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In this paper, we construct D̄ð�Þ
s Dð�Þ-molecule-type interpolating currents Jð�ÞμðxÞ with JP ¼ 1þ,

calculate the corresponding mass and magnetic moment using the QCD sum rule method and its extension
in the weak electromagnetic field, and study the processes of Zð�Þcs to ηcK�, J=ψK, D̄D�

s , and D̄�Ds via

three-point sum rules. The numerical values aremZð�Þcs ¼ 3.99þ0.17
−0.14 GeV, λZð�Þcs ¼ 2.07þ0.28

−0.16 × 10−2 GeV5,

and μZð�Þcs ¼ 0.18þ0.16
−0.09 μN with μN the nucleon magneton, ΓZðþÞcs ¼ 17.47þ12.70

−8.08 , and ΓZð−Þcs ¼ 13.86þ10.37
−6.51 .

The masses are in agreement with the recently measured value of Zcsð3985Þ by the BESIII Collaboration,
mexp

Zcs
¼ ð3982.5þ1.8

−2.6 � 2.1Þ MeV. The widths are compatible with the experimental value Γexp
Zcs

¼
ð12.8þ5.3

−4.4 � 3.0Þ MeV. The magnetic moment and the various decay modes can help us to determine
the inner structure of Zcsð3985Þ when being confronted with experimental data in the future.

DOI: 10.1103/PhysRevD.104.094028

I. INTRODUCTION

Since the observation of Xð3872Þ [1], there have been
plenty of XYZ states, the so-called exotic hadron states,
reported experimentally, and many theoretical studies have
been done to understand their various properties [2–5]. In
particular, the exotic hadron states with strange flavor have
attracted theorists’ attention, and different methods and
models have been used to study them [6–17].
Very recently, the BESIII Collaboration reported a new

structure Zcsð3985Þ in the Kþ recoil-mass spectrum near
the D−

s D�0=D�−
s D0 mass thresholds in the processes of

eþe− → KþðD−
s D�0 þD�−

s D0Þ at
ffiffiffi
s

p ¼4.681GeV [18].
Its pole mass and width are measured as ð3982.5þ1.8

−2.6 �
2.1Þ MeV and ð12.8þ5.3

−4.4 � 3.0Þ MeV, respectively. It can
decay intoD−

s D�0 andD�−
s D0 in S wave, and its spin-parity

is assumed to favor JP ¼ 1þ and the quark content as c̄csū
[18]. It will be the first candidate of the hidden-charm four-
quark state with strangeness. Inspired by this observation,

many theoretical works have appeared concerning the new
observed state’s mass, production, and decay [19–34].
In the present work, we construct D̄ð�Þ

s Dð�Þ-molecule-
type interpolating currents Jð�ÞμðxÞwith JP ¼ 1þ, calculate
the corresponding mass and magnetic moment using the
QCD sum rule method and its extension in the weak
electromagnetic field, and study their decay properties via
three-point sum rule. The QCD sum rule method [35] is a
nonperturbative analytic formalism firmly entrenched in
QCD with minimal modeling and has been successfully
applied in almost every aspect of strong interaction physics.
Its extension in the weak electromagnetic field can be used
to calculate the magnetic moment of ground hadron states
[36–50]. The electromagnetic multipole moments of the
hadron encode the spatial distributions of charge and
magnetization in the hadron and provide important infor-
mation about the quark configurations of the hadron and the
underlying dynamics. So it is interesting to study the
electromagnetic multipole moments of the hadron.
The rest of the paper is organized as follows. In Sec. II,

the relevant sum rules are derived. Section III is devoted to
the numerical analysis, and a short summary is given in
Sec. IV. In Appendix B, the spectral densities are shown.

II. THE DERIVATION OF THE SUM RULES

A. Mass and magnetic moment

First, we write down the molecule-type interpolating
currents with JP ¼ 1þ:

*xuyongjiang13@nudt.edu.cn
†Corresponding author.

mqhuang@nudt.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 104, 094028 (2021)

2470-0010=2021=104(9)=094028(16) 094028-1 Published by the American Physical Society

https://orcid.org/0000-0003-0609-2885
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.094028&domain=pdf&date_stamp=2021-11-18
https://doi.org/10.1103/PhysRevD.104.094028
https://doi.org/10.1103/PhysRevD.104.094028
https://doi.org/10.1103/PhysRevD.104.094028
https://doi.org/10.1103/PhysRevD.104.094028
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Jð�ÞμðxÞ ¼
1ffiffiffi
2

p f½s̄ðxÞiγ5cðxÞ�½c̄ðxÞγμuðxÞ�

� ½s̄ðxÞγμcðxÞ�½c̄ðxÞiγ5uðxÞ�g; ð1Þ

which can couple to the D̄ð�Þ
s Dð�Þ molecular state (labeled

as Zð�Þcs), and the coupling strength can be parametrized as
follows:

h0jJð�Þμð0ÞjZð�ÞcsðpÞi ¼ λZð�Þcsϵð�ÞμðpÞ ð2Þ

with λZð�Þcs and ϵð�ÞμðpÞ being the pole residue and
polarization vector of Zð�Þcs state, respectively.
The charge, magnetic, and quadrupole form factors of

the Zð�Þcs state are related to three functions—G1ðQ2Þ,
G2ðQ2Þ, and G3ðQ2Þ:

Gð�ÞCðQ2Þ ¼ Gð�Þ1ðQ2Þ þ 2

3
ηGð�ÞQðQ2Þ;

Gð�ÞMðQ2Þ ¼ −Gð�Þ2ðQ2Þ;
Gð�ÞQðQ2Þ ¼ Gð�Þ1ðQ2Þ þ Gð�Þ2ðQ2Þ

þ ð1þ ηÞGð�Þ3ðQ2Þ; ð3Þ

with η ¼ Q2

4m2
Zð�Þcs

and the functions Gð�Þ1ðQ2Þ, Gð�Þ2ðQ2Þ,
and Gð�Þ3ðQ2Þ defined as

hZð�ÞcsðpÞjjemα ð0ÞjZð�Þcsðp0Þi
¼Gð�Þ1ðQ2Þϵ�ð�ÞðpÞ · ϵ�ðp0Þðpþp0Þα
þGð�Þ2ðQ2Þ½ϵð�Þαðp0Þϵ�ð�ÞðpÞ ·q− ϵ�ð�ÞαðpÞϵð�Þðp0Þ ·q�

−
Gð�Þ3ðQ2Þ

2m2
Zc

ϵ�ð�ÞðpÞ ·qϵð�Þðp0Þ ·qðpþp0Þα; ð4Þ

with q ¼ p0 − p and Q2 ¼ −q2. At zero momentum trans-
fer, these form factors are proportional to the usual static

quantities of the charge e, magnetic moment μZð�Þcs , and
quadrupole moment Qð�Þ1:

eGð�ÞCð0Þ ¼ e;

eGð�ÞMð0Þ ¼ 2mZð�ÞcsμZð�Þcs ;

eGð�ÞQð0Þ ¼ m2
Zð�ÞcsQð�Þ1: ð5Þ

To derive the needed sum rules, we begin with the time-
ordered correlation function in the QCD vacuum in the
presence of a constant background electromagnetic field
Fμν:

Πð�ÞμνðpÞ ¼ i
Z

dx4eipxh0jT½Jð�ÞμðxÞJ†ð�Þνð0Þ�j0iF
¼ Πð0Þ

ð�ÞμνðpÞ þ Πð1Þ
ð�ÞμναβðpÞFαβ þ � � � ; ð6Þ

where Jð�ÞμðxÞ is the interpolating current of Zð�Þcs state

(1). The Πð0Þ
ð�ÞμνðpÞ term is the correlation function without

an external electromagnetic field and gives rise to the mass
and pole residue of Zð�Þcs. The magnetic moment will be

extracted from the linear response term Πð1Þ
ð�ÞμναβðpÞFαβ.

