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In this paper, we construct Dg*)D“‘)—molecule—type interpolating currents J(y),(x) with J P=1t,
calculate the corresponding mass and magnetic moment using the QCD sum rule method and its extension
in the weak electromagnetic field, and study the processes of Z )., to n.K*, J/wK, DD, and D*D, via

three-point sum rules. The numerical values are mz., .

=3.997011 GeV, 1z, = 2.077078 x 107 GeV?,

and pz, == 0.187 008 uy with uy the nucleon magneton, Iy, = 17.4773%%°, and Ty, = 13.8614%7.

The masses are in agreement with the recently measured value of Z,.;(3985) by the BESIII Collaboration,
my" = (3982.57,8 £2.1) MeV. The widths are compatible with the experimental value I 7r =

(12.8%37 £3.0) MeV. The magnetic moment and the various decay modes can help us to determine
the inner structure of Z.,(3985) when being confronted with experimental data in the future.
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I. INTRODUCTION

Since the observation of X(3872) [1], there have been
plenty of XYZ states, the so-called exotic hadron states,
reported experimentally, and many theoretical studies have
been done to understand their various properties [2-5]. In
particular, the exotic hadron states with strange flavor have
attracted theorists’ attention, and different methods and
models have been used to study them [6—17].

Very recently, the BESIII Collaboration reported a new
structure Z.,(3985) in the K recoil-mass spectrum near
the D;D*°/D;~D° mass thresholds in the processes of
ete” —» KH(D;D*° + D:"D°) at /s=4.681GeV [18].
Its pole mass and width are measured as (3982.57,& &
2.1) MeV and (12.87}3 +3.0) MeV, respectively. It can
decay into Dy D** and D~ D" in S wave, and its spin-parity
is assumed to favor J¥ = 17 and the quark content as ccsit
[18]. It will be the first candidate of the hidden-charm four-
quark state with strangeness. Inspired by this observation,
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many theoretical works have appeared concerning the new
observed state’s mass, production, and decay [19-34].

In the present work, we construct Dg*)D(*)-molecule—
type interpolating currents J ., (x) with J* = 17, calculate
the corresponding mass and magnetic moment using the
QCD sum rule method and its extension in the weak
electromagnetic field, and study their decay properties via
three-point sum rule. The QCD sum rule method [35] is a
nonperturbative analytic formalism firmly entrenched in
QCD with minimal modeling and has been successfully
applied in almost every aspect of strong interaction physics.
Its extension in the weak electromagnetic field can be used
to calculate the magnetic moment of ground hadron states
[36-50]. The electromagnetic multipole moments of the
hadron encode the spatial distributions of charge and
magnetization in the hadron and provide important infor-
mation about the quark configurations of the hadron and the
underlying dynamics. So it is interesting to study the
electromagnetic multipole moments of the hadron.

The rest of the paper is organized as follows. In Sec. II,
the relevant sum rules are derived. Section III is devoted to
the numerical analysis, and a short summary is given in
Sec. IV. In Appendix B, the spectral densities are shown.

II. THE DERIVATION OF THE SUM RULES

A. Mass and magnetic moment

First, we write down the molecule-type interpolating
currents with J¥ = 1+:

Published by the American Physical Society
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Jau(x) = %{[S(X)irSC(X)][E(X)mu(X)]

+ [F(x)y,c()][e(x)iru(x)l}, (1)

which can couple to the D§*>D( ) molecular state (labeled
as Z(+)c,), and the coupling strength can be parametrized as
follows

<0|J(i)/4(0)|z(:|:)cs (p)> = lZ(ﬂme(i)u (p) (2)

with ﬂz(i)”
polarization vector of Z ..., state, respectively.

The charge, magnetic, and quadrupole form factors of
the Z(, ), state are related to three functions—G,(Q?),

G»(Q?). and G3(Q?):

and €(y),(p) being the pole residue and

G)c(Q) = G (@) +
Gm(Q?) = =G1p(0?).
G(i)Q(QZ) =Gy (0%) + G(i)z(QZ)

+ (L+nmG1)3(0%). (3)

G1)0(0%).

with # = 4m§2—2 and the functions

Z(i)cs

and G(,)3(Q?) defined as

G1)1(0%), Gp(0?),

(Z(w)es(PJE" (0)|Z(2)es (P1))
= Gun(Q*)ey)(p) ex(P) P+ P,

1)2(Q2) [€(i)a(p/)ga) (p) q— €?i>a(p)€(i) (p/) . q]
G 0?
_%%)5?1)(1’?) ~q€)(P") 4P+ 1o (4)

with ¢ = p’ — p and Q? = —¢°. At zero momentum trans-
fer, these form factors are proportional to the usual static
|

s, (p)

2
+ Tr[(iy
+ Tr(iys) U (=x)7,,S

+ Trl(ir5)Spg (x)(ir5)S4
where  S()(x) = (0|T[c(x)¢(0)]|0) and  S@(x) =

(0|T[q(x)g(0)]|0), g = u, s are the full charm- and up
(strange)-quark propagators, respectively, whose expressions

quantities of the charge e, magnetic moment HZ s and
quadrupole moment Q)

C(O) =€,
M(O) = 2mz Mz
i)Q(O) = mzwmQ&n- (5)

To derive the needed sum rules, we begin with the time-
ordered correlation function in the QCD vacuum in the
presence of a constant background electromagnetic field

F”,,:

eu(p) = 1 [ e (0171300, ()]0}

_ (1) "
o H(i)ﬂl’(p> + H(i)ﬂyaﬁ(p)F b +y (6)

where J(1),(x) is the interpolating current of Z ). state

(1). The ch))/w( p) term is the correlation function without

an external electromagnetic field and gives rise to the mass
and pole residue of Z4).,. The magnetic moment will be

extracted from the linear response term HE:II:))ﬂI/aﬂ( p)F?.

