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The large data sample of the Bc meson collected at the LHC experiment and the HL-LHC experiment
provides us the opportunity to study the Bc decays and the related physics. In this paper, we investigate the
effect of K0 − K̄0 mixing on the branching ratios, CP violations and CPT violations in the B�

c → B�K0
S;L

decays. We find that some of the B�
c → B�K0

S;L → fB�fK0
S;L

decay chains have large branching ratios,

whose maximum value can exceed the order of 10−6, the minimum number of B�
c events times efficiency

for observing the decays at three standard deviations (3σ) level is about 106. We study the CP asymmetries
in the B�

c → B�K0
S;L decays and find that the CP asymmetries can exceed the order of 10−3, which are

dominated by K0 − K̄0 mixing. We give the most promising processes to observe the CP violations and
the ranges of the numbers of B�

c events-times-efficiency needed to observe the CP asymmetries at a
significance of 3σ in these decays. We investigate the possibility to constraint the CPT violation parameter
z in the B�

c → B�K0
S;L → fB�fK0

S;L
decays and give the most promising processes to constraint the

parameter z.

DOI: 10.1103/PhysRevD.104.093005

I. INTRODUCTION

CP violation provides deep insights into the nature and
plays an important role in explaining for our matter-
dominated universe [1,2]. In the Standard Model (SM),
effects of CP violations in the charm sector, unlike the kaon
and B meson systems, are expected to be rather small [3–5].
During the past decade, many theoretical and experimental
efforts have so far been made to study CP violations in the
D system and charm baryon [6–20]. In 2019, the LHCb
collaboration reported a first confirmed observation of the
CP violations in charm decays via measuring the difference
of time-integrated CP asymmetries of D0 → KþK− and
D0 → πþπ− decays with the result of ð1.54� 0.29Þ × 10−3

[21], the significance of the measured deviation from zero
is 5.3σ. However, studies of CP-violating processes in the

Bc decays that proceed via the c quark decay with the b
quark as a spectator are very scarce.
CPT invariance is one of the most fundamental sym-

metries in physics and is based on three assumptions:
unitarity, locality, and Lorentz invariance [22]. Therefore, a
strong motivation for experimental and theoretical studies
on CPT theorem is to test the CPT symmetry [23–27]. The
K0 − K̄0 mixing system is one of the most intriguing
processes to study CP and CPT violations.
The decays with final states including K0

S or K0
L can be

used to studyCP violation [28] andCPT violation. In these
decays, K0 − K̄0 mixing have a non-negligible effect on
CP violation and CPT violation, even play a dominant
role. The CP asymmetries in the decays Dþ → K0

Sπ
þ and

τþ → πþK0
Sν̄τ have been measured by Belle [29,30],

BABAR [31,32], CLEO [33,34], and FOCUS [35] collab-
orations. There exist 2.8σ discrepancy observed between
the BABAR measurement and the SM prediction of the CP
asymmetry in the τþ → πþKSν̄τ decay [36–38]. Because
the direct CP violation in this decay is absented at the tree
level in the SM, the discrepancy could be a hint of the
physics beyond the SM, several possible new-physics
proposals are put forwarded [39]. However, the result for
the CP asymmetry in τþ → πþKSν̄τ decay suffers large
uncertainty and no unambiguous conclusion can be drawn,
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so more precise data and more reactions are needed in both
experiment and theory.
The Bc meson is the lowest bound state of the doubly

heavy-flavored (b̄c) system, here both the b and c quark
can decay while the other serves as a spectator, so the Bc
physics must be very rich [40–43]. At the LHC experiment,
around 5 × 1010 Bc mesons per year could be produced
[44,45], which provides us the opportunity to get more
information of this particle and study the related physics.
In this paper, we investigate the effect of K0 − K̄0 mixing
on CP and CPT violations in the B�

c → B�K0
S;L decays.

We predict the branching ratio of these decays and calculate
the CP and CPT asymmetries which are dominated by the
effect of K0 − K̄0 mixing. In addition, we also explore the
sensitivity of these measurements in experiment.

II. BRANCHING FRACTIONS
OF THE B�

c → B�K0
S;L DECAYS

Within the SM, the decays Bþ
c → BþK̄0 and its charge

conjugate can occur through the Cabibbo-favored channels,
which are shown in Fig. 1. The decays Bþ

c → BþK0 and its
charge conjugate can proceed via the doubly Cabibbo-
suppressed channels, as shown in Fig 2. The resulting
effective Hamiltonian for these decays can be written as

Heff ¼
GFffiffiffi
2

p ½V�
csVuds̄γμð1 − γ5Þcūγμð1 − γ5Þd

þ V�
cdVusd̄γμð1 − γ5Þcūγμð1 − γ5Þs� þ H:c:; ð1Þ

where GF is the Fermi coupling constant; Vij denotes the
CKM matrix element. To calculate the hadronic matrix
elements of the effective Hamiltonian, we work with the
factorization assumption [5,46,47], then, we need to
reconstruct the effective Hamiltonian in a form suitable

for the use of this assumption by Fierz transformation [48].
By making use of the Fierz transformation, we obtain the
factorized Hamiltonian

Hfac
eff ¼ −

GFffiffiffi
2

p
Nc

½V�
csVuds̄γμð1 − γ5Þdūγμð1 − γ5Þc

þ V�
cdVusd̄γμð1 − γ5Þsūγμð1 − γ5Þc� þ H:c:; ð2Þ

with Nc ¼ 3 is the number of colors.
The decay constant for pseudoscalar meson K0 are

defined by [49]

hK0ðqtÞjd̄γμγ5sj0i ¼ iqμt fK; ð3Þ

hjK̄0ðqtÞjs̄γμγ5dj0i ¼ iqμt fK; ð4Þ

here, the CP transformation property CPjK0ðq0t ; q⃗tÞi ¼
−jK0ðq0t ;−q⃗tÞi is used. The matrix elements
hBþðp2ÞjūγμcjBþ

c ðp1Þi and hB−ðp2Þjc̄γμujB−
c ðp1Þi are

parametrized in terms of various form factors as [50]

hBþðp2ÞjūγμcjBþ
c ðp1Þi

¼ f0ðq2t Þ
�
p2
1 − p2

2

q2t
qμt

�

þ fþðq2t Þ
�
pμ
1 þ pμ

2 −
p2
1 − p2

2

q2t
qμt

�
; ð5Þ

hB−ðp2Þjc̄γμujB−
c ðp1Þi

¼ −f0ðq2t Þ
�
p2
1 − p2

2

q2t
qμt

�

− fþðq2t Þ
�
pμ
1 þ pμ

2 −
p2
1 − p2

2

q2t
qμt

�
; ð6Þ

FIG. 1. Quark diagrams for the Cabibbo-allowed Bþ
c → BþK̄0 and B−

c → B−K0 decays.

FIG. 2. Quark diagrams for the doubly Cabibbo-suppressed Bþ
c → BþK0 and B−

c → B−K̄0 decays.
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where qt ¼ p1 − p2 is the 4-momentum transfer. The form
factors f0ðq2t Þ and fþðq2t Þ read

f0ðq2t Þ ¼
1

1− q2t
m2

D�
0

ðbð0Þ0 þ bð1Þ0 Zp þ bð2Þ0 Z2
p þ bð3Þ0 Z3

pÞ; ð7Þ

fþðq2t Þ ¼
1

1− q2t
m2

D�

ðbð0Þþ þ bð1Þþ Zp þ bð2Þþ Z2
p þ bð3Þþ Z3

pÞ; ð8Þ

here, mD�
0
and mD� is respectively the mass of the neutral

scalar meson D�
0ð2300Þ0 and the neutral vector meson

D�ð2007Þ0. The variable Zp is defined as

Zp ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − q2t
p

−
ffiffiffiffiffi
tþ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2t

p
þ ffiffiffiffiffi

tþ
p

!
·

����
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ −m2

D�
p þ ffiffiffiffiffi

tþ
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ −m2
D�

p
−

ffiffiffiffiffi
tþ

p
����; ð9Þ

with tþ ¼ ðmBþ
c
þmBþÞ2. The polynomial coefficients bðiÞ0;þ

(i ¼ 0, 1, 2, 3) appearing in Eq. (7) and Eq. (8) have been
calculated in Ref. [50]

bð0Þ0 ¼ 0.548� 0.023; bð1Þ0 ¼ −0.19� 0.22;

bð2Þ0 ¼ 0.05� 0.74; bð3Þ0 ¼ 0; ð10Þ

bð0Þþ ¼ 0.548� 0.023; bð1Þþ ¼ −0.48� 0.21;

bð2Þþ ¼ 0.12� 0.77; bð3Þþ ¼ 0: ð11Þ
Now, we can proceed to calculate the hadronic

matrix elements hK0ðqtÞB�ðp2ÞjHfac
eff jB�

c ðp1Þi and
hK̄0ðqtÞB�ðp2ÞjHfac

eff jB�
c ðp1Þi. Because of the parity con-

servation in strong interaction, the matrix elements
hK0ðqtÞjd̄γμsj0i, hBþðp2Þjūγμγ5cjBþ

c ðp1Þi and their
charge conjugate have no contribution to the corresponding
the hadronic matrix elements. By combining Eq. (2),
Eq. (3), Eq. (4), Eq. (5), Eq. (6) and qt ¼ p1 − p2, we
can obtain

hK0ðqtÞBþðp2ÞjHfac
eff jBþ

c ðp1Þi

¼ GFfK
3
ffiffiffi
2

p V�
cdVuseiϕf0ðq2t Þðp2

1 − p2
2Þ; ð12Þ

hK̄0ðqtÞBþðp2ÞjHfac
eff jBþ

c ðp1Þi

¼ GFfK
3
ffiffiffi
2

p V�
csVudeiϕf0ðq2t Þðp2

1 − p2
2Þ; ð13Þ

hK0ðqtÞB−ðp2ÞjHfac
eff jB−

c ðp1Þi

¼ GFfK
3
ffiffiffi
2

p VcsV�
ude

iϕf0ðq2t Þðp2
1 − p2

2Þ; ð14Þ

hK̄0ðqtÞB−ðp2ÞjHfac
eff jB−

c ðp1Þi

¼ GFfK
3
ffiffiffi
2

p VcdV�
useiϕf0ðq2t Þðp2

1 − p2
2Þ; ð15Þ

where ϕ denotes the strong phase of the involved matrix
elements. In theB�

c → B�K0 andB�
c → B�K̄0 decays, there

are only color-suppressed tree-emission diagrams contribut-
ing to both the Cabibbo-favored and doubly Cabibbo-
suppressed decay amplitudes, without W-annihilation or
W-exchange diagrams. In this case, the strong phases in
the Cabibbo-favored decay and Cabibbo-suppressed decay
are identical [51], i.e., the strong phases are identical in the
B�
c → B�K0 and B�

c → B�K̄0 decays.
In the K0 − K̄0 system, the two mass eigenstates,

K0
S of mass mS and width ΓS and K0

L of mass mL and
width ΓL, are linear combinations of the flavor eigenstates
K0 and K̄0 [52]

jK0
Li ¼ p

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p jK0i − q
ffiffiffiffiffiffiffiffiffiffi
1 − z

p jK̄0i; ð16Þ

jK0
Si ¼ p

ffiffiffiffiffiffiffiffiffiffi
1 − z

p jK0i þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p jK̄0i; ð17Þ

where p, q and z are complex mixing parameters. CPT
invariant requires z ¼ 0, while CP conservation requires
both p ¼ q ¼ ffiffiffi

