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We extract the leading Fock state light-front wave functions (LF-LFWFs) of both the light and heavy
pseudoscalar mesons, e.g., the pion (at masses of 130, 310, and 690 MeV), 5. and #,,, from their covariant
Bethe-Salpeter wave functions within the rainbow-ladder truncation. It is shown that the LF-LFWFs get
narrower in x (the longitudinal momentum fraction of the meson carried by the quark) with the increasing
current quark mass, and the leading twist parton distribution amplitudes inherit this feature. In the case of the
pion, the LF-LFWFs only contribute about 30% of the total Fock state normalization, indicating the presence
of significant higher Fock states within. In contrast, in the cases of the 5, and 7,,, the LF-LFWFs contribute
more than 90%, suggesting the QQ valence Fock state truncation as a good approximation for heavy mesons.

We thus study the three-dimensional parton distributions of the 7. and 7, with the unpolarized generalized

parton distribution function (GPD) and the transverse momentum-dependent parton distribution function.

Through the gravitational form factors in connection with the GPD, the mass radii of the . and 7, in the light-

cone frame are determined to be rﬂE‘lLC = 0.150 and rWE’iLC = 0.089 fm, respectively.

DOI: 10.1103/PhysRevD.104.094016

I. INTRODUCTION

As a result of the Higgs mechanism [1,2], very large
current quark mass differences abound in quantum chromo-
dynamics (QCD), resulting in diverse hadronic phenomenon
in the light and heavy sectors. In hard hadronic processes, the
quarks’ partonic nature, which is directly associated with
their current masses, is exposed. The partonic structure of the
hadrons is thus of great interest, as it reveals the substructure
of hadrons and is experimentally accessible through various
hard exclusive and/or inclusive processes.

Theoretically, the hadrons’ partonic structure is
described in terms of various parton distributions. The
parton distribution amplitude (PDA), for instance, is an
important quantity that incorporates the internal nonper-
turbative dynamics within a QCD bound state. It serves as a
soft input for the factorization of various hard exclusive
processes, such as deeply virtual meson production [3.,4],
B meson decay [5-7], and exclusive charmonium J/y + 7,
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pair production in e*e™ annihilation [8,9]. The determi-
nation of the PDAs rely heavily on nonperturbative QCD
methods. In the light quark sector, phenomenological
models and methods, i.e., QCD sum rule [10,11], light-
front holographic QCD [12], and the Dyson-Schwinger—
Bethe-Salpeter equations method (DS-BSEs) [13-15]
yield predictions. Meanwhile, lattice QCD has predicted
its first one or two nontrivial moments [16—18]. Recently,
with the help of large momentum effective theory
(LaMET) [19], lattice QCD is giving much more infor-
mation by charting the pointwise behavior of the PDAs
[20,21]. Notably, agreement between lattice QCD and DS-
BSEs is found for the pion chiral-extrapolated to physical
mass [22]. On the other hand, there is no lattice QCD
result on PDAs in the heavy sector yet. Recently, it has
been proposed that the B meson PDA can be determined
from heavy quark effective theory, by combining the
LaMET and the Euclidean lattice simulation technique
[23]. As compared to light mesons, heavy mesons are
arguably simpler as the quarks move much more slowly
inside, so light-front potential models [9,24] and non-
relativistic QCD are applicable [25,26]. Meanwhile, the
QCD sum rule and Dyson-Schwinger equation (DSEs)
also extend from the light sector to the heavy sector and
give their predictions on heavy meson distribution ampli-
tude (DAs) [7,27-30].

Published by the American Physical Society
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On the other hand, the parton distribution functions
(PDFs) of hadrons and, in particular, their three-
dimensional extensions, the generalized parton distribution
functions (GPDs) [3,31,32], and transverse momentum-
dependent parton distributions functions (TMDs) [33],
have drawn much attention in recent years. The GPDs
provide a unified description of the parton distribution in
longitudinal momentum and transverse spatial coordinates
[34,35], while the TMDs incorporate the transverse motion
of partons and their spin-orbit correlations [36,37].
Meanwhile, the GPDs are connected with hadron matrix
elements of the energy-momentum tensor through
x-weighted moments, which provide valuable information
about the spin, energy, and pressure distributions within
hadrons [32,38-41]. The GPDs and TMDs thus provide
much more abundant information concerning the hadron’s
parton structure. Although the present focus on hadrons lies
mostly in the light sector, e.g., the nucleon and pion/kaon
mesons that are relatively stable [42—44], it is of theoretical
interest to look into the 3D structure of the heavy hadrons
with the help of GPDs and TMDs.

