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In this paper, we generalize Jordan-Lee-Preskill, an algorithm for simulating flat-space quantum field
theories, to 3 4+ 1 dimensional inflationary spacetime. The generalized algorithm contains the encoding
treatment, the initial state preparation, the inflation process, and the quantum measurement of cosmological
observables at late time. The algorithm is helpful for obtaining predictions of cosmic non-Gaussianities,
serving as useful benchmark problems for quantum devices, and checking assumptions made about
interacting vacuum in the inflationary perturbation theory. Components of our work also include a detailed
discussion about the lattice regularization of the cosmic perturbation theory, a detailed discussion about the
in-in formalism, a discussion about encoding using the Hamilton-Kabat-Lifschytz-Lowe-type formula that
might apply for both dS and AdS spacetimes, a discussion about bounding curvature perturbations, a
description of the three-party Trotter simulation algorithm for time-dependent Hamiltonians, a ground state
projection algorithm for simulating gapless theories, a discussion about the quantum-extended Church-
Turing thesis, and a discussion about simulating cosmic reheating in quantum devices.
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I. INTRODUCTION

Cosmic inflation is probably the most famous paradigm
describing the physics of the very early universe immedi-
ately after the big bang. Based on solid predictions from
general relativity and quantum field theory in the curved
spacetime, the theory of cosmic inflation successfully
describes a homogenous and isotropic universe measured
by the cosmic microwave background (CMB) and large
scale structure (LSS). In the standard theory of inflation, the
exponential expansion of the universe is driven classically
by a massless scalar field, so-called inflaton, leading to a
map of thermal CMB photons, while cosmic perturbations
above classical trajectories of the inflaton are predicted by a
usually weakly coupled quantum field theory in the nearly
de Sitter spacetime (see references about cosmic inflation
[1-22]). Moreover, the complete description of the history
of the universe after inflation, include reheating [23-28],
electroweak phase transition, baryogenesis [29-32], etc.,
might be related to the consequences of inflation. A similar
exponential growth paradigm is also happening in the late
histories of the universe: the dark energy [33-35].

From its beginning, the theory of cosmic inflation with
its corresponding cosmic perturbation has obtained great
achievement in predicting cosmological observations.
However, there is still a large number of open problems
remaining for our generations, making it yet an active
research direction both in theory and in observations. Until
now, inflation is not fully confirmed by observations (for
instance, lacking a relatively large tensor-to-scalar ratio

2470-0010/2021/104(8)/086013(34)

086013-1

makes it relatively difficult to get distinguished from other
theories). Even if the theory is correct, we still do not know
what the precise dynamics of inflaton and other possible
particles in the very early universe is. A more accurate,
quantitative picture after inflation is not fully understood.
Theoretical discussions about a full quantum gravitational
description of de Sitter space are still ongoing, with the help
of technologies from string theory, holography, and
AdS/CFT [36-44]. A full resolution of a possible cosmic
singularity and a comprehensive analysis of de Sitter
quantum gravity might rely on more precise, hardcore
progress about string theory and Planckian physics, which
are still in active development [45].

On the other hand, the rapid development of quantum
information science provides a lot of opportunities for the
next generation of possible computing technologies, and
many of them also belong to fundamental physicists. At
present and also in the near future, we have the capability to
control 50—100 qubits and use them to perform operations,
but the noise of quantum systems limits the scale of
quantum circuits [46,47]. In the long run, we hope to be
able to manufacture universal, fault-tolerant quantum
computing devices that can perform precise calculations
on specific problems and achieve quantum speedup. As
high-energy physicists, we hope that future quantum
computing devices can be used in the research of high-
energy physics. Therefore, designing and optimizing quan-
tum algorithms for a given high-energy physical process
has gradually become a hot research field [48-52]. At the
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same time, designing quantum algorithms for basic physi-
cal processes also has far-reaching theoretical significance.
According to the quantum-extended Church-Turing thesis,
any physical process occurring in the real world can be
simulated by a quantum Turing machine. Therefore, study-
ing quantum algorithms for simulating physical processes
can help support or disprove the quantum-extended
Church-Turing thesis. In practice, designing and running
quantum algorithms from fundamental physics could also
help us benchmark our near-term quantum devices.

In this paper, we initialize the study on extending the
Jordan-Lee-Preskill algorithm for particle scattering [48,49]
towards inflationary spacetime. The Jordan-Lee-Preskill
algorithm is a basic paradigm for simulating quantum field
theory processes in a universal quantum computer. The
algorithm constitutes encoding, initial state preparation, time
evolution, and measurement. The algorithm is designed to
run in the polynomial time, scaling with system size,
consistent with the quantum-extended Church-Turing thesis.
Here in this work, we discuss the extension of the algorithm
from particle scattering and evaluation of scattering matrix in
flat-space quantum field theory, to the computation of
correlation functions of scalar fields in the inflationary
background, connecting with the observables of CMB and
LSS we discuss in cosmology.

In modern cosmology, the cosmic perturbation theory is
constructed by a massless, weakly coupled quantum field
theory living in a nearly de-Sitter spacetime, written in the
Friedmann-Robertson-Walker (FRW) metric. The free
theory describes a Gaussian perturbation above the thermal
spectrum of the CMB map, while the small non-Gaussian
corrections are encoding the information, for instance, about
gravitational nonlinearities and other fundamental fields
appearing during inflation, which could in principle be
detected by future experiments. Cosmic perturbation theory
treated those perturbations in the standard quantum field
theory language. Although in this paper, we only discuss
scalar and curvature perturbations, other modes (vector and
tensor) have also been studied significantly, and some of
them are closely related to primordial gravitational waves.

So, why do we simulate a weakly coupled field theory of
the inflationary cosmology? In the standard description, the
weakly coupled nature is motivated by observations: we did
not observe large non-Gaussianity of the CMB map. Since
correlation functions could be computed by Feynman
diagrams in the weakly coupled quantum field theory, at
least at tree level, we should already know the answer.
However, we point out the following reasons, showing that
it is, in fact, important to simulate such theories.

(i) This work could serve as a starting point for
understanding the Jordan-Lee-Preskill algorithm in
the curved spacetime. Simulating quantum field
theories in the curved space is an interesting topic,
closely related to many open problems about quan-
tum gravity. However, instead of considering general
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spacetime, we could treat de Sitter space with fruitful
symmetric structures as a warmup example.

When computing correlation functions, we are using
the in-in formalism in the cosmic perturbation
theory. The formalism is useful to determine corre-
lation functions reliably under certain physical
assumptions, while further implications of the for-
malism and systematic understandings of cosmic
non-Gaussianities, closely related to the nature of
the interacting vacuum of quantum field theories in
de Sitter space, are still under active research. We
believe that our quantum simulation algorithm will
have theoretical significance: it will help us validate
the assumptions we made about the in-in formalism,
and explore, estimate, and bound rigorous errors
away from assumptions. (More details about this
will be given in Sec. IIL.)

Strongly coupled quantum field theory in the curved
spacetime is an interesting topic to study and
simulate by itself, despite the lack of phenomeno-
logical consequences. For instance, we might be
interested if we have different phases and phase
transitions in those theories.

It also might be interesting to study loop diagrams
beyond the tree level diagrams in the weakly coupled
theories. Thus, quantum simulation of those theories
could justify and enrich our understanding about
cosmic perturbation theories at higher loops [53-56].
This work might be regarded as a starting point for
studying quantum simulation of quantum field
theories in the FRW spacetime, which is interesting
for other cosmic phases. For instance, cosmic (p)
reheating and cosmic phase transitions in the early
universe might be described by strongly coupled
quantum field theories, which require the computa-
tional capability of quantum machines. Thus, this
work could provide experiences, insights, and intu-
itions for future studies of quantum simulation of
other cosmic phases and phase transitions in those
theories (in Appendix B, we discuss a potential
simulation problem about cosmic reheating).
Explicit construction of the quantum algorithm
simulating inflationary dynamics could support
the statement of the quantum-extended Church-
Turing thesis. It is of great interest to study how
the quantum-extended Church-Turing thesis is com-
patible with general relativity since the definition of
complexity requires a definition of time coordinates.
Thus, our work about inflationary spacetime could
provide such an example.

We could also take the advantage that we already
know some aspects of inflationary perturbation
theory. In fact, if we could really run the algorithm
and simulate the dynamics in the quantum device,
we could check the answer from some of our
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theoretical expectations. Thus, quantum simulation
of such theories will be helpful for us to benchmark
our quantum devices.

(viii) Explicit construction of such algorithms could also
benefit our future study about the nature of quantum
gravity. For instance, measuring some similar cor-
relation functions in AdS could be interpreted as
holographic scattering experiments, which might be
reduced to flat-space scattering amplitudes in the
limit of the large AdS radius. Such experiments are
important for understanding the nature of holo-
graphic theories, conformal bootstrap, and the con-
sistency requirements of holographic conformal
field theories (CFTs) [57-64].

(ix) It is fun.

In this paper, we will construct a full quantum simulation

algorithm for measuring correlation functions of the fol-

lowing form:

{Qin(10)| O (1) | (10)), (1.1)

in an interacting scalar quantum field theory living in the
four-dimensional inflationary spacetime. The state |Q;, (7))
is the vacuum state of the full interacting theory, and Oy (7) is
the Heisenberg operator made by multiple scalar fields. In
this theory, the Hamiltonian is time dependent, so we denote
to as the time when inflation starts, while ¢ as the time when
inflation ends. The meaning of this correlation function will
be precisely given in the later discussion in Sec. III, and in
fact, most experimental observables are given by the above
field theory constructions.

The algorithm contains (adiabatic) initial state prepara-
tions, time evolution/particle scattering process, and meas-
urement, and is argued to be polynomial, analogous to the
Jordan-Lee-Preskill experiment. Moreover, since the theory
and the simulation targets are very different from flat-space
quantum field theories, it is necessary to include new
ingredients appearing in the theory, modifying the Jordan-
Lee-Preskill experiment. Here, as an outline of this paper,
we will summarize the following most crucial points.

(i) Inflation in a lattice. We systematically construct the
lattice quantum field theory of curvature perturbation,
both for the free theory and the interacting theory in
the Heisenberg picture. Furthermore, we compute the
Bogoliubov transformation to diagonalize the Ham-
iltonian and determine the gap of the free system both
for the continuum and the lattice field theories. The
estimate of the mass gap is necessary for us to perform
the adiabatic state preparation.

(i) Adiabatic state preparation to find the interacting
vacuum. In our algorithm, similar to Jordan-Lee-
Preskill, the time evolution is used twice. We first
use the adiabatic state preparation to find the
interacting vacuum at the initial time f,, and then
we use the time-dependent Trotter simulation to

simulate the time evolution in the Heisenberg
picture. The treatment will help us determine the
nature of the interacting vacuum in the curved
spacetime.

(iii) Encoding from the causal structure. When we are
simulating the Heisenberg evolution operator, we fix
the computational basis to be the field basis at the
initial time #,. Then during the time evolution, we
wish to encode our Hamiltonian for a general time .
We define the basis we use in the Heisenberg
Hamiltonian for a general time ¢ by the free theory
at t. Thus, we need to express the field operator at ¢ as
a linear combination of field operators at #,. The
integration kernel is related to Green’s identity in the
operator context. When we are using the conformal
time, the past light cone is the same as flat space,
which is supporting the integration kernel, since the
spacetime is conformally flat. This could be regarded
as a toy version of the Hamilton-Kabat-Lifschytz-
Lowe (HKLL) formula in AdS/CFT [65,66].

(iv) Encoding bounds from the effective field theory
(EFT) scale. In this paper, we choose the field basis
to do our quantum simulation. In the original
algorithm [48,49], the number of qubits we need
to encode in this basis is bounded by the scattering
energy of the scattering experiments. However, in
this paper, we do not naively have a quantity like
scattering energy in flat space. Instead, we use
bounds of field (field momentum) fluctuations from
an EFT scale, A, which sets the energy scale of
cosmic inflation, combining with some other phys-
ics in cosmology. The setup of the value A is from
the inflationary physics we study.

(v) Exponential expansion and the Trotter errors. When
applying the product formula (Lie-Trotter-Suzuki
formula) to the inflationary Hamiltonian discretized
in a lattice, we notice that there is a dependence of
Trotter errors from the scale factor, which increases
exponentially measured in the physical time. In the
conformal time, the error grows polynomially. The
total time of inflation or the e-folding number could
set limits on the accuracy of our computation and
number of quantum gates.

This paper is organized as the follows. In Sec. II, we discuss
some inflationary quantum field theories and their lattice
versions. In Sec. III, we discuss the in-in formalism, the
basic method for computing correlation functions in the
inflationary perturbation theory. In Sec. IV, we discuss
the details of our algorithm, including encoding, state
preparation, time evolution, measurement, and error esti-
mates. In Sec. V, we make some final remarks about
quantum simulation of cosmic inflation, and more generic
perspectives about quantum information theory, quantum
gravity, and cosmology related to observations. In the
appendixes, we make some further comments about
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computation and quantum gravity (Appendix A), and some

comments about quantum simulation of cosmic reheating
(Appendix B).

II. THE THEORY OF INFLATIONARY
PERTURBATIONS

In this section, we will review some basics about the
theory we will simulate: a simple real massless scalar field
moving in the (approximate) de Sitter background written
in the FRW coordinate. We will describe the free theory, the
lattice version, and interactions. In this section, some of the
materials are standard, while some of them are new. In
order to make this paper, we feel we have to introduce the
full setup and add careful comments about our treatment,
and we feel that this material might be helpful for readers.
However, for a more detailed study, see some standard
review articles [11,13,17,19-21].

A. The free theory
The inflationary spacetime is given by the following
metric:
ds* = a*(r)[—dz* + dx?]. (2.1)
Here, x is the coordinate as the three-vector. 7 is called the

conformal time, where the metric is written in the con-
formally flat form. The scale factor a(z) is given by

1

- 1) = H(r=1o)
s a(t) = age

a(z) = (2.2)

where H is the Hubble parameter,l and q, is the initial scale
factor with the initial time #,. The conformal time 7 is
related to the physical time ¢ by

dt = adr. (2.3)

At the beginning of inflation, we have 7y ~ —co, while at
the end, we have 7.,y ~ 0~. Thus, at the beginning of the
inflation, which corresponds to the big bang, we have

a(zy) ~ 0. In the end, we have a scale factor, which is very
large. We often use the e-folding number

N — IOg end
ao

(2.4)
to measure the time of inflation.

