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Canonical analysis of covariant unimodular gravity
and an extension of the Kodama state
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We carry out the canonical analysis of a covariant version of unimodular gravity in terms of the
connection representation. We then proceed to quantize this theory by implementing the Dirac procedure.
We confirm whether and how the Kodama state, which is a solution of quantum general relativity, can be
extended into covariant unimodular gravity. Finally, we discuss the difference of quantum states between
covariant unimodular gravity, the original unimodular gravity, and general relativity.
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I. INTRODUCTION

Unimodular gravity is a simple modification of general
relativity (GR) in which the determinant of the spacetime
metric is restricted to be constant. Due to this restriction,
unimodular gravity does not preserve the full diffeomor-
phism invariance. Nevertheless, the classical field equa-
tions in unimodular gravity are almost the same as in GR.
A subtle but crucial difference from GR is that the
cosmological constant is treated as an arbitrary integration
constant [1]. This arbitrariness brings a different perspec-
tive on the cosmological constant problem [2,3].

The Hamiltonian analysis of unimodular gravity in
terms of the Arnowitt-Deser-Misner (ADM) variables
has been performed in Refs. [4,5]. In contrast to ordinary
GR, the lapse function is not regarded as an independent
variable due to the unimodular condition, and the
Hamiltonian constraint is a second-class constraint.
Additionally, the total Hamiltonian does not vanish on
the constraint surface. In canonical quantum theory, these
differences from GR cause the differences in the physical
states. Specifically, the physical state of unimodular
gravity is constructed from the eigenstates of the cosmo-
logical constant. Furthermore, unimodular gravity can
have an appropriate time variable, and the physical state
obeys the Schrodinger-like equation rather than the
Wheeler-DeWitt one. In this sense, one can avoid the
problem of time in quantum gravity [2,6].

In this paper, we perform the canonical analysis of
unimodular gravity and its quantization; however, the
theory we will discuss has two different points from the
original unimodular gravity explained above. The first
point is that we employ a covariant version of unimodular
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gravity that was suggested in Ref. [7]. In this framework,
the square root of the determinant of the spacetime metric
is equal to the divergence of a densitized vector field,
and the full diffeomorphism invariance is retained.
Moreover, one can introduce time as spacetime volume
[8]. This theory gives the same physics as the original
unimodular gravity at least at the classical level, while we
can expect that these two unimodular theories provide
different quantum theories because of the difference of
the constraints.

The second point is that we describe the theory in terms
of the connection representation instead of the ADM one.
Within the framework, one of the configuration variables is
the Ashtekar-Barbero connection with the Barbero-Immirzi
parameter £, and its conjugate momentum is the densitized
triad [9—11]. The advantage of this representation is that the
constraints are somewhat simpler than those in the ADM
representation. Thanks to the simplicity, several solutions
that satisfy quantum first-class constraints of GR have
been found. In particular, the Kodama state, which is also
called the Chern-Simons state, is a well-known solution
of quantum GR with a nonvanishing cosmological constant
in the case of =1 (the imaginary unit) [12,13].
A generalization of the Kodama state for real values of
S was also suggested in Ref. [14]. On the other hand, the
Kodama state is not regarded as a physical state in the
original unimodular gravity [15].

The aim of this paper is to confirm the difference
between covariant unimodular gravity, the original unim-
odular gravity, and GR, especially at the quantum level.
The manuscript is organized as follows. In Sec. II, we
perform the Hamiltonian analysis of covariant unimodular
gravity in terms of the connection representation. While
some work along this line has been done for f =1 [16,17],
we further develop the theory for real values of . Although
this choice makes the Hamiltonian constraint more
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complicated than in the case of f =1, it facilitates the
construction of the inner product in quantum theory. In
Sec. III, we quantize the theory by applying the Dirac
procedure [18,19]. Then, we consider whether and how the
Kodama state can be extended into covariant unimodular
gravity, mainly following Ref. [14]. In Sec. IV, we
summarize our results including the comparison between
covariant unimodular gravity, the original unimodular
gravity, and GR.

