ψΛ
fxi;ni;mi;λig ¼ hP;Λjfxi; ni; mi; λigi as the LFWF in

BLFQ. Note that the LFWFs should have parity symmetry
(P), which is broken by the Fock-space truncation.
However, one can use mirror parity P̂x ¼ R̂xðπÞP [206]
to replace the parity. Under the mirror parity transforma-
tion, our wave function follows the relation

ψ↓
fxi;ni;mi;λig ¼ ð−1Þ

P
i
miþ1ψ↑

fxi;ni;−mi;−λig; ð14Þ

where the arrow indicates the helicity of the nucleon.

III. NUMERICAL RESULTS

There are four parameters in our calculation: the quark
mass in the kinetic energy (mq=k), the quark mass in the
OGE interaction (mq=g), the strength of confining potential
(κ), and the coupling constant (αs). We now sketch our
reasoning for the flexibility in the choice of the vertex mass.
In particular, our approach features an effective OGE
interaction that is important for short distance physics
and approximately describes the processes where valence
quarks emit and absorb a gluon. As it is an effective
interaction, it accounts for fluctuations between the jqqqi,
jqqqgi, and higher Fock sectors. According to the mass
evolution in renormalization group theory, the dynamical
OGE would also generate contributions to the quark mass
arising from higher momentum scales leading to a decrease
in the quark mass from the gluon dynamics. In turn,
this leads to the suggestion that the mass in the OGE
interaction would be lighter than the kinetic mass, which is
associated with the long-range physics in our effective
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Hamiltonian. This treatment is also noticed and adopted in
the literature [207–209].
In our approach, we select the truncation parameters

Nmax ¼ 10 and K ¼ 16.5. The model parameters are
summarized in Table I. We set those parameters by fitting
the nucleon mass and the flavor FFs [49–51]. We estimate
an uncertainty on αs that accounts for the model selections
and major fitting uncertainties. As can be seen from
Table II, our estimated uncertainty for the coupling constant
decreases with increasing the basis cutoffs Nmax. Using
those model parameters, we then present the nucleon
electromagnetic FFs and their ratios and the axial FF as
well as the leading twist PDFs and GPDs. We also predict
the radii, axial, and tensor charges of the nucleon.

A. Electromagnetic form factors

In the light-front framework, theDirac and thePauli FFs of
the nucleon,F1ðQ2Þ andF2ðQ2Þ, respectively, are identified
with thehelicity-conserving andhelicity-flipmatrix elements
of the vector (Jþ ≡P

q eqψ̄qγ
þψq) current,

hPþ q;↑ j J
þð0Þ
2Pþ jP;↑i ¼ F1ðQ2Þ; ð15Þ

hPþ q;↑ j J
þð0Þ
2Pþ jP;↓i ¼ −ðq1 − iq2ÞF2ðQ2Þ

2M
; ð16Þ

where Q2 ¼ −q2 is the square of the momentum transfer,
M is the mass of the nucleon, and eq is the charge of the
individual quarks. Within the valence Fock sector, the
nucleon state with momentum P can be written in terms
of three-particle LFWFs,

jP;Λi ¼
Z Y3

i¼1

�
dxid2p⃗i⊥ffiffiffiffi
xi

p
16π3

�

× 16π3δ

�
1 −

X3
i¼1

xi

�
δ2
�X3

i¼1

p⃗i⊥
�

×ΨΛ
fxi;p⃗i⊥;λigjfxiPþ; p⃗i⊥ þ xiP⃗⊥; λigi; ð17Þ

where xi ¼ pþ
i =P

þ, and p⃗i⊥ represents the relative trans-
verse momentum of the ith constituent. Substituting the
nucleon states and the quark field operators (ψq and ψ̄q) in
Eqs. (15) and (16) leads to the flavor Dirac and Pauli form
factors in terms of the overlap of the LFWFs [210],

Fq
1ðQ2Þ ¼

X
fλig

Z
½dXdP⊥�Ψ↑�

fx0i;p⃗0
i⊥;λigΨ

↑
fxi;p⃗i⊥;λig; ð18Þ

Fq
2ðQ2Þ ¼ −

2M
ðq1 − iq2Þ

X
fλig

Z
½dXdP⊥�

×Ψ↑�
fx0i;p⃗0

i⊥;λigΨ
↓
fxi;p⃗i⊥;λig; ð19Þ

where x01 ¼ x1 and p⃗0
1⊥ ¼ p⃗1⊥ þ ð1 − x1Þq⃗⊥ for the struck

quark, while x0i ¼ xi and p⃗0
i⊥ ¼ p⃗i⊥ − xiq⃗⊥ for the specta-

tors (i ¼ 2, 3). Here, we use the abbreviation

½dXdP⊥� ¼
Y3
i¼1

�
dxid2p⃗i⊥
16π3

�

× 16π3δ

�
1 −

X3
i¼1

xi

�
δ2
�X3

i¼1

p⃗i⊥
�
: ð20Þ

We consider the frame where the momentum transfer
occurs purely in the transverse direction, i.e., q ¼
ð0; 0; q⃗⊥Þ; thus, Q2 ¼ −q2 ¼ q⃗⊥2. Note that under the
charge and isospin symmetry, hpjūγμujpi ¼ hnjd̄γμdjni,
where pðnÞ represents the proton (neutron) and uðdÞ
denotes the up (down) quark field. The Dirac FFs follow
the normalizations

Fu=p
1 ð0Þ ¼ 2; Fd=p

1 ð0Þ ¼ 1;

Fu=n
1 ð0Þ ¼ 1; Fd=n

1 ð0Þ ¼ 2; ð21Þ

while the Pauli FFs at Q2 ¼ 0 provide the anomalous
magnetic moment,

Fu=p
2 ð0Þ ¼ κu; Fd=p

2 ð0Þ ¼ κd;

Fu=n
2 ð0Þ ¼ κd; Fd=n

2 ð0Þ ¼ κu; ð22Þ

where κuðdÞ is the anomalous magnetic moment of the
up (down) quark in the proton.
We compute the Dirac and the Pauli FFs for up and down

quarks using the LFWFs defined in Eq. (13). The flavor
FFs are shown in Fig. 1, where we compare the BLFQ
results with the extracted data obtained from the decom-
position of the nucleon FFs adopting isospin symmetry
[49–51]. The flavor Dirac FFs within the proton agree well
with the extracted data. However, the Pauli FFs are seen to
deviate from the data at the low Q2 region by amounts that
are larger for the down quark than the up quark. It should be

TABLE I. Model parameters for the basis truncations
Nmax ¼ 10 and K ¼ 16.5.

mq=k mq=g κ αs

0.3 GeV 0.2 GeV 0.34 GeV 1.1� 0.1

TABLE II. The dependence of the fitted coupling constant αs
on basis truncation parameters, Nmax and K, with other param-
eters held fixed to the values quoted in Table I.