2
p

=2 and z ¼ 0. The mass and width
eigenstates, K0

S;L, may also be described with the popular
notations

jK0
Li ¼

1þ ϵ − δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵ − δj2Þ

p jK0i − 1 − ϵþ δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵ − δj2Þ

p jK̄0i;

ð18Þ

jK0
Si ¼

1þ ϵþ δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵþ δj2Þ

p jK0i þ 1 − ϵ − δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵþ δj2Þ

p jK̄0i;

ð19Þ

where the complex parameter ϵ signifies deviation of the
mass eigenstates from the CP eigenstates, δ is the CPT
violating complex parameter. The parameters p, q and z
can be expressed in terms of ϵ and δ [neglecting terms of ϵδ
and OðδÞ]

p ¼ 1þ ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵj2Þ

p ; q ¼ 1 − ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵj2Þ

p ; z ¼ −2δ:

ð20Þ

In this paper, we adopt the notations p, q and z in order
to ensuring the rephasing invariance of all analytical
results [19].
The time-evolved states of the K0 − K̄0 system can be

expressed by the mass eigenstates

jK0
physðtÞi ¼

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p

2p
e−imLt−1

2
ΓLtjK0

Li

þ
ffiffiffiffiffiffiffiffiffiffi
1 − z

p

2p
e−imSt−1

2
ΓStjK0

Si; ð21Þ
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jK̄0
physðtÞi ¼ −

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

2q
e−imLt−1

2
ΓLtjK0

Li þ
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p

2q
e−imSt−1

2
ΓStjK0

Si: ð22Þ

With Eq. (21) and Eq. (22), the time-dependent amplitudes of the cascade decays B�
c → B�K0 → B�fK0 can be written as

AðB�
c → B�K0ðtÞ → B�fK0ðtÞÞ ¼ hK0ðqtÞB�ðp2ÞjHfac

eff jB�
c ðp1Þi · AðK0

physðtÞ → fK0Þ
þ hK̄0ðqtÞB�ðp2ÞjHfac

eff jB�
c ðp1Þi · AðK̄0

physðtÞ → fK0Þ; ð23Þ

where fK0 denotes the final state from the decay of theK0 or K̄0 meson. AðK0
physðtÞ → fK0Þ and AðK̄0

physðtÞ → fK0Þ denotes
the amplitude of the K0

physðtÞ → fK0 and K̄0
physðtÞ → fK0 decays, respectively. They have the following forms

AðK0
physðtÞ → fK0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p

2p
e−imLt−1

2
ΓLtAðK0

L → fK0Þ þ
ffiffiffiffiffiffiffiffiffiffi
1 − z

p

2p
e−imSt−1

2
ΓStAðK0

S → fK0Þ; ð24Þ

AðK̄0
physðtÞ → fK0Þ ¼ −

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

2q
e−imLt−1

2
ΓLtAðK0

L → fK0Þ þ
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p

2q
e−imSt−1

2
ΓStAðK0

S → fK0Þ: ð25Þ

Making use of Eqs. (12), (13), (23), (24), and (25) and performing integration over phase space, we can obtain

ΓðBþ
c → BþKðtÞ → BþfK0ðtÞÞ ¼ G2

Ff
2
Kjf0ðm2

K0Þj2
1152πjpj2jqj2m3

Bþ
c

· fðmBþ
c
; mBþ ; mK0Þ · ðm2

Bþ
c
−m2

BþÞ2

· ½e−ΓLt · ΓðK0
L → fK0Þ · gK0

L
þ e−ΓSt · ΓðK0

S → fK0Þ · gK0
S

þ e−iΔmt−Γt · A�ðK0
S → fK0Þ · AðK0

L → fK0Þ · gK0
S−K

0
L

þ eiΔmt−Γt · AðK0
S → fK0Þ · A�ðK0

L → fK0Þ · g�
K0

S−K
0
L
�; ð26Þ

where mr with r ¼ Bþ
c ; Bþ; K0 denotes the mass of the resonance, Δm denotes the difference in masses of K0

L and K0
S, Γ

denotes the average in widths of K0
L and K0

S

Δm ¼ mL −mS; Γ ¼ ΓL þ ΓS

2
: ð27Þ

The terms gK0
L
, gK0

S
and gK0

S−K
0
L
are related to the effect of theK0

L decay, theK
0
S decay and their interference, respectively, and

have the following forms

gK0
L
¼
h
jqj2j ffiffiffiffiffiffiffiffiffiffiffi1þ z

p j2jVcdj2jVusj2 þ jpj2j ffiffiffiffiffiffiffiffiffiffi1 − z
p j2jVcsj2jVudj2

− pq�
ffiffiffiffiffiffiffiffiffiffi
1 − z

p ð ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p Þ�V�
csVudVcdV�

us − p�q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ð ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ�V�
cdVusVcsV�

ud

i
; ð28Þ

gK0
S
¼
h
jqj2j ffiffiffiffiffiffiffiffiffiffi1 − z

p j2jVcdj2jVusj2 þ jpj2j ffiffiffiffiffiffiffiffiffiffiffi1þ z
p j2jVcsj2jVudj2

þ pq�
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ð ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ�V�
csVudVcdV�

us þ p�q
ffiffiffiffiffiffiffiffiffiffi
1 − z

p ð ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p Þ�V�
cdVusVcsV�

ud

i
; ð29Þ

gK0
S−K

0
L
¼
h
jqj2 ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p ð ffiffiffiffiffiffiffiffiffiffi

1 − z
p Þ�jVcdj2jVusj2 − jpj2 ffiffiffiffiffiffiffiffiffiffi

1 − z
p ð ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p Þ�jVcsj2jVudj2

− pq�j ffiffiffiffiffiffiffiffiffiffi1 − z
p j2V�

csVudVcdV�
us þ p�qj ffiffiffiffiffiffiffiffiffiffiffi1þ z

p j2V�
cdVusVcsV�

ud

i
; ð30Þ

The function fðx; y; zÞ in Eq. (26) is defined as

fðx; y; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ y4 þ z4 − 2x2y2 − 2x2z2 − 2y2z2

q
: ð31Þ
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In experiment, the K0
S state is defined via a final state π

þπ− with mππ ≈mS and a time difference between the Bc decay and
the K0

S decay [36]. By taking into account these experimental features, the partial decay width for the Bþ
c → BþK0

S decay
can be defined as

ΓðBþ
c → BþK0

SÞ ¼
R t1
t0 ΓðBþ

c → BþKðtÞ → Bþπþπ−ðtÞÞdt
ðe−ΓSt0 − e−ΓSt1Þ · BðK0

S → πþπ−Þ ; ð32Þ

where t0 ¼ 0.1τS and t1 ¼ 2τS ∼ 20τS with τS is theK0
S lifetime, we adopt t1 ¼ 10τS in our calculation. Combining Eq. (26)

and Eq. (32), we can obtain

ΓðBþ
c → BþK0

SÞ ¼
G2

Ff
2
Kjf0ðm2

SÞj2
1152πjpj2jqj2m3

Bþ
c

· fðmBþ
c
; mBþ ; mSÞ · ðm2

Bþ
c
−m2

BþÞ2 ·
�
gK0

S
þ e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ · gK0
L

þ 2Re

�
e−iΔmt0−Γt0 − e−iΔmt1−Γt1

e−ΓSt0 − e−ΓSt1
·

ΓS

Γþ iΔm
·
AðK0

L → πþπ−Þ
AðK0

S → πþπ−Þ · gK0
S−K

0
L

��
: ð33Þ

From Particle Data Group [52], ΓL=ΓS ¼ ð1.75�
0.01Þ × 10−3. If we adopt t1 ¼ 10τS ¼ 10=ΓS, then we
can obtain

e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
≈ 0.019; ð34Þ

the value of BðK0
L → πþπ−Þ=BðK0

S → πþπ−Þ can also
obtained from Particle Data Group [52]

BðK0
L → πþπ−Þ

BðK0
S → πþπ−Þ ¼ ð2.84� 0.01Þ × 10−3; ð35Þ

so the second term in the bracket in Eq. (33), which
corresponds to the effect of the K0

L decay, can be neglected.

Using Eq. (16), Eq. (17) and neglecting the tiny direct CP
asymmetry in the K0 → πþπ− decay, we can derive

AðK0
L → πþπ−Þ

AðK0
S → πþπ−Þ ¼

p
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
− q

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p : ð36Þ

For convenience, we introduce the following substitution

tK0
S−K

0
L
¼ e−iΔmt0−Γt0 − e−iΔmt1−Γt1

e−ΓSt0 − e−ΓSt1
·

ΓS

Γþ iΔm
: ð37Þ

Combining Eqs. (29), (30), (33), (34), (35), and (36), we
can derive

ΓðBþ
c → BþK0

SÞ ¼
G2

Ff
2
Kjf0ðm2

SÞj2
1152πjpj2jqj2m3

Bþ
c

· fðmBþ
c
; mBþ ; mSÞ · ðm2

Bþ
c
−m2

BþÞ2

·

�
½jqj2j ffiffiffiffiffiffiffiffiffiffi1 − z

p j2jVcdj2jVusj2 þ jpj2j ffiffiffiffiffiffiffiffiffiffiffi1þ z
p j2jVcsj2jVudj2

þ pq�
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ð ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ�V�
csVudVcdV�

us þ p�q
ffiffiffiffiffiffiffiffiffiffi
1 − z

p ð ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p Þ�V�
cdVusVcsV�

ud�

þ 2Re

�
tK0

S−K
0
L
·
p
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
− q

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p · ½jqj2 ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ð ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ�jVcdj2jVusj2