Following the method stated in Refs. [49,50], we express
physically the correlation function (6) as

Πhad
ð�ÞμνðpÞ ¼

λ2Zð�Þcs

m2
Zð�Þcs − p2

�
−gμν þ

pμpν

p2

�

− i
λ2Zð�ÞcsGð�Þ2ð0Þ
ðp2 −m2

Zð�ÞcsÞ2
Fμν þ i

a
m2

Zð�Þcs − p2
Fμν

þ � � � ; ð7Þ

where the constant a parametrizes the contributions from
the pole-continuum transitions.
In Eq. (6), we substitute Jð�ÞμðxÞ with Eq. (1), contract

the relevant quark fields via Wick’s theorem, and obtain

ΠOPE
ð�ÞμνðpÞ ¼

i
2

Z
d4xeipxðTr½ðiγ5ÞSðsÞca ð−xÞðiγ5ÞSðcÞac ðxÞ�Tr½γμSðuÞbd ðxÞγνSðcÞdb ð−xÞ�

� Tr½ðiγ5ÞSðcÞdb ð−xÞγμSðuÞbd ðxÞ�Tr½ðiγ5ÞSðcÞac ðxÞγνSðsÞca ð−xÞ�
� Tr½ðiγ5ÞSðsÞca ð−xÞγμSðcÞac ðxÞ�Tr½ðiγ5ÞSðuÞbd ðxÞγνSðcÞdb ð−xÞ�
þ Tr½ðiγ5ÞSðuÞbd ðxÞðiγ5ÞSðcÞdb ð−xÞ�Tr½γμSðcÞac ðxÞγνSðsÞca ð−xÞ�Þ; ð8Þ

where SðcÞðxÞ ¼ h0jT½cðxÞc̄ð0Þ�j0i and SðqÞðxÞ ¼
h0jT½qðxÞq̄ð0Þ�j0i; q ¼ u, s are the full charm- and up
(strange)-quark propagators, respectively, whose expressions

are given in Appendix A, Tr denotes the trace of the Dirac
spinor indices, and a, b, c, and d are color indices. Through
dispersion relation, ΠOPE

ð�ÞμνðpÞ can be written as
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ΠOPE
ð�ÞμνðpÞ ¼

Z
∞

ð2mcþmsÞ2
ds

ρð0Þð�ÞðsÞ
s − p2

�
−gμν þ

pμpν

p2

�

þ
Z

∞

ð2mcþmsÞ2
ds

ρð1Þð�ÞðsÞ
s − p2

ðiFμνÞ

þ other Lorentz structures; ð9Þ
where ρið�ÞðsÞ ¼ 1

π ImΠOPE
ð�Þi ðsÞ, i ¼ 0, 1 are the spectral

densities, and mc and ms are the masses of the charm and
strange quark, respectively. We find that ρiðþÞðsÞ ¼ ρið−ÞðsÞ,
i ¼ 0, 1, and do not distinguish the subscripts� in the rest of
this subsection. The expressions of ρiðsÞ, i ¼ 0, 1, are given
in Appendix B.
Finally, matching the phenomenological side (7) and the

QCD representation (9), we obtain

λ2Zcs

m2
Zcs

− p2
þ � � � ¼

Z
∞

ð2mcþmsÞ2
ds

ρð0ÞðsÞ
s − p2

; ð10Þ

for the Lorentz structure ð−gμν þ pμpν

p2 Þ, and

λ2Zcs
GMð0Þ

ðm2
Zcs

− p2Þ2 þ
a

m2
Zcs

− p2
þ � � � ¼

Z
∞

ð2mcþmsÞ2
ds

ρð1ÞðsÞ
s − p2

;

ð11Þ

for the Lorentz structure iFμν.
According to quark-hadron duality, the excited and

continuum states’ spectral density can be approximated
by the QCD spectral density above some effective threshold
s0Zcs

, whose value will be determined in Sec. III:

λ2Zcs

m2
Zcs

− p2
þ
Z

∞

s0Zcs

ds
ρð0ÞðsÞ
s − p2

¼
Z

∞

ð2mcþmsÞ2
ds

ρð0ÞðsÞ
s − p2

;

λ2Zcs
GMð0Þ

ðm2
Zcs

− p2Þ2 þ
a

m2
Zcs

− p2
þ
Z

∞

s0Zcs

ds
ρð1ÞðsÞ
s − p2

¼
Z

∞

ð2mcþmsÞ2
ds

ρð1ÞðsÞ
s − p2

: ð12Þ

Subtracting the contributions of the excited and continuum
states, one gets

λ2Zcs

m2
Zcs

− p2
¼

Z
s0Zcs

ð2mcþmsÞ2
ds

ρð0ÞðsÞ
s − p2

;

λ2Zcs
GMð0Þ

ðm2
Zcs

− p2Þ2 þ
a

m2
Zcs

− p2
¼

Z
s0Zcs

ð2mcþmsÞ2
ds

ρð1ÞðsÞ
s − p2

: ð13Þ

In order to improve the convergence of the operator
product expansion (OPE) series and suppress the contri-
butions from the excited and continuum states, it is
necessary to make a Borel transform. As a result, we have

λ2Zcs
e−m

2
Zcs

=M2
B ¼

Z
s0Zcs

ð2mcþmsÞ2
dsρð0ÞðsÞe−s=M2

B ;

λ2Zcs

�
GMð0Þ
M2

B
þ A

�
e−m

2
Zcs

=M2
B ¼

Z
s0Zcs

ð2mcþmsÞ2
dsρð1ÞðsÞe−s=M2

B ;

ð14Þ

where M2
B is the Borel parameter and A ¼ a

λ2Zcs
. Taking

the derivative of the first equation in (14) with respect
to − 1

M2
B

and dividing it by the original expression,

one has

m2
Zcs

¼
d

dð− 1

M2
B
Þ
R s0Zcs
ð2mcþmsÞ2 dsρ

ð0ÞðsÞe−
s

M2
B

R s0Zcs
ð2mcþmsÞ2 dsρ

ð0ÞðsÞe−
s

M2
B

: ð15Þ

B. Strong decay form factors

In this subsection, we calculate the strong decay
form factors of Zð�Þcs to ηcK�, J=ψK, D̄D�

s , and D̄�Ds.
To this end, we start with the following three-point
functions:

Γ1
ð�Þμνðp; p1; p2Þ ¼ i2

Z
d4xd4yeiðp1xþp2yÞh0jT½JηcðxÞJK�

μ ðyÞJ†ð�Þνð0Þ�j0i;

Γ2
ð�Þμνðp; p1; p2Þ ¼ i2

Z
d4xd4yeiðp1xþp2yÞh0jT½JJ=ψμ ðxÞJKðyÞJ†ð�Þνð0Þ�j0i;

Γ3
ð�Þμνðp; p1; p2Þ ¼ i2

Z
d4xd4yeiðp1xþp2yÞh0jT½JD̄ðxÞJD�

s
μ ðyÞJ†ð�Þνð0Þ�j0i;

Γ4
ð�Þμνðp; p1; p2Þ ¼ i2

Z
d4xd4yeiðp1xþp2yÞh0jT½JD̄�

μ ðxÞJDsðyÞJ†ð�Þνð0Þ�j0i; ð16Þ
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where Jð�ÞνðxÞ is the interpolating current of Zð�Þcs, and JηcðxÞ, JK�
μ ðxÞ, JJ=ψμ ðxÞ, JKðxÞ, JD̄ðxÞ, JD�

s
μ ðxÞ, JD̄�

μ ðxÞ, and JDsðxÞ
are the interpolating currents of ηc, K�, J=ψ , K, D̄, D�

s , D̄�, and Ds, respectively, being given by

JηcðxÞ ¼ c̄ðxÞiγ5cðxÞ;
JK

�
μ ðxÞ ¼ s̄ðsÞγμuðxÞ;

JJ=ψμ ðxÞ ¼ c̄ðxÞγμcðxÞ;
JKðxÞ ¼ s̄ðxÞiγ5uðxÞ;
JD̄ðxÞ ¼ c̄ðxÞiγ5uðxÞ;
JD

�
s

μ ðxÞ ¼ s̄ðsÞγμcðxÞ;
JD̄

�
μ ðxÞ ¼ c̄ðxÞγμuðxÞ;
JDsðxÞ ¼ s̄ðxÞiγ5cðxÞ: ð17Þ

We will take Γ1
ðþÞμνðp; p1; p2Þ as an example to illustrate the steps involved in our calculation. Inserting complete sets of

hadronic states into the three-point correlation function, we have

Γ1phy
ðþÞμν ¼

�
g1ðþÞ

λZcs
fηcfK�m2

ηcmK�=ð2mcÞ
ðm2

ηc − p2
1Þðm2

K� − p2
2Þðm2

Zcs
− p2Þ þ

A
ðm2

ηc − p2
1Þðm2

K� − p2
2Þ
�
gμν

þ other Lorentz structuresþ � � � ; ð18Þ

where we make use of Eq. (2) and the following matrix elements:

h0jJηcð0Þjηcðp1Þi ¼
fηcm

2
ηc

2mc
;

h0jJK�
μ ð0ÞjK�ðp2Þi ¼ fK�mK�ϵμðp2Þ;

hηcðp1ÞK�ðp2ÞjZðþÞcsðpÞi ¼ g1ðþÞϵ�ðp2Þ · ϵðpÞ: ð19Þ

The constant A represents the transition between ground state and excited states, which cannot be ignored.
On the other hand, we can calculate Γ1