½Nmax; K� αs ½Nmax; K� αs

[6, 16.5] 1.4� 0.20 [10, 10.5] 1.0� 0.15
[8, 16.5] 1.2� 0.15 [10, 16.5] 1.1� 0.10
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noted that these results are obtained within leading Fock
representation, while the higher Fock components jqqqgi
and jqqqqq̄i are anticipated to have significant effects on
the Pauli FFs [39]. With the inclusion of dynamical gluons
and sea quarks, the quark spin contribution may be sup-
pressed, and the orbital angular momentum can play an
enhanced role and tune the S and P wave contributions that
could increase the Pauli FFs of the down and up quarks. In
our approach, we obtain the anomalous magnetic moment
of the up (down) and the down (up) quark in the proton
(neutron), κu ¼ 1.481� 0.029 and κd ¼ −1.367� 0.025
(in units of the nuclear magneton, μN), respectively,
whereas the extracted values from the experimental data
of the nucleon anomalous magnetic moments are κexpu ¼
2κp þ κn ¼ 1.673 and κexpd ¼ κp þ 2κn ¼ −2.033 [49].
We evaluate the nucleon Sachs FFs, which are expressed

in terms of Dirac and Pauli FFs, as

GN
E ðQ2Þ ¼ FN

1 ðQ2Þ − Q2

4M2
FN
2 ðQ2Þ; ð23Þ

GN
MðQ2Þ ¼ FN

1 ðQ2Þ þ FN
2 ðQ2Þ; ð24Þ

where FN
1ð2Þ ¼

P
f efF

f
1ð2Þ is the Dirac (Pauli) FF of the

nucleon. Here, N stands for the nucleon, and ef symbolizes
the quark charge of flavor f. The electric and the magnetic
Sachs FFs of the proton are shown in Figs. 2(a) and 2(c).
Overall, we find good agreement between our approach and
the experiment for the proton electric FF. The magnetic
FF of the proton is also in reasonable agreement with the
data at large Q2, while at low Q2 this FF shows a small
deviation from the data. The neutron Sachs FFs are displayed
in Figs. 2(b) and 2(d). We find that at a largeQ2 regime, the
neutron magnetic FF is consistent with experimental data,
while at lowQ2 themagnitude of this FF falls below the data.
The prediction for the neutron’s charge FF falls well below
the data at low Q2 where both experimental and theoretical
uncertainties are large.The discrepancies between theory and
experiment for the neutron FFs are not too surprising because
the down quark FF, Fd

2 (Fig. 1) shows a deviation from the
data in this model.
Another critical measurement is the ratio of the nucleon

Sachs FFs. As remarked before, there are inconsistencies in
the extraction of the data for the proton electric to magnetic
Sachs FF ratio. The ratio decreases almost linearly as Q2

increases (> 0.5 GeV2) in double polarization experiments
[6–9], while the results obtained from the Rosenbluth
separation method [11–22] remain constant in the spacelike
region. Meanwhile, the data for the neutron indicate that the
ratio increases more or less linearly with increasingQ2. We
compare our results for the ratio of the nucleon Sachs FFs,
RN ¼ μNGN

E=G
N
M, with the experimental data in Fig. 3. We

notice that the ratio for the proton in our approach follows
the trend of the data from double polarization experiments.
The ratio for the neutron also exhibits the trend of the
measured data, but the slope and magnitude are somewhat
smaller than the data.
Experimental results on the proton Dirac form factor Fp

1

[236,237] have been found to be in reasonable agreement
with a scaling prediction based on pQCD,Fp

1 ∝ 1=Q4 [238].
However, it has been argued that pQCD is not applicable for
exclusive processes at experimentally accessible values of
Q2 [239]. Indeed, it has been noticed that the experimental
data from Jefferson Lab [7,8,10,211,212] on the ratio,
Fp
2=F

p
1 , disagree with the suggested scaling Fp

2=F
p
1 ∝

1=Q2 [238]. Meanwhile, these same data have been found
to be in fair agreement with an updated pQCD prediction,
Q2Fp

2=F
p
1 ∝ Log2½Q2=Λ2� [240], even at large Q2. Here, Λ

represents theQCDscale parameter. The scalingofFp
2=F

p
1 in

our approach is illustrated in Fig. 4. We observe that our
result agrees reasonably well with the updated pQCD
prediction, Q2Fp

2=F
p
1 ∝ Log2½Q2=Λ2� [240].

The magnetic moment of the nucleon is related to the
nucleon magnetic Sachs FF at Q2 ¼ 0. In our approach,
expressed in units of nuclear magnetons, we obtain the
magnetic moment of the proton and the neutron close to
the recent lattice QCD results as shown in Table III [32].

d quark in BLFQ

u quark in BLFQ
Cate 2011

Qattan & Arrington 2012

Diehl & Kroll 2013
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)

FIG. 1. Dirac FFs (upper panel) and the Pauli FFs (lower panel)
for the up and down quarks. The gray and red bands are BLFQ
results for the up and down quarks, respectively, reflecting our αs
uncertainty of 10%. The experimental data are taken from
Refs. [49–51].
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On the other hand, the experimental values of the magnetic
moments are larger in magnitude by 11% for μp and by
36% for μn [241].
From the Sachs FFs, we can also compute the electro-

magnetic radii of the nucleon, which are defined by

hr2EiN ¼ −6
dGN

E ðQ2Þ
dQ2

				
Q2¼0

; ð25Þ

hr2MiN ¼ −
6

GN
Mð0Þ

dGN
MðQ2Þ
dQ2

				
Q2¼0

: ð26Þ
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FIG. 2. Sachs FFs for the proton and the neutron. The red bands are BLFQ results. The data are taken from Refs. [8,211–215] for
Gp

EðQ2Þ, Refs. [216–222] for Gn
EðQ2Þ, Refs. [213,223] for Gp

MðQ2Þ, and Refs. [224–228] for Gn
MðQ2Þ.
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FIG. 3. Ratio of Sachs form factor Ri ¼ μiGi
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M. The red bands are BLFQ results. The data are taken from

Refs. [7,8,19,214,215,229–232] for the proton and Refs. [216–221,233–235] for the neutron.
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The radii are presented in Table IV. We compare the
BLFQ results with the measured data [241] and the
recent lattice results [32]. The electromagnetic radii of
protons with high precision have also been determined
in Refs. [242,243]. We find a reasonable agreement with
experiment within our uncertainties stemming from our
uncertainty in αs.