Following the method stated in Refs. [49,50], we express
physically the correlation function (6) as

12
) =2 (e 45
~ 7., Gn(0) P a -
(p?=mz, 2" my, —p "
+een, (7)

where the constant a parametrizes the contributions from
the pole-continuum transitions.

In Eq. (6), we substitute J (., (x) with Eq. (1), contract
the relevant quark fields via chk’s theorem, and obtain

- / P (Te[(i7) U (=) i73)SLE) (O Tely, S ()7, 8%) (—0)]
$)SU) (=x)p, St ()T (iys) St (x)7, St (—)]
St ()] T (iys) SL (x)7, S5, (—x)]
(=) Trly, S (x)y, S5 (=x))), (8)

are given in Appendix A, Tr denotes the trace of the Dirac
spinor indices, and a, b, ¢, and d are color indices. Through

dispersion relation, Hggﬁy( p) can be written as
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% P (s) PuPy
- [0 atBO (L
<i>"”(p) @my+m,)? 2\ 7 p?

S P ($)
+ / ds—=(iF,)
(2m,+my)? s$=p

+ other Lorentz structures, 9)

where pé () zilmnfﬁ(s), i=0, 1 are the spectral

densities, and m, and m, are the masses of the charm and
strange quark, respectively. We find that pé H(s) = pé_)(s),
i = 0, 1, and do not distinguish the subscripts =+ in the rest of
this subsection. The expressions of p’ (s),i=0, 1, are given
in Appendix B.

Finally, matching the phenomenological side (7) and the
QCD representation (9), we obtain

+ - /
(my,, —p?)?* my —p* Jg.

Subtracting the contributions of the excited and continuum
states, one gets

22 9 (0)
i Zs - / ds? (S2> ’
mz.,— P @meAm)?  S=P
A%CJGM(O) a B 59 p(l)(s)
2 2\2 2 2= ds R (13)
(mZ” -D ) mz —D (2m+my)? s—=p

In order to improve the convergence of the operator
product expansion (OPE) series and suppress the contri-
butions from the excited and continuum states, it is
necessary to make a Borel transform. As a result, we have

0
ﬂ% e—mém /M2 _ /SZ(,S dsp<()) (S) e_S/M% ,
“ (2m +my)?

vO
j’% <GM(20) +A) e—m.zlm/Mi, = /‘ZLS dsp(U(s)e_s/M%Z’
“ MB (2m.+m,)?

(14)

22 o (0)
%4_...—/ ds? (Sz, (10)
mz —D (2m,+my)? s=p

PuPs
for the Lorentz structure (—g,, + =), and
22 Gy(0 © (1)
Zz M(z)z+ 2 - 7t :/ ds” (s2>
(mz,, —p*)" mz —p @m.4m)?  S—P
(11)

for the Lorentz structure iF,.

According to quark-hadron duality, the excited and
continuum states’ spectral density can be approximated
by the QCD spectral density above some effective threshold
s%m, whose value will be determined in Sec. III:

p9(s) / = P00)
(

= p2 2m,+my)? §—= p2 '
) 0 )
ds” ) _/ as? ). (12)
s§—=p (2m,+my)? §=p

where M% is the Borel parameter and A = 57— Taking
ZCS
the derivative of the first equation in (14) with respect

1

to i and dividing it by the original expression,
one has
dLlfb‘Z]” , dsp(O)(s)e_MJ_i
(_M_Z) (2m 4my)
my, =1 . (5)
sy Ao )

B. Strong decay form factors

In this subsection, we calculate the strong decay
form factors of Z(,. to n.K*, J/wK, DD}, and D*D;.
To this end, we start with the following three-point
functions:

F%:t);w(p’pl’pZ) = i2/d4xd4yei(l71x+[72}') <0|T[J’7L(x>.]l[f* (y)‘](ri)y(())”()),

F%:t);w(p’ P1sP2) = i2 / d4xd4yei(FIX+pz)’) <0|T[J;/W(X)JK()I)J&)”(O)]|0>,

3, (P p1.py) = 2 / dxdtye PP 0| TP (x)J3" (v)T 4, (0)]]0),

Tty (P p1op2) = 2 / dixd*ye P Er )OI T[TY (x)TP (y)T{,,, (0)]]0),

(16)
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where J (1), (x) is the interpolating current of Z( ., and J" (x), J§ (x), TV (x), JE (x), P (x), T2 (x), JP"(x), and JP (x)
are the interpolating currents of 5., K*, J/w, K, D, D%, D*, and D,, respectively, being given by

Jhe(x) = e(x)iysc(x),
JK (x) = 5(s)y,u(x).
" (x) = e(@)r,e (),
JE(x) = 5(x)iysu(x),
JP(x) = &(x)irsu(x),
i (x) = 5(s)r,e(x),
IR (x) = e(x)y,u(x),
JP(x) = 5(x)iysc(x). (17)

We will take FE +)/w< P, P1, P2) as an example to illustrate the steps involved in our calculation. Inserting complete sets of
hadronic states into the three-point correlation function, we have

Sy Az [ fxomi mg-/(2m,) A g
v 1 v
(o ™ (m 2 =P (m2 = ph)(mk - p3)|

my, = pi)(mg. = p3)(m
+ other Lorentz structures + - - -, (18)

where we make use of Eq. (2) and the following matrix elements:

OO () = 2

(O (0)[K*(pa)) = fremi-eu(p2),
n(PK*(P)|Z(1)e5(P)) = g1()€" (P2) - €(p). (19)

’

The constant A represents the transition between ground state and excited states, which cannot be ignored.