Now, we consider a massless scalar field o moving in this
background, with the action

'We abuse the notation here, where H is the Hubble constant,
not the Hamiltonian.

3
_ 3 a ., 45 v
S—/d xdt<2 2(8,0‘))

= /d3xdf%2(6/2 - (0;0)%), (2.5)

where 0; denotes the spatial derivative. Furthermore, we

define A’ = 9,A and A = 9,A for variable A. Since it is in
the free theory, it could be exactly solved. The solution of
the field operator in the Heisenberg picture reads

d3k x T ik-x
o(7,x) = W(ukak +uzal)e™*.  (2.6)

Here, a and a' are creation and annihilation operators

[ar. a] = 0. [a. a ] = 27)°8 (k = K').  (2.7)
u satisfies the classical equation of motion and k = |k|.2
The definition of the mode function u and the definition of
the vacuum have some ambiguities due to the nature of the
curved spacetime. A canonical choice is the so-called the
Bunch-Davies vacuum [67],

H
uk(T) = \/m

In the curved spacetime, the quantization defined by the
creation and annihilation operators are analogous to the
flat-space answer: the mode k is created from the creation

(1 + ikz)e=ik,

(2.8)

operator af{.

How is this related to the cosmic perturbation theory? In
fact, the free field o here we are considering could be
understood as the fluctuation of the inflaton field 6¢(z, x),
where

P(t,x) = (1) + 6¢(1,x). (2.9)
Here, ¢(t) is the homogenous and isotropic classical
background that is not related to the coordinate, and 5¢
is understood as a quantum fluctuation (an operator)
following the rules of quantum field theories. A similar
treatment is done for computing thermal radiations of the
black hole, where we are also expanding fluctuations
around classical curved geometries.

In principle, cosmic perturbation theory requires a full
consideration by expanding the metric, together with the
inflationary field as well. Then, from the full expansion,
one could decompose perturbations into different compo-
nents based on the spin. In geometry, the curvature

“We apologize that we abuse the notation such that [ &k
means the integration over the three-vector k. Similar definition
works for x and x. We will also use k; to denote the ith
component k; = k - r;, where r; is the ith unit vector.
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perturbation will come together with the inflaton, and there
are ambiguities made by redefinitions of coordinates and
fields. The redundancy could be fixed by the gauge choice.
A standard and convenient choice is to replace the role of
0¢ by another variable {, which represents the curvature
perturbation, and this gauge is called the { gauge. Under the
¢ gauge, we could write down the second-order action’

S=e¢ / did®x[a*? = a(0,0)?], (2.10)

where € is so-called the slow-roll parameter

__n AT
SZ_FNS‘/—Q’( % ) 2H2, (211)

and V = V() is the inflationary potential.*
More general single field inflationary models have the
following second-order action in the { gauge:

s— /dzd*x{a L u, g)] (2.12)

where ¢, is called the sound speed [14].5 In this case, the
mode expansion reads

&k w1 ik-x
{(z.x) = W(Ukak + vgaly)e™™, (2.15)
where
H .
(1 + ikcz)ekesr, (2.16)

e ek

This action is exactly the free theory piece of the whole
action we wish to simulate as the simplest example.

B. The lattice free theory

Now, motivated by the goal of quantum simulation, we
define our theory in the lattice. The lattice version in this
paper means that we are discretizing the spatial direction,
replacing

We use the unit such that we set the Planck mass M = 1.
*Roughly speaking, one could interpret ¢ as { = —H&¢/ ¢
5Deflmng the Lagrangian density

L2 /=gP(¢.X),

for the whole inflaton field before perturbation, where
X =—(0,40"¢$)/2, we could define the sound speed by

_ Px
Py +2XPyy

(2.13)

2 (2.14)

93 - bZ%,

3 (2.17)

where b is the lattice spacing, L is the total length of a
single direction, and

. L
L=— 2.18
. (2.18)
The total number of sites is then given by
V=13 (2.19)

The notation Zz denotes the three-dimensional integer

periodic lattice with the periodicity L in each direction. One
could define a lattice version of the scalar quantum field
theory based on the action of the curvature perturbation.
From the Lagrangian density in the continuum,

£o= (0= 007).

we could write down a discrete version of the Lagrangian

(2.20)

L, —eaZbSZ[ Z'(x)? (V[é’(x))z], (2.21)
XEQ,
where
Vie(x) = LX P ‘Z) —e) (2.22)

is defined as the discrete version of the spatial derivative,
and r; is the unit vector along the spatial direction i. Note
that the definition of the Lagrangian depends on the time
coordinate, and here we are using the conformal time 7.

Now we could perform the Legendre transform to define
the Hamiltonian. The field momentum is

oL  2a*e
= 8@”’ =z . (2.23)
Thus, the Hamiltonian density in the continuum is
2
=l -L, = ng + ea®(0,0)°. (2.24)
Thus, the lattice version is
H, = b32{ ) + ea*(V;¢(x))? (2.25)

xeQ;

Now we could write down the rule of canonical
quantization

086013-5
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(2. %), my(z.y)] = b5y,

£(@.x).C(.y)] = [r(e.x). 2 (r.y)] = 0. (2.26)
Now we make some brief comments on the applicability of
the above theory. In our theory, we choose the ultraviolet
cutoff A = 1/b, corresponding to the spatial lattice spacing
b. In cosmic inflation, we usually demand

|
H < \/HMye = VH N\fgz:/\«Mpl:l,
(2.27)

The right-hand side is concerning that we are avoiding
Planckian physics, and we set the Planck constant to be 1 in
our units.

Now, we extend our mode expansions to the lattice
version,

(ex) = Y o5 (oKay + v (R)alJevs, (229

kel
where I'; is the dual lattice

2

_ 3
ry="1}, (2.29)

and

lap. ag] = 0. ap. al] = L?6,4.  (2.30)
Note that in the formula, we assume that v(—k) = v(k) to
make sure we have a real field. v(k) should satisfy the
equation of motion for the corresponding classical discrete

field theory. We find

H .
v(k) = = (1 + iw(k)c,r)e i @®er,

2y/ec,w(K)

otk = 2 (S (%))

When we compare this result with the continuous mode
function, it is easy to realize the following properties of the
solution.

(i) We indeed have v(—k) = v(k).

(i) The form of the solution is intuitively understand-
able. The form of the dispersion relation is already
presented in the case of flat space in the lattice theory
[48,49]. Since the metric is conformally flat, the
dispersion relation should stay the same in our
coordinate. Using the dispersion relation w(k) in
the equation of motion for the Fourier space, we will
obtain v(k).

(2.31)

(iii) In the limit where 7 — —oo, the mode function has
reduced to the flat-space lattice solution with the
sound speed

Ht,/ )
v(k) = TIVES prio(er = [V2eav(k)|
2/ en(k)

= VO ieter, (2.32)
2w (k)

Note that |v/2eav(k)| is the honest scalar field
defined consistently for flat spalce.6 This is indeed
the mode function of the “phonons” in the 3 + 1
dimensions. Thus, we indeed define a lattice version
of the Bunch-Davies vacuum.

(iv) We could also look at the continuum limit b — 0,
where the solution is reduced to the continuum

answer
H )

v(k) = v = \/4——k3(1 + ikegt)emkesT(2.33)
€c

Note that the existence of the cubic lattice breaks the
rotational symmetry, then in the lattice, v(k) is not
only a function of k. We could also compute the next
leading short distance corrections of the dispersion
relation,

o(k) =k - b2z—"k? + O(b*),

S (2.34)

which will sequentially modify, for instance, the
two-point function and the power spectrum. This is,
in fact, the lattice effect of the Lorentz symmetry
breaking in cosmic inflation. The lattice effect of
quantum gravity is studied in a completely different
context. They are assuming the lattice theory should
be some ultraviolet completions of general relativity
and ask for phenomenological consequences on
bounding the lattice spacing b, for instance, the
observational bound on the power spectrum of CMB
[68]. But now we are completely under a different
situation: we are using the lattice theory to simulate
the quantum field theory in the continuum.

C. The gap

When we are talking about flat space, we know that the
massless scalar field theory is gapless if we do not consider
the infrared cutoff when defining the continuum field
theory. In the lattice version, the gap will scale as 1/L,
which is also the infrared cutoff of the theory. Similarly, a
massless field in our inflationary FRW metric is also

®The coefficient v/2¢ comes from the relation between the
curvature perturbation and the scalar field perturbation.
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gapless. Although the Hamiltonian is time dependent, the
Bogoliubov transformation will make the diagonal mode of
the Hamiltonian to be still gapless in the whole time during
inflation.

A direct way to verify the statement is through a direct
computation of the Bogoliubov transformation. To start, we
take the free continuum Hamiltonian expressed in ¢ fields
and field momenta measured in the 7 coordinates. Replacing
the fields and field momenta by their solutions, we obtain the
Hamiltonian evaluated in the Heisenberg picture,

3
H, = / % (A(2afay + (22)5(0))

+ (Ba! ya) +H.c.)), (2.35)
where H.c. means the Hermitian conjugate, and
| 422212
PRl
4egtk
1 —2icytk
B, = ———>— sk, 2.36
k 4c, 7%k ¢ ( )

The existence of the off-diagonal term appearing in the
Hamiltonian reveals the time-dependent nature of the
Hamiltonian. To diagonalize the Hamiltonian, we make
the following Bogoliubov transformation:

Clli = akbli +ﬂkb—ks
ax = ap by +pib’ . (2.37)

Note that now we keep a;. and ay to be static. The coefficient
a, 3, and the new operators blt and by, are allowed to be time

dependent. We wish to ensure that b} and by are still
canonical,

by (7). by ()] =0, [bi(2), bl (7)] = (27)383 (k — K').

(2.38)

Furthermore, we wish to cancel the off-diagonal terms. We
find that we need to demand

()

2 VAP =B
VAL = B> — A,

P = A -

|
By

(2.39)

Now the Hamiltonian looks like

_ [ &k i 3l
H, = / S (csk)(bkbk—i—(Zﬂ) 39 (0)). (2.40)

Ignoring the time dependence of by, it seems that the
Hamiltonian is formally the same as flat space. This is

because the nature of the above Bogoliubov transformation is
to keep redefining the vacuum state during time evolution
evaluated under the definition of by, to make sure the form of
the Hamiltonian is the same as the original time z,.

The lattice calculation is very similar to the continuum
version, since we only need to replace the continuous
momenta to the discrete ones. The Hamiltonian is written
after the Bogoliubov transformation as

H.o=>" % (c;w(k)) (b};bk + %L3). (2.41)

From now on, we call the particle created by b' the
“diagonal mode” (normal mode), to distinguish from the
particle defined by a', the ¢ particle (the curvature
perturbation). The above calculation in the continuum
explicitly shows that the Hamiltonian does not have the
mass gap at each time slice. Furthermore, from the energy,
we cannot distinguish the vacuum and the diagonal modes
carrying zero momenta. In the lattice calculation, the gap
scales as 1/L since our momenta are from the discrete set
I';. Those two facts are consistent when we wish to assign
an infrared cutoff 1/L to the field theory.

We wish to make the following further comments.

(i) Similar calculations about the above Bogoliubov
transformation done in the circumstance of particle
production in inflation, and “cosmic decoherence”
by showing similar Bogoliubov transformations,
similar to the Unruh effect and black hole informa-
tion problem, could lead to fruitful particle produc-
tion. Particles produced by transformations of the
vacua are closely related to decoherence where the
reduced density matrix becomes nearly diagonal,
and quantum perturbations in inflation could be-
come approximately “classical” when exiting the
horizon. See some references [23,69-74].

(i) We are performing the calculation in the conformal
time z. The story might be different when we mix
time and space and define some other time coor-
dinates. In fact, the definition of the mass gap, which
is related to energy, is naturally associated with the
definition of time. In general, one might consider
defining some versions of the Arnowitt-Deser-Misner
mass, although it might face some technical troubles
when we are considering the de Sitter boundary
condition. This question might be interesting for
quantum simulation since the value of the gap is
naturally associated with the efficiency of the adia-
batic state preparation process for finding the vacuum.
This shows further problems about the compatibility
between quantum algorithms using quantum mechan-
ics (requiring a definition of time) and relativity
(admitting ambiguities of defining time and space),
and the nature of quantum-extended Church-Turing
thesis in the curved spacetime. It might also be
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interesting to consider different definitions of the gap
in AdS. We leave those discussions for future re-
search.

D. Interactions

Now we wish to introduce interactions beyond the
second-order action. Currently, in the standard theory of
inflation, we only assume a scalar field ¢, but the nature of
this field is not very clear. Furthermore, it might be possible
that there are some other particles interacting with inflaton,
for instance, the standard model particles. Furthermore,
there might be contributions from higher-order cosmic
perturbation theory, gravity nonlinearities, inflaton self-
interaction, and so on. Those contributions will, in prin-
ciple, give contributions beyond the free theory, and one
could use those contributions order by order in the
perturbation theory framework.

In this paper, we could imagine that we are simulating
the following specific model, although most discussions in
this paper could be easily generalized to much more generic
scenarios. We will consider the general single-field infla-
tion framework, and we expand the action towards the third
order [14]. We obtain

)E(0:0),
(2.42)

A p)
Sint = /dtd3xa3{—2ﬁg“3+ﬁ(l -

where A and X are model parameters.7 This interaction gives
a general form of cubic interaction, which will generate
nontrivial three-point functions, namely, non-Gaussianities.