− jpj2 ffiffiffiffiffiffiffiffiffiffi
1 − z

p ð ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p Þ�jVcsj2jVudj2 − pq�j ffiffiffiffiffiffiffiffiffiffi1 − z
p j2V�

csVudVcdV�
us

þ p�qj ffiffiffiffiffiffiffiffiffiffiffi1þ z
p j2V�

cdVusVcsV�
ud�
�	

: ð38Þ

Similarly, we can obtain the partial decay width for the B−
c → B−K0

S decay
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ΓðB−
c → B−K0

SÞ ¼
G2

Ff
2
Kjf0ðm2

SÞj2
1152πjpj2jqj2m3

Bþ
c

· fðmBþ
c
; mBþ ; mSÞ · ðm2

Bþ
c
−m2

BþÞ2

·

�
½jqj2j ffiffiffiffiffiffiffiffiffiffi1 − z

p j2jVcsj2jVudj2 þ jpj2j ffiffiffiffiffiffiffiffiffiffiffi1þ z
p j2jVcdj2jVusj2

þ pq�
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ð ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ�V�
csVudVcdV�

us þ p�q
ffiffiffiffiffiffiffiffiffiffi
1 − z

p ð ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p Þ�VcsV�
udV

�
cdVus�

þ 2Re

�
tK0

S−K
0
L
·
p
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
− q

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p · ½jqj2 ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ð ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ�jVcsj2jVudj2

− jpj2 ffiffiffiffiffiffiffiffiffiffi
1 − z

p ð ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p Þ�jVcdj2jVusj2 − pq�j ffiffiffiffiffiffiffiffiffiffi1 − z
p j2V�

csVudVcdV�
us

þ p�qj ffiffiffiffiffiffiffiffiffiffiffi1þ z
p j2V�

cdVusVcsV�
ud�
�	

: ð39Þ

In experiment, the K0
L state is defined via a large time difference between the Bc decay and the K0

L decay and mostly decay
outside the detector [53]. Basing on these experimental features, the partial decay width for the Bþ

c → BþK0
L decay can be

defined as

ΓðBþ
c → BþK0

LÞ ¼
Rþ∞
t2

ΓðBþ
c → BþKðtÞ → BþfK0

L
ðtÞÞdt

e−ΓLt2 · BðK0
L → fK0

L
Þ ; ð40Þ

where fK0
L
denotes the final state of the K0

L decay, t2 ≥ 100τS. Combining Eq. (26) and Eq. (40), we can obtain

ΓðBþ
c → BþK0

LÞ ¼
G2

Ff
2
Kjf0ðm2

LÞj2
1152πjpj2jqj2m3

Bþ
c

· fðmBþ
c
; mBþ ; mLÞ · ðm2

Bþ
c
−m2

BþÞ2 ·
�
gK0

L
þ e−ðΓS−ΓLÞt2 ·

BðK0
S → fK0

L
Þ

BðK0
L → fK0

L
Þ · gK0

S

þ 2Re
�
eiΔmt2−

ΓS−ΓL
2

t2 ·
ΓL

Γ − iΔm
·
AðK0

S → fK0
L
Þ

AðK0
L → fK0

L
Þ · g

�
K0

S−K
0
L

��
: ð41Þ

Using the result from Particle Data Group [52]: ΓL=ΓS ¼ ð1.75� 0.01Þ × 10−3, we can obtain

e−ðΓS−ΓLÞt2 ≤ 4.4 × 10−44; e−
ΓS−ΓL

2
t2 ≤ 2.1 × 10−22; ð42Þ

so the second and the third terms in the bracket in Eq. (41), which corresponds to the effects of the K0
S decay and the

interference between the K0
S decay and the K0

L decay, can be neglected. Substituting Eq. (28) into Eq. (41) and neglecting
the second and the third terms in the bracket in Eq. (41), we obtain

ΓðBþ
c → BþK0

LÞ ¼
G2

Ff
2
Kjf0ðm2

LÞj2
1152πjpj2jqj2m3

Bþ
c

· fðmBþ
c
; mBþ ; mLÞ · ðm2

Bþ
c
−m2

BþÞ2

· ½jqj2j ffiffiffiffiffiffiffiffiffiffiffi1þ z
p j2jVcdj2jVusj2 þ jpj2j ffiffiffiffiffiffiffiffiffiffi1 − z

p j2jVcsj2jVudj2
− pq�

ffiffiffiffiffiffiffiffiffiffi
1 − z

p ð ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p Þ�V�
csVudVcdV�

us − p�q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ð ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ�V�
cdVusVcsV�

ud�: ð43Þ

Similarly, we can obtain the partial decay width for the B−
c → B−K0

L decay

ΓðB−
c → B−K0

LÞ ¼
G2

Ff
2
Kjf0ðm2

LÞj2
1152πjpj2jqj2m3

Bþ
c

· fðmBþ
c
; mBþ ; mLÞ · ðm2

Bþ
c
−m2

BþÞ2

· ½jqj2j ffiffiffiffiffiffiffiffiffiffiffi1þ z
p j2jVcsj2jVudj2 þ jpj2j ffiffiffiffiffiffiffiffiffiffi1 − z

p j2jVcdj2jVusj2
− pq�

ffiffiffiffiffiffiffiffiffiffi
1 − z

p ð ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p Þ�V�
csVudVcdV�

us − p�q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ð ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ�VcsV�
udV

�
cdVus�: ð44Þ
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From Eqs. (38), (39), (43) and (44), we can obtain the branching ratios of B�
c → B�K0

S;L decays, which are the products of
the partial decay widths for these decays and the mean life of Bc meson.

III. CP VIOLATIONS, K0
S −K0

L ASYMMETRIES, AND CPT VIOLATIONS

In the B�
c → B�K0

S;L → fB�fK0
S;L

decays, the time-independent CP asymmetries are defined as

A
K0

S;L
CP ¼ ΓðB−

c → B−K0
S;LÞ · ΓðB− → fB−Þ − ΓðBþ

c → BþK0
S;LÞ · ΓðBþ → f̄B−Þ

ΓðB−
c → B−K0

S;LÞ · ΓðB− → fB−Þ þ ΓðBþ
c → BþK0

S;LÞ · ΓðBþ → f̄B−Þ ; ð45Þ

here, fr with r ¼ B�; K0
S;L denote the final states from the decays of the B� and K0

S;L mesons, f̄B� are the CP-conjugate
states of fB� , ΓðB− → fB−Þ and ΓðBþ → f̄B−Þ is the partial decay width of the B− → fB− and Bþ → f̄B− decays
respectively. Using the relations in Eqs. (A1) and (A2) listed in Appendix A, we can obtain

A
K0

S;L
CP ¼ ΓðB− → fB−Þ − ΓðBþ → f̄B−Þ

ΓðB− → fB−Þ þ ΓðBþ → f̄B−Þ þ
ΓðB−

c → B−K0
S;LÞ − ΓðBþ

c → BþK0
S;LÞ

ΓðB−
c → B−K0

S;LÞ þ ΓðBþ
c → BþK0

S;LÞ
; ð46Þ

where ðΓðB−
c → B−K0

S;LÞ − ΓðBþ
c → BþK0

S;LÞÞ=ðΓðB−
c → B−K0

S;LÞ þ ΓðBþ
c → BþK0

S;LÞÞ are the CP asymmetries in the
B�
c → B�K0

S;L decays and hereinafter denoted as ACPðB�
c → B�K0

S;LÞ. Under the assumption of CPT invariance,
ACPðB�

c → B�K0
S;LÞ can be calculated from Eqs. (38), (39), (43), and (44)

ACPðB�
c → B�K0

SÞ ¼
ðjqj2 − jpj2Þ · ðjVcsj2jVudj2 − jVcdj2jVusj2Þ

ðjpj2 þ jqj2Þ · ðjVcsj2jVudj2 þ jVcdj2jVusj2Þ þ 2pq�V�
csVudVcdV�

us þ 2p�qVcsV�
udV

�
cdVus

þ
2ðjVcsj2jVudj2 − jVcdj2jVusj2Þ · ðjpj2 þ jqj2Þ · ReðtK0

S−K
0
L
· p−qpþqÞ

ðjpj2 þ jqj2Þ · ðjVcsj2jVudj2 þ jVcdj2jVusj2Þ þ 2pq�V�
csVudVcdV�

us þ 2p�qVcsV�
udV

�
cdVus

; ð47Þ

ACPðB�
c → B�K0

LÞ ¼
ðjqj2 − jpj2Þ · ðjVcsj2jVudj2 − jVcdj2jVusj2Þ

ðjpj2 þ jqj2Þ · ðjVcsj2jVudj2 þ jVcdj2jVusj2Þ − 2pq�V�
csVudVcdV�

us − 2p�qVcsV�
udV

�
cdVus

: ð48Þ

From Eq. (47) and Eq. (48), we can see that the dominant contributions to the CP asymmetries in the B�
c → B�K0

S;L decays
arise indirectly from K0 − K̄0 mixing, the time evolution effect of neutral kaons can significantly affect the CP asymmetry
in the B�

c → B�K0
S decays, but has little effect on the CP asymmetry in the B�

c → B�K0
L decays. This is very different from

the D meson decays. The reason is that the decay amplitudes of B�
c → B�K0

S;L only receive the contributions of the color-
suppressed tree-emission diagrams, which can be calculated in the naive factorization approach and have no strong phase
difference. In D meson decays, the naive factorization does not work, due to the large nonperturbative contributions at the
charm scale. There are different strong phases between the Cabibbo-favored and doubly Cabibbo-suppressed amplitudes,
the time-evolution effect of neutral kaons can contribute to a new and large CP violation in the D meson decays [15,51].
In Eq. (46), ðΓðB− → fB−Þ − ΓðBþ → f̄B−ÞÞ=ðΓðB− → fB−Þ þ ΓðBþ → f̄B−ÞÞ is the CP asymmetry in B− → fB− and

Bþ → f̄B− decays and hereinafter denoted as ACPðB− → fB−Þ. For the semileptonic decays of the B� to charmed meson,

such as B� → D̄0l�νl and B� → D̄�ð2007Þ0l�νl, the direct CP violations do not occur in the SM [54], soA
K0

S
CP andA

K0
L

CP are
only determined byACPðB�

c → B�K0
S;LÞ. Here, we note thatACPðB− → fB−Þ should also receive the contribution from the

CP violations in charm meson decays, for example, the CP violations in B� → D̄0l�νl → f̄Dl�νl decay chains can be
derived as

ACPðB− → D0l−ν̄lÞ ¼
ΓðB− → D0l−ν̄lÞ − ΓðBþ → D̄0lþνlÞ
ΓðB− → D0l−ν̄lÞ þ ΓðBþ → D̄0lþνlÞ

þ ΓðD0 → fDÞ − ΓðD̄0 → f̄DÞ
ΓðD0 → fDÞ þ ΓðD̄0 → f̄DÞ

; ð49Þ

here, fD and f̄D denote the final states of D0 and D̄0 decays, respectively. Fortunately, the second term on the right side of
Eq. (49) is zero in the semileptonic and leptonic decays of the D mesons in the SM. However, because the final states of
B� → D semileptonic decays followed by the semileptonic and leptonic charm decays contain two neutrinos, the
experiment environment is imperfect. The CP asymmetries in the nonleptonic decays of the B� mesons have nonzero
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values, some of these values can reach the order of 10−1, so theCP asymmetries in the nonleptonic decays of the B� mesons
couldn’t be neglected, we will discuss the possibility to observe the CP violations in the B�

c → B�K0
S;L decays followed by

the nonleptonic decays of the B� mesons in section IV.
Next, we turn to calculate the K0

