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The decays K�ð892Þ → K0
S;Lπ can be used to study CP violation and CPT violation. The K�ð892Þ

(hereinafter referred to as K�) meson can be produced via J=ψ decays at BESIII. In this paper, we study CP
violation and K0

S − K0
L asymmetry in the J=ψ decays involving the K� meson in the final states and obtain

the following results: ACPðJ=ψ → K�fJ=ψ → K0
SπfJ=ψ Þ ¼ ð3.64� 0.04Þ × 10−3, ACPðJ=ψ → K�fJ=ψ →

K0
LπfJ=ψ Þ ¼ ð−3.32� 0.04Þ × 10−3, and RðJ=ψ → K�fJ=ψ → K0

S;LπfJ=ψ Þ ¼ ð3.51� 0.03Þ × 10−3,

RðJ=ψ → K̄�f̄J=ψ → K0
S;Lπf̄J=ψ Þ ¼ ð−3.45� 0.03Þ × 10−3. Based on two cases, the samples of 1010

and 1012 J=ψ events, we calculate the expected numbers of the observed signal events on the CP violation
and the K0

S − K0
L asymmetry in the J=ψ decays with K� meson in the final states, and we find that the

BESIII experiment may be able to unambiguously observe CP violation and K0
S − K0

L asymmetry for each
of these two cases. We study the possibility to constrain the CPT violation parameter z and discuss the
sensitivity for the measurement of z in J=ψ decays with K� meson in the final states at BESIII. The
sensitivity of the measurement of z depends on the measured precision of the parameters mL −mS, ΓL, ΓS,
p, and q and the consistence between the values of t0 and t1 and the event selection criteria in experiment.
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CP violation and CPT violation play important roles in
deepening the understanding of Nature and studying
physics beyond the Standard Model [1–5]. The decays
with neutralK meson in the final states can be used to study
CP violation [6–11] and CPT violation [12]. The CP
violations in the decays D → K0

Sπ and τ → πK0
Sν̄τ have

been reported by Belle [13–15], BABAR [16,17], CLEO
[18,19], and FOCUS [20] collaborations. A 2.8σ discrep-
ancy is observed between the latest BABAR measurement
and the Standard Model prediction of the CP asymmetry in
the τ → πK0

Sν̄τ decay [21–23]. Such a discrepancy has
motivated many studies of possible origins of the direct CP

asymmetry in τ → πK0
Sν̄τ decay [24–34]. However, the

measurements of the CP-violating effect in τ → πK0
Sν̄τ

decay still have large uncertainties and no clear conclusion
can be drawn at the present stage, so more precise data and
more decays are needed in both experiment and theory.
Moreover, it is crucial to study the CP violation and CPT
violation in various reactions, to see the correlations
between different processes and probe the sources of CP
violation and CPT violation [35–37].
In this paper, we consider the possible CP and CPT

asymmetric observations in K� → K0
S;Lπ decays, in which

the possible CP violation and CPT violation are due to
K0 − K̄0 oscillation within the Standard Model. Because
CP is conserved in the strong decays of the K� meson into
Kπ, we can obtain the following properties:

BðK�0 → K0π0Þ ¼ BðK̄�0 → K̄0π0Þ; ð1Þ

BðK�0 → Kþπ−Þ ¼ BðK̄�0 → K−πþÞ; ð2Þ

BðK�þ → K0πþÞ ¼ BðK�− → K̄0π−Þ; ð3Þ
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BðK�þ → Kþπ0Þ ¼ BðK�− → K−π0Þ: ð4Þ

In the K0 − K̄0 system, the mass eigenstates can be written
[38] as

jK0
Li ¼ p

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p jK0i − q
ffiffiffiffiffiffiffiffiffiffi
1 − z

p jK̄0i; ð5Þ

jK0
Si ¼ p

ffiffiffiffiffiffiffiffiffiffi
1 − z

p jK0i þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p jK̄0i; ð6Þ

and the corresponding mass eigenbras read [39,40]

hK0
Lj ¼

q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p hK0j − p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p hK̄0j
2pq

; ð7Þ

hK0
Sj ¼

q
ffiffiffiffiffiffiffiffiffiffi
1 − z

p hK0j þ p
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p hK̄0j
2pq

; ð8Þ

where p, q, and z are complex mixing parameters. If CPT
invariance held, we would have z ¼ 0; if CP and CPT
invariance held, we would have p ¼ q ¼ ffiffiffi

2
p

=2 and z ¼ 0.
The mass and width eigenstates, K0

S;L, may also be
described with the popular notations

jK0
Li¼

1þϵ−δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þjϵ−δj2Þ

p jK0i− 1−ϵþδffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þjϵ−δj2Þ

p jK̄0i; ð9Þ

jK0
Si¼

1þϵþδffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þjϵþδj2Þ

p jK0iþ 1−ϵ−δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þjϵþδj2Þ

p jK̄0i; ð10Þ

where the complex parameter ϵ signifies deviation of the
mass eigenstates from the CP eigenstates, and δ is the CPT
violating complex parameter. The parameters p, q, and z
can be expressed in terms of ϵ and δ [neglecting terms of ϵδ
and OðδÞ]

p¼ 1þϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þjϵj2Þ

p ; q¼ 1−ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þjϵj2Þ

p ; z¼−2δ: ð11Þ

The time-evolved states of the K0 − K̄0 system can be
expressed by the mass eigenstates

jK0
physðtÞi¼

ffiffiffiffiffiffiffiffiffiffi
1þz

p

2p
e−imLt−1

2
ΓLtjK0

Liþ
ffiffiffiffiffiffiffiffiffi
1−z

p

2p
e−imSt−1

2
ΓStjK0

Si;

ð12Þ

jK̄0
physðtÞi¼−

ffiffiffiffiffiffiffiffiffi
1−z

p

2q
e−imLt−1

2
ΓLtjK0

Li

þ
ffiffiffiffiffiffiffiffiffiffi
1þz

p

2q
e−imSt−1

2
ΓStjK0

Si: ð13Þ

With Eqs. (12) and (13), the time-dependent amplitudes of
the cascade decays K� → K0π → fK0π can be written as

