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We consider type IIB 5-brane web diagrams for a 5D SpðNÞ gauge theory with an antisymmetric
hypermultiplet and Nf fundamental hypermultiplets. The corresponding 5-branes can be obtained by
Higgsing a 5-brane web for quiver gauge theory. We use the refined topological vertex formalism to
compute Nekrasov partition functions of 5D Spð2Þ theories with one antisymmetric hypermultiplet and
flavors. Our results agree with the known results obtained from the Atiyah-Drinfeld-Hitchin-Manin
method. We also discuss a particular tuning of Kähler parameters associated with this Higgsing.
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I. INTRODUCTION

A large class of five-dimensional (5D) N ¼ 1 super-
symmetric gauge theories [1] can be constructed in type IIB
5-brane webs [2,3] or in M theory on Calabi-Yau threefolds
[4–7]. The duality between a 5-brane web in type IIB string
theory and a toric Calabi-Yau threefold in M theory [8]
enables one to utilize the topological string partition function
on a toric Calabi-Yau threefold to obtain the Bogomol’nyi-
Prasad-Sommerfield partition function of a 5D gauge theory
on the dual 5-brane web [9–14]. The topological string
method known as (refined) topological vertex [15–19] thus
provides another powerful tool for computing the partition
function of 5D N ¼ 1 gauge theories.
In recent years, there has been much progress on

understanding 5D N ¼ 1 gauge theories from the perspec-
tive of type IIB 5-brane webs [20–28], revealing that an
even larger class of 5D N ¼ 1 theories can be realized by
5-brane webs. For instance, 5D SUð2Þ theories with 5 ≤
Nf ≤ 7 hypermultiplets in the fundamental representation
(flavors) can be obtained by Higgsing of a 5-brane web for
T3, T4, and T6 theories, respectively [29]. It is straight-
forwardly generalized to a 5D SUðNÞ theory with 2N þ
1 ≤ Nf ≤ 2N þ 3 flavors. The dual diagrams for these
5-brane webs are generically nontoric, as they can be
understood as a Higgsed diagram of certain quiver theories

[22,23,30]. 5D SOðNÞ=SpðNÞ (quiver) gauge theories with
the number of hypermultiplets in the fundamental repre-
sentation exceeding the bound in Ref. [7] can also be
constructed from 5-brane webs with the orientifold planes
by Higgsing [24,31]. Moreover, SpðNÞ gauge theories with
the hypermultiplet in the antisymmetric representation [24]
and SOðNÞ gauge theories with hypermultiplets in the
spinor representation [32] are also constructed. Even G2

gauge theories with Nf ≤ 6 flavors are represented by
5-brane webs [33]. Dual diagrams for such 5-brane webs
are generically nontoric, as they can be obtained by a
Higgsing of some certain quiver theory and also by
introduction of the orientifolds, implying that the corre-
sponding Calabi-Yau threefolds are nontoric.
The topological vertex formalism also has been imple-

mented to nontoric Calabi-Yau threefolds [20,34,35] by
tuning Kähler parameters [36–39]. Even for a nontoric
diagram with an O5 plane, (unrefined) topological vertex
formalism was newly proposed [40], which enables one to
compute the partition function for 5D G2 gauge theories
based on a 5-brane web with an O5 plane [33], which
agrees with the field theory results up to two instanton
contributions [41–46]. Though the topological vertex
formalism is applicable to 5D gauge theories of various
gauge groups, application of the topological vertex to
theories with a hypermultiplet other than the fundamental
hypermultiplet is still limited.
In this paper, we utilize the topological vertex to

compute the partition function for a 5D SpðNÞ theory
with an antisymmetric hypermultiplet and Nf ≤ 7 flavors.
The theory has the fixed point at UV where the global
symmetry is enhanced to ENfþ1 × SUð2Þ [1,4–7]. The
partition function for a 5D SpðNÞ theory with a massless
antisymmetric hypermultiplet and 5 ≤ Nf ≤ 7 flavors was
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already computed based on web diagrams of Higgsed TN
theories [35]. Here, we consider 5D SpðNÞ theories with a
massive antisymmetric hypermultiplet and Nf flavors,
whose diagrams are obtained from Higgsing of a certain
quiver gauge theory [24,26]. To obtain the Nekrasov
partition function from the corresponding nontoric dia-
gram, one needs to properly tune Kähler parameters
associated with the Higgsing. We find a proper tuning
for the Kähler parameters by comparing the partition
function obtained from the topological vertex result with
the known result from localization. As such Higgsed parts
of the 5-brane web are locally a T2 diagram, such tuning
can be also determined by considering tuning of a T2

diagram (T2 tuning). Following Ref. [47], global symmetry
enhancement can be shown by redefining the gauge theory
parameters to make the fiber-base duality manifest.
The paper is organized as follows. In Sec. II, we discuss

5-brane configurations for 5D SpðNÞ gauge theories with
one antisymmetric hypermultiplet and flavors. In Sec. III,
we review the refined topological vertex formalism and
discuss a special tuning of Kähler parameters for a 5-brane
diagram for a T2 theory, which is associated with the
Higgsing of 5-brane webs giving rise to SpðNÞ gauge
theories with an antisymmetric hypermultiplet. In Sec. IV,
we compute the instanton partition function for Spð2Þ
gauge theories with an antisymmetric hypermultiplet and
Nf ≤ 4 flavors and also discuss Spð3Þ gauge theory as an
example of generalization to a higher rank gauge group. We
then conclude with some remarks in Sec. V.
A Mathematica package for a refined topological vertex

for generic toric diagrams is accompanied and available at
the arXiv Web site or Ref. [48]. The package would be used
for more complicated toric diagrams.

II. 5-BRANE CONFIGURATIONS FOR SpðNÞ
GAUGE THEORY WITH ANTISYMMETRIC

MATTER

From the perspective of type I0 string theory, 5D SpðNÞ
gauge theories with Nf hypermultiplets in the fundamental
representation (flavors) and one hypermultiplet in the anti-
symmetric representation are realized as N D4-branes near
the Nf D8-branes on top of a single O8− orientifold plane.
The theory has a superconformal fixed point that arises in the
infinite coupling limit of the gauge theory. It exhibits
SOð2NfÞ ×Uð1ÞI × SUð2Þantisym global symmetry of fla-
vors, instanton number, andan antisymmetric hypermultiplet.
At theUV fixed point, the global symmetry is enhanced to [1]

ENfþ1 × SUð2Þantisym ⊃ SOð2NfÞ ×Uð1ÞI × SUð2Þantisym;
ð2:1Þ

where En refer to E8, E7, and E6; E5 ¼ Spinð10Þ,
E4 ¼ SUð5Þ, E3 ¼ SUð3Þ × SUð2Þ, E2 ¼ SUð2Þ ×Uð1Þ,
and E1 ¼ SUð2Þ. The enhancement of global symmetry is
explicitly checked from the superconformal index based on
the Atiyah-Drinfeld-Hitchin-Manin (ADHM) method
[49,50]. Without any flavors, SpðNÞ gauge theory with or
without antisymmetric hypers has the discrete theta param-
eters (angles) associatedwithπ4ðSpðNÞÞ ¼ Z2, referred to as
θ ¼ 0; π. Hence, there are two inequivalent pure SpðNÞ
gauge theories: one with θ ¼ 0, denoted as SpðNÞ0, and the
other with θ ¼ π, denoted as SpðNÞπ. The origin of the
discrete theta parameters from type I0 theory is discussed in
Ref. [51].We note that SpðNÞ0 theory with an antisymmetric
hypermultiplet enjoys enhanced global symmetry SUð2ÞI ×
SUð2Þantisym at theUV fixed point, while SpðNÞπ theorywith
an antisymmetric hypermultiplet has Uð1ÞI × SUð2Þantisym.
Without antisymmetric matter, both theories have onlyUð1ÞI
global symmetry, except for the Spð1Þ theory, where the
global symmetry is enhanced to SUð2ÞI ⊃ Uð1ÞI .
A 5D SpðNÞ gauge theory can also be understood from

type IIB string theory. In fact, a wide range of 5D N ¼ 1
theories can be described by type IIB string theory, which
provides not only qualitative understanding but also quan-
titative aspects for 5D gauge theories. To describe a 5D
SpðNÞ gauge theory in type IIB string theory, one can
introduce anO5 plane or anO7− plane. As a representative
example, 5-brane webs for pure SpðNÞ gauge theory are
depicted in Fig. 1. In 5-brane webs with anO5 plane, when
one changes the coupling of the pure SpðNÞ theory, the
brane configurations are deformed in two different ways.
These two different phases distinguish the discrete theta
angles for the pure SpðNÞ theory [52]. One can also
compute the (unrefined) partition function of SpðNÞ theory
with Nf ≤ 2N þ 6 flavors based on a 5-brane web using
the topological vertex method [40].
5-brane configurations with an O7− plane are, in

particular, interesting. An O7− plane can be resolved into
a pair of two 7-branes of the same monodromy [53]. For
instance, suppose one resolves an O7− plane in Fig. 2(a),
and then the resulting 5-brane configuration becomes a
5-brane configuration for an SUðN þ 1Þκ theory with the
Chern-Simons level κ ¼ 2N þ 6 − 2jκj as depicted in
Fig. 2(b) and, hence, provides a diagrammatical account
for the duality between 5D SpðNÞ gauge theory with

