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Case for quarkyoniclike matter from a constituent quark model
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Based on the fact that the constituent quark model reproduces the recent lattice result on baryon-baryon
repulsion at short distance and that it includes the quark dynamics with confinement, we analyze to what
extent the quarkyonic modes appear in the phase space of baryons as one increases the density before only
quark dynamics and hence deconfinement occurs. We find that as one increases the baryon density, the
initial quark mode that appears will involve the d(u) quark from a neutron (proton), which will leave the

most attractive (ud) diquark intact.
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I. INTRODUCTION

Recent progresses of multimessenger astrophysics pro-
vided important clues to the properties of dense nuclear
matter [1-5]. To support the massive neutron stars whose
masses are larger than two times the solar mass [1-3],
it was found that the equation of states (EOS) for dense
matter had to be sufficiently hard. Meanwhile, the tidal
deformability constrained via the GW170817 observation
[4,5] from the neutron star merger implies the possible
neutron star radius to be R4 < 13.5 km, which requires
a relatively soft EOS. Subsequent analyses [6—8] showed
that the EOS should have a stiff density evolution around
some moderate density regime with the sound velocity
v2>1/3 to reconcile these contrary requirements.
Furthermore, recent NICER measurement reported R, og =
13.7+2.6—-1.5 km from pulsar PSR J0740 + 6620
[9,10], whose large mass and radius also supports the stiff
evolution of EOS around the core density. As a possible
origin for the stiff evolution, one considers an EOS built
from the quarkyonic matter concept.

The quarkyonic matter concept [11] was introduced
originally from the large-N,. quantum chromodynamics
(QCD) [12,13] description of cold-dense matter. If the
quark Fermi momentum is large enough (k% > Aqcp)s the
quark distributed around Fermi surface will be confined
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into the baryonlike state, as is the case in the vacuum,
because Debye screening effect will be minimal due to
the 1/N, suppression of the quark loop correction to the
gluon propagator. Then, the phase space distribution of the
baryonlike state will be the shell-like form due to the Pauli
exclusion principle between the confined quarks and the
quasifree quarks occupying the lower phase. Assuming that
the quarkyonic matter configuration could appear at mod-
erate densities, this concept has been applied to recent
neutron star studies [14—21] where it was found that the
hard-soft evolution of the EOS appears naturally inside the
neutron star.

The quarkyoniclike configuration with shell-like phase
space distribution of baryon can be dynamically generated
through the hard-core repulsive interaction between nucle-
ons [15-19]. Although the formation of the quarkyonic-like
configuration requires enhanced kinetic energy density,
this configuration can exist as true ground state if the
diverging repulsive baryon potential exists. The presence
of the short range repulsion in baryon-baryon interaction is
an essential ingredient in providing nuclear stability [22] and
our understanding of it evolved with our description of
strong interaction [23-30]. It was recently shown that the
short distance part of the baryon-baryon interaction includ-
ing those with strangeness extracted from the recent lattice
calculation [31,32] can be well reproduced using a constitu-
ent quark model [33]. This result together with the fact that
the constituent quark model involves the quark dynamics
including the confinement physics, suggests that by analyz-
ing the quark dynamics in the presence of neighboring
nucleons, one can realistically assess if the quarkyonic
modes naturally appear as one increases the density before
only quark dynamics and hence deconfinement sets in.

From a phenomenological model point of view, the
quarkyoniclike configuration at finite baryon density can be
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understood as the appearance of a modified phase space
distribution from the ground state composed of quasibary-
ons. At shorter distance from its equilibrium position or
larger momentum scale, baryon kinetic energy has lower
energy than the quark kinetic energy, whereas at larger
distance, which corresponds to shorter distance to the
neighboring baryons, the enhanced baryon-baryon repul-
sion over the quark-baryon repulsion favors quark excita-
tion. Such properties are exactly what we find from a
constituent quark model analysis at sufficiently high baryon
density. However, as we will see, the initial shell-like
momentum structure will involve the d-quark occupying
the low momentum part connected by the baryon shell.
This is so because the d-quark excitation in the neutron will
leave the attractive (ud) diquark intact and hence cost the
least amount of excitation energy.