B. Axial form factor

Another important quantity in our understanding of
the nucleon structure is the nucleon isovector axial FF. At
zero momentum transfer, the axial FF defines the nucleon
axial charge gA. The momentum-transfer dependence of
the axial FF is relevant to experimental processes, for
example, elastic neutrino-nucleon scattering. The precise
understanding of such processes is essential to obtain the
accuracy goals in resolving neutrino-oscillation parame-
ters [244]. The isovector axial current of light quarks in
QCD, Aμ

aðzÞ ¼ ψ̄qðzÞγμγ5 τa

2
ψqðzÞ, with τa (a≡ 1, 2, 3)

being the Pauli isospin matrices, is used to define the
axial FF. In the isospin symmetry limit, the matrix
element of this current between the nucleon states is
parametrized as

hPþ q;Λ0jAμ
að0ÞjP;Λi ¼ ūðPþ q;Λ0Þ½γμGAðQ2Þ

þ qμ

2M
GPðQ2Þ�γ5 τ

a

2
uðP;ΛÞ;

ð27Þ

where GAðQ2Þ and GPðQ2Þ are called the nucleon axial
and induced pseudoscalar FFs, respectively. The axial FF,
which is our current focus, can be expanded in the
regime of small Q2 as

GAðQ2Þ ¼ gA

�
1þ 1

6
hr2AiQ2 þOðQ4Þ

�
; ð28Þ

with gA ≡ GAð0Þ and hr2Ai being the axial vector charge
and axial radius squared, respectively.
In the light-front formalism, similar to the electromag-

netic FFs, we obtain the axial FF in terms of the overlap of
the LFWFs using the plus component of Aμ

að0Þ and the
nucleon state given in Eq. (17),

Gq
AðQ2Þ ¼

X
fλig

Z
½dXdP⊥�× λ1Ψ

↑�
fxi;p⃗0

i⊥;λigΨ
↑
fxi;p⃗i⊥;λig: ð29Þ
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FIG. 4. The ratio of the proton Pauli form factor Fp
2 and the Dirac form factor Fp

1 ; (a) Q2Fp
2=ðκpFp

1 Þ and
(b) ðQ2=Log2½Q2=Λ2�ÞFp

2=ðκpFp
1 Þ for three different values of Λ ¼ 0.2, 0.3 and 0.4 GeV. The data are taken from

Refs. [7,8,10,211,212].

TABLE III. The magnetic moment of the proton and the
neutron in units of nuclear magnetons. We compare our results
with the experimental data [241] and with lattice results [32].

Quantity BLFQ Measurementa Lattice

μp 2.443� 0.027 2.79 2.43(9)
μn −1.405� 0.026 −1.91 −1.54ð6Þ

aThe uncertainties in the measured data of the proton and the
neutron magnetic moments are 8.2 × 10−10 and 4.5 × 10−7,
respectively.

TABLE IV. The electromagnetic radii of the proton and the
neutron. We compare our results with the experimental data [241]
and with lattice results [32].

Quantity BLFQ Measurement Lattice

rpE [fm] 0.802þ0.042
−0.040 0.833� 0.010 0.742(13)

rpM [fm] 0.834þ0.029
−0.029 0.851� 0.026 0.710(26)

hr2Ein½fm2� −0.033� 0.198 −0.1161� 0.0022 −0.074ð16Þ
rnM [fm] 0.861þ0.021

−0.019 0.864þ0.009
−0.008 0.716(29)
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Here λ1 ¼ 1ð−1Þ for the struck quark helicity. The Gq
AðQ2Þ

is the flavor axial FF.
In Fig. 5, we show the axial FF, GA ¼ Gu

A − Gd
A as a

function of Q2, while the contributions from up and down
quarks in GAðQ2Þ are also presented. We compare our
results with the available data from (anti)neutrino scattering
of protons or nuclei and charged pion electroproduction
experiments [52,53,62] and the lattice result from Ref. [63].
Considering the experimental uncertainties and our current
treatment of the BLFQ uncertainties, we find good agree-
ment with the experiment. Note that the experimental data
can be well described by the following dipole ansatz:

GAðQ2Þ ¼ gA
ð1þQ2=M2

AÞ2
; ð30Þ

with gA ¼ 1.2673� 0.0035, and the axial mass MA ¼
1.1 GeV [52]. We notice that our result is compatible with
the dipole fit.
At Q2 ¼ 0, the axial FF is identified as the axial charge,

gA ¼ GAð0Þ. Experimentally, the value of gA is very
accurately determined through neutron β decay, gA ¼
1.2723� 0.0023 [241]. We obtain gA ¼ 1.41� 0.06,
somewhat larger than the extracted data and the lattice
QCD prediction as quoted in Table V. The nucleon axial
charge describes the difference of the spins carried by the
up and down quarks in the proton. For the up quark, our
prediction is overestimated, while for the down quark the
value is underestimated in contrast with the extracted data
and with lattice simulations. Summing over the flavors, we
get the total spin contributed by the quarks to the proton
spin. Within our model that includes only the leading Fock
sector, we find that the quark spin contributes ∼91% to the
proton spin, while the contribution of quark spin occupies

only ∼40% as reported from the experiment [245]. This
evident discrepancy points to the need to extend our model
to include the higher Fock sectors which have a significant
effect on the quark contribution to the nucleon spin. With
dynamical gluons and sea quarks, the quark spin contri-
bution can be diminished, and the orbital angular momen-
tum can play a larger role in understanding the nucleon
spin. At the same time, the gluon and sea quark contribu-
tions to the total spin will emerge.
We also calculate the axial radius which is defined as

hr2Ai ¼
6

gA

dGAðQ2Þ
dQ2

				
Q2¼0

: ð31Þ

We present the result of
ffiffiffiffiffiffiffiffiffi
hr2Ai

p
in Table V. We find that the

BLFQ result shows an excellent agreement with the
extracted data from the analysis of neutrino-nucleon
scattering experiments [246,248]. It appears that the good
agreement of this scalar observable, in contrast with the
spin-sensitive observables, suggests the important role of
the neglected higher Fock sectors will likely be seen more
dramatically in those spin-sensitive observables.