FIG. 1. (a) A 5-brane web for SpðNÞ with an O5 plane. (b) A 5-brane web for SpðNÞ with an O7− plane.
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Nf ≤ 2N þ 6 flavors and SUðN þ 1Þ gauge theory with
the same number of Nf flavors [23,54], where flavors in
5-brane webs are represented by D7-branes.
For SpðNÞ gauge theory with an antisymmetric hyper-

multiplet, it is still a challenge to describe the theory based
on 5-brane webs with an O5 plane. It is, however, possible
to describe antisymmetric matter of an SpðNÞ theory using
O7− planes. To realize an SpðNÞ theory with an antisym-
metric hypermultiplet, one introduces two O7− planes
horizontally separated on a 5-brane web, and N D5-branes
are placed parallel to two O7− planes as depicted in Fig. 3.
An alternative description is to introduce a half NS 5-brane
stuck on one of the O7− planes [24] as in Fig. 4. While the

5-brane description in Fig. 3 corresponds to an SpðNÞ
theory with a massless antisymmetric hypermultiplet [29],
the 5-brane in Fig. 4 describes an SpðNÞ theory with a
massive antisymmetric hypermultiplet, where the mass of
an antisymmetric hypermultiplet is parameterized by the
vertical distance between two O7− planes.
The discrete theta parameters for SpðNÞ gauge theory in

this 5-brane web with O7−-planes are realized as two
different resolutions of anO7− plane into a pair of 7-branes
[24]. For instance, O7− can be resolved either into a pair of
7-branes of the charges ½1;−1� and [1, 1] or into a pair of
7-branes of the charges ½2;−1� and [0, 1]. If one resolves
twoO7− planes into the same types of 7-brane pairs, then it

FIG. 2. (a) A deformation of a 5-brane web with anO7− plane for pure Spð2Þ. (b) Resolution of anO7− plane into a pair of 7-branes of
the charge (1,1) and ð1;−1Þ. The resulting diagram is pure SUð5Þ theory of Chern-Simons level −5.

(a) (b)

FIG. 3. Massless case: (a) 5-brane configuration for Spð2Þ0 þ 1AS, where resolving two O7− planes into the same types of a 7-brane
pair (in this case, those of the 7-brane charges [1, 1] and ½1;−1�) yields the discrete theta angle θ ¼ 0. (b) 5-brane configuration for
Spð2Þπ þ 1AS, where resolving two O7− planes into the different types of 7-brane pairs [in this case, ð½1; 1�; ½1;−1�Þ and
ð½2;−1�; ½0; 1�Þ] yields the discrete theta angle θ ¼ 0.
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gives the discrete theta angle θ ¼ 0, while the resolution into
two different types of 7-brane pairs leads to the discrete theta
angle θ ¼ π. One can summarize 5-brane configurations for
SpðNÞ theorywith an antisymmetric hypermultiplet with the
discrete theta angle θ ¼ 0 (SpðNÞ0 þ 1AS) and that with the
discrete theta angle θ ¼ π (SpðNÞπ þ 1AS) as follows: For a
massless antisymmetric hypermultiplet, it is depicted in
Fig. 3. For a massive antisymmetric hypermultiplet, it is
depicted in Fig. 4.
Flavors can be introduced by adding D7-branes. We list

some representative 5-branewebs for 5DSpðNÞ gauge theory
with one antisymmetric hypermultiplet and Nf flavors
[SpðNÞ þ 1ASþ NfF] in Fig. 5. For web diagrams for
Spð2Þ þ 1ASþ Nfð≤ 8ÞF, see the Appendix in Ref. [55].
As one can see, 5-brane web diagrams for 5D SpðNÞ

theories with an antisymmetric hypermultiplet have jumps
on the ðp; qÞ plane. In other words, the corresponding dual
diagrams are nontoric. Such a 5-brane web can be regarded
as a Higgsed web diagram from some other (quiver) gauge
theories. For instance, as we will see in the later sections, a
5-brane web for 5D Spð2Þ0 theory with an antisymmetric
hypermultiplet can be obtained from a Higgsing of a

SUð2Þ × SUð4Þ × SUð2Þ quiver theory as shown in
Fig. 6. Another example that we will discuss is a 5-brane
web for 5D Spð3Þ0 theory with an antisymmetric hyper-
multiplet which can be obtained from a Higgsing of a
SUð2Þ × SUð4Þ × SUð6Þ × SUð4Þ × SUð2Þ quiver theory.
Likewise, 5D SpðNÞ0 theory with an antisymmetric hyper-
multiplet can be obtained from a Higgsing of an SUð2Þ×
SUð4Þ×���×SUð2NÞ×���×SUð4Þ×SUð2Þ quiver theory.

III. TOPOLOGICAL VERTEX AND T2 TUNING

In this section, we set up our convention and very briefly
review the refined topological vertex formalism, which
enables one to compute the Nekrasov partition function for
5D N ¼ 1 gauge theories, via geometric engineering
[13,17]. We also discuss Higgsing procedures associated
with Spð2Þ gauge theories with antisymmetric matter. Our
convention closely follows that used in Ref. [56].

A. Brief review of topological vertex

5D N ¼ 1 gauge theory in a general Ω background
can be engineered by some local toric Calabi-Yau

(a) (b)

FIG. 4. Massive cases: (a) A 5-brane configuration for Spð2Þ0 þ 1AS. (b) A 5-brane configuration for Spð2Þπ þ 1AS. The 5-brane
diagrams in the bottom are obtained after pulling out 7-branes from 5-brane loops and performing SLð2;ZÞ transformations.
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threefold [13]. It is also described by type IIB 5-brane web
diagrams. Through various dualities, such 5-brane webs are

equivalent to toric diagrams for local Calabi-Yau threefold
in an A model [8]. The Nekrasov partition functions can,
thus, be given by topological string partition functions. In
what follows, we may use 5-brane webs and toric diagrams
in an interchangeable way. In the topological vertex
utilizing toric diagrams, one chooses the preferred direction
denoted by k, assign Young diagram ðμ; ν;…Þ and Kähler
parameter Q• to edges, and the vertex factor to vertices and
then glues and performs the Young diagrams to get the
topological string partition functions

Ztop ¼
X
λi

Y
ðedge factorÞ ·

Y
ðvertex factorÞ: ð3:1Þ

The assignment of the vertex factor and the edge factor is
illustrated in Figs. 7 and 8. With the Ω deformation
parameters q ¼ e−ϵ2 and t ¼ eϵ1 , the vertex factor is
defined as

Cλμνðt; qÞ ≔ q
jjμjj2þjjνjj2

2 t−
jjμT jj2

2 Z̃νðt; qÞ
X
η

�
q
t

�jηjþjλj−jμj
2

sλT=ηðt−ρq−νÞsμ=ηðq−ρt−νT Þ; ð3:2Þ

FIG. 5. Some representative examples of 5-brane web SpðNÞ gauge theories with one antisymmetry hypermultiplet and flavors, which
are also considered in Sec. IV.

