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We extend our previous calculations of the hadronic light-by-light scattering contribution to the muon
anomalous magnetic moment in holographic QCD to models with finite quark masses and a tower of
massive pions. Analyzing the role of the latter in the Wess-Zumino-Witten action, we show that the
Melnikov-Vainshtein short-distance constraint is satisfied solely by the summation of contributions from
the infinite tower of axial-vector meson contributions. There is also an enhancement of the asymptotic
behavior of pseudoscalar contributions when their infinite tower of excitations is summed, but this leads
only to subleading contributions for the short-distance constraints on light-by-light scattering. We also
refine our numerical evaluations, particularly in the pion and a1 sector, which corroborates our previous
findings of contributions from axial-vector mesons that are significantly larger than those adopted for the
effects of axials and short-distance constraints in the recent white paper on the Standard Model prediction
for ðg − 2Þμ.
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I. INTRODUCTION

Recently, the Muon g − 2 Collaboration at Fermilab [1]
has confirmed the long-standing discrepancy between the
E821/BNL measurement [2] of the anomalous magnetic
moment of the muon [3] and the Standard Model
prediction, which according to the white paper (WP) of
the Muon g − 2 Theory Initiative [4] is below the combined
experimental value by an amount of Δaμ ¼ Δðg − 2Þμ=2 ¼
251ð59Þ × 10−11.
While QED [5] and electroweak effects [6,7] appear to be

fully under control, the theoretical uncertainty is dominated
by hadronic effects [8–28]. The largest contribution by far is
the hadronic vacuum polarization, where a recent lattice
calculation [29] has challenged the WP result, albeit by
producing tensions in other quantities [30–32]—an issue
which further lattice calculations as well as new exper-
imental results on hadronic cross sections should resolve in
the near future. The second-largest uncertainty comes from
hadronic light-by-light scattering (HLBL) [26], which also
needs improvements in view of the expected reductions of
experimental errors by the ongoing experiment at Fermilab
and a new one in preparation at J-PARC [33].

At the low energies relevant for the evaluation of aμ, the
HLBL amplitude is dominated by the two-photon coupling
of the pion, where the transition form factors (TFFs) needed
to evaluate the pion pole contribution have been computed
with satisfying accuracy in data-driven approaches [14,21]
which are also in agreement with results from lattice QCD
[22]. Among the many additional low-energy contribu-
tions, those contributed by axial-vector mesons are cur-
rently the ones involving the largest uncertainties due to
insufficient experimental data. Axial-vector mesons also
play a crucial role in connecting the HLBL amplitude at
low energies to short-distance constraints (SDCs), in
particular the one derived by Melnikov and Vainshtein
(MV) [8] using the nonrenormalization theorem for the
vector-vector-axial-vector (VVA) correlator and the axial
anomaly, as has been clarified by holographic models of
QCD (hQCD) [34,35], which are the first hadronic models
to implement fully the constraints [36,37] imposed by the
axial anomaly in the chiral limit.
Away from the chiral limit, excited pseudoscalars also

couple to the axial-vector current, and thus to the axial
anomaly. In Refs. [24,25], a Regge model for excited
pseudoscalars has been constructed to satisfy the longi-
tudinal SDCs (LSDCs) and to estimate the corresponding
contributions to aμ. In this paper, we employ the simplest
hard-wall AdS/QCD model that is capable of satisfying at
the same time the leading-order (LO) perturbative QCD
(pQCD) constraints on the vector correlator and the low-
energy parameters provided by the pion decay constant fπ
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and the mass of the ρ meson, introduced in Refs. [38,39]

and called HW1 in Refs. [34,40,41], using here its generic
form with finite quark masses (albeit in the simplest version
of uniform quark masses). This allows us to study the role
of massive pions in the axial anomaly and in the longi-
tudinal SDCs. We find that in hQCD, there is in fact a
certain enhancement of the asymptotic behavior when
summing the infinite tower of pseudoscalars compared
to the behavior of individual contributions, but within the
allowed range of parameters of hQCD this is insufficient to
let pseudoscalars contribute to the leading terms of the
longitudinal SDCs; the latter are determined by the infinite
tower of axial-vector mesons alone, in agreement with the
expectation expressed in Ref. [35].
Moreover, we evaluate and assess a set of massive hard-

wall AdS/QCD models with regard to their predictions for
the pseudoscalar and axial-vector TFFs and the resulting
contributions to aμ, also allowing for adjustments at high
energies to account for next-to-leading-order (NLO) pQCD
corrections. The results for the single- and double-virtual
pion TFFs agree perfectly with those of the data-driven
dispersive results of Ref. [22], in particular when a 10%
reduction of the asymptotic limit is applied. The shape of
the axial-vector TFF is consistent with L3 results for the
f1ð1285Þ axial-vector meson [42]; the magnitude is above
experimental values, but it becomes compatible after such
reductions. While hQCD is clearly only a toy model for real
QCD, this success after a fit of a minimal set of low-energy
parameters seems to make it also interesting as a pheno-
menological model (which may be further improved by
using a modified background geometry and other refine-
ments [43–45]).
Numerically, the axial-vector contributions are close to

our previous results for the HW1 model in the chiral limit
(they even tend to increase with finite quark masses), and
they are thus significantly larger than estimated in the WP
[4]. Interestingly enough, a new complete lattice calcula-
tion which claims comparable errors [28] has obtained
somewhat larger values of aHLBLμ than the WP [4], which
could also be indicative of larger contributions from the
axial-vector meson sector.
The contributions from the excited pseudoscalars are

numerically much smaller than those from axial-vector
mesons. They are present also in the chiral HW1 model,
where they decouple from the axial-vector current and the
axial anomaly, but not from low-energy photons. However,
the first excited pion mode has a two-photon coupling that
is significantly above the experimental constraint deduced
in Ref. [25]. Nevertheless, the contribution of the first few
excited modes together is smaller than those of the Regge
model of Refs. [24,25], which is compatible with known
experimental constraints. This model was, however, not
meant primarily as a phenomenological model for estimat-
ing the contributions of excited pseudoscalars, but rather as
a model for estimating the effects of the longitudinal SDCs,

which according to the hQCD models are instead provided
by the axial-vector mesons. As far as these effects are
concerned, our present results are not far above the
estimates obtained in Refs. [24,25,46,47]; all are signifi-
cantly below the estimates obtained with the so-called MV
model [8], where the ground-state pion contribution is
modified.
This paper is organized as follows: In Sec. II, we review

hQCD with an anti–de Sitter (AdS) background that is cut
off by a hard wall, and where in addition to flavor gauge
fields, a bifundamental scalar bulk field encodes the chiral
condensates with or without finite quark masses. In
addition to the boundary conditions considered originally
in Refs. [38,39] where vector and axial-vector gauge fields
are treated equally (HW1), we also consider the other set of
admissible boundary conditions that appear in models
without a bifundamental scalar, the Hirn-Sanz (HW2)
model [48] and the top-down hQCD model of Sakai and
Sugimoto [49,50]. (This modification of the HW1 model
will be referred to as HW3.) As has been pointed out in
Ref. [51], this has the advantage of removing infrared
boundary terms in the Chern-Simons action that in the
HW1 model need to be subtracted by hand [52].
Additionally, we consider the generalization of different
scaling dimensions for quark masses and chiral conden-
sates proposed in Ref. [51], which permits us to fit the mass
of the first excited pion or the lowest axial-vector meson. In
Sec. III, we analyze the consequences of the axial anomaly
in the HW models—in particular, the role of excited
pseudoscalars—as encoded by the bulk Chern-Simons
action for the five-dimensional gauge fields. In Sec. IV,
we study SDCs on TFFs and the HLBL scattering ampli-
tude, showing analytically that the MV-SDC is always
saturated by axial-vector mesons, while the symmetric
longitudinal SDC is fulfilled to 81%. Within the bounds
of allowed scaling dimensions for the bulk bifundamental
scalar, the infinite tower of excited pseudoscalar cannot
change this. Finally, in Sec. V, we evaluate the set of
massive HW models numerically, comparing the resulting
masses, decay constants, and TFFs with empirical data,
before calculating the corresponding contributions to aμ.

II. HARD-WALL ADS/QCD MODELS WITH
FINITE QUARK MASSES

In the hard-wall AdS/QCD models of Refs. [38,39,48],
the background geometry is chosen as pure anti–de Sitter
with the metric

ds2 ¼ z−2ðημνdxμdxν − dz2Þ; ð1Þ

with a conformal boundary at z ¼ 0. Confinement is
implemented by a cutoff at some finite value of the radial
coordinate z0, where boundary conditions for the five-
dimensional fields are imposed.
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Left and right chiral quark currents are dual to five-
dimensional flavor gauge fields, whose action is given by a
Yang-Mills part1

SYM ¼ −
1

4g25

Z
d4x

Z
z0

0

dz
ffiffiffiffiffiffi
−g

p
gPR gQS

× trðFL
PQF

L
RS þ FR

PQF
R
RSÞ; ð2Þ

where P;Q;R;S¼0;…;3;z and FMN ¼ ∂MBN − ∂NBM−
i½BM;BN �, and a Chern-Simons action SCS ¼ SLCS − SRCS,
with (in differential form notation)

SL;RCS ¼ Nc

24π2

Z
tr

�
BF 2 −

i
2
B3F −

1

10
B5

�
L;R

; ð3Þ

up to a potential subtraction of boundary terms at z0 to be
discussed below.
As a dual field for the scalar quark bilinear operator, a

bifundamental bulk scalar [38,39] X, parametrized as [53]