AðK� → K0ðtÞπ → fK0ðtÞπÞ
¼ AðK� → K0πÞ · AðK0

physðtÞ → fK0Þ; ð14Þ

AðK̄� → K̄0ðtÞπ → fK0ðtÞπÞ
¼ AðK̄� → K̄0πÞ · AðK̄0

physðtÞ → fK0Þ; ð15Þ

where K� denotes the K�0 (or K�þ) meson, K̄� denotes the
charge conjugate state of K�, and fK0 denotes the final state
from the decay of the K0 or K̄0 meson. AðK0

physðtÞ → fK0Þ
and AðK̄0

physðtÞ → fK0Þ denote the amplitude of the

K0
physðtÞ → fK0 and K̄0

physðtÞ → fK0 decays, respectively,
and they have the following forms:

AðK0
physðtÞ → fK0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p

2p
e−imLt−1

2
ΓLtAðK0

L → fK0Þ

þ
ffiffiffiffiffiffiffiffiffiffi
1 − z

p

2p
e−imSt−1

2
ΓStAðK0

S → fK0Þ;

ð16Þ

AðK̄0
physðtÞ → fK0Þ ¼ −

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

2q
e−imLt−1

2
ΓLtAðK0

L → fK0Þ

þ
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p

2q
e−imSt−1

2
ΓStAðK0

S → fK0Þ:

ð17Þ

Making use of Eqs. (14)–(17) and performing integration
over phase space, we can obtain

BðK� → K0ðtÞπ → fK0ðtÞπÞ ¼ BðK� → K0πÞ
4jpj2 · ½j ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p j2 · e−ΓLt · ΓðK0

L → fK0Þ þ j ffiffiffiffiffiffiffiffiffiffi
1 − z

p j2 · e−ΓSt · ΓðK0
S → fK0Þ

þ ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
· ð ffiffiffiffiffiffiffiffiffiffi

1 − z
p Þ� · e−iΔmt−Γt · A�ðK0

S → fK0Þ · AðK0
L → fK0Þ

þ ffiffiffiffiffiffiffiffiffiffi
1 − z

p
· ð ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p Þ� · eiΔmt−Γt · AðK0

S → fK0Þ · A�ðK0
L → fK0Þ�; ð18Þ
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BðK̄� → K̄0ðtÞπ → fK0ðtÞπÞ ¼ BðK̄� → K̄0πÞ
4jqj2 · ½j ffiffiffiffiffiffiffiffiffiffi

1 − z
p j2 · e−ΓLt · ΓðK0

L → fK0Þ þ j ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p j2 · e−ΓSt · ΓðK0
S → fK0Þ

−
ffiffiffiffiffiffiffiffiffiffi
1 − z

p
· ð ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p Þ� · e−iΔmt−Γt · A�ðK0

S → fK0Þ · AðK0
L → fK0Þ

−
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
· ð ffiffiffiffiffiffiffiffiffiffi

1 − z
p Þ� · eiΔmt−Γt · AðK0

S → fK0Þ · A�ðK0
L → fK0Þ�; ð19Þ

where Δm denotes the difference in masses of K0
L and K0

S,
and Γ denotes the average in widths of K0

L and K0
S

Δm ¼ mL −mS; Γ ¼ ΓL þ ΓS

2
: ð20Þ

The first, second, and the last two terms in the bracket in
Eqs. (18) and (19) are related to the effects of the K0

L decay
and the K0

S decay and their interference, respectively.
In BESIII, the K0

S state is reconstructed via its decay into
the final states πþπ− and a time difference between the K�

decay and the K0
S decay in the K� → K0

Sπ decay [22].

By taking into account these experimental features, the
branching ratio for the K� → K0

Sπ decay can be defined as

BðK� → K0
SπÞ ¼

R t1
t0 BðK� → K0ðtÞπ → πþπ−ðtÞπÞdt
ðe−ΓSt0 − e−ΓSt1Þ · BðK0

S → πþπ−Þ ;

ð21Þ

where t0 ¼ 0.1τS and t1 ¼ 2τS ∼ 20τS with τS is the K0
S

lifetime, we adopt t1 ¼ 10τS in our calculation. Combining
Eqs. (18) and (21), we can obtain

BðK� → K0
SπÞ ¼

BðK� → K0πÞ
4jpj2 ·

�
j ffiffiffiffiffiffiffiffiffiffi

1 − z
p j2 þ j ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p j2 · e

−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ

þ 2Re

� ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
· ð ffiffiffiffiffiffiffiffiffiffi

1 − z
p Þ� · e

−iΔmt0−Γt0 − e−iΔmt1−Γt1

e−ΓSt0 − e−ΓSt1
·

ΓS

Γþ iΔm
·
AðK0

L → πþπ−Þ
AðK0

S → πþπ−Þ
��

: ð22Þ

Using Eqs. (5) and (6) and assuming that the direct CP
violation in the K0 → πþπ− decay can be neglected, we
derive

AðK0
L → πþπ−Þ

AðK0
S → πþπ−Þ ¼

p
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
− q

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p : ð23Þ

By combining Eq. (23) with Eq. (22) and introducing the
following substitution

tK0
S−K

0
L
¼ e−iΔmt0−Γt0 − e−iΔmt1−Γt1

e−ΓSt0 − e−ΓSt1
·

ΓS

Γþ iΔm
; ð24Þ

we can obtain

BðK� → K0
SπÞ ¼

BðK� → K0πÞ
4jpj2 ·

�
j ffiffiffiffiffiffiffiffiffiffi

1 − z
p j2 þ j ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p j2 · e

−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ

þ 2Re

� ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
· ð ffiffiffiffiffiffiffiffiffiffi

1 − z
p Þ� · tK0

S−K
0
L
·
p

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
− q

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
��

: ð25Þ

Similarly, we can derive the branching ratio for the K̄� → K0
Sπ decay

BðK̄� → K0
SπÞ ¼

BðK̄� → K̄0πÞ
4jqj2 ·

�
j ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p j2 þ j ffiffiffiffiffiffiffiffiffiffi

1 − z
p j2 · e

−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ

− 2Re

� ffiffiffiffiffiffiffiffiffiffi
1 − z

p
· ð ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p Þ� · tK0

S−K
0
L
·
p

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
− q

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
��

: ð26Þ

With the values of the parameters, which are listed in Table I, we can obtain
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e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ ¼ ð5.40� 0.03Þ × 10−5: ð27Þ

