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Anomalous Hall conductivity of the holographic Z, Dirac semimetals
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The anomalous spin Hall conductivity in the holographic model of Dirac semimetals with two Dirac
nodes protected by the crystal symmetry has been elaborated. Such a system besides the chiral anomaly
possesses another anomaly that is related to the Z, topological charge of the system. The holographic
model of the system contains matter action with two U(1)-gauge fields as well as the appropriate
combination of the Chern-Simons gauge terms. We also allow for the coupling of two gauge fields via the
kinetic mixing parametrized by the coupling a. The holographic approach in the probe limit enables us to
obtain Hall conductivity. The aim of this work is to describe the phase transitions in the Z, Dirac
semimetals between the topologically trivial and nontrivial phases. Interestingly the anomalous Hall
conductivity plays a role of the order parameter of this phase transition. The holographically found
prefactor of the Hall conductivity in the topologically nontrivial phase depends on the coupling @ and the

Chern-Simons couplings.
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I. INTRODUCTION

Recently it has been argued that near the charge neutral-
ity point in two- and three-dimensional systems with Dirac
massless energy spectrum a strong interacting plasma (or
Dirac fluid) forms. The evidence of such kind of strong
interacting charged fluid was observed in experiments
indicating the violation of the Wiedemann-Franz law [1]
or the appearance of the viscous flow of charge carriers [2]
in the extremely clean graphene near the charge neutrality
point. On the theoretical side these facts initiated the
emergence of the holographic generalization of hydro-
dynamical approach to the aforementioned systems [3,4].
In order to quantitatively explain the experimental data on
the thermal conductivity of graphene, the holographic
model of strongly coupled plasma with two noninteracting
U(1)-gauge currents was proposed [5]. Two fields
bounded, respectively, with the electron and hole currents
in graphene with Fermi energy coinciding with the Dirac
point have been introduced. They allowed for the nearly
perfect agreement with experiments.
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The model has been further generalized [6] by allowing
for the interaction of two U(1)-gauge currents via a
so-called kinetic mixing term with a nonzero coupling
constant between two fields. The thermoelectric and
magnetotransport properties of graphene have been studied.
The Hall effect has been found in the standard geometry
with the magnetic field perpendicular to the graphene plane,
with the electric field and temperature gradients lying in
the plane but being perpendicular to each other. The
dc-transport coefficients were calculated by the introduction
of the axionic field, which provides a momentum relaxation
mechanism related to the finite mobility of carriers. The
auxiliary U(1)-gauge field played an important role and
affected the kinetic and transport coefficients via the param-
eter @, connected with the kinetic mixing term.

The holographic model with two interacting gauge cur-
rents predicts [6] that the increase of a-coupling constant
leads to the increase of the width of normalized thermal
conductivity with the parameter that bounds both U(1)
charges. Moreover, the dependence of the Wiedemann-
Franz ratio on the a-coupling constant results in the changes
of the width of curves and their heights. This dependence was
found to be valid for all charge densities. The dependence of
the Seebeck coefficient on the charge concentration for the
different values of mobilities was also studied, and a very
good agreement with the experimental data was achieved.

After the experimental discovery of the three-
dimensional analogs of graphene, the so-called Weyl and
Dirac semimetals [7], it became clear that besides the
relativistic massless spectrum the carriers in these systems
possess quantum anomalies. In the case of Weyl semimetals
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it is the chiral anomaly that at the quantum level shows up as
a nonconservation of the chiral charge. It has been also
revealed that the class of Dirac semimetals with two Dirac
nodes at the Fermi level separated in momentum space along
the crystallographic rotation axis besides the chiral charge
possesses another topological charge and the corresponding
anomaly. The underlying symmetry and anomaly, after [8]
we call the Z, anomaly and the corresponding systems
the Z, Dirac semimetals. These anomalies are related to
chirality and spin degrees of freedom of charge carriers in
Dirac cones. The detailed physical discussion of these issues
can be found in [8]. While the positive longitudinal charge
magnetoconductivity has been predicted as an experimental
verification of the chiral anomaly in Weyl semimetals, the
positive longitudinal spin magnetoconductivity is the pro-
posed [9] smoking gun of the Z, anomaly in the topological
Dirac semimetals.

The extension of the aforementioned analysis [5,6] of
transport in graphene towards three-dimensional Dirac
systems was provided in [10]. The hydrodynamical model
of the Dirac Z, semimetal was studied in the theory with
two interacting gauge fields. The implementation of chiral
anomaly and Z, topological charge [11] was taken into
account, where the topological charge was described by the
anomaly term in the additional gauge field sector. The
existence of Z, topological charge modifies equations and
leads to the appearance of the new kinetic coefficients
connected with vorticity and magnetic field of the aux-
iliary field.

In [12] the magnetotransport coefficients were found for
the five-dimensional Chern-Simons generalization of the
presented holographic model. The model in question
enables one to describe the holographic Dirac semimetals
with Z, symmetry and leads to the positive longitudinal
magnetoconductivity, at large B fields, with a small region
around B = 0 characterized by a negative magnetocon-
ductivity, being in agreement with some experimental data.
One also should remark that the model with two coupled
vector fields was used in a generalization of p-wave
superconductivity for the holographic model of ferromag-
netic superconductivity [13].

The holographic model of Weyl semimetal, which
encoded the axial charge dissipation effect, was elaborated
on in [14,15]. It has been revealed that varying the mass
parameter the model underwent a sharp crossover at a small
temperature from a topologically nontrivial state to a trivial
one. The holographic renormalization group flow was a
helpful device in the interpretation of the results, leading to
the restoration of the time reversal symmetry at the end
point of the renormalization flow in the trivial phase.