On the other hand, we can calculate F(l +)W(p, P1, P>) theoretically. Substituting the interpolating currents in
Il (p,pi1,p,) with their explicit expressions and contracting the quark fields via Wick’s theorem, we obtain

(+)pw 172

d*k d4 . c . s u c
T (Pep1.p2) ~ 7 / d“xd“y{Tr[WsSéc) (k)irsSSy ()1 ()7.S5, (=4)]
+ Trliys St <kms;b ) (=9)7,S5 (0)irs Sty (=) el pri=k=aetivay, (20)

Substituting the quark propagators with their explicit expressions and carrying out the integrals, we obtain the theoretical
side of the correlation function:

F(lo)PE(p PisPa) = F%f)PE(pz, P71 P3)gu + other Lorentz structures, (21)

where the coefficient F('f)” E(p?, p?, p3) can be written as

P3( )(p t. 1)
FIOPE(p 3. p3) / dt / dt , (22)
+) e 4m?2 ! m? 2 pl)( Pz)

with pé )( p?. 1. 1,) being the QCD special density. The explicit expressions of p;( )( p%. 1. 1,) are given in Appendix B.
It is time to match the physical representation (18) and theoretical representation (21) of Fl )W( P, P1, P2). For the
Lorentz structure g,,, we have, by using the quark-hadron duality,
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Az JnS & m2 Mg /(2’" )

g
" (m2 = p}) (. = p3)(my_ — p?)

A 0 5 pl (pzvt ’t2)
+t— 2\( 2 2_/]‘”1/2‘”2 3(+)2 1 2 (23)
(my. = p1)(mg-—p3)  Jawz Sz (1= p7)(t2— p3)

where #) and £ are the threshold parameters in the channels of 7. and K*, respectively.
Setting p? = p? and performing Borel transforms p? — M%, and p3 — M%,, one gets

Az, fo S iy Mg (e~ /M

) 2mc(m%” - m%)

—m2 2 _
Bl — ¢ mZ(:.;-/MBI)e m

2 g 2
o/ M - Ae=Mne/ My o= /M

I 1
:Az dt]/22 d[ze_ll/M%sle—tz/Mizp:l;(H([],ll,[2), (24)

Acting on the above equation with operator m%ﬂ -

j./ZL'S fr’LfK* m%L mK*

2m,

gl(+) - Z /MBle I(*/M%ﬂ: |:m2 —_

We can study similarly other three-point correlation
functions, and the corresponding spectral densities are
given in Appendix B.

III. NUMERICAL ANALYSIS

The input parameters needed in numerical analysis are
(gq)=—(0.24+0.01)3GeV?, (55) = (0.8 £ 0.1)(0|gq|0),
(9:90Gq) = (0.8 £ 0.1)(0|g¢|0)GeV?, (9,50Gs) =
(0.8 £0.1)(0[55/0)GeV?, (¢2GG) = 0.88 +0.25 GeV*,

m. = (1.275 £ 0.025) GeV, m,; = (0.095 £+ 0.005) GeV,
m, =298 GeV, mg =0.89 GeV, m,,, =3.07 GeV,
mg =0.49 GeV, mp =186 GeV, mp =2.11 GeV,
mp- =2.01 GeV, mp =197 GeV, [, =035 GeV,
fr=022GeV, f;, =041 GeV, frx=0.16GeV,
fp =018 GeV, fp: =0.33 GeV, fp- =0.24 GeV, and
Sp, = 0.24 GeV, which can be found in Ref. [21]. For the
vacuum susceptibilities y, x, and &, we take the values

—(3.154+0.30) GeV~2, k = 0.2, and & = 0.4 deter-
mined in the detailed QCD sum rules analysis of the photon
light-cone distribution amplitudes [51]. Besides these
parameters, we should determine the working intervals
of the threshold parameters and the Borel mass in which the
mass, the pole residue, the magnetic moment, and strong
decay form factors vary weakly. The continuum threshold
is related to the square of the first excited states having the
same quantum number as the interpolating field, while
the Borel parameter is determined by demanding that both
the contributions of the higher states and continuum are
sufficiently suppressed and the contributions coming from
higher-dimensional operators are small.

d
d(=1/M3,)

we obtain

19 19
Lty | Cdne/Mi e_t2/M%2/’§(+)(t1,f1Jz>‘ (25)
4m? m?

We define two quantities—the ratio of the pole contri-
bution to the total contribution (RP) and the ratio of the
highest-dimensional term in the OPE series to the total OPE
series (RH)—as follows:

s

So . 2
St e dsp(s)e

RP; = . —
f(°2°mc+mx)2 dsp(i)(s)e M%f
0 —
[ O

i dsp(5)e

with i = 0, 1. Similar quantities can be defined for three-
point correlation functions.

In Fig. 1(a), we compare the various terms in the OPE
series as functions of M% with /5% = 4.5 GeV. From it
one can see that, except the quark condensate (gq), other
vacuum condensates are much smaller than the perturbative
term. So the OPE series are under control. Figure 1(b)

=4.5GeV.

The figure shows that the requirement RP, > 50% gives
M2 <3.05GeV? and |[RH,| < 10% when M% > 1.80 GeV?,
which is the lower limit of M%.

Figure 2 shows the dependence of m; and 1, on M2 in

\/$%. = 4.4 GeV (dot-

shows RP, and RH,, varying with M% at

the interval determined above with

dashed line), = 4.5 GeV (real line), and s%” =
4.6 GeV (dashed line). From the figure, we can learn that

094028-5
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3 x10 . . . . . 1 . . . ]
pert. / —RP
25| —-A-- (q‘Z> 'A 08k ---RH |
----- (62GG) X |
2r - © -{9:29Gq) K M3 3.05
—-#--(qq)’ /2( 06 RP 050839 il
- 8 - (70)(g2CGC) e
5 15 |- (09)(9.90Gg) oal ]
$
5 1
O 02t ]
05 M3 1.8
or H-0093982 ~ - - - TTTTTTT T T T T T T
o l/
0.2y q
05 - . . - .
1 2 3 4 5 6 7 2 3 4 5 6 7
M(GeV?) M2(GeV?)
(a) (b)

FIG. 1. (a) denotes the various condensates as functions of M% with , /s%“ = 4.5 GeV; (b) represents RP, and RH, varying with M%

at /sy =45 GeV.