As we discussed in the Introduction, the standard
inflation theory is expected to be weakly coupled.
Namely, all interactions we include here should have small
coupling constants, admitting perturbative expansions. In
terms of quantum simulation, during the adiabatic pro-
cedure we will discuss later, we could extend the calcu-
lation towards the strongly coupled regime. Thus, we do
not really need to expand the action if we really wish to
simulate the theory of general single-field inflation: we
could even study the original action without perturbative
expansion in principle. However, here we are describing an
example where we indeed do an expansion before encoding
towards quantum devices, with the motivations described in
the Introduction section of this paper.

"In fact, we have

2

’ H<e
ZEXPXJFQ,XPXX: 5
CS

2
ﬂ, = XZP’XX + §X3P,XXX’ (243)

where P is defined in the last footnote. Furthermore, the coupling
constants in the cubic interaction are comparable to O(e?).

Now we write down the Hamiltonian of the above
interaction. We have

Z - ) (2.44)

Up to the leading-order perturbation theory, the Legendre
transform gives the following total Hamiltonian, split as the
addition of the free and the interacting pieces (from now,
we ignore the subscript 7 if not necessary):

H=H,+H|,
6271'2
3 ¢

Hy = / dx <m + a%(a,{)Q),

6 2(.2
. 3 csd 3 CS(CS - 1)2 2
Hi= /d x<4a5H3€3 T e 7 (0i¢)" |

(2.45)

We wish to split the whole Hamiltonian to three pieces

H = Hl + H2 + H3,
cimy )
H = | &#x|-S5+ =273 ),
! / x(4a26 4HES ¢
H, = /d3xa2€(8ié’)2,

e (e )Y
H /d3 %ﬂ((aig)z.

(2.46)

Here, H; and H, stand for the Hamiltonians represented by
purely the field quanta and the field momenta, respectively,
and Hj is the mixing term. The lattice version is given by

H:H1+H2+H3,

Cy 2 01
3 C s 3
Zb ( dale | ASHE ﬂk(x))’

xeQ;

= S bae(ViL(x))?

xXE€Q;

H; = Zb3 e 2;H3

xeQ;

)2

7y (x)(Vig(x))?. (2.47)

The Hamiltonian H here will be the Hamiltonian we wish to
implement in the quantum device. We have the following
comments.

(1) The above splitting H = H, + H, + Hj is important
when we are doing the Trotter simulation. In the
product formula, the Trotter error is estimated by
chains of commutators, and the commutation relation
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(i)

about the field and the field momentum will be
important to determine those commutators. We will
discuss details about this calculation later.

We owe some higher-order corrections when we are
doing the Legendre transformation. That is, the
Legendre transformation we have done from the
Lagrangian to the Hamiltonian is correct up to
the leading-order coupling constant. This is because
the nontrivial couplings appear in the Legendre
transformation. Although we have promised that
we are able to simulate the theory nonperturbatively,
it should be the Hamiltonian, not the theory defined
by the Lagrangian.

E. Further comments

Finally, we make some further comments on some
aspects of inflationary perturbation theory.

®

(i)

The field theory content and its analog in the lattice,
described in this section, could be generically
applicable for other field theories which are relativ-
istic. One might apply techniques mentioned in this
paper to determine problems they are interested in
for nonrelativistic quantum field theories.

Choice of momentum/coordinates. When perform-
ing quantum simulation, in this paper, we will use
the action as the integral over local fields in the
spacetime. We write local fields as variables of
spacetime coordinates. However, cosmological ob-
servables are usually written directly in terms of
momenta instead of coordinates. Thus, an extra
Fourier transform will be performed classically after
we perform quantum simulations of correlation
functions measured in different space coordinates.
The advantage of such treatment is that we still have
a local quantum field theory when we are doing
quantum simulation, admit quantum advantage
when we are using the product formula to do digital
simulations. Of course, one could consider directly
simulating the quantum field theory with coupling in
the momentum space. However, in this case, we lose
our local quantum field theory description. For
instance, in this case, we will have a summation
of modes of the form oy, 6_y, which is not local in the
space of momenta. Furthermore, the correlation
functions measured in the momentum space will
carry a delta function 5°(>" k) due to momentum
conservation, which is not easy to deal with numeri-
cally. In order to read the prefactor in front of the
delta function, we probably need to make an extra
integral over some momenta variables to integrate
the delta function out. This will bring us some extra
costs numerically. In any case, to get the full
correlation functions, we always need the informa-
tion specified by different momenta. We leave the
direct treatment in the momentum space for future

(iii)

@iv)

)
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works. For simulating quantum field theories
written in the nonlocal form, see a review in
quantum computational chemistry [75] and recent
applications [76].

The Bunch-Davies vacuum. Fruitful symmetries in
de Sitter space lead to a series of definitions of
vacuum states for quantum field theories living in it,
which are usually called the a states or the a vacua.
Among those states, the Bunch-Davies vacuum
plays a special role: it is the vacuum state that looks
instantly the Minkovski vacuum, namely, the zero-
particle state observed by a free-fall observer.
Furthermore, the Bunch-Davies vacuum minimizes
the initial energy in our time-dependent Hamilto-
nian. Thus, the Bunch-Davies vacuum becomes a
natural choice when we are calculating the cosmic
perturbation theory. For cosmological consequences
of non-Bunch-Davies vacua, see [77,78] for dis-
cussions. For recent discussions about simulation of
Bunch-Davies vacuum, see [79]. Exploring non-
Bunch-Davies vacua and looking for possible sim-
ulation opportunities in quantum technology are
important research directions, and in fact, they are
closely related to some fundamental assumptions in
cosmic perturbation theory, see [78,80].

Other coordinate systems. The coordinates we study
in this paper are widely used in cosmology literature,
but there is only one possible slicing of the global de
Sitter. With our coordinate system, it is easy to
generalize the flat-space tricks since, in our coor-
dinate, it is manifestly conformally flat. However,
one could indeed consider other coordinates. Other
slicings and other patches in the de Sitter space
might mix the notion of space and time in the current
definition. There are similar studies in AdS where
people are considering the discretization of the
whole spacetime and study their corresponding
lattice quantum field theories (see, for instance,
[81], and some previous related research [8§2-86]).
The picture. We are quantizing the field in the
Heisenberg picture, and the Hamiltonian is also
written in the Heisenberg picture. In the free theory,
the mode function satisfies the equation of motion.
Then the quantum field satisfies the Heisenberg
equation. Note that now the Hamiltonian is com-
pletely time dependent, so the Hamiltonian in the
Heisenberg picture is not the same as the Hamil-
tonian in the Schrodinger picture. In our time-
dependent quantum field theory setup, it is more
convenient to use the Heisenberg picture, but it is
natural to understand quantum computing in the
Schrodinger picture. However, it does not affect the
current purpose we have. At the first step that we
propose in the Introduction, we will use the adiabatic
state preparation. Since the time is fixed now at 7,
and we slowly turn on the coupling constant
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dynamically, the Hamiltonian and Schrodinger
Hamiltonians are the same. In the second step, we
will use the Trotter time evolution to compute the
expectation value of correlation functions evaluated
at a later time. Then, we could use quantum
computation to evaluate the unitary transformation
in the Heisenberg picture, acting on the interacting
vacuum. Hence, we are mimicking the Heisenberg
evolution operator using the Schrodinger evolution
of the quantum circuit. It might be interesting to
consider using the Schrodinger picture completely in
future works.

(vi) Trans-Planckian problem. How early should we set
7o when we are doing the simulation? We know that
the comoving scale should be exponentially small in
the past since the universe is exponentially expand-
ing. Thus, early time should correspond to extremely
short distances, which might be smaller than the
Planck length. This is called the trans-Planckian
problem in cosmology, since we do not have a
Planckian theory of quantum gravity [87]. We are
not addressing the conceptual resolution to the
problem, but it is practically related to where we
could choose 7, when we are doing the simulation.
In fact, this could be understood as an advantage of
our simulation. We expect 7, would happen at the
very far past, and we could test different values of
initial time 7 other than the ideal —co when we are
doing the perturbative quantum field theory. This
might be helpful for theoretical physicists to address
the trans-Planckian issue. For instance, one could
check if the vacuum is really adiabatic on subhor-
izon scales. In fact, this issue is closely related to the
in-in formalism we will discuss later since we care
about interactions in the trans-Planckian regime
happening at an extremely early time.®

III. THE IN-IN FORMALISM

The above section describes how to write down the
action of the inflationary perturbations. However, it does
not cover how we could make predictions from those
actions. The way we are doing perturbation theory and
making predictions in cosmology is quite different from
what we are usually doing in flat space. In this section, we
will briefly introduce the most popular framework in
cosmology, the in-in formalism, and how those observables
are directly connected to observations and experiments.
Understanding the framework is important for us to

¥The adiabaticity of the vacuum here is not exactly the same as
the adiabatic quantum computation we will discuss later. In the
later treatment, we artificially turn on the interactions, so it is a
time-dependent dynamical process at the fixed initial time. But
the adiabatic vacuum is made by the time-dependent quantum
field theory we discuss here introduced by the scale factor.

perform quantum simulation, which we will comment on
briefly in this section. Furthermore, exploring the bounded
error beyond the approximation of the in-in formalism
provides us important motivations for quantum simulation.

A. The theory

The in-in formalism is a powerful approach for comput-
ing correlation functions for the time-dependent
Hamiltonian, and it is specifically useful for cosmic
perturbation theory. Unlike the S-matrix in flat space,
which starts from infinite past to infinite future (the in-
out formalism), the in-in formalism is concerning the
correlation functions where bras and kets are both from
the past, namely, both the “in states.”

As we know, our observational data about the universe
should, in principle, come from observables in quantum
mechanics. Generically, we wish to compute the following
expectation value in the Heisenberg picture,

(Qin(70)|Op (7)|Qin (70)) - (3.1)
where the operator is now evolving with time, and the state
is static, equivalent to the state at the initial time 7.

In this section, we will describe how to evaluate the
above variable in the cosmic perturbation theory, how it is
connected to observations, and how it is related to quantum
simulation. Since our theory could generically apply to
time-dependent systems, we will use the notation 7 for time,
and when applying the theory to cosmic inflation, we will
use the in-in formalism completely in the conformal time.

1. Basics
We start with some kindergarten quantum mechanics.
Before we start our discussion, we need to quote the
following celebrated Feynman’s disentangling theorem.
Theorem 1. (Feynman’s disentangling theorem)For
time-dependent operators A and B, and 7; > 7, we have

Texp { / "AW) + B(r’))dr’}

0

= Texp [l:l A(r/)dr’}'ﬂ'exp {lrl B(T/)dT/:|s (32)

0

where

B(z) =Texp {— / TA(T’)dT’]B(T)'I]'exp { / TA(T’)dT'},

0 0

(3.3)

and T is the time-ordering operator, T is the antitime-
ordering operator.

According to the theorem, we will discuss some time-
dependent quantum mechanics. Consider that now we are
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studying the time-dependent Hamiltonian Hg(z) in the
Schrodinger picture (or we could call it the Schrodinger
Hamiltonian). The evolution of the state |yg(7)) is given by

lws(z)) = Us(z. %) lws(70)). (3.4)
where Uy is given by a Dyson series
Us(t,79) = Texp [—i /T HS(T’)dT’] . (3.5)
70

Now, let us consider measuring the observable O. In the
Schrodinger picture, it is given by

(ws()|Olws(7)) = (ws(zo)|Us (7. 7)OUs (7. 70) lws(29)).-
(3.6)

Alternatively, we could define the Heisenberg picture. We
define the time-dependent Heisenberg operator
Ui(z,79)OUs(7,7) = Oy (), (3.7)
and the time-dependent result of the measurement is
given by
(ws(2)|Olws(7)) = (ws(w)|On()lws(zo)).  (3.8)
Specifically, we define the Hamiltonian in the Heisenberg
picture (or we call it the Heisenberg Hamiltonian),

T

Ug(z,70)Hs(t)Usg(7,70) = Hy(7). (3.9)

We could compute
operator Ug:

the conjugate of the unitary

UZ«(T,TO)

7,70)

=Us'(
T T ¥
:(1—1’/ dT’H(T’)—/ dTldT2H(Tl)H(72)+”')
T 70,7T1>7T2
= <1 l/
0

T T t
vi [avne) - | dﬁﬁﬂﬂmH@O+“>
70,71 >T)

—Texp <i / :dr’H(’[/)).

Note that the Heisenberg Hamiltonian and the Schrodinger
Hamiltonian are different in time-dependent quantum
mechanics. Now we could use the Feynman’s disentangling
theorem to show that

Theorem 2. For 7, > 7;, we have

(3.10)

Ou(2) = Upy(12. 7)) Oy (7)) Up (75, 71). (3.11)

where

Uy(ty, 7)) = Texp {—i / HH(T/)dT/]. (3.12)

Proof.—Consider an operator Og in the Schrodinger
picture. By definition, we have

Oy = US(TlvTO)OH(Tl)Uz‘(TlaTO)

= Us(Tz,To)OH(Tz)U.Ts(Tz,To)- (3.13)
Then
Op(72) = Ul(2.70) Us(71.70) Oy (71) U (71,70) Us (2. 7).
(3.14)
Namely we want to show
U;(ThTO)US(TZ’TO) = Up(2.71). (3.15)

Treat 7; as 7, in the statement of Theorem 1. Then take

A(r) = Boole(ry < 7 < 71)(—Hg(7)),

B(7) = Boole(r; <7 < 15)(—Hjs(7)), (3.16)
where
x=vyes: 1
Boole(x) = {x 1o 0 (3.17)

Then we get the answer.

The Heisenberg picture will be the starting point in the
following discussion. So when we are talking about the
Hamiltonian H, we mean the Heisenberg Hamiltonian in
this paper.

We consider a time-dependent Hamiltonian in the
perturbation theory. We define the following splitting in
the Heisenberg picture:

H(z) = Ho(z) + H, (v), (3.18)
where H, here is the free Hamiltonian, and H; is the small
interaction term. Now we define the interaction picture. The
states in the interaction picture are defined as

IWW—MWQKW%WWWW

:'ﬁ'exp<i [:dT'HO(T')>—I]—
Xexp(—i [:H(r’)dr’)|lp5(ro)>. (3.19)

From this formula, we obtain the evolution operator in the
interaction picture,
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U, (7. 7%) —Texp(—i / 7df/ﬁ,(7f)), (3.20)

To

where H, is the interacting Hamiltonian H; in the
interaction picture. Defining

Uy (7, 70) :Texp(—i/TdT’Ho(r’)>, (3.21)

To
we define H; as

Hy(r) = Uy(t.79)H;(2) Uy (. 7). (3.22)
Now, we could use the Feynman’s disentangling theorem to
show that

Theorem 3.