C. Transverse charge and magnetization densities

Electric charge and magnetization densities in the trans-
verse plane also give insights into the structure of the
nucleon. The charge density in the transverse plane of an
unpolarized nucleon is defined as the two-dimensional
Fourier transform of the Dirac FF [249–251],

ρfchðb⊥Þ ¼
Z

d2q⃗⊥
ð2πÞ2 F1ðQ2Þeiq⃗⊥·b⃗⊥ ; ð32Þ

where b⊥ ¼ jb⃗⊥j represents the impact parameter. It is
worthwhile to mention that one has to distinguish the quark
and the flavor charge densities, which we label as ρqchðb⊥Þ
and ρqfchðb⊥Þ, respectively. The quark charge density is
defined as the Fourier transform of a single quark Dirac FF
in the nucleon. Due to the charge and isospin symmetry, the
up and down quark densities in the proton are the same as
the down and up quark densities in the neutron. Under this
symmetry, one has ρdch ¼ ρdfch and ρuch ¼ ρufch=2 [249,250].
Similarly, the magnetization density is defined as the
Fourier transform of the Pauli FF,

TABLE V. The axial charge and axial radius. Our results are
compared with the extracted data [241,245,246] and recent lattice
QCD calculation [67,247].

Quantity BLFQ Extracted data Lattice

guA 1.16� 0.04 0.82� 0.07 0.830(26)
gdA −0.248� 0.027 −0.45� 0.07 −0.386ð16Þ
gu−dA 1.41� 0.06 1.2723� 0.0023 1.237(74)ffiffiffiffiffiffiffiffiffi

hr2Ai
p

fm 0.680þ0.070
−0.073 0.667� 0.12 0.512(34)
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FIG. 5. The axial form factors GA ¼ Gu
A − Gd

A and Gu
A, G

d
A as

the function of Q2. The gray band (GA), red band (Gu
A), and

orange band (Gd
A) are the BLFQ results. The extracted data are

taken from Refs. [52,62] and the lattice calculations from [63].
The magenta line represents the dipole fit to the experimental
data [52].
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ρ̃fmðb⊥Þ ¼
Z

d2q⃗⊥
ð2πÞ2 F2ðQ2Þeiq⃗⊥·b⃗⊥ ; ð33Þ

while the anomalous magnetization density is given by

ρfmðb⊥Þ ¼ −b⊥
∂ρ̃fm
∂b⊥ : ð34Þ

The decomposition of the nucleon transverse densities
can be defined in a similar fashion as the electromagnetic
FFs. In terms of the two flavors, the nucleon charge/
magnetization density can be decomposed as

ρpch=mðb⊥Þ ¼ euρufch=fmðb⊥Þ þ edρdfch=fmðb⊥Þ;
ρnch=mðb⊥Þ ¼ euρdfch=fmðb⊥Þ þ edρufch=fmðb⊥Þ; ð35Þ

where eu and ed are the charge of the up and down quarks.
We can also express the nucleon transverse densities in the
quark densities representation as

ρpch=mðb⊥Þ ¼ 2euρuch=mðb⊥Þ þ edρdch=mðb⊥Þ;
ρnch=mðb⊥Þ ¼ euρdch=mðb⊥Þ þ 2edρuch=mðb⊥Þ: ð36Þ

Note that these quantities are not directly measured in
experiments. Meanwhile, an estimation of the nucleon
charge and magnetization densities has been done from
experimental data of electromagnetic FFs in Ref. [252]. To
gain an insight into the transverse structure of the nucleon,
we evaluate the charge and anomalous magnetization
densities within the BLFQ framework and compare with
the two different global parametrizations proposed by
Kelly [253] and by Bradford et al. [254].
We show the charge and magnetization densities of the

individual quarks in Fig. 6. We observe that the up quark
charge density is in good agreement with the global
parametrizations of Kelly and Bradford et al.. However,
the charge density for the down quark from BLFQ deviates
at small b from those parametrizations. The qualitative
behavior of the anomalous magnetization densities for both
the quarks tracks the parametrizations, but our results are
smaller in magnitude. This may, as discussed above, be
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FIG. 6. Quark transverse charge and anomalous magnetization densities for the unpolarized nucleon: (a, c) for the down quark;
(b, d) for the up quark. The red bands correspond to the uncertainty range of the BLFQ results. The blue and black lines represent the
parametrizations of Kelly [253] and Bradford et al. [254], respectively.
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attributed to the neglected higher Fock sectors that may
make important contributions to the magnetic FFs [39].
The transverse densities of the nucleon are presented in

Fig. 7. We find that the proton charge density in our
approach shows an excellent agreement with the global
parametrizations. However, our current treatment predicts
an insufficient magnitude for the neutron transverse charge
density. Having said that, it is worth noting that the
qualitative behavior of the neutron charge density agrees
with the parametrizations. Due to the similar reason as
mentioned before for the quarks, the anomalous magneti-
zation densities for the nucleon in our model deviate from
the global parametrizations.

D. Parton distribution functions

The PDF, the probability that a parton carries a certain
fraction of the total light-front longitudinal momentum of a
hadron, gives us information about the nonperturba-
tive structure of hadrons. The quark PDF of the nucleon,
which encodes the distribution of longitudinal momentum
and polarization carried by the quark in the nucleon, is
defined as

ΦΓðqÞðxÞ ¼ 1

2

Z
dz−

4π
eip

þz−=2

× hP;Λjψ̄qð0ÞΓψqðz−ÞjP;Λi
				
zþ¼z⃗⊥¼0

: ð37Þ

For different Dirac structures, we get different quark PDFs
of the nucleon. For example, for Γ ¼ γþ; γþγ5; iσjþγ5 we
have the unpolarized PDF fðxÞ, helicity distribution g1ðxÞ,
and transversity distribution h1ðxÞ, respectively. It is worth
noting that we work in the light-front gauge Aþ ¼ 0, so that
the gauge link appearing in between the quark fields in
Eq. (37) is unity. We compute the quark PDFs from the
eigenstates of our light-front effective Hamiltonian, Eq. (6),
in the constituent valence quarks representation suitable for
low-momentum scale applications.