4.5

44t

431

421

————— SOZ'A =4.4°GeV?
s = 4.5°GeV?
- - -s) =4.6°GeV?

0.03

0.028

0.026

0.024 =

1 — 0.022 ¢

S 002

! ! ! !

q 0.016

1 0.014

1 0.012

N
~ 0.018

S

Y., = 4.4°GeV?
5. = 4.5°GeV?
= 4.6°GeV?| |

! ! !

FIG. 2. The dependence of the mass m,_and pole residue A, on the Borel parameter Mi, with s% = 4.5 GeV (dot-dashed line),

2.4 2.6
M3 (GeV?)

(a)

2.8

0.01

s% = 4.6 GeV (real line), and ,/s%“ = 4.6 GeV (dashed line).

the mass and pole residue vary weakly with M7 and s . As
a result, we can reliably read the value of the mass and

pole residue: my = 3.997;, GeV and 15,

+0.17

1072 GeV?, respectively.

=207

+0.28
~0.16 %

obtain

2.2 2.4 2.6
ME(GeV?)

(b)

2.8 3

The same procedure can be done for the sum rules
of the magnetic moment and strong decay form factors.
The value of Gy,(0) is G (0) = 0.7775%5.

TABLE I. The numerical results of strong decay form factors and decay widths.

Decay mode Form factor (GeV) 19 (GeV?) 1 (GeV?) M2, (GeV?) M2, (GeV?) Decay width (MeV)
Z(4yes = 1K* g1y = 1.76 £0.41 3.52 1.42 [3.2, 3.8] [0.8, 1.0] 3227168
Ziyyes = JIWK gy = —0475040 3.6° 1.0 [2.6, 3.0] [0.7, 0.9] 0391063
Z(s)es = DD ge) = 4741139 2.42 2.62 [2.0, 2.4] [2.1, 2.5] 7.101545
Z(s)es = D*D; gaw) = 4347153 2.5° 2.5 2.0, 2.4] [2.0, 2.4] 6.76:3:%4

094028-6
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e e

=018y, (27)

Hz,, =Gy (0) :0~77J—r8'§$2

2my " 2my
where py is the nucleon magneton. This result can be
confronted with experimental data in the future and give
important information about the inner structure of the
Z,,(3985) state.

We summarize our results about the strong decays of
Z(1)es 0 n.K*, J/wK, DD}, and D*D; in Table 1. The
processes Z_y.; = n.K* and Z_.q — J/wK are sup-
pressed in the present model as we point out in
Appendix B. The summed widths of the four dominant
decay modes are I = 17475%°" and Ty =
13.86f61%f7 corresponding to0 Z(4)., and Z(_., respec-
tively, which are compatible with the experimental value.

IV. CONCLUSION

In this paper, we construct D§*)D(*>—molecule-type inter-
polating currents J(y),(x) with J¥ = 1%, calculate the
corresponding mass and magnetic moment using the QCD
sum rule method and its extension in the weak electromag-
netic field, and study the processes of Z .., ton.K*, J /yK,
DD}, and D*D, via three-point sum rules. Starting
with the two-point correlation function in the external

electromagnetic field and expanding it in power of the
electromagnetic interaction Hamiltonian, we extract the
masses and pole residues of Z ()., states from the leading
term in the expansion and the magnetic moments from the
linear response to the external electromagnetic field. The
numerical values are mz. . = 3.99f8.',12 GeV, Az(i)m =
0. 0.16 :
2077078 x 107 GeV?, and pz, = 0.18%05 uy with
uy the nucleon magneton, FZM” = 17.47f§_20'g0, and
Iz .= 13.86fé%137. The masses are in agreement with

the recently measured value of Z.,(3985) by the BESIII
Collaboration, mj " =(3982.57)¢+2.1)MeV. The widths

are compatible with the experimental value T3 =

(12.8133 £ 3.0) MeV. The pole residue is a necessary input
parameter when studying other properties of the correspond-
ing state by the QCD sum rule method or light-cone sum rule
method. The magnetic moment and the various decay modes
can help us to determine the inner structure of Z.;(3985)
when being confronted with experimental data in the future.

ACKNOWLEDGMENTS

This work was supported by the National
Natural Science Foundation of China under Contract
No. 11675263.

APPENDIX A: THE QUARK PROPAGATORS

The full quark propagators are

iy m (q9) (q9) x*
S(x) = . A S+ i tm s, — Gq)d;;
50 = 30— g2 0 Ty O g ek — g5 (9:40Ga)é,
+ iim (9,46Gq)d;; — lgs 1iGh (Yo + ot ¥)
1152 4\ 32 2x2
5 eqFﬂu lj q)((qq>o-’wF;w 6ijeq<‘_]q>F/w
v i HY D) s OH v
32 An 2.0 ) (X +o X) 24 788 (0 o xax)
) F
P00 00 (4 gyom — (2 - o) 4 - (A1)
for light quarks and
SQ( - / d*k ik Ftmg o g5ti5GL o (K + mg) + (K+mg)o™  (g3GG) 5om K>+ mok
(27)* K —mb 4 (K — m2)? 12 (2 —m)?
N 0ijeoF o™ (K +mg) + (K+mg)o™ N (A2)
4 (k2 Q)Q

for heavy quarks. In these expressions, ¢

= ’17 and A are the Gell-Mann matrix, g, is the strong interaction

coupling constant, i and j are color indices, ey, is the charge of the heavy (light) quark, and F,, is the external

electromagnetic field.
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APPENDIX B: THE SPECTRAL DENSITIES