ðþÞμνðp; p1; p2Þ theoretically. Substituting the interpolating currents in
Γ1
ðþÞμνðp; p1; p2Þ with their explicit expressions and contracting the quark fields via Wick’s theorem, we obtain

Γ1
ðþÞμνðp; p1; p2Þ ¼ −

1ffiffiffi
2

p
Z

d4k
ð2πÞ4

d4q
ð2πÞ4 d

4xd4yfTr½iγ5SðcÞac ðkÞiγ5SðsÞcb ð−yÞγμSðuÞbd ðyÞγνSðcÞda ð−qÞ�

þ Tr½iγ5SðcÞac ðkÞγνSðsÞcb ð−yÞγμSðuÞbd ðyÞiγ5SðcÞda ð−qÞ�geiðp1−k−qÞxþip2y: ð20Þ

Substituting the quark propagators with their explicit expressions and carrying out the integrals, we obtain the theoretical
side of the correlation function:

Γ1OPE
ðþÞμνðp; p1; p2Þ ¼ Γ1OPE

ðþÞ ðp2; p2
1; p

2
2Þgμν þ other Lorentz structures; ð21Þ

where the coefficient Γ1OPE
ðþÞ ðp2; p2

1; p
2
2Þ can be written as

Γ1OPE
ðþÞ ðp2; p2

1; p
2
2Þ ¼

Z
∞

4m2
c

dt1

Z
∞

m2
s

dt2
ρ1
3ðþÞðp2; t1; t2Þ

ðt1 − p2
1Þðt2 − p2

2Þ
; ð22Þ

with ρ1
3ðþÞðp2; t1; t2Þ being the QCD special density. The explicit expressions of ρ1

3ðþÞðp2; t1; t2Þ are given in Appendix B.
It is time to match the physical representation (18) and theoretical representation (21) of Γ1

ðþÞμνðp; p1; p2Þ. For the
Lorentz structure gμν, we have, by using the quark-hadron duality,
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g1ðþÞ
λZcs

fηcfK�m2
ηcmK�=ð2mcÞ

ðm2
ηc − p2

1Þðm2
K� − p2

2Þðm2
Zcs

− p2Þ þ
A

ðm2
ηc − p2

1Þðm2
K� − p2

2Þ
¼

Z
t0
1

4m2
c

dt1

Z
t0
2

m2
s

dt2
ρ1
3ðþÞðp2; t1; t2Þ

ðt1 − p2
1Þðt2 − p2

2Þ
; ð23Þ

where t01 and t02 are the threshold parameters in the channels of ηc and K�, respectively.
Setting p2 ¼ p2

1 and performing Borel transforms p2
1 → M2

B1 and p2
2 → M2

B2, one gets

g1ðþÞ
λZcs

fηcfK�m2
ηcmK�

2mcðm2
Zcs

−m2
ηcÞ

ðe−m2
ηc =M

2
B1 − e−m

2
Zcs

=M2
B1Þe−m2

K�=M2
B2 þ Ae−m

2
ηc =M

2
B1e−m

2
K�=M

2
B2

¼
Z

t0
1

4m2
c

dt1

Z
t0
2

m2
s

dt2e−t1=M
2
B1e−t2=M

2
B2ρ1

3ðþÞðt1; t1; t2Þ: ð24Þ

Acting on the above equation with operator m2
ηc −

d
dð−1=M2

B1Þ
, we obtain

g1ðþÞ
λZcs

fηcfK�m2
ηcmK�

2mc
e−m

2
Zcs

=M2
B1e−m

2
K�=M

2
B2 ¼

�
m2

ηc −
d

dð− 1
M2

B1
Þ
�Z

t0
1

4m2
c

dt1

Z
t0
2

m2
s

dt2e−t1=M
2
B1e−t2=M

2
B2ρ1

3ðþÞðt1;t1;t2Þ: ð25Þ

We can study similarly other three-point correlation
functions, and the corresponding spectral densities are
given in Appendix B.

III. NUMERICAL ANALYSIS

The input parameters needed in numerical analysis are
hq̄qi¼−ð0.24�0.01Þ3GeV3, hs̄si ¼ ð0.8� 0.1Þh0jq̄qj0i,
hgsq̄σGqi ¼ ð0.8� 0.1Þh0jq̄qj0iGeV2, hgss̄σGsi ¼
ð0.8� 0.1Þh0js̄sj0iGeV2, hg2sGGi ¼ 0.88� 0.25 GeV4,
mc ¼ ð1.275� 0.025Þ GeV, ms ¼ ð0.095� 0.005Þ GeV,
mηc ¼ 2.98 GeV, mK� ¼ 0.89 GeV, mJ=ψ ¼ 3.07 GeV,
mK ¼ 0.49 GeV, mD ¼ 1.86 GeV, mD�

s
¼ 2.11 GeV,

mD� ¼ 2.01 GeV, mDs
¼ 1.97 GeV, fηc ¼ 0.35 GeV,

fK� ¼ 0.22 GeV, fJ=ψ ¼ 0.41 GeV, fK ¼ 0.16 GeV,
fD ¼ 0.18 GeV, fD�

s
¼ 0.33 GeV, fD� ¼ 0.24 GeV, and

fDs
¼ 0.24 GeV, which can be found in Ref. [21]. For the

vacuum susceptibilities χ, κ, and ξ, we take the values
χ ¼ −ð3.15� 0.30Þ GeV−2, κ ¼ −0.2, and ξ ¼ 0.4 deter-
mined in the detailed QCD sum rules analysis of the photon
light-cone distribution amplitudes [51]. Besides these
parameters, we should determine the working intervals
of the threshold parameters and the Borel mass in which the
mass, the pole residue, the magnetic moment, and strong
decay form factors vary weakly. The continuum threshold
is related to the square of the first excited states having the
same quantum number as the interpolating field, while
the Borel parameter is determined by demanding that both
the contributions of the higher states and continuum are
sufficiently suppressed and the contributions coming from
higher-dimensional operators are small.

We define two quantities—the ratio of the pole contri-
bution to the total contribution (RP) and the ratio of the
highest-dimensional term in the OPE series to the total OPE
series (RH)—as follows:

RPi ≡
R s0Zcs
ð2mcþmsÞ2 dsρ

ðiÞðsÞe−
s

M2
B

R
∞
ð2mcþmsÞ2 dsρ

ðiÞðsÞe−
s

M2
B

;

RHi ≡
R s0Zcs
ð2mcþmsÞ2 dsρ

ðd¼8Þ
i ðsÞe−

s
M2
B

R s0Zcs
ð2mcþmsÞ2 dsρ

ðiÞðsÞe−
s

M2
B

; ð26Þ

with i ¼ 0, 1. Similar quantities can be defined for three-
point correlation functions.
In Fig. 1(a), we compare the various terms in the OPE

series as functions of M2
B with

ffiffiffiffiffiffiffi
s0Zcs

q
¼ 4.5 GeV. From it

one can see that, except the quark condensate hq̄qi, other
vacuum condensates are much smaller than the perturbative
term. So the OPE series are under control. Figure 1(b)

shows RP0 and RH0 varying with M2
B at

ffiffiffiffiffiffiffi
s0Zcs

q
¼4.5GeV.

The figure shows that the requirement RP0 > 50% gives
M2

B≤3.05GeV2 and jRH0j<10%whenM2
B ≥ 1.80 GeV2,

which is the lower limit of M2
B.

