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We calculate masses of light and heavy mesons as well as baryons of negative parity containing u, d, s, c,
and b quarks. It is an extension of our previous work where we had studied the positive parity baryons. We
adopt a quark-diquark picture of baryons where the diquarks are nonpointlike with a finite spatial
extension. The mathematical foundation for this analysis is implemented through a symmetry-preserving
Schwinger-Dyson equations treatment of a vector-vector contact interaction, which preserves key features
of quantum chromodynamics, such as confinement, chiral symmetry breaking, axial vector Ward-
Takahashi identity, and low-energy Goldberger-Treiman relations. This treatment simultaneously describes
mesons and provides attractive correlations for diquarks in the 3̄ representation. Employing this model, we
compute the spectrum and masses of all spin-1=2 and spin-3=2 baryons of negative parity, supplementing
our earlier evaluation of positive parity baryons, containing one, two, or three heavy quarks. In the process,
we calculate the masses of a multitude of mesons and corresponding diquarks. Wherever possible, we make
comparisons of our results with known experimental observations as well as theoretical predictions of
several models and approaches including lattice quantum chromodynamics, finding satisfactory agreement.
We also make predictions for heavier states not yet observed in the experiment.
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I. INTRODUCTION

The heavy baryons are an immediate prediction of the
quark model and their spectroscopy has attracted a lot of
attention in recent years due to their ongoing and expected
observations in particle colliders such as LHCb and Belle
II. However, as has so often been the case for quantum
chromodynamics (QCD) and hadron physics, what is
relatively easier to calculate theoretically is harder to
measure experimentally, and vice versa. For example,
QCD-based computation of the properties of triply heavy
baryons does not involve the complexities of the light-
quark dynamics but there exists no experimental signal for
any of them. Any realistic estimate of their production
shows that it is a wild goose chase in the foreseeable future.
A baryon containing two charm quarks Ξþþ

cc
(3621.2� 0.7 MeV) was detected in the LHCb experiment
at the Large Hadron Collider (LHC) at CERN in proton

collisions in both the 7 and 13 TeV runs [1]. It has made its
entry into the Particle Data Group [2]. A controversial
double charm baryon Ξþ

cc (3519� 2 MeV) was reported
earlier by the SELEX Collaboration [3]. This state remains
unconfirmed by FOCUS [4], BABAR [5], Belle [6], and
LHCb experiments [7] which did not find evidence for a
state with the properties reported by SELEX. However,
these null results do not rule out the original observations
[8]. There are no doubly heavy baryons observed with two
bottom quarks or with one charm and one bottom quark.
Several singly heavy-quark baryons have been found (see
Ref. [2] for a detailed list). In this article, we set out to
calculate the masses of negative parity baryons of spin-1=2
and spin-3=2. These are parity partners of the baryons
we studied in Ref. [9]. We employ a coupled analysis of
the Schwinger-Dyson equation (SDE), the Bethe-Salpeter
equation (BSE) describing the two-body bound-state prob-
lem, and the Faddeev equations (FE) for a bound state of
three particles. The computations have been carried out
within a vector-vector contact interaction (CI) which
preserves essential features of QCD such as confinement,
dynamical chiral symmetry breaking (DCSB) and the low-
energy implications of the divergence of the weak axial-
vector current.
In relativistic quantum field theory, the parity partner of

any given state can be obtained via a simple chiral rotation
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of the original state. If it were a good symmetry, parity
partners would be of equal masses. However, the spectrum
of mesons and baryons explicitly violates this symmetry.
For example, in the light mesons sector, a mass of ρ1−
(770 MeV) and that of its parity partner a11þ (1260 MeV)
are not the same. The mass difference is of the order
of 500 MeV. In the baryon sector, a similar amount of
mass splitting is observed between the parity partners
Δ3=2þð1232 MeVÞ and Δ3=2−ð1700 MeVÞ, as well as the
nucleon N1=2þð939 MeVÞ and N�

1=2−ð1535Þ. This splitting
is due to the effects of the DCSB-dictated repulsion
involving P-wave components of the bound-state wave
functions, incorporated in the kernels of the BSE and FE for
the negative-parity hadrons.
The chiral-partners structure of hadrons including one

heavy quark has been studied in Refs. [10–13]. In Ref. [14],
doubly heavy baryons with negative parity were inves-
tigated by regarding them as chiral partners of the positive-
parity heavy baryons. The techniques of the SDE were
employed in Ref. [15] to study the problem involving any
number of heavy quarks. In this article, we extend the work
reported in Ref. [9] to calculate the masses of negative-
parity baryons by employing solutions of the BSE and the
FE. It naturally requires the study of axial and scalar
mesons as well their corresponding diquarks. We use a
realistic description of baryons as bound states of quarks,
and nonpointlike and dynamical-diquark correlations
[16,17]. This reduces the problem to a simplified sub-
structure of several two-body correlations. The same
interaction which describes mesons also generates corre-
sponding diquark correlations in the color-antitriplet (3̄)
channel with half the attractive strength. The diquarks
being a colored correlation are confined within the baryons.
The baryon system is bound due to the interaction between
the quarks forming a diquark and the spectator quark which
continuously interchange their roles. The validity of the
quark-diquark picture was confirmed in Ref. [18] at the
level of 5% for the nucleon mass.
Our article has been organized as follows. In Sec. II we

summarize the main features of the CI along with the sets of
parameters we shall employ in our subsequent analysis.
Section III is devoted to a detailed study of the BSE for all
the relevant mesons and the corresponding diquarks. In
Sec. IV, we solve the FE and calculate the masses of all the
spin-1=2 and spin-3=2 baryon parity partners containing u,
d, s, c, b quarks. Section V concludes our work. The
mathematical details of our analysis have been presented in
Appendixes A, B, and C.

II. CONTACT INTERACTION: FEATURES

The gap equation for the quarks naturally requires
modelling the gluon propagator and the quark-gluon vertex.
In this section, we recall the main truncations and character-
istics which define the CI [19–22]:

(a) The gluon propagator is defined to be independent of
any running momentum scale

g2DμνðkÞ ¼ 4πα̂IRδμν ≡ 1

m2
G
δμν; ð1Þ

with α̂IR ¼ αIR=m2
g, mg ¼ 500 MeV is a gluon mass

scale generated dynamically in QCD [23–26], and αIR
can be interpreted as the interaction strength in the
infrared [27–29].

(b) At leading order, the quark-gluon vertex is

Γνðp; qÞ ¼ γν: ð2Þ

(c) With this kernel, the dressed-quark propagator for a
quark of flavor f becomes

S−1f ðpÞ ¼ iγ · pþmf þ
16π

3
α̂IR

Z
d4q
ð2πÞ4 γμSfðqÞγμ;

ð3Þ

where mf is the current quark mass. The integral
possesses quadratic and logarithmic divergences. We
choose to regularize them in a Poincaré covariant
manner. The solution of this equation is

S−1f ðpÞ ¼ iγ · pþMf; ð4Þ

whereMf in general is the mass function running with
a momentum scale. However, within the CI it is a
constant dressed mass.

(d) Mf is determined by

Mf ¼ mf þMf
4α̂IR
3π

CiuðM2
fÞ; ð5Þ

where

CiuðσÞ=σ ¼ C̄iuðσÞ ¼ Γð−1; στ2uvÞ − Γð−1; στ2irÞ; ð6Þ

where Γðα; yÞ is the incomplete gamma function and
τir;uv are respectively, infrared and ultraviolet regula-
tors. A nonzero value for τIR ≡ 1=ΛIR implements
confinement [30]. Since the CI is a nonrenormalizable
theory, τUV ≡ 1=ΛUV becomes part of the definition of
the our model and therefore sets the scale for all
dimensional quantities.

In this work we report results using the values in Tables I
and II, which correspond to what were dubbed as heavy
parameters in Ref. [9]. In this choice, the coupling constant
and the ultraviolet regulator vary as a function of the quark
mass. This behavior was first suggested in Ref. [31] and
later adopted in several subsequent works [9,32–35]. If one
wants to go beyond predicting the masses of the hadrons
and construct a model which can also predict charge radii
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and decay constants, then the study of the heavy sector
requires a change in the model parameters with respect
to those of the light sector; an increase in the ultra-
violet regulator, and a reduction in the coupling strength.
Following Ref. [33] and guided by Refs. [36,37], we define
a dimensionless coupling α̂

α̂ðΛUVÞ ¼ α̂IRΛ2
UV: ð7Þ

In close analogy with the running coupling of QCD with
the momentum scale on which it is measured, an inverse
logarithmic curve can fit the functional dependence of
α̂ðΛUVÞ reasonably well. The fit reads

α̂ðΛUVÞ ¼ a ln−1ðΛUV=Λ0Þ; ð8Þ

where a ¼ 0.92 and Λ0 ¼ 0.36 GeV (see Ref. [33]). With
this fit, we can estimate the value of the coupling strength
α̂ðΛUVÞ once a value of ΛUV is assigned. Note that

ΛIR ¼ 0.24 GeV → Confinement scale

mg ¼ 0.5 GeV → Infrared gluon mass scale

ΛUV ¼ 0.905 GeV → Hadronic scale for light hadrons

These reproduce the value of the chiral quark condensate
accurately. For increasing quark mass involved, ΛUV would
change. The chosen strength of the coupling α̂ and ΛUV,
which follow the logarithmic curve mentioned above,
(along with the current quark masses) are fitted to the
lightest pseudoscalar meson mass and its charge radius.
Table II presents current quark masses used herein and

dressed masses of u, s, c, and b computed from Eq. (5).