X ¼ eiπ
aðx;zÞta

h1
2
vðzÞ

i
eiπ

aðx;zÞta ; ð4Þ

is introduced, with the action

SX ¼
Z

d4x
Z

z0

0

dz
ffiffiffiffiffiffi
−g

p
trðjDXj2 −M2

XjXj2Þ; ð5Þ

where DMX ¼ ∂MX − iBL
MX þ iXBR

M. The five-dimen-
sional mass term is determined by the scaling dimension
of the chiral-symmetry-breaking order parameter q̄LqR of
the boundary theory. With M2

X ¼ −3, one obtains vacuum
solutions vðzÞ ¼ Mqzþ Σz3, where Mq and Σ are model
parameters related to the quark mass matrix and the quark
condensate.2 Following Ref. [51], we shall also consider
generalizations away from M2

X ¼ −3, where

vðzÞ ¼ Mqz0ðz=z0ÞΔ− þ Σz30ðz=z0ÞΔ
þ ð6Þ

with

Δ� ¼ 2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þM2

X

q
≡ 2� α: ð7Þ

In the original hard-wall model of Refs. [38,39] (HW1),
chiral-symmetry-preserving boundary conditions are
employed at the infrared cutoff, FL;R

zμ ðz0Þ ¼ 0, whereas in
the model of Hirn and Sanz [48] (called HW2
in Refs. [34,40,41]), chiral symmetry is broken through
ðBL

μ − BR
μ Þðz0Þ ¼ 0 and ðFL

zμ þ FR
zμÞðz0Þ ¼ 0 without the

introduction of a bifundamental scalar. These latter

conditions arise naturally in the top-down holographic chiral
model of Sakai and Sugimoto [49,50] with flavor gauge
fields residing on flavor branes separated by an extra
dimension at the boundary but connecting in the bulk. In
Ref. [51], it was proposed to use such symmetry-breaking
boundary conditions also in the presence of symmetry
breaking by a bifundamental scalar, because it avoids
infrared boundary contributions from the CS action. This
variant of the HW1 model will be termed HW3 in the
following.
In both the HW1 and the HW3 models, chiral symmetry

can be broken additionally by finite quark masses. In the
present paper, we shall only consider the flavor-symmetric
case, where bothMq andΣ are proportional to the unitmatrix.
For both models, we will also consider generalizations away
from M2

X ¼ −3, which, as Ref. [51] has found, allows the
HW3 model to fit simultaneously the masses of the lightest
and the first excited pion. As shown in Appendix A, all these
models lead to a Gell-Mann–Oakes–Renner (GOR) relation
in the limit of small quark masses—to wit,

f2πm2
π ¼ 2αMqΣ for Mq ≪ Σz20 ∝ Σ=m2

ρ; ð8Þ

where α ¼ 1 for the standard choice M2
X ¼ −3, and

0 < α < 2 for the admissible generalizations [51]
−4 < M2

X < 0.

A. Vector sector

As long as flavor symmetry is in place, vector
mesons, which appear in the mode expansion of
Vμ ¼ ðBL

μ þ BR
μ Þ=2, have (for all hard-wall models con-

sidered here) quark-mass independent holographic wave
functions given by

∂z

�
1

z
∂zψnðzÞ

�
þ 1

z
M2

nψnðzÞ ¼ 0; ð9Þ

with boundary conditions ψnð0Þ ¼ ψ 0
nðz0Þ ¼ 0. This is

solved by ψnðzÞ ∝ zJ1ðMnzÞ, with Mn determined by
the zeros of the Bessel function J0, denoted by γ0;n.
With normalization

R z0
0 dz z−1ψnðzÞ2 ¼ 1, we have

ψnðzÞ ¼
ffiffiffi
2

p zJ1ðγ0;nz=z0Þ
z0J1ðγ0;nÞ

ð10Þ

and canonically normalized vector meson fields vμðxÞ in
the mode expansion Va

μ ¼ g5
P∞

n¼1 v
a
μðxÞψnðzÞ.

Identifying M1 ¼ γ0;1=z0 ¼ mρ ¼ 775 MeV, we obtain

z0 ¼ γ0;1=mρ ¼ 3.103 GeV−1: ð11Þ

The vector bulk-to-boundary propagator is obtained by
replacing M2

n with q2 ¼ −Q2 and the boundary conditions
with J ðQ; 0Þ ¼ 1 and ∂zJ ðQ; z0Þ ¼ 0. This gives

1Note that in our conventions, the metric gMN carries a
dimension of inverse length squared; g5 is therefore dimensionless.

2According to Refs. [39,53–55], these need to be rescaled by
C ¼ ffiffiffiffiffiffi

Nc
p

=ð2πÞ before being interpreted as quark masses and
condensates: mq ¼ Mq=C and hqq̄i ¼ CΣ.
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J ðQ; zÞ ¼ Qz

�
K1ðQzÞ þ K0ðQz0Þ

I0ðQz0Þ
I1ðQzÞ

�

¼
X∞
n¼1

g5FV
nψnðzÞ

Q2 þM2
n
; ð12Þ

where FV
n ¼ jψ 0

nðϵÞ=ðg5ϵÞj is the decay constant of vnðxÞ,

h0jJaμð0Þjvbnðq; λÞi ¼ FV
n εμðq; λÞδab: ð13Þ

Requiring that the vector current two-point function
match the leading-order pQCD result [38]

ΠVðQ2Þ ¼ −
1

g25Q
2

�
1

z
∂zJ ðQ; zÞ

�����
z→0

¼ −
Nc

24π2
ln Q2

ð14Þ

determines g25 ¼ 12π2=Nc.
The simpler Hirn-Sanz (HW2) model [48], which does

not include the scalar X, cannot set g25 to the value required
by pQCD, when the mass of the rho meson and the pion
decay constant are matched to experiment (as we shall do
throughout).

B. Axial sector

Following the notation of Ref. [53], the five-dimensional
Lagrangian contains the following quadratic terms for
the axial gauge field AM ¼ ðBL

M − BR
MÞ=2 and the pseudo-

scalar π:

Laxial ¼ −
1

4g25z
ð∂MAN − ∂NAMÞ2 þ

βðzÞ
2g25z

ð∂Mπ − AMÞ2;

βðzÞ ¼ g25v
2=z2; ð15Þ

where five-dimensional indices are implicitly contracted
with a five-dimensional Minkowski metric ηMN (mostly
minus).
Axial-vector mesons are contained in A⊥

μ ¼ g5P∞
n¼1 a

ðnÞ
μ ðxÞψA

nðzÞ, with the holographic wave functions
subject to

∂z

�
1

z
∂zψ

A
nðzÞ

�
þ 1

z
½M2

A;n − βðzÞ�ψA
nðzÞ ¼ 0; ð16Þ

which is different from Eq. (9) when v ≠ 0, and so gives a
different mass spectrum even when vector and axial-vector
fields have identical boundary conditions, as is the case in
the HW1 model. In the HW3 model, chiral symmetry is
additionally broken by the Dirichlet boundary condi-
tion ψA

nðz0ÞHW3 ¼ 0.
In the holographic gauge Az ¼ 0, the pseudoscalar π

mixes with the longitudinal part of the axial-vector gauge

field denoted by Ak
μ ¼ ∂μϕ,

Laxial ⊃
1

2g25z
ð∂μ∂zϕÞ2 þ

1

2g25z
βðzÞð∂μπ − ∂μϕÞ2

−
1

2g25z
βðzÞð∂zπÞ2: ð17Þ

Alternatively, one may decouple Aμ from Az and π by
adding the Rξ gauge-fixing term [51]

LRξ
¼ −

1

2ξzg25

�
∂μAμ − ξz∂z

�
1

z
Az

�
þ ξβπ

�
2

: ð18Þ

Taking the ξ → ∞ limit imposes the unitary gauge, which
fixes

z∂z

�
1

z
AU
z

�
¼ βπU: ð19Þ

In the unitary gauge, AU
μ is a simple Proca field, and the

relation to the fields in the holographic gauge (the latter
written without label) are AU

M ¼ AM − ∂Mϕ, πU ¼ π − ϕ,

with AkU
μ ¼ 0 and AU

z ¼ −∂zϕ.
The equations of motion for ϕ and π read

∂z

�
1

z
∂zϕ

�
þ βðzÞ

z
ðπ − ϕÞ ¼ 0; ð20Þ

∂z

�
βðzÞ
z

∂zπ

�
þ βðzÞ

z
q2ðπ − ϕÞ ¼ 0: ð21Þ

Defining y ¼ ∂zϕ=z, one can combine these coupled
equations into a single second-order differential equation
[53,56]:

ðLþ q2Þy≔ βðzÞ
z

∂z

�
z

βðzÞ∂zy

�
− βðzÞyþ q2y¼ 0: ð22Þ

The modes for π follow from Eqs. (20) and (21), which
imply

∂zy ¼ βðzÞ
z

ðϕ − πÞ ð23Þ

and

∂zπ ¼ q2

βðzÞ zy: ð24Þ

The boundary conditions at z ¼ ϵ → 0 are ϕSðq; ϵÞ ¼ 0,
πSðq; ϵÞ ¼ −1 for the non-normalizable profile functions,
and ϕnðϵÞ ¼ 0, πnðϵÞ ¼ 0 for the normalizable modes. This
implies

z
βðzÞ ∂zySðq; zÞ

����
z¼ϵ

¼ 1;
z

βðzÞ ∂zynðzÞ
����
z¼ϵ

¼ 0: ð25Þ
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At the infrared boundary z ¼ z0, there are two possible
choices which eliminate the boundary term in the axial part
of the action

1

2g25z0
ðq2ϕ∂zϕ − βπ∂zπÞz¼z0 ¼

q2

2g25
yðz0Þ½ϕðz0Þ − πðz0Þ�:

ð26Þ

In the HW1 model, one has Neumann boundary conditions
at z ¼ z0 for all gauge fields, and therefore on ϕ; Eq. (26) is
then canceled by requiring yðz0Þ ¼ 0. In the HW3 model,
where the axial gauge field has Dirichlet boundary con-
ditions, one chooses instead ∂zyjz¼z0 ¼ 0, which through
Eq. (23) implies ½ϕðz0Þ − πðz0Þ� ¼ 0. The HW2/HW3
boundary condition Aμðz0Þ ¼ 0 thus only applies to
A⊥
μ ðz0Þ ¼ 0 when the holographic gauge Az ¼ 0 is

employed, where Ak
μ ¼ ∂μϕ; in the unitary gauge, the latter

is transferred to AU
z ¼ −∂zϕ ¼ −zy.