FIG. 6. A 5-brane web diagram for 5D SUð2Þ × SUð4Þ ×
SUð2Þ quiver gauge theory and its Higgsed diagram giving rise
to a 5-brane web for 5D SpðNÞ0 þ 1AS.
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where

Z̃νðt; qÞ ≔
Y

ði;jÞ∈ν
ð1 − qνi−jtν

T
j −iþ1Þ−1 ð3:3Þ

and sλ=η are skew Schur functions. The edge factor is
defined as

f•νðt; qÞframing numLνðQÞ; ð3:4Þ

with

fpν ðt; qÞ ≔ ð−1Þjνjtjjν
T jj2
2 q−

jjνjj2
2 ;

fνðt; qÞ ≔
�
q
t

�
−jνj

2

fpν ðt; qÞ; LνðQÞ ≔ ð−QÞjνj; ð3:5Þ

where fpðt; qÞ is for the edges along the preferred direction
and fðt; qÞ for other edges for nonpreferred directions.
After summing over Young diagrams along nonpreferred

directions by Cauchy identities (A1) and (A2), topological
string partition function (3.1) generically takes the follow-
ing form:

ZtopðQi; t; qÞ ¼ ZM · Zsum; ð3:6Þ

where ZM is a product of MðQi; t; qÞ’s:

ZM ¼
Q

MðQi; t; qÞQ
MðQj; t; qÞ

; ð3:7Þ

with

MðQ; t; qÞ ≔
Y∞
i;j¼1

ð1 −Qqitj−1Þ ð3:8Þ

and Zsum is the terms which contain the Young diagram
sum along the preferred directions, which has the following
structure:

Zsum ¼
X
μ·

Qjμ·j
i

Y
μ·

jjZ̃μ·ðt;qÞjj2

×

Q
Nhalf;−

ν· ðQi;t−1;q−1ÞNμ·ν·ðQi;t−1;q−1ÞQ
Nμ·ν·ðQi;t−1;q−1Þ

; ð3:9Þ

where

jjZ̃μðt; qÞjj2 ≔ Z̃μT ðt; qÞZ̃μðq; tÞ; ð3:10Þ

NμνðQ; t; qÞ ≔
Y∞
i;j¼1

1 −Qqνi−jtμ
T
j −iþ1

1 −Qq−jt−iþ1
; ð3:11Þ

and

Nhalf;−
ν ðQ; t; qÞ ≔ Nν;

�
Q

ffiffiffi
q
t

r
; t; q

�
; ð3:12Þ

Nhalf;þ
ν ðQ; t; qÞ ≔ N;ν

�
Q

ffiffiffi
q
t

r
; t; q

�
: ð3:13Þ

One can also think of ZM as the overall factor multiplied to
the terms which have the Young diagram sum. In other
words, ZM is the term that is obtained by setting the Young
diagrams along the preferred directions to ;, or Ztopjμi¼;.

B. T2 diagram and T2 tuning

As an instructive example, the 5-brane web or toric
diagram for 5D T2 theory is depicted in Fig. 9. The
topological string partition function for the T2 theory is

FIG. 7. Vertex factor assignment. The direction of the arrow on the edges can be chosen arbitrary, and the associated Young diagrams
get transposed when the arrow is flopped. Here q, t are the Ω deformation parameters q ¼ e−ϵ2 ; t ¼ eϵ1 .

FIG. 8. The left figure is for nonpreferred edges and the second for preferred edges. The colors of letters do not matter, as the blue
framing number a ∧ b equals red a ∧ b, and blue c ∧ d equals red c ∧ d.
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straightforward to compute and is given by

Ztop
T2
ðQ1; Q2; Q3; t; qÞ ¼ ZM

T2
· Zsum

T2
; ð3:14Þ

where

ZM
T2

¼
MðQ1

ffiffi
t
q

q
; t; qÞMðQ2

ffiffi
t
q

q
; t; qÞ

MðQ1Q2; q; tÞ
: ð3:15Þ

T2 theory is, in fact, special in that the Young diagram sum part Zsum
T2

can be performed, yielding a compact form:

Zsum
T2

¼
X
ν

ð−Q3Þjνjq
jjνjj2
2 t

jjνT jj2
2 jjZ̃νðq; tÞjj2Nhalf;−

νT
ðQ1; t−1; q−1ÞNhalf;þ

νT
ðQ2; t−1; q−1Þ

¼
MðQ3

ffiffi
t
q

q
; t; qÞMðQ1Q2Q3

ffiffi
t
q

q
; t; qÞ

MðQ1Q3; t; qÞMðQ2Q3; q; tÞ
: ð3:16Þ

We thus have

Ztop
T2

¼
MðQ1

ffiffi
t
q

q
; t; qÞMðQ2

ffiffi
t
q

q
; t; qÞMðQ3

ffiffi
t
q

q
; t; qÞMðQ1Q2Q3

ffiffi
t
q

q
; t; qÞ

MðQ1Q3; t; qÞMðQ2Q3; q; tÞMðQ1Q2; q; tÞ
: ð3:17Þ

We note that the partition function Ztop
T2

is SLð2;ZÞ
invariant; hence, T2 diagrams with different preferred
directions in Fig. 10 have the same partition function.
As discussed in Sec. II, 5D Spð2Þ gauge theories with an

antisymmetric hypermultiplet can be obtained by Higgsing
a quiver gauge theory. The Higgsing here is locally the
Higgsing of a T2 diagram which serves as building blocks.
When the preferred direction is chosen, there are four
possible Higgsings on a T2 diagram. For convenience, we
call them cases A, B, C, and D as shown in Fig. 11. In
particular, case D is a typical configuration when flavors
are added. With the assignment of Kähler parameters in

Fig. 9, case A is achieved by tuning the Kähler parameters
Q1 and Q2 to a special value, case B by tuning Q1 and Q3,
and case C by tuning Q2 and Q3. Case D requires tuning of
all three Kähler parameters Q1, Q2, and Q3.
This Higgsing procedure corresponds to certain geo-

metric transitions [36–39], and the Kähler parameters
responsible for the Higgsings are tuned to be either

ffiffi
q
t

q
or

ffiffi
t
q

q
[20,35]. We found the suitable choices for tuning

Kähler parameters that reproduce the partition functions for
5D SpðNÞ þ 1ASþ NfF:

Case A∶ Q1 ¼ Q2 ¼
ffiffiffi
q
t

r
or

ffiffiffi
t
q

r
;

Case B∶ Q1 ¼ Q3 ¼
ffiffiffi
t
q

r
;

Case C∶ Q2 ¼ Q3 ¼
ffiffiffi
q
t

r
;

Case D∶ Q1 ¼ Q2 ¼ Q3; ð3:18Þ

which is consistent with the result obtained from the
ADHM method. Here, for case A, either choice of

Kähler parameters
ffiffi
q
t

q
or

ffiffi
t
q

q
is allowed and leads to the

same result. As the 5-brane configuration in case D needs to
be glued to either of case A, B, or C Higgsed diagrams, the
tuning of Kähler parameter for case D is the same as the

FIG. 9. A T2 diagram. The preferred directions are denoted by k
along the horizontal edges.Qi are the Kähler parameters assigned
to the internal edges, and ν is the Young diagram along the edge
associated with Qi. The empty Young diagram is given to six
external edges.
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value of the Kähler parameter for the Higgsed diagram to
which case D is connected. As we will frequently refer to
when we compute the partition function in the next section,
we call these special tunings of Kähler parameters (3.19)
collectively “T2 tuning.” A pictorial version of the T2

tuning is presented in Fig. 12.
We remark that the Young diagram sum part of the

partition function, Znum
T2

should be trivial for the Higgsed T2

diagrams depicted in Fig. 11, and indeed T2 tuning satisfies

Zsum
T2

jcaseA;B;C;D ¼ 1: ð3:19Þ

When applying the T2 tuning to the partition function
computations, we found the following identities related to
geometric transitions [36] useful:

Nhalf;þ
ν

� ffiffiffi
q
t

r
;t−1;q−1

�
¼
�
1 ν¼;;
0 ν≠;; Nhalf;−

νT

� ffiffiffi
t
q

r
;t−1;q−1

�
¼
�
1 ν¼;;
0 ν≠;;

ð3:20Þ

and many simplifications take place due to the following
relations:

Nμαð1; t−1; q−1Þ ≠ 0; only if μ ≽ α;

Nμα

�
t
q
; t−1; q−1

�
≠ 0; only if μ ≼ α: ð3:21Þ

It follows that in the unrefined limit t ¼ q, as illustrated in
Fig. 13, Eq. (3.21) becomes

FIG. 10. T2 diagrams related through SLð2;ZÞ transformation.

FIG. 11. Four possible Higgsed T2 diagrams. Each jump on a T2 diagram denotes a particular tuning of the Kähler parameters for
Higgsing.

FIG. 12. T2 tuning: cases A, B, and C.