As light-cone quantities, the PDA, GPD, and TMD are
interconnected by the light-front wave functions (or light-
cone wave functions). The PDA is the leading Fock state
light-front wave function (LF-LFWF) integrated over trans-
verse momentum k; [45], and the GPD and TMD can be
calculated with overlap representations in terms of LFWFs
[46-49]. The standard way to obtain the LFWFs is by
diagonalizing the light-cone Hamiltonian. Challenges lie in
the construction of the light-cone Hamiltonian in connection
with QCD, as well as its diagonalization when more Fock
states are involved [50]. Recently, with the help of the basis
light-front quantization (BLFQ) technique, the |ggg) state
has been included in the pion and the calculation thus goes
beyond the leading Fock state truncation [51]. On the other
hand, an alternative approach exists by extracting the
LFWFs from hadrons’ covariant wave functions in the
ordinary space-time frame, namely, the instant form
[48,52-55]. Using this approach, we obtained the LF-
LFWFs of the pion and kaon [56,57], and later the vector
mesons p and J /y [58]. A unique advantage of this approach
is that it circumvents the light-cone Hamiltonian construc-
tion and diagonalization and allows the extraction of LF-
LFWFs from many Fock states. In this work, based on the
study of the pion at the physical mass in [57], we will predict
LF-LFWFs of fictitious pions at masses of 310 and 690 MeV
that are directly accessible by lattice QCD, as well as %, and
n,, from the heavy sector.

The light pseudoscalar meson sits in a special position as
it is the Goldstone boson of dynamical chiral symmetry
breaking (DCSB). The pion is thus dominated by the
DCSB phenomenon, while the Higgs mechanism is almost
irrelevant [59]. However, in the heavy mesons, the situation
is the opposite: the Higgs mechanism generates most of the
quark masses (and, consequently, the hadron mass), but the

DCSB effect weakens. The pseudoscalar mesons across the
light and heavy sectors thus provide a good window to
observe how the LF-LFWFs evolve with the strength shift
between the DCSB and Higgs mechanism. The present
study is therefore motivated in several directions: In the
light quark sector, we study the LF-LFWFs of the pion at
the physical mass (~130 MeV) and make predictions at
testing masses of m, = 310 and 690 MeV. The latter two
cases are chosen as they are directly accessible in lattice
simulations [22]. Note that lately the authors of [60] have
proposed a way to extract the hadron LFWFs through
lattice QCD based on LaMET, so lattice results can be
expected. In the heavy sector, we report the 7, and #;, LF-
LFWFs determined for the first time from the DS-BSEs.
Using these LEFWFs, we analyze the PDAs of 7. and 7, and
investigate their 3D parton structure with the help of GPDs
and TMDs.

This paper is organized as follows: In Sec. II, we
introduce the DS-BSEs formalism and extract the LF-
LFWFs from the covariant BS wave functions. In Sec. III,
we show the calculated LF-LFWFs of the pion (at different
masses), 1, and 7,,, as well as their PDAs. A comparison is
made between the light and heavy mesons. In Sec. IV, the
parton structures of 7, and 7, are studied by means of the
GPD (at zero skewness) and the unpolarized TMD. Finally,
we conclude in Sec. V.

II. FROM BETHE-SALPETER WAVE
FUNCTIONS TO LF-LFWFs

Within the DS-BSEs framework, the mesons are treated
as bound states and described by their covariant Bethe-
Salpeter (BS) wave functions. Within the rainbow-ladder
(RL) truncation, which is taken throughout this work, the
pseudoscalar mesons can be solved by aligning the quark’s
DSE for full quark propagator S(k) and meson’s BSE for
BS amplitude Iy, (k, P) [61,62], i.e.,

S(k)™" = Zy(iy - k+Zym(p))
24 Ja

A
+23 [ D) S Sk=-6 5 (1)

Fy(k:P) = -23 / "Gk = gk - 92

a a

. A A
x Diee(k — q) 5 7uS(a: )T (4 P)S(q-) 5 72

(2)

Here | ;\ implements a Poincaré invariant regularization of
the four-dimensional integral, with A the regularization
mass scale. The D,fffe is the free gluon propagator in the
Landau gauge. The quark momentum partition
g+ =q=+P/2. The m(u) is the current quark mass
renormalized at a scale of u. The Z, and Z, are the quark
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wave function and mass renormalization constants, respec-
tively. Here a factor of Z% is picked out to preserve
multiplicative renormalizability in solutions of the DSE
and BSE [62]. The Bethe-Salpeter amplitudes are even-
tually normalized canonically

2P, = /k A{Tr {FM(k; —P)%FM(IQ P)S(k_)]

u

T [fM(k; —P)S(k, )Ty (k: P) agg‘;)} } 3)

with fM(k, —P)T = C_]FM(—k, —P)C and C = Y274
Notably, the RL truncation preserves the (near) chiral
symmetry of QCD by respecting the axial vector Ward-
Takahashi identity [63]. The DCSB is therefore faithfully
reflected and the Goldstone nature of light pseudoscalar
mesons is manifest. Meanwhile, the RL truncation also
applies to the heavy mesons [64—-66]. We therefore solve
for the pion and heavier 7, and 7, mesons in the same RL
truncation.