S − K0
L asymmetries in the Bþ

c → BþK0
S;L and B−

c → B−K0
S;L decays, which are defined

as [15,55–57]

RðBþ
c → BþK0

S;LÞ ¼
ΓðBþ

c → BþK0
SÞ − ΓðBþ

c → BþK0
LÞ

ΓðBþ
c → BþK0

SÞ þ ΓðBþ
c → BþK0

LÞ
; ð50Þ

RðB−
c → B−K0

S;LÞ ¼
ΓðB−

c → B−K0
SÞ − ΓðB−

c → B−K0
LÞ

ΓðB−
c → B−K0

SÞ þ ΓðB−
c → B−K0

LÞ
; ð51Þ

By substituting Eqs. (38), (39), (43), and (44) into Eqs. (50)–(51) and neglecting the K0
S − K0

L mass difference and the CPT
violation parameter z, we can obtain

RðBþ
c → BþK0

S;LÞ ¼
pq�V�

csVudVcdV�
us þ p�qVcsV�

udV
�
cdVus

jqj2jVcdj2jVusj2 þ jpj2jVcsj2jVudj2

þ
ReðtK0

S−K
0
L
· p−qpþq · ½jqj2jVcdj2jVusj2 − jpj2jVcsj2jVudj2 − pq�V�

csVudVcdV�
us þ p�qV�

cdVusVcsV�
ud�Þ

jqj2jVcdj2jVusj2 þ jpj2jVcsj2jVudj2
;

ð52Þ

RðB−
c → B−K0

S;LÞ ¼
pq�V�

csVudVcdV�
us þ p�qVcsV�

udV
�
cdVus

jqj2jVcsj2jVudj2 þ jpj2jVcdj2jVusj2

þ
ReðtK0

S−K
0
L
· p−qpþq · ½jqj2jVcsj2jVudj2 − jpj2jVcdj2jVusj2 − pq�V�

csVudVcdV�
us þ p�qV�

cdVusVcsV�
ud�Þ

jqj2jVcsj2jVudj2 þ jpj2jVcdj2jVusj2
;

ð53Þ

here, we note that the K0
S − K0

L mass difference is involved in the following expression in RðB�
c → B�K0

S;LÞ

jf0ðm2
SÞj2fðmBþ

c
; mBþ ; mSÞ − jf0ðm2

LÞj2fðmBþ
c
; mBþ ; mLÞ

jf0ðm2
SÞj2fðmBþ

c
; mBþ ; mSÞ

; ð54Þ

the experimental value of theK0
S − K0

L mass difference is ð3.48� 0.01Þ × 10−15 GeV [52], so the above expression is of the
order of 10−16 and can be safely neglected.
Now, we proceed to study the CPT violation parameter z in the B�

c → B�K0
S;L decays. From Eqs. (38), (39), (43), and

(44), we can obtain

ΓðB−
c → B−K0

SÞ − ΓðBþ
c → BþK0

SÞ

¼ G2
Ff

2
Kjf0ðm2

SÞj2
1152πjpj2jqj2m3

Bþ
c

· fðmBþ
c
; mBþ ; mSÞ · ðm2

Bþ
c
−m2

BþÞ2

· ðjVcsj2jVudj2 − jVcdj2jVusj2Þ ·
�
ðjqj2j ffiffiffiffiffiffiffiffiffiffi1 − z

p j2 − jpj2j ffiffiffiffiffiffiffiffiffiffiffi1þ z
p j2Þ

þ 2Re

�
tK0

S−K
0
L
·
p
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
− q

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p · ½jqj2ð ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ� ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p þ jpj2 ffiffiffiffiffiffiffiffiffiffi
1 − z

p ð ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p Þ��
�	

; ð55Þ

ΓðB−
c → B−K0

LÞ − ΓðBþ
c → BþK0

LÞ ¼
G2

Ff
2
Kjf0ðm2

LÞj2
1152πjpj2jqj2m3

Bþ
c

· fðmBþ
c
; mBþ ; mLÞ · ðm2

Bþ
c
−m2

BþÞ2

· ðjqj2j ffiffiffiffiffiffiffiffiffiffiffi1þ z
p j2 − jpj2j ffiffiffiffiffiffiffiffiffiffi1 − z

p j2Þ · ðjVcsj2jVudj2 − jVcdj2jVusj2Þ; ð56Þ
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we define the follow asymmetry

A
K0

S;L
CPTðB�

c → B�K0
S;LÞ ¼

½ΓðB−
c → B−K0

SÞ − ΓðBþ
c → BþK0

SÞ� − ½ΓðB−
c → B−K0

LÞ − ΓðBþ
c → BþK0

LÞ�
ΓðB−

c → B−K0
SÞ þ ΓðBþ

c → BþK0
SÞ þ ΓðB−

c → B−K0
LÞ þ ΓðBþ

c → BþK0
LÞ

: ð57Þ

Substituting Eqs. (38), (39), (43), (44), (55), and (56) into Eq. (57), we can obtain

A
K0

S;L
CPTðB�

c → B�K0
S;LÞ

¼ −
ReðzÞ

ð1þ jzj2
4
Þ
·
jVcsj2jVudj2 − jVcdj2jVusj2
jVcsj2jVudj2 þ jVcdj2jVusj2

þ Re

�
tK0

S−K
0
L
·

�
p − q
pþ q

þ z
2

��
·
jVcsj2jVudj2 − jVcdj2jVusj2
jVcsj2jVudj2 þ jVcdj2jVusj2

þ jqj2 − jpj2
jqj2 þ jpj2 ·

jVcsj2jVudj2 − jVcdj2jVusj2
jVcsj2jVudj2 þ jVcdj2jVusj2

·
jf0ðm2

SÞj2fðmBþ
c
; mBþ ; mSÞ − jf0ðm2

LÞj2fðmBþ
c
; mBþ ; mLÞ

jf0ðm2
SÞj2fðmBþ

c
; mBþ ; mSÞ þ jf0ðm2

LÞj2fðmBþ
c
; mBþ ; mLÞ

; ð58Þ

here, ðjqj2 − jpj2Þ=ðjqj2 þ jpj2Þ is the mixing-induced CP violation, which is of the order of 10−3 [19,52].
ðjf0ðm2

SÞj2fðmBþ
c
; mBþ ; mSÞ − jf0ðm2

LÞj2fðmBþ
c
; mBþ ; mLÞÞ=ðjf0ðm2

SÞj2fðmBþ
c
; mBþ ; mSÞ þ jf0ðm2

LÞj2fðmBþ
c
; mBþ ; mLÞÞ

denotes the result of the K0
S − K0

L mass difference and is at the order of 10−16, which can be calculated by Eq. (54) and its
result, so the third term on the right side of Eq. (58) is immeasurably small (on the order of 10−19), we can safely neglect this
term. In this approach, we obtain

A
K0

S;L
CPTðB�

c →B�K0
S;LÞ¼−

ReðzÞ
ð1þjzj2

4
Þ
·
jVcsj2jVudj2− jVcdj2jVusj2
jVcsj2jVudj2þjVcdj2jVusj2

þRe

�
tK0

S−K
0
L
·

�
p−q
pþq

þ z
2

��
·
jVcsj2jVudj2− jVcdj2jVusj2
jVcsj2jVudj2þjVcdj2jVusj2

:

ð59Þ

Obviously, A
K0

S;L
CPTðB�

c → B�K0
S;LÞ contains the term ReðtK0

S−K
0
L
· p−qpþqÞ, which is independent from the CPT violation

parameter z, so the precise calculation of ReðtK0
S−K

0
L
· p−qpþqÞ, which is the function of the parametersmL −mS, ΓL, ΓS, p, q, t0

and t1, is crucial to constraint the CPT violation parameter z in the B�
c → B�K0

S;L decays. Here, we note that the values of t0

and t1 must be consistent with the event selection criteria in experiment. In a word, A
K0

S;L
CPTðB�

c → B�K0
S;LÞ can in principle

constraint the parameter of CPT violation only if the measurements of the parameters mL −mS, ΓL, ΓS, p and q have high
precision and the values of t0 and t1 are consistent with the event selection criteria in experiment.
In experiment, the intermediate B� states are reconstructed in the final states f̄B− or fB−, so we defined the following

observable

ACPT ¼ A
K0

S;−
CPT −A

K0
L;−

CPT

A
K0

S;þ
CPT þA

K0
L;þ

CPT

; ð60Þ

where A
K0

S;�
CPT and A

K0
L;�

CPT are defined as

A
K0

S;�
CPT ¼ ΓðB−

c → B−K0
SÞΓðB− → fB−Þ � ΓðBþ

c → BþK0
SÞΓðBþ → f̄B−Þ; ð61Þ

A
K0

L;�
CPT ¼ ΓðB−

c → B−K0
LÞΓðB− → fB−Þ � ΓðBþ

c → BþK0
LÞΓðBþ → f̄B−Þ: ð62Þ

By using Eqs. (B1)–(B5) listed in Appendix B, we can obtain

ACPT ¼ RðBþ
c → BþK0

S;LÞ ·ACPðB− → fB−Þ þA
K0

S;L
CPTðB�

c → B�K0
S;LÞÞ

¼ ΓðBþ
c → BþK0

SÞ − ΓðBþ
c → BþK0

LÞ
ΓðBþ

c → BþK0
SÞ þ ΓðBþ

c → BþK0
LÞ

·
ΓðB− → fB−Þ − ΓðBþ → f̄B−Þ
ΓðB− → fB−Þ þ ΓðBþ → f̄B−Þ

þ ½ΓðB−
c → B−K0

SÞ − ΓðBþ
c → BþK0

SÞ� − ½ΓðB−
c → B−K0

LÞ − ΓðBþ
c → BþK0

LÞ�
ΓðB−

c → B−K0
SÞ þ ΓðBþ

c → BþK0
SÞ þ ΓðB−

c → B−K0
LÞ þ ΓðBþ

c → BþK0
LÞ

: ð63Þ
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For the semileptonic decays of B� to charm meson,ACPðB− → fB−Þ is zero in the SM, soACPT can in principle constraint
the parameter of CPT violation in the semileptonic decays of B� to charm meson, provided the new physics effects are
negligible small. By combining Eq. (59) and Eq. (63), we can obtain

ACPTðBþ
c → BþK0

S;L → D̄0ðD̄�ð2007Þ0ÞlþνlK0
S;LÞ

¼ −
ReðzÞ

ð1þ jzj2
4
Þ
·
jVcsj2jVudj2 − jVcdj2jVusj2
jVcsj2jVudj2 þ jVcdj2jVusj2

þ Re

�
tK0

S−K
0
L
·

�
p − q
pþ q

þ z
2

��
·
jVcsj2jVudj2 − jVcdj2jVusj2
jVcsj2jVudj2 þ jVcdj2jVusj2

: ð64Þ

For the nonleptonic decays of B�, ACPðB− → fB−Þ is nonzero, and what is more, the values of RðBþ
c → BþK0

S;LÞ have not
been precisely measured up to now, so it is difficult to constraint the CPT violating parameter z by measuring the value of
ACPT via the nonleptonic decays of the B� mesons.