We use the following notation. Greek letters p,v, ... €
{r,1,2,3} indicate four-dimensional spacetime indices
where 7 is the time flow component. Capital letters
I,J,...€{0,1,2,3} are Lorentz indices. Letters a, b, ... €
{1,2,3} are three-dimensional spatial indices, and
i,j,... € {1,2,3} are internal su(2) Lie algebra indices.
We employ a four-metric signature (—, +, 4, +), and use
units in which the speed of light is unity.

II. CANONICAL ANALYSIS

The simplest action of the original unimodular gravity
without matter is obtained by modifying the Einstein-
Hilbert action

—A(\/—detg—a)},
(1)

1
SUG(g/,w’A) 2k/d4 |: —deth(4)

where k is Newton’s constant times 8z, R is a scalar
curvature of four-dimensional spacetime, A is a scalar field
that plays the role of a Lagrange multiplier, and a is a fixed
scalar density. The variation with respect to A leads to
the unimodular condition v/—det g — a = 0. In this frame-
work, the spacetime diffeomorphism is restricted so that
the value of the determinant of the four-metric remains
unchanged.

The reformulation of unimodular gravity that ensures full
diffeomorphism invariance was introduced by Henneaux
and Teitelboim [7]. The action has the form

SHT(.g;w’ A? ¢M)
1

d“[ ~detgR®
ey ©

Ay -]
(2)

where ¢* is a densitized vector field of weight one. The
unimodular condition is rewritten as \/—det g — d,¢* = 0.
Let us write the action corresponding to (2) in terms of the
connection representation. This can be done by modifying
the Holst action [20]

S( eI7A )

= / d*xL

1
= - el AN ej AN (Rgi) —geleLR(4)KL>

2%p
1
—m/AeuKLel Ael A ek A el
1
d*xA0 3
+ap | dxAd, (3)
where ¢! is a cotetrad, R = dw" + o'y A 0%/ is a

curvature of the spin connection @/, and f is the Barbero-
Immirzi parameter that takes nonvanishing real values. The
3 + 1 form of the above action under the time gauge ¢ = 0
is written as

1 S
- / d*x(E9Al — AiG, — N9V, — NC)

1 .

+ % d*x(A¢" — AN dete — ¢?0,\), (4)
where det e is a determinant of a cotriad el E¢ = (dete)e?
is a densitized triad, A}, = — jkwﬂ — i, N“ is a shift
vector, and N is a lapse functlon The spatial component
of A’ is usually expressed as A, =TI + K., where

jk .
I = —%e jka){l is a three-dimensional spin connection
compatible with ef, and K}, = —wf = K €75 is related

with the extrinsic curvature K, and e¢. In addition,

G, = —(D,E"); = —(0,E¢ + e, ALEY). (5

Va = _El'bFé)a’ (6)

=L GREEY(1 4 )R (E) - Fal. (7)
2p+/det E !

where Fi, = 9,A, — O,Al + €' jkA{;A’g is a curvature of A,
R (E) = 9,I'i — 0y, + € 4 T"4I'} is a curvature of I'; that
is constructed from E¢, and det E = (dete)? is a determi-
nant of E¢. Note that while C (7) is often expressed as

p

C=—+——
2V detE

€ijkE?Eb[ avk — (1 + ) e KLKY]. (8)

we use the former expression (7) for latter convenience.