1. Unpolarized PDFs and QCD evolution

Following the two-point correlation function defined in
Eq. (37), in the LFWFs overlap representation, the unpo-
larized PDFs in the valence sector at the initial scale (μ0) are
obtained as
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FIG. 7. The nucleon transverse charge and anomalous magnetization densities for the unpolarized nucleon: (a, c) for the proton;
(b, d) for the neutron. The red bands correspond to the uncertainty range of the BLFQ results. The blue and black lines represent the
parametrizations of Kelly [253] and Bradford et al. [254], respectively.
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fqðxÞ ¼
X
fλig

Z
½dXdP⊥�Ψ↑�

fxi;p⃗i⊥;λigΨ
↑
fxi;p⃗i⊥;λigδðx − xqÞ:

ð38Þ

Using the LFWFs within BLFQ given in Eq. (13), we
compute the unpolarized PDFs for the valence quarks,
which are normalized as

Z
1

0

dxfuðxÞ ¼ Fu
1ð0Þ ¼ nu;Z

1

0

dxfdðxÞ ¼ Fd
1ð0Þ ¼ nd; ð39Þ

with nq being the number of quarks of flavor q in the
nucleon. Further, at the initial scale, the following momen-
tum sum rule is satisfied by our PDFs,

Z
1

0

dxxðfuðxÞ þ fdðxÞÞ ¼ 1: ð40Þ

By performing the QCD evolution, one can obtain the
valence quark PDFs at higher μ2 scales with the input PDFs
at the initial scale. In this paper, we set a 10% uncertainty in
the initial scale. We interpret the initial scale associated
with our LFWFs as the effective scale where the structures
of the nucleon are described by the motion of the valence
quarks only. The scale evolution allows the constituent
quarks to produce gluons, with the emitted gluons capable
of generating quark-antiquark pairs as well as additional
gluons. In this picture, the sea quark and gluon components
are revealed at a higher scale through QCD evolution.
The QCD evolution is governed by the Dokshitzer-

Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations
[255–257]. Here, we use the next-to-next-to-leading order
(NNLO) DGLAP equations of QCD to evolve our valence
quark PDFs from our model scale μ20 to higher scale μ2.
For this purpose, we utilize the Higher Order Perturba-
tive Parton Evolution toolkit (HOPPET) to numerically
solve the NNLO DGLAP equations [258]. We employ the
condition that the running coupling constant αsðμ2Þ satu-
rates in the infrared at a cutoff value of max αs ∼ 1
[198,199], consistent with our fit value discussed before.
We adopt μ20 ¼ 0.195� 0.020 GeV2 for the initial scale of
our PDFs, which we determine by matching the moment
of the valence quark PDFs, hxiq¼

R
1
0 dxxf

qðxÞ at μ2¼
10GeV2, with the result from the global fits hxiu þ hxid ¼
0.3742 [183], after performing the QCD evolution of our
valence quark PDFs.
In Fig. 8, we show the unpolarized PDFs of the valence

quarks at μ2 ¼ 10 GeV2 and compare our results with the
global fits by CTEQ 2015 [75], NNPDF3.0 [72], and
MMHT14 [74] Collaborations. The error bands in our
evolved PDFs are due to the 10% uncertainties in the initial
scale μ20 and the coupling constant αs. Our unpolarized

valence PDFs for both the up and the down quarks agree
well with the global fits. According to the Drell-Yan-West
relation [259,260], at large μ2 the valence quark PDFs fall
off at large x as ð1 − xÞp, where p is related to the number
of valence quarks and for the nucleon p ¼ 3. In our
treatment, we observe that the up quark unpolarized
distribution falls off at large x as ð1 − xÞ2.99, while for
the down quark the distribution goes as ð1 − xÞ3.24. These
are consistent with the Drell-Yan-West relation and support
the perturbative QCD prediction [79].

2. Helicity PDFs and helicity asymmetries

The helicity PDFs g1ðxÞ reveal the spin structure of
the nucleon from its quark and gluon constituents. The
polarized PDFs describe the difference of the probability
density between helicity-parallel and helicity-antiparallel
quarks in the nucleon. With the LFWFs, the helicity
distribution for the valence quarks is given by

gq1ðxÞ ¼
X
fλig

Z
½dXdP⊥�λ1Ψ↑�

fxi;p⃗i⊥;λigΨ
↑
fxi;p⃗i⊥;λigδðx − x1Þ;

ð41Þ

where λ1 ¼ 1ð−1Þ for the struck quark helicity. The scale
evolution of the helicity PDFs is simulated by the same
scheme as we employed for the unpolarized PDFs. For
comparison with measurements, we evolve the helicity
PDFs from the initial scale μ20 ¼ 0.195� 0.020 GeV2 to
the relevant experimental scale μ2 ¼ 3 GeV2 [87].
The helicity PDFs g1ðxÞ are shown in Fig. 9, at the scale

μ2 ¼ 3 GeV2, for the up and down quarks in the proton.
The error bands in our evolved PDFs are due to the spread
in the initial scale μ20 ¼ 0.195� 0.020 GeV2 and the
uncertainties in the coupling constant, αs ¼ 1.1� 0.1.
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FIG. 8. The unpolarized proton’s PDFs of the proton xfqðxÞ for
the up (top curves) and down (bottom curves) quarks. The light
red bands correspond to the uncertainty in the BLFQ results. We
compare our results with the global fits: CTEQ [75] (blue solid),
NNPDF [72] (purple dashed), MMHT [74] (black dashed).
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We find that our down quark helicity PDF agrees reason-
ably well with measured data from COMPASS [87]. For the
up quark, the g1ðxÞ in our approach is however overesti-
mated at low x, while it tends to agree with the data above
x ∼ 0.25 region.
We also compute the isovector combination, guþ1 ðxÞ−

gdþ1 ðxÞ, where gqþ1 ðxÞ stands for gq1ðxÞ þ gq̄1ðxÞ. This is
sensitive to the quark and the antiquark contributions. In
Fig. 10, we compare our result for the isovector combina-
tion with the NNPDF global fit [90] and the experimental
data [81–87] at the scale μ2 ¼ 5.0 GeV2. Note that we
directly compare the integrand of the first moment of the
combination. As can be seen from the plot, our numerical
result is reasonably consistent with the global fit and
measurements. However, a deviation from the fit is also
observed at the x < 0.2 region. We emphasize that the sea

quark distributions in our current treatment are solely
generated from the QCD evolution, and they are equal
for the light flavors. Consequently, the sea quark contri-
butions from the up and down flavors to guþ1 ðxÞ − gdþ1 ðxÞ
cancel each other and effectively only the valence quark
distributions contribute to the BLFQ results in Fig. 10. It
has been noted that the sea quarks may have a noticeable
contribution to the isovector combination distribution [39].
To demonstrate the significance of the sea quarks in
describing spin-related quantities, the higher Fock compo-
nents, such as jqqqqq̄i, in the nucleon state need to be
included explicitly within BLFQ.
The first moment of the isovector distribution also relates

to the axial charge gA, which is precisely determined by
the neutron weak decay, gA ¼ 1.2732� 0.0023 [241].
As shown in Table V, its value evaluated in our current
approach is somewhat higher than the extracted data, and
this is consistent with the analysis of the isovector
combination distribution discussed above.
Another very important observable is the helicity asym-