A. Motivation of the paper

The main motivation standing behind our studies is
to envisage how the quantum phase transition from a
topologically nontrivial to trivial phase looks like for the

Dirac Z, semimetals. It will be the key point to visualize
the role of the auxiliary U(1)-gauge field and especially the
coupling between the two gauge fields in question in
the studied process. Our holographic model possesses
the Chern-Simons and kinetic mixing terms, binding
various combinations of U(1)-gauge field strengths with
the adequate coupling constants. The topologically non-
trivial Z, Dirac semimetal phase will be characterized by
the appearance of spontaneous Hall conductivity. The
results can be interpreted in terms of the holographic
renormalization group flow.

In order to obtain the Hall effect in a topologically trivial
system one needs the magnetic field or to break the time
reversal symmetry by other means. One of the proposals,
presented in [14], is to have a closer look at the Weyl
semimetal with two Weyl nodes of left and right chirality,
separated in the wave vector space by a spatial vector b, (in
the present convention b,b* > 0). This separation causes
the breaking of time reversal symmetry. In the presence of
massive fermions M the parameter b separating Weyl nodes
along the z direction in momentum space gets modified to
the effective value b, which for the linear spectrum and

for b > M becomes by = Vb> — M?, while for |b] < M
the quantum phase transition to the gapfull state appears.
The resulting gap is given by A = vVM? — b%. The holo-
graphic model of the described system is provided by the
action [14]

12 1 B T .
S:/dxf’\/—g(R +§_1F"”Fﬂ —ZFLI)F@)#

a
+ 3 A (FUFR) +3F,,Fs0)

— (D,®) D' — m2c1>fq>), (1)

where the axial U(1) symmetry is represented by the gauge

field A” bounded to the field strength F'y). This field is
anomalous and it is the source of the Chern-Simons part of
the above action.

To better understand the above holographic action of the
Weyl semimetal and its later generalization to the Dirac
semimetal we shall present here some results on the
anomalous Hall effect in a condensed matter lattice of,
e.g., simple cubic symmetry (with lattice constant a = 1)
described by the Weyl Hamiltonian with two nodes at the
points ky, = (0, £b,,0)

H(k) = dx(k)gx + dy(k)gy + dz(k)gv (2)

with d, (k) = y,sin(k,), d,(k) = y,(cos(k,) — cos(b,))+
Ym(M +2 —cos(k,) —cos(k,), and d_ (k) =y,sin(k,).
The parameter M denotes the fermion mass [16]. The
band structure along the z axis for k, =k, = 0,7, =7, =

Y: = —Ym = —1 is shown in the left panel of Fig. I.
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Left panel shows the changes of the energy spectrum of the Weyl semimetal plotted for k, = k, = 0 with increasing the

fermionic mass M. In the right panel we show the dependence of the anomalous Hall effect on the mass parameter rescaled by its critical
value for a half-filled band. The full line represents analytical formula 2v/1 — x. Note that 6A”F vanishes when the system develops the
gap in the spectrum. The inset illustrates the detailed behavior of ¢*#F close to the critical value of M for a number of temperatures.

For M = 0 one deals with massless fermions. Valence and
conduction bands touch each other at Weyl points at
b, = *1. For the critical value of the mass, M, = 0.46,
the two bands touch each other at the single point at k, = 0,
and effective distance vanishes b = 0. For larger M the
system develops real gap and becomes topologically
trivial with a vanishing Berry curvature and vanishing
Hall conductivity. The right panel of the figure shows
the anomalous Hall conductivity [17] % =0, =
& LSk fa(K), where A enumerates the filled bands,
£,(K) is the equilibrium Fermi distribution function, Q%, is
the xz component of the Berry curvature tensor of the band
A, and N is the number of unit cells in a crystal. The right
panel of Fig. 1 shows the dependence of the Hall conduc-
tivity due to the Berry curvature on the mass term M. The
conductivity vanishes for M > M., signaling the transition
from topologically nontrivial to trivial material. The con-
ductivity of the half-filled band and for M = 0 is given by
the exact formula ¢47E = %Zby [18]. The inset shows the
detailed behavior close to M = M., for a number of
temperatures.

The nonequilibrium effects in Dirac semimetals with Z,
topological charge [8] require a suitable generalization of
the above model, which has been done in [11,12]. Two
different gauge fields were introduced, one of them coupled
to charge of fermions and the other related to spin degrees
of freedom. The low energy Hamiltonian describing inter
alia two materials argued to be Dirac semimetals and
possessing Z, charge, namely Cd;As, and Na;Bi, is
provided by the relation [8]

H = a(t*c%k, — °k,) + b(K)T* + O(K?), (3)

where a and b(k) are in general k dependent constants,
O(k?) denotes terms of higher order in k, 7' are Pauli
matrices acting on orbital degrees of freedom, while ¢’ are

Pauli matrices in the spin sector. It is seen that at low energy
the z component of spin is a good quantum number, as the
operator ¢° commutes with the low energy part of the
Hamiltonian (3). In Dirac Z, semimetals the separated
cones differ by spin degrees of freedom. On the holo-
graphic side the model requires suitable generalizations;
this is a subject of the present paper.