The configuration variables of this theory are (AL, AL, N
N4, A, ¢*, ¢*). The canonical conjugate momenta (multi-
plied by kf or 2k) are given by

oL
m=kpo =0,  E%=kf—r, 9
/8A’ ﬁaA; 9)
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oL oL
oy = kf— =0, 7w, =kp——=0, 10
v =kt pos=0. (10
OL
wp =2k—=0, 11
=2 (1)
OL OL
p. =2k——= A, P =2k—=0. (12)
oP* 0P°
These momenta yield primary constraints
mRay R, R~ ~p,~0, (13)

where I1 = p, — A, and the symbol =~ is weak equality,
which indicates that the equality holds on the constraint
surface. The fundamental Poisson bracket relations are

{AL(x), 7;(y)} = kp5i&° (x = y),

{#7(x). P ()} = 2k& (x — y),
{#(x). Py ()} = 2k838° (x = y). (14)

()
{AL(x). B} (y)} = kBa836° (x — y),
{N(x). 2y (y)} = kB&*(x = y).
{N(x). 7y (y)} = kB3 (x = ).
{A(x). 7A(y)} = 2k8°(x = y),
)
)

The total Hamiltonian Ht is a combination of the ordinary
Hamiltonian and the primary constraints with Lagrange
multipliers v', v%, vy, v, W, W%

Hy(AL 7 AL E{ Ny N 70, A A @7, e . Pa)

_/d3 L{lﬂ(A’G + NV, + NC)

1

+ﬂ(ANdete+¢“8aA) kﬁ(vﬂ + vm, + vymy)
1

+ﬂ(71/\7f/\ + W +Wp,) |, (15)

where W and Ww“ are densities of weight one. In general,
every constraint must satisfy the stability condition, that is,
each constraint must hold under time evolution on the
constraint surface. Applying this condition to the primary
constraints (13), we have

{m;,Hr} = —G; =0, (16)
{74, Hr} = =V, =0, (17)
{ay.Hr} = -®~0, (18)
{mr,Hr} = —(Ndete — 0,¢° — W) =0, (19)

{IL Hr} = —v, =0, (20)
{paH1} = -Z,~0, (21)
where
O L ikgepe
2pV/detE
A+ PR~ P+ 22 e ] 22)
T, = 0,A. (23)

While v/, v%, vy, and W remain unspecified, v, and W are
determined by Egs. (19) and (20) as

vy =0, w = Ndete — 0,¢°. (24)
The secondary constraints G; ~0 (16), V,~0 (17), and
® ~ 0 (18) are the Gauss, vector, and Hamiltonian con-
straints, respectively, which are the same as those in GR.
The secondary constraint X, ~ 0 (21) implies that A is a

spatial constant. We define the smeared versions of the
secondary constraints:

GIX] _é / ExXIG,(x), (25)
VX :é / BrXV, (), (26)
1
:@/d%XCD(x), (27)
X = 21k / dBxXeE, (x), (28)

where X', X%, X are test functions, and X¢ is a densitized
test function. One can check that every secondary con-
straint has a weakly vanishing Poisson bracket with the
total Hamiltonian (15). Then, every secondary constraint
automatically satisfies the stability condition, and no more
constraints arise.

Now, we can classify the primary constraints (7;, 7, 7y,
zx, 11, p,) and the secondary constraints (G[X'], V[X4],
®[X], Z[X“]) into the first- and second-class constraints.
The weakly nonvanishing Poisson brackets among these
constraints are

{za(x), (y)} = 2k&*(x = y), (29)
{7r. ®[X]} = —X dete, (30)
{75, Z[X9} = 0,X°. (31)
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Hence constraints (4, I1, ®[X], Z[X¢]) are second class,
and the remaining constraints are first class.
The number of the second-class constraints can be

reduced by replacing ®[X] and X[X“] with the modified
constraints @®'[X] and ¥'[X“], respectively:

1
d'[X] = D[X] +57 / d3xXTl det e

1 X

=— / d’x e*EJE
2kp det E

2

p .
X [(1 + B)Rupk — Fapi + EeabcprEkj| ; (32)

- - 1 -
Y [X] = 2[X9)] +50 / dxX0,11

_ 3..va
=5z d°xX?9,p.. (33)

In fact, the weakly nonvanishing Poisson bracket among
the primary constraints (z;, 7,, 7y, 75,1, p,) and the
secondary constraints  (G[X'], V[X¢], ®'[X],£'[X“]) is
only one:

{ma(x). I(y)} = 2k (x = y). (34)

Then, constraints (7, IT) are second class, and the remain-
ing constraints are first class. Let us count the degrees of
freedom of this theory. Variables (AL, A, N, N%, A, ¢, ¢*)
have 3+9+4+1+3+1+4+1+3 =21 components. The
first-class constraints (z;, 7., 7y, pq, G[X'], V[X?], ®'[X],
T'[X9]) constrain 3434+ 14+34+34+3+14+1=18
components. Note that ¥/[X¢] constrains only one compo-
nent, because this constraint is parametrized by 9,X¢ rather
than X“. The second-class constraints (z,,II) constrain
(14+1)/2 =1 component. Therefore, the local degrees
of freedom in configuration space are 21 — 18 — 1 = 2.
This result is consistent with GR and the original unim-
odular gravity [15].

Using the second-class constraints [1 ~ 0 and 7z, =~ 0, we
can eliminate variables A and z, by substituting

A=p, mp =0. (35)

After the elimination, the total Hamiltonian (15) is
rewritten as

Hr(AL, 7, Ay EY N, iy, N, 24, 7, e % Pa)
= G[AL] + VIN4] + @[N] + ¥'[¢]
1. 1
+ /dSX |:kﬂ (’Ulﬂ.'i + Uaﬂ.'a + ’UNﬂ:N) + j(ﬁ/upa .
(36)

The constraint ¥'[X“] ~ 0 (33) and the evolution equation
{ps Hr} ~0 imply that p, is a spacetime constant. In
addition, the evolution equation {¢°, Hy} = Ndete —0,¢"
leads to the covariant version of the unimodular condition
N dete — 9,¢" = 0. Obviously, p, and A correspond to the
cosmological constant (times two) in GR.

We can introduce the spatial diffeomorphism constraint
D[X“] by extending the vector constraint V[X“]:

DIXY] = VX9 + G[XAL] — ¥'[X¢7].  (37)

This constraint generates the spatial diffeomorphism for the
dynamical variables

{AL. DX} = L3A,.  {E{.DIX"|} = L3E!. (38

{¢". DIX|} = Lgg".  {pe. DX} = Lgpe.  (39)

where L5 is a Lie derivative along X. The constraint D[X“]
is first class, and holds the stability condition

{DIX“], Hr} = G[L3zAL] + V[LzN]
+ q)/[ﬁ)?N] + Zl[ﬁyqﬁa]
~ 0. (40)

We employ D[X“] instead of V[X“] as an element of the
first-class constraints.

III. QUANTIZATION

After the reduction (35), all the remaining constraints
(71 g Ty Par GIXT], DIX4], @'[X], Z'[X%]) belong to first
class. Hence, we can proceed to quantize this theory by
replacing Poisson brackets {¢, *} with quantum commuta-
tors (i7)~'[%,3]. The quantum operators corresponding to
the canonical variables are given by

L B
Al = AL R = —ihkf— 41
. = A ft; = —ihkf~ A7 (41)
Al = A E¢ = —ihkﬂi (42)
a — ‘tas i = 5A; ’
N=N 7 ihkp 0 (43)
= s = —1 -,
i SN
N® = N@ 7 inkp 0 (44)
= s 7[(1 = - -,
SN¢
Fog b= -2ink> (45)
- ’ p‘[ - 5¢T ’
P = ¢° p 2ink -2 (46)
= . a—— 1 .
p 50"
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A physical state ¥ must satisfy the quantized first-class
constraints

7/\1'1"1] - ﬁ'N‘P - ﬁ'a\P - ﬁa\lj - O, (47)
GIX'|¥ = D[X¥ = ' [X]¥ = £'[X ¥ =0.  (48)

Constraints (47) indicate that ¥ should be independent
from AL, N,N¢, and ¢, that is,

Y =Yg, AL]. (49)

We assume that the wave functional is variable-separable,
namely, W[¢7, A}] = W[¢7]W[AL]. Constraint /[X¢|¥ =
(2k)7! [ d3xX90,p,¥ ~ 0 implies that ¥ has the form

T i1 A 3 T i
vl = exp | g [ x| wiadl. (s0)
that satisfies
P Plg", AL = AP[97, ALl (51)

where 4 is an unspecified constant. Note that p, weakly
commutes with every quantum first-class constraint;
therefore, p, is the physical observable in the sense of
Dirac [19].