The normalizable modes (the first few of which are
shown in Fig. 1) are normalized by

Z
z0

ϵ
dz

z
βðzÞ ynym ¼

Z
z0

ϵ
dz

1

zβðzÞ ∂zϕn∂zϕm ¼ δmn

m2
n

ð27Þ

so that canonically normalized pion fieldsΠnðxÞ appear in a
mode expansion according to

ϕ ¼ g5
X∞
n¼1

ΠnðxÞϕnðzÞ; π ¼ g5
X∞
n¼1

ΠnðxÞπnðzÞ: ð28Þ

In unitary gauge, one has

AU
z ¼ −∂zϕ ¼ −g5

X∞
n¼1

ΠnðxÞzynðzÞ: ð29Þ

Normalizable and non-normalizable y modes are related
by the sum rule [53]

ySðq;zÞ¼
X
n

m2
nynðϵÞynðzÞ
q2−m2

n
¼−g5

X∞
n¼1

fπnm
2
nynðzÞ

q2−m2
n

; ð30Þ

where mn’s are the masses of the tower of pions and
fπn ¼ −ynðϵÞ=g5 are their decay constants,

h0jJA;akμ ð0ÞjπbnðqÞi ¼ ifπnqμδ
ab: ð31Þ

For later use, we also define the Green’s function

z
βðzÞ ðLþ q2ÞGðz; z0;qÞ ¼ −δðz − z0Þ ð32Þ

with boundary conditions as imposed on the mode func-
tions yn, so that

Gðz; z0; qÞ ¼ −
X
n

m2
nynðzÞynðz0Þ
q2 −m2

n
: ð33Þ

In the chiral limit, the infinite tower of massive pions
continues to be present, but their decay constants vanish:
fπn → 0 for n ≥ 2 as Mq → 0. The mode n ¼ 1 becomes
massless with yS → g5fπy1, fπ ¼ fπ1 . (See Appendix A for
more details.)

III. AXIAL ANOMALY AND MASSIVE PIONS

The Chern-Simons action [Eq. (3)] implements the axial
anomaly and the associated VVA coupling [52,57]. After
integration over the holographic direction, one obtains a
Wess-Zumino-Witten action for the mesons. This contains
vertices involving photons, which are described by
Vμðx; zÞ ¼ Ae:m:

μ ðxÞQJ ðzÞ, with Q denoting the charge
matrix of quarks, and the fields encoded by AM, namely the
infinite towers of pions and axial-vector mesons.
In the chiral limit, where all massive pions decouple

from the axial-vector current through vanishing decay
constants, the resulting pion TFF has been analyzed in
various holographic QCD models in Refs. [58,59] and also

FIG. 1. The first four pion-mode functions ynðzÞ in the HW1m model and in the HW3m version (precise definitions in Sec. V), with z
in units of inverse GeV; the yn values have units of GeV, with ynð0Þ ¼ −g5fπn .
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in Refs. [40,41], where the HLBL contribution to the
anomalous magnetic moment of the muon was studied.
This was also done in Ref. [60] for the ground-state pseudo-
Goldstone bosons in a version of the HW1 model with
finite quark masses.
The contribution of the infinite tower of axial-vector

mesons, which is crucial for satisfying the Melnikov-
Vainshtein short-distance constraint, has been worked
out in Refs. [34,35] for the chiral version of the HW1
model and the inherently chiral Hirn-Sanz (HW2) model.
We refer to these latter references for details on the axial-
vector contributions, which, as we shall see, do not change
qualitatively away from the chiral limit, concentrating here
on the generalizations necessary to include the contribu-
tions of massive pions in the HW1 and HW3 models.
In the holographic gauge Az ¼ 0, the tower of pions

contributes to the Chern-Simons action through Ak
μ ¼ ∂μϕ,

whereas in the unitary gauge it appears in AU
z ¼ ∂zϕ. In the

latter case, the anomalous interactions of the pions are
described by

SanomðπÞ ¼ Nc

4π2
ϵμνρσtr

Z
d4x

Z
z0

0

dzAU
z ∂μVν∂ρVσ −B; ð34Þ

where B is an infrared subtraction term required by the
HW1 model and introduced in Ref. [52], but which
disappears in the HW2 and HW3 models due to their
different boundary conditions at z ¼ z0.
With Eq. (29), this yields the following pion TFFs [for

which trðt3Q2Þ ¼ 1=6]:

Fπnγ
�γ� ðQ2

1; Q
2
2Þ ¼

Nc

12π2
g5KnðQ2

1; Q
2
2Þ; ð35Þ

with

KnðQ2
1; Q

2
2Þ ¼ −

Z
z0

0

dzJ ðQ1; zÞJ ðQ2; zÞzynðzÞ

þ J ðQ1; z0ÞJ ðQ2; z0Þ
�
z
β
∂zynðzÞ

�
z→z0

;

ð36Þ

where the last term vanishes automatically in the
HW3 model.
This can also be written in terms of ϕ and π modes,

KnðQ2
1; Q

2
2Þ ¼ −

Z
z0

0

dzJ ðQ1; zÞJ ðQ2; zÞ∂zϕnðzÞ

þ J ðQ1; z0ÞJ ðQ2; z0Þ½ϕnðz0Þ − πnðz0Þ�;
ð37Þ

which implies (equally in the HW1 and HW3 models)

Knð0; 0Þ ¼ −πnðz0Þ; ð38Þ

since J ð0; zÞ≡ 1. In the chiral limit, one has a constant
π1ðzÞ≡ −1=ðg5fπ1Þ as the sole contribution, yield-
ing Fπ1γγ ≡ Fπ1γ

�γ�ð0; 0Þ ¼ Nc=ð12π2fπ1Þ.
We note parenthetically that the above subtraction term

agrees with the one introduced in Ref. [52], but the bulk
term therein involves ∂zðϕ − πÞ, which is correct only for
the n ¼ 1 mode in the chiral limit where π1ðzÞ becomes a
constant. Away from the chiral limit, the expression
proposed in Ref. [52] would in fact give Knð0; 0Þ ¼ 0
for all n, because the boundary conditions on the
normalizable modes of ϕ and π are such that they vanish
at z ¼ 0.
With nonzero quark masses, Knð0; 0Þ can only be given

numerically. However, the sum rule [Eq. (30)] implies that
ySð0; zÞ ¼ g5

P∞
n¼1 fπnynðzÞ, and consequently

g5
X∞
n¼1

fπnKnð0; 0Þ ¼ 1; ð39Þ

or

X∞
n¼1

fπn Fπnγγ ¼
Nc

12π2
; ð40Þ

showing that all massive pions then contribute to the
anomaly. In Fig. 2, this is illustrated with the HW1m
model (specified in Sec. V).
However, also in the chiral limit, where fπn → 0 for n > 1

so that the massive pions decouple from the axial-vector
current and the axial anomaly, Knð0; 0Þ and Fπnγγ remain
nonzero.

FIG. 2. Partial sums of the sum relation in Eq. (39) as a function
of the number of summed modes for the HW1m model.
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IV. SHORT-DISTANCE CONSTRAINTS

A. Form factors

Remarkably, the short-distance constraints of pQCD
on meson TFFs [61–63], including their dependence on
the ratio w ¼ ðQ2

1 −Q2
2Þ=ðQ2

1 þQ2
2Þ, are reproduced

exactly by the HW models in the limit Q2
i → ∞. With

Q2 ¼ 1
2
ðQ2

1 þQ2
2Þ → ∞, one finds

Fπnγ
�γ�ðQ2

1;Q
2
2Þ→

g25Nc

12π2
2fπn
Q2

�
1

w2
−
1−w2

2w3
ln
1þw
1−w

�
; ð41Þ

generalizing the chiral result [58] to all massive
pions. Thus, with g5 fixed by Eq. (14), all satisfy the
Brodsky-Lepage limit [61] with their respective decay
constants, limQ2→∞Q2Fπnγ

�γ�ðQ2; 0Þ ¼ 2fπn , and likewise
the symmetric pQCD limit [64], limQ2→∞Q

2Fπnγ
�γ�

ðQ2; Q2Þ ¼ 2fπn=3.
The amplitude for axial-vector mesons aðnÞμ decaying into

two virtual photons following from the Chern-Simons
action has the form [34,35]

Ma ¼ i
Nc

4π2
trðQ2taÞ ϵμð1Þϵνð2Þϵ�ρA ϵμνρσ

× ½qσð2ÞQ2
1AnðQ2

1; Q
2
2Þ − qσð1ÞQ

2
2AnðQ2

2; Q
2
1Þ�; ð42Þ

where

AnðQ2
1; Q

2
2Þ ¼

2g5
Q2

1

Z
z0

0

dz

�
d
dz

J ðQ1; zÞ
�
J ðQ2; zÞψA

nðzÞ;

ð43Þ

which has a finite limit when Q2
1 → 0. Hence, Eq. (42)

vanishes when both photons are real, in accordancewith the
Landau-Yang theorem [65,66].
The asymptotic behavior of Eq. (43) reads [34]

AnðQ2
1; Q

2
2Þ →

g25F
A
n

Q4

1

w4

�
wð3 − 2wÞ

þ 1

2
ðwþ 3Þð1 − wÞ ln 1 − w

1þ w

�
; ð44Þ

which also agrees with the pQCD behavior derived recently
in Ref. [63].
Compared to the most general expression possible for

the axial-vector amplitude Mða → γ�γ�Þ [67–69], the
holographic result in Eq. (42) has one asymmetric structure
function [denoted CðQ2

1; Q
2
2Þ in Ref. [68] ] set to zero; see

Ref. [69] for a compilation of the available phenomeno-
logical information.