Neglecting the higher order corrections in a wave vector
in the Hamiltonian (3), describing a Dirac semimetal with
two Dirac cones protected by the rotational symmetry of
the crystal, one obtains

H = a(t*6°k, — ©k,) + b(K)7". (4)

As the Hamiltonian in question commutes with spin
operator o, its eigenvalues can be labeled by the eigen-
values of 6%, 1.e., s = %1. This fact enables us to conclude
that the Hamiltonian for each spin projection implies

H, = a(st'k, — 2'k,) + b(K)7*, (5)

being a 2 x 2 matrix. Using the standard low energy form
[9] for b(K) = mg — m k2 — m, (k% + k2) in the continuous
limit one notices that H, for each spin eigenvalue s = 1, |
contributes two Weyl nodes at kaV2 = (0,0, Cyr/my/my),
where C, = =1 denotes the Z, charges of the Dirac points.
Diagonalizing the Hamiltonian (5) one notes that the
spectrum does nor depend on the spin quantum number
s. To get the spectrum shown in Fig. 2 we have put
k, =k, = 0 and expanded b(k) near each of the nodes
to the linear order in k,. One finds ES(0,0,k,) =
F 2/mgmy (k, — Cy1/my/m,): the expression is plotted
in the figure for my = m; = 1. In equilibrium the nodes are
at E(0,0,k,) = 0; the additional shifts mimic the Z,
chemical potential difference in nonequilibrium with

E(kz) - ECZ(kz) — Hc,-
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FIG. 2. The spectrum of electrons in Dirac semimetal with two
separated Dirac cones shifted in energy by the Z, chemical
potentials +u,. Two Dirac nodes harbor different Z, charges C,
as indicated. As is visible from Eq. (5) both spin directions lead to
the same spectrum, which is thus spin degenerated.

Taking the spin degeneracy into account, one finds in
each of the nodes (differing by the value of Z, charge)
fermions with spin up or down and with chirality (+) or
(—). The eigenvalues of the Z, charge operator [8,9] are
related to the chiralities y = =1 of the spin up and down
electrons by C, = (y4 —x,)/2. It follows that the node
with Z, charge C, = +1 has spin and chirality (1, +1),
(,—1), while that with C, = —1 is composed of fermions
with (spin, chirality) quantum numbers (1,-1), (},+1).

Using the above phenomenological picture we propose
the holographic description of the Dirac semimetal. To this
end, and in analogy to the chirality in Weyl semimetals
[14,15] where the axial current js is related to the axial
charge ps, to treat the corresponding “axial part of the
current between the nodes” we introduce two fields. The
first denoted by F,, is standard Maxwell U(1)-gauge field,
and the other, which we call B,,, in the following, plays the
role analogous to F’ ,Sw present in Weyl semimetals, where
the charge and chirality are the only relevant quantum
numbers. In principle, we could introduce F’ fw and spin
tensor field [19] together with additional field playing the
role of F,,, in spin sector and use all four fields to calculate
transport properties of the system. Such procedure, which
would allow us to calculate, e.g., the inverse spin Hall effect
is beyond the scope of the present paper. Thus in the
analyzed Dirac semimetal, the field B, is the analog of the
field F3, in the Weyl semimetals with axial current.
However, in our approach the Z, charge related current
is induced by electromagnetic gauge field F,,. The
calculated below anomalous Hall effect is related to the
spin degrees of freedom and is more properly called an
anomalous spin Hall effect. The word “anomalous” is
related to the fact that it is intimately related to the vector

b and not due to the magnetic field B, which also breaks
time reversal symmetry. The magnetic field in Dirac
semimetals with separated Dirac nodes is another source
of the Hall effect and spin Hall effect, e.g., in the presence
of spin dependent scatterings.

In the presence of external electric field E there is a shift
of the nodes with a given Z, charge in energy and with
applied magnetic field the spin current proportional to the
B field is expected to appear in the system. The separation
of the nodes in wave vector space in the presence of the
electric field contributes to the appearance of standard
Drude current along the field and additional spin current
perpendicular to the node separation vector b, unless E is
along b.

In what follows we shall also focus on the role of the
coupling constant between fields F,, and B,,. The cou-
pling a between the aforementioned gauge fields, in the
considered action (6), provides an additional degree of
freedom. Physically it could be related to the scattering
processes. Contrary to the low-energy physics described by
the free particle Hamiltonian, the holographic approach
takes strong interactions into account.

The paper is organized as follows. In Sec. II we present
the basic assumptions and equations of motion for the
model in question. Section III is devoted to the Hall
conductivity caused by the elaborated gauge fields. In
Sec. IV, we derive the equations constituting the description
of the longitudinal conductivity. Section V is dedicated to
the numerical solutions of the underlying equations of
motion, paying special attention to the role of the a-
coupling constant and the influence of Chern-Simons terms
on the physics of the studied phenomena. Section VI
concludes our studies. In the Appendix we present some
comments concerning the boundary currents in the under-
lying theory.

II. HOLOGRAPHIC MODEL

Topological semimetals being novel quantum states of
matter can be classified in main two groups [20-22]. The
first one, in which the Dirac points fall out at time reversal
invariant momenta in the first Brillouin zone and the other
one for which the Dirac points happen in pairs, separated in
momentum space along a rotation axis. The latter one is
characterized by a nontrivial Z, topological invariant,
leading to the emergence of Fermi arc surface states,
connecting projections of the node locations on the
Brillouin surface. In [8] it was revealed that this kind of
Dirac semimetals exhibited, in addition to the chiral, the Z,
quantum anomaly. For the sake of completeness we add
that each of the above groups of semimetals can break the
Lorentz invariance and be further considered as being of
type Lor type II. Type Il semimetals are characterized by the
overtilted Dirac cones [23] and the existence of electron
and hole pockets and thus finite density of states at the
Dirac/Weyl point. In type I systems the cone can also be
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tilted, but the density of states vanishes at the node. Besides
the above systems a special class of topologically nontrivial
materials, a so-called nodal line semimetals [24] exists in
which nodes appear along the closed line in the wave
vector space.

The quantum model in question was described in terms
of AdS/CFT correspondence [12], where the bulk action
describing the system with chiral anomaly and Z, topo-
logical charge was studied in the context of magnetic
conductivity. The key point in our model is the various
combinations of gauge Chern-Simons terms mimicking the
quantum properties of the system in question, i.e., relations
among the indexes for spin, Z, charge, and chirality in
topological semimetals.