Combining Eqs. (25)–(27), we can obtain

BðK� → K0
SπÞ ¼

BðK� → K0πÞ
4jpj2 ·

�
j ffiffiffiffiffiffiffiffiffiffi

1 − z
p j2 þ 2Re

� ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
· ð ffiffiffiffiffiffiffiffiffiffi

1 − z
p Þ� · tK0

S−K
0
L
·
p

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
− q

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
��

; ð28Þ

BðK̄� → K0
SπÞ ¼

BðK̄� → K̄0πÞ
4jqj2 ·

�
j ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p j2 − 2Re

� ffiffiffiffiffiffiffiffiffiffi
1 − z

p
· ð ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p Þ� · tK0

S−K
0
L
·
p

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
− q

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

p
ffiffiffiffiffiffiffiffiffiffi
1 − z

p þ q
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
��

: ð29Þ

In BESIII, the K0
L state is defined via a large time difference between the K� decay and the K0

L decay and mostly decay
outside the detector in the K� → K0

Lπ decay [42–44]. Based on these experimental features, the branching ratio for the
K� → K0

Lπ decay can be defined as

BðK� → K0
LπÞ ¼

Rþ∞
t2

BðK� → K0ðtÞπ → fK0
L
ðtÞπÞdt

e−ΓLt2 · BðK0
L → fK0

L
Þ ; ð30Þ

where fK0
L
denotes the final state of the K0

L decay, t2 ≥ 100τS. Combining Eqs. (18) and (30), we can obtain

BðK� → K0
LπÞ ¼

BðK� → K0πÞ
4jpj2 ·

�
j ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p j2 þ j ffiffiffiffiffiffiffiffiffiffi

1 − z
p j2 · e−ðΓS−ΓLÞt2 ·

BðK0
S → fK0

L
Þ

BðK0
L → fK0

L
Þ

þ 2Re

� ffiffiffiffiffiffiffiffiffiffi
1 − z

p
· ð ffiffiffiffiffiffiffiffiffiffiffi

1þ z
p Þ� · e

iΔmt2−
ΓS−ΓL

2
t2

Γ − iΔm
·
AðK0

S → fK0
L
Þ

AðK0
L → fK0

L
Þ
��

: ð31Þ

Using the values of the parameters in Table I, we can obtain

e−ðΓS−ΓLÞt2 ≤4.4×10−44; e−
ΓS−ΓL

2
t2 ≤2.1×10−22; ð32Þ

so the second and third terms in the brackets in Eq. (31),
which correspond respectively to the effects of the K0

S
decay and the interference between the K0

S decay and the
K0

L decay, can be neglected, then we obtain

BðK� → K0
LπÞ ¼ BðK� → K0πÞ j

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p j2
4jpj2 : ð33Þ

Similarly, we can derive the branching ratio for the
K̄� → K0

Lπ decay

BðK̄� → K0
LπÞ ¼ BðK̄� → K̄0πÞ j

ffiffiffiffiffiffiffiffiffiffi
1 − z

p j2
4jqj2 : ð34Þ

By combining Eqs. (1)–(4), (28)–(29), and (33)–(34),
and assuming z ¼ 0, we can derive the following obser-
vations of CP asymmetry:

ACPðK� → K0
SπÞ ¼

BðK� → K0
SπÞ − BðK̄� → K0

SπÞ
BðK� → K0

SπÞ þ BðK̄� → K0
SπÞ

¼ jqj2 − jpj2
jqj2 þ jpj2 þ 2Re

�
tK0

S−K
0
L
·
p − q
pþ q

�

ð35Þ

and

TABLE I. The values of the input parameters used in this paper [38,41].

ReðϵÞ ¼ ð1.66� 0.02Þ × 10−3 ImðϵÞ ¼ ð1.57� 0.02Þ × 10−3

jϵj ¼ ð2.228� 0.011Þ × 10−3 Δm ¼ ð3.481� 0.007Þ × 10−15 GeV
ΓL ¼ ð1.287� 0.005Þ × 10−17 GeV ΓS ¼ ð7.351� 0.003Þ × 10−15 GeV
BðK0

L → πþπ−Þ ¼ ð1.967� 0.010Þ × 10−3 BðK0
S → πþπ−Þ ¼ ð69.2� 0.05Þ × 10−2
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ACPðK� → K0
LπÞ ¼

BðK� → K0
LπÞ − BðK̄� → K0

LπÞ
BðK� → K0

LπÞ þ BðK̄� → K0
LπÞ

¼ jqj2 − jpj2
jqj2 þ jpj2 ; ð36Þ

where K� denotes the K�0 (or K�þ) meson and K̄� denotes
the charge conjugate state of K�.
The K� meson can be produced through the J=ψ decays

at BESIII. The CP asymmetry observables can be defined
in the J=ψ decays which involve the K� meson in the final
states

ACPðJ=ψ → K�fJ=ψ → K0
S;LπfJ=ψÞ ¼

BðJ=ψ → K�fJ=ψ → K0
S;LπfJ=ψÞ − BðJ=ψ → K̄�f̄J=ψ → K0

S;Lπf̄J=ψ Þ
BðJ=ψ → K�fJ=ψ → K0

S;LπfJ=ψÞ þ BðJ=ψ → K̄�f̄J=ψ → K0
S;Lπf̄J=ψÞ

; ð37Þ

where fJ=ψ denotes the final state (K� excepted) in the J=ψ decays, and f̄J=ψ is the charge conjugate state of fJ=ψ . For
example, the CP asymmetry observables can be defined in J=ψ → γK�0K̄�0 and J=ψ → K�K�∓ decays

ACPðJ=ψ→ γK�0K̄�0→ γK0
S;Lπ

0K−πþÞ¼BðJ=ψ→ γK�0K̄�0→ γK0
S;Lπ

0K−πþÞ−BðJ=ψ→ γK�0K̄�0→ γKþπ−K0
S;Lπ

0Þ
BðJ=ψ→ γK�0K̄�0→ γK0

S;Lπ
0K−πþÞþBðJ=ψ→ γK�0K̄�0→ γKþπ−K0

S;Lπ
0Þ;