FIG. 13. A un-Higgsed diagram in the unrefined limit repro-
duces the jump. In the diagram on the left, the Young diagram
sum is constrained such that μ ≽ α, while μ ¼ α, in the
unrefined limit.
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Nμαð1; t−1; t−1Þ ≠ 0; only if μ ¼ α; ð3:22Þ

and, thus, further simplifies Zsum so that the partition
functions for 5D Spð2Þ theories with one massless anti-
symmetric hypermultiplet are written as a product of two
Spð1Þ theories [57].
In summary, 5-brane web diagrams for 5D Spð2Þ þ

1ASþ 1F can be understood as a Higgsed web diagram of
a 5-brane web for the quiver gauge theory discussed in
Sec. II. To compute topological string partition function,
we consider the corresponding un-Higgsed 5-brane web
diagrams and implement a refined topological vertex. We
then perform the Higgsing on the un-Higgsed 5-brane web
diagrams by tuning Kähler parameters via T2 tuning (3.19),
which yields that the topological string partition function as
a Young diagram sum over the preferred directions
Ztop ¼ ZMZsum. Finally, by properly identifying Kähler

parameters with 5D gauge theory parameters, we obtain the
Nekrasov partition function as an expansion of the instan-
ton fugacity. In Fig. 14, we depict this procedure of un-
Higgsing and T2 tuning for a typical 5-brane web of Spð2Þ
gauge theory with one antisymmetric hypermultiplet and
one flavor [Spð2Þ þ 1ASþ 1F]. We note that one can
easily associate Kähler parameters with gauge theory
parameters by introducing auxiliary lines which are pro-
jected lines when an un-Higgsed diagram is Higgsed back.
For instance, the instanton fugacity for Spð2Þ þ 1ASþ 1F
is obtained in the conventional way as Lup × Ldown ¼ u2, as
illustrated in Fig. 15.

IV. INSTANTON PARTITION FUNCTIONS

In this section, we use the topological vertex method to
obtain the refined Nekrasov partition function for Spð2Þ
theory with one antisymmetric hypermultiplet and Nf

flavors [Spð2Þ þ 1ASþ NfF]. As the corresponding
5-brane web diagrams are nontoric, we properly apply
the un-Higgsing and T2-tuning procedure discussed in
Sec. III.
Recall that the topological string partition function

obtained through the topological vertex factorizes into
the perturbative part ZM, written in terms of MðQ•; t; qÞ,
and the summation part Zsum, summing over Young
diagrams along preferred edges:

Ztop ¼ ZM · Zsum; ð4:1Þ

where each term contains a part of the field theory
perturbative contribution or instanton (nonperturbative)
contribution, in general:

ZM ¼ Zpert-IðAi; yiÞ · Znonpert-IðAi; yi; uÞ; ð4:2Þ

FIG. 14. Un-Higgsing procedure for a 5-brane web for Spð2Þ þ 1ASþ 1F. Following T2 tuning in Eq. (3.19), one can assign values

to Higgsed edges, where
ffiffi
q
t

q
or

ffiffi
t
q

q
in blue are tuned Kähler parameters.

FIG. 15. Auxiliary lines (in red) and instanton fugacity which
are projected lines when all edges are Higgsed. The instanton
fugacity u is then obtained via the conventional way as
Lup × Ldown ¼ u2.
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Zsum ¼ Zpert-IIðAi; yiÞ · Znonpert-IIðAi; yi; uÞ: ð4:3Þ

Here u is instanton fugacity, Ai Coulomb branch param-
eters, and yi fugacity for hypermultiplet fields. Nekrasov
partition function ZNek is then obtained as topological
string partition function Ztop divided by the extra factor
Zextra that does not explicitly depend on the Coulomb
branch parameters Ai. The resulting Nekrasov partition
function factorizes into the perturbative contribution and
the instanton contribution:

ZNek ¼ ZtopðAi; yi; uÞ
Zextraðyi; uÞ

¼ ZpertðAi; yiÞ · ZinstantonðAi; yi; uÞ:

ð4:4Þ

By factorizing the extra part,

Zextra ¼ Zpert extraðyiÞ · Zinst extraðyi; uÞ; ð4:5Þ

one can do the recombination and find that the full
perturbative and instanton parts are obtained as

Zpert ¼ Zpert-I · Zpert-II

Zpert extra ; ð4:6Þ

Zinstanton ¼ Znonpert-I · Znonpert-II

Zinst extra

¼ Znonpert-I

Zinst extra ·
Zsum

Zpert-II

¼ 1þ
X∞
k¼1

ZkðAi; yiÞuk; ð4:7Þ

respectively, where ZkðAi; yiÞ is the k-instanton partition
function. Typically, it is computationally demanding to find
higher-instanton partition functions. Here, we also present
the results up to two instanton order.
We note that, for a given number of flavors, one can have

various 5-brane web configurations via Hanany-Witten
transitions as well as flop transitions. Applying the topo-
logical vertex method, hence, may give seemingly different
partition functions. The partition functions are, however,
related by extra factors. After removing such extra factors,
one obtains the unique Nekrasov partition function for the
gauge theory. One can therefore choose a representative
5-brane configuration for SpðNÞ þ 1ASþ NfF and
compute the refined partition function as an expansion
of the instanton fugacity. Here, we, however, consider
only Spð2Þ þ 1ASþ NfF (Nf ¼ 0, 1, 2, 3, 4) and
Spð3Þ þ 1AS, as the partition functions for higher ranks
or higher number of flavors takes a lot of time.

A. Spð2Þ0 + 1AS

As depicted in Fig. 16, the 5-brane web for Spð2Þ0 þ
1AS has three jumps associated with Higgsing of the
external edges. There are also two edges that are not
Higgsed, which are responsible for the mass of the hyper-
multiplet in the antisymmetric representation, given as the
separation between these two edges.
The 5-brane web can be obtained by Higgsing of a

5-brane web of a SUð2Þ × SUð4Þ × SUð2Þ quiver gauge
theory depicted in Fig. 17.
On each edge of the un-Higgsed web diagram in Fig. 17,

we assigned the Young diagrams αi and the Kähler
parameters Qi ¼ e−iLi , where Li is the length of the
corresponding edge. It is easy to see that not all Kähler
parameters are independent. With the convention that

Qi;i;…l ≔ QiQj…Ql; ð4:8Þ

we denote ten independent Kähler parameters by Qi
(i ¼ 1;…; 6; 8; k4; F; B). Then other Kähler parameters
are expressed as

Qk1 ¼
Q8;k4

Q1

; Qk2 ¼
Q2;8;k4

Q1;3
;

Qk3 ¼
Q2;4;8;k4

Q1;3;5
; Q7 ¼

Q2;4;6;8

Q1;3;5
;

Q11 ¼
Q2;4;8;B;k4;k4

Q1;3;5
; Q22 ¼

Q2;8;8;B;k4;k4

Q1;1;3
;

Q33 ¼
Q8;F;k4;k4

Q1

; Q44 ¼
Q2;2;4;8;8;F;k4;k4

Q1;1;3;3;5
: ð4:9Þ

To obtain the Nekrasov partition function for
Spð2Þ0 þ 1AS, one first needs to properly tune the
Kähler parameters associated with the external edges,
which reduces the un-Higgsed diagram in Fig. 17 to the
5-brane web for Spð2Þ0 þ 1AS given in Fig. 16. Recalling
the T2 tuning in Sec. III, we found that the correct tuning of
the Kähler parameters is given by

FIG. 16. A 5-brane web diagram for Spð2Þ0 þ 1AS. The
Kähler parameter Q8 assigned on an edge with the Young
diagram α8 is the mass fugacity for the antisymmetric hyper-
multiplet.
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Q1¼Q2¼Q3¼Q4¼
ffiffiffi
q
t

r
; Q5¼Q6¼

ffiffiffi
t
q

r
; ð4:10Þ

which correspond to two case B and one case C. Next, the
gauge theory parameters, two Coulomb branch parameters
A1 and A2, the instanton fugacity u, and the mass fugacity
for an antisymmetric hypermultiplet Q8 are assigned to the
following Kähler parameters:

QF ¼ A2
2; Qk4 ¼

A1

A2Q8

; QB ¼ uA2
2: ð4:11Þ

Zsum
Spð2Þ0þ1AS as the summation over the Young diagrams

along preferred edges is given by

Zsum
Spð2Þ0þ1AS ¼

X
ν1 ;ν2 ;
ν3 ;ν4

X
α1 ;α4
α5 ;α8

Zsum
Spð2Þþ1AS

¼
X
ν1 ;ν2 ;
ν3 ;ν4

X
α1 ;α4
α5 ;α8

Z½ν1; v2; v3; v4; α1; α4; α5; α8�;