The modeling function G(/?) in Egs. (1) and (2) absorbs
the strong coupling constant «y, as well as the dressing
effect in both the quark-gluon vertex and full gluon
propagator. Popular models include the Maris-Tandy
(MT) model and the later Qin-Chang (QC) model [67]

G(s) = % pe-sio® 877
(!)4

In[z 4+ (1 + s/AéCD)Q}

F(s). (4)

The second term in Eq. (4) is the perturbative QCD result
[61,67] that describes the UV behavior, while the first term
incorporates essentially nonperturbative dressing effects at
low and moderate momentum. As compared to the MT
model, the QC model improves the far infrared behavior of
the gluon propagator to be in line with lattice QCD [68,69]
and modern DSE study [70], while for studying hadrons the
two are equally good. Historically, combined with the RL
truncation, the MT and/or QC models well describe a range
of hadron properties, including the pseudoscalar and vector
meson masses, decay constants, and various elastic and
transition form factors [63,71-75].

The model parameters in this work are as follows. For the
pion, we consider three cases, i.e., m, = 130, m, = 310, and
m, = 690 MeV. The first one is physical, while the latter
two are for exploratory purposes, but directly accessible in
lattice QCD simulations. In Eq. (4), we employ the well-
determined parameters @ = 0.5 GeV, D = (0.82 GeV)?/w
[67]. Meanwhile, we omit the UV term of Eq. (4), which
determines the UV behavior of the pion’s BS amplitude.
Physically, this means we will only focus on the low and
moderate k; part of the pion’s LF-LFWFs, but discard their
UV part. In this case, Egs. (1) and (2) are superrenormaliz-
able and the renormalization constants Z, and Z, can be set to
1. The only remaining parameter is the current quark mass

and we take m,;; =5, 27, and 119 MeV, which produce
m, = 130, 310, and 690 MeV, respectively. Note that
my, g = 119 MeV already reaches the strange quark mass.

In the heavy sector, we take w =0.7 GeV, D =
(0.765 GeV)?/w. They reproduce the physical mass spec-
trum and decay constants of heavy mesons as 7., J/y, 1,
and Y. Their deviation from those in the light sector is a
consequence of the diminishing of the dressing effect from
the light antiquark-quark-gluon vertex ggg to the heavy
QQg vertex [28]. For the mass parameters, we determine
M. (m?)=m, =132 and M,(m3;) =m;, = 430 GeV.
Here the M, ;,(k*) are the mass functions of the quark
propagator defined in Eq. (5). These parameters produce
m, =292 and m,, = 9.4 GeV and decay constants f, =
0.272 and f,, = 0.476 GeV. For comparison, we recall
that the particle data group gives m. = 1.27 £ 0.02, m;, =
4181003, m, =2.984, and m, =9.398 GeV [76]. For
the decay constants, lattice QCD gives f, = 0.279 [77]
and f, = 0.472 GeV [78], respectively.

Using these parameters, the S(k) and 'y, (k; P) can be
numerically solved with Egs. (1) and (2). Note that S(k)
admits the general decomposition

- 1 Z(k?)
S(k) = AR+ B(K?)  iff+ M(k?)

(5)

and 'y, (k; P) can be decomposed as

Ty (k; P) = ys[iE(k; P) + PF(k; P)
+ (k- P)KG(k; P) + i[K, PIH (k; P)]. (6)

The F = E, F, G, and H are scalar functions of K,k - P,
and P2. In the end, we obtain the numerical solutions for A,
B, and F’s.

To extract the LF-LFWFs, we further parametrize S(k)
and Ty, (k; P) with analytical forms. The S(k) is written as
the sum of pairs of complex conjugate poles [79]

N *
Ve Z;
S(k)zz[ik—l—mi—’—ik—km;‘} 7)

i=1

with N = 2. For the BS amplitude T'y;(k; P), we para-
metrize its scalar functions F = E, F,G, and H with a
Nakanishi-like representation [57,80]

F(k;P) = /_] dap;(a)

|: Ul A2”1
1

(k> 4+ ak - P+ A*)™
U, A
_|_

(Kt ak- P+ A2)™

1 U5 A2
d - )
+/_1 aﬂu(a) (k2 —|—(Xk'P—|—A2)”3

(8)
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1 I'(3/2
+010" @) + oGP @] 9)
where p,(a) =3 (1 —a?) and {Cy, M =0,1,....c0} are

the Gegenbauer polynomials of order 1/2. The values of the
parameters are listed in the Appendix. The outgoing quark
and antiquark in the meson carry momentum & + P/2 and
k — P/2, respectively, so F(k; P) is even in k - P due to
charge parity.