Uy(z.79) = Up(7.70)Un (7, 7). (3.23)

Proof—Understand 7, as 7 in the statement of
Theorem 1. Call
A =-H,, B=-H,. (3.24)
Then we get the answer. =
Thus, one could check the expectation value of operators
by defining operators in the interaction picture O,

O(7) = U (z,70) OUy(z, 1), (3.25)

so we have

(w1 (D)|O()yi(z)) = (ws(2)|Olws(2)). (3.26)
Now, say that we are interested in computing the expect-
ation value of the Heisenberg operator Oy (7) in the vacuum
defined in the interaction theory in the far past 7,

(Qin(70)|Op (7)[Qin (70))- (3.27)
Here, notice that we define the vacuum by the ground state

of the Heisenberg Hamiltonian H (z,), which is equal to the
Schrodinger Hamiltonian H(z,). We have

(Qin(70)|Op (7)|Rin(70))

= (Qin(70)| U} (7, %) O, (7, 70) @ (7)) (3.28)

2. The ie prescription and the in-in formalism

The evolution operator in the interaction picture, Uy,
could also help us prepare the interacting vacuum from the
free theory vacuum in flat-space quantum field theory. This
will happen in not only the time-independent Hamiltonian,

but also the time-dependent Hamiltonian. We will discuss
this point as follows.

Suppose the Hamiltonians H, H, and H; are all time
independent, we have

exp(—iH(r - TO))|eree>
= Zexp(_iEn (T - TO)) |n> <n|eree>

n

= exp(—iEo(T - TO)) |Qin><Qin|eree>

+ ZCXP(—iEn (T - TO)) |I’l> <n|eree>'
n#0

(3.29)

Now, we write |Qs..) as the free theory vacuum, the ground
state of Hy, and |€;,) as the interaction vacuum, the ground
state of H. Here |n) is used to denote all eigenstates of H,
and n = 0 is the ground state. We introduce the following
prescription,9

7 -7 =1(1—ie),

(3.30)

where € is a small positive number. Now we have
D _exp(—iE, (v = 70))|n) (n]Qee)
= D exp(=iE, (7 = %)) (n|ec)
= Zexp(eEnTO) exp(iE, 7o — iE,7)|n) (n|Qfee) -
(3.31)

Now we take the limit where 7, — —o0. In this case, the
summation over states is dominated by the first term,
namely the ground state contribution,

exp(—zH(% - %0)) |eree>

~ exp(_iEO (% - %0))|Q1n> <Qin|9free>' (332)
From now on, we will not distinguish the difference
between 7 and 7 in notation. So we get the formula for
the interaction vacuum

. Nexp(—iH(r—T ))|Qree>
exp(—iH (7 = 0)) Q) & oo AT

(3.33)

Here, |Q;,) is normalized but |Qg..) is not. In the time-
dependent case, it is usually claimed that similar things
should happen in the time-dependent Hamiltonian,

Note that this ic prescription now is the standard ie pre-
scription in quantum field theory, and this € is not the slow-roll
parameter in cosmic inflation.
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Texp(—i f;;} HI(T/>dT/) |‘eree<70)>
<Qin (TO) |eree(7’-0)> ’

Texp <—i / H,(r’)dr’) Q4 (7)) ~ (3.34)

and the same ie prescription for time coordinates are used. One could argue that this will approximately happen if there is no
pole for the Hamiltonian around time 7z, so the contribution of the whole time-ordered exponential is dominated roughly by
H, for a sufficiently long period of time. Thus we have

(Qin(70)| O ()| Qun (70)) = (Qin(70) U] (7. 79) OU (7. 70) | Q0 (7))
= (Qiy(70)|U}; (7. 70) Uy (7. 79) OU{\ (. 7) Uy (. 70) 1R (70))
(Qiree (70) | U} (. 70) Up (7. 7) OU{ (7. 70) U g (7. 7)) | Qe (0))
|<Qin(fo)|9free(fo>>|2
(Qiree(70) |U] (7. 70) OU, (7. 70) | Quree (70))

- |<Qiﬂ<70)|gfree(70)>|2 ' (335)

Note that since |Q;, (7)) is normalized, we could put an identity operator O = 1. If we believe that Uy, U;, and U, are still
unitaries (although now we use the ie prescription), operator O in other pictures, Oy and O are also identities. Now we get

~
~

|<Qin(10)|gfree(7’-0)>|2 =1 (336)

Note that this does not mean that those two states are equal, since |Qg..(7g)) is not normalized.
Finally, we arrive at the main formula used in various literature for computing inflationary perturbations,

{Qin(70) |01 (7)|Qun (70)) = (Qiree (70) U] (7. 70) OU (7, 70) | Qree (7)) - (3.37)
The full methodology is called the in-in formalism in the literature of cosmology. Now we comment on this formalism

briefly.
(i) The approximation

NT]'exp(—ifTTO H](T/)dflﬂgfree(fo»

T .
Texp(—i/ H (r’)df’)Q- (79)) ® (3.38)
70 ! " <Qin (TO) |eree (TO) >
|

is promisingly reasonable since the integral is as we know the interacting vacuum |, (zy)) in the
dominated by the early time 7, because of the quantum circuit, we could directly evaluate the
inflationary universe. However, this assumption is following expression based on Theorem 2:
not as solid as the perturbative quantum field theory
in flat space, where we have a rigorous statement (Qin(70) |0k (7) |4 (70))

mathematically, which is called the Gell-Mann and

_ . il .
Low theorem [88]. Further issues include the state- = (Qun(20)|U (z.20) O (70) U (7. 70) [Qn (70)) .

ment where |(Qi,(70)|Qpree(70))[> = 1, which re- (3.39)

quires unitarity but in fact it is not, due to the

Wick-rotated time. We believe that the current by constructing the unitary evolution

treatment in the ie prescription of cosmology is

hysically correct, but can we rigorously prove it? . Y N

gui]thermi/)re, can we bound the er%or frorr}: tllze above Un(z.7) = Texp [_l lo Hy (7')dz } - (340)

approximation? They are still open problems. Some

related insightful discussions include [78,80]. and measure the expectation value using, for in-
(i) However, our quantum simulation algorithm com- stance, postselection. Thus, we claim that our

pletely does not rely on the in-in formalism and the quantum simulation program could justify the cor-

perturbative expansion: it is directly operated in the rectness and bound the error of the in-in formalism,

Heisenberg picture, and the calculation could be hence solve those open problems. Furthermore,

performed beyond the perturbative regime. As long since we could extend the algorithm in other cosmic
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phases (for instance, bouncing universe), it could
help us compute correlation functions numerically
for geometries beyond inflation where there is no
initial manifest dominance in the integral.

B. Experimental observables

Now we give a brief discussion on how the above
observables are connected to experiments. Usually, in the
experiments, we study correlation functions in momentum
space. For a given operator O(1, x), the Fourier transform is
defined as

Ok(z) = /d3x(’)(r,x)e_ik"‘,

&’k

Olr.x) = / Wok(r)eka. (3.41)

For the two-point function, in the case of cosmology, we
know that it is invariant under translation in the following
sense:

(O(z.x)O(r.y)) = fO(x —y). (3.42)
Then the two-point function looks like
(On0) = [ @x [ @yrOx - yjeones
= (27)°8*(k; + k) / dPufC(u)e~kiv,
(3.43)
We could define the power spectrum P
33 217
(Ok,Ok,) = (27)°5° (k; + kz)?Po(kl)’
1
K 3., 1O ik
Po(k) :z—ﬁ/d 1O (u)e—iku. (3.44)

For curvature perturbation O = £, we could firstly compute
the correlation function in the coordinate space to obtain
the function f¢ using quantum simulation, then we could
perform the Fourier transform above to compute the power
spectrum. Observationally, the power spectrum P, could be

| 22 3k koks |
Fe(5-1-2) 2128 (2
(C% 2) 2(k, ‘H<2‘f'k3)3Jr ( :

determined by the CMB map or the LSS, specifically at the
time of ‘“horizon exit” where k= aH. At this time,
quantum perturbations decohere and become statistical
perturbations. Now the function P,(k) = P,(k) becomes
purely a function of the momentum norm (the wave
number). To make further contact with experimental
observables, we could define transfer functions that could
keep track of cosmic evolution after the horizon exit. In the
CMB, the angular power spectrum of CMB temperature
fluctuations C, could be written as an integral of the
primordial power spectrum P;. In the LSS, the late-time
power spectrum of dark matter density fluctuations is
proportional to the P, with certain transfer functions.
For further knowledge, see the lecture notes [19] and
references therein.

Similarly, one could consider three-point functions. The
translational invariance of the three-point function in the
coordinate space ensures that in the momentum space, there
is a factor given by the delta function. Moreover, we could
define the bispectrum F of the curvature perturbation ¢

2

P
(G, Gibi) = 2a) 8k + ko +K3) 5
17273

x F(ky/ks, ko /k3), (3.45)
which is directly related to non-Gaussianities of the
corresponding inflationary model. Non-Gaussianities pro-
vide important primordial information of particles and
interactions in the early universe, and they are directly
related to observations.

C. Examples

Inherited from our previous discussions, we present the
results directly without specifying the process, referring to
previous results in [14]. In general single-field inflationary
models we discussed before, the leading-order power
spectrum is computed directly from the free theory,

H2

P, = .
¢ 8r’c,e

(3.46)

The leading-order bispectrum is given by the tree-level
diagram using the in-in formalism,

)

k33 + k1k3 + K3k3 + k3ky + K3k + k3k3

ki + 3+ k3

CS
[ KA + k3AKE + k3K
kykayks(ky 4 ky + k3)

(3.47)

2k1 8k1k2k3 ’

with the parameter 1 and X defined above. Note that the result is perturbative in the slow-roll parameter.
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D. Further comments

At the current stage, we wish to make some further

comments.

(i) As we mentioned before, note that, in the above
sections, we mostly describe the perturbative quan-
tum field theory formalism theoretically. Progress
and problems we have mentioned before about this
theoretical prescription provide us motivations to
perform quantum simulation in the future quantum
device and benchmark the quantum simulation
algorithms and devices using the known answer
from quantum field theory calculations. However,
when we are doing quantum simulation, we are
completely not using the perturbative method in the
interaction picture. In fact, we do not even need to
introduce the interaction picture, and we could just
focus on the Heisenberg picture when we are
performing quantum simulation.

(i1) Furthermore, we wish to mention that when per-
forming quantum simulation, in this paper, we are
quoting the perturbative action we will use as
examples. However, we could even imagine that
we could just simulate the original action beyond the
slow-roll expansion. Extra treatments are needed in
this process to separate the classical and the quantum
part of the action, and furthermore, implement them
in the quantum device. It could potentially be an
interesting generalization of our current work.

(iii) As we have described, the Hamiltonian we are
considering is intrinsically time dependent even for
the Heisenberg picture since the spacetime is expo-
nentially expanding with time. Thus, it might be
interesting to apply methods and tricks from the study
of quantum open-system and quantum thermodynam-
ics in quantum information science, for instance, the
Lindblad equation and the quantum resource theory.
Moreover, the precise formulation of open systems in
quantum field theory needs to be formalized [89].
Moreover, it might be interesting to make use of
Floquet dynamics in quantum many-body physics to
study conceptual problems in cosmology and analog
quantum simulation, since the time-dependent dy-
namics in Floquet systems, as periodically driven
open systems, might be similar to the cosmic evolu-
tion of cyclic or bouncing cosmologies (see a related
work [90]). Furthermore, for cyclic or bouncing
theories, they might be more suitable for quantum
algorithms, since they are strongly coupled processes,
which are relatively harder to understand compared to
the perturbative dynamics.

IV. DESIGNING THE ALGORITHM

A. The original Jordan-Lee-Preskill algorithm

The Jordan-Lee-Preskill algorithm [48,49] could be
regarded as a generic paradigm for simulating quantum

field theories in the quantum computer. Here we briefly
review the original version of the Jordan-Lee-Preskill
algorithm, and our generalization will be discussed later on.

The original algorithm is designed for simulating the 1¢*
scalar quantum field theory in general spacetime dimen-
sions, where the lattice version of Hamiltonian is

H= 03 [+ (Vo)

XEQ;

s (@)

where the coupling 4, can either be weak or strong.
Although the A¢* scalar quantum field theory now is
defined in a lattice, the value of the scalar field ¢(x) at
each site is continuous and generally unbounded, while the
digital quantum computer is only capable of managing a
finite number of qubits. The idea of [48,49] is to bound the
field value by ¢, With a discretized step size as d¢ at each
site, i.e.,

{_¢max’ _¢max + 5¢v L) ¢max - 6¢’ ¢max}’ (42)

such that the original Hilbert space is truncated to be finite
dimensional, allowing one to encode the scalar quantum
field theory with finite qubits into quantum computers. A
key result of [48,49] is to determine the truncation of the
Hilbert space and the number of qubits per site by the
scattering energy E. To simulate the quantum field scatter-
ing process, initial scattering states should be excited. As
described in [49], this task can be fulfilled by preparing the
initial vacuum state of free theories |Qg..) followed by
exciting the wave packets (which are represented by
lw) = a,|Qpe)) based on the prepared vacuum, where
exciting the wave packets can be realized by involving an
auxiliary Hamiltonian with additional ancilla qubits

H, = aj, ® [1)(0| +a, ® |0)(1],
Qfree) @ 10) = —ily) ® |1).

L

(4.3)

Adiabatically turning on the interaction for the wave
packets, they will evolve in time to an ending time, which
is precisely the scattering process. Simulating the time
evolution is a well-known task, and the authors of [49] have
done this by simply splitting the Hamiltonian into field and
field momentum piece, then applying the product formula
of Trotter (which will be briefly introduced in Sec. IV F).
As the completion of the whole time evolution of the
scattering process, it allows one to measure any physical
observable that satisfies our simulation goal.