The paper is organized as follows. In Sec. II, we introduce
the quarkyoniclike matter configuration. In Sec. III, we
analyze the excitation modes of the baryon and quarks in the
presence of a neighboring nucleon. In Sec. IV, we find the
lowest modes at a given nucleon density by extremization of
the energies. In the last section, we summarize our result and
give prospects for further studies.

II. QUARKYONIC CONFIGURATION

In the phenomenological model of quarkyonic matter,
one assumes that the nuclear matter undergoes a second-
order or crossover phase transition at some moderate
density regime since the first-order phase transition would
not clearly appear due to the quark-hadron duality man-
ifested in quarkyonic matter [11]. Adopting these assump-
tions, the phase space of fermions at these densities is
composed of two modes. In the low momentum region,
quasifree quark Fermi sea appears smoothly near the origin
of the phase space. Above the quasifree quark modes, due
to the presumed Pauli blocking effect, the confined quarks
take the higher momentum region of the phase space
through a shell-like baryon distribution in the phase space.
In such configuration, the number density of each fermion
can be counted from the phase space distribution:

kr+4l, Pk
n, = nS l 9 1
: A (27)° .
K dk
H =2 —_—, 2
ng, A (27[)3 ( )

ng = an[ =+ Z”Q,’ (3)
7 7

where Egs. (1) and (2) are the contributions to the baryon
density coming from the baryon (b) with flavor i and quark
(0) with flavor I, respectively. The tilde in Eq. (2) denotes
the baryon density calculated in terms of the quark density

so that the degeneracy of N, is compensated by the quark
quantum number which is a factor of 1/N,. compared to
that of the baryon. n, denotes the spin degeneracy.
Equation (3) is the total baryon density composed of quark
part and baryon part. Through Eq. (1) the upper boundary
of the baryon distribution is defined as [ky + A, =
(67 /n,)my, + ki),
distribution kfv" can be defined differently depending on the
model assumption on the quark Fermi sea. For example,
if one considers the isospin symmetric quasifree quark
sea, kb = N k%.

For a given total baryon number density, the transition to
the quarkyoniclike configuration occurs if the nontrivial
minimum of the free energy (where ny # 0) is obtained.
The free energy density at 7 — 0 can be written as

The lower boundary of the baryon

f=¢€—-Ts

_)eznz/kpw]b dk
+2 Z/le ko (), (4)

where E, (k) and E (k) represent the single baryon and
quark energy at each phase cell, respectively. Whether the
assumed two modes are the preferred state can be assessed
by extremizing the free energy for a fixed density. For the
isospin symmetric dense matter, the extremization con-
dition at a given total baryon density np can be found as

Ep, (k)

Oe Oe
de = an,vd””+8 Qd g
Oe Oe
= (G g =0 ®)

where ny denotes the nucleon density. One can find the
condition uy = ug for the nontrivial minimum (ng # 0).
If one assumes a diverging repulsive potential at short
interdistance of baryon, then this relation is satisfied around
the hard-core density [15-19]. In the low nuclear density
regime as well as at the normal nuclear matter, the free
energy should have the trivial minimum with ny = 0.

In this work, we will study the possible appearance of the
d quarks in dense neutron rich matter as the dominating
long-range modes in the configuration space (low momen-
tum modes in phase space). This is accomplished by
calculating the quark and baryon energy relevant for
Eq. (4) using within the constituent quark model. While
the energies will be expressed in terms of the position and
momentum coordinates, we can express them into momen-
tum coordinates since the lowest energy mode of the
fermions satisfy the minimum uncertainty
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r =

1
-, 6
- (6)
which is particularly suited for the trial wave function of a
gaussian form as used in Ref. [33] to describe the ground
state of a multiquark configuration.