ð38Þ

ACPðJ=ψ → K�K�∓ → K�K0
S;Lπ

∓Þ ¼ BðJ=ψ → K−K�þ → K−K0
S;Lπ

þÞ − BðJ=ψ → KþK�− → KþK0
S;Lπ

−Þ
BðJ=ψ → K−K�þ → K−K0

S;Lπ
þÞ þ BðJ=ψ → KþK�− → KþK0

S;Lπ
−Þ : ð39Þ

According to Eqs. (2) and (4) and (35)–(37), we can derive

ACPðJ=ψ → K�fJ=ψ → K0
S;LπfJ=ψ Þ ¼ ACPðK� → K0

S;LπÞ: ð40Þ

By using Eqs. (37) and (40), the number of the observed signal events on the CP violation in J=ψ decays can be derived,

N
K0

S;L
CP ¼ jACPðK� → K0

S;LπÞj · NJ=ψ · εK0
S;L

· BðJ=ψ → K�fJ=ψ þ c:c: → K0
S;LπfJ=ψ þ c:c: → fK0

S;L
πfJ=ψ þ c:c:Þ

≈ 2jACPðK� → K0
S;LπÞj · NJ=ψ · εK0

S;L
· BðJ=ψ → K�fJ=ψ → K0

S;LπfJ=ψ → fK0
S;L
πfJ=ψÞ; ð41Þ

where NJ=ψ is the number of J=ψ events accumulated at
BESIII. During several run periods from 2009 to 2019, a
total data sample of 1010 J=ψ events was collected with the
BESIII detector [42,45,46]. Moreover, accelerators at the
tau-charm energy region with luminosity 100 times higher
than BEPCII are being proposed [47–49]; the detectors in
these new facilities will be able to collect 1012 J=ψ events
in one year’s running time. In this paper, we will perform
the calculation under two cases: NJ=ψ ¼ 1010 and NJ=ψ ¼
1012. εK0

S;L
in Eq. (41) are the selection efficiencies of J=ψ

decays at BESIII. fK0
S;L

in Eq. (41) denote the final states in

the K0
S;L decays. Here, it is worth noting that the K0

L meson
could not be reconstructed by its decays because of its large
life [42–44]. Instead, all particles except for the K0

L are
reconstructed and the presence of aK0

L can be inferred from
the missing four momentum in the decays that contain a K0

L

in the final states. So we do not consider the branching
ratios of K0

L decays in the calculation.

The branching ratios of the J=ψ → K�fJ=ψ →
K0

S;LπfJ=ψ decays can be expressed as the products of
the branching ratios of the J=ψ → K�fJ=ψ decays and the
K� → K0

S;Lπ decays. The branching ratios of the J=ψ →
K�fJ=ψ decays can be taken directly from the Particle Data
Group (PDG) [38] and Ref. [50]. For the branching ratios
of the K� → K0

S;Lπ decays, we apply the PDG result
BðK� → KπÞ ≈ 100% and isospin relation to obtain

BðK�0 → K0π0Þ ¼ 1

3
; BðK�0 → Kþπ−Þ ¼ 2

3
; ð42Þ

BðK̄�0 → K̄0π0Þ ¼ 1

3
; BðK̄�0 → K−πþÞ ¼ 2

3
; ð43Þ

BðK�þ → K0πþÞ ¼ 2

3
; BðK�þ → Kþπ0Þ ¼ 1

3
; ð44Þ

BðK�− → K̄0π−Þ ¼ 2

3
; BðK�− → K−π0Þ ¼ 1

3
: ð45Þ
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Then, from Eqs. (42)–(45) and under the assumptions of
CP conservation and CPT conservation, we have

BðK�0 → K0
Sπ

0Þ ¼ 1

6
; BðK�0 → K0

Lπ
0Þ ¼ 1

6
; ð46Þ

BðK̄�0 → K0
Sπ

0Þ ¼ 1

6
; BðK̄�0 → K0

Lπ
0Þ ¼ 1

6
; ð47Þ

BðK�þ → K0
Sπ

þÞ ¼ 1

3
; BðK�þ → K0

Lπ
þÞ ¼ 1

3
; ð48Þ

BðK�− → K0
Sπ

−Þ ¼ 1

3
; BðK�− → K0

Lπ
−Þ ¼ 1

3
: ð49Þ

According to Eqs. (42)–(49) and the values for the
branching ratios of the J=ψ → K�fJ=ψ and K0

S → fK0
S

decays which are taken directly from PDG [38] and
Ref. [50], we collect the branching ratios of J=ψ →

K�fJ=ψ → K0
S;LπfJ=ψ → fK0

S;L
πfJ=ψ decays, which are

shown in Table II. Here, we only consider the decay
channels with a branching ratio larger than 1.0 × 10−5.
With the values of the parameters in Table I and combining
Eqs. (11), (24), (35), and (36), we can obtain

ACPðK� → K0
SπÞ ¼ ð3.64� 0.04Þ × 10−3; ð50Þ

ACPðK� → K0
LπÞ ¼ ð−3.32� 0.04Þ × 10−3: ð51Þ

According to Table II and combining Eqs. (41), (50), and

(51), we derive the numerical results of N
K0

S;L
CP , which are

shown in Table III, based on the samples of 1010 and 1012

J=ψ events. Obviously, the CP violations in J=ψ decays

with the K� meson in the final states can be unambiguously
observed at BESIII.
Here, we note that the interferences between the K�

meson and other K� mesons, such as K�ð1680Þ, K�
2ð1430Þ,

and K�
2ð1980Þ, have non-negligible effects on the branch-

ing ratios of the J=ψ → K��K�∓, J=ψ → K��K∓,
J=ψ→K��K∓π0, J=ψ→K�0K−πþ, and J=ψ → K̄�0Kþπ−
decays [50–54]. Fortunately, the CP asymmetries in all the
K�0 → K0

S;Lπ decays can be derived

BðK�0 → K0
S;LπÞ − BðK̄�0 → K0

S;LπÞ
BðK�0 → K0

S;LπÞ þ BðK̄�0 → K0
S;LπÞ

¼ BðK� → K0
S;LπÞ − BðK̄� → K0

S;LπÞ
BðK� → K0

S;LπÞ þ BðK̄� → K0
S;LπÞ

; ð52Þ

where K�0 denotes all the K� mesons except the K�ð892Þ
meson. Therefore the interferences between the K� meson
and other K� mesons have no effect on the CP violations in
K� → K0

S;Lπ decays. Here, one can consider the possibility
of summing over all the decays involving K� resonance in
order to obtain a statistically significant signal of CP
violation. From Eqs. (35)–(37), and (40), we can see that
the resonance structures in the K��K∓ invariant mass
spectrum of the J=ψ → η0K��K∓ decays also have no
effect on the CP violations in these decays [55,56].
Now, we proceed to study the K0

S − K0
L asymmetries in

the K� → K0
S;Lπ decays, which are defined as [57–59]

RðK� → K0
S;LπÞ ¼

BðK� → K0
SπÞ − BðK� → K0

LπÞ
BðK� → K0

SπÞ þ BðK� → K0
LπÞ

; ð53Þ

TABLE II. The branching fractions of J=ψ → K�fJ=ψ → K0
S;LπfJ=ψ → fK0

S;L
πfJ=ψ decays.