The simplicity of the CI allows one to readily compute
hadronic observables, such as masses, decay constants,
charge radii, and form factors. The study of heavy, heavy-
light, and light meson masses provides a way to determine
the masses associated with diquark correlations and those
of heavy, heavy-light, and light baryons and their negative
parity partners. With this in mind, in the next section, we
describe and solve the BSE for mesons and diquarks.

III. BETHE-SALPETER EQUATION

The bound-state problem for hadrons characterized by
two valence fermions is studied using the homogeneous
BSE. This equation is [38]

½Γðk;PÞ�tu ¼
Z

d4q
ð2πÞ4 ½χðq;PÞ�srK

rs
tuðq; k;PÞ; ð9Þ

where Γ is the bound-state’s Bethe-Salpeter amplitude
(BSA); χðq;PÞ ¼ Sðqþ PÞΓSðqÞ is the BS wave function;
r, s, t, u represent color, flavor, and spinor indices; and K is
the relevant fermion-fermion scattering kernel. This equa-
tion possesses solutions on that discrete set of P2 values for
which bound states exist. We use the notation introduced in
Ref. [39], [f1, f2] for scalar and pseudoscalar diquarks, and
ðff1; f1gÞ; ðff1; f2gÞ for axial-vector and vector diquarks.
We describe the details of the meson mass calculation in the
following subsection.

A. Mesons

Mesons are classified into groups according to their total
angularmomentum (J), parity (P), and the charge-parity (C),
employing the usual notation JPC. In Fig. 1, we show the
mesons we study in this work. In a symmetry-preserving
treatment using relativistic quantum field theory, pseudo-
scalar-scalar and vector-axial mesons are chiral partners.
Meson-chiral partners are the simplest bound states that are
addressed in this work. A general decomposition of the
bound state’s BSA for mesons in the CI has the form

TABLE I. Ultraviolet regulator and mG (in GeV) as well as
dimensionless coupling constant for different combinations of
quarks in a hadron. αIR ¼ αIRL=ZH with αIRL ¼ 1.14, extracted
from a best fit to data, as explained in Ref. [33]. Fixed parameters
are the gluon mass mg ¼ 500 MeV reported in Ref. [26] and
ΛIR ¼ 0.24 GeV.

Quarks ZH ΛUV [GeV] mG

u, d, s 1 0.905 0.165
c, d, s 3.034 1.322 0.287
c 13.122 2.305 0.598
b, u, s 16.473 2.522 0.669
b, c 59.056 4.131 1.268
b 165.848 6.559 2.125

TABLE II. Current (mu;���) and dressed masses (Mu;���) for
quarks (GeV), required as input for the BSE and the FE.

mu ¼ 0.007 ms ¼ 0.17 mc ¼ 1.08 mb ¼ 3.92
Mu ¼ 0.367 Ms ¼ 0.53 Mc ¼ 1.52 Mb ¼ 4.68 FIG. 1. We study the scalar, pseudoscalar, vector, and axial-

vector mesons as well as their corresponding diquarks.
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ΓH ¼ AHEH þ BHFH; ð10Þ

whereH ¼ PS; V; AV; S denotes pseudoscalar (PS), vector
(V), axial-vector (AV), and scalar (S) mesons, respectively.
The explicit form of the BSA canonical normalization for
different types of mesons is displayed in Table III. We adopt
the notation

dKPSðQ2; zÞ
dz

����
Q2¼z

≡ dKPSðzÞ
dz

����
z
:

TheBSE for a pseudoscalarmesoncomprised of a quarkwith
flavor f1 and an antiquark with flavor f̄2 is

KPSðQ;PÞ ¼ trD

Z
d4q
ð2πÞ4 ΓPSð−QÞ ∂

∂Pμ
Sf1ðqþ PÞ

× ΓPSðQÞSf̄2ðqÞ; ð11Þ

where P is the total momentum of the bound state. The
explicit matrix form of the BSE is

�
EPSðPÞ
FPSðPÞ

�
¼ 4α̂IR

3π

�
KPS

EE KPS
EF

KPS
FE KPS

FF

��
EPSðPÞ
FPSðPÞ

�
; ð12Þ

with α̂IR ¼ αIR=m2
g and

KPS
EE ¼

Z
1

0

dαfCiuðωð1ÞÞ

þ ½Mf̄2Mf1 − αð1 − αÞP2 − ωð1Þ�C̄iu1 ðωð1ÞÞg;

KPS
EF ¼ P2

2MR

Z
1

0

dα½ð1 − αÞMf̄2 þ αMf1 �C̄iu1 ðωð1ÞÞ;

KPS
FE ¼ 2M2

R

P2
KK

EF;

KPS
FF ¼ −

1

2

Z
1

0

dα½Mf̄2Mf1 þ ð1 − αÞM2
f̄2
þ αM2

f1
�

× C̄iu1 ðωð1ÞÞ;

where α is a Feynman parameter and the new functions
ωð1Þ ≡ ωðM2

f̄2
;M2

f1
; α; P2Þ and Ciu1 ðzÞ are

ωð1Þ ¼ M2
f̄2
ð1 − αÞ þ αM2

f1
þ αð1 − αÞP2;

Ciu1 ðzÞ ¼ −zðd=dzÞCiuðzÞ ¼ z½Γð0;M2τ2uvÞ − Γð0;M2τ2irÞ�:

The eigenvalue equations for vector, axial-vector, and scalar
mesons are

1 −KVð−m2
VÞ ¼ 1þKAVð−m2

AVÞ ¼ 1þKSð−m2
SÞ ¼ 0;

ð13Þ
where we have defined

LVðP2Þ ¼ Mf̄2Mf1 − ð1 − αÞM2
f̄2
− αM2

f1
− 2αð1 − αÞP2;

LGðP2Þ ¼ Mf1Mf̄2 þ αð1 − αÞP2;

and

KVðP2Þ ¼ 2α̂IR
3π

Z
1

0

dαLVðP2ÞC̄iu1 ðωð1ÞÞ;

KAVðP2Þ ¼ 2α̂IR
3π

Z
1

0

dα½Ciu1 ðωð1ÞÞ þ LGðP2ÞC̄iu1 ðωð1ÞÞ�;

KSðP2Þ ¼ −
4α̂IR
3π

Z
1

0

dα½−LGC̄iu1 ðωð1ÞÞ

þ ðCiuðωð1ÞÞ − Ciu1 ðωð1ÞÞÞ�; ð14Þ
TheEqs. (12) and (13) have a solutionwhenP2 ¼ −m2

H; then
the eigenvector corresponds to the BSA of the meson. We
consider mesons with five flavors (u, d, s, c, b). It has long
been known that the rainbow-ladder truncation describes
vector meson and flavor-nonsinglet pseudoscalar meson
ground states very well, but fails for their parity partners
[39–43]. It was found that DCSB generates a large dressed-
quark anomalous chromomagnetic moment and conse-
quently the spin-orbit splitting between ground-state mesons
and their parity partners is dramatically enhanced [44–48].
This is the mechanism responsible for a magnified splitting
between parity partners; namely, there are essentially non-
perturbative DCSB corrections to the rainbow-ladder ker-
nels, which largely cancel in the pseudoscalar and vector
channels but add constructively in the scalar and axial-vector
channels. In this connection, we follow Ref. [22] and
introduce spin-orbit repulsion into the scalar- and pseudo-
vector meson channels through the artifice of a phenomeno-
logical coupling, gSO ≤ 1, introduced as a single, common
factor multiplying the kernels defined in Eqs. (12) and (13).
gSO mimics the dressed-quark chromomagnetic moment in
full QCD. The first numerical value of gSO ¼ 0.24 was
introduced in Ref. [22] and later refined in Refs. [9,35,49].
For mesons with JP ¼ 0þ; 1þ we use

g0
þ

SO ¼ 0.32; g1
þ
SO ¼ 0.25: ð15Þ

The value g1
þ

SO ¼ 0.25 in the axial-vector channel guarantees
the effect of spin-orbit repulsion and reproduces the desirable
experimental value for the a1 − ρ mass splitting [9,35,49].