metry, gq1ðxÞ=fq1ðxÞ, which is expected to increase with
increasing x. In the limit x → 1, the helicity asymmetry is
predicted to approach 1 by pQCD [79,80]. Experimentally,
the expected increase of the asymmetry for the up quark is
observed. However, for the down quark, the asymmetry is
found to remain negative in the experimentally covered
region of x≲ 0.6 [81–87], and the global analyses of
the data extrapolated to large x favor negative values of
gd1=f

d
1 at x → 1 [88–92], which is also supported by Dyson-

Schiwinger equation (DSE) calculations [93]. Thus, there
is a tension with the pQCD constraints and the global
analyses and DSE calculations in understanding the large-x
behavior of the polarized PDFs. Meanwhile, the large-x
region, which is dominated by the valence quarks and is
thus much less affected by the sea quarks, will be tested in
the upcoming Jefferson Lab spin program [261,262]. The
helicity asymmetries in our BLFQ approach are shown in
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FIG. 10. Helicity PDFs of the isovector combination in the
proton. The BLFQ result (red line with uncertainty indicated by
the light red band) is compared with NNPDF global fit (blue
band) [90] and measured data [81–87].
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FIG. 9. The helicity PDFs for the up and down quarks in the
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and black dashed line for up quark with uncertainties indicated
by light red bands) with measured data from the COMPASS
Collaboration [87].
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FIG. 11. Helicity asymmetry of uþ ū (upper curve/data) and
dþ d̄ (lower curve/data) in the proton. The BLFQ result (light
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Fig. 11. The BLFQ prediction shows a good agreement
with the measurements [81–83,85,86] for the down quark.
Our result favors the global analyses and DSE calculations
[93]. Note that gu1ðxÞ in our calculation deviates from the
data in the low-x domain (Fig. 9). It is therefore not
surprising that our asymmetry for the up quark also
deviates from the experiments at the low-x region.

3. Transversity PDFs and tensor charge

Quark transversity distributions describe the correlation
of the transverse polarization of the nucleon with the
transverse polarization of its constituent quark. Recently,
it has gained increasing attention because of the importance
of a precise determination of its integral, the so-called
tensor charge (gT). In terms of the overlap of the LFWFs,
the transversity PDFs read

hq1ðxÞ ¼
X
fλig

Z
½dXdP⊥�

× ðΨ↑�
fxi;p⃗i⊥;λ0igΨ

↓
fxi;p⃗i⊥;λig þ ð↑↔ ↓ÞÞδðx − x1Þ;

ð42Þ

where the quark helicities λ01 ¼ −λ1 for the struck quark
and λ02;3 ¼ λ2;3 for the spectators. We compute hq1ðxÞ using
our LFWFs given in Eq. (13). We employ the same
DGLAP equation with PDFs to evolve our transversity
PDFs from our model scale μ20 to μ2 ¼ 2.4 GeV2. In
Fig. 12, we compare our predictions with the global
analysis of the data of pion-pair production in DIS and
in proton-proton collisions with a transversely polarized
proton by Radici and Bacchetta [126] and with the global
analysis of the data on azimuthal asymmetries in SIDIS,
from the HERMES and COMPASS Collaborations, and
eþe− data from the Belle Collaboration by Anselmino
and coworkers [118,119]. Our down quark transversity

distribution is consistent with the global fits. The up quark
hu1 PDF in our approach tends to overestimate the data in
x < 0.3, but it shows reasonable agreement with those fits
in the large-x region. Furthermore, we find that our PDFs
satisfy the Soffer bound [263], which at an arbitrary scale μ
is defined as

jhq1ðx; μ2Þj ≤
1

2
jfq1ðx; μ2Þ þ gq1ðx; μ2Þj: ð43Þ

As can be seen from Fig. 12, the transversity distributions
hq1 for both the up and down quarks lie below the average of
the unpolarized PDFs fq1 and helicity PDFs gq1 .
The first moment of the transversity PDF gives the tensor

charge,

gqT ¼
Z

dxhq1ðx; μ2Þ: ð44Þ

Our results for gqT are compared with extracted data as well
as with lattice data, both at μ2 ¼ 2.4 GeV2, in Table VI.
Again we observe that BLFQ predicts the tensor charges
for the down quark in good agreement with the global QCD
analysis [119], but it deviates from the extracted data for the
up quark. On the other hand, our value of guT is closer to the
recent lattice data [264]. BLFQ results show compatibility
with results from phenomenological models and lattice
calculations [68,70,119,121,122,265–273] as can be seen
from Fig. 13.
We also observe that for both the up (u) and down (d)

quarks, we have jgqT j < jgqAj as noticed in other theoretical
calculations. We also provide the second moment of the
difference between u and d quarks,

hxiu−dT ¼
Z

dxxðhu1ðx; μ2Þ − hd1ðx; μ2ÞÞ; ð45Þ
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FIG. 12. Quark transversity PDFs in the proton: (a) up quark distribution, (b) down quark distribution. The BLFQ results (gray bands)
are compared with the global fits [118,119,126]. The green lines correspond to the Soffer bound [263] multiplied by the momentum
fraction 1

2
jxff1ðxÞ þ xgf1ðxÞj.
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at the scale μ2 ¼ 2.4 GeV2 in the Table VI. We find that the
BLFQ prediction for hxiu−dT agrees reasonably well with the
lattice data [275].

E. Generalized parton distribution functions

The GPDs are defined as off-forward matrix elements of
the bilocal operator of light-front correlation functions. The
unpolarized GPDs are parametrized as [130]

Z
dz−

8π
eixP

þz−=2hP0;Λ0jΨ̄ð0ÞγþΨðzÞjP;Λijzþ¼z⃗⊥¼0

¼ 1

2P̄þ ūðP0;Λ0Þ
�
Hqðx; ζ; tÞγþ

þ Eqðx; ζ; tÞ iσ
þjqj
2M

�
uðP;ΛÞ; ð46Þ

where the kinematical variables in the symmetric frame
are P̄μ ¼ ðPμ þ P0μÞ=2, qμ ¼ P0μ − Pμ, ζ ¼ −qþ=2P̄þ,
and t ¼ q2. For ζ ¼ 0, t ¼ −q⃗2⊥ ¼ −Q2. We evaluate the
GPDs in our model using the overlap representation of
LFWFs. We consider the DGLAP region, i.e., ζ < x < 1,

for our discussion. The particle number remains conserved
in this kinematical region which corresponds to the situa-
tion where one removes a quark from the initial nucleon
with light-front longitudinal momentum ðx − ζÞPþ and
reinserts it into the final nucleon with longitudinal momen-
tum ðxþ ζÞPþ. In this paper, we concentrate only on the
zero skewness limit, i.e., ζ ¼ 0. The unpolarized GPDs in
the diagonal (3 → 3) overlap representation, in terms of
LFWFs, are given by