ð4:12Þ

with shorthand notation

Zsum
Spð2Þþ1AS ≔ Z½ν1; v2; v3; v4; α1;α4; α5;α8�

¼ ujν1jþjν2jþjν3jþjν4jA2
2jν1jþ2jν2jA1

2jν3jþ2jν4jQ−jν3j
8

Y4
i¼1

Z̃νiðq; tÞZ̃νTi
ðt; qÞqjjν2jj2þjν3 j

2
−jν4jþjjν4jj2tjjν1jj2−

jν3 j
2
þjν4jþjjν3jj2

×
1

Nν2ν
T
1
ðA2

2ÞNν2ν
T
1
ðA2

2t
q ÞNν2ν

T
3
ðA1A2ÞNν2ν

T
3
ðA1A2t

q ÞNν4ν2ðA1

A2
ÞNν4ν2ðA1t

A2q
Þ

×
1

Nν4ν
T
1
ðA1A2ÞNν4ν

T
1
ðA1A2t

q ÞNν4ν
T
3
ðA1

A2
ÞNν4ν

T
3
ðA1t
A2q

ÞNνT
1
νT
3
ðA1

A2
ÞNνT

1
νT
3
ðA1t
A2q

Þ

FIG. 17. An un-Higgsed diagram for Spð2Þ þ 1AS, which is a 5-brane web for an SUð2Þ × SUð4Þ × SUð2Þ quiver gauge theory. By
Higgsing or tuning the Kähler parameters associated with external edges, one reproduces the 5-brane web given in Fig. 16.
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× ð−1Þjα1jþjα4jþjα5jþjα8jQjα8j
8

Y
j¼1;4;5;8

Z̃αjðq; tÞZ̃αTj
ðt; qÞ

× q
jα1 jþjjα1 jj2þjα4 jþjjα4 jj2−jα5 jþjjαT

5
jj2þjjαT

8
jj2

2 t
−jα1 jþjjαT

1
jj2−jα4 jþjjαT

4
jj2þjα5 jþjjα5 jj2þjjα8 jj2
2

×
Nα1ν2ðA1t

A2q
ÞNα1ν

T
1
ðA1A2t

q ÞNα1ν
T
3
ðA1

2t
q ÞNα4ν2ðA1t

A2q
ÞNα4ν

T
1
ðA1A2t

q ÞNα4ν
T
3
ðA1

2t
q ÞNν2α

T
5
ðA1A2Þ

Nα1α
T
8
ðA1

2

Q8

ffiffi
t
q

q
ÞNα1α

T
8
ðA1

2t
Q8q

ffiffi
t
q

q
Þ

×
Nν2α

T
8
ðA1A2

Q8

ffiffi
t
q

q
ÞNν4α

T
5
ðA1

2ÞNν4α
T
8
ðA1

2

Q8

ffiffi
t
q

q
ÞNα8

TνT
3
ðQ8

ffiffi
t
q

q
ÞNνT

1
αT
5
ðA1

A2
ÞNνT

1
αT
8
ð A1

A2Q8

ffiffi
t
q

q
Þ

Nα4α
T
5
ðA2

1ÞNα4α
T
5
ðA2

1
t
qÞ

× Nν4α1ð1ÞNν4α4ð1ÞNα5ν3

�
t
q

�
; ð4:13Þ

where we used a shorthand notation N••ðQÞ for N••ðQ; t−1; q−1Þ, and it follows from Eq. (3.21) that the Young diagrams of
Nν4α1ð1ÞNν4α4ð1ÞNα5ν3ð tqÞ in the last line satisfy ν4 ≽ α1, ν4 ≽ α4, and ν3 ≽ α5.

1. Perturbative contribution

With these assignments of Kähler parameters, we can express the topological string partition function

Ztop
Spð2Þ0þ1AS ¼ ZM

Spð2Þ0þ1AS · Z
sum
Spð2Þ0þ1AS; ð4:14Þ

where ZM
Spð2Þ0þ1AS takes the following form:

ZM
Spð2Þ0þ1AS ¼ Zpert-I

Spð2Þ0þ1AS · Z
nonpert-I
Spð2Þ0þ1AS; ð4:15Þ

where

Zpert-I
Spð2Þ0þ1AS ¼

Mð A1

A2Q8

ffiffi
t
q

q
; t; qÞMðA1A2

Q8
; t; qÞMðQ8

ffiffi
t
q

q
; t; qÞ

MðA1
2; t; qÞMðA1

A2
; t; qÞMðA1A2; t; qÞMðA2

2; t; qÞMðA2
2; q; tÞMðA1

2

Q8

ffiffi
t
q

q
; q; tÞ

;

Znonpert-I
Spð2Þ0þ1AS ¼ 1: ð4:16Þ

Here we neglected unimportant factors like Mð1; t; qÞ on the right-hand side of Eq. (4.15). We note that, in general, ZM

contains terms depending on the instanton fugacity u, but, in this case, ZM is independent of u. We found, in fact, that
Znonpert-I ¼ 1 even with flavors up to Nf ¼ 3.
The perturbative contribution from the summation part of partition function is also independent of instanton fugacity and

is obtained by setting ν1 ¼ ν2 ¼ ν3 ¼ ν4 ¼ ;:

Zpert-II
Spð2Þ0þ1AS ¼

X
α1;α4;α5;α8

Z½;; ;; ;; ;; α1; α4; α5; α8�; ð4:17Þ

where it follows from Eqs. (3.20) and (3.21) that α1;4 ≼ ν4 ¼ ; and α5 ≼ ν3 ¼ ;, which yields

Zpert-II
Spð2Þ0þ1AS ¼

X
α8

ð−1Þjα8jq
jjαT

8
jj2

2 t
jjα8 jj2

2 jjZ̃αT
8
ðq; tÞjj2Nhalf;−

αT
8

ðQ8ÞNhalf;þ
α8 ðQ8Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

T2 partition function

Nhalf;þ
αT
8

ðQF;k4Þ
Nhalf;þ

αT
8

ðQ8;F;k4
t
qÞ

¼
MðQ8

ffiffi
q
t

q
; q; tÞMðQ8A1

A2

ffiffi
q
t

q
; q; tÞMðQ8A1A2

ffiffi
q
t

q
; q; tÞMðA1

2

Q8

ffiffi
t
q

q
; q; tÞ

MðA1
2; q; tÞMðA1

A2
; q; tÞMðA1A2; q; tÞMðQ8

2; t; qÞ ; ð4:18Þ
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where we reorganized Mð•; t; qÞ to express Zpert-II as a compact form. We note that, even though we add flavors, Zpert-II is
unaltered at least for Nf ≤ 4. Taking into account the extra factor associated with an antisymmetric hypermultiplet, the
stringy contribution from two parallel external edges in Fig. 16 is given by

Zextra
Q8

¼ 1

MðQ8
2; t; qÞ : ð4:19Þ

One obtains from Eq. (4.6) that the full perturbative part of the partition function

Zpert
Spð2Þ0þ1AS ¼

Zpert-I
Spð2Þ0þ1AS · Z

pert-II
Spð2Þ0þ1AS

Zextra
Q8

¼
MðQ8A1A2

ffiffi
t
q

q
; t; qÞMðA1A2

Q8

ffiffi
t
q

q
; t; qÞMðQ8A1

A2

ffiffi
t
q

q
; t; qÞ

MðA1A2; t; qÞMðA1A2; q; tÞMðA1

A2
; t; qÞMðA1

A2
; q; tÞ

Mð A1

Q8A2

ffiffi
t
q

q
; t; qÞMðQ8

ffiffi
t
q

q
; t; qÞ2

MðA1
2; t; qÞMðA1

2; q; tÞMðA2
2; t; qÞMðA2

2; q; tÞ ;

ð4:20Þ

which exactly agrees with the result obtained from the localization computation (B1). With a proper normalization, the full
perturbative part can be expressed as

Zpert0
Spð2Þ0þ1AS ¼

Zpert
Spð2Þ0þ1AS

MðQ8

ffiffi
t
q

q
; t; qÞ2

¼ 1þ qþ t
ð1 − qÞð1 − tÞA2

2 þ qþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 ½Q8�

ð1 − qÞð1 − tÞ
A1

A2

þ ð1þ qtÞðqþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 ½Q8�Þ

ð1 − qÞ2ð1 − tÞ2 A1A2 þOðA1
1;A2

1Þ;

where χSUð2Þ
2 ½Q8� ¼ Q8 þQ8

−1 is the character associated with the mass fugacity of the antisymmetric hypermultiplet.

From here on, we use the following simpler notation χSUð2Þ
n ¼ χSUð2Þ

n ½Q8� for the character associated with the mass of an
antisymmetric hypermultiplet in the n-dimensional representation of SUð2Þ.