On the other hand, in the light-cone frame, the pseudo-
scalar meson M with valence quark f and valence antiquark
h at the leading Fock state is given by [50,81]

/dsz dx 6y
27)3 24/xx /3

X ‘I’z,,ﬂz (x, kT)b;,/ll,i(x’ kT)d:z,/lz,j()_Cvi(T)l())’ (10)

where k; is the transverse momentum of the quark f, and
X = 1’[‘,—: is the light-cone longitudinal momentum fraction of
the active quark. The other variables are x = 1 — x and
k; = —k;. The 1; = (1, ]) denotes the quark helicity and
0ij /+/3 is the color factor. The b' and d' are the creation
operators for a quark and antiquark, respectively. The
®, ,,(x.kr) are the LFWFs that encode the nonperturba-
tive internal dynamical information.

Meanwhile, in the case of pseudoscalar mesons, using
the constraint from ¥ parity (the ¥ transform consists of a
parity operation followed by a 180° rotation around the y
axis [82]), the four @, , (x,kr)’s can be expressed with
two independent scalar amplitudes [82], i.e.,

@, | (x.kr) =wo(x.k7), @ 4 (x.kr) = —wo(x.k7),
Q4 4 (x.kr) = kyy (x. k7)., @y | (x.ky) = kjy, (x.k7),
(11)

where k# = k' + ik?. The subscripts 0 and 1 of y/(x, k%)
indicate the orbital angular momentum of the (anti)quark
projected onto the light-cone z direction. The y(x,k%)’s are
easier to compute as they contain fewer variables than
®(x,k7). They can be obtained from the Bethe-Salpeter
wave function via the light-front projections [56,83,84]

+ -
ol k) \/—/dk dk

X Trply T rsxi(k. P)6(xPT = k7)., (12)

. [dkTdk™ 1
wi(x k) = —\/gl/Tk—%

X TrD[iGHkTi}’S)(fﬁ(kv P)lo(xP* —k*), (13)

where 6™ = %[y, 7] and the plus component of a four

vector A is AT = (A° + A%)//2. The trace is taken over
Dirac indices. The BS wave function can be expressed using
the quark propagator S(k) and the BS amplitude I'y;(k; P)
as ys(k; P) = Sp(k+ P/2)Ty(k; P)S;(k—P/2). Using
Egs. (7)—(9) and Egs. (12) and (13), one can reproduce
the pointwise behavior of y(x, k%) with very high precision,
using the method explained in Sec. II of [57].

III. LF-LFWFs OF PSEUDOSCALAR MESONS

The LF-LFWFs for the pion are shown in Fig. 1. From
the top row to the bottom, we display the results of
m, = 130, 310, and 690 MeV, respectively. Comparing
these LF-LFWFs, a prominent feature is that, as the current
quark mass increases, the LF-LFWFs get narrower in x.
Figure 1 therefore suggests that the DCSB tends to broaden
the x distribution of pseudoscalar mesons LF-LFWFs,
while the explicit chiral symmetry breaking brought by
the Higgs mechanism does the opposite. The tendency
continues to the heavy sector. In Fig. 2, we show the LF-
LFWFs of 5. and 5, mesons, which are significantly
narrower than those in the light quark sector. On the other
hand, the light meson LF-LFWFs decrease much faster
than the heavy meson in k7. This indicates the transverse
motion of quarks in heavy mesons are more active than that
in the light system.

Aside from the profile, the magnitude of the LF-LFWFs
also provide important information of the pseudoscalar
mesons’ parton structure. Rigorously speaking, the mes-
on’s LFWFs of all Fock states should normalize to
unity, i.e.,

1 == ZNLI_FNHF’ (14)
AL

FIG. 1. The wy(x,k2) and y, (x,k%) of pion at m, = 130 (top
row), 310 (middle row), and 690 MeV (bottom row).
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X X
02 04 06 08 1

FIG. 2. The wy(x,k%) and w,(x,k2) of 5. (top row) and 7,
(bottom row).

with

i
Noy = /dx/z(z @, k) (15)

The Ny refers to higher Fock states contribution. The N’s
are simply the overlap between the LFWFs and their
complex conjugate, so they are positive definite. Here
we infer the value of Nyg by subtracting unity with the LF-
LFWFs contribution. Our result is listed in Table I
Apparently, as the system gets heavier, the higher Fock
states contribution diminishes. This suggests (i) heavy
systems such as ¢¢ and bb could be well approximated
with their LF-LFWFs and (ii) in a light system such as the
pion where the Higgs mechanism is almost irrelevant, there
are lots of higher Fock states generated in association with
the DCSB. We therefore believe this is another novel
property of the parton structure of mesons in connection
with the DCSB.

Finally, there is a shift in the relative strength between
wo(x, k%) and w,(x,k%) as the quark mass changes.
Defining the ratio

Nir+N N
G B Bk A K (16)
Nyy+Npy o Ny

we find » = 0.56, 0.16, and 0.04 for pion, 7., and 7,
respectively. Therefore as the spin antiparallel (S-wave)
LFWF w(x, k%) provides a larger contribution, there is
also a considerable P-wave component in the pion. In

TABLE 1. LFWFs contribution to Fock states normalization.
See Eq. (15) for definition of N and Eq. (16) for r.