Figure 2 shows the dependence ofmZcs
and λZcs

onM2
B in

the interval determined above with
ffiffiffiffiffiffiffi
s0Zcs

q
¼ 4.4 GeV (dot-

dashed line),
ffiffiffiffiffiffiffi
s0Zcs

q
¼ 4.5 GeV (real line), and

ffiffiffiffiffiffiffi
s0Zcs

q
¼

4.6 GeV (dashed line). From the figure, we can learn that
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the mass and pole residue vary weakly withM2
B and s

0
Zcs
. As

a result, we can reliably read the value of the mass and
pole residue: mZcs

¼ 3.99þ0.17
−0.14 GeV and λZcs

¼ 2.07þ0.28
−0.16 ×

10−2 GeV5, respectively.

The same procedure can be done for the sum rules
of the magnetic moment and strong decay form factors.
The value of GMð0Þ is GMð0Þ ¼ 0.77þ0.66

−0.37 . Finally, we
obtain

1.8 2 2.2 2.4 2.6 2.8 3
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3.6
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3.9
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(a)
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0.01

0.012

0.014
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0.018

0.02

0.022

0.024

0.026

0.028

0.03

(b)

FIG. 2. The dependence of the mass mZcs
and pole residue λZcs

on the Borel parameter M2
B with

ffiffiffiffiffiffiffi
s0Zcs

q
¼ 4.5 GeV (dot-dashed line),ffiffiffiffiffiffiffi

s0Zcs

q
¼ 4.6 GeV (real line), and

ffiffiffiffiffiffiffi
s0Zcs

q
¼ 4.6 GeV (dashed line).

1 2 3 4 5 6 7
-0.5

0

0.5

1

1.5

2

2.5

3
10-5

(a)

2 3 4 5 6 7

-0.2

0

0.2

0.4

0.6

0.8

1

(b)

FIG. 1. (a) denotes the various condensates as functions ofM2
B with

ffiffiffiffiffiffiffi
s0Zcs

q
¼ 4.5 GeV; (b) represents RP0 and RH0 varying withM2

B

at
ffiffiffiffiffiffiffi
s0Zcs

q
¼ 4.5 GeV.

TABLE I. The numerical results of strong decay form factors and decay widths.

Decay mode Form factor (GeV) t01 (GeV2) t02 (GeV2) M2
B1 (GeV2) M2

B2 (GeV2) Decay width (MeV)

ZðþÞcs → ηcK� g1ðþÞ ¼ 1.76� 0.41 3.52 1.42 [3.2, 3.8] [0.8, 1.0] 3.22þ1.68
−1.32

ZðþÞcs → J=ψK g2ðþÞ ¼ −0.47þ0.19
−0.30 3.62 1.0 [2.6, 3.0] [0.7, 0.9] 0.39þ0.65

−0.25
Zð�Þcs → D̄D�

s g3ð�Þ ¼ 4.74þ1.30
−1.12 2.42 2.62 [2.0, 2.4] [2.1, 2.5] 7.10þ4.43

−2.96
Zð�Þcs → D̄�Ds g4ð�Þ ¼ 4.34þ1.65

−1.33 2.52 2.52 [2.0, 2.4] [2.0, 2.4] 6.76þ5.94
−3.55
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μZcs
¼GMð0Þ

e
2mZcs

¼0.77þ0.66
−0.37

e
2mZcs

¼0.18þ0.16
−0.09 μN; ð27Þ

where μN is the nucleon magneton. This result can be
confronted with experimental data in the future and give
important information about the inner structure of the
Zcsð3985Þ state.
We summarize our results about the strong decays of

Zð�Þcs to ηcK�, J=ψK, D̄D�
s , and D̄�Ds in Table I. The

processes Zð−Þcs → ηcK� and Zð−Þcs → J=ψK are sup-
pressed in the present model as we point out in
Appendix B. The summed widths of the four dominant
decay modes are ΓZðþÞcs ¼ 17.47þ12.70

−8.08 and ΓZð−Þcs ¼
13.86þ10.37

−6.51 corresponding to ZðþÞcs and Zð−Þcs, respec-
tively, which are compatible with the experimental value.

IV. CONCLUSION

In this paper, we construct D̄ð�Þ
s Dð�Þ-molecule-type inter-

polating currents Jð�ÞμðxÞ with JP ¼ 1þ, calculate the
corresponding mass and magnetic moment using the QCD
sum rule method and its extension in the weak electromag-
netic field, and study the processes of Zð�Þcs to ηcK�, J=ψK,
D̄D�

s , and D̄�Ds via three-point sum rules. Starting
with the two-point correlation function in the external

electromagnetic field and expanding it in power of the
electromagnetic interaction Hamiltonian, we extract the
masses and pole residues of Zð�Þcs states from the leading
term in the expansion and the magnetic moments from the
linear response to the external electromagnetic field. The
numerical values are mZð�Þcs ¼ 3.99þ0.17

−0.14 GeV, λZð�Þcs ¼
2.07þ0.28

−0.16 × 10−2 GeV5, and μZð�Þcs ¼ 0.18þ0.16
−0.09 μN with

μN the nucleon magneton, ΓZðþÞcs ¼ 17.47þ12.70
−8.08 , and

ΓZð−Þcs ¼ 13.86þ10.37
−6.51 . The masses are in agreement with

the recently measured value of Zcsð3985Þ by the BESIII
Collaboration, mexp

Zcs
¼ð3982.5þ1.8

−2.6�2.1ÞMeV. The widths
are compatible with the experimental value Γexp

Zcs
¼

ð12.8þ5.3
−4.4 � 3.0Þ MeV. The pole residue is a necessary input

parameter when studying other properties of the correspond-
ing state by theQCD sum rule method or light-cone sum rule
method. Themagnetic moment and the various decaymodes
can help us to determine the inner structure of Zcsð3985Þ
when being confronted with experimental data in the future.
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APPENDIX A: THE QUARK PROPAGATORS

The full quark propagators are

SqijðxÞ ¼
i=x

2π2x4
δij −

mq

4π2x2
δij −

hq̄qi
12

δij þ i
hq̄qi
48

mq=xδij −
x2

192
hgsq̄σGqiδij

þ i
x2=x
1152

mqhgsq̄σGqiδij − i
gstaijG

a
μν

32π2x2
ð=xσμν þ σμν=xÞ

þ i
δijeqFμν

32π2x2
ð=xσμν þ σμν=xÞ − δijeqχhq̄qiσμνFμν

24
þ δijeqhq̄qiFμν

288
ðσμν − 2σαμxαxνÞ

þ δijeqhq̄qiFμν

576
½ðκ þ ξÞσμνx2 − ð2κ − ξÞσαμxαxν� þ � � � ðA1Þ

for light quarks and

SQijðxÞ ¼ i
Z

d4k
ð2πÞ4 e

−ikx
�
=kþmQ

k2 −m2
Q
δij −

gstaijG
a
μν

4

σμνð=kþmQÞ þ ð=kþmQÞσμν
ðk2 −m2

QÞ2
þ hg2sGGi

12
δijmQ

k2 þmQ=k

ðk2 −m2
QÞ4

þ δijeQFμν

4

σμνð=kþmQÞ þ ð=kþmQÞσμν
ðk2 −m2

QÞ2
þ � � �

�
ðA2Þ

for heavy quarks. In these expressions, ta ¼ λa

2
and λa are the Gell-Mann matrix, gs is the strong interaction

coupling constant, i and j are color indices, eQðqÞ is the charge of the heavy (light) quark, and Fμν is the external
electromagnetic field.
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APPENDIX B: THE SPECTRAL DENSITIES

1. The spectral densities of the two-point correlation function

On the QCD side, we carry out the OPE up to dimension 8 for the spectral densities ρð0ÞðsÞ and ρð1ÞðsÞ. The explicit
expressions of the spectral densities are given below:

ρð0Þð�ÞðsÞ ¼ ρðd¼0Þ
0 þ ρðd¼3Þ

0 ðsÞ þ ρðd¼4Þ
0 ðsÞ þ ρðd¼5Þ

0 ðsÞ þ ρðd¼6Þ
0 ðsÞ þ ρðd¼7Þ

0 ðsÞ þ ρðd¼8Þ
0 ðsÞ; ðB1Þ

with

ρðd¼0Þ
0 ðsÞ ¼ 3

4096π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a3b3
ð1 − a − bÞð1þ aþ bÞðm2

cðaþ bÞ − absÞ4

−
3mcms

2048π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a3b2
ð1 − a − bÞð3þ aþ bÞðm2

cðaþ bÞ − absÞ3; ðB2Þ

ρðd¼3Þ
0 ðsÞ ¼ −

3mcðhq̄qi þ hs̄siÞ
256π4

Z
amax

amin

da
Z

1−a

bmin

db
1

ab2
ð1þ aþ bÞðm2

cðaþ bÞ − absÞ2

þ 3m2
cmshq̄qi
64π4

Z
amax

amin

da
Z

1−a

bmin

db
1

ab
ðm2

cðaþ bÞ − absÞ

−
3mshs̄si
256π4

Z
amax

amin

da
Z

1−a

bmin

db
1

ab
ðm2

cðaþ bÞ − absÞ2

þ 3mshs̄si
256π4

Z
amax

amin

da
1

að1 − aÞ ðm
2
c − að1 − aÞsÞ2; ðB3Þ

ρðd¼4Þ
0 ðsÞ ¼ m2

chg2sGGi
2048π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a3
ð1 − a − bÞð1þ aþ bÞðm2

cðaþ bÞ − absÞ

−
hg2sGGi
2048π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a2b
ð1 − 2a − 2bÞðm2

cðaþ bÞ − absÞ2

−
3mcmshg2sGGi

8192π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a3
ð1 − a − bÞð3þ aþ bÞðm2

cðaþ bÞ − absÞ

−
m3

cmshg2sGGi
8192π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a3
ð1 − a − bÞð3þ aþ bÞðaþ bÞ

−
mcmshg2sGGi

4096π6

Z
amax

amin

da
Z

1−a

bmin

db
1

ab
ð1þ aþ bÞðm2

cðaþ bÞ − absÞ; ðB4Þ

ρðd¼5Þ
0 ðsÞ ¼ 3mcðhgsq̄σGqi þ hgss̄σGsiÞ

256π4

Z
amax

amin

da
Z

1−a

bmin

db
1

a2
ðaþ bÞðm2

cðaþ bÞ − absÞ

þ 3mcðhgsq̄σGqi þ hgss̄σGsiÞ
512π4

Z
amax

amin

da
Z

1−a

bmin

db
1

b
ðm2

cðaþ bÞ − absÞ

−
3m2

cmshgsq̄σGqi
256π4

Z
amax

amin

da
Z

1−a

bmin

db
1

a

−
3mcðhgsq̄σGqi þ hgss̄σGsiÞ

256π4

Z
amax

amin

da
1

a
ðm2

c − að1 − aÞsÞ

þ 3m2
cmshgsq̄σGqi
256π4

Z
amax

amin

da

þmshgss̄σGsi
256π4

Z
amax

amin

daðm2
c − 2að1 − aÞsÞ; ðB5Þ

XU, LIU, CUI, and HUANG PHYS. REV. D 104, 094028 (2021)

094028-8



ρðd¼6Þ
0 ðsÞ ¼ m2

chq̄qihs̄si
16π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

cÞ
p

s
−
3mcmshq̄qihs̄si

128π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

cÞ
p

s
−
m3

cmshq̄qihs̄si
32π2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

cÞ
p ; ðB6Þ

ρðd¼7Þ
0 ðsÞ ¼ −

mcðhq̄qi þ hs̄siÞhg2sGGi
1024π4

Z
amax

amin

da
Z

1−a

bmin

db
1

a2
bð1þ aþ bÞ þmcðhq̄qi þ hs̄siÞhg2sGGi

3072π4

Z
amax

amin

da
Z

1−a

bmin

db

−
mcðhq̄qi þ hs̄siÞhg2sGGi

1536π4

Z
amax

amin

daþm3
cðhq̄qi þ hs̄siÞhg2sGGi

3072π4

Z
amax

amin

da
ð1þ aþ bminÞbmin

aðas −m2
cÞ

þm3
cðhq̄qi þ hs̄siÞhg2sGGi

3072π4

Z
amax

amin

da
ð1þ aþ bminÞb2min

a2ðas −m2
cÞ

þm2
cmshs̄sihg2sGGi

1536π4

Z
amax

amin

da
b2min

aðas −m2
cÞ

−
m2

cmshq̄qihg2sGGi
256π4

Z
amax

amin

da
bmin

aðas −m2
cÞ

þm4
cmshq̄qihg2sGGi
768π4M2

B

Z
amax

amin

da
bmin

a2ðas −m2
cÞ

−
m2

cmshs̄sihg2sGGi
1536π4

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

cÞ
p

�
a2min

amax
þ a2max

amin

�
þm2

cmshs̄sihg2sGGi
3072π4

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

cÞ
p ; ðB7Þ

ρðd¼8Þ
0 ðsÞ ¼ −

ðhq̄qihgss̄σGsi þ hs̄sihgsq̄σGqiÞ
64π2

m2
cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðs − 4m2
cÞ

p
�
2m2

c

M2
B
þ 2m2

c

s
− 1

�

þ ð2hq̄qihgss̄σGsi þ 3hs̄sihgsq̄σGqiÞ
768π2

m3
cmsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðs − 4m2
cÞ

p
�
2s
M4

B
þ 3

M2
B
þ 2

s

�

−
hs̄sihgsq̄σGqi
128π2M2

B

mcmssffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

cÞ
p ða2max þ a2minÞ; ðB8Þ

ρð1Þð�ÞðsÞ ¼ ρðd¼2Þ
1 þ ρðd¼3Þ

1 ðsÞ þ ρðd¼5Þ
1 ðsÞ þ ρðd¼6Þ

1 ðsÞ þ ρðd¼7Þ
1 ðsÞ þ ρðd¼8Þ

1 ðsÞ; ðB9Þ

with

ρðd¼2Þ
1 ðsÞ ¼ 3ðes − euÞ

1024π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a2b2
ðaþ bÞðm2

cðaþ bÞ − absÞ3

þ 9eumcms

1024π6

Z
amax

amin

da
Z

1−a

bmin

db
1

ab2
ðaþ bÞðm2

cðaþ bÞ − absÞ2

−
9ecmcms

2048π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a2b2
ð1 − a − bÞð1þ aþ bÞðm2

cðaþ bÞ − absÞ2

þ 9ecmcms

1024π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a3b
ð1 − a − bÞðm2

cðaþ bÞ − absÞ2; ðB10Þ

ρðd¼3Þ
1 ðsÞ ¼ 3mcχðeuhq̄qi − eshs̄siÞ

256π4

Z
amax

amin

da
Z

1−a

bmin

db
1

a2b
ðm2

cðaþ bÞ − absÞ2

−
3msχeshs̄si

256π4

Z
amax

amin

da
Z

1−a

bmin

db
1

ab
ðm2

cðaþ bÞ − absÞ2

−
3m2

cmsχeuhq̄qi
128π4

Z
amax

amin

da
Z

1−a

bmin

db
1

ab
ðm2

cðaþ bÞ − absÞ

þ 3msχeshs̄si
256π4

Z
amax

amin

da
1

að1 − aÞ ðm
2
c − að1 − aÞsÞ2; ðB11Þ
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ρðd¼5Þ
1 ðsÞ ¼ 3mcecðhq̄qi − hs̄siÞ

128π4

Z
amax

amin

da
Z

1−a

bmin

db
1

ab
ðaþ bÞðm2

cðaþ bÞ − absÞ

−
3mcecðhq̄qi − hs̄siÞ

128π4

Z
amax

amin

da
Z

1−a

bmin

db
1

a2
ðm2

cðaþ bÞ − absÞ

þ 3mcðeshq̄qi − euhs̄siÞ
128π4

Z
amax

amin

da
Z

1−a

bmin

db
1

b
ðm2

cðaþ bÞ − absÞ

−
mcðeuhq̄qi − eshs̄siÞ

128π4

Z
amax

amin

da
Z

1−a

bmin

db
1

b
ðm2

cðaþ bÞ − absÞ þm2
cmseuhq̄qi
128π4

Z
amax

amin

da
Z

1−a

bmin

db

−
mcð2κ − ξÞðeuhq̄qi − eshs̄siÞ

512π4

Z
amax

amin

da
Z

1−a

bmin

db
1

b
ðm2

cðaþ bÞ − absÞ

þm2
cmsð2κ − ξÞeuhq̄qi

512π4

Z
amax

amin

da
Z

1−a

bmin

db

þ 3mcð2κ þ ξÞðeuhq̄qi − eshs̄siÞ
256π4

Z
amax

amin

da
Z

1−a

bmin

db
1

b2
ðm2

cðaþ bÞ − absÞ

−
3m2

cmsð2κ þ ξÞeuhq̄qi
256π4

Z
amax

amin

da
Z

1−a

bmin

db
1

b
−
3mcðeshq̄qi − euhs̄siÞ

128π4

Z
amax

amin

da
1

a
ðm2

c − að1 − aÞsÞ

−
3mseuhs̄si
256π4

Z
amax

amin

daðm2
c − 2að1 − aÞsÞ −mcðeuhq̄qi − eshs̄siÞ

128π4

Z
amax

amin

da
1

a
ðm2

c − að1 − aÞsÞ

þm2
cmseuhq̄qi
128π4

Z
amax

amin

da −
mcðκ þ ξÞðeuhq̄qi − eshs̄siÞ

256π4

Z
amax

amin

da
1

a
ðm2

c − að1 − aÞsÞ

þm2
cmsðκ þ ξÞeuhq̄qi

256π4

Z
amax

amin

da; ðB12Þ

ρðd¼6Þ
1 ðsÞ ¼ −

3mcmsechg2sGGi
8192π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a2
ð1 − a − bÞð1þ aþ bÞ