Hqðx; 0; tÞ ¼
X
fλig

Z
½dXdP⊥�

×Ψ↑�
fx0i;p⃗0

i⊥;λigΨ
↑
fxi;p⃗i⊥;λigδðx − x1Þ; ð47Þ

Eqðx; 0; tÞ ¼ −
2M

ðq1 − iq2Þ
X
fλig

Z
½dXdP⊥�

×Ψ↑�
fx0i;p⃗0

i⊥;λigΨ
↓
fxi;p⃗i⊥;λigδðx − x1Þ; ð48Þ

where the light-front momenta are (i ¼ 1) x01 ¼ x1; p⃗0
1⊥ ¼

p⃗1⊥ þ ð1 − x1Þq⃗⊥ for the struck quark and x0i ¼ xi; p⃗0
i⊥ ¼

p⃗i⊥ − xiq⃗⊥ for the spectators. The GPDsHqðx; 0; tÞ reduce
to the unpolarized PDFs in the forward limit (t → 0) and
satisfy the following normalization condition:

Z
dxHuðx; t ¼ 0Þ ¼ Fu

1ð0Þ ¼ nu;Z
dxHdðx; t ¼ 0Þ ¼ Fd

1ð0Þ ¼ nd; ð49Þ

while the Eqðx; 0; 0Þ provides the anomalous magnetic
moments ðκqÞ of the quark after integrating over x,

1 BLFQ
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FIG. 13. Quark tensor charges in the proton: (a) for the up quark, (b) for the down quark at μ2 ¼ 2.4 GeV2. The blue data (1) represent
the BLFQ predictions. The other data points correspond to the phenomenological extractions of the tensor charges from different
models: (2) He and Ji (μ2 ∼ 1 GeV2) [265], (3) Barone et al. (μ2 ∼ 25 GeV2) [266], (4) Schweitzer et al. (μ2 ∼ 0.6 GeV2) [274]
(5) Gamberg and Goldstein (μ2 ∼ 1 GeV2) [267], (6) Pasquini et al. (μ2 ¼ 10 GeV2) [268], (7) Wakamatsu (μ2 ¼ 2.4 GeV2) [269],
(8) Pasquini et al. (μ2 ¼ 10 GeV2) [270,271], (9) Lorcé (μ2 ¼ 0.36 GeV2) [272], (10) Pitschmann et al. (μ2 ¼ 4 GeV2) [273],
(11) Anselmino et al. (μ2 ¼ 0.8 GeV2) [119], (12) Radici et al. (μ2 ¼ 10 GeV2) [122], (13) Kang et al. (μ2 ¼ 10 GeV2) [121],
(14) Abdel-Rehim et al. (μ2 ¼ 4 GeV2) [68], and (15) Bhattacharya et al. (μ2 ¼ 4 GeV2) [70].

TABLE VI. The tensor charge and second moment of trans-
versity PDFs. Our results are compared with the extracted data
[119] and recent lattice calculation [264,275].

Quantity BLFQ Extracted data Lattice

guT 0.94þ0.06
−0.15 0.39þ0.18

−0.12 0.784(28)
gdT −0.20þ0.02

−0.04 −0.25þ0.30
−0.10 −0.204ð11Þ

hxiu−dT 0.229þ0.019
−0.048 − 0.203(24)
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Z
dxEuðx; t ¼ 0Þ ¼ Fu

2ð0Þ ¼ κu;Z
dxEdðx; t ¼ 0Þ ¼ Fd

2ð0Þ ¼ κd: ð50Þ

The unpolarized GPDs, for zero skewness, as functions
of x and −t for up and down quarks, are shown in Fig. 14.
We observe that with increasing momentum transfer −t, the
peaks of the distributions shift towards larger x, and the
corresponding magnitudes decrease as seen in various phe-
nomenological models [40,165,166,170,175,178–180,183].
Except for the fact that the magnitude of the GPD H for
the up quark is larger than that for the down quark, the
overall features are qualitatively similar for both quarks.
Meanwhile, the GPD E for both quarks has almost the
same magnitude but with opposite sign. The falloffs of the
unpolarized GPDs with increasing x are similar for both
the up and the down quarks.
The GPDs in transverse position space are defined

by a two-dimensional Fourier transform with respect
to the momentum transfer purely in the transverse
direction [131,133],

Hqðx; 0; b⊥Þ ¼
Z

d2q⃗⊥
ð2πÞ2 e

iq⃗⊥·b⃗⊥Hqðx; t ¼ −q⃗2⊥Þ; ð51Þ

where b⃗⊥ denotes the transverse impact parameter con-
jugate to the transverse momentum transfer q⃗⊥ and
b⊥ ¼ jb⃗⊥j. For zero skewness, b⃗⊥ represents a measure
of the transverse distance of the struck quark from the
center of momentum of the nucleon, and it follows the
condition

P
i xib⃗⊥i ¼ 0, where the sum is over the index

of quarks. The relative distance between the struck quark
and the center of momentum of the spectators is given by
b⊥=ð1 − xÞ, which provides us with an estimate of the
transverse size of the bound state [276]. The function
Hqðx; b⊥Þ can be interpreted as the number density of
quarks with longitudinal momentum fraction x at a given
transverse distance b⊥ in the nucleon [135]. We can then
define the x-dependent squared radius of the quark density
in the transverse plane as [277]

hb2⊥iqðxÞ ¼
R
d2b⃗⊥b2⊥Hqðx; b⊥ÞR
d2b⃗⊥Hqðx; b⊥Þ

; ð52Þ

which can also be written through the GPD H as

hb2⊥iqðxÞ ¼ −4
∂

∂q⃗2⊥ lnHqðx; 0;−q⃗⊥2Þ
				
q⃗⊥¼0

: ð53Þ

We show the x-dependent squared radius of the pro-
ton distributions, hb2⊥iðxÞ ¼ 2euhb2⊥iuðxÞ þ edhb2⊥idðxÞ, in

FIG. 14. GPDs as functions of x and −t for the up and down quarks in the proton at the model scale: upper panels for the down quark;
lower panels for the up quark. Note the sign change on the vertical axis of panel (b).
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Fig. 15, where we compare the BLFQ prediction with the
available extracted data from the DVCS process within
the range 0.05≲ x≲ 0.2 [277]. Here, hb2⊥iðxÞ describes the
transverse size of the nucleon and shows an increase of
transverse radius with a decreasing value of the quark
momentum fraction x. As can be seen from Fig. 15, our
result for hb2⊥iðxÞ is found to be compatible with the
extracted data. Following Ref. [277], we evaluate the
proton’s transverse squared radius

hb2⊥i ¼
X
q

eq

Z
1

0

dxfqðxÞhb2⊥iqðxÞ: ð54Þ

In our approach, we obtain the squared radius of the
proton, hb2⊥i ¼ 0.40� 0.04 fm2, which is in reasonable
agreement with the experimental data [277]: hb2⊥iexp ¼
0.43� 0.01 fm2.