B. Longitudinal short-distance constraint
on HLBL amplitude

1. Q2
1 =Q

2
2 ≫ Q2

3 ≫ m2
ρ

In the Bardeen-Tung-Tarrach basis of the HLBL four-
point function [70], the longitudinal short-distance
constraint of Melnikov and Vainshtein [8] in the region
Q2

1 ∼Q2
2 ≫ Q2

3 ≫ m2
ρ and Q4 ¼ 0, which is governed by

the chiral anomaly and protected by its nonrenormalization
theorem, reads [24,25]

lim
Q3→∞

lim
Q→∞

Q2Q2
3Π̄1ðQ;Q;Q3Þ ¼ −

2

3π2
ð45Þ

for Nc ¼ Nf ¼ 3.
The short-distance behavior of the form factors of both

pseudoscalars and axial-vector mesons implies that each
individual meson gives a pole contribution with
Π̄1ðQ;Q;Q3Þ ∼Q−2Q−4

3 . However, in Refs. [34,35], it
was shown that in holographic QCD a summation over
the infinite tower of axial-vector mesons changes this. The
infinite sum yields

Π̄AV
1 ¼ −

g25
2π4Q2

3

Z
z0

0

dz
Z

z0

0

dz0 J 0ðQ; zÞJ ðQ; zÞ

× J 0ðQ3; z0ÞGAð0; z; z0Þ; ð46Þ

where GA is the Green’s function for the axial-vector mode
equation satisfying

�
z∂z

1

z
∂z − βðzÞ

�
GAð0; z; z0Þ ¼ −zδðz − z0Þ ð47Þ

at q2 ¼ 0. For large Q;Q3 ≫ mρ, Eq. (46) is dominated by
z; z0 ≪ z0, where one can approximate J ðQ; zÞ →
QzK1ðQzÞ, and

GAð0; z; z0Þ ¼
1

2
ðminðz; z0ÞÞ2ð1þOðQ−nÞ þOðQ−n

3 ÞÞ;
n > 0; ð48Þ

when z ¼ ξ=Q and z0 ¼ ξ0=Q3. This asymptotic behavior
of GA holds true in all HW models, including those
with a finite quark mass term, because at small z, one
has βðzÞ ∼ z2ðΔ−−1Þ with Δ− ¼ 1 for the standard choice
M2

X ¼ −3, leading to n ¼ 2 in Eq. (48); with generalized
M2

X, one has n > 0 as long as Δ− > 0, which corres-
ponds to M2

X < 0. In all cases, we thus obtain for
Q ≫ Q3 ≫ mρ
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lim
Q3→∞

lim
Q→∞

Q2Q2
3Π̄AV

1 ðQ;Q;Q3Þ ¼ −
g25
2π4

Z
∞

0

dξ
Z

∞

0

dξ0 ξK1ðξÞ
d
dξ

½ξK1ðξÞ�
d
dξ0

½ξ0K0
1ðξ0Þ�

1

2
ξ2

¼ g25
ð2πÞ2

1

2π2

Z
∞

0

dξξ2
d
dξ

½ξK1ðξÞ�2 ¼ −
2

3π2
ð49Þ

for g25 ¼ 12π2=Nc ¼ ð2πÞ2, as required by Eq. (45).
This already implies that in the massive case, the infinite tower of pions (and the other pseudo-Goldstone bosons) should

not contribute to the Melnikov-Vainshtein constraint—i.e., summing the infinite number of contributions should not change
the asymptotic behavior of the individual contributions in the same way as it happens with axial-vector mesons. In order to
check this, we need to analyze

Π̄ðπÞ
1 ¼ −

X∞
n¼1

Fπnγ
�γ� ðQ2

1; Q
2
2ÞFπnγ

�γðQ2
3Þ

Q2
3 þm2

n
¼ −

1

4π2
X
n

1

Q2
3 þm2

n

�
J ðQ1; z0ÞJ ðQ2; z0ÞJ ðQ3; z0Þ

�
z
β
∂zynðzÞ

�
2

z→z0

− J ðQ1; z0ÞJ ðQ2; z0Þ
�
z
β
∂zynðzÞ

�
z→z0

Z
z0

0

dzJ ðQ3; zÞzynðzÞ − J ðQ3; z0Þ
�
z
β
∂zynðzÞ

�
z→z0

×
Z

z0

0

dzJ ðQ1; zÞJ ðQ2; zÞzynðzÞ þ
Z

z0

0

dzJ ðQ1; zÞJ ðQ2; zÞzynðzÞ
Z

z0

0

dz0 J ðQ3; z0Þz0ynðz0Þ
	
: ð50Þ

Since limQ→∞J ðQ; z0Þ ¼ 0 and limQ→∞Q2J ðQ; z0Þ ¼ 0, the first three terms in the curly brackets do not survive in the
large-Q limit. The last term can be formally written as

−
1

4π2
X∞
n¼1

Z
z0

0

dzdz0 J ðQ1; zÞJ ðQ2; zÞJ ðQ3; z0Þzz0ynðz0ÞðQ2
3 − LÞ−1ynðzÞ

¼ −
1

4π2

Z
z0

0

dzdz0J ðQ1; zÞJ ðQ2; zÞJ ðQ3; z0Þz0zðQ2
3 − LÞ−1Gðz; z0; 0Þ; ð51Þ

where L is the differential operator introduced in Eq. (22)
and G is its Green’s function as defined in Eq. (32). In the
limit of interest for the Melnikov-Vainshtein constraint,
one has z0 ≫ z; thus, Eq. (32) reduces to ðLþ q2Þ
Gðz; z0; qÞ ¼ 0; hence, effectively LGðz; z0; 0Þ ¼ 0, and
we obtain

Π̄ðπÞ
1 jQ≫Q3≫mρ

→ −
1

4π2Q2
3

Z
z0

0

dzdz0J ðQ1; zÞJ ðQ2; zÞ

× J ðQ3; z0Þz0zGðz; z0; 0Þ: ð52Þ

At parametrically small z ¼ ξ=Q and z0 ¼ ξ0=Q3 and at
q2 ¼ 0, Eq. (32) reduces to

∂z
z

βðzÞ ∂zGð0; z; z0Þ ¼ −δðz − z0Þ;

βðzÞ ∼M2
qðz=z0Þ2−2Δ− ; ð53Þ

provided Δ− > 0.
In the massive HW models with M2

X ¼ −3, this gives

Gð0; z; z0Þ → −M2
q ln ðmaxðz; z0ÞÞ þ const; ð54Þ

leading to

−Q2Q2
3Π̄

ðπÞ
1 ðQ;Q;Q3Þ

∼
M2

q

4π2
lnðQ3Þ
Q2

3

Z
∞

0

dξξ3½K1ðξÞ�2
Z

∞

0

dξ0 ξ02K1ðξ0Þ

¼ M2
q

6π2
lnðQ2

3Þ
Q2

3

→ 0 ð55Þ

for large Q ≫ Q3 ≫ mρ. Thus, the summation of the
infinite tower of pions does give a different asymptotic
behavior from that of individual contributions, but only in
the form of a logarithmic enhancement.
In Fig. 3, the contributions of the first four pion modes to

P1 ≡ −Q2Q4
3Π̄

ðπÞ
1 ðQ;Q;Q3Þ—i.e., the left-hand side of

Eq. (55) with another factor of Q2
3—are plotted for the

HW1m model with Q ¼ 200 GeV and increasing Q3.
Numerically, this is dominated by the contribution from
the lightest pion, which completely swamps the logarithmic
term in Eq. (55), whose prefactor M2

q=ð3π2Þ is of the order
∼3 × 10−6 GeV2. Note that this term is suppressed by an
extra power of quark mass compared to the contribution
from the magnetic susceptibility [55,71] to the asymptotic
behavior of Π̄1 worked out in Ref. [23]. In Fig. 4, the same
is plotted with quark masses increased by a factor of 25
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(corresponding to a pion mass of about 750 MeV), where
the slow buildup of a logarithmic term becomes apparent.
When M2

X < −3, the logarithmic enhancement disap-

pears, andQ2Q2
3Π̄

ðπÞ
1 ðQ;Q;Q3Þ ∼Q−2

3 . For −3 < M2
X < 0,

where 1 > Δ− > 0, one instead obtains a power-law
enhancement from

Gð0; z; z0Þ → M2
q

2ð1 − Δ−Þ
�
z0
z0

�
2ð1−Δ−Þ

∝ Q2ð1−Δ−Þ
3 ; ð56Þ

such that

Q2Q2
3Π̄

ðπÞ
1 ðQ;Q;Q3Þ ∼ −

22Δ
−−3ΓðΔ−ÞΓð1þ Δ−Þ

3π2
M2

q

Q2
3

ðz0Q3Þ2ð1−Δ−Þ

1 − Δ− ∝ Q−2Δ−

3 : ð57Þ

Only for Δ− ¼ 0, which is at the border of the allowed
range M2

X ∈ ð−4; 0Þ, would the infinite tower of massive
pions start to contribute to the Melnikov-Vainshtein con-
straint, exactly when the result of Eq. (49) for the infinite
tower of axial-vector mesons would break down. However,
in the following applications, the phenomenologically
interesting generalizations ofM2

X all haveM2
X < −3, where

the contribution from the pseudoscalar tower to the
longitudinal short-distance constraint is suppressed by
two inverse powers of Q3 without even a logarithmic
enhancement.
In the chiral limit, the massive pions still contribute to

Π̄1, even though they decouple from the axial-vector
current and from the axial anomaly. With strictly Mq ¼ 0,

FIG. 4. As in Fig. 3, but with quark masses increased by a factor of 25, illustrating the buildup of a logarithmic enhancement by the
summation of the infinite tower of massive pions.