þ 3mcmsechg2sGGi
4096π6

Z
amax

amin

da
Z

1−a

bmin

db
1

b
þm2

cðes − euÞhg2sGGi
2048π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a2
bðaþ bÞ

þ 3mcmseuhg2sGGi
4096π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a2
bðaþ bÞ

−
3ðes − euÞhg2sGGi

4096π6

Z
amax

amin

da
Z

1−a

bmin

db
1

a
ðm2

cðaþ bÞ − absÞ

−
m3

cmsechg2sGGi
4096π6

Z
amax

amin

da
1 − a − bmin

aðas −m2
cÞ

þm3
cmsechg2sGGi
8192π6

Z
amax

amin

da
ð1 − a − bminÞð1þ aþ bminÞbmin

a2ðas −m2
cÞ

−
m3

cmseuhg2sGGi
4096π6

Z
amax

amin

da
ðaþ bminÞ2bmin

a2ðas −m2
cÞ

þ 3ðes − euÞhg2sGGi
4096π6

Z
amax

amin

da
1

a
ðm2

c − að1 − aÞsÞ

þm2
cðes − euÞχhq̄qihs̄si

32π2

Z
amax

amin

da −
mcmsðes − euÞχhq̄qihs̄si

32π2

Z
amax

amin

daa

−
m3

cmsð2es − euÞχhq̄qihs̄si
64π2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

cÞ
p ; ðB13Þ
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ρðd¼7Þ
1 ðsÞ ¼−

3mcecðhgsq̄σGqi− hgss̄σGsiÞ
512π4

Z
amax

amin

da
Z

1−a

bmin

db−
3mcecðhgsq̄σGqi− hgss̄σGsiÞ

256π4

Z
amax

amin

da
Z

1−a

bmin

db
1

b
ðaþbÞ

−
3mcðeshgsq̄σGqi−euhgss̄σGsiÞ

256π4

Z
amax

amin

da
Z

1−a

bmin

db
a
b
þmcχðeuhq̄qi−eshs̄siÞhg2sGGi

1024π4

Z
amax

amin

da
Z

1−a

bmin

db
b
a2

þ3mcecðhgsq̄σGqi− hgss̄σGsiÞ
512π4

Z
amax

amin

da
ð2a−1Þ

a
−
3m2

cmsechgsq̄σGqi
256π4

Z
amax

amin

da
1

as−m2
c

−
3mcðeshgsq̄σGqi−euhgss̄σGsiÞ

512π4

Z
amax

amin

daaþ3mseuhgss̄σGsi
512π4

Z
amax

amin

daaða−1Þ

−
3mcðeshgsq̄σGqi−euhgss̄σGsiÞ

256π4

Z
amax

amin

da
a

a−1
−
m3

cχðeuhq̄qi−eshs̄siÞhg2sGGi
3072π4

Z
amax

amin

da
bmin

aðas−m2
cÞ

−
m3

cχðeuhq̄qi−eshs̄siÞhg2sGGi
3072π4

Z
amax

amin

da
b2min

a2ðas−m2
cÞ
þm2

cmsχeuhq̄qihg2sGGi
512π4

Z
amax

amin

da
bmin

aðas−m2
cÞ

−
m4

cmsχeuhq̄qihg2sGGi
1536π4M2

B

Z
amax

amin

da
bmin

a2ðas−m2
cÞ
þm2

cmsχeshs̄sihg2sGGi
1536π4

Z
amax

amin

da
b2min

aðas−m2
cÞ

þmcχðeuhq̄qi−eshs̄siÞhg2sGGi
1024π4

Z
amax

amin

da−
msχeshs̄sihg2sGGi

1024π4

Z
amax

amin

daða−1Þ

−
3m3

cðeshgsq̄σGqi−euhgss̄σGsiÞ
512π4

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs−4m2

cÞ
p −

m4
cmseuhgss̄σGsi

256π4
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðs−4m2
cÞ

p
�

1

M2
B
þ3

s

�

−
m2

cmsχeshs̄sihg2sGGi
1536π4

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs−4m2

cÞ
p

�
a2max

amin
þ a2min

amax

�
þm2

cmsχeshs̄sihg2sGGi
1024π4

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs−4m2

cÞ
p ; ðB14Þ

ρðd¼8Þ
1 ðsÞ ¼−

m3
cmsechq̄qihs̄si
32π2M2

B

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p þmcmsechq̄qihs̄si

64π2
a2maxþa2minffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p

�
s
M2

B
þ 1

�

þm2
cχðeuhq̄qihgss̄σGsi− eshs̄sihgsq̄σGqiÞ

64π2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðs− 4m2
cÞ

p
�
m2

c

M2
B
þm2

c

s
− 1

�

−
m3

cmsχðeuhq̄qihgss̄σGsi− 3eshs̄sihgsq̄σGqiÞ
384π2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p

�
s
M4

B
þ 2

M2
B
þ 2

s

�

−
m3

cmsχeshs̄sihgsq̄σGqi
128π2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p

�
1

M2
B
þ 2

s

�
−
mcmsχeshs̄sihgsq̄σGqi

64π2M2
B

sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p ða2maxþa2minÞ

þm4
cðes− euÞhq̄qihs̄si

48π2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðs− 4m2
cÞ

p
�

1

M2
B
þ 2

s

�
þm3

cmseuhq̄qihs̄si
192π2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p

�
s
M4

B
þ 3

M2
B
þ 4

s

�

þm4
cðes− euÞðκþ ξÞhq̄qihs̄si

96π2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðs− 4m2
cÞ

p
�

1

M2
B
þ 1

s

�
þm4

cðes− euÞð2κ− ξÞhq̄qihs̄si
192π2

1

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p

þm3
cmseuðκþ ξÞhq̄qihs̄si

384π2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðs− 4m2
cÞ

p
�

s
M4

B
þ 2

M2
B
þ 2

s

�
þm3

cmseuð2κ− ξÞhq̄qihs̄si
768π2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p

�
1

M2
M
þ 2

s

�

−
m2

cðes − euÞð2κþ ξÞhq̄qihs̄si
64π2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p −

mcmseuð2κþ ξÞhq̄qihs̄si
128π2

a2maxþa2minffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs− 4m2

cÞ
p

�
s
M2

B
þ 1

�
: ðB15Þ

In the above equations, amax ¼
1þ

ffiffiffiffiffiffiffiffiffi
1−4m2

c
s

q
2

, amin ¼
1−

ffiffiffiffiffiffiffiffiffi
1−4m2

c
s

q
2

, and bmin ¼ am2
c

as−m2
c
. eu, es, and ec are the electric charges of up,

strange, and charm quarks, respectively, in the unit of the positron’s electric charge.
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2. The spectral densities of the three-point correlation function

We will give the explicit expressions of the three-point correlation functions in this subsection.
For Γ1