Branching ratio for the decay channel Numerical result

BðJ=ψ → K�0K̄�0 → K0
Sπ

0K−πþ → πþπ−π0K−πþÞ ð1.77� 0.46Þ × 10−5

BðJ=ψ → K�0K̄�0 → K0
Lπ

0K−πþÞ ð2.56� 0.67Þ × 10−5

BðJ=ψ → K�þK�− → K0
Sπ

þK−π0 → πþπ−πþK−π0Þ ð7.69−3.08þ1.69Þ × 10−5

BðJ=ψ → K�þK�− → K0
Lπ

þK−π0Þ ð1.11−0.44þ0.24Þ × 10−4

BðJ=ψ → ηK�0K̄�0 → ηK0
Sπ

0K−πþ → γγπþπ−π0K−πþÞ ð3.48� 0.79Þ × 10−5

BðJ=ψ → ηK�0K̄�0 → γγK0
Lπ

0K−πþÞ ð5.04� 1.14Þ × 10−5

BðJ=ψ → η0K�þK− → η0K0
Sπ

þK− → πþπ−ηK0
Sπ

þK− → πþπ−γγπþπ−πþK−Þ ð2.86� 0.25Þ × 10−5

BðJ=ψ → η0K�þK− → πþπ−ηK0
Lπ

þK− → πþπ−γγK0
Lπ

þK−Þ ð4.13� 0.37Þ × 10−5

BðJ=ψ → K�þK− → K0
Sπ

þK− → πþπ−πþK−Þ ð6.92−1.15þ0.92Þ × 10−4

BðJ=ψ → K�þK− → K0
Lπ

þK−Þ ð1.00−0.17þ0.13Þ × 10−3

BðJ=ψ → K�0K−πþ → K0
Sπ

0K−πþ → πþπ−π0K−πþÞ ð4.44� 0.92Þ × 10−4

BðJ=ψ → K�0K−πþ → K0
Lπ

0K−πþÞ ð6.42� 1.33Þ × 10−4

BðJ=ψ → K�þK−π0 → K0
Sπ

þK−π0 → πþπ−πþK−π0Þ ð3.46� 1.11Þ × 10−4

BðJ=ψ → K�þK−π0 → K0
Lπ

þK−π0Þ ð5.00� 1.57Þ × 10−4

BðJ=ψ → ωK�þK− → ωK0
Sπ

þK− → πþπ−π0πþπ−πþK−Þ ð6.28� 0.93Þ × 10−4

BðJ=ψ → ωK�þK− → πþπ−π0K0
Lπ

þK−Þ ð9.07� 1.34Þ × 10−4
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RðK̄�→K0
S;LπÞ¼

BðK̄�→K0
SπÞ−BðK̄�→K0

LπÞ
BðK̄�→K0

SπÞþBðK̄�→K0
LπÞ

: ð54Þ

Substituting Eqs. (25), (26), (33), and (34) into Eqs. (53)
and (54) and assuming z ¼ 0, we can obtain

RðK� → K0
S;LπÞ ¼

1

2

e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ

þ Re

�
tK0

S−K
0
L
·
p − q
pþ q

�
; ð55Þ

RðK̄� → K0
S;LπÞ ¼

1

2

e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ

− Re

�
tK0

S−K
0
L
·
p − q
pþ q

�
: ð56Þ

In the J=ψ → K�fJ=ψ → K0
S;LπfJ=ψ and J=ψ → K̄�f̄J=ψ →

K0
S;Lπf̄J=ψ decays, the K0

S − K0
L asymmetry can de

defined as

TABLE III. The expected numbers of the observed signal events on the CP violation in J=ψ decays.

Decay channel N
K0

S;L
CP

J=ψ → K�0K̄�0 → K0
Sπ

0K−πþ → πþπ−π0K−πþ NJ=ψ ¼ 1010: ð1.3� 0.3Þ × 103 × εK0
S

NJ=ψ ¼ 1012: ð1.3� 0.3Þ × 105 × εK0
S

J=ψ → K�0K̄�0 → K0
Lπ

0K−πþ NJ=ψ ¼ 1010: ð1.7� 0.4Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð1.7� 0.4Þ × 105 × εK0
L

J=ψ → K�þK�− → K0
Sπ

þK−π0 → πþπ−πþK−π0 NJ=ψ ¼ 1010: ð5.6−2.2þ1.2Þ × 103 × εK0
S

NJ=ψ ¼ 1012: ð5.6−2.2þ1.2Þ × 105 × εK0
S

J=ψ → K�þK�− → K0
Lπ

þK−π0 NJ=ψ ¼ 1010: ð7.4−3.0þ1.6Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð7.4−3.0þ1.6Þ × 105 × εK0
L

J=ψ → ηK�0K̄�0 → ηK0
Sπ

0K−πþ → γγπþπ−π0K−πþ NJ=ψ ¼ 1010: ð2.5� 0.6Þ × 103 × εK0
S

NJ=ψ ¼ 1012: ð2.5� 0.6Þ × 105 × εK0
S

J=ψ → ηK�0K̄�0 → γγK0
Lπ

0K−πþ NJ=ψ ¼ 1010: ð3.3� 0.8Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð3.3� 0.8Þ × 105 × εK0
L

J=ψ → η0K�þK− → πþπ−ηK0
Sπ

þK− → πþπ−γγπþπ−πþK− NJ=ψ ¼ 1010: ð2.1� 0.2Þ × 103 × εK0
S

NJ=ψ ¼ 1012: ð2.1� 0.2Þ × 105 × εK0
S

J=ψ → η0K�þK− → πþπ−ηK0
Lπ

þK− → πþπ−γγK0
Lπ

þK− NJ=ψ ¼ 1010: ð2.7� 0.2Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð2.7� 0.2Þ × 105 × εK0
L