FIG. 3. Plot of the contributions of the first four pion modes to P1ðQ;Q;Q3Þ ¼ −Q2Q4
3Π

ðπÞ
1 ðQ;Q;Q3Þ for the HW1m model with

Q ¼ 200 GeV in the left panel and Q3 ¼ Q in the right panel, showing that the contribution from the tower of pseudoscalars to the
LSDC is suppressed like 1=Q2

3 up to (here invisible) logarithmic corrections.
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Gð0; z; z0Þchiral → constþ Σ2z40
2ð1 − ΔþÞ

�
z0
z0

�
2ð1−ΔþÞ

∝ constþQ−2−2α
3 ; ð58Þ

so in this case there is no enhancement from the summation
of the infinite tower, irrespective of the value of M2

X.

2. Q2
1 =Q

2
2 =Q

2
3 ≫ m2

ρ

In the symmetric limit Q2
1 ¼ Q2

2 ¼ Q2
3 ≫ m2

ρ, operator
product expansion and LO pQCD imply that the

longitudinal short-distance constraint is 2=3 of the value
appearing in Eq. (45) [8,23]:

lim
Q→∞

lim
Q→∞

Q4Π̄1ðQ;Q;QÞ ¼ −
4

9π2
: ð59Þ

In this case, the same derivation as above leads to

lim
Q→∞

Q4Π̄AV
1 ðQ;Q;QÞ ¼ −

g25
2π4

Z
∞

0

dξ
Z

∞

0

dξ0
1

2

d
dξ

½ξK1ðξÞ�2
d
dξ0

½ξ0K0
1ðξ0Þ�

1

2
½minðξ; ξ0Þ�2

¼ −
g25

ð2πÞ2π2
Z

∞

0

dξ
Z

∞

0

dξ0½ξK1ðξÞ�2½ξ0K0
1ðξ0Þ�ξδðξ − ξ0Þ

¼ −
g25

ð2πÞ2π2
Z

∞

0

dξξ½ξK1ðξÞ�3 ¼ −0.361
g25

ð2πÞ2π2 ; ð60Þ

which reproduces the correct power behavior, but for
g5 ¼ 2π, as demanded by Eq. (14), the numerical
value is only 81% of the result in Eq. (59). Again, this
result for the contribution of the infinite tower of
axial-vector mesons is the same for chiral and for massive
HW models.
The asymptotic contribution of the pseudoscalar tower is

still given by the expression (51), but the argument given
thereafter does not apply in the symmetric limit. However,
numerically we found no evidence of an enhancement of
the asymptotic behavior due to the summation of the
infinite tower of massive pions beyond what is seen in
the asymmetric case—see Figs. 3 and 4.

V. NUMERICAL RESULTS

In the following, we compare the different HW models
numerically, in particular with regard to the contribution of
the infinite tower of massive pions to the hadronic light-by-
light scattering amplitude, and thereby to the anomalous
magnetic moment of the muon.
In all models, we have chosen g5 ¼ 2π, ensuring an

exact fit of the asymptotic LO pQCD result [Eq. (14)], but
in the later discussion we shall also consider relaxing this
constraint to account for the fact that at any large but finite
energy scale, there is a non-negligible reduction of TFFs of
the order αs=π that in AdS/QCD could perhaps be simply3

modeled by a small reduction of g5. The low-energy
parameters fπ and mρ are always fitted to their physical

values, fixed to 92.4 MeVand 775 MeV, respectively, to be
consistent with our previous work [34].
We consider two possibilities (HW1, HW3) for boun-

dary conditions at z ¼ z0 [always given by Eq. (11)], and
also alternatively the standard choice M2

X ¼ −3 and
having M2

X as a tunable parameter. We thus employ four
different HW models with nonvanishing light-quark
masses:

HW1m is the direct extension of the chiral HW1 model
employed in our previous studies [34,41]. It coincides
with model A of Erlich, Katz, Son, and Stephanov
[38], except that we have fitted to the mass of the
neutral instead of the charged pions.

HW1m0 deviates from the standard choice M2
X ¼ −3 in

order to attempt a better fit of the masses of the first
excited pion and/or the lightest axial-vector meson. It
turns out that only the latter can be matched to the a1
mass. The mass of the first excited pion is then also
reduced compared to the pristine HW1 model, from
around 1900 to 1600 MeV, but the target of 1300 MeV
cannot be reached.

HW3m uses the standard choice M2
X ¼ −3, but with

boundary conditions as proposed in Ref. [51], which
have the advantage of making a manual subtraction of
infrared boundary contributions in the Chern-Simons
action unnecessary.

HW3m0 uses additionallyM2
X as a free parameter, which

in this model achieves a fit of the mass of the first
excited pion of 1300 MeV, as was the main motivation
put forward by Domènech, Panico, and Wulzer in
Ref. [51] for proposing this kind of model. Our
HW3m0 slightly deviates from the parameters used
in Ref. [51], because we fitted fπ , mρ, mπ0 , and

3More elaborate holographic QCD models would do this by a
modification of the anti–de Sitter background.
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mπð1300Þ instead of performing a least-squares fit over a
larger set of low-energy parameters.

For the chiral limit, we only consider the HW1 model,
where we update the results obtained for pions in Ref. [41]4

and recapitulate the results for axial-vector mesons
in Ref. [34].

A. Masses

As Table I shows, in the chiral HW1 model, the mass of
the lightest axial-vector multiplet is above the physical
masses [72] Ma1ð1260Þ ¼ 1230ð40Þ MeV and Mf1ð1285Þ ¼
1281.9ð5Þ MeV, but below that of the f01, Mf1ð1420Þ ¼
1426.3ð9Þ MeV. While this prediction of the HW1
model is in the right ballpark, the mass of the first
excited pion is 1899 MeV, and thus significantly above
Mπð1300Þ ¼ 1300� 100 MeV.
With nonzero light-quark masses, the HW1m model has

slightly reduced axial-vector meson mass and increased
excited pion masses. In the HW1m0 model, where the a1
mass can be matched, the lowest excited pion mass is
reduced to about 1600 MeV.

With HW3 boundary conditions, there is additional chiral
symmetry breaking, and therefore a larger difference
between the vector and axial-vector meson masses, so that
ma1 is now even above the mass of the physical f01, but the
excited pion mass is lowered substantially compared to the
HW1m model, while still being too high. In the HW3m0
model, where the first excited pion can be brought down to
1300MeV, the axial-vectormesonmass is then also lowered,
but it remains somewhat larger than in the HW1 models.
Even in the HW3m0 model, where the pseudoscalar masses
are the smallest, the second excited (n ¼ 3) pion has a mass
higher than the next established pion state5 πð1800Þ and
instead close to the next (less established) state πð2070Þ; in
the other models, mn¼3 is far higher.

B. Decay constants

The results for the decay constant of the lowest
excited pion in the massive HW models span the range
(1.56… 1.92) MeV, with the HW3m0 model, where the
mass of πð1300Þ can be fitted, yielding the largest value.
These values are well below the existing experimental
upper bound of 8.4 MeV [73]; the result for the HW3m0

TABLE I. Numerical results for various HW models (in the chiral HW1 model with the pion mass raised manually (↱) to 135 MeV in
the evaluation of aμ). Fitted values are marked by *. The axial-vector contributions correspond to a whole UðNf ¼ 3Þ multiplet, which

in the present flavor-symmetric case is simply aAn
μ ¼ a

ða1þf1þf0
1
Þn

μ ¼ 4aa1nμ .