The action is provided by

12 1 1
Sy, = / dxs,/_—g<R+ﬁ—ZFmF’”—ZBWB’”

- gFﬂDB”” n % A, F,

BB, B+ 5 A F B,

+ % e””/"STBMF,/pB57> . (6)

The existence of the kinetic mixing term « has its origin
in the cosmology where the two fields are interpreted as
visible and dark sectors. The cosmological data related to
the abundance of visible and dark matter in the Universe
constrain the value of a to be much less than unity (¢ < 1).
In the studies of thermal transport properties of graphene
the two fields were introduced as a representation of two
sorts of carriers existing at finite temperature at the charge
neutrality point [5] and shown to lead to quantitatively
correct holographic description of the thermal conductivity
of the graphene. The mixing between two fields studied in
[6] allowed for additional improvements. The condensed
matter applications do not lead to such a strong constraint
on its value as cosmological arguments. However, even
though the calculations show that |a| < 2, we generally
consider here 0 < a < 1. We adopt this limitation in the
present work. Moreover, it turns out that the conservation
law of the vector current requires that a; = a3 = 0 (see the
Appendix).

The transport properties of the model (6) have been
studied earlier using the hydrodynamic and holographic
approaches [11,12]. We paid special attention to the chiral
anomaly and Z, topological charge. The Chern-Simons
parameters a; have been shown to be directly related to the
corresponding chiral anomaly parameters C; and to affect
the magnetotransport characteristics of the material by
introducing novel kinetic coefficients related, e.g., to the
chiral magnetic and chiral vortical effects. The ability of the
model (6) to provide the correct description of the magneto-
transport of the Dirac system in the hydrodynamic regime

[11,12] is the main motivation of its use to describe
anomalous Hall conductivity in the holographic approach
and the topological to trivial system phase transition with
increasing the mass M. Properties of the Dirac and Weyl
semimetals have been studied, for the noninteracting
systems, by means of standard condensed matter tech-
niques. On that level the Berry phase and the topology of
the Fermi surface are responsible for the monopolelike
singularity of the Berry connection that mimics the effect of
Chern-Simons terms and chirality [25].

A. Equations of motion

The main objective of our paper is the action provided by
§=S8z + / dx*\/=g(—(D,®)' D'® — m*®'®), (7)

where the scalar field ® appearing in (6) is charged under
B, gauge field, i.e.,

Duq) = (a;t - iquﬂ)(I), (8)
where ¢, is the charge connected with the auxiliary gauge
field. The scalar mass is chosen in such way that it fulfils
the Breitenlohner-Freedman limit, i.e., the bulk mass
satisfies the condition m? = —3.

In the holographic model the presence of gauge Chern-
Simons terms (gauge curvature) justifies the breakdown of
U(1)-gauge symmetry. The four different terms are forced
by the charge and spin degrees of freedom in the considered
Z, Dirac semimetal. In the calculations below we keep all
four coupling constants «; to have general nonzero values.
However, in the Appendix we elaborate on the conservation
of currents in the presence of an anomaly and show that
there exist constraints on the allowed values of these
parameters.

We also consider the symmetry breaking by the nonzero
mass term connected with a non-normalizable mode of the
charged scalar field. It is worthwhile to remark that the
aforementioned influence of Chern-Simons term and sym-
metry breaking by a nonzero value of gauged scalar field
was elaborated in [26].

In what follows, our convention is €% =1 and
® = ¢(r). The equation of motion for the U(1)-gauge
fields with a scalar field charged under B, gauge field can
be written as

a 2
V F% + > VB + a,e/"PF,F 5 + §a3eﬂ"”/’5Fﬂpr5

+ % /B B 5 =0, (9)

On the other hand, for the auxiliary B, field strength one
arrives at the relation

086022-5
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a 2
vaBaﬂ +5 V{IFII/)' + azeﬂﬂbﬂ(sBMDBﬂ(S + §a4€ﬁﬂypﬁBl4DFﬂ5
+2 3 S PO F 5 — 24547 BP = 0. (10)

In the next step we can get rid of the terms with the
a-coupling constant and finally get

v 4 4 OB, B+ —eﬂﬂ"ﬂﬁF JF s
+5€ﬁﬂupéFﬂpr5:0’ (11)

where the coefficients &; are given, respectively, by

- ay aa) - aa3
o :———’ o = QA _——,
1 3 6 2 1 6
2 aay o’
=y ——, a=1-—. 12
a3 3% 3 a 4 (12)

As mentioned earlier the conservation law of the vector
current requires a; = a3z = 0 (for the detailed discussion of
the constraints on coupling constants, from the point of
view of gauge-current conservations, see the Appendix).

The same procedure of obtaining equations of motion
can be applied to the additional gauge field. It reveals the
following relation:

\V/ Baﬂ+ﬂ‘ ﬂMDP5F JF 5+ﬂ2 ﬁ”ypéBﬂpra

a
ZBﬁ
ﬂ3 e/"””/”sB oF s qudi =0, (13)
where f; read
- a3 aa ~ aa ~ 2 ao
b :?3—71, Pr=x —?41 Ps =§O’4—T3- (14)

The scalar field equation charged under B, field fulfils the
following equation of motion:

V, Vi — G3¢B,B* — m*p = 0. (15)

In our consideration, as the background metric we take
the line element of anti-de Sitter (AdS)-Schwarzschild
five-dimensional black brane

d2
rf(r)’

ds? = r*(—f(r)df* + dx* + dy* + dz*) + (16)

where f(r) =1 - ;—§ and ry is the radius of the black brane
event horizon, related to the Hawking temperature by
T = ry/x. We shall work in the probe limit, neglecting
the spacetime metric tensor fluctuations.