As a summary of the above review, the original version
of the algorithm consists of the following prescriptions:
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Algorithm

1. [Jordan-Lee-Preskill] The original

Jordan-Lee-Preskill algorithm is an algorithm for simulat-
ing the A¢* scalar quantum field theory in general space-
time dimensions at both weak or strong couplings. It is
given by the following steps.

®

(i)

(iif)
@iv)

)

(vi)

Encoding. We encode the lattice field theory Hilbert
space into the quantum computer. The truncation of
the original Hilbert space and the number of qubits
encoded per site are determined by the scattering
energy E.

Initial state preparation. We construct the initial state
using an algorithm proposed by Kitaev and Webb
[91] for constructing multivariate Gaussian super-
positions. The algorithm could be improved by some
other classical methods [92,93].

Exciting the wave packets in the free theory. This
part is done by introducing ancilla qubits.
Adiabatic state preparation. We adiabatically turn on
the interaction to construct the wave packet in the
interacting theory. The speed of adiabatic state
preparation should be slow enough to make sure
the resulting wave packet is still a reasonable single-
particle wave packet.

Trotter simulation. We use the product formula to
simulate the time evolution e~"" by splitting the
Hamiltonian to the field piece and the field momen-
tum piece.

Measurement. After time evolution, we compute the
correlation function we are interested in using the
quantum circuit. We could measure field operators,
number operators, stress tensor, and other quantities
we are interested in.

B. Our generalization of Jordan-Lee-Preskill

The original Jordan-Lee-Presklll algorithm we have
described above needs further modifications in order to
be applicable to cosmic inflation. Comparing to the original
scattering process, the evolution process for computing
cosmic correlation functions has the following features.

®

(i)

In the initial state preparation, we are not setting the
scattering energy to be E since we are not doing
exactly the scattering experiment. Instead, in cosmic
inflation, we are able to set the energy scale of the
inflationary perturbation theory A = 1/b. We could
use A instead to bound the energy scale, and then the
field momentum fluctuation, which will restrict the
dimension of the truncated Hilbert space. A similar
analysis in inflationary physics could help us bound
the field configuration itself.

In the scattering experiment in flat space, the Ham-
iltonian in the A¢* theory is static in the Heisenberg
picture and also the Schrodinger picture.10 However,
in the cosmic perturbation theory, the Hamiltonian

lOHowever, in the interaction picture, the Hamiltonian is time
dependent.

(iii)

@iv)

)

(vi)

should be time dependent in general in both pictures.
So the field basis we are using should be generically
different for different times. In order to encode the
time-dependent Hamiltonian and simulate the Hei-
senberg evolution

Usg(Fengs 70) = Texp [—i I Hﬂr’)d@ L (44)
70

we need to figure out the field basis transformation
depending on different times. This could be realized
by computing Green’s identity in the free theory. We
discuss this transformation as a reduced case of the
HKLL formula [65,66], which is usually appearing in
AdS and involving both space and time.

We still need the Kitaev-Webb algorithm to prepare
the free theory vacuum, but we do not need to excite
the wave packet, since our cosmological-motivated
correlation functions are evaluated for the vacuum
states.

In the adiabatic state preparation process, we start
from the free theory at conformal time z;, and then
we use adiabatic state preparation to construct the
interacting vacuum at z;,. Since the zero-momentum
diagonal mode states and the ground state are
degenerate in the free theory, as we have discussed
before, extra treatment might be needed to split
those states in the gapless regime. This treatment is
called the ground state projection in the following
discussions.

Then we use the Trotter simulation to evolve the
time-dependent Heisenberg evolution. Note that due
to possible mixings between quantum fields and
field momenta we have in the Lagrangian, we
generalize the original calculation in the Jordan-
Lee-Preskill to the three-party product formula case,
making use of results from [94] and references
therein.

Cosmic perturbation theories have certain measure-
ment tasks that could be directly related to exper-
imental observations. Here, we measure cosmic
correlations

<Qin (TO) | OH (Tend) |Qin (TO)>
= (Qin(70)|U}; (Tena: 70) Ot (70) Uy (Tenas 70) |
X Qin(TO»’ (45)

instead of other operators that are discussed in the
original Jordan-Lee-Preskill algorithm.

Thus, we propose the following algorithm that is applicable
to compute cosmic correlation functions.

Algorithm 2. (Jordan-Lee-Preskill for cosmic inflation)
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original Jordan-Lee-Preskill algorithm, specifically appli-
cable for cosmic correlation functions at general couplings.

(i) Encoding. We use the field basis at time 7. The range
and precision of the field basis are truncated based on
the energy scale of EFT A = 1/b, and some other
inflationary physics. Furthermore, to encode the time-
dependent Hamiltonian in the Heisenberg picture, we
need the transformation from the time 7, to a general
time 7. The transformation is given by Green’s identity
as a special reduced case of the HKLL formula in the
3 4 1 dimensional de Sitter space.

(ii) Initial state preparation. We still use the Kitaev-
Webb algorithm and its improvements to prepare the
Gaussian vacuum state |Qg..(7g)). The variance
matrix is given by the two-point function of the
free theory.

(iii) Adiabatic state preparation. We use the adiabatic
state preparation to prepare the interacting vacuum
|Qi,(70)). Extra treatment, namely the ground
state projection, is needed to filter out the zero-
momentum states of diagonal modes.

(iv) Trotter simulation. We use the Trotter algorithm to
simulate the Heisenberg time-dependent time evo-
lution. Note that including this evolution and also
the adiabatic state preparation piece, we might face
the mixing between field and field momenta in the
Hamiltonian. Thus, we will use the three-party
product formula to do the simulation.

(v) Measurement. We measure (€2;,(7)|Oy(Tena)|
Qi (79)) after the evolution by, for instance, standard
algorithms like the postselection.

More details in the above steps will be discussed in the

following subsections.

C. Encoding from the HKLL formula

We start with the encoding problem in our quantum
simulation program. At the time 7,, we define our field
basis

5(TO7X)|C(TO,X)> = {(79,x)|¢ (70, X)). (4.6)
On the left-hand side, (7o, x) is understood as the
curvature perturbation operator, and the state vector
|C(79.x)) defines the eigenvector. The field value {(z, x)
could be arbitrary for the fixed space and time x and 7. So
for fixed x, the local Hilbert space dimension is infinite.
Similarly, we define

e x)lE(ex) = (Xl x),  (47)
for an arbitrary time z.'' Note that for different time
slices, the state vector will be different in general,

"In most parts of the paper, we will not distinguish operators
with their classical counterparts by the hat notation.

since the field operator & (z,x) and its eigenspace are
different.

We will use the field basis |{(zy, X)) to encode our
Hamiltonian. Namely, we will represent all terms in our
Hamiltonian on the above basis. For terms containing field
momentum operators, the matrix elements could be deter-
mined by the canonical commutation relation.

However, the above treatment could only work for the
initial time slice 7. The reason is, our Heisenberg
Hamiltonian is manifestly time dependent. So the question
is, can we determine the field operator and the field
momentum operator at the time 7 easily from z,?

The answer is, yes. In fact, one could naively expect this
to happen in the field equation. Since our encoding is based
on the free system,12 our field equation is linear. A naive
choice is to use the Heisenberg evolution operator

¢(z) = Ujy(7.70)¢(10) U (7, 70).

But the evolution operator Uy itself contains operators later
than 7. Instead, we solve the dynamical equation, and the
answer is expected to be linear

(4.8)

Lrx) = / Py(K (. %70, 1) (0. )
07y LC™(7.X)

+ K (7, X; 70, ¥)7£ (70, Y))- (4.9)

In the above equation, ¢ and 7 are understood as operators,
and the integration kernels K and K, are scalar functions.
The kernel is supported on the set 9, LC™(z, x), which is
defined as part of the time slice 7, intersecting with the past
light cone starting from the point (z, x). The kernels should
be supported on the set J, LC™(z,x) determined by the
causal structure of the theory. Since our metric is manifestly
conformally flat when we are using the conformal time, the
light cone structures are the same as the flat-space ones.
Then we could directly write down

0,,LC(7.x)

= {(79,X) € inflationary spacetime: |X —X| < ¢,|t —7o|}.
(4.10)

Here, the notation |...| is the same as the Euclidean

distance. Note that here we also consider the nontrivial
sound speed c,. We use Fig. 1 to illustrate the above
encoding.

20One might worry that the existence of couplings might
change the construction of the encoding basis. In fact, we do not
really need to worry about it, since this is simply only a basis
choice. For instance, we could use the harmonic oscillator basis to
encode the A¢* strongly coupled theory in flat space, although at
strong coupling, the harmonic oscillator in the free theory does
not exist. In fact, the time evolution of the basis here illustrates
how we define our time-dependent quantum field theory.
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So how does one determine the kernel? In our case, it is
purely a partial differential equation (PDE) problem before
we promote our variables to operators. In fact, it could be
easily solved by Green’s identity. Generally speaking, if we
consider the relativistic theory for a Klein-Gorden scalar ¢ in
3+ 1 dimensions, Green’s function G will satisfy the
following linear equation:

¢(T,X)—A el )d3y || (¢(z0.¥)V,G(7.X:70.¥) — G(7.%:70.¥)V,ib(70.Y)).

#(x =)oz~ )
V=

V,VEG(z,x;70,y) = (4.11)

where the covariant derivative V¥ is acting with respect to
(79,y). The corresponding Green’s identity then reads

(4.12)

where h and n are induced metric and unit normal vector for the surface 8TOLC‘ (7, x). In our case, the equation of motion for

Green'’s function is modified as

2¢e
m (0%1085 + 2810 — Toago)G(T, X; 7o, y) = 53 (X — y)é(’[ — To). (413)
s Ty
The corresponding Green’s identity for our purpose is
2¢
{(r.x) = ﬁ/ d*y(G(z,x:79.¥)9,,{(70.¥) — {(20.¥) 0, G (7. X: 70, Y)).- (4.14)
csH™75 Jo, LC-(rx)
Thus the kernels are given by
2e
Ke(7,X:70.y) = 0,,G(7,X:70,y), K, (7, x;79,y) = G(1,X;70,Y)- (4.15)

clH*7}

In our case, since we already extract the past light cone, we could take the Green’s function directly to be the Wightman’s two-

point function

G(r,x;70.y) = ﬁ (2)vi(zo) ik-(x=y)
) Ay []ay — (27[)3 Uk T Uk To e .

(4.16)

T N
T
0 x
FIG. 1. The encoding process from the past light cone. Here, we

use a two-dimensional plot to illustrate past light cones for
different zs at a fixed x. Those light cones are intersected with the
time slice 7,. We use a one-dimensional real line to represent the
direction of x, but in the real world, we have three spatial
dimensions.

Taking a derivative of the time coordinate, we will get the
corresponding formula for the field momentum.

We will use the above formula to encode the
Hamiltonian. What is the nature of the above encoding?
In fact, it could be regarded as a reduced version of the
HKLL formula in the study of the AdS/CFT correspon-
dence (see [65] and a review [66]). In AdS/CFT, a typical
problem is to determine the bulk data from the boundary
dynamics. The HKLL formula describes how we write the
bulk operator from the boundary in the semiclassical theory

Obulk = /HKLL kernel x Oboundaryv (417)

from solving PDEs. In the AdS case, the situation is more
complicated since space and time are mixed: the boundary
contains the time direction. The allowed accessible range in
the bulk determined by a given range of the boundary is
called the causal wedge. Figure 2 illustrates a standard
example of the causal wedge reconstruction in the case of
AdS-Rindler in three spacetime dimensions [95,96]. In our
cosmology case, a little difference comparing to AdS/CFT
is that right now we understand the time direction as the
“boundary,” so we only need the past light cone instead of
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FIG. 2. The AdS-Rindler bulk reconstruction. Here the bulk
operators could be reconstructed from the boundary using the
HKLL reconstruction formula. This is the standard example
mentioned in, for instance, [66].

the full causal wedge. See another discussion about the
HKLL formula and bulk reconstruction in [42].

It is remarkable that we are able to use the HKLL
formula for a different purpose beyond the usual study of
AdS/CFT. This seems to indicate that studying the nature
of spacetime might be closely related to quantum simu-
lation in quantum gravity. Furthermore, it is worth noticing
that in our discussion, we use the word “encoding” in a
completely different circumstance. The word “encoding”
we use here means that we are going to make our qubits
from our brains to quantum computers, while the word
“encoding” in other literature about AdS/CFT usually
means the encoding map in the quantum error correction
code [95-97]. Moreover, the encoding we discuss only
requires the free theory. Hence, we are consistent with the
semiclassical description and satisfied with the ‘“causal
wedge reconstruction”.

It will be interesting to study how the encoding of
different time slices will change when turning on the
coupling. From the perturbative point of view, we have
to receive tree or loop corrections in the Witten diagrams.
Nonperturbatively, the causal wedge reconstruction might
be replaced by the entanglement wedge reconstruction, and
the HKLL formula might be replaced by the modular
Hamiltonian and the modular flow. It might be interesting
to see how the story will go both in AdS and dS cases.
There was an insightful discussion recently about holo-
graphic scattering and entanglement wedge [98]. Finally,
when we are studying the scattering problem in AdS in the
quantum computer, probably we might consider using the
honest HKLL formula for encoding since, in AdS, space
and time direction is mixed. Moreover, one might consider

the discretized version of our de Sitter encoding formula in
the lattice, and it should not be very hard to obtain since we
currently only care about the free theory.

We end this subsection by commenting on the complex-
ity we need to perform encoding. Obviously, the number of
terms we need in the encoding map is proportional to the
number of sites included in the past light cone regime on
the time slice of 7;. So we have the complexity estimate:

cslrend - TO| 3
b

- 0(—“'70(1 - e_N)>3. (4.18)

encoding complexity = O(

b

Here N is the e-folding number during inflation.