IV. NUMERICAL CALCULATION

Now, we are going to calculate the values of the observables. The input parameters used in this paper are collected as
below [52,58,59]

mBþ
c
¼ 6.275 GeV; mBþ ¼ 5.279 GeV;

mS ¼ 0.498 GeV; mL ¼ 0.498 GeV;

Δm ¼ ð3.48� 0.01Þ × 10−15 GeV; GF ¼ 1.166 × 10−5 GeV−2;

ΓS ¼ 7.35 × 10−15 GeV; ΓL ¼ ð1.29� 0.01Þ × 10−17 GeV;

mD� ¼ 2.007 GeV; mD�
0
¼ 2.300 GeV;

τBc
¼ ð0.510� 0.009Þ × 10−12 s; fK ¼ ð0.154� 0.002Þ GeV;

ReðϵÞ ¼ ð1.66� 0.02Þ × 10−3; ImðϵÞ ¼ ð1.57� 0.02Þ × 10−3: ð65Þ

We use the Wolfenstein parametrization to write the CKM matrix elements [52,60]

Vud ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − A2λ6ðρ2 þ η2Þ

q
; Vcd ¼ −λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − A2λ4

p
− A2λ5

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ2

p
ðρþ iηÞ;

Vus ¼ λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − A2λ6ðρ2 þ η2Þ

q
; Vcs ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − A2λ4

p
− A2λ6ðρþ iηÞ; ð66Þ

where λ, A, ρ and η are the real parameters. The latest results fitted by the UTfit collaboration [61] are presented as following

λ ¼ 0.225� 0.001; A ¼ 0.826� 0.012; ρ ¼ 0.152� 0.014; η ¼ 0.357� 0.010: ð67Þ

With all these parameters and Eqs. (38), (39), (43), and (44), we obtain the branching fractions of the B�
c → B�K0

S;L decays

BðB�
c → B�K0

SÞ ¼ ð2.05−0.20þ0.21Þ × 10−3; ð68Þ

BðB�
c → B�K0

LÞ ¼ ð2.54−0.25þ0.26Þ × 10−3; ð69Þ

here, the above results are the averaged branching ratios of the decay and its charge conjugate. By using the branching ratios
of the consequent decays of the B� and K0

S;L mesons given by the Particle Data Group, we can calculate the results of
BðB�

c → B�K0
S;L → fB�fK0

S;L
Þ, which are listed in Table I. Here, we only consider the decay channels with the branching

ratios are larger than 5.0 × 10−7, which are hopefully to be marginally observed by the current experiments. We also list the
Bþ
c → BþK0

S;L → J=ψKþK0
S;L → eþe−Kþπþπ−ðπ�e∓νeÞ decays in Table I, because these decays have a small number of

final states and can be easily detected.
By substituting the values of the parameters in Eqs. (65), (66), and (67) into Eqs. (47) and (48), we can proceed to

calculate the numerical results of the CP asymmetries in B�
c → B�K0

S;L decays
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ACPðB�
c → B�K0

SÞ ¼
ΓðB−

c → B−K0
SÞ − ΓðBþ

c → BþK0
SÞ

ΓðB−
c → B−K0

SÞ þ ΓðBþ
c → BþK0

SÞ
¼ ð4.05� 0.05Þ × 10−3; ð70Þ

ACPðB�
c → B�K0

LÞ ¼
ΓðB−

c → B−K0
LÞ − ΓðBþ

c → BþK0
LÞ

ΓðB−
c → B−K0

LÞ þ ΓðBþ
c → BþK0

LÞ
¼ ð−2.98� 0.04Þ × 10−3: ð71Þ

Combining Eqs. (46), (49), (70), and (71), we can obtain the time-independent CP asymmetries A
K0

S
CP and A

K0
L

CP in the
B�
c → B�K0

S;L → fB−ðf̄B−ÞfK0
S;L

decays. As for the B� → D̄0ðD0Þl�νl and B� → D̄�ð2007Þ0ðD�ð2007Þ0Þl�νl decays, the
CP asymmetries in these decays are zero in the SM, so we can obtain

A
K0

S
CPðBþ

c → BþK0
S → D̄0lþνlK0

SÞ ¼ ð4.05� 0.05Þ × 10−3 þ ΓðD0 → fDÞ − ΓðD̄0 → f̄DÞ
ΓðD0 → fDÞ þ ΓðD̄0 → f̄DÞ

; ð72Þ

A
K0

L
CPðBþ

c → BþK0
L → D̄0lþνlK0

LÞ ¼ ð−2.98� 0.04Þ × 10−3 þ ΓðD0 → fDÞ − ΓðD̄0 → f̄DÞ
ΓðD0 → fDÞ þ ΓðD̄0 → f̄DÞ

; ð73Þ

A
K0

S
CPðBþ

c → BþK0
S → D̄�ð2007Þ0lþνlK0

S → D̄0π0lþνlK0
SÞ ¼ ð4.05� 0.05Þ × 10−3 þ ΓðD0 → fDÞ − ΓðD̄0 → f̄DÞ

ΓðD0 → fDÞ þ ΓðD̄0 → f̄DÞ
; ð74Þ

TABLE I. The branching fractions of the B�
c → B�K0

S;L → fB�fK0
S;L

decays.

The decay channel The branching ratio

BðBþ
c → BþK0

S → D̄0lþνlK0
S → Kþe−ν̄elþνlπþπ−Þ ð1.18−0.12þ0.13Þ × 10−6

BðBþ
c → BþK0

S → D̄0lþνlK0
S → Kþπ−lþνlπþπ−Þ ð1.32� 0.14Þ × 10−6

BðBþ
c → BþK0

S → D̄0lþνlK0
S → Kþπ−π0lþνlπþπ−Þ ð4.80−0.53þ0.55Þ × 10−6

BðBþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþe−ν̄eπ0lþνlπþπ−Þ ð1.84� 0.20Þ × 10−6

BðBþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþπ−π0lþνlπþπ−Þ ð2.05−0.22þ0.23Þ × 10−6

BðBþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþπ−π0π0lþνlπþπ−Þ ð7.48−0.83þ0.87Þ × 10−6

BðBþ
c → BþK0

S → D̄0πþK0
S → Kþπ−π0πþπþπ−Þ ð9.56−1.03þ1.07Þ × 10−7

BðBþ
c → BþK0

S → D̄0ρþK0
S → Kþe−ν̄eπþπ0πþπ−Þ ð6.73−1.12þ1.14Þ × 10−7

BðBþ
c → BþK0

S → D̄0ρþK0
S → Kþπ−πþπ0πþπ−Þ ð7.51−1.25þ1.27Þ × 10−7

BðBþ
c → BþK0

S → D̄0ρþK0
S → Kþπ−π0πþπ0πþπ−Þ ð2.74−0.46þ0.47Þ × 10−6

BðBþ
c → BþK0

S → D̄�ð2007Þ0πþK0
S → D̄0π0πþK0

S → Kþπ−π0π0πþπþπ−Þ ð6.48−0.71þ0.74Þ × 10−7

BðBþ
c → BþK0

S → D̄�ð2007Þ0πþπþπ−K0
S → D̄0π0πþπþπ−K0

S → Kþπ−π0π0πþπþπ−πþπ−Þ ð1.36−0.21þ0.22Þ × 10−6

BðBþ
c → BþK0

S → J=ψKþK0
S → eþe−Kþπþπ−Þ ð8.52−0.86þ0.90Þ × 10−8

BðBþ
c → BþK0

L → D̄0lþνlK0
L → Kþe−ν̄elþνlπ�e∓νeÞ ð8.57−0.91þ0.94Þ × 10−7

BðBþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−lþνlπ�e∓νeÞ ð9.56−1.01þ1.05Þ × 10−7

BðBþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−π0lþνlπ�e∓νeÞ ð3.49−0.39þ0.40Þ × 10−6

BðBþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−π0lþνlπþπ−π0Þ ð1.08� 0.12Þ × 10−6

BðBþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþe−ν̄eπ0lþνlπ�e∓νeÞ ð1.34−0.14þ0.15Þ × 10−6

BðBþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0lþνlπ�e∓νeÞ ð1.49� 0.16Þ × 10−6

BðBþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0π0lþνlπ�e∓νeÞ ð5.43−0.61þ0.63Þ × 10−6

BðBþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0π0lþνlπþπ−π0Þ ð1.68� 0.19Þ × 10−6

BðBþ
c → BþK0

L → D̄0πþK0
L → Kþπ−π0πþπ�e∓νeÞ ð6.94−0.75þ0.77Þ × 10−7

BðBþ
c → BþK0

L → D̄0ρþK0
L → Kþπ−πþπ0π�e∓νeÞ ð5.45−0.91þ0.92Þ × 10−7

BðBþ
c → BþK0

L → D̄0ρþK0
L → Kþπ−π0πþπ0π�e∓νeÞ ð1.99� 0.34Þ × 10−6

BðBþ
c → BþK0

L → D̄0ρþK0
L → Kþπ−π0πþπ0πþπ−π0Þ ð6.15−1.05þ1.06Þ × 10−7

BðBþ
c → BþK0

L → D̄�ð2007Þ0πþπþπ−K0
L → D̄0π0πþπþπ−K0

L → Kþπ−π0π0πþπþπ−π�e∓νeÞ ð9.88−1.55þ1.57Þ × 10−7

BðBþ
c → BþK0

L → J=ψKþK0
L → eþe−Kþπ�e∓νeÞ ð6.19−0.63þ0.66Þ × 10−8
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A
K0

L
CPðBþ

c → BþK0
L → D̄�ð2007Þ0lþνlK0

L → D̄0π0lþνlK0
LÞ ¼ ð−2.98� 0.04Þ × 10−3 þ ΓðD0 → fDÞ − ΓðD̄0 → f̄DÞ

ΓðD0 → fDÞ þ ΓðD̄0 → f̄DÞ
;

ð75Þ

of course, ðΓðD0 → fDÞ − ΓðD̄0 → f̄DÞÞ=ðΓðD0 → fDÞ þ ΓðD̄0 → f̄DÞÞ is zero in the semileptonic decay of theD0 meson
in the SM. Meanwhile, the CP violations in the nonleptonic decays of charm mesons, such as D0 → K−πþ and
D0 → K−πþπ0, are of order of 10−4, or even smaller [52,55,62–65], so the CP violations in the nonleptonic decays of
charm mesons are smaller than that in B�

c → B�K0
S;L decays and can be safely neglected. From Table I, we can see that the

branching ratios of the following decay channels are of the order of 10−6: Bþ
c → BþK0

S → D̄0lþνlK0
S → Kþe−ν̄elþνlπþπ−,

Bþ
c → BþK0

S → D̄0lþνlK0
S → Kþπ−lþνlπþπ−, Bþ

c → BþK0
S → D̄0lþνlK0

S → Kþπ−π0lþνlπþπ−, Bþ
c → BþK0

S →
D̄�ð2007Þ0lþνlK0

S → D̄0π0lþνlK0
S → Kþe−ν̄eπ0lþνlπþπ−, Bþ

c → BþK0
S → D̄�ð2007Þ0lþνlK0

S → D̄0π0lþνlK0
S →

Kþπ−π0lþνlπþπ−, Bþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþπ−π0π0lþνlπþπ−, Bþ
c → BþK0

L →
D̄0lþνlK0

L → Kþπ−π0lþνlπ�e∓νe, Bþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−π0lþνlπþπ−π0, Bþ

c → BþK0
L →

D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþe−ν̄eπ0lþνlπ�e∓νe, Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L →
Kþπ−π0lþνlπ�e∓νe, Bþ

c → BþK0
L → D̄�ð2007Þ0lþνlK0

L → D̄0π0lþνlK0
L → Kþπ−π0π0lþνlπ�e∓νe and

Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0π0lþνlπþπ−π0, so the magnitude of the branching ratio

times A
K0

S;L
CP can reach 10−9 or larger for these channels, which are possible to be observed. Here, one can also consider the

possibility to sum over the available final states of D0 decays to obtain a statistically significant signal of CP violation.