Nyy=Nyp Ny =Ny, Ny r
7 (130 MeV) 0.1 0.056 0.69 0.56
Me 0.40 0.064 007 0.16
M 0.48 0.02 ~00  0.04

heavy quarkonium, the S-wave component becomes dom-
inant as the system gets nonrelativistic.

We next look at the leading-twist parton distribution
amplitudes of the mesons. The twist-2 PDA of pseudo-
scalar meson was originally defined as the kp-integrated
LFWEF [45], i.e.,

d’ky )
hr(x,0) . @Wo(x’ k), (17)
with the normalization condition

Al dx(x,0) = 1. (18)

In Fig. 3, we show our results for pion DAs for three
masses, i.e., 130, 310, and 690 MeV, denoted by solid,
dashed, and dotted curves, respectively. The green, red, and
blue bands are adopted from lattice QCD calculation that
employed the same pion masses, respectively, while at a
hadron momentum of P, =1.75 GeV in the LaMET
approach [22]. General agreement between the two calcu-
lations is found, including the evolution of PDA with
increasing current quark mass (or pion mass). For instance,
the PDAs of the pion with mass 130 and 310 MeV do not
differ much, i.e., they are broad and concave functions. On
the other hand, at a mass of 690 MeV, the PDAs get
significantly narrower and are close to the asymptotic form
6x(1 — x) (gray dot-dash-dashed curve), as first pointed out
in DS-BSEs [28] and confirmed later in [22]. We note that
our PDAs are associated with a scale around 1.0 GeV:
since we only took the first term in Eq. (4), the model
implements a soft momentum cutoff ~A ~ 20 = 1.0 GeV.
Meanwhile the lattice QCD result is at the scale of 2 GeV.
Under the Efremov-Radyushkin-Brodsky-Lepage (ERBL)

0.0 0.2 0.4 0.6 0.8 1.0
X

FIG. 3. The PDA of the pion at masses of m, = 130 (solid),
310 (dashed), and 690 MeV (dotted). The colored bands are
results from lattice QCD [22] at the same masses of m, = 130
(red), 310 (green), and 690 MeV (blue).

094016-5



SHI, LI, CHEN, and JIA

PHYS. REV. D 104, 094016 (2021)

FIG. 4. A comparison of our PDA of 5, (green solid) and 7,
(red dashed) and sum rule results (blue dotted and purple dot-
dashed, respectively) using background field theory [7].

evolution [45,85], all curves would evolve very slowly
toward the asymptotic form.

The PDAs of 5. and 5, are shown in Fig. 4. The
green solid curve is our result for ¢, (x,Q = m,), with
m. = 1.32 GeV in our parameter setup. The dashed red
curve is our ¢, (x,Q = m,;,) with m, =428 GeV. For
comparison, we show the ¢, (x, Q ~ m,) (blue dotted) and
oy, (x, 0 ~m,) (purple dot-dashed) from the sum rule
calculation of [7]. One can see the PDAs of 7. agree very
well. For 5, there is some deviation between the two
curves. However, the deviation reduces if the uncertainties
are considered. For instance, in [7] the moments
((2x—=1)™) with m =2, 4, and 6 are 0.067 + 0.007,
0.011 £0.002, and 0.003 £ 0.001, respectively, while
our red dashed curve gives 0.059, 0.0125, and 0.0047.
On the other hand, the covariant light-front model [86] and
BLFQ approach [24] all yield semiquantitatively similar
results. In the absence of lattice QCD calculations, they all
suggest that the PDAs of heavy pseudoscalar mesons are
narrowly distributed in x as compared to asymptotic form
6x(1 — x) (gray dot-dash-dashed curve).

IV. SPATIAL AND MOMENTUM TOMOGRAPHY
OF THE HEAVY PSEUDOSCALAR MESONS

In the light-cone gauge, the unpolarized quark GPD of a
pseudoscalar meson is defined as

1 [dz= . .-
ch{d(x»éyf;//l):—/iesz 7

2 2
A - - A
P+—|pl| —=—|ytyi|—||P—=).

The x is the parton’s averaged light-cone momentum

. + .
fraction and & = _2AT+ is the skewness. The momentum

. 42
transferis r = A2 = -2 =

2 2
M The GPD has two distinct

domains, where |x| < |£] is the ERBL region and 1> |x|> |£|
is the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi region,
named after their evolution with factorization scale p.
Here we will focus on the GPD of . and 7, at zero
skewness, i.e., the HY/(x,0,7). It gives rise to many
interesting quantities, e.g., the one-dimensional collinear
PDF, the impact parameter-dependent parton distributions
(IPDs), and the gravitational form factor. The overlap

representation of H},(x,0,7) in terms of LFWFs reads
[46,47,83,87]

d*k N -
H},(x,0,1 p0) _/ﬁ[WS(X,kT)Wo(X,kT)

+ kT 'i‘T‘//f (x, IA‘T)‘/H(x’icT)L (20)

with ky = ky + (1 —x)% and ky = ky — (1 —x)%.