A possible solution of the constraints (47) and (48) is
expressed as

¥rleT Al
=W, [¢"]¥) r[A]

_ A 3 T
= exP [—Zihk / ¢xp }

cexp [0 (Yesltil—2047) [anm) ).
(52)

where
) 2

is the Chern-Simons functional, Tr indicates the trace of
SU(2) generators T, which is normalized as Tr(T,T;) =
—%51' j» and 4 and R;b are parameters associated with the
cosmological constant and the spatial curvature, respec-
tively. We would like to emphasize that the form of the
second factor in (52), ¥, » [Al], was originally proposed in
Ref. [14] as a generalization of the Kodama state for real
values of f.

Since this state is a pure phase, we can define a naive
inner product

(W) 0¥, ) = / DO DAY, [, AL, g4, Al
~ (- V)5(R - R), (54)

where

5(R—R) =[] T 6(Ry(x) = Ri(x)). (55

X a,b,i

The inner product (54) has an undesirable property. Due
to the factor (R — R'), when R, and R, have different
values, this inner product vanishes even if RZ , and R’ Z , are
connected by the gauge and spatial diffeomorphism trans-
formations. We can improve this inner product by using the
group averaging technique [14]

(\Pi’,R’PP/LR) = / D9<T/1’,%R’|TLR>
~ 61— 2) / Dgs(R— p,R)).  (56)

where ¢, is the gauge and spatial diffeomorphism trans-
formations parametrized by g, and f Dy is an integral over
both transformations. The inner product (56) does not
vanish when A =2 and R, can reach R!, by these
transformations. Note that these transformations do not
affect 4. We find that the state

(¥4l = / Dy(¥, 1 (57)

is invariant under the gauge and spatial diffeomorphism
transformations, because

(Virl00y) = [ Pol¥iy gl = (Wil (58)

where U (pg) is the operator corresponding to these
transformations. This is an analog of the strategy to obtain
the gauge and spatial diffeomorphism invariant state in loop
quantum gravity [21,22].

One can write the curvature operator R, by using the
inner product (56) as

/ KR
= / d3xXeb / DgDR'DX pgR'" |y 4 0 ) (P g, ']
(59)

where 5(?” is a densitized test function, and f DR’ is an
integral over the curvature parameter R’ modulo the
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gauge and spatial diffeomorphism transformations.

From Eq. (59), we have
/d3x}~(iabi€ib|q}1,R> :/d3x}~(?bR;b|\P/1,R>' (60)
Using (51), (60), and

N . 3 .
ESY, rlg7. A = @eabc [Fpei — (1 )Ry & [07, AL
(61)

we find that the state ¥, ¢[¢", A}] satisfies the Hamiltonian
constraint

O'[X]W, z[¢7. Al
_ ikt

1 X
:W/ Ex g

det E
2

X {(1 + B)Rupi — Fupi + geabcprEk Y, k07, Al

=0. (62)
Thus, under the appropriate inner product (56), the state
|¥,z) is a solution of quantum covariant unimodular
gravity.

IV. CONCLUSIONS

In this work, we have analyzed the full theory of
covariant unimodular gravity in terms of the connection
representation with real values of the Barbero-Immirzi
parameter f. Unlike the original unimodular gravity, the
Hamiltonian constraint of covariant unimodular gravity
(32) is first class. Therefore, the constraint structure of
covariant unimodular gravity is closer to that of GR than
that of the original unimodular gravity. The subtle differ-
ence from GR is that the cosmological constant in GR
is replaced with the canonical momentum p, which is
regarded as a constant of motion and a Dirac observable.