J=ψ → K�þK− → K0
Sπ

þK− → πþπ−πþK− NJ=ψ ¼ 1010: ð5.0−0.8þ0.7Þ × 104 × εK0
S

NJ=ψ ¼ 1012: ð5.0−0.8þ0.7Þ × 106 × εK0
S

J=ψ → K�þK− → K0
Lπ

þK− NJ=ψ ¼ 1010: ð6.6−1.1þ0.9Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð6.6−1.1þ0.9Þ × 106 × εK0
L

J=ψ → K�0K−πþ → K0
Sπ

0K−πþ → πþπ−π0K−πþ NJ=ψ ¼ 1010: ð3.2� 0.7Þ × 104 × εK0
S

NJ=ψ ¼ 1012: ð3.2� 0.7Þ × 106 × εK0
S

J=ψ → K�0K−πþ → K0
Lπ

0K−πþ NJ=ψ ¼ 1010: ð4.3� 0.9Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð4.3� 0.9Þ × 106 × εK0
L

J=ψ → K�þK−π0 → K0
Sπ

þK−π0 → πþπ−πþK−π0 NJ=ψ ¼ 1010: ð2.5� 0.8Þ × 104 × εK0
S

NJ=ψ ¼ 1012: ð2.5� 0.8Þ × 106 × εK0
S

J=ψ → K�þK−π0 → K0
Lπ

þK−π0 NJ=ψ ¼ 1010: ð3.3� 1.0Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð3.3� 1.0Þ × 106 × εK0
L

J=ψ → ωK�þK− → ωK0
Sπ

þK− → πþπ−π0πþπ−πþK− NJ=ψ ¼ 1010: ð4.6� 0.7Þ × 104 × εK0
S

NJ=ψ ¼ 1012: ð4.6� 0.7Þ × 106 × εK0
S

J=ψ → ωK�þK− → πþπ−π0K0
Lπ

þK− NJ=ψ ¼ 1010: ð6.0� 0.9Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð6.0� 0.9Þ × 106 × εK0
L
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RðJ=ψ → K�fJ=ψ → K0
S;LπfJ=ψ Þ ¼

BðJ=ψ → K�fJ=ψ → K0
SπfJ=ψÞ − BðJ=ψ → K�fJ=ψ → K0

LπfJ=ψ Þ
BðJ=ψ → K�fJ=ψ → K0

SπfJ=ψÞ þ BðJ=ψ → K�fJ=ψ → K0
LπfJ=ψÞ

; ð57Þ

RðJ=ψ → K̄�f̄J=ψ → K0
S;Lπf̄J=ψ Þ ¼

BðJ=ψ → K̄�f̄J=ψ → K0
Sπf̄J=ψÞ − BðJ=ψ → K̄�f̄J=ψ → K0

Lπf̄J=ψ Þ
BðJ=ψ → K̄�f̄J=ψ → K0

Sπf̄J=ψÞ þ BðJ=ψ → K̄�f̄J=ψ → K0
Lπf̄J=ψÞ

: ð58Þ

Combining Eqs. (53) and (54) with Eqs. (57) and (58), we can obtain the following relations:

RðJ=ψ → K�fJ=ψ → K0
S;LπfJ=ψ Þ ¼ RðK� → K0

S;LπÞ; ð59Þ

RðJ=ψ → K̄�f̄J=ψ → K0
S;Lπf̄J=ψ Þ ¼ RðK̄� → K0

S;LπÞ: ð60Þ

With Eqs. (57)–(60), we can derive the numbers of the observed signal events on the K0
S − K0

L asymmetry in J=ψ decays

NK�
K0

S−K
0
L
¼ jRðK� → K0

S;LπÞj · NJ=ψ · εK0
L
· BðJ=ψ → K�fJ=ψ → K0

SπfJ=ψ þ K0
LπfJ=ψÞ; ð61Þ

NK̄�
K0

S−K
0
L
¼ jRðK̄� → K0

S;LπÞj · NJ=ψ · εK0
L
· BðJ=ψ → K̄�f̄J=ψ → K0

Sπf̄J=ψ þ K0
Lπf̄J=ψÞ: ð62Þ

Using the values of the parameters in Table I and combin-
ing Eqs. (11), (24), (55), and (56), we can obtain

RðK� → K0
S;LπÞ ¼ ð3.51� 0.03Þ × 10−3; ð63Þ

RðK̄� → K0
S;LπÞ ¼ ð−3.45� 0.03Þ × 10−3: ð64Þ

The branching ratios for the J=ψ → K�fJ=ψ → K0
S;LπfJ=ψ

and J=ψ → K̄�f̄J=ψ → K0
S;Lπf̄J=ψ decays can be obtained

directly from PDG [38] and Table II. With the values of the
branching ratios for these decays and combining Eqs. (61)–
(64), we calculate the numerical results of NK�

K0
S−K

0
L
and

NK̄�
K0

S−K
0
L
, which are listed in Table IV, with a 1010 J=ψ event

sample and a 1012 J=ψ event sample, respectively. Here, we
also note that the detection efficiency εK0

L
is at the level of

10−3 at BESIII [43,60], so the K0
S − K0

L asymmetry can be
observed in the decays where NK�

K0
S−K

0
L
(or NK̄�

K0
S−K

0
L
) is larger

than 104 × εK0
L
.