IV. CONCLUSION

In this paper, we presented various observables of the
nucleon within the theoretical framework of basis light-
front quantization (BLFQ). We adopted an effective light-
front Hamiltonian incorporating confinement in both the
transverse and the longitudinal directions and one-gluon
exchange interaction for the valence quarks suitable for
low-resolution properties. We obtained the nucleon LFWFs
as the eigenvectors of this Hamiltonian by solving its mass
eigenstates using BLFQ as a relativistic three-quark prob-
lem. We then employed the LFWFs to compute the nucleon
electromagnetic and axial FFs, the PDFs for different quark
polarizations, and the unpolarized GPDs.
We found good agreement with the experimental data for

the electromagnetic and the axial FFs for the proton,
whereas the electromagnetic FFs for the neutron were
found to deviate from the data in the low Q2 region.
Comparing the flavor FFs with the extracted data, the up

quark FFs were in reasonable agreement with the data, but
the down quark Pauli FF underestimated the data.
We also computed the transverse charge and magneti-

zation densities by employing the two-dimensional Fourier
transformations of the Dirac and Pauli FFs and found
that the BLFQ results were reasonably consistent with the
global parametrizations. We found excellent agreement
with the data for the electromagnetic and axial radii of
the proton as well as for the magnetic radius of the neutron,
while our result for the neutron’s charge radius deviates
significantly from the experiment in our current treatment.
We also calculated the unpolarized, helicity, and trans-

versity PDFs at a low-resolution scale using our LFWFs.
The PDFs at the higher scale relevant to global QCD
analyses have been computed based on the NNLO DGLAP
equations. The unpolarized PDFs for both up and down
quarks were in excellent agreement with the global fits by
NNPDF, MMHT, and CTEQ Collaborations. The helicity
and the transversity PDFs for the down quark also agreed
well with results from the corresponding global fits or
experimental data, respectively. However, for the up quark,
our results were too large in the region x < 0.3 but tended
to agree with the data in the large-x domain.
We further evaluated the helicity asymmetries for both

quarks, which revealed reasonable agreement with the
available data in relatively large-x domain. The small-x
region is dominated by the sea quarks, and to describe
the contributions of the sea quarks in the asymmetries,
the higher Fock components, such as jqqqqq̄i, should be
included explicitly, which is a topic of future effort. The axial
charge and the tensor charge also showed reasonable agree-
ment with the extracted data and with the lattice results.
We further employed our LFWFs to generate the

unpolarized GPDs and found that the qualitative behavior
of the GPDs in our approach was consistent with other
phenomenological models. Comparing with the recently
analyzed DVCS data, we also obtained a good description
of the x-dependent squared radius of the quark density in
the transverse plane.
Overall, the effective Hamiltonian for the nucleon yields

good agreement of the spin-average observables, e.g.,
the Dirac form factors, the unpolarized PDFs, and the
x-dependent squared radius that corresponds to the unpo-
larized GPDs with the experimental data. However, the
spin-dependent observables such as the Pauli form factors,
the helicity distributions, the transversity PDFs, and their
corresponding charges somewhat differ from the measure-
ments. The spin-dependent observables are largely related
to the spin configuration of the three valence quarks.
Specifically, our model features an effective one-gluon
exchange interaction for the valence quarks that describes
short distance physics and solely generates the dynamical
spin structure in the LFWFs. The spin-flip Pauli form factor
of the nucleons mainly arises from the overlap of the S and
P wave functions. Due to suppressed P wave probability,
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FIG. 15. x dependence of hb2⊥i for quarks in the proton. The
line corresponds to the BLFQ prediction, and the band indicates
its uncertainty. The data points are taken from Ref. [277].

XU, MONDAL, LAN, ZHAO, LI, and VARY PHYS. REV. D 104, 094036 (2021)

094036-18



our results for the Pauli form factors leading to Sachs form
factors and the anomalous magnetic moments undershoot
the experimental data. Note that the contribution of an
additional qq̄ pair, which is relevant at larger distances and
embodies the pion cloud in the nucleon, plays an important
role in reproducing the experimental data for the spin-flip
Pauli form factors. With quarks being the only degrees of
freedom and rather simple one-gluon exchange interaction,
the dynamical spin structure in the LFWFs is deficient. This
leads to somewhat unsatisfactory results for the spin-
dependent observables when we compare them with the
experimental data. The higher-twist components, for exam-
ple, jqqqgi and jqqqqq̄i in the Fock expansion, are, in
general, needed for an accurate description of the nucleon
spin-dependent observables. Additionally, one needs to
incorporate more realistic light-front QCD interactions
relevant to those higher Fock components of the nucleon
to the Hamiltonian.
Our future plans include calculations of the polarized

GPDs, such as H̃ðx; ζ; tÞ, Ẽðx; ζ; tÞ, HTðx; ζ; tÞ, and
ETðx; ζ; tÞ, and a study of the orbital angular momentum
distribution. We anticipate predicting the contribution from
spin and orbital angular momentum of the quarks to the
nucleon spin.
Since our LFWFs include all three active quarks spin,

flavor, and three-dimensional spatial information on the
same footing, we also plan to investigate other parton
distribution functions, such as transverse momentum-
dependent parton distribution functions, Wigner distribu-
tions, and double parton distribution functions as well as
mechanical properties of the nucleon. In other words, a
detailed analysis of all the leading twist GPDs in the BLFQ

approach will be reported in future studies. By establishing
our approach for the nucleon in the leading Fock sector, we
prepare a path for future systematic improvements that
include the addition of higher Fock sectors with dynamical
gluons and sea quarks. The presented results affirm the
utility of our effective Hamiltonian approach within BLFQ
and motivate its application to other hadrons.
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