D. Encoding bounds from the EFT scale

Here, we continue our discussions about the encoding.
The ideal study in quantum field theory with infinite-
dimensional Hilbert space is not promising for a digital
quantum computer, so we have to discretize our field basis
and make further truncations.

Now, let us consider the following prescription of
truncations. We want to bound the range of the curvature
perturbation ¢ at the time 7 by { .« Furthermore, we wish
the step size (precision) of the discretization of the field
value to be 6¢. Namely, our choices of field values on each
site are exactly Eq. (4.2) but replacing ¢ by {. As a result,
the number of qubits is estimated as

(4.19)

How does one choose the value of 6 and 7 Intuitively,
we know that if the field fluctuation { is bounded
probabilistically (for instance, in terms of expectation
values), then we cannot make that much error if we choose
Cmax to be comparable to the field fluctuation bounds. This
intuition is explicitly proved by the original paper of
Jordan-Lee-Presklll [48,49]. We call it the “Jordan-Lee-
Preskill bound.” In fact, assuming an €y p error in trunca-
tion, the probability of the field values appearing outside
the truncation window is controlled by the Chebyshev
inequality for all possible probability distributions. For all
sites, the total probability outside the truncation window
Protal 18 controlled by the union bound Vpnee, Where V is
the total number of sites and pg. is the probability of
making an error for a single site.

Here, we just quote the result from the Jordan-Lee-
Preskill bound without proving it. Say that we truncate the
field to obtain the state |y p) and we introduce the error
enp such that (Wielwip) = 1 —€np, where Yy is the
actual state. We have
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(4.20)

%
Cmax ~MA T <Wtrue|€2|l//u'ue>'
€jLp

The square root of the prefactor comes from the quadratic
relation in the Chebyshev inequality.

Then, how could we bound the precision? It is easy to
notice that from the definition of the canonical commuta-
tion relation we have

1

o (4.21)

Tmax., ~

Applying the same Jordan-Lee-Preskill bound towards the
field momentum, we get

1 /e 1
L T
<l//true | ”g | l//true>

Vb3
ny, ~ log < \/<l//true|ﬂ%‘l//lrue> <l//true|§2|l//true>> : (422)
€1Lp

So how could we bound ({?) and (zZ)? Now, we need
some knowledge about cosmology. We start from 7. Since
we already know that our ultraviolet cutoff is 1/b ~ v/ He,
the cutoff must work for a single term in the Hamiltonian
|

|(¢ (70, %)

Toy

-6
H?(cir,

~

d’%
‘/ Ukvke‘k X-y)

4 kUV
/szk’dek' ‘m/ﬂk Ukv;:dk‘

o(kby — ki) + 210g(kw))

b3c? ) 1
d S, 4.23
age () < b (4.23)
So we get
2y < 424
() 5 2. (4.24)

Note that here a is the initial scale factor. The way of
bounding quantities using the total energy is the same as
what we did for the original Jordan-Lee-Preskill scattering
experiment in flat space. Furthermore, the bound could
serve as a general bound working for all couplings.
However, how could we bound {? At the late time 7,
we know experimentally that
(&) ~ 10710, (4.25)
which is purely from the experiment. In the early time, the
situation may not be the same, and we could not naively use
the bound from the late time. In the free theory, the inflaton
is massless so we cannot bound > directly from the

Hamiltonian. However, we could directly estimate the
curvature perturbation from the free theory. We have

‘/ (2ay "

PR+ 2108(L)

167%¢c e

In the last step, we take the cutoff kyy = 1/b and
kig = 1/L. One could see that the above result depends
at most logarithmically on the system size. Thus, the
dimension of local Hilbert space should be at most
polynomial in size in general.

The above result is only a result of the free theory. But
how about interacting theory at the time z,,? In general, the
result should not be drastically changed if we are in the
regime of the perturbation theory. The leading correction
towards the above two-point function should be the one-
loop diagram in the following plot, which is of order &? if
we call the coupling as e (See Fig. 3 for an illustration.)
But the situation might change in the case of strong
coupling. Now let us consider the system is approaching

B¢ is a combination of >, Aand 1

before.

— ¢4, which we discussed

4.26
167%¢c e ( )

|
the critical point with a second-order phase transition. If
such a critical point exists, the two-point function of
curvature perturbation should scale as a power law with
the distance and a scaling dimension, which is not a drastic
dependence for our quantum computer. But what happens
in general, in the middle of the renormalization group flow?
Although it seems to be not very possible that the field
fluctuation is exponential regarding the system size, since it

FIG. 3. The one-loop diagram at the fixed time 7.
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is a nonperturbative problem, we could only make trials
numerically if we do not have any theoretical control. In
fact, assuming the field configuration is continuous, when
constructing the state and measuring the field profile, we
could actually get some indications if the size of the local
Hilbert space is out of reach. Such trials will be helpful for
determining an honest value of the field range up to some
given error, with certain convergence conditions. We leave
this topic for future research, especially for people with
quantum devices and clean qubits.

E. Initial state preparation by Kitaev and Webb

After we address the encoding problem, here we discuss
the initial state preparation. At the beginning, we wish
to construct |Qg..(79)) in the quantum computer. In the
free theory, the wave function is given by the Gaussian
distribution in the field basis, with the probability
distribution

- -

1 >
p() = Wexp (—EC-M‘I -C). (4.27)

Here, we define

(=)L) l(x). (428)
and the matrix M is the two-point function
M;; = ({(x;)0(x;)) = G(0, X570, X;).  (4.29)

The square root of the probability distribution could define
the components on the field basis. Thus, the problem of
state preparation becomes a problem of preparing the
Gaussian distribution with multiple variables.

This problem is discussed and solved in [48,49], and
here we describe the solution. We could directly use the
Kitaev-Webb algorithm [91] to prepare the vacuum state.
The idea is that one could firstly prepare a distribution of
Gaussian state in a diagonal form, and then do a trans-
formation to the desired basis. The main time cost in the
algorithm is the singular value decomposition of the inverse
covariance matrix we have in the Gaussian distribution,
which could be improved by using classical algorithms in
[92,93]. With the known covariance matrix given by the
two-point function, the complexity scales as O(V*37°),
which is bounded by polynomials in system size.

There might exist some alternative methods for construct-
ing Gaussian states. For instance, Ref. [99] describes another
algorithm for Gaussian state preparation, which is related to
one-dimensional quantum systems. Reference [100]
describes another variational algorithm for preparing the
Gaussian state. There might be some future improvements
about the Kitaev-Webb algorithm in 3 + 1 dimensions.

F. Trotter simulation

Now, say that we already have a state |Qg..(7)). The
next steps are to construct the interacting vacuum |Q;, (7))
and then evolve the Heisenberg unitary operator. Both steps
are requiring Trotter simulation based on the product
formula. Compared to flat space, the task we have here
in the inflationary spacetime is pretty different in the
following two aspects,

(1) Our time-dependent quantum field theory is differ-
ent from flat space by a scale factor. The scale factor
will affect Trotter simulation errors by entering the
commutators.

(i1) In the original Jordan-Lee-Preskill algorithm, the
A¢* quantum field theory Hamiltonian could be split
into two parts H, and H, that contain fields and
field momenta separately. However, in our case,
there is a generic feature that we will have mixing
terms between fields and field momenta.

The above differences motivate us to describe a general-
ized, time-dependent Trotter simulation theory, which will
be presented in this subsection. We will mostly use the
notation from [48,49,94].

We consider a general time-dependent time evolution
operator, and we split the total time into 7,4, intervals

Texp <—i / : dr’H(r’))

Mproduct s 1 _
~[] exp(—iH(J (T—TO)) ! TO). (4.30)
j=1 nproduct nproduct

We could define a shorthand notation

j—1

Nproduct

(t=19) = 7. (4.31)

For each term in this exponential, we have the kth order
product formula

exp <—iH(Tj) —l )

nproduct
2k+1
T—T
= product term + O (acom %) (4.32)
product

The detailed expression in various forms is given in [94]
in detail. The error constant a.,, is determined by
commutators

Rgplit

H[HﬂZkH’ s [Hﬁz’Hﬂl]] ’ (433)

Proe-Pur1=1

where we expand the total Hamiltonian by

086013-21



JUNYU LIU and YUE-ZHOU LI

PHYS. REV. D 104, 086013 (2021)

(4.34)

In our case, we assume ng,; = 3. Physically, in our
situation, we have the field variable term, the field
momentum term, and the mixing term, where we call them
H,, Hy, and H;.

G. Adiabatic state preparation
and the ground state projection

We start from the adiabatic state preparation with
applications of our Trotter simulation formula.

Generically, for a generic Hamiltonian H(s) which is
parametrized by s ranging in [0, 1], we call the ¢th
eigenstate |v,(s)) for a given s,

H(s)[ve(s)) = es(s)[ve(s)).

The state |v) could be approximately achieved by the s-
dependent time evolution from O to 1, starting from s = 0.
We call such state |u;) for the energy level e;. The
transition amplitude, where we call it the “adiabatic error”
€.4> 1S given by

(4.35)

1 dH(s)

T(ep—ey)? ds (4.36)

€aa = [(vp|ug)| ~

Here, T is the total time we use when we are turning on the
interaction. In our situation, we wish to turn on the
interaction slowly and linearly. So we have

dH(s)
=H,, 4.37
22—, (4.37)
and the adiabatic error is bounded by
H
a S L’HZ (4.38)
T x gap

Here, we are starting from the vacuum state of the free
theory, so we are interpreting the energy difference as the
mass gap in the Heisenberg Hamiltonian. As we have
mentioned before, our Hamiltonian has a further problem:
the theory is massless. We cannot only use energy to
distinguish the vacuum state and zero-momentum states
with multiple diagonal modes. Thus, some extra treatments
should be used when we are doing the adiabatic state
preparation.

Here, we propose the following ground state projection
algorithm. We notice that the degeneracy problem among
diagonal modes and the vacuum should only happen in free
theory. Generically, we do not expect that the transition
amplitude will be large for finite coupling constant.

Namely, there should exist energy-level splitting when we
are slowly turning on the coupling. Thus, we only need to
resolve the tunneling around the free theory regime. Note that
in the free theory, diagonal modes should carry positive
particle numbers. Thus, starting from the free theory vacuum,
we keep doing the measurement of the state in the quantum
computer by measuring the following operator:
Ni—o = by_obx—o- (4.39)
We will only select the result when we get zero from the
measurement data. The operator Ny _ is exactly the number
operator for zero-momentum diagonal modes. We need to
perform the measurement for the first few steps in our
simulation. After we obtain a significant amount of the
coupling, we do not need to do this measurement, and around
the finite coupling regime, the number operator has no
physical meaning.
Using the above ground state projection protocol, we
could bound our adiabatic error

LAl

€S (4.40)

Note that the 1/L gap introduces extra polynomial factors
in the system size. The explicit determination of the
evolution time 7 should come from the Trotter computa-
tion. In fact, we find

2k43/2 |7 |27 2k+1
Sox (L) LT L

€ad 2k 3/2°
€iLp nyg e/

(4.41)

Here n,y is the number of splitting we use during the
adiabatic process. Thus, the total gate estimate, 7,4 o1
scales as

Nad total ™~ V x Nad

V2+3/4k |1 ‘2 1/2k
~ 1/2k 1+1/2k 0
0(8 X€}f§/4kXT X 3/ .
(4.42)

Note that here, we make use of the scaling of our basis
norm for ¢ and 7.

Finally, we comment briefly on the issue of the inflaton
mass. Generically, the effective field theory of inflation
might receive higher derivative corrections suppressed by
the cutoff. If the inflaton is not protected, it will receive
radiative corrections. A connection between the unstable
inflaton mass and the parameter # in slow roll is so-called
the n problem, suggesting that the radiative correction
of the inflaton might prevent the inflationary expansion of
the spacetime. In our case, we consider the lattice regu-
larization of the theory by the ultraviolet cutoff 1/b, and the
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theory in the short distance is still massless in the sense of
lattice many-body systems. In a sense, we are regularizing
the theory in the way that the inflaton mass is protected
from being zero in the free theory case. Thus, we are away
from the 5 problem. However, when we turn on the
interaction, the inflaton mass will receive corrections from
the coupling, and the theory is generically gapped
(although the gap might be very small).

H. The efficiency of inflation

Now say that we already obtain |Q;,(z)) based on the
above adiabatic state preparation procedure. The next step
is to simulate the following unitary operation acting on the
state:

Ninflation

(g = 7)™ (g —
€inflation ™~ 0< Z acom(fj) ennzT <0 Ocom (Tend) (31121{4 .
Jj=1

inflation

Wmmmﬁmm—%mP/MMﬂW%MWL
(4.43)

using our Heisenberg Hamiltonian H. Again, we will use
the Trotter formula to simulate the above computation.
Note that now the Hamiltonian is honestly time dependent.
It is depending on the conformal time, which is different
from the adiabatic state preparation case where we are
slowly turning on the coupling.

Here, we could estimate the efficiency of the Trotter
simulation during the expansion of the scale factor.
Assuming the Trotter error €;,s,i0n and the number of time
StepS Minflations W€ have

(4.44)

inflation

Here, we use a bound about the time dependence, assuming the dominance of the late-time Hamiltonian because of the

expansion of the scale factor.