1. The spectral densities of the two-point correlation function

On the QCD side, we carry out the OPE up to dimension 8 for the spectral densities p(¥)(s) and p(!)(s). The explicit

expressions of the spectral densities are given below:

d=0 d=3 d=4 d=5 d=6 d=8
S0 4 o8 () + o () + o (5) 4 o0 (5) + oS () + (),

with

. 3 Amax l-a 1
P 5) = Z06 / da / db— = (1 —a=0b)(1 +a+b)(mi(a+b) - abs)*

3b3
—a- a mg(a —abs)?,
2048ﬂ amn |T|||'| ¢
(d:3)< ) 3m SS /amax /l Ll + + b)( ( + b) b )
a a mg(a —abs
7 2567: A A :
3m my qq amdx 1-a
T 6drt db_b( 2(a + b) — abs)
- B db— b) — ab
2567: / / (a + b) — abs)?
3my(5s) [ am
> da——(m? —a(l - 2
- 2567 Lmi“ aa<1 —a) (mg —a(l —a)s)*,
— GG) amax
ﬂéd74) (s) = 2O£4]L28n lmm /mm —(1—=a—=>b)(1+a+b)(m%(a+b)—abs)
ade 1_
—(1=2a-2b b) — abs)?
20487; / / a = 2b)(m¢(a+ b) — abs)
3 GG umax l—a
= 8?957‘: me /mm —(1—a-b)(3+a+b)(mi(a+b)— abs)
3 amdx l—a
T — db— 1—a-b)(3 b b
8192ﬂ Aﬂm / (1—=a=b)(3+a+b)(a+Db)
m My gs amﬁx 1= ”
b b) —ab
40967° /m / I+ a+Db)(mi(a+b) - abs),
=, 3 G G Amax —ll
1) 5) = 2el19:80G4) + {:50Gs) / / (a+b)(m(a+ b) - abs)
2567* . -
am1x 1- a
L 3m ((9,q0Gq) + (g,50Gs)) / ) ab)
512” Amin mm
l—a

3m N gsanq / amdx / a'b
256” amm mm

3 G G anux 1
_3m.({9,GoGq) + (9;350Gs) / dat (m2 - a(1 - a)s)
2567
3 2 q G amax
mcms<gsza q) / da
256x i

Ky G Amax
—l—%[lmm da(m? —2a(1 — a)s),
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(dze)( ) = m?(gq) (5s) \/s(s — 4mC _3m, m(Gq)(3s) \/s(s —4m2)  mmy(qq)(ss) 1 (B6)
S) = - )
Po 1672 1287 s 327 5(s — 4m2)

(d:7) _ _m6(< > GG / max / db b b (< > GG /amax /] a
po ()= 1024;: . . Tath)y 3072;: A

m

mc(<‘1‘]> + < >)< SGG> Omax c((qCI> < >)<Q§GG> a"‘“" (1 +a+ bmm)bmin
- 15367 me dat 30727 /am“ a(as — m?)

)+ EGGE) [ 1, 00 by PG [, Vo
a a——"0—
30727* . a*(as — m?) 15367* i a(as —m2)
G9)(g2GG) [ @mx b tmy(qq)(g?GG) [ amn B
ms<qq><495 ) / da—Lmin_ +mcms<qqz<gs2 ) / da——bmin__
256m i a(as — mg) 7687 My i a*(

as —mz)
mim (55)(G60) 1 (@, | ah) | mim(5s)(2GG) 1
153624 s(s — 4m%) 307272* S(S — 4m%) ’

+

(B7)

Amax Amin

48 () = — ((29){g,50Gs) + (55)(9,q0Gq))  mZ 2mz | 2me |
0 64> s(s—4m%) M% N

(2(39){9,50Gs) + 3(55)(9,q0Gq))  mim, <2s 3 2)
)

+ 4 s
7687 s(s — 4m?2 My Mg s

s 36G M,
_s)odoGa) _mams 2 o (%)
1287°My s(s — 4mg)

d=2 d=3 d=5 d=6 d=17 d=8
=2 oI () 4 pl 0 () + 91 (5) + T (5) 4 p 1P (), (BY)

with

(d=2) _ Apmax 1- a
P (s) = 102471 /mm da o 2b2 (a+ b)(m%(a+ b) — abs)?

9emm

al‘ﬂdX 1 —a
d db— +b + b) — abs)?
10247[6 /amm al . a )( (a ) a S)

Qe .m my a , )
204875 / da L 252 bz —a—"b)(1+a+b)(mi(a+b)—abs)

aﬂ]dx 1 a
9{30;"4;" / " da A (1 —a—b)(m(a+b) — abs)?, (B10)

d=3 3m.y(e,(qq) (5s) amdx 1- a
pg )(s) = 256, m?%(a + b) — abs)?

_3m ;(e 5s Gz l-a
- db— b) — abs)?
256” A|n|n /m|n a + ) a S)

3m 3mzmgye,(qq) (qq) /amax /l
b) —ab
128” amm mm a + ) a S)

. 3mgye(ss) /am »
256” Amin

a(l—a)(m —a(l—a)s)?, (B11)