In the original unimodular gravity, the Kodama state is
not a solution of the quantum constraints [15]. On the other
hand, in covariant unimodular gravity, the solution of the
constraints can be obtained by extending the Kodama state.
The state (52) is regarded as a natural extension of the state
proposed in Ref. [14]. Since this state is a pure phase,
it is delta-function normalizable. In addition, since all
the canonical variables are real, we can avoid the reality
condition problem. The main difference from the quantum
states of GR in Ref. [14] is that each state is labeled not
only by the spatial curvature R, (modulo the gauge and
spatial diffeomorphism transformations) but also by the
cosmological constant. This implies that a general solution
of the physical state can be written as a superposition of the

eigenstates of p, and Rﬁlb. Thus, at least in this framework,

covariant unimodular gravity is different from GR at
the quantum level. Note that such a superposition of
the different values of the cosmological constant has
already appeared in previous studies both within the
Hamiltonian formalism [6,16] and the path integral
formalism [3,5,23].

It is still unclear whether the original unimodular gravity
and covariant unimodular gravity differ at the quantum
level. In the original unimodular gravity, only the wave
functional with zero cosmological constant has been found
[15]. On the other hand, in covariant unimodular gravity,
W, rl#7, Al] (52) is a state with a non-vanishing cosmo-
logical constant. To compare the two theories, one needs to
find a solution with a non-vanishing cosmological constant
in the original unimodular gravity. Note that even if such a
state 1s found, it is not so obvious whether the difference in
the physical states provides different physical predictions.

Another approach to confirm the difference between the
two unimodular theories is to compare the observables.
In general, a physical observable must commute with every
first-class constraint [19], while the two unimodular the-
ories have different first-class constraints. If we can define
appropriate observables, it will be easier to compare
the two theories. Let us consider V, = f d*xsN dete as
an example of a candidate for the physical observable.
Here, s = sign(det ¢), and the integral is over the spacelike
surface parametrized by 7. In covariant unimodular gravity,
the Poisson bracket between V. and the Hamiltonian
constraint does not weakly vanish: {V,®'[X]|} =
[ @xsXNKE? % 0. This implies that, in quantum theory,
not all the constraints commute with V,, and a physical
state is not an eigenstate of V,. Hence, V, and the four-
volume [ drV, are not observables in covariant unimodular
gravity. On the other hand, in the original unimodular
gravity, the unimodular constraint Ndete —a =0 is a
second-class constraint. This means that N is not an
independent variable, and can be eliminated as N =
a(dete)™!. Therefore, V, = f d3xsa. In this case, the
Poisson bracket between V. and every first-class constraint
weakly vanishes. However, V. and the four-volume in this
theory should be regarded as constants associated with the
Hamiltonian and the Lagrangian rather than observables.
Thus, V, is not an appropriate quantity to compare the
two theories. To confirm the (in)equivalence of the two
theories, one needs to find some other quantities that can be
physical observables.

It is worthwhile to investigate how covariant unimodular
gravity is extended into loop quantum gravity. Both
covariant unimodular gravity discussed above and loop
quantum gravity employ real values of the Barbero-Immirzi
parameter . Therefore, one can expect that this theory can
be naturally extended into a full theory of loop quantum
gravity. Note that the symmetry-reduced models of covar-
iant unimodular gravity in the context of loop quantum
cosmology has been studied in Refs. [24-26].
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Another direction for future research is to investigate the
relation between the extended Kodama state (52) and other
physical states of unimodular gravity. In Refs. [27,28],
the Hartle-Hawking state, which is the solution of quantum
GR in the ADM representation, is interpreted as the
Fourier dual of the Kodama state. On the other hand,
there is also an argument that it is difficult to translate the
Hartle-Hawking state straightforwardly into the connection

representation [29]. The question of how these arguments
are modified in covariant unimodular gravity is left for
future study.
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