For the case of the nonleptonic decays of B� mesons,

A
K0

S;L
CP can receive contributions from both the CP asym-

metries in B� → f̄B−ðfB−Þ decays and the CP asymmetries
in B�

c → B�K0
S;L decays, so it is possible to extract the CP

asymmetries in B�
c → B�K0

S;L decays in the channels
which have the accurate measurements of the CP asym-
metries in B� → f̄B−ðfB−Þ decays and the large branching
ratios of the B�

c → B�K0
S;L → f̄B−ðfB−ÞfK0

S;L
decay chains.

However, one can see from Particle Data Group [52] and
Table I that some decay channels, such as Bþ

c → BþK0
S →

D̄0πþπþπ− → Kþπ−π0πþπþπ− and Bþ
c → BþK0

S →
D̄0ρþπþπ− → Kþπ−π0πþπ0πþπ−, have the large branch-
ing ratio (at the level of 10−6) but an inaccurate value of
ACPðB− → fB−Þ. Other decays, such as Bþ

c → BþK0
S →

KþK−πþπþπ− and Bþ
c → BþK0

S → πþπ−πþπþπ−, have
the accurate measurement of ACPðB− → fB−Þ but a small
branching ratio, further more, ACPðB− → fB−Þ in these
channels is at the level of 10−2 or larger, which dominant

the A
K0

S;L
CP , so it is difficult to extract the CP asymmetries in

B�
c → B�K0

S;L decays by measuring the CP violations in
the B�

c → B�K0
S;L → fB�fK0

S;L
processes with the nonlep-

tonic decays of B�.
The explicit expressions for the K0

S − K0
L asymmetries

RðBþ
c → BþK0

S;LÞ and RðB−
c → B−K0

S;LÞ have been given
in Eqs. (52) and (53). Using the values of the parameters in
Eqs. (65), (66) and (67), the numerical results of RðBþ

c →
BþK0

S;LÞ and RðB−
c → B−K0

S;LÞ can be obtained

RðBþ
c → BþK0

S;LÞ ¼ −0.109� 0.001; ð76Þ

RðB−
c → B−K0

S;LÞ ¼ −0.103� 0.001: ð77Þ

Obviously, the large values of the K0
S − K0

L asymmetries
indicate that there exist a large difference between the
branching ratios of B�

c → B�K0
S and the branching ratios of

B�
c → B�K0

L. Combining Eqs. (76) and (77) with the
branching ratios of the B�

c → B�K0
S;L → fB�K0

S;L decays
from Particle Data Group [52] and Table I, we can see
that the maximum order of the branching ratios for the
decays B�

c → B�K0
S;L → fB�K0

S;L times RðB�
c → B�K0

S;LÞ
can reach 10−7, so RðB�

c → B�K0
S;LÞ are hopefully to be

detected in the current experiments.
Now, we move on to the determination or constraint of

the parameter of CPT violation in B�
c →B�K0

S;L→fB�fK0
S;L

decays. As discussed in Section III, the most promising
process to constraint the parameter of CPT violation are
the Bþ

c → BþK0
S;L → D̄0lþνlK0

S;L → Kþl−ν̄llþνlK0
S;L and

Bþ
c → BþK0

S;L → D̄�ð2007Þ0lþνlK0
S;L → D̄0π0lþνlK0

S;L →
Kþl−ν̄lπ0lþνlK0

S;L decays. By combining Eq. (64), Eq. (66)
and Eq. (67), we can obtain

jVcsj2jVudj2 − jVcdj2jVusj2
jVcsj2jVudj2 þ jVcdj2jVusj2

¼ 0.9943� 0.0001: ð78Þ

From Table I, we can see that the branching ratios of
the Bþ

c → BþK0
S → D̄0lþνlK0

S → Kþl−ν̄llþνlπþπ−, Bþ
c →

BþK0
L→ D̄0lþνlK0

L→Kþl−ν̄llþνlπ�e∓νe,Bþ
c → BþK0

S →
D̄�ð2007Þ0lþνlK0

S → D̄0π0lþνlK0
S → Kþl−ν̄lπ0lþνlπþπ−

and Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L →
Kþl−ν̄lπ0lþνlπ�e∓νe decays can arrive at 1.18 × 10−6,
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8.57 × 10−7, 1.84 × 10−6 and 1.34 × 10−6, respectively, so
the sensitivity for themeasurement ofACPT is expected to be
at the level of 10−3 if we assume the selection efficiency is
10−3 and the total number ofB�

c events is 1012 after the LHC
run 5 [66]. With the values of the parameters in Eqs. (65),
(66) and (67), we can obtain

Re

�
tK0

S−K
0
L
·
p − q
pþ q

�
·
jVcsj2jVudj2 − jVcdj2jVusj2
jVcsj2jVudj2 þ jVcdj2jVusj2

¼ ð3.46� 0.03Þ × 10−3; ð79Þ

which accuracy can reach 10−4 ∼ 10−5. According to
Eq. (64), we can obtain that the sensitivity for the meas-
urement of theCPT violation parameter z is expected to be at
the level of 10−3.

V. PROSPECTS FOR THE MEASUREMENT
AT LHC

At the LHC experiment, around 5 × 1010 Bc mesons per
years could be produced [44,45], therefore, one could expect

5 × 1011 Bc events with 10 years’ run and 50 fb−1 data at
LHCb [67]. Moreover, LHCb will accumulate a data sample
corresponding to a minimum of 300 fb−1 in the HL-LHC era
[66], so the total number of Bc events may exceed 3 × 1012

by the end of the HL-LHC era. Basing on these samples, the
Bc decay chains with a branching ratio at the level of
10−8–10−6 can be measured with a good precision.
Following Refs. [44,68,69], we give an estimation of

how many Bc events-times-efficiency are needed to establish
the branching ratio, the CP asymmetry and the K0

S − K0
L

asymmetry to three standard deviations (3σ). When the
decays are observed at three standard deviations (3σ) level,
the numbers of Bc events-times-efficiency needed read

ðϵfNÞB ¼ 9

BðB�
c → B�K0

S;L → fB�fK0
S;L
Þ ; ð80Þ

where ϵf is the detecting efficiency of the final states. With
the numerical results of the branching ratios in Table I,
we can obtain the numerical results of ðϵfNÞB for the B�

c →

B�K0
S;L → fB�fK0

S;L
channels, as shown in Table II.

TABLE II. The numerical results of ðϵfNÞB for the B�
c → B�K0

S;L → fB�fK0
S;L

decays.

The decay channel ðϵfNÞB
Bþ
c → BþK0

S → D̄0lþνlK0
S → Kþe−ν̄elþνlπþπ− ð6.87 ∼ 8.52Þ × 106

Bþ
c → BþK0

S → D̄0lþνlK0
S → Kþπ−lþνlπþπ− ð6.16 ∼ 7.64Þ × 106

Bþ
c → BþK0

S → D̄0lþνlK0
S → Kþπ−π0lþνlπþπ− ð1.68 ∼ 2.11Þ × 106

Bþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþe−ν̄eπ0lþνlπþπ− ð4.40 ∼ 5.47Þ × 106

Bþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþπ−π0lþνlπþπ− ð3.95 ∼ 4.91Þ × 106

Bþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþπ−π0π0lþνlπþπ− ð1.08 ∼ 1.35Þ × 106

Bþ
c → BþK0

S → D̄0πþK0
S → Kþπ−π0πþπþπ− ð0.85 ∼ 1.05Þ × 107

Bþ
c → BþK0

S → D̄0ρþK0
S → Kþe−ν̄eπþπ0πþπ− ð1.14 ∼ 1.60Þ × 107

Bþ
c → BþK0

S → D̄0ρþK0
S → Kþπ−πþπ0πþπ− ð1.03 ∼ 1.44Þ × 107

Bþ
c → BþK0

S → D̄0ρþK0
S → Kþπ−π0πþπ0πþπ− ð2.80 ∼ 3.96Þ × 106

Bþ
c → BþK0

S → D̄�ð2007Þ0πþK0
S → D̄0π0πþK0

S → Kþπ−π0π0πþπþπ− ð1.25 ∼ 1.56Þ × 107

Bþ
c → BþK0

S → D̄�ð2007Þ0πþπþπ−K0
S → D̄0π0πþπþπ−K0

S → Kþπ−π0π0πþπþπ−πþπ− ð5.70 ∼ 7.84Þ × 106

Bþ
c → BþK0

S → J=ψKþK0
S → eþe−Kþπþπ− ð0.95 ∼ 1.18Þ × 108

Bþ
c → BþK0

L → D̄0lþνlK0
L → Kþe−ν̄elþνlπ�e∓νe ð0.95 ∼ 1.17Þ × 107

Bþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−lþνlπ�e∓νe ð0.85 ∼ 1.05Þ × 107

Bþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−π0lþνlπ�e∓νe ð2.32 ∼ 2.91Þ × 106

Bþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−π0lþνlπþπ−π0 ð7.49 ∼ 9.40Þ × 106

Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþe−ν̄eπ0lþνlπ�e∓νe ð6.06 ∼ 7.55Þ × 106

Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0lþνlπ�e∓νe ð5.44 ∼ 6.77Þ × 106

Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0π0lþνlπ�e∓νe ð1.49 ∼ 1.87Þ × 106

Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0π0lþνlπþπ−π0 ð4.80 ∼ 6.04Þ × 106