The K� → K0
S;Lπ decays can also be used to study the

CPT violation. We define the following observables, which
are related to the CPT violation parameter z:

Am
CPTðK� → K0

S;LπÞ ¼
A−

K0
S
−A−

K0
L

Aþ
K0

S
þAþ

K0
L

; ð65Þ

Ap
CPTðK� → K0

S;LπÞ ¼
Aþ

K0
S
−Aþ

K0
L

Aþ
K0

S
þAþ

K0
L

; ð66Þ

where

A�
K0

S;L
¼ BðK� → K0

S;LπÞ � BðK̄� → K0
S;LπÞ: ð67Þ

Substituting Eqs. (25), (26), (33), and (34) into Eqs. (65)
and (66), we can easily find

Am
CPTðK� → K0

S;LπÞ ¼ −ReðzÞ þ Re

�
tK0

S−K
0
L
·

�
p − q
pþ q

þ z
2

��
; ð68Þ

Ap
CPTðK̄� → K0

S;LπÞ ¼ −ReðzÞ · jqj
2 − jpj2

jqj2 þ jpj2 þ
1

2

e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ

þ Re

��jqj2 − jpj2
jqj2 þ jpj2 þ iImðzÞ

�
tK0

S−K
0
L
·

�
p − q
pþ q

þ z
2

��
: ð69Þ

Obviously,Am;p
CPTðK� → K0

S;LπÞ contains the terms tK0
S−K

0
L
· p−qpþq and ðjqj2 − jpj2Þ=ðjqj2 þ jpj2Þ, which are independent from the

CPT violation parameter z, so the precise calculations of tK0
S−K

0
L
· p−qpþq and ðjqj2 − jpj2Þ=ðjqj2 þ jpj2Þ, which are the functions of

the parametersmL −mS,ΓL,ΓS,p,q, t0, and t1, are crucial to constrain theCPT violation parameter z in theK� → K0
S;Lπ decays.
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In the J=ψ decays involving the K� meson in the final
states, we define the CPT asymmetry observables

Am
CPTðJ=ψ → K�fJ=ψÞ ¼

A−
J=ψK0

S
−A−

J=ψK0
L

Aþ
J=ψK0

S
þAþ

J=ψK0
L

; ð70Þ

Ap
CPTðJ=ψ → K�fJ=ψÞ ¼

Aþ
J=ψK0

S
−Aþ

J=ψK0
L

Aþ
J=ψK0

S
þAþ

J=ψK0
L

; ð71Þ

where

A�
J=ψK0

S
¼ BðJ=ψ → K�fJ=ψ → K0

SπfJ=ψÞ
� BðJ=ψ → K̄�f̄J=ψ → K0

Sπf̄J=ψ Þ; ð72Þ

A�
J=ψK0

L
¼ BðJ=ψ → K�fJ=ψ → K0

LπfJ=ψ Þ
� BðJ=ψ → K̄�f̄J=ψ → K0

Lπf̄J=ψÞ: ð73Þ

Obviously, according to Eqs. (65)–(67) and (70)–(73), we
can obtain

Am
CPTðJ=ψ → K�fJ=ψÞ ¼ Am

CPTðK� → K0
S;LπÞ; ð74Þ

TABLE IV. The expected numbers of the observed signal events on the K0
S − K0

L asymmetry in J=ψ decays.

Decay channel NK�
K0

S−K
0
L
ðNK̄�

K0
S−K

0
L
Þ

J=ψ → K�0K̄�0 → K0
S;Lπ

0K−πþ NJ=ψ ¼ 1010: ð1.8� 0.5Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð1.8� 0.5Þ × 105 × εK0
L

J=ψ → K�0K̄�0 → Kþπ−K0
S;Lπ

0 NJ=ψ ¼ 1010: ð1.8� 0.5Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð1.8� 0.5Þ × 105 × εK0
L

J=ψ → K�þK�− → K0
S;Lπ

þK−π0 NJ=ψ ¼ 1010: ð7.8−3.1þ1.7Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð7.8−3.1þ1.7Þ × 105 × εK0
L

J=ψ → K�þK�− → Kþπ0K0
S;Lπ

− NJ=ψ ¼ 1010: ð7.7−3.1þ1.7Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð7.7−3.1þ1.7Þ × 105 × εK0
L

J=ψ → ηK�0K̄�0 → γγK0
S;Lπ

0K−πþ NJ=ψ ¼ 1010: ð3.5� 0.8Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð3.5� 0.8Þ × 105 × εK0
L

J=ψ → ηK�0K̄�0 → γγKþπ−K0
S;Lπ

0 NJ=ψ ¼ 1010: ð3.5� 0.8Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð3.5� 0.8Þ × 105 × εK0
L

J=ψ → η0K�þK− → πþπ−ηK0
S;Lπ

þK− → πþπ−γγK0
S;Lπ

þK− NJ=ψ ¼ 1010: ð2.9� 0.3Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð2.9� 0.3Þ × 105 × εK0
L

J=ψ → η0K�−Kþ → πþπ−ηK0
S;Lπ

−Kþ → πþπ−γγK0
S;Lπ

−Kþ NJ=ψ ¼ 1010: ð2.9� 0.3Þ × 103 × εK0
L

NJ=ψ ¼ 1012: ð2.9� 0.3Þ × 105 × εK0
L

J=ψ → K�þK− → K0
S;Lπ

þK− NJ=ψ ¼ 1010: ð7.0−1.2þ0.9Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð7.0−1.2þ0.9Þ × 106 × εK0
L

J=ψ → K�−Kþ → K0
S;Lπ

−Kþ NJ=ψ ¼ 1010: ð6.9−1.2þ0.9Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð6.9−1.2þ0.9Þ × 106 × εK0
L

J=ψ → K�0K−πþ → K0
S;Lπ

0K−πþ NJ=ψ ¼ 1010: ð4.5� 0.9Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð4.5� 0.9Þ × 106 × εK0
L

J=ψ → K̄�0Kþπ− → K0
S;Lπ

0Kþπ− NJ=ψ ¼ 1010: ð4.4� 0.9Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð4.4� 0.9Þ × 106 × εK0
L

J=ψ → K�þK−π0 → K0
S;Lπ

þK−π0 NJ=ψ ¼ 1010: ð3.5� 1.1Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð3.5� 1.1Þ × 106 × εK0
L

J=ψ → K�−Kþπ0 → K0
S;Lπ

−Kþπ0 NJ=ψ ¼ 1010: ð3.5� 1.1Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð3.5� 1.1Þ × 106 × εK0
L

J=ψ → ωK�þK− → πþπ−π0K0
S;Lπ

þK− NJ=ψ ¼ 1010: ð6.4� 0.9Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð6.4� 0.9Þ × 106 × εK0
L

J=ψ → ωK�−Kþ → πþπ−π0K0
S;Lπ

−Kþ NJ=ψ ¼ 1010: ð6.3� 0.9Þ × 104 × εK0
L

NJ=ψ ¼ 1012: ð6.3� 0.9Þ × 106 × εK0
L
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Ap
CPTðJ=ψ → K�fJ=ψÞ ¼ Ap

CPTðK� → K0
S;LπÞ: ð75Þ

With the values of the parameters in Table I and combining
Eqs. (11), (24), (68), and (69), we can obtain