Model PS n ¼ 1 n ¼ 2 n ¼ 3 AV n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4 n ¼ 5

HW1 chiral mπn [MeV] 0↱135 1899 2887 mAn
[MeV] 1375 2154 2995 3939 4917

M2
X ¼ −3 fπn [MeV] 92.4* 0 0 FAn

=mAn
[MeV] 177 204 263 311 351

Fπnγγ [GeV−1] 0.274 −0.202 0.153 Að0; 0Þ [GeV−2] −21.04 −2.93 0.294 −2.16 0.400
aπnμ × 1011 65.2 0.7 0.1 aAn

μ × 1011 31.4 4.7 1.8 1.2 0.5

HW1m mπn [MeV] 135* 1892 2882 mAn
[MeV] 1367 2141 2987 3934 4914

M2
X ¼ −3 fπn [MeV] 92.4* 1.56 1.25 FAn

=mAn
[MeV] 175 204 263 311 351

Fπnγγ [GeV−1] 0.276 −0.203 0.154 Að0; 0Þ [GeV−2] −21.00 −3.21 0.328 −2.16 0.376
aπnμ × 1011 66.0 0.7 0.1 aAn

μ × 1011 31.4 4.9 1.8 1.2 0.5

HW1m0 mπn [MeV] 135* 1591 2564 mAn
[MeV] 1230* 1977 2901 3879 4873

M2
X ¼ −3.837 fπn [MeV] 92.4* 1.59 0.950 FAn

=mAn
[MeV] 148 208 266 312 351

Fπnγγ[GeV
−1] 0.277 −0.250 0.194 Að0; 0Þ [GeV−2] −19.95 −7.29 0.678 −2.18 0.341

aπnμ × 1011 64.3 1.5 0.3 aAn
μ × 1011 29.8 8.7 2.0 1.3 0.5

HW3m mπn [MeV] 135* 1715 2513 mAn
[MeV] 1431 2421 3398 4387 5384

M2
X ¼ −3 fπn [MeV] 92.4* 1.56 1.34 FAn

=mAn
[MeV] 195 244 291 332 369

Fπnγγ [GeV−1] 0.277 −0.196 0.0797 Að0; 0Þ [GeV−2] −21.27 0.310 −2.09 −0.299 −0.514
aπnμ × 1011 66.6 0.8 0.04 aAn

μ × 1011 32.7 3.4 1.7 0.7 0.4

HW3m0 mπn [MeV] 135* 1300* 2113 mAn
[MeV] 1380 2355 3345 4345 5350

M2
X ¼ −3.841 fπn [MeV] 92.4* 1.92 1.29 FAn

=mAn
[MeV] 186 242 291 332 369

Fπnγγ [GeV−1] 0.278 −0.206 0.0474 Að0; 0Þ [GeV−2] −21.29 −0.841 −1.76 −0.440 −0.476
aπnμ × 1011 66.0 1.5 0.01 aAn

μ × 1011 33.2 4.1 1.8 0.8 0.4

4Note that the original version of Ref. [41] contained an error
in the aμ results for the HW1 model, but not in the plots of the
corresponding TFFs.

5Note, however, that this state is sometimes considered to be a
non-qq̄ state [72].
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model is actually fully consistent with the value
2.20(46) MeV of Ref. [74] that was adopted in Ref. [25].6

The holographic results for the decay constant of the
lightest axial-vector meson, defined in analogy to
Eq. (13), read Fa1 ¼ ð493 MeVÞ2 in the chiral HW1
model and ð426…506 MeVÞ2 for the different massive
HW models. Note that in the literature, frequently the
mass of the axial-vector meson is factored out [77].7 In
Ref. [78], a value of Fa1=ma1 ¼ 168ð7Þ MeV has been
obtained from light-cone sum rules. With Fa1=ma1 ¼
177 MeV for the chiral HW1 model and (148…
195) MeV for the different massive HW models (see
Table I), the ballpark spanned by the holographic results is
broadly consistent with that.

C. Comparison of transition form factors

In Figs. 5 and 6, the single- and double-virtual pion TFFs
following from the chiral and the massive HW models are
compared with each other and with the results obtained in
Ref. [22] in the dispersive approach [70]. The HW results
all lie within the error band of the dispersive result, mostly
above its central value, with only HW1m0 below.
Table I also lists the amplitude Fπnγγ for pseudoscalar

decays into two real photons. For the ground-state pion,
there is only a tiny change when finite quark masses are
introduced, across all massive HW models. For excited
pions, there is more variation; for the first excited pion, the
range of jFπ2γγj is (0.196…0.250) GeV−1. In the HW3m0

model, where one can fit to m2 ¼ 1300 MeV, the value is
0.206 GeV−1. At present, no direct measurements are
available, but data on certain branching ratios permit one
to derive an estimate for an upper bound [25] reading
jFπð1300Þγγj < 0.0544ð71Þ GeV−1. Evidently, the holo-
graphic results strongly overestimate the two-photon
coupling of the first excited pion. This could be taken
as a hint that it is better to choose a model where the
masses of the lightest axial-vector mesons can be fitted to
experiment—namely, the HW1m0 model—since the two-
photon couplings of axial-vector mesons play a more
important role altogether. The holographic results
obtained for the whole tower of excited pions could still
be taken as a rough estimate of (perhaps an upper bound
of) this contribution in real QCD. It is certainly also
conceivable that the contributions of individual modes are
overestimated while their combined contribution is closer

to real QCD, where the mass spectrum of excited pions is
denser than in the HW models.
Table I also shows that the chiral HW1 model has almost

identical results for Fπnγγ to the HW1m model. As
emphasized in Ref. [25], the vanishing of the decay
constants of massive pions in the chiral limit does not
preclude a coupling to photons. The former only means
decoupling of the massive pions from the axial-vector
current and the axial anomaly. Thus, massive pions
contribute to the HLBL scattering amplitude also in the
chiral HW1 model, and therefore to the anomalous mag-
netic moment of the muon.8

Figure 7 displays the single- and double-virtual TFFs
for the first excited pion in the various HW models. Also
shown are the corresponding quantities in the Regge
model of Refs. [24,25] (RM) and its modification accord-
ing to Appendix E therein (RM0). The Regge model TFFs
satisfy the experimental upper bound Fπð1300Þγγ , but they
do not obey the single-virtual Brodsky-Lepage limit
with the decay constants of excited pseudoscalars. The
HW results have a much larger amplitude at vanishing
virtualities, but decay faster. They have a zero and a sign
change before approaching the asymptotic behavior
[Eq. (41)]. The TFFs of higher excited pions have more
zeros and reduced asymptotic limits due to smaller decay
constants.
In Fig. 8, the shape of the axial-vector TFF

AðQ2
1; Q

2
2Þ=Að0; 0Þ is shown in the single-virtual and in

the symmetric double-virtual cases. In the single-virtual
case, we also show the experimental result obtained in
Ref. [42] for the f1ð1285Þ meson, which is found to be
remarkably compatible, in particular for the HW1m0 model,
where the mass of the lightest axial-vector meson can be
fitted.
The normalization factor Að0; 0Þ is directly related to the

so-called equivalent two-photon rate [67,79]. In Ref. [34],
we have compared with a combination of the experimental
results obtained for the f1ð1285Þ and f1ð1420Þ mesons.
Since we are actually using flavor-symmetric models, one
should account for SU(3) flavor breaking9 before matching
Að0; 0Þ, which leads to jAð0; 0Þjexp :f1ð1285Þ ¼ 16.6ð1.5ÞGeV−2.

In Refs. [37,68], the corresponding value for the lightest
a1 meson has been estimated as jAð0; 0Þjexpa1ð1260Þ ¼
19.3ð5.0Þ GeV−2. In the HW models, we find the range
jAð0; 0Þjn¼1 ¼ ð19.95…21.29Þ GeV−2, which is compat-
ible with the latter, but above the value obtained for the
f1ð1285Þ meson.

6The decay constants of the higher pion modes fall off with
increasing mode number n, inversely proportional to mx

n, where x
is smaller than 1, which is very different from the value n ¼ 2 of
Ref. [75] and closer to but still not agreeing with Ref. [76], where
x ¼ 1. However, the HW models lack linear Regge trajectories;
soft-wall models may be more realistic here.

7Our definition of Fa1 corresponds to Fa¼3
A mA and

Fa¼3
A mA=

ffiffiffi
2

p
in Refs. [63,69] and Ref. [78], respectively.

8The simpler HW2 model considered in Refs. [34,35] does not
involve a bifundamental bulk scalar field, and thus does not have
excited pion states at all.

9We are grateful to Martin Hoferichter for pointing this out
to us.
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D. HLBL contribution to aμ
In Table I, we also give the holographic results for the

contributions to aμ, the anomalous magnetic moment of the
muon, from the first few states of the pion and axial-vector
meson towers; in Fig. 9, the results for the π0 and a1 sector
are shown in the form of a bar chart.

In the chiral HW1 model, the chiral TFFs for the pion
have been combined with a pion propagator where the
physical mass of π0 has been inserted by hand. The result of
aπ

0

μ ¼ 65.2 × 10−11 is remarkably close to that obtained in
the massive HW models, which together span the range
aπ

0

μ ¼ ð64.3…66.6Þ × 10−11. The results of the massive

FIG. 5. Single- and double-virtual pion transition form factors in the various HW models together with the result of the data-driven
dispersive approach of Ref. [22] (yellow band for the estimated error with dotted dark-yellow points for the central result).

FIG. 6. Deviations of the single- and double-virtual pion transition form factors in the massive HW models from the chiral HW1
model.

FIG. 7. Single- and double-virtual TFFs for the first excited pion in the various HW models. Also given are the corresponding
quantities in the Regge model of Refs. [24,25] (RM) and its modification according to Appendix E therein (RM0).
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HW1m model are very close to those of the chiral HW1
model, and also for the other contributions. Somewhat
more variation is obtained in the other models, where either
different boundary conditions or different values ofM2

X are
employed.
Table II shows the sums of the contributions in the

different sectors, where we have made a numerical estimate
of the limit value when the infinite tower of axial-vector
mesons is included as in Ref. [34]; in the case of the
excited pions, the contributions of the higher modes fall
off very quickly, so we have just summed the first
few modes.
For the contributions of the excited pions, we obtain the

range aπ
�

μ ¼ ð0.8…1.8Þ × 10−11, with the chiral model
being at the lower end. Even though we have seen above
that the HW models appear to severely overestimate the
two-photon coupling Fπ2γγ when comparing with the upper
limit [25] jFπð1300Þγγj given above, the holographic results
are somewhat below the contributions from the first few

excited states obtained in Ref. [25] with large-Nc
Regge models.10 In Ref. [41] also, the contributions from
the η and η0 pseudoscalars were estimated on the basis of
the chiral HW1 model; we defer a precise evaluation of
those in the massive HW models to future work, where we
plan to study the flavor-asymmetric case together with
the contributions from the Witten-Veneziano mechanism
for implementing the Uð1ÞA anomaly. In the present
flavor-symmetric setup, we would simply estimate the
contribution of a whole UðNf ¼ 3Þ multiplet (P�) as
aP

�
μ ≡ 4aπ

�
μ ¼ ð3.4…7.2Þ × 10−11.