III. EXCITATION ENERGIES

Let us consider two nucleons separated by a distance r,,
which we will assume is the interbaryon distance at finite
baryon density n~1/r),. We will consider the lowest
possible excitation modes in the quark and baryon basis.
For that purpose, we first consider the excitation of the
baryon as a function of r from its equilibrium position as
shown in the right figure of Fig. 1. Second, we explore the
interaction of the lowest quark mode as shown in the left
figure. All remaining quark and baryon configurations and
their relative interaction energies are assumed to be fixed.

A. Excitation of the baryon mode

Here we first discuss the right figure of Fig. 1. While the
long and intermediate nuclear attraction is important in
providing nuclear saturation, here we will neglect these
interactions and concentrate on the nuclear repulsion
with the neighboring nucleon. This is so due to the quark
mode only appearing near the neighboring baryon (small
|r — rq,|) because the short distance quark-baryon repul-
sion is smaller compared to the baryon-baryon repulsion at
same separation. Therefore, any intermediate attraction in
the baryon potential will only strengthen the baryonic mode
at that position. Hence, the dominant baryon energy is just
the repulsion due to the baryon at r = ry,.

To parametrize the relevant interaction within a single
model, we will use the following quark model Hamiltonian,
which was recently shown to explain the lattice data for
nuclear repulsion at short distance [33].

Y p;\ 3¢
H = . i _ 2 VC VCS ’ ;
izl:<ml " 2mi> 16 ,-<j( ! i Y ) ( )

where N is the total number of constituent quarks and m;s
are the constituent quark masses. The spin-independent

Quark mode Baryon mode
r —
r
r=0 r=r, r=0 r=r,
FIG. 1. Left: excitation of the quark. Right: excitation of the

baryon.

(spin-dependent) color interaction denoted as Vi (V) is
given by [34,35].

K T
VE =)0 -—+-2-D), 8
L L J( rij+a() ) ( )

K/

1 2 qc
72_6—(’:'//’0:’]') A;,{;Ui -0}, (9)
MM ;ro;jTij

Vs =
where A are the Gell-Mann matrices of the ith quark for the
color SU(3) and o; are the Pauli matrices for the spin SU(2).
Here, r;; is the distance between quarks, while ry; is
chosen to depend on the constituent quark masses as

roij = (a+ Pui;) ™" (10)

with y;; = m;m;/(m; 4+ m;) being the reduced mass. The
parameters are given in Table 1.

There are two possible states of two nucleons satisfying
the Pauli principle: (Z,S) = (1,0), (0, 1). Figure 2 shows
the nucleon-nucleon repulsions calculated from the con-
stituent quark model using Eq. (7) for the two channels. We
calculate the nucleon-nucleon repulsions using a simple
Gaussian function as a spatial part of the multiquark wave
function. Including the kinetic term and neglecting all
other nuclear interaction, we then find the nonrelativistic
Hamiltonian of a baryon for / =1, S =0 to be

2 _lr=ra? Irapl”
ap v2 B 2

_ e —
sz |r_rav| |rav|

EIB:L’S:O = mgp +
(11)

where my is the nucleon mass. The fit to the plot in Fig. 2
which is calculated using a constituent quark model gives
ap = 0.218 GeVfmand by = 1.474 fm. The potential part
of Eq. (11) comes from the hyperfine interaction in Eq. (9),
and has been normalized to vanish at » = 0 as the baryon
mode and quark mode should describe the same state
when r = 0. The quark potential will be normalized in the
same way. Since the difference between / =0 and / =1
channels is small, we will take E% = as the baryon mode
energy Ep for both channels.

B. Excitation of the lowest energy quark mode

Here we discuss the left figure of Fig. 1. For that purpose,
consider pulling away one quark from the remaining two

TABLEI The parameters of CQM fitted to baryon masses [35].