Bþ
c → BþK0

L → D̄0πþK0
L → Kþπ−π0πþπ�e∓νe ð1.17 ∼ 1.45Þ × 107

Bþ
c → BþK0

L → D̄0ρþK0
L → Kþπ−πþπ0π�e∓νe ð1.41 ∼ 1.98Þ × 107

Bþ
c → BþK0

L → D̄0ρþK0
L → Kþπ−π0πþπ0π�e∓νe ð3.86 ∼ 5.46Þ × 106

Bþ
c → BþK0

L → D̄0ρþK0
L → Kþπ−π0πþπ0πþπ−π0 ð1.25 ∼ 1.76Þ × 107

Bþ
c → BþK0

L → D̄�ð2007Þ0πþπþπ−K0
L → D̄0π0πþπþπ−K0

L → Kþπ−π0π0πþπþπ−π�e∓νe ð0.79 ∼ 1.08Þ × 107

Bþ
c → BþK0

L → J=ψKþK0
L → eþe−Kþπ�e∓νe ð1.32 ∼ 1.62Þ × 108
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In the same way, the numbers of B�
c events-times-efficiency needed for observing the K0

S − K0
L asymmetries at three

standard deviations (3σ) level are

ðϵfNÞþ
K0

S;L
¼ 9

½BðBþ
c → BþK0

S → fBþK0
SÞ þ BðBþ

c → BþK0
L → fBþK0

LÞ� · jRðBþ
c → BþK0

S;LÞj
; ð81Þ

and

ðϵfNÞ−
K0

S;L
¼ 9

½BðB−
c → B−K0

S → fB−K0
SÞ þ BðB−

c → B−K0
L → fB−K0

LÞ� · jRðB−
c → B−K0

S;LÞj
: ð82Þ

From Particle Data Group [52], Table I, Eq. (76) and Eq. (77), we can calculate the numerical results of ðϵfNÞþ
K0

S;L
and

ðϵfNÞ−K0
S;L
, which are listed in Table III.

Again, the numbers of B�
c events-times-efficiency needed for testing CP violation with 3σ significance can be derived as

follows

TABLE III. The numerical results of ðϵfNÞ�K0
S;L

for the B�
c → B�K0

S;L → fB�K0
S;L decays.

The decay channel ðϵfNÞþ
K0

S;L
(ðϵfNÞ−K0

S;L
)

Bþ
c → BþK0

S;L → D̄0lþνlK0
S;L → Kþe−ν̄elþνlK0

S;L ð1.99 ∼ 2.35Þ × 107

B−
c → B−K0

S;L → D0l−ν̄lK0
S;L → K−eþνel−ν̄lK0

S;L ð2.11 ∼ 2.49Þ × 107

Bþ
c → BþK0

S;L → D̄0lþνlK0
S;L → Kþπ−lþνlK0

S;L ð1.79 ∼ 2.11Þ × 107

B−
c → B−K0

S;L → D0l−ν̄lK0
S;L → K−πþl−ν̄lK0

S;L ð1.89 ∼ 2.23Þ × 107

Bþ
c → BþK0

S;L → D̄0lþνlK0
S;L → Kþπ−π0lþνlK0

S;L ð4.88 ∼ 5.82Þ × 106

B−
c → B−K0

S;L → D0l−ν̄lK0
S;L → K−πþπ0l−ν̄lK0

S;L ð5.16 ∼ 6.16Þ × 106

Bþ
c → BþK0

S;L → D̄�ð2007Þ0lþνlK0
S;L → D̄0π0lþνlK0

S;L → Kþe−ν̄eπ0lþνlK0
S;L ð1.28 ∼ 1.51Þ × 107

B−
c → B−K0

S;L → D�ð2007Þ0l−ν̄lK0
S;L → D0π0l−ν̄lK0

S;L → K−eþνeπ0l−ν̄lK0
S;L ð1.35 ∼ 1.60Þ × 107

Bþ
c → BþK0

S;L → D̄�ð2007Þ0lþνlK0
S;L → D̄0π0lþνlK0

S;L → Kþπ−π0lþνlK0
S;L ð1.15 ∼ 1.35Þ × 107

B−
c → B−K0

S;L → D�ð2007Þ0l−ν̄lK0
S;L → D0π0l−ν̄lK0

S;L → K−πþπ0l−ν̄lK0
S;L ð1.21 ∼ 1.43Þ × 107

Bþ
c → BþK0

S;L → D̄�ð2007Þ0lþνlK0
S;L → D̄0π0lþνlK0

S;L → Kþπ−π0π0lþνlK0
S;L ð3.13 ∼ 3.74Þ × 106

B−
c → B−K0

S;L → D�ð2007Þ0l−ν̄lK0
S;L → D0π0l−ν̄lK0

S;L → K−πþπ0π0l−ν̄lK0
S;L ð3.31 ∼ 3.96Þ × 106

Bþ
c → BþK0

S;L → D̄0πþK0
S;L → Kþπ−π0πþK0

S;L ð2.46 ∼ 2.91Þ × 107

B−
c → B−K0

S;L → D0π−K0
S;L → K−πþπ0π−K0

S;L ð2.60 ∼ 3.08Þ × 107

Bþ
c → BþK0

S;L → D̄0ρþK0
S;L → Kþe−ν̄eπþπ0K0

S;L ð3.29 ∼ 4.47Þ × 107

B−
c → B−K0

S;L → D0ρ−K0
S;L → K−eþνeπ−π0K0

S;L ð3.48 ∼ 4.73Þ × 107

Bþ
c → BþK0

S;L → D̄0ρþK0
S;L → Kþπ−πþπ0K0

S;L ð2.95 ∼ 4.01Þ × 107

B−
c → B−K0

S;L → D0ρ−K0
S;L → K−πþπ−π0K0

S;L ð3.12 ∼ 4.24Þ × 107

Bþ
c → BþK0

S;L → D̄0ρþK0
S;L → Kþπ−π0πþπ0K0

S;L ð0.81 ∼ 1.10Þ × 107

B−
c → B−K0

S;L → D0ρ−K0
S;L → K−πþπ0π−π0K0

S;L ð0.85 ∼ 1.17Þ × 107

Bþ
c → BþK0

S;L → D̄�ð2007Þ0πþK0
S;L → D̄0π0πþK0

S;L → Kþπ−π0π0πþK0
S;L ð3.62 ∼ 4.32Þ × 107

B−
c → B−K0

S;L → D�ð2007Þ0π−K0
S;L → D0π0π−K0

S;L → K−πþπ0π0π−K0
S;L ð3.83 ∼ 4.57Þ × 107

Bþ
c → BþK0

S;L → D̄�ð2007Þ0πþπþπ−K0
S;L → D̄0π0πþπþπ−K0

S;L → Kþπ−π0π0πþπþπ−K0
S;L ð1.64 ∼ 2.18Þ × 107

B−
c → B−K0

S;L → D�ð2007Þ0π−π−πþK0
S;L → D0π0π−π−πþK0

S;L → K−πþπ0π0π−π−πþK0
S;L ð1.74 ∼ 2.31Þ × 107

Bþ
c → BþK0

S;L → J=ψKþK0
S;L → eþe−KþK0

S;L ð2.78 ∼ 3.24Þ × 108

B−
c → B−K0

S;L → J=ψK−K0
S;L → eþe−K−K0

S;L ð2.94 ∼ 3.43Þ × 108
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ðϵfNÞCP ¼ 9

½BðBþ
c → BþK0

S;L → fBþfK0
S;L
Þ þ BðB−

c → B−K0
S;L → fB−fK0

S;L
Þ�·
���AK0

S;L
CP

���
≈

9

2 · BðBþ
c → BþK0

S;L → fBþfK0
S;L
Þ·
���AK0

S;L
CP

��� : ð83Þ

As discussed in Sec. III and Sec. IV, the CP asymmetries
can be observed only in the B�

c → B�K0
S;L decays and the

semileptonic decays of the B� to charmed meson, so we
only calculate the numbers of B�

c events-times-efficiency
needed in these decays,which are shown in Table IV.
Meanwhile, we note that the decays B�

c → B�K0
S →

fB�πþπ− are more favorable than the decays B�
c →

B�K0
L → fB�π�e∓νeðπþπ−π0Þ to observe in experiment,

because the number of the final state particles in K0
S →

πþπ− decay is less than that in K0
L → π�e∓νeðπþπ−π0Þ

decays.
From Table II, Table III, and Table IV, we can see that the

numbers of the B�
c events-times-efficiency, which are

needed to observe the branching ratios, K0
S − K0

L asymme-
tries and CP asymmetries, are of the order of 106 ∼ 109 in
the listed processes, so they are possible to be observed at
the LHC experiment and the HL-LHC experiment.

VI. CONCLUSIONS

In conclusion, the large B�
c sample, which can be

produced at the LHC experiment and the HL-LHC experi-
ment, will make it an ideal place to study the B�

c decays and
investigate the related physics. We study the effect of K0 −
K̄0 mixing on the branching ratios, CP asymmetries, K0

S −
K0

L asymmetries and CPT violations in the B�
c → B�K0

S;L

decays. We find that some of the B�
c → B�K0

S;L →

fB�fK0
S;L

decay chains have large branching ratios, whose

maximum value can reach 7.48 × 10−6. The CP asymme-
tries in the B�

c → B�K0
S;L decays are dominated by K0 −

K̄0 mixing and can exceed the order of 10−3. The most
promising processes to observe the CP violation are
Bþ
c → BþK0

S → D̄0lþνlK0
S → Kþe−ν̄elþνlπþπ−, Bþ

c →
BþK0

S → D̄0lþνlK0
S → Kþπ−lþνlπþπ−, Bþ

c → BþK0
S →

D̄0lþνlK0
S → Kþπ−π0lþνlπþπ−, Bþ

c → BþK0
S →

D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþe−ν̄eπ0lþνlπþπ−,
Bþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S →
Kþπ−π0lþνlπþπ− and Bþ

c → BþK0
S → D̄�ð2007Þ0lþ×

νlK0
S → D̄0π0lþνlK0

S → Kþπ−π0π0lþνlπþπ−, for which
about 1.05 × 109, 9.44 × 108, 2.60 × 108, 6.76 × 108,
6.06 × 108 and 1.67 × 108 B�

c events-times-efficiency are
needed respectively, if CP violation is observed at 3σ level.
The K0

S − K0
L asymmetries in the B�

c → B�K0
S;L decays

are also studied. The numerical results of the K0
S − K0

L
asymmetries can reach as large as 0.11. Together with
the branching ratios for the B�

c → B�K0
S;L → fB�K0

S;L

decay chains and the K0
S − K0

L asymmetries, we calculate
the numbers of the B�

c events-times-efficiency needed to
establish theK0

S − K0
L asymmetries to 3 standard deviations

in the decay processes with a large branching ratios.

TABLE IV. The numerical results of ðϵfNÞCP for the B�
c → B�K0

S;L → fB�fK0
S;L

decays.