The much higher contributions from the infinite tower of
axial-vector mesons, which in the chiral HW1 model reads
[34] aAμ ¼ 40.6 × 10−11, span the range ð39.3…43.3Þ ×
10−11 in the massive HW models, where the highest value
is obtained in the HW1m0 model, in which the physical
mass of the a1 meson can be fitted by using a nonstandard
MX value. This model has also the largest contribution
from the excited pseudoscalars, so that in combination
aAþP�
μ ¼ 50.5 × 10−11 is reached; the lower end of the

results for this quantity is provided by the HW3m model
with 43.3 × 10−11, where the masses of axial-vector mes-
ons are in fact too high overall.
Generally, we find that the contributions from excited

axial-vector mesons are more important than excited pions,
corresponding to the fact that only the infinite tower of the
former plays a role in satisfying the LSDCs (which
is completely satisfied in the asymmetric Melnikov-
Vainshtein case, and at the level of 81% in the symmetric
case). Massive pions already contribute in the HW1 and
HW3 models in the chiral limit; away from the chiral limit,
their importance is not increased, despite the different
asymptotic behavior of their summed contribution in the
HW1m and HW3m cases, where one has a logarithmic

FIG. 8. Single- and double-virtual axial-vector transition form factors, the former compared with the dipole fit of L3 data for f1ð1285Þ
of Ref. [42] (gray band).

FIG. 9. Bar chart of the individual contributions to aπ∪a1μ in the
various HW models, with excited modes given by increasingly
darker colors, with blue for the π0’s and red for the a1’s.

10The model of Refs. [24,25] respects the known experimental
constraints, but it was constructed such that the longitudinal
SDCs are saturated by excited pseudoscalars instead of axial-
vector mesons.
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enhancement of the TFFs. Correspondingly, the contribu-
tions of the axial-vector tower are not reduced; in fact, they
tend to be higher with nonzero quark masses.

E. Discussion

Since we have seen above that the holographic results for
the low-energy observables Fπ2γγ and A1ð0; 0Þ, the latter
determining the equivalent two-photon rate of the lightest
axial-vector meson, are larger than indicated by experi-
ments, the corresponding holographic results may perhaps
be viewed as upper limits. In the following, we investigate
whether this situation improves when one tries to accom-
modate corrections to the high-energy behavior. In fact, the
holographic HW models we have considered here have no
running coupling constant; the TFFs reach their asymptotic
UV limits somewhat too quickly.
In order to derive more plausible extrapolations to real

QCD, we have considered a reduction of the value g25 by
10% and by 15%. This brings the asymptotic behavior of
the TFFs down by amounts that are roughly consistent with
perturbative corrections to the leading-order pQCD results
at moderately highQ2 values [80,81]. At the same time, the
right-hand side of Eq. (14) is increased by a similar amount,
which is consistent with the next-to-leading-order terms in
this expression [82].
With 10% reduction, the HW model results for the pion

TFF also get closer to the central result of the dispersive
approach at all energies, while with 15% they are generally
somewhat lower. In Table III, we have listed the reduction

factors resulting for A1ð0; 0Þ and various aμ contributions
in the chiral HW1 model, which we assume to be a good
approximation in general. Applying the stronger reduction
factors to the minimum values of the results of the massive
HW models, we obtain the range

aπ
0

μ ¼ ðRðaP1
μ Þ0.85 × 64.3…66.6Þ × 10−11

¼ ð60.5…66.6Þ × 10−11; ð61Þ

in remarkable agreement with recent evaluations using
the data-driven dispersive approach [22], where aπ

0

μ ¼
62.6þ3.0

−2.5 × 10−11, which has also been backed up by lattice
QCD [22]. Doing the same for excited pseudoscalars and
axial-vector mesons, we obtain the following ranges as our
predictions for the contributions of excited pseudoscalars
and axial-vector mesons:

aP
�

μ ≡ 4aπ
�

μ ¼ ð3.2…7.2Þ × 10−11;

aAμðLÞ ¼ ð20.8…25.0Þ × 10−11;

aAμ ¼ ð36.6…43.3Þ × 10−11;

aAþP�
μ ¼ ð39.8…50.5Þ × 10−11: ð62Þ

The latter result could be compared to the white paper [4]
values attributed to the axial sector and contributions related
to the SDC, aWP;axials

μ ¼ 6ð6Þ × 10−11 and aWP;SDC
μ ¼

15ð10Þ × 10−11, which with linearly added errors gives
21ð16Þ × 10−11, which is significantly smaller.
In Ref. [46], a model-independent estimate of the effects

of the longitudinal short-distance constraints on the HLBL
contribution to aμ has been proposed, with the result

Δað3Þμ ¼ 2.6ð1.5Þ × 10−11 for the isovector sector. In
Table II, we have also listed the results for the longitudinal
part of the contributions from the excited pions and
the a1 tower. Extending the range of the holographic
results by the above reduction of the lower end, we obtain
aπ

�∪a1
μðLÞ ¼ ð6.0…8.1Þ × 10−11, which is significantly higher.

However, excluding the ground-state axial-vector meson,

TABLE II. Partial sums of the contributions of pions and of axial-vector mesons to aμ in units of 10−11, where aμðLÞ denotes the
longitudinal contribution only. Here, π and a1 refer to the entire tower of pions and a1 mesons, π� only to the heavy pions, and a�1 only to
excited axial-vector mesons. A and P� refer to a whole UðNf ¼ 3Þ multiplet of axial-vector mesons and excited pseudoscalars, where
the contributions from the former are split into longitudinal (L) and transverse (T) parts. In the present flavor-symmetric case, aAμ ≡ 4aa1μ
and aP

�
μ ≡ 4aπ

�
μ .

Model aπ
0

μ
aπμ aπ∪a1μ aπ

�∪a1
μðLÞ a

π�∪a�
1

μðLÞ aP
�

μ aAμ ½Lþ T� aAþP�
μ

HW1 65.2 66.1 76.2 6.6 2.2 3.5 40.6½23.2þ 17.4� 44.0
HW1m 66.0 66.8 77.0 6.7 2.2 3.5 40.8½23.3þ 17.5� 44.3
HW1m0 64.3 66.1 77.0 8.1 3.7 7.2 43.3½25.0þ 18.3� 50.5
HW3m 66.6 67.4 77.4 6.5 1.9 3.4 39.9½22.7þ 17.2� 43.3
HW3m0 66.0 67.5 77.8 7.4 2.7 6.1 41.2½23.5þ 17.7� 47.3

TABLE III. Reduction factors R in pseudoscalar and axial-
vector contributions to aμ as estimated from the chiral HWmodel
when the asymptotic LO pQCD constraints for TFFs are satisfied
only at the levels of 90% or 85%. P and A refer to the whole tower
of pseudoscalar and axial-vector mesons; P1 and A1 refer to the
ground-state modes.

g2
5
Nc

12π2
RðAð0; 0Þn¼1Þ RðaP1;P

μ Þ RðaA1
μ Þ RðaAμ Þ

0.90 0.93 0.96 0.91 0.95
0.85 0.90 0.94 0.87 0.92
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whose mass is close to the matching scale used in Ref. [46]
and which (like any single excitation) does not contribute to

the asymptotic value of the TFFs, we just have a
π�∪a�

1

μðLÞ ¼
ð1.7…3.7Þ × 10−11, in perfect agreement with Δað3Þμ of
Ref. [46]. Including singlet and octet contributions,

Ref. [46] has estimated Δað0Þþð3Þþð8Þ
μ ¼ 9.1ð5.0Þ × 10−11,

which is 3.5 times the Δað3Þμ result. In our flavor-symmetric
models, wewould have to multiply our results by a factor of
4, giving ð6.9…15.0Þ × 10−11, which is still agreeing well.
It would be interesting to revisit the additional study in
Ref. [46], where the HW2 results for the lightest axial-
vector meson were included and a result was found that
exceeded the contributions of the remaining tower.
Another method to estimate the effects of the LSDC has

been used in Refs. [24,25], where a Regge model of excited
pseudoscalars has been tuned to reproduce the LSDC.
Although we have found in the holographic models that
away from the chiral limit also, it is the axial-vector mesons
that are alone responsible for the LSDC, the recently
updated estimate obtained in Ref. [47], ΔaLSDCμ ¼ 13ð5Þ,
is fully consistent with our conclusions, as illustrated
in Fig. 10.
The most important contribution missing in previous

evaluations of the HLBL piece of aμ, if the holographic
HW models are to be trusted, are those from the ground-
state axial-vector mesons. With the reduction of g5, the low-
energy end of the axial-vector TFF also gets modified
appreciably, expanding our range of predictions to

jAð0; 0Þjn¼1 ¼ ð17.3…21.3Þ GeV−2, which now has over-
lap with the experimental values quoted above in Sec. V C.
The lowest value (which also fits the experimental
data best) is in fact obtained in the HW1m0 model,
where the mass of a1ð1260Þ can be fitted, yielding11

aA1
μ ¼ 25.9 × 10−11. In this model, however, the n ¼ 2

axial-vector TFF has a larger value than in the other
models, and its contribution to aμ is also fairly large, so
that the second-lightest axial-vector multiplet alone con-
tributes another aA2

μ ¼ 7.5 × 10−11, despite having a mass
much higher than those of established excited axial-vector
mesons. As we have already remarked, the total contribu-
tion of the axial-vector tower is the largest of all HW
models (see Table II). With maximal reduction of g25, it still
yields aAμ ¼ 40 × 10−11, coinciding with the central value
of the range given in Eq. (62).
All in all, the holographic HW models that we have

considered here point to≳20 × 10−11 of extra contributions
in the HLBL part of aμ, compared to the axial-vector
and SDC pieces in the white paper value [4] of
aHLBL;WP
μ ¼ 92ð18Þ × 10−11, chiefly due to the axial-vector

meson contributions. Such sizable upwards corrections
are in fact compatible with the recent complete lattice
calculation [28] with comparable errors, which obtained
aHLBL;latticeμ ¼ 106.8ð14.7Þ × 10−11.