III. ANOMALOUS SPIN HALL EFFECT IN THE
HOLOGRAPHIC DIRAC SEMIMETAL

To commence with, in this section we consider the case
when the B, field will constitute the background field and
one will elaborate the A, field as the fluctuations on the spin
U(1)-gauge field background. As in [8], we introduce the
vector field (in the present notation b,), which in the weak
coupling description couples to the Dirac fermions. In what
follows, without loss of generality, we assume

b=bé, (17)
and correspondingly, in the holographic model, take the z

component (B,) of the background field. The background
field equations of motion are provided by

"(r 2% (r)B,(r
() S
NI N X
¢()+¢()<r+f(r)> w0 (%50 )
(19

The boundary conditions are given by the Dirac cones
separation parameter b and the fermion mass M parameter,
respectively

limB_(r) = b, limrgp(r) = M. (20)

r—o0 r—-o0

Note, that in this respect both Weyl and Dirac systems
are not distinguishable, both the nodes are separated by b.

A. Hall conductivity

Our main task will be to find the Hall conductivity, using the
Kubo formula given by 6,,=1lim,_:=(J,.J;) 0 (@.k=0).
In the holographic approach the Green function can be
found by studying fluctuations of the gauge fields, dual to
the currents, around the considered background line
element, with respect to the in-falling boundary conditions
at the event horizon of the studied black brane spacetime.
Namely, one finds the mode equations with the solutions
equal to 1 at the boundary. For timelike momenta the
solution should have an asymptotic expression envisaging
the incoming wave at the event horizon, while for spacelike
momenta the solution ought to be regular at the horizon.
Only contributions from the boundary are taken into
account, surface terms corresponding to the event horizon
are dropped out. This part of the metric influences the
Green function in question only by boundary conditions
imposed on the bulk fields [27,28].

As in [14] the retarded correlation function can be
calculated having in mind the fluctuations of the adequate
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fields above given background. Let us consider Maxwell
U(1)-gauge field fluctuations provided by the following:

OA, = a,(r)e™", SA, =a

y(r)e™@. (21)

In the next step one defines the quantity binding b, (r) and
by(r) in the form as

ay(r) = a,(r) £iay(r). (22)

It leads to the following form of the underlying
equations:

a’l(r)+ax (; + 7

2

3 f'(r)>

& B.(r)

A =

ai(r)=0. (23)

After a convenient parametrization

a, = f(r)e_ﬁ(a(io) + a)agtl) +...), (24)

we obtain the relations for zero and first order expansions
in w

o, (3, (N o _
A2+ () = >
@V+(§+ﬁg)ﬁy
_L<3f(r)’+f”(r)> ©
S \rf(r) " f(n)
i f(r)" (o azw BL(r) (o)
T R A TR

The regularity condition near the black brane event horizon
leads to the conclusion that the solution of Eq. (25) is given

by af) = ay, where q is a constant. On the other hand,
the integral constant method applied to the relation (26)

implies

m _ / o0 a9
a,’ =-— dy
* WY f)

0

iv3F! P
x {%O(y)‘ irg F %(Bz(y) —Bz(ro))]. (27)

The Green function implies

Gi(r)=w [iro + 4% (b - Bz(ro))] . (28)

Having in mind relation (28), one gets that

GO M) @)

Oy =

The first term in Eq. (29) originates from the Chern-Simons
gauge term contribution to the currents (it constitutes the
Bardeen-Zumino-like polynomial contribution). In order
to obtain the correct charge conserving definition of the
current and accurate value of the appropriate kinetic
coefficient, one ought to subtract it [28]. On this account,
at leading order in @, we achieve the following relation:

4o
Crall = 7331@0). (30)

We remark here that the general value of @; found earlier
reduces to @3 = —% if the constraints found in the
Appendix are taken into account. On the other hand, the
conductivities in x and y directions imply, respectively,

Opx = Oyy = 1. (31)

IV. LONGITUDINAL CONDUCTIVITY

This section will be devoted to the longitudinal electric
conductivity at zero density. We shall consider the fluc-
tuation in the background, which does not source other
modes at zero density. The fluctuation of the charge gauge
field is of the form

SA, = v (r)e", (32)
"(r o’v,(r
VI(r) 4+ i(r) (% +J;”((r))) + r4f§((r§ =0. (33)

The same consideration as in the previoous sections lead to
the conclusion that in the @” order yg ) = ko, where kg is
constant. On the other hand, in @' order we have

1y 3 f/(r) (1y _L 3f/(r) f”(}") (0)
e <?+ f(r)>”Z ~4n, (rf(r) i f(r)>yZ
i f'(r) oy
T

(34)

Thus the solution is provided by

W[ ke ()
v, = / dxx3f(x)( 4r, zr0>. (35)

o

The form of the above relation implies that the component
of the conductivity 6., = rq. Its value does not depend on
the considered gauge field, but on the background geom-
etry. Namely, the radius of the black brane event horizon.
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V. NUMERICAL RESULTS

Let us now turn our attention towards the numerical
solutions of the equations that had been derived in the
former sections. The background spin U(1)-gauge field
condensation leads to two coupled ordinary differential
equations. We solve them by virtue of a shooting method,
with the adequate boundary conditions (20) to be fulfilled
on the r — oo boundary. The initial values of the fields
¢(ry) and B,(r() are our shooting parameters, moreover
their derivatives are specified by the equations of motion.
Therefore our boundary value problem is translated into the
initial value problem with the additional constraint equa-
tions on the r — co boundary. These constitute a simple
pair of algebraic equations, with the initial field values as
variables. The resulting equations are sequentially inte-
grated with a standard Runge-Kutta-type method, with
initial values correction in each step, until the satisfying
precision is achieved. We have used the Newton-Raphson
method for minimizing the conditions on the AdS space-
time boundary.