The decay channel ðϵfNÞCP
Bþ
c → BþK0

S → D̄0lþνlK0
S → Kþe−ν̄elþνlπþπ− ð0.85 ∼ 1.05Þ × 109

Bþ
c → BþK0

S → D̄0lþνlK0
S → Kþπ−lþνlπþπ− ð7.60 ∼ 9.44Þ × 108

Bþ
c → BþK0

S → D̄0lþνlK0
S → Kþπ−π0lþνlπþπ− ð2.08 ∼ 2.60Þ × 108

Bþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþe−ν̄eπ0lþνlπþπ− ð5.43 ∼ 6.76Þ × 108

Bþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþπ−π0lþνlπþπ− ð4.87 ∼ 6.06Þ × 108

Bþ
c → BþK0

S → D̄�ð2007Þ0lþνlK0
S → D̄0π0lþνlK0

S → Kþπ−π0π0lþνlπþπ− ð1.33 ∼ 1.67Þ × 108

Bþ
c → BþK0

L → D̄0lþνlK0
L → Kþe−ν̄elþνlπ�e∓νe ð1.59 ∼ 1.97Þ × 109

Bþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−lþνlπ�e∓νe ð1.42 ∼ 1.77Þ × 109

Bþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−π0lþνlπ�e∓νe ð3.88 ∼ 4.88Þ × 108

Bþ
c → BþK0

L → D̄0lþνlK0
L → Kþπ−π0lþνlπþπ−π0 ð1.26 ∼ 1.58Þ × 109

Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþe−ν̄eπ0lþνlπ�e∓νe ð1.02 ∼ 1.27Þ × 109

Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0lþνlπ�e∓νe ð0.91 ∼ 1.14Þ × 109

Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0π0lþνlπ�e∓νe ð2.49 ∼ 3.13Þ × 108

Bþ
c → BþK0

L → D̄�ð2007Þ0lþνlK0
L → D̄0π0lþνlK0

L → Kþπ−π0π0lþνlπþπ−π0 ð0.81 ∼ 1.01Þ × 109
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The range of the numbers of the B�
c events-times-efficiency needed to observe K0

S − K0
L asymmetries at a significance

of 3σ in these decays is from 3.74 × 106 to 3.43 × 108, which is measurable at the LHC experiment. We investigate
the possibility of extracting the CPT violation parameter z in the B�

c → B�K0
S;L → fB�fK0

S;L
decays. We find that the

decays Bþ
c → BþK0

S;L → D̄0lþνlK0
S;L → Kþe−ν̄elþνlK0

S;L and Bþ
c → BþK0

S;L → D̄�ð2007Þ0lþνlK0
S;L → D̄0π0lþνlK0

S;L →
Kþe−ν̄eπ0lþνlK0

S;L can in principle constraint the parameter z if the measurements of the parameters mL −mS, ΓL, ΓS, p
and q have high precision and the values of t0 and t1 are consistent with the event selection criteria in experiment.
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APPENDIX A: THE RELATIONS USED IN A
K0
S;L

CP CALCULATIONS

Below we present the relations used in evaluating the expression of A
K0

S;L
CP in Sec. III

ΓðB−
c → B−K0

S;LÞ · ΓðB− → fB−Þ − ΓðBþ
c → BþK0

S;LÞ · ΓðBþ → f̄B−Þ
¼ ΓðBþ

c → BþK0
S;LÞ · ðΓðB− → fB−Þ − ΓðBþ → f̄B−ÞÞ þ ðΓðB−

c → B−K0
S;LÞ − ΓðBþ

c → BþK0
S;LÞÞ · ΓðB− → fB−Þ

¼ ΓðB−
c → B−K0

S;LÞ · ðΓðB− → fB−Þ − ΓðBþ → f̄B−ÞÞ þ ðΓðB−
c → B−K0

S;LÞ − ΓðBþ
c → BþK0

S;LÞÞ · ΓðBþ → f̄B−Þ;
ðA1Þ

and

ΓðB−
c → B−K0

S;LÞ · ΓðB− → fB−Þ þ ΓðBþ
c → BþK0

S;LÞ · ΓðBþ → f̄B−Þ
¼ ΓðBþ

c → BþK0
S;LÞ · ðΓðB− → fB−Þ þ ΓðBþ → f̄B−ÞÞ þ ðΓðB−

c → B−K0
S;LÞ − ΓðBþ

c → BþK0
S;LÞÞ · ΓðB− → fB−Þ

¼ ðΓðB−
c → B−K0

S;LÞ þ ΓðBþ
c → BþK0

S;LÞÞ · ΓðB− → fB−Þ − ΓðBþ
c → BþK0

S;LÞ · ðΓðB− → fB−Þ − ΓðBþ → f̄B−ÞÞ:
ðA2Þ

APPENDIX B: THE ACPT CALCULATIONS

To calculate the expression of ACPT , the following relations are employed

½ΓðB−
c → B−K0

SÞΓðB− → fB−Þ − ΓðBþ
c → BþK0

SÞΓðBþ → f̄B−Þ�
− ½ΓðB−

c → B−K0
LÞΓðB− → fB−Þ − ΓðBþ

c → BþK0
LÞΓðBþ → f̄B−Þ�

¼ ½ΓðBþ
c → BþK0

SÞ − ΓðBþ
c → BþK0

LÞ� · ½ΓðB− → fB−Þ − ΓðBþ → f̄B−Þ�
þ ½ðΓðB−

c→ B−K0
SÞ − ΓðBþ

c → BþK0
SÞÞ − ðΓðB−

c → B−K0
LÞ − ΓðBþ

c → BþK0
LÞÞ� · ΓðB− → fB−Þ; ðB1Þ

and

ΓðB−
c → B−K0

SÞΓðB− → fB−Þ þ ΓðBþ
c → BþK0

SÞΓðBþ → f̄B−Þ
þ ΓðB−

c → B−K0
LÞΓðB− → fB−Þ þ ΓðBþ

c → BþK0
LÞΓðBþ → f̄B−Þ

¼ ½ΓðBþ
c → BþK0

SÞ þ ΓðBþ
c → BþK0

LÞ� · ½ΓðB− → fB−Þ þ ΓðBþ → f̄B−Þ�
þ 2½ΓðB−

c → B−K0
LÞ − ΓðBþ

c → BþK0
LÞ� · ΓðB− → fB−Þ þ ½ðΓðB−

c → B−K0
SÞ

− ΓðBþ
c → BþK0

SÞÞ − ðΓðB−
c → B−K0

LÞ − ΓðBþ
c → BþK0

LÞÞ� · ΓðB− → fB−Þ
¼ ½ΓðB−

c → B−K0
SÞ þ ΓðBþ

c → BþK0
SÞ þ ΓðB−

c → B−K0
LÞ þ ΓðBþ

c → BþK0
LÞ�

· ΓðB− → fB−Þ − ½ΓðBþ
c → BþK0

SÞ þ ΓðBþ
c → BþK0

LÞ� · ½ΓðB− → fB−Þ − ΓðBþ → f̄B−Þ�: ðB2Þ
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By combining Eqs. (60), (61), (62), (B1), and (B2), we can obtain

ACPT ≈
ΓðBþ

c → BþK0
SÞ − ΓðBþ

c → BþK0
LÞ

ΓðBþ
c → BþK0

SÞ þ ΓðBþ
c → BþK0

LÞ
·
ΓðB− → fB−Þ − ΓðBþ → f̄B−Þ
ΓðB− → fB−Þ þ ΓðBþ → f̄B−Þ

−
ΓðBþ

c → BþK0
SÞ − ΓðBþ

c → BþK0
LÞ

ΓðBþ
c → BþK0

SÞ þ ΓðBþ
c → BþK0

LÞ
·
ΓðB− → fB−Þ − ΓðBþ → f̄B−Þ
ΓðB− → fB−Þ þ ΓðBþ → f̄B−Þ

·
ΓðB−

c → B−K0
LÞ − ΓðBþ

c → BþK0
LÞ

ΓðB−
c → B−K0

LÞ þ ΓðBþ
c → BþK0

LÞ

−
ΓðBþ

c → BþK0
SÞ − ΓðBþ

c → BþK0
LÞ

ΓðBþ
c → BþK0

SÞ þ ΓðBþ
c → BþK0

LÞ
·
ΓðB− → fB−Þ − ΓðBþ → f̄B−Þ
ΓðB− → fB−Þ þ ΓðBþ → f̄B−Þ

·
½ΓðB−

c → B−K0
SÞ − ΓðBþ

c → BþK0
SÞ� − ½ΓðB−

c → B−K0
LÞ − ΓðBþ

c → BþK0
LÞ�

ΓðB−
c → B−K0

SÞ þ ΓðBþ
c → BþK0

SÞ þ ΓðB−
c → B−K0

LÞ þ ΓðBþ
c → BþK0

LÞ

þ ½ΓðB−
c → B−K0

SÞ − ΓðBþ
c → BþK0

SÞ� − ½ΓðB−
c → B−K0

LÞ − ΓðBþ
c → BþK0

LÞ�
ΓðB−

c → B−K0
SÞ þ ΓðBþ

c → BþK0
SÞ þ ΓðB−

c → B−K0
LÞ þ ΓðBþ

c → BþK0
LÞ

þ ½ΓðB−
c → B−K0

SÞ − ΓðBþ
c → BþK0

SÞ� − ½ΓðB−
c → B−K0

LÞ − ΓðBþ
c → BþK0

LÞ�
ΓðB−

c → B−K0
SÞ þ ΓðBþ

c → BþK0
SÞ þ ΓðB−

c → B−K0
LÞ þ ΓðBþ

c → BþK0
LÞ

·
ΓðB− → fB−Þ − ΓðBþ → f̄B−Þ
ΓðB− → fB−Þ þ ΓðBþ → f̄B−Þ ; ðB3Þ

then we obtain

ACPT ¼ RðBþ
c → BþK0

S;LÞ ·ACPðB− → fB−Þ − RðBþ
c → BþK0

S;LÞ ·ACPðB− → fB−Þ ·ACPðB�
c → B�K0

LÞ
− RðBþ

c → BþK0
S;LÞ ·ACPðB− → fB−Þ ·AK0

S;L
CPTðB�

c → B�K0
S;LÞ

þA
K0

S;L
CPTðB�

c → B�K0
S;LÞ þA

K0
S;L

CPTðB�
c → B�K0

S;LÞ ·ACPðB− → fB−Þ: ðB4Þ

Neglecting the high order terms of RðBþ
c → BþK0

S;LÞ ·ACPðB− → fB−Þ and A
K0

S;L
CPTðB�

c → B�K0
S;LÞ, we can obtain

ACPT ¼ RðBþ
c → BþK0

S;LÞ ·ACPðB− → fB−Þ þA
K0

S;L
CPTðB�

c → B�K0
S;LÞÞ: ðB5Þ
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