094028-9
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d=5 3mee((qq) — (55)) [ ama lma 1
P (s) = o da dbab(aer)( 2(a + b) — abs)
_3mee, ((qq) — (55) /amdx /1 a 2
b)—ab
128” amm mm (a + ) a S)
3m, (e (5s) l-a
¢ “d b) —ab
+ 1 28” alTlll"l a /mm + ) a S)
amdx 1- a 2 a Amax l—a
_meleud (5s) / / m(a + b) — abs) + %“i{”)/ da/ db
128” Amin mm 128ﬂ Amin bmin
me(2 = &) (e, (55)) [om /
512” amm mm a + b) abS)
2k = &)e,(qq) /amdx /1 a
51271- amn mn
3 2 —_ Amax l-a
m.(2x + 5)2(5677 e (5s) lmm i /mm db— (a+ b) — abs)
3 2 amax 1 a 1 3 - K amax 1
25 6” Amin mm b 1 28” Amin a
3mseu <SS> max mc( u<qCI> — € <SS>) Cmax 1
- WAM da(m?—2a(1 —a)s) — DS Lmin dag (m? —a(l-a)s)
mim,e,aq) [ | me(c+&)(enaq) — eu(5s) fams 1
clsCy da — —¢ u s da— 2 _a(l -
T g L“ . 256" Lm ag (me = a(l = ajs)
mimg(x + €)e, (Gq) [ amn
Sl u da, B12
2567 / . (B12)
(d=6) 3m mge, gsGG /amdx / L—aon b
P (s) 819255 . dbrz(l-a J(1+a+b)
3m mge. “max 1 e — e, GG amax
— db b b
409672- /n]ln /lnlﬂ b 2048” me /lﬂln a + )
3m.mye,(?GG) amdx 1
— b
T 4006m0 / - / , Yz bla+b)
3(es — s
— b)—ab
409 6” /l"ﬂll'l /mm a + ) a s )
_ mgmsec<gsGG> /a""“X da l—a- bmin mcmsec<g§GG> /am"‘X da (1 —da-— bmin)<1 +a+ bmin)bmin
40967° . a(as — m?) 81927° i a’(as — m?)
_ C sTu s d min min N u S d = 2 _ 1 _
40967° /amm “ a*(as — m?) 40967° me a a (e = a(l - a)s)
+ m%(es - eu))é<é‘]> <§S> /a"“‘" da — mcms(es - eui)((é‘” <§S> /a"“‘" daa
32” Amin 327[ Amin
_ mimg(2e, — e,)r(qq)(Ss) 1 (B13)
647> s(s —4m?2) 7
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_ 3 €. 7 G G Amax l-a 3 g G - ) G Amax l-a 1
P4 () = — mee:((9,90Gq) = (9;50Gs) / da/ b Meec((9540Gq) — (9,50 S>)/ da/ b (a+)

51272% 25674
3 goGq) — G amdx I-a GG amdx I-a
_3m(e,(9,40Gq) e u(9,50Gs) / / e ) mey (e (qq) - / / db
25 6” umm mm 1 024” umm mm
3mcec(<g€‘_]UGq> B <g¥S6GS>) /am‘“ (261 B 1) 3mcm¥ec <quo-GQ> /a"‘“"
; L d _ ! : d
+ 5127* Ao “ a 2567* Auin “ as— m%
3 q G —_ Ky G Amax 3 K} G Amax
_3m(e,(9,40Gq) - e, (g;50 S>)/ daa+ mseu<gssr s) / daa(a—1)
512x% i 512x% i
_ 3mc(es <ngIGGQ> —€y <g‘Y§6GS>) /u"‘a" da a _ mg){(eu<EIQ> — € <S‘S>) <g%GG> /a““‘X da bmin
2567 0y a—1 30727* o, alas—m?)
miy(e,(3q) — e,(55))(g7GG) [ max bain memyye,(3q)(g;GG) [ Buin
7 da— 5+ 7 da 5
30727 a  a-(as—mg) 512x ay,  alas—mg)
mimsxeu <QQ> <g% GG> Cmax bmin m%ms)(es <S‘S> <g% GG> CGmax b2
— da dg——"min
153674 M> i a*(as —m?) 153674 i a(as—m?)
qq) — s 2GG Amax S 2(;G Amax
L morlen(qq) es(js>)<gs ) / da Msxes(5s) <.ZS ) / da(a—1)
1024 . 10247 i
_3m3(65<gséaGQ> _€u<gs§6Gs>) 1 _mimseu<gs§6Gs> 1 L‘f'é
512x* s(s—4m%) 256x* s(s—4mg) M% S
m2mgyye(5s){g>?GG 1 at.  a’ m2mgyye,(5s){g>?GG 1
1536x S(S - 4m%) Amin ~ Gmax 1024r S(S — 4]7’1%)

(d=8), \ m mge <QQ>< > 1 mcmsec<QQ><§S> amax+am1n < s >
(5)= . e

p +
! 32m° M3, s(s—4m?) 64> s(s—4m?) M3
N mzy(e.(qq)(9,50Gs) — e,(55)(9,40Gq)) 1 me N m_% .
647> Vs(s—4m2) \M3
_mimyy(e.(qq)(gs50Gs) —3e,(55)(9,0Gq)) 1 s 2.2
384n2 s(s—4m%) M% M% N
msxe(3s)(9:q0Gq) 1 1 2\ memgye(ss){9,g0Gq) s (@t )
12872 s(s—4m%) M% 6471'2M% s(s—4m%) e mn

mi(e;—e,){qq)(5s 1 1 2 mimge,(qq)(5s 1 s 3 4

n ( )2<CM>< ) 1 n <q§1>< ) s 38
487 (s—4m ) M 1927 S(s—4m%) MB MB N
+m2‘(es —e,)(k+£)(qq)(5s) 1 (L n 1) m¢ (e, —e,)(2k = £)(qq) (5s) 1
9672 s(s—4m?) M%» 19272 sy/s(s —4m?)

mimge, (K +£)(qq)(5s) 1 s 20 2\ mime,(2k—&)(qq)(5s) 1 2

+ 2 gt T 2 W
384rn s(s—4m%) MB MB N 7681 s(s—4m%) MM

m¢ (e, —e,)(2k +£)(qq) (5s) 1 memge, (2k+£)(Gq)(55) max+dnin (S

_ ; - > —+1 (B15)
647 s(s—4m?) 1287 s(s—4m?) \M3
1+ - 1-14/ I—AL m?
In the above equations, a,,,, = f Amin = —5—— and by, = af wZ Cus €s> and e, are the electric charges of up,

strange, and charm quarks, respectively, in the unit of the positron’s electric charge.
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2. The spectral densities of the three-point correlation function