We plot Hj (x,0,t;19) (yellow surface) and
H} (x,0.,1;p0) (purple surface) in Fig. 5. Here we rescale
the LF-LFWFs of 5, and 5, in Egs. (12) and (13) by an
overall factor so that the PDF, which relates to the GPD as
A (e pe) = HY(x,0,0; ), is normalized to unity, i.e.,
Jo dxH7,(x,0,05p0) = [& dxfi(x; o) = 1. This approxi-
mation is based on the finding that higher Fock states
contribute little to the normalization, as shown in Table I.
However, the value of y is unknown. Phenomenologically,
it is usually determined by comparing the first moment of
the PDF with experiment or lattice QCD [88,89], but this is
infeasible in the heavy sector due to the lack of experiment
data. In this paper, we follow [90] and presume that g is
around 2m,,. That corresponds to yy ~ 2.6 GeV for 7, and
o =~ 8.6 GeV for 1, close to the natural . and #; mass
scales. We recall that the various parton distributions
studied below are all implicitly associated with such a
scale, which will not be written explicitly.

The two-dimensional Fourier transform of H,(x, 0, A%)
gives the IPD GPD

H(x,0,-A2)

FIG. 5. The unpolarized GPD H},(x,& = 0,1) of 5. (yellow
surface lower at x = 0.5) and 5, (purple surface upper at x = 0.5)
at scales around their masses.
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FIG. 6. The impact parameter-dependent GPD p{,(x, b3) of 1.
and 7. The p¢ (x,b%) is on the left column and p (x,b%) on
the right.

d*Ay
(27)*

which characterizes the probability density of partons on the
transverse plane with the light-cone momentum fraction x
and the impact parameter by [35]. The b7 is defined as the
separation between the active parton and the origin of
transverse center of momentum, i.e., by =by, =rr; —Ry.
In a two-body picture, Ry = xry | + (1 — x)ry,, with rp;
the transverse position of ith parton. We show our results in
Fig. 6, with the left column devoted to the charm quark in 7,
and the right column to the bottom quark in #,,. The charm
quark in #, is more broadly distributed in both x and impact
parameter by as compared to the bottom quark in #,, at their
hadronic scales. We then integrate the x dependence in
the IPDs and obtain their spatial parton distributions

p,’{,fo) (br) = [ dxpl;(x.b7?). The result is plotted in the
upper panel of Fig. 7 and the lower panel displays their

HY,(x,0,—A2)ePrdr - (21)

phtes) = |

0
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
br (fm)

0.6

o |30
! | W20
6 T} 10
-06-0.4-02 0.0 0.2 04 06
b (fm) b% (fm) 0

“
-0.2}

—04}
-06/

L
-0.6-04-0.2 0.0 0.2 04 0.6

FIG. 7. Upper: the transverse spatial distribution of the charm
quark within 7. (blue solid) and the bottom quark within 7,
(purple dashed) on the light front. Lower: the density plots of the
spatial distribution, with 7, on the left and 7, on the right.

density plots. We determine their mean squared impact
parameters (b7)7 = [ db3b}p? V) (b}) to be (b7)s =
(0.157 fm)? and (b%)> = (0.092 fm)?. Comparing with
our results on the pion and kaon (b%)“ = (0.332 fm)?,
(b2)% = (0.361 fm)?, and (b%)5 = (0.283 fm)?> from
[57], one finds the heavy mesons are considerably more
compact in the transverse plane on the light front.

By definition, the (b3)4, can be regarded as the square of
quark distribution radius in the light-cone frame. Within the
leading Fock state truncation and for a charged pseudo-
scalar meson, for instance, the z™, the light-cone charge
radius of 7" is (2 )+ = e, (b7)", + ez(b7)% = (b})"..
It is related to the zt charge radius in the Breit frame as
(r2 g ) et =3(r2 c)p+ In heavy quarkonium, the charge
radius vanishes for charge conjugation. So we can follow
[24,91] and define a fictitious charge radius for 7. in the
Breit frame as (r2j,.), =3 (b7); = (0.192 fm)?. Note
that the standard DS-BSEs computation yields (r? Brin, =
(0.219 fm)? [91], in which infinitely many dressing and
loop Feynman diagrams are calculated, thus higher Fock
states are incorporated. In this sense, the deviation between
0.192 and 0.219 fm can be due to the higher Fock states.
Nevertheless, the deviation is less than 15%, suggesting
roughly the error brought by the leading Fock state
truncation in 7,.. We anticipate the deviation would be
even smaller for heavier 7,,.