ðþÞμνðp; p1; p2Þ, the spectral density is

ρ1
3ðþÞðt1; t1; t2Þ ¼ ρ1ð0Þ

3ðþÞðt1; t1; t2Þ þ ρ1ð3Þ
3ðþÞðt1; t1; t2Þ þ ρ1ð4Þ

3ðþÞðt1; t1; t2Þ þ ρ1ð5Þ
3ðþÞðt1; t1; t2Þ; ðB16Þ

where

ρ1ð0Þ
3ðþÞðt1; t1; t2Þ ¼

1

32
ffiffiffi
2

p
π4

Z
amax

amin

da

�
3ða − 1Þat1 þm2

c þ
3mcms

4

�
t2; ðB17Þ

ρ1ð3Þ
3ðþÞðt1; t1; t2Þ ¼ −

mshq̄qi
8

ffiffiffi
2

p
π2

Z
amax

amin

da½3ða − 1Þat1 þm2
c�δðt2Þ; ðB18Þ

ρ1ð4Þ
3ðþÞðt1;t1;t2Þ¼−

m4
chg2sGGi

576
ffiffiffi
2

p
π4

Z
1

0

da
a−1

a2
d2

dt21
δðða−1Þat1þm2

cÞt2þ
m2

chg2sGGi
384

ffiffiffi
2

p
π4

Z
1

0

da
a−1

a
d
dt1

δðða−1Þat1þm2
cÞt2

þmcmshg2sGGi
512

ffiffiffi
2

p
π4

Z
1

0

da
ða−1Þ2

a
d
dt1

δðða−1Þat1þm2
cÞt2þ

m3
cmshg2sGGi
1536

ffiffiffi
2

p
π4

Z
1

0

da
a−1

a2
d2

dt21
δðða−1Þat1þm2

cÞt2

þ hg2sGGi
768

ffiffiffi
2

p
π4

Z
1

0

daða−1Þaδðða−1Þat1þm2
cÞt2−

m2
chg2sGGi

256
ffiffiffi
2

p
π4

Z
1

0

da
d
dt1

δðða−1Þat1þm2
cÞt2

þmcmshg2sGGi
1024

ffiffiffi
2

p
π4

Z
1

0

da
d
dt1

δðða−1Þat1þm2
cÞt2þ

hgsGGi
384

ffiffiffi
2

p
π4

Z
amax

amin

daða−1Þ

−
hgsGGi
384

ffiffiffi
2

p
π4

Z
amax

amin

da½3ða−1Þat1þm2
c�δðt2Þ; ðB19Þ

ρ1ð5Þ
3ðþÞðt1; t1; t2Þ ¼ −

mcðhgsq̄σGqi þ hgss̄σGsiÞ
48

ffiffiffi
2

p
π2

ðamax − aminÞδðt2Þ þ
mshgss̄σGsi
96

ffiffiffi
2

p
π2

Z
amax

amin

da½3ða − 1Þat1 þm2
c�

d
dt2

δðt2Þ

þm2
cmshgsq̄σGqi
12

ffiffiffi
2

p
π2

δðt2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðt1 − 4m2

cÞ
p −

mshgsq̄σGqi
16

ffiffiffi
2

p
π2

Z
amax

amin

daða − 1Þδðt2Þ: ðB20Þ

For Γ1
ð−Þμνðp; p1; p2Þ, we find that the perturbative part and quark-condensation part contain only Lorentz structure

p1νp2μ. As a result, we choose this structure to obtain our sum rule for the strong decay form factor g1ð−Þ. The corresponding
spectral density is

ρ1
3ð−Þðt1; t1; t2Þ ¼ ρ1ð0Þ

3ð−Þðt1; t1; t2Þ þ ρ1ð3Þ
3ð−Þðt1; t1; t2Þ þ ρ1ð4Þ

3ð−Þðt1; t1; t2Þ þ ρ1ð5Þ
3ð−Þðt1; t1; t2Þ; ðB21Þ

where

ρ1ð0Þ
3ð−Þðt1; t1; t2Þ ¼

3mcms

64
ffiffiffi
2

p
π4

ðamax − aminÞ; ðB22Þ

ρ1ð3Þ
3ð−Þðt1; t1; t2Þ ¼

mcðhq̄qi − hs̄siÞ
8

ffiffiffi
2

p
π2

ðamax − aminÞδðt2Þ; ðB23Þ

ρ1ð4Þ
3ð−Þðt1; t1; t2Þ ¼

mcmshg2sGGi
256

ffiffiffi
2

p
π4

Z
1

0

da
ða− 1Þ2

a
d
dt1

δðða− 1Þat1 þm2
cÞ þ

m3
cmshg2sGGi
768

ffiffiffi
2

p
π4

Z
1

0

da
a− 1

a2
d2

dt21
δðða− 1Þat1 þm2

cÞ

þmcmshg2sGGi
512

ffiffiffi
2

p
π4

Z
1

0

da
d
dt1

δðða− 1Þat1 þm2
cÞ þ

mcmshg2sGGi
384

ffiffiffi
2

p
π4

δðt2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðt1 − 4m2

cÞ
p ; ðB24Þ
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ρ1ð5Þ
3ð−Þðt1; t1; t2Þ ¼

mcðhgsq̄σGqi − hgss̄σGsiÞ
16

ffiffiffi
2

p
π2

δðt2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðt1 − 4m2

cÞ
p : ðB25Þ

The spectral densities are proportional to eitherms, hq̄qi − hs̄si, or hgsq̄σGqi − hgss̄σGsi. As a result, the process Zð−Þcs →
ηcK� is suppressed in the present model.
For Γ2

ðþÞμνðp; p1; p2Þ, we choose the Lorentz structure gμν to obtain the sum rule for the strong decay form factor g2ðþÞ.
The corresponding spectral density is

ρ2
3ðþÞðt1; t1; t2Þ ¼ ρ2ð0Þ

3ðþÞðt1; t1; t2Þ þ ρ2ð3Þ
3ðþÞðt1; t1; t2Þ þ ρ2ð4Þ

3ðþÞðt1; t1; t2Þ þ ρ2ð5Þ
3ðþÞðt1; t1; t2Þ; ðB26Þ

where

ρ2ð0Þ
3ðþÞðt1; t1; t2Þ ¼

3

32
ffiffiffi
2

p
π4

Z
amax

amin

da

�
ða − 1Þat1 þ

mcms

4

�
t2; ðB27Þ

ρ2ð3Þ
3ðþÞðt1; t1; t2Þ ¼ −

msð2hq̄qi − hs̄siÞ
8

ffiffiffi
2

p
π2

Z
amax

amin

daða − 1Þat1δðt2Þ; ðB28Þ

ρ2ð4Þ
3ðþÞðt1; t1; t2Þ ¼−

m4
chg2sGGi

384
ffiffiffi
2

p
π4

Z
1

0

da
a−1

a2
d2

dt21
δðða−1Þat1þm2

cÞt2−
m2

chg2sGGi
768

ffiffiffi
2

p
π4

Z
1

0

da
ða−1Þ2

a
d
dt1

δðða−1Þat1þm2
cÞt2

þm2
chg2sGGi

256
ffiffiffi
2

p
π4

Z
1

0

da
a−1

a
d
dt1

δðða−1Þat1þm2
cÞt2þ

mcmshg2sGGi
512

ffiffiffi
2

p
π4

Z
1

0

da
ða−1Þ2

a
d
dt1

δðða−1Þat1þm2
cÞt2

þm3
cmshg2sGGi
1536

ffiffiffi
2

p
π4

Z
1

0

da
a−1

a2
d2

dt21
δðða−1Þat1þm2

cÞt2þ
m2

chg2sGGi
1536

ffiffiffi
2

p
π4

Z
1

0

da
d
dt1

δðða−1Þat1þm2
cÞt2

−
mcmshg2sGGi
3072

ffiffiffi
2

p
π4

Z
1

0

da
d
dt1

δðða−1Þat1þm2
cÞt2−

hg2sGGi
768

ffiffiffi
2

p
π4

Z
1

0

daða−1Þaδðða−1Þat1þm2
cÞt2

þm2
chg2sGGi
96

ffiffiffi
2

p
π4

Z
1

0

daða−1Þδðða−1Þat1þm2
cÞþ

hgsGGi
384

ffiffiffi
2

p
π4

Z
amax

amin

daða−1Þ

þ hgsGGi
128

ffiffiffi
2

p
π4

Z
amax

amin

daða−1Þat1δðt2Þ; ðB29Þ

ρ2ð5Þ
3ðþÞðt1; t1; t2Þ ¼

m2
cmshgsq̄σGqi
12

ffiffiffi
2

p
π2

δðt2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1ðt1 − 4m2

cÞ
p : ðB30Þ

In the above equations, amax ¼
1þ

ffiffiffiffiffiffiffiffiffi
1−4m2

c
s

q
2

and amin ¼
1−

ffiffiffiffiffiffiffiffiffi
1−4m2

c
s

q
2

.
For Γ2

ð−Þμνðp; p1; p2Þ, we find that it is zero except the mixed condensation with Lorentz structure gμν and p2μp1ν.
Therefore, we believe that the process Zð−Þcs → J=ψK is suppressed in the present model.
For Γ3