K K ay D a s My g

0.59 0.5 5.386 GeV~2 0.96 GeV 2.1 fm~!' 0.552 0.343 GeV
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FIG. 2. Nucleon-nucleon repulsion obtained from the hyperfine
potential in Eq. (7).

quarks. For a neutron composed of (udd) quarks, it could
be either a u quark or a d quark.

We note that the difference in pulling out a d or u quark
lies in the color-spin interaction. This can be intuitively
understood by considering the strength of the color-spin
factor among quarks.

N

X==) (KXo, o)),

i<j

4
= N(N =10) +3S(S+ 1) +4Cx +2Cc. (12)

Here Cg and C¢ are the first kind of Casimir operators of
flavor and color of SU(3) for the N-quark system, respec-
tively [36]. This color-spin factor is —8 and +8 for the
nucleon and delta, respectively, and is responsible for their
mass difference. As discussed in Ref. [33], the color-spin
interaction based on this factor can explain the recent lattice
calculation for baryon-baryon interaction at short distance.
For the nucleon, the factor comes from the attraction among
three quarks. However, the (I = 0, S = 0) color antitriplet
diquark (ud), which is often called the most attractive
diquark and comprises the dominant component of the ud
quark component inside a nucleon, also has A = —8.
Therefore, while the pulling away a u quark from the
neutron will cost color-spin energy, the excitation of a d
quark will not cost any color-spin energy as the attractive
(ud) diquark remains intact. Furthermore, the confining
potential for u, d quarks is the same. Therefore, d quark
excitation mode constitutes the lowest quark excitation
mode inside a neutron. As for the effect of confining
potential, we represent the result of d quark in Fig. 3.

To calculate the repulsive potential between the excited d
quark and the neighboring nucleon, we consider the four-
quark states. For the four-quark state, there are four
possible states satisfying the Pauli principle: (1, S) =
(0,0), (0, 1), (1, 0), (1, 1). For a neutron and a d quark,
the lowest energy state is / =1, S = 0.

2000
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0
_500" /

-1000 : : : :
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FIG. 3. Confinement potential of a d quark.

The quark model calculation for the d quark potential
from the remaining two quarks and the neighboring
nucleon can be parametrized as

k2
Eq :mB—mD+%+5n(VH(rmax—r)

+ rmaxH(r - rmax))

a _w a _"tw‘
+R, ( 0 e o — 0 e o >’ (13)
|r - rav|

L

where mp, is the mass of remaining ud diquark, H(r) is the
Heaviside step function, and the parameters are mg =
0.343 GeV, ap = 0.2 GeVim and by = 0.754 fm. The
fourth term is from the confinement potential between the d
quark and remaining two quarks, while the sixth term is
the quark-nucleon repulsion. The confinement potential
becomes constant when the string breaks at r = r,,. This
parameter is determined so that the sum of confinement
potential and kinetic energy becomes the mass of the quark-
antiquark pair. Also, we assume that the string tension
decreases linearly in nuclear medium with the same frac-
tional change as the gluon condensate [37]:

o, :0<1 —0.05”), (14)

no

where ny = 0.16 fm™ is the nuclear saturation density
and o = 0.962 GeV/fm.

The parameters in the quark-nucleon repulsion is
extracted from the / = 1 and S = O four-quark configura-
tion. We represent the repulsion from the hyperfine
potential for all possible configurations in Fig. 4. R,
accounts for the contribution from the I = 0 four-quark
configuration. Hence, if we set R, =1, then E, = EIQZI’S =0,
However, as the nuclear matter in a neutron star also
contains protons, we have to consider / = 0 states as
well as I =1. As the four-quark repulsion vanishes in
the I = § = 0 channel, we multiply the repulsion terms by
a ratio factor, which we take to be R, = 0.7 in this work:
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FIG. 4. Nucleon-d quark repulsion obtained from the hyperfine
potential in Eq. (7).

smaller values will lead to slightly smaller density for quark
modes to appear. The last term in Eq. (13) is added so
that the repulsive term vanishes when r goes to zero. One
should note that the repulsion of quark-baryon shows
slightly different exponential form compared to the
baryon-baryon repulsion.