In Fig. 3 we depicted the solutions of Egs. (18) and (19)
for the scalar field ¢ and the background gauge B, as
functions of renormalization group flow coordinate, i.e., the
radial coordinate r of our AdS spacetime. For the coupling
constant a = 0, they are given by solid lines, while for
a = 0.4 by dotted lines. We can observe that scalar field
solutions for a = 0 are slightly below the ones with a # 0.
On the contrary, B, solutions, responsible for the conduc-
tivity, with @ = 0 are visually hardly distinguishable from
the solutions with a # 0.

As the holographic direction can be understood as
changing the energy scale, the obtained profiles for
B_(r) and ¢(r) illustrate the changes of the fields due to
the alternation of energy scale from low to high values. The
detailed behavior depends on the ratio M/b. For small
ratios M /b the scalar field first starts growing with growing
r then there is a value of r coordinate for which the situation

4.0 1
3.5 1 M/b
— 0.025
301 — 0375
25 — 0.550
— — 0.750
=~
= 201 — 0.875
L5 ] — 1125
9 —— 1500
1.0 1 1.875
0.5 1
0.0

10! 10? 10% 10*
T

(a) Scalar field

FIG. 3.

changes and its value decreases to zero. For the values of
M /b bigger than the critical one (see below) we observe the
continuous decrease of the scalar field towards zero value
with increasing r in such a way that the boundary condition
(20) is satisfied. The bigger is the ratio M/b, the larger
maximal value of ¢(r) for r close to the horizon one
achieves.

On the other hand, the gauge field envisages the
monotonic growth tendency, i.e., B,(r) is growing towards
its limiting value b as r — oco. The bigger M /b is taken into
account, the smaller value of B_(r) deep in the interior of
AdS spacetime one obtains. Next, for all the studied cases
of M/b, they attain the same UV value. The UV limit is
obtained earlier for smaller M/b ratios. As in [14], the
limiting B_(r) value is connected with the Hall conductivity
and it authorizes the holographic analog of bg-.

A. Influence of a coupling

In Fig. 4 we plot the normalized anomalous spin
Hall conductivity 6y, = Goy./4d3b, calculated from
Eq. (30), as a function of fermionic mass M and temper-
ature 7. The normalization makes 64,; a dimensionless
quantity. This normalization is convenient as it does not
require fixing the values of the couplings constants of
various Chern-Simons terms.

The nonzero Hall conductivity corresponds to the
topologically nontrivial phase of the system and thus serves
as an order parameter of the considered phase transition. By
increasing the mass M one drives the system towards a
quantum phase transition into a topologically trivial phase.
For low temperatures the characteristics are steep and
conductivity drops to zero around M /b ~0.72. If one
increases the temperature the phase boundary is not so
sharp any more and the conductivity profile stretches.
Moreover, at elevated temperatures the nontrivial topologi-
cal state persists to larger values of mass. In the particular
case of Fig. 4 we use b =8 and a = 0. We do not plot

10" 107 10° 10*
T

(b) The gauge field z component

Background fields as a function of renormalization group flow coordinate. Solid lines represent solutions with a-coupling

constant equal to zero, while dotted ones illustrate the @ = 0.4 case.
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OHall

0.00 0.25 _
0.50 0.75
B 1.00

M/

Ym0 g 0.1

FIG. 4. Normalized anomalous Hall conductivity &y, =
acya/40sb from the relation (30) as a surface plot with mass
M and temperature 7T as variables. We set b = 8 and a = 0.

surfaces for alternative a-coupling values because they
would be hardly distinguishable.

Figure 5 presents such dependence. The normalized Hall
conductivity is plotted as a function of mass with constant
temperature for different values of @ parameter. It can be
seen that the presence of the kinetic mixing term causes the
decrease of the critical point (M/b);. Also the conduc-
tivity slightly decreases, especially in the steep region of the
curve in the vicinity of the quantum phase transition point.
This effect is subtle but observable. It can constitute the key
point in identifying the existence of the a-coupling constant
between two sectors of U(1)-gauge fields.

At this point it will be instructive to examine more
carefully the transport coefficient, at lower temperature, as

well as its dependence on the relative ratio of the mass M
and temperature 7. As we have alluded in the introductory
discussion, the mass M and the parameter b define a gap in
the Dirac semimetal spectrum. It constitutes the relation
between the gap in the spectrum and temperature, which
affects the observation of the true phase transition. The
smooth behavior of the Hall conductivity at high temper-
atures has already been observed in Fig. 4.

To commence with, let us investigate the critical behav-
ior of the system near the quantum phase transition point,
driven by the change of b/M scale. As one goes down with
the temperature, the smeared tail of Hall conductivity (as it
is seen in Fig. 5) vanishes and the phase transition becomes
sharp. Naturally in our theoretical setup we cannot achieve
the exact zero temperature, as we work in the probe limit
and use the gravitational background of a black brane with
defined Hawking temperature instead of a gravitational
soliton metric. Nevertheless we can lower the temperature
to the point that allows us the approximate analysis of the
critical behavior of the order parameter. To obtain quanti-
tative information we fit the anomalous Hall conductivity
close to the critical point by a power law in the form

o~ (b/M = (b/M) ). (36)

Similar analysis for the closely related model has been
already done in [29] in the context of holographic dis-
ordered Weyl semimetal. However, the presence of «
coupling is interesting from the perspective of the phase
transition analysis in the Dirac semimetal. The results are
presented in Fig. 6. It can be clearly seen that the quantum

1.04—
7T /b=10.25
0.81
(e}
— 0.61 — 00
5 — 0.1
la) —_— 0.2
0.4 — 0.3
— (.4
0.5
0.2
0.0 B
02 04 06 08 10 12 14 16

FIG. 5.