TABLE III. Here we list the BSA for mesons and the canonical
normalization N . KPS;KV;KAV;KS, are given in Eqs. (11) and
(14), respectively. MR ¼ Mf1Mf̄2=½Mf1 þMf̄2 �.

BSA A B N

ΓPS iγ5 1
2MR

γ5γ · P 6
dKPSðQ2;zÞ

dz

���
Q2¼z

ΓV;μ γTμ
1

2MR
σμνPν 9m2

GE
2
V

dKV ðzÞ
dz

ΓS ID � � � − 9
2
m2

GE
2
S
dKSðzÞ
dz

ΓAV;μ γ5γ
T
μ γ5

1
2MR

σμνPν −9m2
GE

2
AV

dKAV ðzÞ
dz
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On the other hand, g0
þ
SO ¼ 0.32 is chosen to produce a mass

difference of approximately 0.3 GeV between the quark
core of the 0þðud̄Þ [which we call σðud̄Þ] and that of the
ρ-meson (as obtained with beyond-Rainbow-Ladder ker-
nels). The choice of gSO ¼ 1 indicates no repulsion and no
additional interaction beyond that generated by the rainbow-
ladder kernel. The numerical results for the pseudoscalar and
scalar mesons are reported in Tables IV and V. For pseudo-
scalar mesons, the computed masses in Table IV are also
compared with experimental values and the largest percent-
age difference is for a pion (about 0.7%), which becomes
smaller for heavy-light mesons and is zero for ηc and ηb.
Table V depicts the scalar mesons. In the scalar channel, the
highest percentage difference is forK�

0 and has a value of 7%.
The analysis of πðud̄Þ and σðud̄Þ masses indicates a differ-
ence of approximately 1.061 GeV. However, this difference
is less pronounced for mesons composed of two heavy
quarks [for example ηbðbb̄Þ and χb0ðbb̄Þ� which have very
close masses in our model. Pseudoscalar and scalar mesons
must satisfy the following mass relation

mDþ
s ðcs̄Þ −mD0ðcūÞ þmBþðub̄Þ −mB0

sðsb̄Þ ¼ 0;

mD�
s0ðcs̄Þ −mD�

0
ðcūÞ þmB�

0
ðub̄Þ −mBs0ðsb̄Þ ¼ 0: ð16Þ

In our model, these equations are exactly satisfied for
pseudoscalar mesons and deviate only up to 2% for scalars.
Vector and axial-vector mesons are reported in Tables VI
and VII. It is straightforward to observe that the ρ-meson
has the greatest difference as compared to the empirical
value (approximately 19%). Note that this value had already
been used in several previous works using this model
[9,21,22,34,35,39]. Although this value is larger than
expected, using the corresponding parameters we can cal-
culate decay constants which lie very close to the exper-
imental ones. Furthermore, when the masses of the
corresponding diquarks are calculated to predict the masses
of baryons, they closely resemble the experimental value. As
in the previous cases, the percentage differences between our
results and the experimental ones are smaller when heavy
quarks are included which constitute the gist of our study.
For the case of the axial-vector channel, the mean

absolute relative difference between the entries in columns
three and four of Table VII does not exceed 12%, and for
χc1 and χb1 it is between 3% and 4% The mass splitting
between the opposite parity partners ρðud̄Þ − a1ðud̄Þ is 440
and 100 MeV for ϒðbb̄Þ − χb1ðbb̄Þ (less than 5% error
in both cases). All computed values for ground-state

TABLE IV. Computed masses for pseudoscalar mesons (GeV)
and BSAs with the parameters of Tables I and II.

Mesons Expt. CI E F Charge

πðud̄Þ 0.139 0.14 3.60 0.47 1
Kðus̄Þ 0.493 0.49 3.81 0.59 1
hsðss̄Þ � � � 0.69 4.04 0.74 0
D0ðcūÞ 1.86 1.87 3.03 0.37 0
Dþ

s ðcs̄Þ 1.97 1.96 3.24 0.51 1
Bþðub̄Þ 5.28 5.28 1.50 0.09 1
B0
sðsb̄Þ 5.37 5.37 1.59 0.13 0

Bþ
c ðcb̄Þ 6.27 6.29 0.73 0.11 1

ηcðcc̄Þ 2.98 2.98 2.16 0.41 0
ηbðbb̄Þ 9.40 9.40 0.48 0.10 0

TABLE V. Computed masses for scalar mesons (GeV) and
BSAwith the parameters listed in Tables I and II and gSO ¼ 0.32.

Mesons Expt. CI E

σðud̄Þ 1.2 1.22 0.66
K�

0ðus̄Þ 1.430 1.33 0.65
f0ðss̄Þ � � � 1.34 0.64
D�

0ðcūÞ 2.300 2.32 0.39
D�

s0ðcs̄Þ 2.317 2.43 0.37
B�
0ðub̄Þ � � � 5.50 0.21

Bs0ðsb̄Þ � � � 5.59 0.20
Bc0ðcb̄Þ � � � 6.45 0.08
χc0ðcc̄Þ 3.414 3.35 0.16
χb0ðbb̄Þ 9.859 9.50 0.04

TABLE VI. Vector meson masses (GeV) and BSA computed
with the parameters listed in Tables I and II.

Mesons Expt. CI E

ρðud̄Þ 0.78 0.93 1.53
K1 ðus̄Þ 0.89 1.03 1.62
ϕ ðss̄Þ 1.02 1.12 1.73
D�0ðcūÞ 2.01 2.06 1.23
D�

sðcs̄Þ 2.11 2.14 1.32
Bþ�ðub̄Þ 5.33 5.33 0.65
B0�
s ðsb̄Þ 5.42 5.41 0.67

B�
cðcb̄Þ � � � 6.32 0.27

J=Ψ ðcc̄Þ 3.10 3.15 0.61
ϒðbb̄Þ 9.46 9.42 0.15

TABLE VII. Axial-vector meson masses (GeV) and BSA,
computed with the parameters listed in Tables I and II and
gSO ¼ 0.25.

Mesons Expt. CI E

a1ðud̄Þ 1.260 1.37 0.32
K1ðus̄Þ 1.34 1.48 0.32
f1ðss̄Þ 1.43 1.58 0.32
D1ðcūÞ 2.420 2.41 0.20
Ds1ðcs̄Þ 2.460 2.51 0.19
B1ðub̄Þ 5.721 5.55 0.11
Bs1ðsb̄Þ 5.830 5.64 0.10
Bcbðcb̄Þ � � � 6.48 0.04
χc1ðcc̄Þ 3.510 3.40 0.08
χb1ðbb̄Þ 9.892 9.52 0.02
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heavy-light mesons exhibit a similar mass difference
compared to their chiral partners, which decreases with
increasing meson mass. Moreover, one can immediately
see that in all cases the pseudoscalars are the lightest
mesons and the axial-vector are the heaviest mesons. This
information is represented pictorially in Figs. 2 and 3. The
same behavior is observed for light, heavy, and heavy-light
mesons. However, it is more conspicuous for those that are
composed of two light quarks. The calculation of baryons
with negative parity requires the masses and amplitudes of
the diquarks JP ¼ 0þ; 1þ; 0− and 1−. It is for this reason
that in this section we have included the axial and scalar
mesons. The equal spacing rules for vector and axial-vector
mesons are

mD�
sðcs̄Þ −mD0�ðcūÞ þmBþ�ðub̄Þ −mB0�

s ðsb̄Þ ¼ 0;

mDs1ðcs̄Þ −mD1ðcūÞ þmB1ðub̄Þ −mBs1ðsb̄Þ ¼ 0: ð17Þ

Using the results obtained in Tables VI and VII we instantly
infer that Eq. (17) are satisfied identically for vector mesons
while the deviation for axial-vector mesons is less than 1%.
With these results it is immediate to verify the following
equations

mB�
cðcb̄Þ −mB0�

s ðsb̄Þ −mBþ
c ðcb̄Þ þmB0

sðsb̄Þ ≈ 0; ð18Þ

mB0�
s ðsb̄Þ −mBþ�ðub̄Þ −mB0

sðsb̄Þ þmBþðub̄Þ ¼ 0; ð19Þ

mB0�
s ðsb̄Þ −mBþ�ðub̄Þ −mDþ

s ðcs̄Þ þmD0ðcūÞ ¼ 0; ð20Þ

mηbðbb̄Þ −mηcðcc̄Þ − 2mB0�
s ðsb̄Þ þ 2mD�

sðcs̄Þ ≈ 0; ð21Þ

mηbðbb̄Þ −mηcðcc̄Þ − 2mB0
sðsb̄Þ þ 2mDþ

s ðcs̄Þ ¼ 0; ð22Þ

mB0�
s ðsb̄Þ −mD�

sðcs̄Þ −mB0
sðsb̄Þ þmDþ

s ðcs̄Þ ¼ 0; ð23Þ

mϒðbb̄Þ −mJ=Ψðcc̄Þ − 2mB0
sðsb̄Þ þ 2mDþ

s ðcs̄Þ ¼ 0; ð24Þ

mϒðbb̄Þ −mJ=Ψðcc̄Þ −mηbðbb̄Þ þmηcðcc̄Þ ≈ 0; ð25Þ

mϒðbb̄Þ −mJ=Ψðcc̄Þ − 2mB0�
s ðsb̄Þ þ 2mD�

sðcs̄Þ ≈ 0: ð26Þ

We test these mass relations, Eqs. (18)–(26), against the
experiments. The deviation from these mass relations is
listed in Table VIII.