Re

�
tK0

S−K
0
L
·

�
p − q
pþ q

��
¼ ð3.48� 0.03Þ × 10−3; ð76Þ

1

2

e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ

þ jqj2 − jpj2
jqj2 þ jpj2 · Re

�
tK0

S−K
0
L
·
p − q
pþ q

�

¼ ð1.54� 0.03Þ × 10−5; ð77Þ

which accuracy can reach 10−4 and 10−6, respectively.
Combining Eqs. (68) and (69) with Eqs. (74)–(77), we can
obtain the numerical results of Am;p

CPTðJ=ψ → K�fJ=ψÞ
under the assumption of z ¼ 0

Am
CPTðJ=ψ → K�fJ=ψ Þz¼0

¼ ð3.48� 0.03Þ × 10−3; ð78Þ

Ap
CPTðJ=ψ → K�fJ=ψ Þz¼0

¼ ð1.54� 0.03Þ × 10−5: ð79Þ

From Eqs. (70) and (71) and taking into account only the
statistical errors, the errors of Am;p

CPTðJ=ψ → K�fJ=ψÞ can
be derived

ΔðAm;p
CPTðJ=ψ → K�fJ=ψÞÞ

≈
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NJ=ψ · ðAþ
J=ψK0

S
þAþ

J=ψK0
L
Þ · εK0

L

q : ð80Þ

From PDG [38] and Table II, the branching ratios for
J=ψ → K�fJ=ψ → K0

S;LπfJ=ψ can reach the level of 10−3,
so the errors ΔðAm;p

CPTðJ=ψ → K�fJ=ψÞÞ can arrive at the
level of 10−4, if we assume the selection efficiency is 10−3

and the total number of J=ψ events is 1012. According to
these results, Eqs. (68) and (76), we can obtain that the
sensitivity for the measurement of the CPT violation
parameter z is expected to be at the level of 10−3 with
Am

CPTðJ=ψ → K�fJ=ψ Þ at BESIII. Because there exists a
suppression effect on the CPT violation parameter z in
Eq. (69), the observable Ap

CPTðJ=ψ → K�fJ=ψ Þ is insensi-
tive to the measurement of z with a 1012 J=ψ event sample.
Currently, the best result for ReðzÞ is −ð5.2� 5.0Þ × 10−4

which is obtained from a combined fit, including KLOE
[4,61] and CPLEAR [62], by the Particle Data Group [38],
so the measurement of the CPT violation parameter z is
expected to be competitive with the current best result with
a 1012 J=ψ event sample at BESIII. Here, we note that the
sensitivity of the measurement of the CPT violation
parameter z depends on measured precision of the

parameters mL −mS, ΓL, ΓS, p, and q and the consistency
between the values of t0 and t1 and the event selection
criteria in experiment.
In addition, we can define the following observable:

ACPTðK� → K0
LπÞ

¼ 4jpj2 · BðK� → K0
LπÞ − 4jqj2 · BðK̄� → K0

LπÞ
4jpj2 · BðK� → K0

LπÞ þ 4jqj2 · BðK̄� → K0
LπÞ

: ð81Þ

Substituting Eqs. (33) and (34) into Eq. (81), we can find

ACPTðK� → K0
LπÞ ¼

ReðzÞ
1þ jzj2

4

; ð82Þ

which is sensitive to the CPT violation parameter
ReðzÞ. However, the sensitivity of the measurement of
the CPT violation parameter ReðzÞ with the observable
ACPTðK� → K0

LπÞ depends on the measured precisions of
the parameters p and q.
In conclusion, we discuss the CP asymmetry, K0

S − K0
L

asymmetry, and CPT asymmetry in K� → K0
S;Lπ decays at

BESIII. TheCP asymmetries in theK� → K0
S;Lπ decays are

dominated by K0 − K̄0 mixing. We calculate the numerical
results of the CP asymmetries in the J=ψ decays involving
the K� meson in the final states

ACPðJ=ψ→K�fJ=ψ →K0
SπfJ=ψÞ¼ð3.64�0.04Þ×10−3;

ð83Þ

ACPðJ=ψ→K�fJ=ψ →K0
LπfJ=ψÞ¼ð−3.32�0.04Þ×10−3:

ð84Þ

We estimate the expected numbers of the observed signal
events on the CP violations in J=ψ decays with a K� meson
in the final states based on a 1010 J=ψ event sample and
1012 J=ψ event sample in BESIII experiment, respectively.
We find that the BESIII experiment may be able to make a
significant measurement of the CP violation in these
decays with 1010 J=ψ events, which has been accumulated
in four runs in 2009, 2012, 2018, and 2019 [42,47].
The K0

S − K0
L asymmetries in J=ψ decays with a K�

meson in the final states are also studied. The numerical
results of the K0

S − K0
L asymmetries can be obtained as

RðJ=ψ → K�fJ=ψ → K0
S;LπfJ=ψ Þ ¼ ð3.51� 0.03Þ × 10−3;

ð85Þ

RðJ=ψ→ K̄�f̄J=ψ →K0
S;Lπf̄J=ψ Þ¼ð−3.45�0.03Þ×10−3:

ð86Þ

Together with these results and the branching ratios for the
J=ψ decays, we calculate the expected numbers of the
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observed signal events on the K0
S − K0

L asymmetries in the
case of a 1010 J=ψ event sample and 1012 J=ψ event sample
in BESIII experiment, respectively. If we assume that the
detection efficiency εK0

L
is at the level of 10−3 at BESIII, the

K0
S − K0

L asymmetry can be observed in the decays when
the expected number of the observed signal events on the
K0

S − K0
L asymmetry is larger than 104 × εK0

L
.

We investigate the possibility to constrain the CPT
violation parameter z in J=ψ decays with a K� meson in
the final states at BESIII. We discuss the sensitivity for
the measurement of the CPT violation parameter z under
the assumption that the selection efficiency is 10−3 and

the total number of J=ψ events is 1012. We find that the
sensitivity for the measurement of the CPT violation
parameter z is expected to be at the level of 10−3

with 1012 J=ψ event sample at BESIII. The sensitivity
of the measurement of the CPT violation parameter z
depends on measured precision of the parameters
mL −mS, ΓL, ΓS, p, and q and the consistency between
the values of t0 and t1 and the event selection criteria in
experiment.
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