M/b

Normalized anomalous Hall conductivity profile versus fermionic mass for different values of a coupling. The figure presents

an exemplary slice for constant temperature from Fig. 4. One can notice that the kinetic mixing term decreases the conductivity in a
topologically nontrivial phase, especially in the steep central region of the characteristics.
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0.7 1 «
| — 0.00
0.6 — 0.05
0.5 — 0.10
=3 — 0.25
=041  —— 050
s :
0.3
0.21
0.11
0.0
1.0 12 14 16 18 2.0

b/M

FIG. 6. Anomalous Hall conductivity as a function /M scale
calculated for temperature z7/M = 0.1. The phase transition is
quite sharp, with a delicate tail for b/M < (b/M).;. The
presence of a-coupling shifts the critical value of the holographic
scale parameter.

phase transition point (b/M),;, is influenced by a. The
value of (b/M), clearly grows as the coupling increases.

The value of the critical exponent = 0.213, calculated
at temperature z7/M = 0.1, is in quite good agreement
with the previously obtained zero temperature result f =
0.211 [15,29]. It has to be mentioned that the field theory
model predicts standard mean field value = 0.5. We shall
also like to add that in the present approach all other
components of conductivity tensor are given by rq o T.

We also investigated the anomalous Hall conductivity as a
function of M /T scale. Interestingly it features two different
behaviors. For small values of M /T the function follows the
power law, while for the bigger values of the mass (or smaller
temperature) it behaves exponentially, see Fig. 7. It has to be
noted that similar behavior has been observed by Ammon
and coworkers [29]. This scaling dependence is observed at,
or in the vicinity of, the critical point. The coupling a mainly
changes the position of the critical point, as is visible in
Fig. 6. This explains our numerical observation in Fig. 7 that
the scaling of the Hall conductivity is essentially indepen-
dent on the coupling constant a.

In the next step, we focus on the properties of Hall
conductivity calculated using Egs. (18) and (19). To begin
with, let us first discuss the behavior of o,,, given by
Eq. (29). We take b = 8 and g, = 1 and ignore the constant
factor originating from Chern-Simons couplings, consid-
ering the normalized conductivity on its own. In this way
we can extract the influence of @ coupling on the holo-
graphic Hall conductivity as a function of the fermionic
mass to the gap ratio.

Consequently, let us consider the following dimension-
less ratio:

O'iy (a, T,M) — Ji), (0,T,M)

bo(a.T. M) = o1 (0.7, M) ’
Xy s Ly

(37)

10—1<

O Hall

10—2<

3 4 5 6 7 8910 20 30 40

M/T

FIG. 7. A log-log plot of anomalous Hall conductivity versus
M /T scale calculated for the value b/M =~ 1.399, being very near
the critical value, for a given a. One can see two different
behaviors in the quantum critical region, a power law function for
small M/T, i.e., high temperature and exponential dependence
for higher masses or lower temperatures. This behavior is
unaffected by the a-coupling parameter, which only enters the
position of the critical (b/M)

crit*

dependent on the coupling parameter «, temperature 7', and
fermion mass M. For simplicity we omit the indices, thus
é6(a, T,M) = 60,,(a, T, M) in the text and in figures. The
following two figures present the Hall conductivity ratio
bo(a, T,M) for two different scenarios. In the first one,
presented in Fig. 8, we fix the a-coupling constant to o =
0.4 and increase Hawking temperature. It can be observed
that for low temperatures the coupling constant causes a
strongly peaked shift in the Hall conductivity around a
specific mass to gap ratio. With increasing temperature the
peak blurs away due to thermal fluctuations. Apparently,

0.4
7T /b

1/8
2/8
3/8
4/8
5/8

0.3 1

do(a, T, M)

0.1+

0] S

0.00 025 050 075 1.00
M/b

125 150 175  2.00

FIG. 8. The conductivity shift ratio defined in Eq. (37) as a
function of normalized fermionic mass, calculated for a number
of temperature values. The coupling parameter is fixed to
a = 0.4. The function is strongly peaked in the low temperature
around the point M /b ~ 0.715.
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0.4 — 00
< — 01
= — 02
~ 031 — 03
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£ 024 00

0.1 !
0.0 1
00 02 04 06 08 10 12 14

M/b
(a) 7T/b=1/8

0.08 1
0.06 1 — 0.0
g — 01
=
5 004
S
o
0.02 {
0.00 {
00 02 04 06 08 10 12 14

M/b
(b) 7T/b = 3/8

FIG. 9. The ratio do as a function of mass parameter M /b calculated for a number of couplings a. Both panels present the same
function although for different temperatures. In (a) the conductivity ratio at z7/b = 1/8 and for a = 0 is strongly peaked around
M /b = 0.715. The holographic approach supports an intuitive conclusion, that the rise of temperature smears the peak, as visible from

(b), which has been obtained for z7/b = 3/8.

the position of this peak coincides with the point of
quantum phase transition, observed here, at finite but
low enough temperature, see Figs. 4, 5, and especially 6.
The imprints of the interactions between the considered two
U(1)-gauge sectors, mediated by a, are the strongest in the
vicinity of the critical point.