B. Diquarks

Once we have studied the masses of the mesons, the
calculation of the diquarks is immediate. In the notation
for diquarks, H ¼ DS;DAV;DPS;DV, correspond to
scalar, axial-vector, pseudoscalar and vector diquarks,
respectively. The BSA for diquarks has the same form
as Eq. (10). The explicit coefficients and the normalization

FIG. 2. The light and heavy meson masses (GeV): the red
vertical lines represent the pseudoscalar mesons, the green
diagonal lines represent the vector mesons, the blue solid filled
rectangles represent the scalar mesons, and the black horizontal
lines represent the axial-vector mesons.

FIG. 3. The heavy-light meson masses (GeV): the red vertical
lines represent the pseudoscalar mesons, the green diagonal lines
represent the vector mesons, the blue solid filled rectangles
represent the scalar mesons, and the black horizontal lines
represent the axial-vector mesons.

TABLE VIII. The deviation from equal spacing rules for the
meson masses, Eqs. (18)–(26) is given in GeV, both for the
experimental results and the computed masses from the CI.

(CI,+) (Expt.,+) (CI,−) (Expt.,−)
Eq. (18) −0.01 … 0.02 …
Eq. (19) −0.01 0.0 0 …
Eq. (20) −0.01 −0.02 −0.02 0.092
Eq. (21) −0.12 −0.2 −0.11 −0.295
Eq. (22) −0.4 −0.38 −0.17 � � �
Eq. (23) −0.14 −0.09 −0.03 � � �
Eq. (24) −0.55 −0.44 −0.2 � � �
Eq. (25) −0.15 −0.06 −0.03 −0.063
Eq. (26) −0.27 −0.26 −0.14 −0.358
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conditions are shown in Table IX. The color factor for
mesons and diquarks is different owing to the fact that
diquarks are color antitriplets, not singlets. The canonical
normalization condition for diquarks and mesons is almost
identical, with the only difference being the replacement
N C ¼ 3 → 2. The eigenvalue equations in the case of
diquarks are

�
EDSðPÞ
FDSðPÞ

�
¼ 4α̂IR

6π

�
KPS

EE KPS
EF

KPS
FE KPS

FF

��
EDSðPÞ
FDSðPÞ

�
: ð27Þ

The equations that will give us the masses of the axial-
vector, vector, and pseudoscalar diquarks are

0 ¼ 1 −
1

2
KVð−m2

DAVÞ;

0 ¼ 1þ 1

2
KAVð−m2

DVÞ;

0 ¼ 1þ 1

2
KSð−m2

DPSÞ: ð28Þ

From Eqs. (27) and (28) it follows that one may obtain the
mass and BSA for a diquark with spin parity JP from the
equation for a J−P meson in which the only change is
halving the interaction strength. The flipping of the sign
in parity occurs because fermions and antifermions have
opposite parity. In this truncation, the diquark masses again
correspond to P2 ¼ −m2

H. We therefore present results for
the masses of diquark correlations in Tables X, XI, XII, and
XIII. In the case of pseudoscalar and vector diquarks we
have multiplied gSO by a factor of 1.8 as in Ref. [49].
This modification generates less repulsion. Physically, this
might be understood by acknowledging that valence-quarks
within a diquark are more loosely correlated than the
valence-quark and -antiquark pair in a bound-state meson.
Consequently, spin-orbit repulsion in diquarks should be
less pronounced than it is in the corresponding mesons.
With the diquark masses and amplitudes described herein
one can construct all the Faddeev kernels associated with
ground-state octet and decouplet baryons, and their chiral
partners.

IV. NEGATIVE PARITY BARYONS

In this section we extend the CI model to the heavy-
baryon sector of negative parity. We compute the masses of
negative parity spin-1=2 and spin-3=2 baryons composed
of u, d, s, c, and b quarks in a quark-diaquark picture. We
base our description of baryon bound states on FE, which is
illustrated in Fig. 4.

A. Baryons with spin-1=2

The nucleons parity partner is composed of pseudosca-
lar, vector, scalar, and axial-vector diquark correlations and
its Faddeev amplitude must change sign under a parity

transformation. These alterations lead to changes in the
locations of the γ5 matrices in the FE. The Faddeev
amplitude of the nucleon parity partner with the interaction
employed in this article can be written in terms of

SðPÞ ¼ sðPÞγ5ID; Ai
μðPÞ ¼ iai1ðPÞγμ − ai2ðPÞP̂μ;

SpðPÞ ¼ −ipðPÞID; Vi
μðPÞ ¼ ivi1ðPÞγ5γμ þ vi2ðPÞγ5P̂μ;

where i ¼ 0;þ and P̂2 ¼ −1. The mass of the ground-state
baryon with spin-1=2 and negative parity comprised by the
quarks ½qqq1� is determined by a 10 × 10 matrix FE. In the
explicit matrix representation, one can write it as follows:

2
6664

SðPÞuðPÞ
Ai

μðPÞuðPÞ
SpðPÞuðPÞ
Vi
μðPÞuðPÞ

3
7775 ¼ −4

Z
d4l
ð2πÞ4 Mðl;PÞ

2
6664

SðPÞuðPÞ
Aj

νðPÞuðPÞ
SpðPÞuðPÞ
Vi
νðPÞuðPÞ

3
7775;

ð29Þ

where uðPÞ is a Dirac spinor; The kernel in Eq. (29) is
detailed in Appendix B. The general matrices SðPÞ,Ai

νðPÞ,
SpðPÞ, and Vi

νðPÞ which describe the momentum-space
correlation between the quark and diquark in the nucleon
and the Roper, are described in Refs. [43,50]. The Faddeev
amplitude is thus represented by the eigenvector

ΨðPÞ ¼ ðs; a01; aþ1 ; a02; aþ2 ;p; v01; vþ1 ; v02; vþ2 ÞT: ð30Þ

We use static approximation for the exchanged quark with
flavor f. It was introduced for the first time a long time ago
in Ref. [51]

SðpÞ ¼ 1

iγ · pþMf
→

1

Mf
: ð31Þ

Avariation of it was implemented in Ref. [52], representing
the quark propagator as

SðpÞ ¼ 1

iγ · pþMf
→

g2NΔ
iγ · pþMf

: ð32Þ

FIG. 4. Poincaré covariant FE to calculate baryon masses. The
square represents the quark-diquark interaction kernel. The single
line denotes the dressed-quark propagator, the double line is the
diquark propagator while Γ and Ψ are the BSA and Faddeev
amplitudes, respectively. Configuration of momenta is
lqq ¼ −lþ P, kqq ¼ −kþ P, P ¼ Pd þ Pq.
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We follow Refs. [22,39,49] and represent the quark
(propagator) exchanged between the diquarks as a simple
modification of the static approximation

STðkÞ → gB
Mf

: ð33Þ

The superscript “T” indicates the matrix transpose. In the
implementation of this treatment for heavy baryons with
spin-1=2 we use gB ¼ 1. Explicit expressions for the
flavor matrices t for the diquark pieces can be found in
Appendix C. The spin-1=2 heavy baryons are represented
by the following column matrices,

uΞþ
ccðuccÞ ¼

2
6666666664

½uc�0þc
fccg1þu
fucg1þc
½uc�0−c
fccg1−u
fucg1−c

3
7777777775
; uΩþ

ccðsccÞ ¼

2
6666666664

½sc�0þc
fccg1þs
fscg1þc
½sc�0−c
fccg1−s
fscg1−c

3
7777777775
;

uΩ0
cðsscÞ ¼

2
6666666664

½sc�0þs
fssg1þc
fscg1þs
½sc�0−s
fssg1−c
fscg1−s

3
7777777775
; uΣþþ

c ðuucÞ ¼

2
6666666664

½uc�0þu
fuug1þc
fucg1þu
½uc�0−u
fuug1−c
fucg1−u

3
7777777775
;

uΞ0
bbðubbÞ ¼

2
6666666664

½ub�0þb
fbbg1þu
fubg1þb
½ub�0−b
fbbg1−u
fubg1−b

3
7777777775
; uΩ−

bbðsbbÞ ¼

2
6666666664

½sb�0þb
fbbg1þs
fsbg1þb
½sb�0−b
fbbg1−s
fsbg1−b

3
7777777775
;

uΩ−
b ðssbÞ ¼

2
6666666664

½sb�0þs
fssg1þb
fsbg1þs
½sb�0−s
fssg1−b
fsbg1−s

3
7777777775
; uΣþ

b ðuubÞ ¼

2
6666666664

½ub�0þu
fuug1þb
fubg1þu
½ub�0−u
fuug1−b
fubg1−u

3
7777777775
;

uΩðccbÞ ¼

2
6666666664

½cb�0þc
fccg1þb
fcbg1þc
½cb�0−c
fccg1−b
fcbg1−c

3
7777777775
; uΩðcbbÞ ¼

2
6666666664

½cb�0þb
fbbg1þc
fcbg1þb
½cb�0−b
fbbg1−c
fcbg1−b

3
7777777775
:

Experimental and calculated masses of spin-1=2 baryons
with charm and bottom quarks are listed in Table XIV. Our
results for light baryons give masses larger than the
expected values since our calculations for these states do
not contain contributions associated with the meson cloud
effect [53] which works to reduce baryon masses. The size
of such corrections has been estimated; for the nucleon, the
reduction is roughly 0.2 GeV and for the Δ it is 0.16 GeV.
Our deliberately inflated masses allow us to achieve the
correct results after incorporating the meson cloud effects.
If our calculations are included these effects, our results
would be modified to mN ¼ 0.98 GeV, mΣ ¼ 1.20 GeV,
andmΞ ¼ 1.27 GeV. This can effectively be achieved if we
change our set of parameters as suggested in Ref. [35]. This
is what we precisely do for the case of heavy and heavy-
light baryons 1=2−. These are less than 9% different from
the predicted value in Ref. [15] which already include the
effects of the meson cloud. The values in column four of
Table XIV may vary slightly with the change of gB.
The masses of spin-1=2 baryons with only one heavy

quark obey an equal-spacing rule [54–56]

mΣq
þmΩq

¼ 2mΞq
: q ¼ c; b: ð34Þ

With this equation we can predict the mass of the baryons
ΞðuscÞ and ΞðusbÞ in Table XV.

B. Baryons with spin-3=2

Baryons with spin-3=2 are especially important because
they can involve states with three c-quarks and three
b-quarks. In order to calculate the masses we note that it
is not possible to combine a spin-zero diquark with a
spin-1=2 quark to obtain spin-3=2 baryon. Hence such a
baryon is comprised solely of vector correlations.
Understanding the structure of these states is thus simpler
in some sense than the nucleon. The Faddeev amplitude for
the positive-energy baryon is

Ψμ ¼ ψμνðPÞuνðPÞ;

where P is the baryon’s total momentum and uνðPÞ is a
Rarita-Schwinger spinor,

ψμνðPÞuν ¼ Γqq1þμΔ
1þ
μν;qqðlqqÞDνρðPÞuρðPÞ ð35Þ

and

Dνρðl;PÞ ¼ Sðl;PÞδνρ þ γ5Aνðl;PÞl⊥
ρ : ð36Þ

We give more details of this equation in the Appendix A.
We assume that the parity partner of a given baryon is
obtained by replacing the diquark correlation(s) involved
by its (their) parity partners. We consider the baryons with
two possible structures: qqq and q1qq.
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1. BaryonsðqqqÞ
There exists only a single possible combination of

diquarks for a baryon composed of the same three quarks
ðqqqÞ. The Faddeev amplitude for this case is

Dνρðl;PÞuBρ ðPÞ ¼ fBðPÞγ5uBν ðPÞ: ð37Þ

Employing Feynman rules for Fig. 4 and using the
expression for the Faddeev amplitude, Eq. (37), we can
write

fBðPÞγ5uBμ ðPÞ ¼ 4
gB
Mq

Z
d4l
ð2πÞ4 MfBðPÞγ5uBν ðPÞ; ð38Þ

where we have suppressed the functional dependence ofM
on momenta for the simplicity of notation. We now
multiply both sides by ūBβ ðPÞγ5 from the left and sum
over the polarization (not explicitly shown here) to obtain

γ5ΛþðPÞRμβðPÞγ5 ¼ 4
gB
Mq

Z
d4l
ð2πÞ4 Mγ5ΛþðPÞRμβγ5:

ð39Þ
Finally we contract with δμβ

2π2 ¼ 1

Mq

E2
fqqg1−

m2
fqqg1−

Z
1

0

dαLBC̄iu1 ðωðα;M2
q; m2

fqqg1− ; m
2
BÞÞ;

where we have defined

LB ¼ ½m2
fqqg1− þ ð1 − αÞ2m2

B�½αmB −Mq�: ð40Þ

From the last two expressions, it is straightforward to
compute the mass of the baryon constituted by three
equally heavy quarks.

2. Baryonsðq1qqÞ
For a baryon with quark structure (q1qq), there are two

possible diquarks, fqqg1− and fq1qg1− . The Faddeev
amplitude for such a baryon is

DB
νμðPÞuBμ ðP; sÞ ¼

X
i

diðPÞδνλγ5uBλ ðP; sÞ; ð41Þ

where i ¼ fq1qg1− ; fqqg1− . The FE has the form

�
dfq1qg1−

dfqqg1−

�
γ5uBμ ¼ −4

Z
d4l
ð2πÞ4M

�
dfq1qg1−

dfqqg1−

�
γ5uBν ; ð42Þ

where

M ¼
�
Mfq1qg1− ;fq1qg1−

μν Mfq1qg1− ;fqqg1−
μν

Mfqqg1− ;fq1qg1−
μν Mfqqg1− ;fqqg1−

μν

�
; ð43Þ

with the elements of the matrix M given by

M00
μν ¼ tf00

1

Mq1

Γ1−
ρ ðlq1qÞΓ̄1−

μ ð−kq1qÞSðlqÞΔ1þ
ρν ðlq1qÞ;

M01
μν ¼ tf01

1

Mq
Γ1−
ρ ðlqqÞΓ̄1−

μ ð−kq1qÞSðlq1ÞΔ1þ
ρν;fqqgðlqqÞ;

M10
μν ¼ tf10

1

Mq
Γ1−
ρ ðlq1qÞΓ̄1−

μ ð−kqqÞSðlqÞΔ1þ
ρν ðlq1qÞ;

M11
μν ¼ tf11

1

Mq
Γ1−
ρ ðlqqÞΓ̄1−

μ ð−kqqÞSðlq1ÞΔ1þ
ρν ðlqqÞ; ð44Þ

where tf are the flavor matrices and can be found in
Appendix C. The color-singlet bound states constructed
from three heavy charm/bottom quarks are

uΩþþ�
ccc

¼ ½ fccg1−c �; uΩ−�
bbb

¼ ½ fbbg1−b �;

uΩþ�
ccb

¼
� fccg1−b
fcbg1−c

�
; uΩ0�

cbb
¼

� fcbg1−b
fbbg1−c

�
: ð45Þ

The column vectors representing singly and doubly heavy
baryons are

uΣþþ�
c ðuucÞ ¼

� fuug1−c
fucg1−u

�
; uΞþþ�

cc ðuccÞ ¼
� fucg1−c
fccg1−u

�
;

uΩ0�
c ðsscÞ ¼

� fssg1−c
fscg1−s

�
; uΩþ�

cc ðsccÞ ¼
� fscg1−c
fccg1−s

�
;

uΣþ�
b ðuubÞ ¼

� fuug1−b
fubg1−u

�
; uΣ0�

bbðubbÞ ¼
� fubg1−b
fbbg1−u

�
;

uΩ−�
b ðssbÞ ¼

� fssg1−b
fsbg1−s

�
; uΩ−�

bb ðsbbÞ ¼
� fsbg1−b
fbbg1−s

�
:

We have solved FE (35) and obtained masses and eigen-
vectors of the ground-state baryons of spin-3=2 using
gB ¼ 1. The results are listed in Table XVI below.
For baryons of spin-3=2 with three distinct flavors of

quarks we can again use Eq. (34). The results are depicted
in Table XVII. As in the case of baryons with spin-1=2, the
masses of light baryons with spin-3=2 are deliberately
inflated to leave room for the contributions of the meson
cloud.

TABLE IX. Here we list BSA for diquarks and the canonical
normalization N .

BSA A B N

ΓDS iγ5 1
2MR

γ5γ · P 4
dKPSðQ2;zÞ

dz jQ2¼z

ΓDAV;μ γTμ
1
2M σμνPν 6m2

GE
2
DAV

dKV ðzÞ
dz

ΓDPS ID � � � −3m2
GE

2
DPS

dKSðzÞ
dz

ΓDV;μ γ5γ
T
μ

1
2M σμνPν −6m2

GE
2
DV

dKAV ðzÞ
dz
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TABLE XII. Axial-vector diquark masses (in GeV), computed
with the parameters listed in Tables I and II.