2. Instanton contribution

The instanton contribution is obtained from Eq. (4.9). For n-instanton partition function Zn, one restricts the power of the
instanton fugacity to be n; in other words, ujν1jþjν2jþjν3jþjν4j ¼ un. As Znonpert-I

Spð2Þ0þ1ASðu; Ai; yiÞ ¼ 1, the one-instanton

contribution is given by

Zone-instanton
SpðNÞþ1AS ¼

P
ν1 ;ν2 ;ν3 ;ν4∈f□;;g

and jν1 jþjν2 jþjν3 jþjν4 j¼1

P
α1;α4;α5;α8 Z½ν1; ν2; ν3; ν4; α1; α4; α5; α8�

Zpert-II
Spð2Þ0þ1AS

; ð4:21Þ

which actually is already quite lengthy if one sums over the contributions of jα1j þ jα4j þ jα5j þ jα8j ≤ 6. Since Eq. (3.21)
leads to constraints α1; α4 ≼ ν4 and α5 ≼ ν3, and other terms do not satisfy this constraint just equal to zero, Z1 can be
further simplified:

Zone-instanton
SpðNÞþ1AS · Zpert-II ¼

X
α8

Z½f1g; ;; ;; ;|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
ν1;ν2;ν3;ν4

; ;; ;; ;; α8|fflfflfflfflffl{zfflfflfflfflffl}
α1;α4;α5;α8

� þ Z½;; f1g; ;; ;; ;; ;; ;; α8� þ Z½;; ;; f1g; ;; ;; ;; ;;α8�

þ Z½;; ;; f1g; ;; ;; ;; f1g;α8� þ Z½;; ;; ;; f1g; ;; ;; ;; α8� þ Z½;; ;; ;; f1g; ;; f1g; ;; α8�
þ Z½;; ;; ;; f1g; f1g; ;; ;;α8� þ Z½;; ;; ;; f1g; f1g; f1g; ;; α8�; ð4:22Þ

where f1g stands for Young diagram □. By expanding Eq. (4.21) with respect to the Coulomb branch parameters, we get
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Zone-instanton
SpðNÞþ1AS ¼ qþ t

ð1 − qÞð1 − tÞ ðA
2
1 þ A2

2Þ þ
qþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ A2A1

þ ðq2 þ qtþ t2Þðqþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞqð1 − tÞt ðA1A3
2 þ A3

1A2Þ þ
ðqþ tÞ2ðqþ t

ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞqð1 − tÞt A2
2A

2
1

þ ðq2 þ qtþ t2Þ2ðqþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞq2ð1 − tÞt2 A3
2A

3
1 þOðA4

1;A
4
2Þ: ð4:23Þ

We now compare the one-instanton contribution with the known result, which we summarized in Eq. (B5). The relevant
part (Nf ¼ 0) is given as follows:

Zone-instanton
SpðNÞþ1AS ¼ 1

2

�
1

2 sinh ϵþ�ϵ−
2

2 sinh m�α1
2

2 sinh m�α2
2

− 2 sinh �α1þϵþ
2

2 sinh �α2þϵþ
2

2 sinh �α1þϵþ
2

2 sinh �α2þϵþ
2

2 sinh m�ϵþ
2

þ 1

2 sinh ϵþ�ϵ−
2

2 cosh m�α1
2

2 cosh m�α2
2

− 2 cosh �α1þϵþ
2

2 cosh �α2þϵþ
2

2 cosh�α1þϵþ
2

2 cosh �α2þϵþ
2

2 sinh m�ϵþ
2

�
: ð4:24Þ

With the identification A1 ≔ eα1 , A2 ≔ eα2 , and Q8 ≔ em with m being the mass of the antisymmetric hypermultiplet and
the Omega deformation parameters q ¼ e−ϵ2 , t ¼ eϵ1 , and ϵ� ¼ ϵ1�ϵ2

2
, the expansion of Eq. (4.24) in terms of A1 and A2

agrees with our result (4.23).
Similarly, the two-instanton contribution is given by

ð4:25Þ

which can also be reduced by constraints α1; α4 ≼ ν4 and α5 ≼ ν3. With the assignment of Kähler parameters in terms of
ðAi; u; yiÞ, the two-instanton contribution can be expanded as

Ztwo-instanton
SpðNÞþ1AS ¼ ðqþ tÞðqþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞ2ð1 − tÞ2 ðA3
2A1 þ A2A3

1Þ

þ ðqþ tÞðqtχSUð2Þ
3 −

ffiffiffiffiffi
qt

p ð1þ qÞð1þ tÞχSUð2Þ
2 þ 2ðqþ tÞð1þ qtÞ þ 3qtþ q2 þ t2Þ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ A2
2A

2
1

þOðA3
1;A

3
2Þ; ð4:26Þ

where χSUð2Þ
3 ¼ Q8

2 þ 1þQ8
−2.

3. Enhancement of global symmetry

With a proper normalization, the partition function for Spð2Þ þ 1ASþ nF with enhancement symmetry can be
expressed as

Z ≔
ZpertðAi; yiÞ

MðQ8

ffiffi
t
q

q
; t; qÞ2

·

�
1þ

X∞
k¼1

ZkðAi; yiÞuk
�

¼ 1þ
X
m;n

fðχ½ũ; ỹi�; t; qÞÃm
1 Ã

n
2; ð4:27Þ

where χ½ũ; ỹi� is some characters for the enhanced global symmetry written in terms of the redefined fugacities of instanton
and hypermultiplets and eAi are redefined parameters.
As Spð2Þ0 þ 1AS is rank 2 E1 theory, its global symmetry is enhanced to SUð2Þ at the UV fixed point which was

explicitly shown through superconformal index computation [49]. At the level of partition function, the enhancement of
global symmetry can also be shown by taking into account the fiber-base duality. Following Ref. [47], we redefine the
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Coulomb branch parameters

Ã1 ¼ A1u
1
4; Ã2 ¼ A2u

1
4; ð4:28Þ

to make the fiber-base duality manifest

u ↔ u−1; QB ↔ QF; Q8 ↔ Q8: ð4:29Þ

For Spð2Þ0 þ 1AS, we indeed find that Eq. (4.27) is expressed in terms of the characters of the enhanced SUð2Þ global
symmetry:

ZSpð2Þ0þ1AS ¼ 1þ ðqþ tÞχ2½u�
ð1 − qÞð1 − tÞ Ã2

2 þ qþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
3

ð1 − qÞð1 − tÞ
Ã1

Ã2

þ ð1þ qtÞχ2½u�ðqþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
3 Þ

ð1 − qÞ2ð1 − tÞ2 Ã1Ã2

þ ðqþ tÞðqtχSUð2Þ
3 −

ffiffiffiffiffi
qt

p ð1þ qÞð1þ tÞχSUð2Þ
2 þ ðqþ tÞð1þ qtÞ þ qtÞ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ
Ã2
1

Ã2
2

þOðÃ1
2; Ã2

2Þ; ð4:30Þ

where χ2½u� ¼
ffiffiffi
u

p þ 1ffiffi
u

p is the character of the enhanced

SUð2Þ global symmetry and χSUð2Þ
n are the characters for the

antisymmetric hypermultiplet. From Eq. (4.30), one sees
the enhancement of global symmetry is SUð2Þu×
SUð2ÞQ8

, as expected.

B. Spð2Þπ + 1AS

We now discuss Spð2Þ gauge theory with the discrete
theta angle θ ¼ π and an antisymmetric hypermultiplet. A
5-brane web configuration is given in Fig. 18, from which
one can read off the relations between Kähler parameters:

Qk1 ¼
Q8;k4

Q1

; Qk2 ¼
Q2;8;k4

Q1;3
; Qk3 ¼

Q2;4;8;k4

Q1;3;5
;

Q7 ¼
Q2;4;6;8

Q1;3;5
; Q22 ¼

Q8;b;k4

Q1;3
; Q33 ¼

Q8;F;k4;k4

Q1

;

Q44 ¼
Q2;2;4;8;8;F;k4;k4

Q1;1;3;3;5
; Q11 ¼

Q2;2;4;4;6;8;8;b;F;k4;k4;k4

Q1;1;3;3;5;5
:

ð4:31Þ

By the T2 tuning, the correct tuning for Kähler parameter
given is as follows:

Q1 ¼ Q2 ¼ Q3 ¼ Q4 ¼
ffiffiffi
q
t

r
; Q5 ¼ Q6 ¼

ffiffiffi
t
q

r
:

ð4:32Þ

Independent Kähler parameters are assigned with gauge
theory parameters

QF ¼ A2
2; Qk4 ¼

A1

A2Q8

; Qb ¼ uA2: ð4:33Þ

It is then straightforward to compute Zpert-I and Zpert-II,
which shows that the full perturbative part Zpert

Spð2Þπþ1AS is

the same as that of Spð2Þ0 þ 1AS, as expected.