Rigorously computing the error €;,.50n 15 @ difficult problem. Here, we will make an intuitive analysis based on the time
dependence. In fact, we expect that the time dependence of our three Hamiltonians H;, H,, and H; at the time 7 will be

bounded by

1 3/2
miso(2).  mlso(-2L).  miso- )"
2 3
€1Lp €1LpT €ILp

Here we make a brief explanation on the above bound. The
term )/ ey p comes from the bound of the field range of the
Chebyshev inequality. Thus, the pure cubic term H; will
scale with a power 3/2. The time dependence is purely
coming from the counting of the geometric factor and the
time dependence on the quantum fields. A remarkable
feature is the 1/7 dependence appearing in H,. This is, in
fact, coming from the cutoff logarithmic term that is
independent of time in the solution of modes. We expect
that this term will also be presented in the interacting theory
in the short distance limit, especially since we are working
under an exact lattice regularization of the quantum field

(4.45)

Now assuming the late-time dominance, an example of
the dominant piece in the Trotter formula will scale in the
following form:

[mwuwmmwwmwaHmm~Qﬁfwf%

(4.46)

Furthermore, the commutator will bring us an extra factor

in V,

theory. Thus, we expect that the Trotter constant will [H.,Hj] = 225“ U Z . (4.47)
dominate at late time. Xy X
|
Thus, we have an estimate on the Trotter error,
V2k+5/2 (Tend _ TO)2k+1 V2k+5/2 |TO|(1 _ e—N)2k+1 448
€inflation ~ O 24312 (|7 Minration) X ~ 0 U2 (N V) (4.48)
€ TLP end ["tinflation € TLP inflation

Thus, the total gate counting is given by
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Tend — TO)

141/2k)2+5/4k

Rinflation,otal ~ O ( 173/2k

|Tenal € p

We will leave two comments here for the above formula
(i) The above formula is a clear example on how the
e-folding number N changes the efficiency of the
Trotter simulation, and how the expansion history
depending on 7 will change the number of resources
we demand. The calculation of Trotter constants
might also be important for other situations as well,
especially for other time-dependent quantum field
theory or quantum many-body problems.
We have to admit that the above analysis is a rough
estimate based on certain assumptions. Firstly, it
assumes the late-time dominance of the Hamiltonian
norms and drops the dependence on the coupling
constant. Secondly, we make assumptions that there
are certain terms dominating the Trotter series based
on the late-time dominance assumption. A more
careful analysis is useful to fully characterize the
Trotter error in the inflation process, where we wish
to leave those calculations for future research.

(ii)

I. Measurement

Here we briefly discuss the issue about measurement.
Say that we could already construct the state

[result) = U (Tend: 70)|Qin(70))- (4.50)
Then, measuring the expectation value,
(result| O(zy)|result), (4.51)

is a standard problem in quantum computation. Since we
already know the operator O(z,), we could do a probabi-
listic calculation using the postselection experiment. The
method is statistical, and the total cost we need to perform
should scale at most polynomially in 1/error.

We wish to make the following comments.

(1) It might be interesting to look at operators beyond
simply curvature perturbations and non-Gaussian-
ities. For instance, we might consider measuring
tensor perturbations, other operators like energies or
stress tensors in inflationary perturbation theory, or
studying the nature of the interacting vacuum by
checking the assumptions in the in-in formalism
calculation in perturbative field theory.

The algorithm about the postselection that we have
mentioned here is statistical and probabilistic. One
might consider some other algorithms which are
deterministic. For instance, we could consider the
quantum signal processing algorithm discussed in

(ii)

1/2K(] _ g=N)I+1/2k)2+5/4k
>~0(|T°| Sl > (4.49)

_N _1+3/2k
€ €p

[101]. Those algorithms might demand extra effort
about block encoding and qubitization, and demand
some oracles to perform selections. We leave those
developments applying to cosmology to future
research.

J. Errors, de Sitter trees, and loops

Here we make a brief analysis of the error induced from
the finite lattice to approximate the continuum.

From the standard quantum field theory argument, the
lattice effect will result in equivalently a series of irrelevant
operators in the Lagrangian, which are suppressed by the
lattice spacing. The leading irrelevant operators preserving
shift symmetry are at least dimension six, so the leading
corrections should be &% or £(9;¢)2. Thus, the lattice effect
will induce an error in non-Gaussianity scaling as O(b?).
Those corrections are at tree level. Note that those correc-
tions are nothing but adding a small perturbative piece of
couplings into the original interaction (which could be
nonperturbative in principle), which completely makes
sense because we are assuming the interaction of the
general single-field inflation.

Corrections from a finite b towards the two-point
function should appear at the one-loop order, scaling as
b*. The analysis and the diagram are the same as the case in
Fig. 3, although the motivation is completely different from

the previous discussion. Now, taking the interaction é’ 3 as
an example, we could borrow the result from [54] about this
one-loop diagram using the language of the effective field
theory of inflation. Using our notation, we start from the
interaction

S =0b / dxdt x ka3, (4.52)

Here « is a dimensionful coupling. The result of the one-
loop correction to the two-point function of the curvature
perturbation in the momentum space should scale as

b4K.2Hl4

one-loop correction ~ PiRe log(Hb). (4.53)

H4

Reference [54] claims that the result is consistent from both
the cutoff and the dimensional regularization. In principle,
one could use those one-loop formulas to control the
systematic error produced by lattice regularization.

086013-24



QUANTUM SIMULATION OF COSMIC INFLATION

PHYS. REV. D 104, 086013 (2021)

V. FINAL REMARKS

In this paper, we present a complete analysis of the
generalized Jordan-Lee-Preskill algorithm for inflationary
spacetime. The algorithm contains the encoding analysis,
initial state preparation, adiabatic state preparation, time
evolution during inflation, and the measurement. We com-
pute the time cost of the algorithm and argue that the
complexity is polynomial in system size for quantum
devices, sharpening the statement of the quantum-extended
Church-Turing thesis. The analysis includes various tech-
niques from high-energy physics to quantum information.
We also make suggestions on the physical questions we
could answer when running the algorithm in the quantum
computer.

In this section, we will make further suggestions and
comments on the future directions related to this paper.

A. Improvement of the algorithm

About the algorithm itself, there is still room for future
improvement. We point out some of them as the following.
(i) About the encoding treatment, in this paper, we are
working on the field basis at the initial time 7, and
using the HKLL-type formula to encode the field
and the field momentum at a general time t.
However, it might be useful to explore the possibility
of other bases. For instance, one could consider
encoding the field from 7.,y and evolving it back. If
one could realize the treatment, it might be more
convenient to bound the field fluctuations since we
have the late-time experimental data about the
curvature perturbation. Furthermore, one could also
consider encoding the Hamiltonian in the momen-
tum basis or in the harmonic oscillator basis, as we
have discussed before.

(i) About the Jordan-Lee-Preskill bound from EFT, in
this paper, we make some analysis of the curvature
perturbation and the field momentum perturbation
using some knowledge from cosmology. It might be
better to improve those bounds by taking more
physics into consideration. For instance, in some
specific models, those fluctuations might have better
theoretical control. Moreover, it might be interesting
to explore the phase diagram of couplings we have
mentioned, in the general single-field inflation or
some other models.

(iii) About the adiabatic state preparation, we discuss an
algorithm here to filter out the degeneracy of zero-
momentum diagonal modes, projecting towards the
ground state. It might be interesting to make a more
detailed analysis of how the error would scale during
this process, both in the case of the free theory and
the interacting theory with small couplings. It will
also be helpful if we could explore the mass gap
depending on couplings analytically or numerically.

This research might demand some help from the
near-term quantum device. It might also be helpful
to try some other algorithms in the adiabatic state
preparation process, for instance, the Wan-Kim
algorithm proposed recently in [102].

(iv) About the Trotter evolution, in this paper, we mainly
discuss some estimations, mostly focusing on the
time dependence of the Hamiltonian. It might be
helpful to make a more detailed analysis of all other
parameters, for instance, the value of couplings, and
some exact computations on the Trotter error nu-
merically or analytically.

(v) About the measurement and the representation of the
Hamiltonian, it might be helpful to discuss some
improvements of the algorithm using methods with
oracle constructions, for instance, quantum signal
processing. Those might be associated with other
methods to represent the Hamiltonian, for instance,
qubitization. See [75] for a review about them.

B. The quantum Church-Turing thesis

Here we make some comments about the quantum-
extended Church-Turing thesis. The quantum-extended
Church-Turing thesis is a claim about the capacity of
quantum computation to simulate our real world. It claims
that all physical process happening in the real universe could
be computed efficiently using the model of the quantum
Turing machine or the quantum circuit. Namely, the thesis
makes claims about the efficiency of simulation. As we all
know, the cost scaling polynomially with the system size will
satisfy computer scientists, while the cost scaling exponen-
tially with the system size will be disappointing.

However, it might be challenging when we suggest an
implementation of the quantum-extended Church-Turing
thesis in general relativity. As we all know, the theory of
general relativity has the ambiguity of defining space and
time, but quantum mechanics or quantum computation
require the definition of time to be specific. More precisely,
if the time cost represented in one coordinate suggests that
the complexity is polynomial, it might be exponential in
some other time coordinates. So the statement of the
quantum-extended Church-Turing thesis seems to require
a covariant definition if we believe the low-energy effective
description of general relativity and the fundamental
existence of time.

In general, the quantum-extended Church-Turing thesis
is widely believed to be correct, although we cannot really
prove the statement. It will be very interesting if someone
could prove it in some general assumptions, and it will also
be interesting if someone could find some cases where the
claim is violated. Furthermore, we could imagine that the
quantum-extended Church-Turing thesis could even serve
as a swampland criterion in the landscape of theories: if we
find in some models, the quantum-extended Church-Turing
thesis is violated, then the model might be unphysical or the
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operation corresponding to the time cost might not be
allowed. Otherwise, we may accept that the model of the
quantum Turing machine may not be universal and power-
ful enough, and we might consider using some other
physical process to perform quantum computation.

Our analysis of Trotter simulation could potentially
provide evidence for interpreting the quantum-extended
Church-Turing thesis as a swampland criterion, in terms of
a potential connection with the distance conjecture (DC)
[103] and the trans-Planckian censorship conjecture (TCC)
[104], which are known as swampland criteria in the
literature. More precisely, according to Eq. (4.49), the
resource demand by the Trotter simulation of inflation
approximately grows exponentially in e-folding number,
indicating the failure of the quantum-extended Church-
Turing thesis for a large enough e-folding number. Indeed,
both the DC and the TCC can be written in terms of the
bounds on the e-folding number, see, e.g., [104,105]

DC: Ap ~V2eN < O(1),

TCC: €N < ! .

end

(5.1)

Current research suggests further issues about the
quantum-extended Church-Turing thesis in gravity. First,
general relativity could seemingly bring us the ambiguity
about the efficiency, but also the computability of the
Turing machine in classical or quantum computation. A
typical experiment of this type is named by Malament and
Hogarth [106], suggesting that general relativity is able to
solve the halting problem (see some comments in
Appendix A, and there is also a related discussion about
computability and the gravitational path integral [107]).
Furthermore, there are recent discussions about the quan-
tum-extended Church-Turing and the holographic corre-
spondence: we know that the entanglement entropy and the
complexity in the boundary CFT should be generically
computationally hard to evaluate, but in the dual side, the
area and the volume in gravity seem to be computationally
easy. The puzzle brings other further questions about the
nature of holographic correspondence and the quantum-
extended Church-Turing thesis in quantum gravity (see
[108-112]).

Here we wish to point out that our calculations might
provide a concrete framework to address the quantum-
extended Church-Turing thesis in the curved spacetime. In
our work, we argue that the time cost should be polynomial
when we are using the conformal coordinate. But how
about the physical time coordinate? How about mixing
space and time? One could try to proceed with a similar
analysis following our paper. One could also try to general-
ize our discussions in other spacetime, like quantum field
theories in pure AdS or black hole backgrounds.

C. The role of constants in the Trotter algorithm

Here we wish to point out another perspective in our
Trotter simulation. Usually, the Trotter constant appearing
in the commutator terms may not be that important,
especially when the Hamiltonian is time independent.
However, the constant a., appearing in our calculation
is time dependent during inflation. Here, the constant has
clear physical meanings, carrying the geometric factor for
the inflationary spacetime.

Here we wish to point out that the Trotter constant might
be interesting physically in other circumstances, and it
might be interesting to point out the physical meaning of
the product formula. For instance, we know that the chaotic
Hamiltonian might be harder to simulate comparing to the
integrable Hamiltonian based on the intuition of the
butterfly effect. Thus, the hardness of quantum simulation
based on chaos might be shown in the Trotter commutators.
If one could explicitly show some quantitative connections
between the commutators in the Trotter formula and the
out-of-time-ordered correlators, it will be interesting for a
possible physical understanding of our quantum simulation
algorithms. This might also be related to the recent
discussions about improvements of the Trotter simulation
algorithm using randomness techniques (see [113-116]).

D. Verifying statements in quantum field theories

In our paper, we point out another issue regarding the
value of quantum simulation. As we know, quantum field
theories are difficult to study, especially when the theories
are strongly coupled. Sometimes, the arguments we made
are physically intuitive but may not be completely rigorous
that could satisfy mathematicians and computer scientists.
Thus, we claim that quantum computation, if making our
field theory problems exactly verifiable and numerically
achievable, might provide us new venues to test and clarify
our physical claims in quantum field theory. We believe that
our example of the in-in formalism and the interacting
vacua is not unique. The future computational power
provided by quantum devices might force us to make
everything clear and bound the error we make about our
physical arguments. For instance, some claims in quantum
field theories about duality, from AdS/CFT to duality webs
applied to high-energy physics and condensed-matter
theory recently, might be checked and verified in some
similar ways.

E. Quantum gravity in the lab:
Analog and near-term simulation

Our paper could be regarded as simulating a certain
category of quantum gravitational theory in the digital
quantum computer. There have been some similar works
recently about the quantum simulation of other perspectives
of quantum gravitational theories, mostly related to
AdS/CFT and black hole physics. For instance, the
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celebrated Sachdev-Ye-Kitaev (SYK) model and some
related quantum gravity effects are considered to be
simulated in the analog platforms [117-120] (see also
digital simulations in [121-123], and also some early
papers about analog simulation of cosmic inflation
[124,125]). Thus, it might be interesting to consider those
analog platforms in the cosmological setup (see [42,126]).
For the quantum simulation in the near-term devices, it
might be interesting to explore perspectives about varia-
tional quantum simulation, and hybrid quantum-classical
algorithms making use of classical knowledge, for instance,
the matrix product state [127].

F. Multifield inflation and dS conjecture

In this work, we discuss the simulation of single field
inflation models of the early universe. The above calcu-
lations could be naturally done in the multifield case. One
application of those calculations could examine dS con-
jectures discussed in the recent literature.