We will give the explicit expressions of the three-point correlation functions in this subsection.
For F(' " (p, p1» p2), the spectral density is

P;H)(ll,fl,lz) :P;EO))(fl,fl,fz) +/’3E ))(tl,fl,fz) +P32 ))(tla[l’t2) +P3E >)(tl7tl’t2) (B16)
where
10 L™ a3 37e s B17
Pay(t1 11, 12) RN a|3(a—1)at; +mi+—— | (B17)
3 mg(qq) [ e
pég-‘:—))(tl’ tlv t2) = - 8\/<§7[2>/ da[?)(a - 1)at1 + mﬂ(s(tz), (B18)
4 2 2
1) mc<g§GG>/1 a-1d , mc(g%GG>/1 a-1d ,
.t t)=— d 5((a—1)at Npy+—2 L [ 4 —8((a—1)at 2\t
IANIURINCY 576727 & a8 ((a=1Dat; +m2)t, + 38425 a— dr, ((a=1)at, +m)t
. GG) [1 -1 d 3 ’GG 1 d?
+mcms(g§ >/ da(a ) 5((a—1)at1+m§)t2+%/ da® "~ 5((a—1)at, +m2)t,
0 0

ad2

51227

a dtl

1536v274

(5;GG) / ! mi(g;GG) / d
— da(a—1)adé((a— 1at+mt— d—(Sa 1at+m
76375 Jo (a—1)as((a—1)at, )t 2567/ ((a-1)atr, )t
mL‘mS <9%GG>/ <g‘GG> /amax
+————= da —5 a—1)at, +m2)t, +~=—L da(a—1
1024+/27* dr, (a=at, +moty 384v/27* Ja,, et
(9,GG) / ,
- da|3(a—1)at; +mz|6(1,), B19
384yt Jy, P Dan+meldln) (B19)
1(5) mc<<gSZIO-GQ> + <gs§O-Gs>) ms<gs§O'GS> /am"‘x 2 d
Mity) == s = ain)8(12) + P2 [T daf3(a -1 P
Pa(oy(t111.12) 48722 (Amax = Amin)0(22) + 96V af3(a—1)at; +m ]dtz (12)
2m {g.goG 1) (9,q0G @max
mzm(g,GoGq) ()  my(g,GgoGq) / da(a —1)5(ty). (B20)
12V27° n(n —4m?d 16827 Jap,

For I'! » (p, p1, p2), we find that the perturbative part and quark-condensation part contain only Lorentz structure
P1uPoy- é\s aresult, we choose this structure to obtain our sum rule for the strong decay form factor g;(_). The corresponding

spectral density is

Pé<_)(l1,l1,f2) = p;g(ﬁ,h,fz) +P;E3_))(f1,f1, 1) +P;Ei))(f1,l1,f2) +P;Ei))(f1,ll,f2), (B21)
where
10 ( p )y = DM gy (B22)
,03(_) 1> 41542 64\/2 4 Amax min
1) _ m.({gq) — (3s))
Pyt 1. 1n) = W(“max — awin)8(12). (B23)
1(4) ms<9§GG> ! (“—1) d mgms<9§GG>/l a=1d 2
t,t, 1) = da —o((a—Dat; +mz) + ————— —6((a—1)at; + m;
,03(_)(1 1:12) 256V27*  Jo a dy (( Jaty ) 768\27*  Jo a d2 (( Jaty )
mcms<ngG>/1 mcms<ggGG> 5(t2)
+ da—é a—1)aty +mz)+ , B24
51227% o dr ((a=Daty +me) 38427 \/1,(t; —4m?2) (B24)
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1(5) _ mc(<gquGq> _ <gs§6Gs>) 5(t2)
p3(_)<t17t17t2) - 2 N
]6\/277.' tl(tl —4mc)

(B25)

The spectral densities are proportional to either m, (§q) — (5s), or (g,goGq) — (g,56Gs). As a result, the process Z(_)., —
n.K* is suppressed in the present model.

For F(2 +)uv< P. D1, P2), we choose the Lorentz structure g, to obtain the sum rule for the strong decay form factor 92(+)-
The corresponding spectral density is

P§(+>(t1’ fty) = P?E(f)(tl, t,t) +P§E3+))(flv t. 1) +pggi)>(t1, t, 1) +p§8>)(t1, t, 1), (B26)
where
pa (t 1y 1y) = %\@# / mm da [(a — Dat, + mi”} f, (B27)
ng))(h,tl, ) = _ms(2<8f_lj>§ﬂ—2 (5s)) /am da(a — 1)at6(t,), (B28)
A ) = =GO [ 8L van 4 ey =05 [ 40 (a4
n;iég\‘%/g;>/oldaa;1di (5((a—l)at1+m%)t2+m;’;1;iiz%if>/olda(a_a])zdil 5((a—1)at, +m?)t,
+ B0 [ (a=an 42+ 2O [ Ly, i,
PTG [ da Lt a= Vs + )= daa = 1pas((a=yan + e
7"1926@}; G A ' da(a—1)8((a—V)at, +m2) +73<892324 / da(a—1)
mljm da(a—1)at5(1,), (B29)
() = mz"f;@“;—qff” f (i( ti)4m3) - (B30)
In the above equations, a,,,, = Hfl_hf and ay,;, = - 21_%:%

For F%_ W(p, P, p»), we find that it is zero except Fhe mixed cogdensation with Lorentz structure g, and p,,pi,.
Therefore, we believe that the process Z(_y., — J/wK is suppressed in the present model.