1. Instanton contribution

We now consider the instanton contribution for
Spð2Þπ þ 1AS. To obtain the instanton contributions, the
summation part of the topological string partition function
is needed:

FIG. 18. An un-Higgsed 5-brane web diagram for
Spð2Þπ þ 1AS. The numbers in red denote framing numbers
associated with edges.
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Zsum
Spð2Þπþ1AS ¼

X
ν1;ν2;ν3;ν4

X
α1;α4;α5;α8

Zsum
Spð2Þþ1AS · termsπ;

termsπ ≔ ð−1Þjν1jþjν2jþjν3jþjν4jAjν3j−jν4j
1 Ajν1j−jν2j

2 q−
jjνT

1
jj2þjjν2 jj2þjjνT

3
jj2þjjν4 jj2

2 t
jjν1 jj2þjjνT

2
jj2þjjν3 jj2þjjνT

4
jj2

2 ; ð4:34Þ

where Zsum
Spð2Þþ1AS is defined in Eq. (4.13).

The one- and two-instanton contributions then take the form

Zone-instanton
Spð2Þπþ1AS ¼ −

ffiffiffiffiffi
qt

p
ð1 − qÞð1 − tÞ ðA1 þ A2Þ

þ qþ t
ð1 − qÞð1 − tÞ

�
χSUð2Þ
2 ðQ8Þ þ

qþ tffiffiffiffiffi
qt

p
�
A1A2ðA1 þ A2Þ þOðA1

2;A2
2Þ: ð4:35Þ

Ztwo-instanton
Spð2Þπþ1AS ¼ −

qtðqþ tÞ
ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ ðA1

2 þ A2
2Þ þ qt

ð1 − qÞ2ð1 − tÞ2 A1A2

þ 2ðqþ tÞ ffiffiffiffiffi
qt

p
ð1 − qÞ2ð1 − tÞ2

�
χSUð2Þ
2 ðQ8Þ þ

qþ t
qt

�
A1

2A2
2 þOðA1

2;A2
2Þ: ð4:36Þ

2. Reduction to SUð2Þπ
When the antisymmetric matter AS is massless, the corresponding 5-brane web becomes two copies of Spð1Þπ theories

as depicted in Fig. 3. This means that the corresponding partition function factorizes to

Zsum
Spð2Þπþ1AS ¼ Zinner layer · Zouter layer ¼ ZSUð2Þπ · ZSUð2Þπ 0 : ð4:37Þ

In fact, by applying the T2 tuning, one can check that the partition SpðNÞ þ 1ASþ NfF also factorizes to N copies of
SpðNÞ þ 1ASþ NfF in the massless limit of antisymmetric hypermultiplet AS.
Regardless of the antisymmetric matter being massless or massive, brane webs of Spð2Þ0;π þ 1AS are reduced to the

webs of SUð2Þ0;π as the Coulomb branch parameter A1 → 0 or, equivalently, Qk4 → 0. This is because, in the topological
vertex, each internal edge is associated with ð−QÞjνj and so, if Q → 0, only trivial Young diagram ν ¼ ; contributes.1 This
reduction is illustrated in Fig. 19. By taking the Coulomb branch parameter A1 → 0 or Qk4 → 0, one gets the constraints2

ν3 ¼ ;, ν4 ¼ ;, α1 ¼ ;, α4 ¼ ;, and α5 ¼ ; for the un-Higgsed diagram in Fig. 18. Hence, ZSUð2Þπ0 → 1 and Z → ZSUð2Þπ .
Through this reduction, we reproduce the partition function for SUð2Þπ:

FIG. 19. Sending Qk4 → 0 implies A1 → 0. According to T2 tuning, each jump on the four corners of the middle diagram provides a
trivial contribution, namely, 1, or extra factors if the AS is massive, so Spð2Þπ þ 1AS reduces to SUð2Þπ .

1This means ðlength of line → ∞Þ ≃ ðQ → 0Þ ≃ ðν → ;Þ ≃ ðcut internal lineÞ.
2ν3 ¼ ; and ν4 ¼ ; force α1 ¼ ;, α4 ¼ ;, and α5 ¼ ; through Eq. (3.20).
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ZNek
SUð2Þπ ¼ Zpert

SUð2Þπ · Z
instanton
SUð2Þπ ;

Zinstanton
SUð2Þπ ¼

X
ν1;ν2

ð−1Þjν1jþjν2jQjν1jþjν2j
b q

−jjνT
1
jj2þjjν2 jj
2 t

3jjν1 jj2þjjνT
2
jj2

2 jjZ̃ν1ðt; qÞjj2jjZ̃ν2ðt; qÞjj2

×
1

Nν2;νT1
ðQF; t−1; q−1ÞNν2;νT1

ðQF
t
q ; t

−1; q−1Þ ;

Zpert
SUð2Þπ ¼

1

MðQF; t; qÞMðQF; q; tÞ
; ð4:38Þ

which is the same as the result in Ref. [17]. This is a trivial consistency check for the partition function of the Spð2Þ theory
to satisfy. If an antisymmetric hypermultiplet is massive, one, of course, needs to remove the extra factor arising from the
mass of an antisymmetric hypermultiplet.

C. Spð2Þ + 1AS+ 1F

Three equivalent webs related through Hanany-Witten moves were depicted in Fig. 20. We choose the first web in Fig. 20
for computation, as it shows fiber-base duality. Its un-Higgsed diagram is depicted in Fig. 21. The relations between Kähler
parameters are given by

Qk1 ¼
Q8;k4

Q1

; Qk2 ¼
Q2;8;k4

Q1;3
; Qk3 ¼

Qk4;2;4;8

Q1;3;5
; Q7 ¼

Q2;3;6;8

Q1;3;5
;

Q11 ¼
Q2;4;5;B;k4;k4

Q1;3;5
; Q22 ¼

Q2;8;8;B;k4;k4

Q1;1;3
; Q33 ¼

Q8;F;k4;k4

Q1

; Q44 ¼
Q2;2;4;8;8;F;k4;k4

Q1;1;3;3;5
;

Qm11
¼ Qf2;m1

Q3

; Qf3 ¼
Q3;4

Qf2

: ð4:39Þ

Following T2 tuning, we assign values to tuned Kähler parameters

Q1 ¼ Q2 ¼ Q3 ¼ Q4 ¼
ffiffiffi
q
t

r
; Q5 ¼ Q6 ¼

ffiffiffi
t
q

r
; Qf1 ¼ Qf2 ¼ Qf3 ¼

ffiffiffi
q
t

r
; ð4:40Þ

which corresponds to two case B, one case C, and one case D. Next, we apply the conventional method on auxiliary lines to
find the relations between Kähler parameters and instanton fugacity u, and Lup and Ldown can be read off from the diagram,
as discussed in Fig. 15:

Lup ¼
QBffiffiffiffiffiffiffi
QF

p ·Qk2Q4Qm1
¼ QBffiffiffiffiffiffiffi

QF
p ·Q8Qk4Qm1

; Ldown ¼
QB

QF
;

Lup · Ldown ¼ u2 ⇒ QB ¼ Q3=4
F uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q8Qk4Qm1

p : ð4:41Þ

FIG. 20. Some equivalent webs for Spð2Þ þ 1ASþ 1F.
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Hence, in order to reproduce the Nekrasov partition function, independent Kähler parameters should be assigned with

QF ¼ A2
2; Qk4 ¼

A1

A2Q8

; QB ¼ uA2
2ffiffiffiffiffi

y1
p ; Qm1

¼ y1
A1

; ð4:42Þ

where y1 ¼ e−im1 and m1 is the mass of the flavor.
In this case, case D comes from adding flavor F and leads to a geometric transition-related term (3.20) in the partition

function, which gives the constraint ν5 ¼ ;. Thus, the summation part Zsum can be reduced:

Zsum
Spð2Þþ1ASþ1F ¼

X
ν1;ν2;ν3;ν4;ν5

X
α1;α2;α3;α4

Z½ν1; ν2; ν3; ν4; ν5; α1; α4; α5; α8�

¼
X

ν1;ν2;ν3;ν4

X
α1;α2;α3;α4

Z½ν1; ν2; ν3; ν4; ;; α1; α4; α5; α8�; ð4:43Þ

which differs from the summation part of Spð2Þ þ 1AS by a term terms½y1�:

Zsum
Spð2Þþ1ASþ1F ¼

X
ν1;ν2;ν3;ν4

X
α1;α4;α5;α8

Zsum
Spð2Þþ1AS · terms½y1�;

terms½y1� ≔ y
−jν1 jþjv2 jþjν3 jþjν4 j

2

1 Nhalf;−
ν2

�
y1
A2

�
Nhalf;−

ν4

�
y1
A1

�
Nhalf;−

νT
1

ðA2y1ÞNhalf;−
νT
3

ðA1y1Þ; ð4:44Þ

where Zsum
Spð2Þþ1AS is defined in Eq. (4.13).