Diquark Mass E

fudg1þ 1.06 1.30
fusg1þ 1.16 1.36
fssg1þ 1.25 1.42
fcug1þ 2.16 0.93
fcsg1þ 2.25 0.95
fubg1þ 5.39 0.48
fsbg1þ 5.47 0.48
fcbg1þ 6.35 0.20
fccg1þ 3.22 0.41
fbbg1þ 9.44 0.11

TABLE XIII. Vector-diquark masses (in GeV), computed with
the parameters listed in Tables I and II. The expressions with the
superscript � are obtained with gSO ¼ 0.25 � 1.8.
Diquark Mass E Mass� E�

fudg1− 1.44 0.28 1.33 0.50
fusg1− 1.54 0.28 1.43 0.50
fssg1− 1.64 0.27 1.54 0.50
fcug1− 2.45 0.17 2.38 0.31
fcsg1− 2.54 0.16 2.48 0.30
fubg1− 5.59 0.09 5.53 0.17
fsbg1− 5.67 0.09 5.62 0.16
fcbg1− 6.50 0.04 6.47 0.07
fccg1− 3.42 0.07 3.38 0.13
fbbg1− 9.53 0.02 9.51 0.04

TABLE XV. Masses of spin-1=2 baryons predicted by CI. The
results abbreviated by QRS are taken from Ref. [15].

(CI;þ) (Expt:; þ) (CI; -) (QRS; -)

mΞþ
c ðuscÞ 2.70 2.47 2.81 2.70

mΞ0
bðusbÞ 5.89 5.80 6.42 5.96

TABLE XIV. Spin-1=2 baryons. The results abbreviated by
QRS are taken from Ref. [15]. In the fifth column the upper and
lower limits indicate a change in mass due to a variation of gB ¼
1� 0.5 for heavy baryons. The mass is greater when gB is smaller
and decreases as gB increases. In the case of light baryons we use
gB ¼ 1.18. For the case of baryons with negative parity we have
only considered the contribution of dominant diquarks with the
same parity. We compare our results with those obtained in
Ref. [15], abbreviated as QRS for the initials of the authors.

Baryon (Expt:;þ) (CI;þ) (Expt:;−) (CI;−) (QRS;−)
NðuudÞ 0.94 1.14 1.54 1.82 1.542
ΣðuusÞ 1.19 1.36 1.75 1.96 1.581
ΞðsusÞ 1.31 1.43 � � � 2.04 1.620
Ξþþ
cc ðuccÞ 3.62 3.64 � � � 3.80þ0.3

−0.4 3.790
Ωþ

ccðsccÞ � � � 3.76 � � � 3.95þ0.3
−0.4 3.829

Ω0
cðsscÞ 2.69 2.82 � � � 2.99þ0.4

−0.5 2.744
Σþþ
c ðuucÞ 2.45 2.58 � � � 2.64þ0.2

−0.3 2.666
Ξ0
bbðubbÞ � � � 10.06 � � � 10.17þ0.3

−0.4 10.289
Ω−

bbðsbbÞ � � � 10.14 � � � 10.32þ0.3
−0.5 10.328

Ω−
b ðssbÞ 6.04 6.01 � � � 6.47þ0.3

−0.3 5.994
Σþ
b ðuubÞ 5.81 5.78 � � � 6.36þ0.3

−0.4 5.916
ΩðcbbÞ � � � 11.09 � � � 11.22þ0.4

−0.5 11.413
ΩðccbÞ � � � 8.01 � � � 8.17þ0.2

−0.3 8.164

TABLE XI. Computed masses for pseudoscalar diquarks (in
GeV) with the parameters in Tables I and II. The expressions with
superscript * are obtained with gSO ¼ 0.32 � 1.8.
Diquark Mass E Mass� E�

½ud�0− 1.30 0.54 1.15 1.06
½us�0− 1.41 0.54 1.27 1.05
½ss�0− 1.52 0.53 1.40 1.03
½cu�0− 2.37 0.32 2.28 0.64
½cs�0− 2.47 0.31 2.40 0.61
½ub�0− 5.53 0.18 5.47 0.34
½sb�0− 5.62 0.14 5.57 0.32
½cb�0− 6.47 0.07 6.44 0.13
½cc�0− 3.38 0.14 3.33 0.25
½bb�0− 9.51 0.04 9.50 0.07

TABLE X. Computed masses for scalar diquarks (GeV) and
BSA with the parameters in Tables I and II.

Diquarks Mass E F

½ud�0þ 0.77 2.74 0.31
½us�0þ 0.92 2.88 0.39
½ss�0þ 1.06 3.03 0.50
½cu�0þ 2.08 2.00 0.23
½cs�0þ 2.17 2.11 0.32
½ub̄�0þ 5.37 0.99 0.06
½sb�0þ 5.46 1.00 0.08
½cb�0þ 6.35 0.42 0.07
½cc�0þ 3.17 0.96 0.19
½bb�0þ 9.43 0.23 0.05
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Our percentage difference with the values obtained in
Ref. [15] for baryons with 3=2− are less than 6% for the
majority.

V. CONCLUSIONS

The CI model was first introduced in Ref. [19]. It adapts
itself well to the infrared behavior of QCD. It incorporates a
mass scale of about 500 MeV for the gluon, mimics
confinement through the absence of quark-production
thresholds, respects the axial-vector Ward-Takahashi iden-
tity and preserves low-energy Golberger-Treiman relations.
Therefore, it is able to reproduce hadron spectrum and
masses to a desirable accuracy. Most of the meson and
baryon masses containing light and heavy quarks have
already been reported in literature using the CI. In this
article, we compute the masses of the remaining negative
parity baryons containing heavy quarks. The set of param-
eters we adopt is inspired by a quark-mass fit studied in our
previous work [33]. In the quark-diquark picture of
baryons, we need to evaluate several meson and diquark
masses through the BSE before embarking upon the
evaluation of baryon masses through the FE. Tables I

and II show the parameters used in the entirety of the
article. Tables IV, V, VI, and VII depict all the meson
masses. The diquark masses are detailed in Tables X, XI,
XII, and XIII. For bound states of two particles, we have
calculated the masses of about 80 particles.
The spin-1=2 and spin-3=2 heavy baryon masses are

listed in Table XIV and Table XVI, respectively. Motivated
by our earlier satisfactory computation of the singly and
doubly heavy positive-parity baryons, and our comparisons
of the negative-parity baryon masses in the present work
with other established models whenever possible, we are
confident our predictions will lie in close proximity to the
future experimental observations. The computed masses in
this article include 58 baryons, 29 with positive parity and
29 with negative parity. In total, we present the computation
of approximately 138 states. Our planned next steps of
research will involve computation of excited states, tetra,
and pentaquarks, as well as form factors of mesons and
baryons containing heavy quarks.
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APPENDIX A: EUCLIDEAN SPACE
CONVENTIONS

In our Euclidean space formulation

p · q ¼
X4
i¼1

piqi; ðA1Þ

where

fγμ; γνg ¼ 2δμν; γ†μ ¼ γμ; σμν ¼
i
2
½γμ; γν�;

tr½γ5γμγνγργσ� ¼ −4ϵμνρσ; ϵ1234 ¼ 1: ðA2Þ

A positive-energy spinor satisfies

ūðP; sÞ ðiγ · PþMÞ ¼ 0 ¼ ðiγ · PþMÞ uðP; sÞ; ðA3Þ

where s ¼ � is the spin label. It is conventionally nor-
malized as

ūðP; sÞ uðP; sÞ ¼ 2M; ðA4Þ

and may be expressed explicitly as

TABLE XVII. Mass Predicted by our model for baryons with
spin-3=2. The results abbreviated by QRS are taken from
Ref. [15].

(CI;þ) (Expt:;þ) (CI; -) (QRS; -)

mΞþ
c ðuscÞ 2.83 2.65 3.34 2.93

mΞ0
bðusbÞ 6.02 5.95 6.82 6.20

TABLE XVI. Masses of baryons with spin-3=2 in GeV. The
results denoted by QRS have been taken from [15]. Experimental
results have been labelled with an asterisk. The last table is listed
in units of mΩccc

.