For F% i)/w( P, P1, P2), we find that their theoretical representations are the same. The spectral densities corresponding to

the Lorentz structure g, are

300 303 34 3(5 3(6
Pg(i>(t1’f1,t2) :/’3( >(117f1,f2) +P3( )(tl’th[Z) +P3< >(11,f1’l2) +/’3( )(tl’tlﬂt2) +P3( )(tl’th[Z)’ (B31)

where

3(0) B 9 /1 ) /1 2
tH,t,h) =——— dala(m; — aty) — m.my db(m; — bt;), B32
P3 ( 141 2) 16\/577.'4 - [ ( 2) ] - ( 1) ( )
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3(3) 3mc<ZIQ> /1 2 2 3mc<§s> /l 2 2
tH,t, ) = ———- dala(m; — aty) — m.mg|6(ms —t;) + db(mz — bt))o(mz —t
Py (t 1. 1) o Jo la( 2) s]0( 1) NG ( 1)8( 2)
3mZmg(ss) /1 d
-1 db(m? — bt)) —5(m? — t,), B33
8vV212 oy ( l)dt2 ( 2) (B33)

2/ 2
34) mZ(g;GG) / ! ) / 1d
t,t, ) = ———- dala(m; — aty) — m.my db——35(m2 — bt
Py (Lt 1) 12827 Ju. la( 2) ] bd1, ( 1)

(2GG) /1 /1 ( 3m m> d
+—" db(m? — bt da| m> ——""2) —6(m? - at
128\/§ﬂ4 bmin ( 1) 0 a dtz ( 2)
3 2 1 1 1 d2
+mcms<gsGG>/ db(mg—brl)/ da—-—5(m? — aty)
bmin 0

128v/2x* a? dtj
3(g:GG) / (:GG) [
- dala(m? — at memg|8(m2 —t +s7/ db(m? — bt,)5(m? — t
o | dalam = at) =~ mom ot )+ 0O [ bt — b 1)
(:GG) / ! 2 / ! >
—_— db(m; — bt daad(m; — at,), B34
128v/27* Dain ( 2 0 ( 2) ( )

3 G d
P01 = =BG [ o~ aty) = mom) oy = 1)

2
16fﬂ e

m2(3m. + my)(g,56Gs) /1 d?
- < S db(m? — bt)) — 6(m% —t
16\/§7t2 b ( l)dt% ( 2)
mimg{g,56Gs) /1 &
42 L [ db(m? - b)) ——=8(m? —t
6V o ( 1) i ( 2)
3m.{g,G6Gq) /1 d
+——r dala(m? — aty) —m.m;| —6(m2 —t,), B35
8V o [a( 2) A]dt1 ( 1) (B35)
207 \ie 3,0 (7N
3(6) m(qq)(ss) o, > memy(qq)(Ss) o 5 d o
t,t, ) =—————=0(mz —1])6(mz — t,) ————————6(mz — t;) —6(m: — ). B36
Py (tit1,1) /2 ( 1)8( 2) 22 ( l)dtz ( 2) ( )

For F‘(1 i);w< D, P1» P2), we find that their theoretical representations are the same. The spectral densities corresponding to
the Lorentz structure g, are

40 403 44 45 4(6
pg(i)<tl’t1’t2) :/’3( >(11,f1,f2) +P3( )<tl’tl’[2) +P3< >(ll’f17lz) +/’3( )(tl,ll,fz) +P3( )(tl7tl7[2)’ (B37)

where

4(0) _ g /1 2 /1 2
P t,l,1)) = ——— da mg; —m.mg — at dbb mg — bt y B38
3 ( 1> 41 2) 1 3\/§ 4 o ( 2) - ( 1) ( )

3(2mc — ms)<§s>

3 1
p;m)(tl, 1) = e <qq> / da(m? — m.mg — aty)é(m? — t;) + / dbb(m? — bt,)s(m? — 1,)
Amin bmin

\/_ﬂ' 8\/§7z2
3m2m <§s>/1 d
_2MIS) T b (m2 — bty) - §(m2 = 1), B39
[ ot b stz = (B39)
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mZ(g:GG)

128v27*

me(m, = 3m;){g;GG)
128v27*

4(4
,03< )(t1,f1,tz) =

1 1
/ da(m? — m.m, — at,) / db—&(m? — bt))
Amin 0

dr,

1 I 1d
/ dbb(m? — bt;) / da———38(m? — at,)
bmin 0

a dtz

3Sm APGG) (1 I 72
+M/ dbb(mg—btl)/ da—" 5(m2 = aty)
bmin 0 a

128v274
(:GG)
128+/27*

1
/ da(m? — m.m, — at,)s(m? — 1))
Amin

2GG) [1 !
+ (9:GG) / da(m? — m.mg — at,) / dbbs(m? — bt)
Amin 0

128v/274
_3(5:GG)
128+/27*

16V272

4(5 3m(g,goGq) [ &
o9 11.00) = =298 [ 0, —ar) Dotom 1)

1
/ dbb(m? — bt))8(m? —t,),
bmin

(B40)

2

3m?(g,56G 1 d
_W/ dbb(mg—btl)—zé(mg—tz)
16vV27%  Jby, dt

mém,(g,56Gs) [1 & 3m.(g,GoGq) [1 d
SRR 4 St dbb(m2 —bt))——=d(m2—t +;/ dbb(m? —bt;)—5(m2—1,),
16722 Aﬂm (m l)dt% (m 2) 8v/272 - (m l)dt2 (m 2)
(B41)
2 — _ _ _
4(6) m6<qq><ss> 2 2 mcms<qQ><ss> 2 2
t,t, ) =———=———06(m: —t1)o(m; —t,) ——————=——06(mz —t;)0(m; — t
Py (t,ti,ty) V2 (m 1)8(m 2) 22 (m 1)8(m 2)
mimy(gq)(5s) d
— TS (mE — 1)) —6(m2 —1). B42
o = ) -d(m? 1) (B42)

In the above equations, d,;, = m?2/t, and b, = m?2/t,.
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