Additionally, it should be noted that Eq. (13) is valid
only when r < r,, and k < kpgy» SO that the valid range in
momentum space becomes

1
—<k< kFermi~ (15)

rav

Now, it is very important that

ap > (lQ,

These two conditions eventually lead the quark excitation
mode to be dominant at smaller momentum while the
baryon excitation mode becomes important at larger
momentum.

IV. EXTREMIZATION

In the previous section, we have demonstrated that the
colored d quark and ud diquark configuration rather than
the neutron can be the energetically favorable state if
one consider the long-range separation of quarks from
the equilibrium position in dense circumstance. Since the
lowest energy mode of constituent quarks satisfy the
minimal uncertainty (6), the separation distance scale of
the constituent quark can be approximated in terms of the
momentum fluctuation scale of the quarks. By taking
the two-body potentials (11) and (13) as centrifugal
mean-field potentials for the quasifermions in dense
neutron matter, the onset condition for the d + ud con-
figuration can be examined in an analogous way to the
original approach [11,14].

Assuming the Pauli exclusion principle between the d
quark and the confined quarks in its neighboring neutrons,
the extremized configuration can be found in terms of E,
and Ep following Ref. [15-19]. If the neutron is turned into
the ud diquark and d quark, Egs. (1)—(3) can be revised as
follows:

[kF+A]n 3
n, = 2/ d k3, (17)
K (27)
K Ak
= = 2 N 18
nd nud [) (277:)3 ( )
2
g =n, w (19)

where the subscripts n, d, ud, B, respectively, denote the
neutron, d-quark with a color in the triplet, (ud) diquark
with a color in the antitriplet and baryon. The outer
boundary of the neutron distribution is defined as

kr + Al, = 32*(n, + ny) )%, (20)

where the color of ud diquark and d quark are correlated.
The corresponding energy density can be written as

ket+Al, dk K dk
=2 —=E,(k)+2 —=E,(k ,
€ /{; (2”)3 n( ) + /O (2]1_)3 d( ) +mpnyy

(21)

where E, and E, are obtained from Egs. (11) and (13),
respectively. mp represents the remaining mass related to
the diquark energy.

The extremum appears when de = 0:

Oe Oe Oe
d€ = a—n”dn,, + a—nddnnd + an—uddnn"d
Jde  Oe Oe
= (= - = an, = 22
<8nn Ony anud> dn,, =0, (22)

where dng = dn, + dny + dn,; = 0. The chemical poten-
tial can be obtained as follows:

_ Oe
Hn = on,’
ke + AL Alkp + A,
- 71'2 En([kF + A]n) 8nn ’
= E,([kr + Al,), (23)
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FIG. 5. AFE where R, = 0.7. Here, n, is a normal nuclear density.
+ _ g + Oe quarkyoniclike configuration might appear at higher den-
Ha T Hud = on, On,,’ sities, where multineutron potential and deconfinement
become important.
kg + A]? Olkp + A . . .
= @En([klp + A]H)M Figure 5 shows the energy difference represented in
d Ong Eq. (28) within the momentum range in Eq. (15) for
k’/,zE i k' £ (kd selected nucleon densities. We can check that, at high
T2 n(KF) ana‘f'Nc a(kf), nuclear density (n > 4n,), the energy of the d quark

= En([kF + A]n) - En("?’) + Ed(de) +mp,
(24)

where k7. = k¢ is understood and the partial derivatives can
be found as

a[kp + A] 7T2
"= 2
al’ln [kF + A]% ’ ( 5)
8[kF + A] 71'2
n — 2
8nd [kF + A]% ’ ( 6)
oK. n?
8,12 = el (27)

Substituting Egs. (23)-(27) into (22), the extremum
appears when the following energy difference vanishes.