The single-field inflation model is considered to be
possibly violating the dS conjectures [105]. dS conjecture
argues that scalar field theory consistent with quantum
gravity has to satisfy the following criterion:

|35§V| >cV, (5.2)
where ¢ represents an (1) constant. For single field
inflation, as we can observe in Eq. (2.11), this swampland
criterion then implies

€~ey Zlcz, (5.3)
2
which is in tension with the slow roll condition € <« 1.
However, it is claimed that the dS conjecture does not
exclude all inflationary models, e.g., it turns out that the
multifield inflation can survive [128]. We expect the
algorithm in this work can be extended to multifield
inflation and then test dS conjecture by simulating the
physical process. For example, it is shown that when the
angular velocity Q of inflation trajectory in multifield space
is nearly a constant, heavy modes ¢ orthogonal to inflation
trajectory can be integrated out, and the resulting model can
be effectively described by Eq. (2.12) supplemented with
further interaction terms [129-131], where the sound speed
¢, encodes the details of additional heavy modes

4Q%\ -
cg = 1—|—M2 .

Thus most of our algorithm and our analysis of complexity
should still be applicable, except that we have to modify the
interaction terms that may alter the details of evolution. On
the other hand, this model does not necessarily violate the
dS conjecture, because now we have

(5.4)

Q> -1 c? Q% -1

= 1 _) >— (1 —) . 5.5

€ €V< + 9H2 =5 ( + 9H2 ( )

Large enough Q can then rescue the slow roll condition,
and the lower bound is given in [128]

Q cN\ 2 3
—>3((—) -1,
#=3((3) )

where A is O(1) constant associated with the DC. This
bound will be important if one aims to simulate such
multifield inflation without violating the dS conjecture. A
successful simulation requires a delicate balance between
the appropriate input of Q and Trotter gates Eq. (4.49) when
using specific e-folding number N.

(5.6)

G. Other phases of cosmology

It might also be interesting to extend this work to other
phases of cosmology. For instance, there are paradigms in
the early universe as alternatives of inflation (see, for
instance, [132-134]). Several proposals, for instance, the
ekpyrotic universe proposal in [134] contains brane con-
figurations in string theory, are related to nonperturbative
physics. Furthermore, as was mentioned before, it might be
interesting to validate the in-in computations of correlation
functions in those spacetime backgrounds using quantum
devices.

It will also be interesting to look at other cosmic eras. For
instance, one might consider cosmic reheating (see
Appendix B) and electroweak phase transition in the early
universe, where those eras are closely related to strongly
coupled physics in quantum field theory, and are also
observationally relevant [135,136].

It is also important to extend the simulation algorithm in
the current paper to quantum field theory living in FLRW
universes arising from time-dependent compactification of
string theory [137,138]. Simulating these FLRW space-
times may shed light on resolving the inconsistency
between inflation scenario and dS conjecture [139].

H. Holographic scattering, sub-AdS locality, and the
computational complexity of AdS/CFT

Another possibility of generalizing the current work is to
look at scattering experiments in AdS. Specifically, one
could prepare similar states made by mode functions in the
AdS spacetime backgrounds. A typical example we might
consider is the holographic scattering experiments, where
we start from wave packets prepared near the boundary and
shoot them into the bulk. Correlation functions might be
computed by tree-level Witten diagrams semiclassically, or
the dual correlation functions in the boundary CFT. When
turning on the coupling, we might receive loop corrections.
There is much confusion and ongoing discussions regard-
ing this process that are related to the concept of locality
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beyond the semiclassical theory at the sub-AdS scale [57—
64]. Those processes are well motivated to study when we
have the computational power from quantum devices.

When simulating the above theories in the quantum
computer, one should firstly discretize the theory in the
lattice. Some triangulation procedures might be needed for
us to write a lattice theory in some AdS coordinates.
Furthermore, one has to resolve similar problems, for
instance, the encoding process, in order to generalize the
Jordan-Lee-Preskill algorithm in the AdS spacetime. In the
dual side, one has to construct a complete algorithm in
order to estimate some correlation functions in the boun-
dary CFT, which might be made by some critical points of
spin chains.

This problem is also helpful for the conceptual problem
we mentioned before about the quantum Church-Turing
thesis. Naively, if we have the boundary large-N CFT that is
nearly a generalized free theory, the dual theory is nearly a
free particle propagating in the pure AdS. In this setup, both
sides should be computationally easy to simulate, although
it might be interesting still to concretely come up with some
algorithms. However, the situation might be changed if we
include a black hole in the AdS background, and the dual
theory has some higher energy states describing black hole
microstates. We feel that this is a concrete setting to check
the computational complexity of the AdS/CFT correspon-
dence in the original sense of Witten [140]. If we could
really find there are processes here that are computationally
difficult, it might be an indication that the quantum-
extended Church Turing thesis is violated. Furthermore,
in this concrete setting, one might be able to verify the
statement made by Susskind [110]. Digging into this
problem deeper, we might find some relations between
the simulation problem and some fundamental aspects of
holography and quantum information theory, for instance,
pseudorandomness [111] and quantum entanglement [98].

L. Other generalizations and further open problems

Here we propose some further generalizations of our

work.

(1) It might be interesting to study the complexity class
of the problems in cosmic perturbation theory. For
instance, one could try to identify the complexity
class of the computational tasks presented in this
paper in a more rigorous way, similar to the study in
[51]. More precisely, we wish to prove that the
cosmic perturbation theory is BQP-complete rigor-
ously in the quantum information language.

(i1) It might be interesting to make a full investigation on
the commutators appearing in the Trotter formula
and precisely compute the Trotter constant, even for
the quantum field theories in flat space, for instance,
the A¢* theory or even the free theory. It is also
interesting to study the physical implications of the
Trotter formula in the continuum limit.

(iii) It might be interesting to relate the discussions about
quantum simulation in the bulk of the de Sitter space
to the future time slice 7,4, namely, the “boundary.”
Those discussions are potentially related to some
proposals of realizing de Sitter space in a dual
theory, for instance, the dS/CFT correspondence
and some other proposals [37-39,41-44].

(iv) It might be interesting to investigate further about
swampland conjectures that have been recently
discussed (see, for instance, [104,139,141,142]).
Although we are focusing on the effective field
theory point of view in this paper, we expect that one
day, one could construct quantum algorithms from
the ultraviolet perspective and investigate further
about those conjectures, besides the swampland
criterion about the Church-Turing thesis condition
that has been discussed before.
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APPENDIX A: COMMENTS ON COMPUTATION
AND QUANTUM GRAVITY

In this section, we give some brief discussions about
computation and quantum gravity. There are several his-
torical comments that are related to this topic, for instance,
insightful discussions in [143].

As we mentioned before, the concept of computation is
naturally associated with the definition of time, which
requires more consideration when we mix the definition of
time and space in the theory of relativity. In fact, if we
consider this problem in special relativity, we could boost
the observer, and the computation might get some speedup
in the observer’s inertial frame. However, it requires extra
energy to perform the boost. Thus, in terms of special
relativity, it seems that we have to consider the computa-
tional resource by merging the time cost and the energy cost
together, which is suggested, in a sense, by the Bekenstein
bound [144], which relates energy and entropy [143]. How
is this related to cosmic inflation, where we are simulating
the spacetime where the energy is not conserved and even a
free lunch during the cosmic expansion in this paper?
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More weirdness might appear when we consider the
theory of general relativity. Taking the boost example
mentioned before, one could boost the particle drastically
near the horizon of a black hole. Moreover, we could even
construct spacetimes where one could see some entire
worldlines by traveling a finite amount of time in the inertial
frame. This is so-called the Malament-Hogarth spacetime
[106]. In general relativity language, it means that there exists
apast-extendible timelike curve and a point (event), such that
the curve itself is infinitely long, but the curve is part of the
timelike past of the point. One could construct such events in
the Kerr or AdS spacetimes. Thus they could be Malament-
Hogarth (see [145]). In the Malament-Hogarth spacetime,
one could even solve the halting problem.

When facing the above weirdness in general relativity, a
natural argument is to admit that we have to use quantum
gravity when defining those computational tasks. The
construction of infinite boosts in general relativity requires
the trans-Planckian statement, where we have to discuss
short-distance physics that are smaller than the Planck
length. Thus, it is expected that the Malament-Hogarth
construction is not physical, and the quantum gravitational
backreactions will prevent it from happening. Some related
questions are addressed by [107,112,146] on the black hole
physics, or the gravitational path integral.

However, before we perform a full evaluation of quan-
tum gravity theories, we could make some “temporary
choices” when we are simulating some specific theories:

(i) We could make some specific choices on time
coordinates before studying how covariant the sys-
tem is. For instance, we choose conformal coordi-
nates in this paper. Some similar coordinates include
the Poincare coordinates in AdS, or the boundary
coordinates in the asymptotically flat spacetime (for
instance, the Schwarzschild black hole in the asymp-
totically flat background). Those coordinates are not
that different from the flat-space coordinates in the
sense that we could take some “limits” or conformal
transformations. One could consider constructing
algorithms to simulate dynamics in those spacetimes
at the starting point.

(i) We could focus on some well-defined tasks in
quantum many-body systems and quantum field
theories. For instance, we could temporarily forget
how special relativity is emergent from some quan-
tum many-body systems, and just pick some time
slices equipped with some well-defined quantum
physics machinery.

The freedom of temporary choices we could make does not
mean that we will stop thinking about improvements to the
framework. We feel that in the future, the following
research directions will be valuable.

(1) Starting from continuum physics, we could think
about boosting particles or changing coordinates in
some specific systems. For instance, the Rindler
transformation in flat space or the black hole, or

transforming from the conformal coordinate to the
physical coordinate in cosmology. Moreover, in some
models with weakly coupled gravity, we could com-
pute the perturbative correction from quantum gravity
to see if it could change the answer, to make the
backreaction story we discuss before more precise.

(ii) Starting from discrete physics, we could think about
how the light cone is emergent from many-body
systems, and how it could be related to quantum
complexity. To do this, we might consider spin
models with a second-order phase transition as a
starting point. We could somehow redefine the
computational resource by conserving the energy
costs. This might be related to the applications of
quantum information theory in thermodynamics and
resource theories (see a review in [147]).

APPENDIX B: COMMENTS ON QUATUM
SIMULATION OF COSMIC REHEATING

RH The result presented in this paper is about cosmic
inflation, but many techniques introduced in this paper could
be directly applied to another problem in cosmology: cosmic
reheating. Unlike cosmic inflation, the reheating process is
naturally strongly coupled. Thus, it is challenging to for-
mulate some exact quantum field theory statements analyti-
cally in the reheating process, naturally motivating us to think
about numerical investigations and possible computational
speedup using quantum devices (see some references in
cosmic reheating [23-28]). The digital quantum simulation
of cosmic reheating might deserve another lengthy paper to
investigate. Here, we only point out our idea and leave this
possibility for future research.

Inflation is a super “cool” process where the universe is
expanding with a very low temperature. At the end of
inflation, inflaton condensates will decay to other particles.
This process (preheating) is claimed to be violent and far
from equilibrium, associated with nonperturbative phenom-
ena, such as stochastic resonances. Finally, the universe
will thermalize (reheating), setting up the scenario for big-
bang nucleosynthesis. The process might also be associated
with cosmological observations, such as CMB associated
with observations of inflation, gravitational waves, mag-
netic fields, and baryon asymmetry.

Due to the nonperturbative nature of the (p)reheating
process, it is challenging to make predictions only relying
on perturbative analysis in quantum field theories. Several
lattice simulation has been investigated to explore the
process, although a full calculation in the setup of quantum
field theory in the curved spacetime with a complete
description in the Hilbert space is still in development
[148]. Thus, we are facing a situation similar to the lattice
gauge theory in flat space: we might require quantum devices
for our future computation to make reliable predictions. As a
result, it is well motivated to study cosmic reheating using
quantum computers.
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For instance, a typical model in the early study of
reheating [23] is to consider the following couplings
between the inflaton and the matter fields:

s [ @xary=gi-on? - npww).  (®1

Here y and y are scalar and fermionic decay products with
the couplings ¢ and A. Simple perturbative analysis shows
that the decay rate is given by

62

Uopyy = 0( ) Ly = O(K*m), (B2)

m
where m is associated with the inflationary potential
V = m?¢*/2. Using those formulas, one could study
how matter contents are generated and estimate the temper-
ature based on the above perturbative analysis. However,
the analysis could only be trusted in a heuristic sense: the
nature of the process is highly nonperturbative, and we
cannot use perturbative quantum field theory techniques at
tree level. Thus, a simple experiment we could start is to
simulate the above process with large couplings using the
digital quantum device.

The situation here is more similar to the original Jordan-
Lee-Preskill setup, merging with our methods in the curved
spacetime. The background scale factor should be different,
so the mode functions are different in this process. But the

quantizations of fields in the free theory are very similar.
We could start from the free theory wave packet states of
the inflaton and adiabatically turn on the interaction.
Finally, we measure the decay rate of particles by evolving
the state and do a similar postselection.

The generalization from our algorithm to the above (p)
reheating model should be straightforward, except now we
have to encode the solution of fermions. In flat space, it is
challenging also to encode fermion fields in higher dimen-
sions. In [50], an algorithm about encoding fermions in
1 4 1 dimensions is established with the Bravyi-Kitaev and
the Jordan-Wigner transformations. However, in the Trotter
simulation, if the Hamiltonian is nonlocal after encoding
(which is the situation of the naive Bravyi-Kitaev or Jordan-
Wigner transformations), we do not have a good scaling in
complexity (see [94] for a conclusion about k-local
interactions). However, we are lucky to have other algo-
rithms which could maintain locality (for instance, see the
“Superfast simulation of fermions” in Bravyi-Kitaev [149],
or [150-152]), suggesting novel ways of ordering, which
preserve the locality in the bosonization process. This
encoding should be not only useful for studying reheating
but also useful for fermionic quantum field theory simu-
lations using quantum devices in flat space. In curved
spacetime, several details, for instance, the spin connection
in the lattice, need to be figured out. Furthermore, it might
also be interesting to try analog simulations for cosmic
reheating [153].
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