Baryon (Lat:;þ) (CI;þ) (Expt:;−) (CI;−) (QRS;−)
ΔðuuuÞ 1.23* 1.39 1.65 2.07 1.726
Σ�ðuusÞ 1.39* 1.51 1.67 2.16 1.785
Ξ�ðsusÞ 1.53* 1.63 1.82 2.26 1.843
ΩðsssÞ 1.67* 1.76 � � � 2.36 1.902

Ωþþ�
ccc 4.80 4.93 � � � 5.28þ0.04

−0.02 5.027
Ω−�

bbb 14.37 14.23 � � � 14.39þ0.1
−0.02 14.771

Ωþ�
ccb 8.01 8.03 � � � 8.28þ0.03

−0.01 8.275
Ω0�

cbb 11.20 11.12 � � � 11.35þ0.01
−0.01 11.523

Σþþ�
c ðuucÞ 0.53* 0.57 � � � 0.67þ0.01

−0.01 0.59
Ξþþ�
cc ðuccÞ 0.75 0.79 � � � 0.89þ0.1

−0.1 0.83
Ω0�

c ðsscÞ 0.58* 0.61 � � � 0.72þ0.02
−0.02 0.63

Ωþ�
cc ðsccÞ 0.78 0.82 � � � 0.92þ0.04

−0.02 0.84
Σþ�
b ðuubÞ 1.21* 1.23 � � � 1.32þ0.02

−0.03 1.28
Ξ0�
bbðubbÞ 2.11 2.12 � � � 2.10þ0.02

−0.02 2.19
Ω−�

b ðssbÞ 1.26 1.28 � � � 1.52þ0.03
−0.02 1.30

Ω−�
bb ðsbbÞ 2.14 2.10 � � � 2.10þ0.02

−0.02 2.20
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uðP; sÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M − iE

p � χs
σ⃗·P⃗

M−iE χs

�
; ðA5Þ

with E ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P⃗2 þM2

p
,

χþ ¼
�
1

0

�
; χ− ¼

�
0

1

�
: ðA6Þ

For the free-particle spinor, ūðP; sÞ ¼ uðP; sÞ†γ4, it can be
used to construct a positive energy projection operator

ΛþðPÞ ≔
1

2M

X
s¼�

uðP; sÞ ūðP; sÞ ¼ 1

2M
ð−iγ · PþMÞ:

ðA7Þ

A negative-energy spinor satisfies

v̄ðP; sÞ ðiγ · P −MÞ ¼ 0 ¼ ðiγ · P −MÞ vðP; sÞ; ðA8Þ

and possesses properties and satisfies constraints obtained
through obvious analogy with uðP; sÞ. A charge-conjugated
BSA is obtained via

Γ̄ðk;PÞ ¼ C†Γð−k;PÞTC; ðA9Þ

where “T” denotes transposing all matrix indices and C ¼
γ2γ4 is the charge-conjugation matrix,C† ¼ −C. Moreover,
we note that

C†γTμC ¼ −γμ; ½C; γ5� ¼ 0: ðA10Þ

We employ a Rarita-Schwinger spinor to represent a covar-
iant spin-3=2 field. The positive-energy spinor is defined by
the following equations

ðiγ · PþMÞuμðP; rÞ ¼ 0; γμuμðP; rÞ ¼ 0;

PμuμðP; rÞ ¼ 0; ðA11Þ

where r ¼ −3=2;−1=2; 1=2; 3=2. It is normalized as

ūμðP; r0ÞuμðP; rÞ ¼ 2M; ðA12Þ

and satisfies a completeness relation

1

2M

X3=2
r¼−3=2

uμðP; rÞ ūνðP; rÞ ¼ ΛþðPÞRμν; ðA13Þ

where

Rμν ¼ δμνID −
1

3
γμγν þ

2

3
P̂μP̂νID − i

1

3
½P̂μγν − P̂νγμ�;

ðA14Þ

with P̂2 ¼ −1. It is very useful in simplifying the FE for a
positive-energy decouplet state.

APPENDIX B: KERNEL IN FE

M11 ¼ tqTt½qq1�0þ t½qq1�0þTtq

× fΓ0þ
½qq1�ðlqq1ÞSTq1 Γ̄0þ

½qq1�ð−kqq1ÞSqðlqÞΔ0þ
½qq1�ðlqq1Þg;

M12
ν ¼ tqTtfqqg1þ t½qq1�0þTtq1

× fΓ1þ
fqqg;μðlqqÞSTq Γ̄0þ

½qq1�ð−kqq1ÞSq1ðlq1ÞΔ1þ
fqqg;μνðlqqÞg;

M13
ν ¼ tqTtfqq1g1þ t½qq1�0þTtq

× fΓ1þ
fqq1g;μðlqq1ÞSTq1 Γ̄0þ

½qq1�ð−kqq1ÞSqðlqÞΔ1þ
fqq1g;μνðlqq1Þg;

M16 ¼ tqTt½qq1�0− t½qq1�0þTtq

× fΓ0−

½qq1�ðlqq1ÞSTq1 Γ̄0þ
½qq1�ð−kqq1ÞSqðlqÞΔ0−

½qq1�ðlqq1Þg;
M17

ν ¼ tqTtfqqg1− t½qq1�0þTtq1

× fΓ1−

fqqg;μðlqqÞSTq Γ̄0þ
½qq1�ð−kqq1ÞSq1ðlq1ÞΔ1−

fqqg;μνðlqqÞg;
M18

ν ¼ tqTtfqq1g1− t½qq1�0þTtq

× fΓ1−

fqq1g;μðlqq1ÞSTq1 Γ̄0þ
½qq1�ð−kqq1ÞSqðlqÞΔ1−

fqq1g;μνðlqq1Þg;
M21

μ ¼ tq1Tt½qq1�0þ tfqqg1þTtq

× ffΓ0þ
½qq1�ðlqq1ÞSTq Γ̄1þ

fqqg;μð−kqqÞSqðlqÞΔ0þ
½qq1�ðlqq1Þg;

L. X. GUTIÉRREZ-GUERRERO et al. PHYS. REV. D 104, 094013 (2021)

094013-12



M22
μν ¼ tq1Ttfqqg1þ tfqqg1þTtq1

× fΓ1þ
fqqg;ρðlqqÞSTq Γ̄1þ

fqqg;μð−kqqÞSqðlqÞΔ1þ
fqqg;ρνðlqqÞg;

M23
μν ¼ tq1Ttfqq1g1þ tfqqg1þTtq

× fΓ1þ
fqq1g;ρðlqq1ÞSTq Γ̄1þ

fqqg;μð−kqqÞSqðlqÞΔ1þ
fqq1g;ρνðlqq1Þg;

M26
μ ¼ tq1Tt½qq1�0− tfqqg1þTtq

× fΓ0−

½qq1�ðlqq1ÞSTq Γ̄1þ
fqqg;μð−kqqÞSqðlqÞΔ0−

½qq1�ðlqq1Þg;
M27

μν ¼ tq1Ttfqqg1− tfqqg1þTtq1

× fΓ1−

fqqg;ρðlqqÞSTq Γ̄1þ
fqqg;μð−kqqÞSqðlqÞΔ1−

fqqg;ρνðlqqÞg;
M28

μν ¼ tq1Ttfqq1g1− tfqqg1þTtq

× fΓ1−

fqq1g;ρðlqq1ÞSTq Γ̄1þ
fqqg;μð−kqqÞSqðlqÞΔ1−

fqq1g;ρνðlqq1Þg;
M31

μ ¼ tqTt½qq1�0þ tfqq1g1þTtq

× fΓ0þ
½qq1�ðlqq1ÞSTq1 Γ̄1þ

fqq1g;μð−kqq1ÞSqðlqÞΔ0þ
½qq1�ðlqq1Þg ¼ K31

μ ;

M32
μν ¼ tqTtfqqg1þ tfqq1g1þTtq1

× fΓ1þ
fqqg;ρðlqqÞSTq Γ̄1þ

fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ1þ
fqqg;ρνðlqqÞg;

M33
μν ¼ tqTtfqq1g1þ tfqq1g1þTtq

× fΓ1þ
fqq1g;ρðlqq1ÞSTq Γ̄1þ

fqq1g;μð−kqq1ÞSqðlqÞΔ1þ
fqq1g;ρνðlqq1Þg;

M36
μ ¼ tqTt½qq1�0− tfqq1g1þTtq

× fΓ0−

½qq1�ðlqq1ÞSTq Γ̄1þ
fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ0−

½qq1�ðlqq1Þg;
M37

μν ¼ tqTtfqqg1− tfqq1g1þTtq1

× fΓ1−

fqqg;ρðlqqÞSTq Γ̄1þ
fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ1−

fqqg;ρνðlqqÞg;
M38

μν ¼ tqTtfqq1g1− tfqq1g1þTtq

× fΓ1−

fqq1g;ρðlqq1ÞSTq Γ̄1þ
fqq1g;μð−kqq1ÞSqðlqÞΔ1−

fqq1g;ρνðlqq1Þg;
M61 ¼ tqTt½qq1�0þ t½qq1�0−Ttq

× fΓ0þ
½qq1�ðlqq1ÞSTq1 Γ̄0−

½qq1�ð−kqqÞSqðlqÞΔ0þ
½qq1�ðlqq1Þg;