AE = Eq (k%) +mp — E, (ki = kf). (28)

Since only a colored d quark together with the static ud
diquark appears in this configuration, the disconnected
shell-like momentum distribution, which causes a stiff
evolution of EOS, does not appear yet. The lower phase
of the neutron Fermi sea is dissociated into d quark and
ud diquark, which can be related to the modified quark
phase measure introduced in Ref. [15] where the Fermi
momentum of the quasiquark sea is reduced by IR cutoff
around the onset of the quasiquark sea. The genuine

excitation mode is smaller than the baryon excitation mode
at low momentum. Such behavior is consistent with the
formation of the quarkyoniclike momentum space structure
suggested in Refs. [14,15]. Although this analysis is based
on semiclassical approximations using the expectation
value of the effective interaction, which is not based on
the full quantum process, the complete algebraic relation
implies that the baryon quantum number could be under-
stood in either baryon or quark according to the probing
scale to the matter [11].

V. SUMMARY

The quarkyonic matter configuration is originally sug-
gested as the quark-baryon coexistence phase where the
Fermi-Dirac statistics is well defined between all the
confined and quasifree quarks through the quark-hadron
duality. Thus, in the phenomenological sense, the onset of
the quarkyonic matter could be understood as the transition
moment where the quasifree quarks and multiquark sub-
structure appear smoothly in the ground state of the dense
matter.

In this work, we analyzed to what extent the quarkyonic
modes appear in the phase space of baryons as one
increases the density. For that purpose, we first considered
the baryon excitation mode as a function of r from its
equilibrium position using a constituent quark model. For
the quark excitation mode, since pulling away a d quark
will not cost any color-spin energy as the attractive (ud)
diquark remain intact, we calculated the d quark excitation
mode from a neutron in a similar way as a baryon

094024-6
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FIG. 6. A schematic phase diagram anticipated from the constituent quark model. This anticipation follows the conclusion of

Ref. [11].

excitation. To solve the excitation mode in the phase space,
we assumed that » = 1/k. We find that at high nuclear
density (n > 4ny), the energy of a d quark excitation mode
is smaller than a baryon excitation mode starting at lower
momentum. The results show that the repulsion between
nucleons at short distance leads to quarkyoniclike matter
but that the initial quark excitation mode will involve a
single quark that leaves the attractive diquark intact.
Here we assumed the color-spin interaction of the
consitituent quark as the dominant contribution to the
dense matter dynamics following Ref. [33] and compared
the relative energy of each possible mode. To obtain the
quantitatively realistic nuclear bulk properties such as the
compressibility and the EOS, one needs to consider density
dependence of the background mean-field potential for the
quasinucleons at high densities. If the sum of quark-meson
and diquark-meson interactions do not differ much from the
neutron-meson interaction, the pressure coming from the
meson exchange potential should not increase drastically
by the formation of the d quark and ud diquark configu-
ration. However, when having the individual quark modes
is preferred than keeping the diquark modes, the shell-like
phase space distribution becomes evident and the pressure
should increase stiffly with the anomalous sound velocity
regardless of the quark-meson interaction (Fig. 6).

It should be noted that this analysis is based on simple
two-body interactions where the interaction from the
neighboring nucleons are taken into account through a
average separation distance. In a more realistic case, we
need to consider the three-dimensional configuration and
take into account higher-body interactions. Additionally, it
is necessary to consider not only the d quark but also the
excitation of all three quarks with varying confinement
effects. We will discuss the onset condition for the genuine
quarkonyic configuration in the next paper. The discussion
will provide a theoretical support for the neutron star based
on quarkyonic matter concept where the incompressible
core and the soft outer parts appear naturally.
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