The gravitational form factor of 7. and 7, can be
connected with the x moment of the GPD at £ =0, i.e.,

/1 dxxHY(x,0,1) = A (1). (22)
-1

The A7 (¢) denotes the quark’s contribution to the hadron’s
gravitational form factor A(¢), which enters the general

decomposition of the matrix element of the energy-momen-
tum tensor (EMT) of spin-0 states [92-94]

(M(p!) [T (0)|M(p)) = 5 [PHP*A()

+ (9q* — ¢"¢*)C(1)],  (23)

with P=p+p', g=p —p, and t = g*>. The A(z) is
related to the x moment of GPDs by A(t) = >, AS (£, ),
where the a = ¢, g runs through all partons. While the
individual parton contributions A$ (#;u) are scale depen-
dent, their summation A(¢) is not. In our case, as we have
approximated the 7. and 7, solely with the gg Fock state,
the gluon contribution Aj(#;4) vanishes at the initial
scale g, thus A(r) = 2A3 ((t: ). We show our results for
n. and n;, in Fig. 8.

The light-cone energy radius (or mass radius) (r%; ) can
be defined as the mean value of 2 weighted by the EMT in

the light-cone frame, namely, 5= (T ") ¢(r, ), where
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FIG. 8. The gravitational form factor A(¢) [defined in Eq. (23)]
of 1, (blue solid) and 7, (purple dotted) in the leading Fock state
truncation.

d’A |
2P+ (2x)?

Tuhctr) = |

e (p|T,, (0)p).  (24)
It is thus related to the gravitational form factor A(t) by [95]

0A(Q%)
007 |y

(rgrc) = —4 (25)

with Q2 = —t. For 5. and 7,, we find the values to be
<ré’LC)m = (0.150 fm)?) and (r%’LC>,7h = (0.089 fm)?,
respectively. It is interesting to compare them with the
quark  distribution radius  (b7)s = (0.157 fm)* and
(b7)5 = (0.092 fm)? above. The two radii are very close,
with the light-cone energy radius a bit smaller. Such
behavior is in agreement with the finding of [24] in the
case of heavy mesons.

We finally investigate the transverse momentum distri-
bution of quarks within #,. and #;,. The unpolarized leading-
twist TMD of pseudoscalar meson is defined as

- 2
f1(x, k%) = /d‘fzj)fr PilE K —Erky)
< (Plg(0)y w(&.&)IP).  (26)

with the gauge link omitted. At the hadronic scale, its
overlap representation reads [49]

Fo(e k) = (2,1{)3 ol k) + Kl (e kB). (27)

We show their density plots in Fig. 9. The result for 7, is on
the left, while that for #,, is on the right. These TMDs share
the characteristics of the LF-LFWFs, i.e., they peak at the
center x =0.5 and are narrowly distributed in x.
Comparing the 7. and 7,, we find the heavier bottom
quarks are more centered around x = 0.5, while more

2.0 - i 2.0

N
o
-
o

lkrl (GeV)
5

Ikr| (GeV)
5

o
3
4
2]

0.0- : 0.0
00 02 04 06 08 10 00 02 04 06 08 10

X X 0

FIG.9. Density plots of the unpolarized TMD PDF f7(x,k2.) of
n. (left) and 7, (right).

broadly distributed in k7. Their mean transverse momen-
tum of the valence quarks (k;) = [ dxd’kyf1(x.k7)|ky| is
(kr), =0.65 and (kr), = 1.02 GeV.

It is also interesting to look into the form of the
transverse momentum dependence within the TMDs,
which we demonstrate with Fig. 10. For the past years,
the Gaussian and/or Gaussian-based |k;|-dependent mod-
els have been very popular in parametrizing the TMDs of
pions and nucleons in the light quark sector [56,96-102].
Here we explore its validity in the heavy sector with
the Gaussian form fg(x,k%) = Ne *r/#:()) We find the
fitting curves (gray dotted) largely overlap with the
original curves. The fitting parameters were determined
to be (k3(x = 0.5)) = (0.67 GeV)? and (k7(x = 0.4)) =
(0.7 GeV)? for 5., and (k7(x =0.5)) = (1.0 GeV)? and
(k2(x = 0.4)) = (1.1 GeV)? for n,, respectively. These
values are close to the total mean transverse momentum
(kr), =0.65 and (k), = 1.02 GeV obtained above,
suggesting weak x dependence in the fitting param-
eter (k2 (x)).

ool — ff, (x=0.5,K%)
------- £ 0o (x=0.4,K%)

T e\ = 1P, (x=0.5,K3)
S N N ., (x=0.4, k%)
1.0}
S

0.5¢

0.0

60 05 10 15 20 25 30

kr|(GeV)

FIG. 10. The |k;| dependence of #.’s and 7,’s unpolarized
TMD at different x values. The line styles are indicated in the
plot. The accompanying gray dotted curves are fitting curves in
Gaussian form.
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V. CONCLUSION

We study the leading Fock state light-front wave
functions of the light and heavy pseudoscalar mesons,
using a unified framework of rainbow-ladder DS-BSEs and
the light-front projection method. The LF-LFWFs of the
pion at masses of 310 and 690 MeV, and those of the heavy
n. and 7, are reported for the first time within DS-BSEs.