M62
ν ¼ tqTtfqqg1þ t½qq1�0−Ttq1

× fΓ1þ
fqqg;ρðlqqÞSTq Γ̄0−

½qq1�ð−kqq1ÞSq1ðlq1ÞΔ1þ
fqqg;ρνðlqqÞg;

M63
ν ¼ tqTtfqq1g1þ t½qq1�0−Ttq

× fΓ1þ
fqq1g;ρðlqq1ÞSTq1 Γ̄0−

fqq1gð−kqq1ÞSqðlqÞΔ1þ
fqq1g;ρνðlqq1Þg;

M66
μν ¼ tqTt½qq1�0− t½qq1�0−Ttq

× fΓ0−

½qq1�ðlqq1ÞSTq Γ̄0−

½qq1�ð−kqq1ÞSq1ðlq1ÞΔ0−

½qq1�ðlqq1Þg;
M67

ν ¼ tqTtfqqg1− t½qq1�0−Ttq1

× fΓ1−

fqqg;ρðlqqÞSTq Γ̄0−

½qq1�ð−kqq1ÞSq1ðlq1ÞΔ1−

fqqg;ρνðlqqÞg;
M68

ν ¼ tqTtfqq1g1− t½qq1�0−Ttq

× fΓ1−

fqq1g;ρðlqq1ÞSTq1 Γ̄0−

½qq1�ð−kqq1ÞSqðlqÞΔ1−

fqq1g;ρνðlqq1Þg;
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M71
μ ¼ tq1Tt½qq1�0þ tfqqg1−Ttq

× fΓ0þ
½qq1�ðlqq1ÞSTq Γ̄1−

fqqg;μð−kqqÞSqðlqÞΔ0þ
½qq1�ðlqq1Þg;

M72
μν ¼ tq1Ttfqqg1þ tfqqg1−Ttq1

× fΓ1þ
fqqg;ρðlqqÞSTq Γ̄1−

fqqg;μð−kqqÞSqðlqÞΔ1þ
fqqg;ρνðlqqÞg;

M73
μν ¼ tq1Ttfqq1g1þ tfqqg1−Ttq

× fΓ1þ
fqq1g;ρðlqq1ÞSTq Γ̄1−

fqqg;μð−kqqÞSqðlqÞΔ1þ
fqq1g;ρνðlqq1Þg;

M76
μ ¼ tq1Tt½qq1�0− tfqqg1−Ttq

× fΓ0−

½qq1�ðlqq1ÞSTq Γ̄1−

fqqg;μð−kqqÞSqðlqÞΔ0−

½qq1�ðlqq1Þg;
M77

μν ¼ tq1Ttfqqg1− tfqqg1−Ttq1

× fΓ1−

fqqg;ρðlqqÞSTq Γ̄1−

fqqg;μð−kqqÞSqðlqÞΔ1−

fqqg;ρνðlqqÞg;
M78

μν ¼ tq1Ttfqq1g1− tfqqg1−Ttq

× fΓ1−

fqq1g;ρðlqq1ÞSTq Γ̄1−

fqqg;μð−kqqÞSqðlqÞΔ1−

fqq1g;ρνðlqq1Þg;
M81

μ ¼ tqTt½qq1�0þ tfqq1g1−Ttq

× fΓ0þ
½qq1�ðlqq1ÞSTq1 Γ̄1−

fqq1g;μð−kqq1ÞSqðlqÞΔ0þ
½qq1�ðlqq1Þg;

M82
μν ¼ tqTtfqqg1þ tfqq1g1−Ttq1

× fΓ1þ
fqqg;ρðlqqÞSTq Γ̄1−

fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ1þ
fqqg;ρνðlqqÞg;

M83
μν ¼ tqTtfqq1g1þ tfqq1g1−Ttq

× fΓ1þ
fqq1g;ρðlqq1ÞSTq Γ̄1−

fqq1g;μð−kqq1ÞSqðlqÞΔ1þ
fqq1g;ρνðlqq1Þg;

M86
μ ¼ tqTt½qq1�0− tfqq1g1−Ttq

× fΓ0−

½qq1�ðlqq1ÞSTq Γ̄1−

fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ0−

½qq1�ðlqq1Þg;
M87

μν ¼ tqTtfqqg1− tfqq1g1−Ttq1

× fΓ1−

fqqg;ρðlqqÞSTq Γ̄1−

fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ1−

fqqg;ρνðlqqÞg;
M88

μν ¼ tqTtfqq1g1− tfqq1g1−Ttq

× fΓ1−

fqq1g;ρðlqq1ÞSTq Γ̄1−

fqq1g;μð−kqq1ÞSqðlqÞΔ1−

fqq1g;ρνðlqq1Þg:

Note that

M14
ν ¼ M12

ν M15
ν ¼ M13

ν M19
ν ¼ M17

ν M110
ν ¼ M18

ν

M24
μν ¼ M22

μν M25
μν ¼ M23

μν M29
μν ¼ M27

μν M210
μν ¼ M28

μν

M34
μν ¼ M32

μν M35
μν ¼ M33

μν M39
μν ¼ M37

μν M310
μν ¼ M38

μν

where tf are the flavor matrices and can be found in Appendix C. We observe that the following rows are equal; row
4 ¼ row 2, row 5 ¼ row 3, row 9 ¼ row 7, and row 10 ¼ row 8.
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APPENDIX C: FLAVOR DIQUARKS

We define the following set of flavor column matrices,

tu ¼

0
BBBBBB@

1

0

0

0

0

1
CCCCCCA
; td ¼

0
BBBBBB@

0

1

0

0

0

1
CCCCCCA
; ts ¼

0
BBBBBB@

0

0

1

0

0

1
CCCCCCA
;

tc ¼

0
BBBBBB@

0

0

0

1

0

1
CCCCCCA
; tb ¼

0
BBBBBB@

0

0

0

0

1

1
CCCCCCA
; ðC1Þ

and

tf ¼
�
tqTtfq1qgtfq1qgTtq tqTtfqqgtfq1qgTtq1 ;

tq1Ttfq1qgtfqqgTtq tq1TtfqqgtfqqgTtq1

�
:

The flavor matrices for the diquarks are

t½ud� ¼

0
BBBBB@

0 1 0 0 0

−1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCA
; t½us� ¼

0
BBBBB@

0 0 1 0 0

0 0 0 0 0

−1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCA
;

t½ds� ¼

0
BBBBB@

0 0 0 0 0

0 0 1 0 0

0 −1 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCA
; t½uc� ¼

0
BBBBB@

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

−1 0 0 0 0

0 0 0 0 0

1
CCCCCA
;

tfuug ¼

0
BBBBB@

ffiffiffi
2

p
0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCA
; tfudg ¼

0
BBBBB@

0 1 0 0 0

1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCA
;

tfusg ¼

0
BBBBB@

0 0 1 0 0

0 0 0 0 0

1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCA
; tfucg ¼

0
BBBBB@

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

0 0 0 0 0

1
CCCCCA
;

tfddg ¼

0
BBBBB@

0 0 0 0 0

0
ffiffiffi
2

p
0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCA
; tfdsg ¼

0
BBBBB@

0 0 0 0 0

0 0 1 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCA
;

tfssg ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 0

0 0
ffiffiffi
2

p
0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCA
; tfccg ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0
ffiffiffi
2

p
0

0 0 0 0 0

1
CCCCCA
;

t½dc� ¼

0
BBBBB@

0 0 0 0 0

0 0 0 1 0

0 0 0 0 0

0 −1 0 0 0

0 0 0 0 0

1
CCCCCA
; t½sc� ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 −1 0 0

0 0 0 0 0

1
CCCCCA

tfdcg ¼

0
BBBBB@

0 0 0 0 0

0 0 0 1 0

0 0 0 0 0

0 1 0 0 0

0 0 0 0 0

1
CCCCCA
; tfscg ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 0

1
CCCCCA
;

t½bu� ¼

0
BBBBB@

0 0 0 0 −1
0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

1
CCCCCA
; t½bd� ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 −1
0 0 0 0 0

0 0 0 0 0

0 1 0 0 0

1
CCCCCA
;

t½bc� ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 −1
0 0 0 1 0

1
CCCCCA
; t½bs� ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 −1
0 0 0 0 0

0 0 1 0 0

1
CCCCCA
;

tfbbg ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0
ffiffiffi
2

p

1
CCCCCA

tfbug ¼

0
BBBBB@

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

1
CCCCCA
;

tfbdg ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

0 1 0 0 0

1
CCCCCA

tfbcg ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 1 0

1
CCCCCA
;

tfbsg ¼

0
BBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 0 0

0 0 1 0 0

1
CCCCCA
:
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