VI. CONCLUSION

In this paper, we have studied various AdS/QCD models
with a hard wall and with a bifundamental scalar, which
permits us to introduce finite quark masses, and thus to
extend our previous work on hadronic light-by-light con-
tributions in holographic QCD away from the chiral limit.
In the latter, it was shown in Refs. [34,35] that summation
of the contributions of the infinite tower of axial-vector
mesons changes the asymptotic behavior of the HLBL
scattering amplitude of individual contributions precisely
such that the Melnikov-Vainshtein LSDC is satisfied. By
contrast, in Refs. [24,25], a Regge model of excited
pseudoscalars has been constructed to achieve the same.
Turning on finite quark masses, we found that in the
holographic models, the infinite tower of excited pseudo-
scalars, which is already present in the chiral limit and in
fact has nonvanishing two-photon couplings despite van-
ishing decay constants, couples to the axial anomaly and
then can lead to a certain enhancement of their contribution
to the asymptotic HLBL amplitude, but never enough to
contribute to the leading terms of the LSDCs. With the
standard choice of the holographic mass of the bifunda-
mental scalar, which determines the scaling dimension of
quark masses and chiral condensates, this enhancement is

FIG. 10. Isovector part of the longitudinal contributions beyond
the pion pole. The original estimate of Melnikov-Vainshtein [8]
(MV) of 13.5 × 10−11 (green dot) translates to 17.5 × 10−11 with
current input according to Refs. [24,25]. The estimate obtained
by the latter, who have constructed a Regge model for excited
pseudoscalars to reproduce the MV-SDC, is shown in blue and
labelled CHHLS. The estimate of Lüdtke and Procura [46] (LP) is
plotted in red. The spread of results obtained in the HW1/HW3
models is shown in black; the gray version is without the
contribution from the ground-state a1 meson. (The center of
the error bar is the center of the uncorrected results, and the errors
are enlarged downwards according to the 85% reduction of g25.).

11This is significantly larger than our previous “data-based”
extrapolation in Ref. [34], which was using an experimental value
for Að0; 0Þ that is lower than the ones discussed in Sec. V C.
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merely logarithmic; generalizations are possible where
power-law enhancements also arise, but they are still below
what is relevant for LSDCs at leading order.
We have also considered the numerical consequences of

introducing finite quark masses on the results obtained
previously in the chiral limit, for simplicity only in the
flavor-symmetric limit so that the π0 and the a1 sector can
be covered, leaving the Nf ¼ 2þ 1 case and also the
consideration of the Witten-Veneziano mechanism for the
Uð1ÞA anomaly to future work. Doing so, we have explored
the two sets of boundary conditions that are possible in
hard-wall models, and we have also considered the gen-
eralization of modified scaling dimensions of quark masses
and chiral condensates proposed in Ref. [51], which
permits us to fit either the mass of the first excited pion
or the mass of the lowest axial-vector meson.
As displayed in Fig. 9, the massive HWmodels lead only

to small (positive) changes in the contributions to aμ from
the π0 and a0 towers compared to the chiral HW1 model,
when in the latter the physical pion mass is inserted
manually in the pion propagator. Compared to experimental
data, the two-photon couplings of the lowest axial-vector
meson, which is responsible for the second-largest con-
tribution besides the ground-state pion, is somewhat too
large, but it becomes consistent with experimental con-
straints when the five-dimensional coupling is adjusted
such that the LO pQCD values of TFFs are reduced by
amounts corresponding to typical αs corrections at mod-
erately large energies. However, after such adjustments, the
contributions from the axial-vector and excited pseudosca-
lar mesons (≳40 × 10−11) are also significantly larger than
in the model calculations that have been used to assess their
role and also the effect of SDCs in the white paper [4],
where aaxialsþSDC

μ ¼ 21ð16Þ × 10−11.
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APPENDIX A: CHIRAL LIMIT AND GOR
RELATION

In the following, we give some details on the chiral limit
Mq → 0 of the massive HW models, including the gener-
alization where M2

X is allowed to deviate from the standard
choiceM2

X ¼ −3. The connection to the chiral HW models
with strictly Mq ¼ 0 is somewhat subtle, because the
weight function z=βðzÞ in the differential equation
[Eq. (22)] for y ¼ ∂zϕ=z is (more) singular at ζ ≡ z=z0 ¼ 0
when Mq ¼ 0:

z
βðzÞ ∼

8<
:

z0
g2
5
M2

q
ζ−1þ2α for ζ → 0;Mq ≠ 0

1
g2
5
Σ2z3

0

ζ−1−2α for ζ → 0;Mq ¼ 0
; ðA1Þ

where α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þM2

X

p
∈ ð0; 2Þ, with α ¼ 1 for the standard

choice M2
X ¼ −3.

The asymptotic behavior of the profile function ySðq; zÞ
near the boundary ζ ¼ 0 reads

ySðq; zÞ ∼

8>>><
>>>:

g2
5
M2

q

2−2α ζ
2−2α þ a1 þ a2ζ4−2α þ � � � for α > 1

g25M
2
q ln ζ þ a1 þ a2ζ2 ln ζ þ � � � for α ¼ 1

a0 þ g2
5
M2

q

2−2α ζ
2−2α þ a2ζ2 þ � � � for α < 1

;

ðA2Þ
and that of normalizable modes is given by

yn ¼ −g5fπn þ
�
c1ζ4−2α þ � � � for α > 1

c1ζ2 þ � � � for α ≤ 1
: ðA3Þ

The mode functions ϕn and πn vanish at the ultraviolet
boundary according to

ϕn ¼ −g5fπnz
2=2þ � � � ; πn ¼ −

m2
nfπnz

2−2α
0

2αg5M2
q

z2α þ � � � :

ðA4Þ

When Mq ≪ Σz20, the weight function z=βðzÞ is con-
centrated at small z, where its would-be divergence is cut
off by Mq. In this limit, one can approximate the normali-
zation condition [Eq. (27)] by replacing y2n with its
boundary value g25f

2
πn and the upper limit of the integral

by infinity, yielding

g25f
2
πnm

2
n

Z
∞

0

dz
z

βðzÞ ¼ 1; ðA5Þ

where

g25

Z
∞

0

dz
z

βðzÞ ¼ z40

Z
∞

0

dζ
ζ3

ðz0Mqζ
Δ− þ z30ΣζΔ

þÞ2

¼ z40

Z
∞

0

dζ
ζ2α−1

ðz0Mq þ z30Σζ2αÞ2
¼ 1

2αMqΣ
:

ðA6Þ
For sufficiently small Mq, we thus obtain

f2πnm
2
n ≈ 2αMqΣ: ðA7Þ

For massive pions—i.e., for n > 1—where mn approaches
a nonzero value in the chiral limit, this implies that
fπn → 0, so they decouple, while the lightest pion with
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fπ1 ¼ fπ gives rise to the Gell-Mann–Oakes–Renner rela-
tion f2πm2

π ¼ 2MqΣq for α ¼ 1, while for α ≠ 1 one should
perhaps rescaleMq and Σ before interpreting them as quark
mass and condensate. (The scaling factor mentioned in
footnote 2 drops out here.)
While y1 always satisfies the boundary condition

z
β ∂zy1 ¼ 0 at z ¼ ϵ with z=β ∼ z−1þ2α as Mq → 0, it does
not satisfy such a boundary condition with βðzÞjMq¼0. From
the point of view of the strictly chiral HW model, y1
corresponds to a solution with different boundary con-
ditions that pertain to those of profile functions yS (up to an
overall factor). Nevertheless, it can still be normalized
by Eq. (27), since with the help of the equations of motion,
the divergent integral times the vanishing mass can be
recast as

m2
1

Z
z0

ϵ
dz

z
βðzÞ y

2
1 ¼

Z
z0

ϵ
dzy1

�
z − ∂z

z
βðzÞ ∂z

�
y1: ðA8Þ

The holographic wave function of the massless pion can
be given in closed form as the appropriate linear combi-
nation of the two Bessel functions:

z1þαI�1þα
2þα

�
g5Σz1−α0

2þ α
z2þα

�
: ðA9Þ

In the special case of the chiral HW1 model with standard
M2

X ¼ −3, and thus α ¼ 1, the result reads [52]

y1 ¼ Nz2
�
−I−2

3
ðηz3Þ þ

I−2
3
ðηz30Þ

I2
3
ðηz30Þ

I2
3
ðηz3Þ

�
; ðA10Þ

with η ¼ g5Σ=3 and N2 ¼ g25Σ2Γð1
3
ÞΓð2

3
ÞI2

3
ðηz30Þ=I−2

3
ðηz30Þ.

APPENDIX B: EFFECTS OF REDUCING g25

Table IV shows the changes brought about by a reduction
of g25 by 10% (HW1−) and by 15% (HW1 − −) in the chiral
HW1 model.
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