ð�Þμνðp; p1; p2Þ, we find that their theoretical representations are the same. The spectral densities corresponding to
the Lorentz structure gμν are

ρ3
3ð�Þðt1; t1; t2Þ ¼ ρ3ð0Þ3 ðt1; t1; t2Þ þ ρ3ð3Þ3 ðt1; t1; t2Þ þ ρ3ð4Þ3 ðt1; t1; t2Þ þ ρ3ð5Þ3 ðt1; t1; t2Þ þ ρ3ð6Þ3 ðt1; t1; t2Þ; ðB31Þ

where

ρ3ð0Þ3 ðt1; t1; t2Þ ¼
9

16
ffiffiffi
2

p
π4

Z
1

amin

da½aðm2
c − at2Þ −mcms�

Z
1

bmin

dbðm2
c − bt1Þ; ðB32Þ
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ρ3ð3Þ3 ðt1; t1; t2Þ ¼
3mchq̄qi
4

ffiffiffi
2

p
π2

Z
1

amin

da½aðm2
c − at2Þ −mcms�δðm2

c − t1Þ þ
3mchs̄si
4

ffiffiffi
2

p
π2

Z
1

bmin

dbðm2
c − bt1Þδðm2

c − t2Þ

−
3m2

cmshs̄si
8

ffiffiffi
2

p
π2

Z
1

bmin

dbðm2
c − bt1Þ

d
dt2

δðm2
c − t2Þ; ðB33Þ

ρ3ð4Þ3 ðt1; t1; t2Þ ¼
m2

chg2sGGi
128

ffiffiffi
2

p
π4

Z
1

amin

da½aðm2
c − at2Þ −mcms�

Z
1

0

db
1

b
d
dt1

δðm2
c − bt1Þ

þ hg2sGGi
128

ffiffiffi
2

p
π4

Z
1

bmin

dbðm2
c − bt1Þ

Z
1

0

da

�
m2

c −
3mcms

a

�
d
dt2

δðm2
c − at2Þ

þm3
cmshg2sGGi
128

ffiffiffi
2

p
π4

Z
1

bmin

dbðm2
c − bt1Þ

Z
1

0

da
1

a2
d2

dt22
δðm2

c − at2Þ

−
3hg2sGGi
128

ffiffiffi
2

p
π4

Z
1

amin

da½aðm2
c − at2Þ −mcms�δðm2

c − t1Þ þ
hg2sGGi
128

ffiffiffi
2

p
π4

Z
1

bmin

dbðm2
c − bt1Þδðm2

c − t2Þ

þ hg2sGGi
128

ffiffiffi
2

p
π4

Z
1

bmin

dbðm2
c − bt1Þ

Z
1

0

daaδðm2
c − at2Þ; ðB34Þ

ρ3ð5Þ3 ðt1; t1; t2Þ ¼ −
3m3

chgsq̄σGqi
16

ffiffiffi
2

p
π2

Z
1

amin

da½aðm2
c − at2Þ −mcms�

d2

dt21
δðm2

c − t1Þ

−
m2

cð3mc þmsÞhgss̄σGsi
16

ffiffiffi
2

p
π2

Z
1

bmin

dbðm2
c − bt1Þ

d2

dt22
δðm2

c − t2Þ

þm4
cmshgss̄σGsi
16

ffiffiffi
2

p
π2

Z
1

bmin

dbðm2
c − bt1Þ

d3

dt32
δðm2

c − t2Þ

þ 3mchgsq̄σGqi
8

ffiffiffi
2

p
π2

Z
1

amin

da½aðm2
c − at2Þ −mcms�

d
dt1

δðm2
c − t1Þ; ðB35Þ

ρ3ð6Þ3 ðt1; t1; t2Þ ¼
m2

chq̄qihs̄siffiffiffi
2

p δðm2
c − t1Þδðm2

c − t2Þ −
m3

cmshq̄qihs̄si
2

ffiffiffi
2

p δðm2
c − t1Þ

d
dt2

δðm2
c − t2Þ: ðB36Þ

For Γ4
ð�Þμνðp; p1; p2Þ, we find that their theoretical representations are the same. The spectral densities corresponding to

the Lorentz structure gμν are

ρ4
3ð�Þðt1; t1; t2Þ ¼ ρ4ð0Þ3 ðt1; t1; t2Þ þ ρ4ð3Þ3 ðt1; t1; t2Þ þ ρ4ð4Þ3 ðt1; t1; t2Þ þ ρ4ð5Þ3 ðt1; t1; t2Þ þ ρ4ð6Þ3 ðt1; t1; t2Þ; ðB37Þ

where

ρ4ð0Þ3 ðt1; t1; t2Þ ¼
9

16
ffiffiffi
2

p
π4

Z
1

amin

daðm2
c −mcms − at2Þ

Z
1

bmin

dbbðm2
c − bt1Þ; ðB38Þ

ρ4ð3Þ3 ðt1; t1; t2Þ ¼
3mchq̄qi
4

ffiffiffi
2

p
π2

Z
1

amin

daðm2
c −mcms − at2Þδðm2

c − t1Þ þ
3ð2mc −msÞhs̄si

8
ffiffiffi
2

p
π2

Z
1

bmin

dbbðm2
c − bt1Þδðm2

c − t2Þ

−
3m2

cmshs̄si
8

ffiffiffi
2

p
π2

Z
1

bmin

dbbðm2
c − bt1Þ

d
dt2

δðm2
c − t2Þ; ðB39Þ
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ρ4ð4Þ3 ðt1; t1; t2Þ ¼
m2

chg2sGGi
128

ffiffiffi
2

p
π4

Z
1

amin

daðm2
c −mcms − at2Þ

Z
1

0

db
d
dt1

δðm2
c − bt1Þ

þmcðmc − 3msÞhg2sGGi
128

ffiffiffi
2

p
π4

Z
1

bmin

dbbðm2
c − bt1Þ

Z
1

0

da
1

a
d
dt2

δðm2
c − at2Þ

þm3
cmshg2sGGi
128

ffiffiffi
2

p
π4

Z
1

bmin

dbbðm2
c − bt1Þ

Z
1

0

da
1

a2
d2

dt22
δðm2

c − at2Þ

þ hg2sGGi
128

ffiffiffi
2

p
π4

Z
1

amin

daðm2
c −mcms − at2Þδðm2

c − t1Þ

þ hg2sGGi
128

ffiffiffi
2

p
π4

Z
1

amin

daðm2
c −mcms − at2Þ

Z
1

0

dbbδðm2
c − bt1Þ

−
3hg2sGGi
128

ffiffiffi
2

p
π4

Z
1

bmin

dbbðm2
c − bt1Þδðm2

c − t2Þ; ðB40Þ

ρ4ð5Þ3 ðt1; t1; t2Þ¼−
3m3

chgsq̄σGqi
16

ffiffiffi
2

p
π2

Z
1

amin

daðm2
c−mcms−at2Þ

d2

dt21
δðm2

c− t1Þ−
3m3

chgss̄σGsi
16

ffiffiffi
2

p
π2

Z
1

bmin

dbbðm2
c−bt1Þ

d2

dt22
δðm2

c− t2Þ

þm4
cmshgss̄σGsi
16

ffiffiffi
2

p
π2

Z
1

bmin

dbbðm2
c−bt1Þ

d3

dt32
δðm2

c− t2Þþ
3mchgsq̄σGqi

8
ffiffiffi
2

p
π2

Z
1

bmin

dbbðm2
c−bt1Þ

d
dt2

δðm2
c− t2Þ;

ðB41Þ

ρ4ð6Þ3 ðt1; t1; t2Þ ¼
m2

chq̄qihs̄siffiffiffi
2

p δðm2
c − t1Þδðm2

c − t2Þ −
mcmshq̄qihs̄si

2
ffiffiffi
2

p δðm2
c − t1Þδðm2

c − t2Þ

−
m3

cmshq̄qihs̄si
2

ffiffiffi
2

p δðm2
c − t1Þ

d
dt2

δðm2
c − t2Þ: ðB42Þ

In the above equations, amin ¼ m2
c=t2 and bmin ¼ m2

c=t1.
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