On the other hand, one may fix the temperature and vary
the coupling strength parameter, which shows us the similar
picture seen from a different perspective. Figure 9 presents
the conductivity shift ratio as a function of M/b. Once
again we can see that it is peaked near specific values of
M/b with the peak position and its magnitude visibly
dependent on a. Namely, at this point one has that, the
larger the value of the a-coupling constant that we take into
account, the bigger o one achieves. It is worth to recall that
the noninteracting system is expected to have the critical
value of M /b = 1. This large renormalization of the critical
value is attributed to strong coupling effects taken into

0.715

0.0 0.1 0.2 0.3 0.4 0.5
«

FIG. 10. The dependence of the critical value of M /b on a. The
points are the numerical values deduced from the low temperature
plots similar to that in Fig. 5, while the continuous curve is a
parabolic fit to the points.

account by holographic approach. It is also worth to note,
that similarly large renormalization of the critical value of
the mass has been achieved in the lattice model, where it
can be attributed to the nontrivial energy spectrum. The
critical exponents, however, remain of the mean field
variety, contrary to their holographic values. For the higher
values of the temperature (right panel of the Fig. 9) the
transition changes into crossover which is not so sharp and
6o takes on small but nonzero values for M /b well above 1.

It is well visible in Fig. 9 that both the do and the critical
value of M/b depend on the coupling a. To learn more
about this dependence we first numerically establish the
dependence (M/b),,(a). For this we have defined these
critical values from the low temperature plots of oy,
as function of M/b, similar to those shown in Fig. 5.

0.35 A
0.30
0.25 4
0.1
— 0.2
2 0.20 A 0.3
Sy 0.4
&l 0.151 0.5
<
0.10 4
0.05 4
000l , , , , , i
-0.6 —-04 —0.2 0.0 0.2 0.4 0.6 0.8
(M - Mcrit)/b
FIG. 11. The data from Fig. 9(b) rescaled according to Eq. (38),

with n = 2. The rescaled conductivity ratios tend to one curve.
However, the simple integer power n = 2 does not lead to the
collapse of data onto the single curve. A slightly different power
2.03 < n < 2.04 leads to much better convergence of the curves,
nevertheless it is still not ideal.
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The numerical points and the parabolic fit to them are
shown in Fig. 10. The dependence is approximately
quadratic with (M/b) (@) = (M/b);(0) — aa?, and a ~
0.093 is a numerical factor.

The defined critical points have been used to find if the
amplitude of do also scales as second power of a. The
expected scaling may be written as

ola,T,M)—0c(0,T,M)
6(0,T,M)

~a', (38)

where the expected power n equals to 2. To check this
supposition we replotted the conductivity ratio from the
Fig. 9 divided by o® versus the shifted parameter
M/b— (M/b)(a). The result is depicted in Fig. 11.
The scaling with power n = 2 is only an approximate one.

VI. CONCLUSIONS

Our theory describes the holographic scenario of the
quantum phase transition in Z, Dirac semimetals, from the
topologically nontrivial to the trivial phase. This system has
been modeled by the action with Chern-Simons terms
binding various combinations of U(1)-gauge field
strengths with adequate coupling constants. The important
ingredient, which we paid special attention to, is the direct
coupling between both fields. The coupling constant o
between two gauge fields, corresponding to charge and spin
degrees of freedom in Dirac semimetals with chiral
anomaly and Z, charge, has a relatively small but well
visible effect on the studied topological phase transition.
Both the critical value of the M /b and the magnitude of the
Hall conductance do change with «, but even if the changes
are relatively small the effect is probably measurable.

Defining the dimensionless ratio of Hall conductivities,
by the relation (37), we observe that for low temperatures
the mixing between both considered fields causes the
strongly peaked shift in the studied Hall conductivity.
On the contrary, fixing the temperature and varying the
coupling strength parameter, one analyzes the conductivity
as a function of M/b. It can be noticed that the critical value
of M /b at which the phase transition happens depends on
the value of a-coupling constant.

In the case of the longitudinal conductivity we have
found that it is independent on parameters M and b.
Namely it has the constant value o, =0, =0, =
ro = zT. Such linear dependence on temperature is char-
acteristic for the gapless topological phase.
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APPENDIX: CONSTRAINTS FROM THE
CURRENT CONSERVATION

Now we pay some attention to the analysis of the
boundary currents bounded with the Chern-Simons terms
in the underlying theory and the conservation of currents. In
order to obtain some constraints on the coupling coeffi-
cients we shall study currents in our theory, i.e., one
expands the holographic action about fixed background
gauge fields of the foom A, — A, +A,,B, —» B, + 6B,
to the second order in fluctuations [30]. After tedious
calculations one finds that the variation of the action can be
grouped into parts, one connected with the bulk action,
which is responsible for the equations of motion, and the
boundary part from which we get expressions for the
searched currents. They yield

5S(gauge) a
alF)= — /= For L~ gar
P = YRR
rafys 4 2 2
+e€ §(11AﬂFy5+§a3AﬂB},5+§a4BﬂB},5 s
(A1)
5S(gauge) a
a(B) = — /=al B +ZFar
T =, | LY IR

’“ﬂy‘sé—lBB %AF %BF
+e€ 3(12 Vi y5+3a3 B },5"—3(14 sy

r—o0

(A2)

The important point is that in both currents we have a
mixture of gauge fields. The current J*(F) above corre-
sponds to the charge current in the system and thus should
be conserved. This immediately leads to a; = a3 = 0. On
the other hand, the current J*(B), which we interpret as the
spin current does not vanish and is related to the Z,
anomaly of the studied model.

There is no obvious constraints on the couplings @, and
ay. In this context we add the following comment. It may be
recalled that the appearance of the Chern-Simons terms,
similar to those encountered in the action (1), has been
discussed for the (2 + 1)-dimensional condensed matter
system [31,32]. The couplings have been found to depend
on the lifetime 7 of the fermions in the system. On the other
hand, the lifetime changes with the strength of disorder,
electron-phonon interactions, etc. If a similar physics is
realized in the considered Z, Dirac systems, then the
mentioned couplings may be system dependent.
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