The LF-LFWFs of the pion at physical mass and
310 MeV are broadly distributed in x and close to each
other, while at the mass of 690 MeV, which sits at the
strange quark point, i.e., the fictitious 7, the LF-LFWFs
get distinctly narrower. This trend continues in the heavy
sector for the 7. and #,,. This property is reflected in the
twist-2 PDA which is the kr-integrated LF-LFWF. General
agreement is found between our pion PDAs at different
masses and those from lattice QCD [22]. In the heavy
sector, where lattice QCD is absent, our PDAs of #,. and #,
are comparable with those from the sum rule prediction [7].

The contribution of the LF-LFWFs to meson states on
the light front is further analyzed. As listed in Table I, the
LE-LFWFs of pion contribute only 30% to the Fock state
normalization, while in #, and 7, they contribute more than
90%. This indicates the existence of considerable higher
Fock states in pion and, meanwhile, the dominant role of
LF-LFWFs in determining heavy mesons. In particular, the
latter strongly suggests the leading Fock state truncation as
a reasonable means in dealing with 7, and 7.

We thus take the leading Fock state truncation and study
the unpolarized quark GPD and TMD of 5, and 7, using the
light-front overlap representation given in Egs. (20) and
(27). We associate the resolution scale to the sum of
constituent valence (anti)quark masses, i.e., 2m,, and study
the spatial distribution of valence quarks with IPD GPD. It
is found that heavier quarks are spatially more centered in
heavier mesons. The study of the gravitational form factor
also reveals that the heavier meson has a smaller energy
radius in the light-cone frame. In the transverse momentum
space, we find the heavier quark is more broadly distributed
in k7, but more centered around longitudinal momentum
fraction x = 0.5. We also find the unpolarized TMD PDF
of 5. and 5, can be approximated with x-independent
Gaussian functions, as an extension to rudimentary phe-
nomenological parametrizations of hadron TMDs in the
light sector.

To conclude, this paper delivers comprehensive insights
into the LF-LFWFs of pseudoscalar mesons with varying
current quark mass, as well as valence quark imaging of 7,
and 7, in both position and momentum space.
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APPENDIX: PARAMETRIZATION
OF S(k) AND TI'(k;P)

We list the parametrization parameters of S(k) and
I'(k; P) from Egs. (6)—(9) in Tables II and IIL

TABLE II. Representation parameters for pion with different
masses m, = 130, 310, and 690 MeV. Upper part of the table:
Eq. (7)—the pair (x,y) represents the complex number x + iy.
Lower part of the table: parameters of Egs. (6), (8), and (9).
(Dimensioned quantities are given in GeV.).

21 mg Vo) my
uyo (0.31,0.25) (0.52,0.27) (0.11, 0.0025) (-0.81,0.71)
upso (0.32,0.23) (0.57,0.29) (0.11, 0.016) (—0.82,0.73)
ue0 (031, 0.26) (0.75,0.37) (0.10, 1.89) (-0.89,0.011)
Ul U2 U3 ny np, njs Uli Gé A
E, o 988 -593 0 6 8 .76~ 097 1.7
Foo  5.14 365 0 6 8 0.65 -2.0 1.7
Gy 415 -1136 0 8 10 --- =030 -037 14
L0 1.28 257 0 6 8 0.74 0.36 1.8
Eso 1044 814 0 6 8 --- 148 .13 1.7
Fpao  5.01 261 0 6 8 --- —0.085 —-2.22 1.7
S0 292 —-1138 0 8 10 --- —043 -0.55 145
Hpo o 1.04 209 0 6 8 --- 020 -0.011 1.86
o0 1197 =099 0 6 8 1.38 920 2.0
Foono  4.67 395 0 6 8 --- 058 -—151 20
Gyoo 1.13 =599 0 8 10 --- =049 -036 1.7
00 055 -078 0 8 10 0.36 1.15 1.6
TABLE III. Representation parameters for 7, and #, mesons.

Upper part of table: Eq. (7)—the pair (x,y) represents the
complex number x + iy. Lower part of table: parameters of
Egs. (6), (8), and (9). (Dimensioned quantities are given in GeV.).

71 ny 22 my
u (047,0.70) (1.84, 0.54) (0.018, 0.033) (—1.91,-1.16)
b (047, 0.66) (5.1, 0.74) = e

Ul U2 U3 ny np nj O'Ii 63 A
E, 714 =807 0.18 5 6 1-1.09-091 24
F,. 1.07 0.21 0.01 5 6 1-127-386 24
G, 014 -057 00071 5 6 2 -087-0.58 2.0
H, 0071 -0.079 00021 5 6 2 -069 0.15 1.9
E, 1091 -7.31 0.44 5 6 1-151-0.74 3.6
F, 055 =029 0013 5 6 1 -189-140 34
G, 0.0011 -0.15 00022 5 6 2 -1.75-1.72 33
H, 0.0076 —0.0015 0.00055 5 8 2 —-141 2.63 3.4

=
55
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