FIG. 21. An un-Higgsed diagram for Spð2Þ þ 1ASþ 1F.
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1. Perturbative contribution

We find that the fundamental hypermultiplet does not contribute to Zpert-II but adds to Zpert-I the term Zpert
F :

Zpert-II
Spð2Þþ1ASþnF ¼ Zpert-II

Spð2Þþ1AS; ð4:45Þ

Zpert-I
Spð2Þþ1ASþnF ¼ Zpert-I

Spð2Þþ1AS ·
Yn
i¼1

Zpert
F ðQmi

Þ; ð4:46Þ

Zpert
F ðQmi

Þ ¼ M

�
A1

y1

ffiffiffi
t
q

r
; t; q

�
M

�
A1y1

ffiffiffi
t
q

r
; t; q

�
M

�
A2

y1

ffiffiffi
t
q

r
; t; q

�
M

�
A2y1

ffiffiffi
t
q

r
; t; q

�
; ð4:47Þ

where Zpert
F ðQmi

Þ is the contribution of the flavor F to the perturbative part. In total, the fully perturbative part for
Spð2Þ þ 1ASþ 1F is given by

Zpert
Spð2Þþ1ASþ1F ¼

Zpert-I
Spð2Þþ1ASþ1F · Zpert-II

Spð2Þ0þ1ASþ1F

Zextra
Q8

¼ Zpert
Spð2Þþ1AS · Z

pert
F ðQm1

Þ; ð4:48Þ

which exactly agrees with localization computation (B1). With proper normalization, the perturbative part can be
expanded as

Zpert
Spð2Þþ1ASþ1F

MðQ8

ffiffi
t
q

q
; t; qÞ2

¼ 1 −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 ½y1�

ð1 − qÞð1 − tÞA2 −
ðq3

2t
3
2 − qtχSUð2Þ

2 þ ffiffiffiffiffi
qt

p ÞχSUð2Þ
2 ½y1�

ð1 − qÞ2ð1 − tÞ2 A1

þ ðqþ tÞ − ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ
A1

A2

þ qtðqþ tÞχSUð2Þ
3 ½y1� þ ðqtð1þ qtÞ − ðqþ tÞðq2 þ t2 − q2t2 − 1ÞÞ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ A2
2

þOðA1
1;A2

1Þ;

where χSUð2Þ
2 ½y1� ¼ y1 þ y−11 , χSUð2Þ

3 ½y1� ¼ y21 þ 1þ y−21 , and χSUð2Þ
2 ¼ Q8 þQ−1

8 .

2. Instanton contribution

The instanton contribution is obtained by Eq. (4.9). As Znonpert-I ¼ 1 in this case, the one-instanton contribution is
given by

Zone-instanton
Spð2Þþ1ASþ1F ¼

P
α1;α4;α5;α8

P
ν1 ;ν2 ;ν3 ;ν4∈f□;;g

jν1 jþjν2 jþjν3 jþjν4 j¼1

Z½ν1; ν2; ν3; ν4; ;; α1; α4; α5; α8�
Zpert-II
Spð2Þþ1ASþ1F

: ð4:49Þ

By expanding it with respect to Coulomb branch parameters, we obtain

Zone-instanton
Spð2Þþ1ASþ1F ¼ −

ffiffiffiffiffi
qt

p ffiffiffiffiffi
y1

p
ð1 − qÞð1 − tÞ ðA2 þ A1Þ þ

qþ t
ð1 − qÞð1 − tÞ ffiffiffiffiffi

y1
p ðA2

2 þ A2
1Þ

þ qþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ ffiffiffiffiffi
y1

p A2A1 −
ðqþ tÞðqþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ ffiffiffiffiffi

y1
p

ð1 − qÞð1 − tÞ ffiffiffiffiffi
qt

p ðA2
2A1 þ A1A2

2Þ

þ ðqþ tÞ2ðqþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞqð1 − tÞt ffiffiffiffiffi
y1

p A2
2A

2
1 þOðA3

1;A
3
2Þ; ð4:50Þ

which equals the localization result (B5) with Nf ¼ 1, y1 ≔ em1 , and Q8 ≔ em.

REFINED TOPOLOGICAL VERTEX FOR A 5D SpðNÞ GAUGE … PHYS. REV. D 104, 086004 (2021)

086004-19



Similarly, the two-instanton contribution is given by

ð4:51Þ

which can be expanded in terms of A1 and A2:

Ztwo-instanton
Spð2Þþ1ASþ1F ¼ qtðqþ tÞy1

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ ðA
2
2 þ A2

1Þ þ
qty1

ð1 − qÞ2ð1 − tÞ2 A1A2

−
2

ffiffiffiffiffi
qt

p ðqþ tÞ − qtχSUð2Þ
2

ð1 − qÞ2ð1 − tÞ2 ðA2
2A1 þ A2A2

1Þ þOðA2
1;A

2
2Þ: ð4:52Þ

3. Enhancement of global symmetry

Nekrasov partition functions of Spð2Þ0 þ 1ASþ NfF enjoy global symmetry enhancement with properly shifting of
parameters ðAi; u; yiÞ. With the help of fiber-base duality, this shift can be found. The exchanging symmetry between A1 and
A2 preserves, so following the argument in Ref. [47] we shift

Ã1 ¼ A1u
2
7; Ã2 ¼ A2u

2
7: ð4:53Þ

According to the webs in Fig. 21, the global symmetry of Spð2Þ þ 1ASþ 1F is supposed to be
G ¼ SUð2ÞQ8

× E1 ¼ SUð2ÞQ8
× SUð2Þ ×Uð1Þ. We define two new fugacities u1 and u2 for SUð2Þu1 ×Uð1Þu2,

respectively. The fiber-base duality

QB ↔ QF; Q8 ↔ Q8; Qm1
↔ Qm1

; ð4:54Þ

through shifts, becomes

u1 ↔ u−11 ; u2 ↔ u2; Ã1 ↔ Ã1; Ã2 ↔ Ã2; ð4:55Þ

which along with Eq. (4.53) determine the relations between u and fugacities u1;2 as follows:

Ã1 ¼ u
1
2

1u
− 1
14

2 A1; Ã2 ¼ u
1
2

1u
− 1
14

2 A2; u ¼ u
7
4

1u
−1
4

2 ; y1 ¼
1ffiffiffiffiffiffiffiffiffiffi
u1u2

p : ð4:56Þ

These relations are similar to relations for SUð2Þ þ 1F in Ref. [47]. Once again, we note that Spð2Þ þ 1ASþ NfF is
similar to SUð2Þ þ NfF. We indeed find that shifted partition functions can be expressed in terms of the characters of
enhanced SUð2ÞQ8

× E1 global symmetry as expected

ZSpð2Þþ1ASþ1F ¼ 1 −
ffiffiffiffiffi
qt

p ðu4
7

2 þ u
−3
7

2 χSUð2Þ
2 ½u1�Þ

ð1 − qÞð1 − tÞ Ã2 þ
qþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ
Ã1

Ã2

−
ffiffiffiffiffi
qt

p ðu4
7

2 þ u
−3
7

2 χSUð2Þ
2 ½u1�Þð−

ffiffiffiffiffi
qt

p
χSUð2Þ
2 þ 1þ qtÞ

ð1 − qÞ2ð1 − tÞ2 Ã1

þ ðqþ tÞðqtχSUð2Þ
3 −

ffiffiffiffiffi
qt

p ð1þ qÞð1þ tÞχSUð2Þ
2 þ ðqþ tÞð1þ qtÞ þ qtÞ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ
Ã2
1

Ã2
2

þOðÃ2
1; Ã

2
2Þ; ð4:57Þ

where χSUð2Þ2 ½u1� ¼ u1 þ u−11 .
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4. Spð2Þπ + 1AS+ 1F

Just like the fact that SUð2Þ0 þ 1F and SUð2Þπ þ 1F are equivalent up to flops, there is equivalence

Spð2Þ0 þ 1ASþ 1F ⋍ Spð2Þπ þ 1ASþ 1F; ð4:58Þ

related through flops. By taking the mass of 1F to infinity to decouple flavor, one can obtain Spð2Þ0 þ 1AS and
Spð2Þπ þ 1AS, respectively. Similar to the flops illustrated in Fig. 22, Kähler parameters of Spð2Þ0 þ 1ASþ 1F and of
Spð2Þπ þ 1ASþ 1F are related through transformation3

QF → QF; Qk4 → Qk4; QB → Q8QbQFQk4Qm3
; Qm1

→ ðQ8
2QFQk4Qm3

Þ−1: ð4:59Þ

Following T2 tuning in Sec. III, we find the correct tuned Kähler parameters for the un-Higgsed diagram of Spð2Þπ þ
1ASþ 1F depicted in Fig. 23 are given as follows:

FIG. 22. SUð2Þ0 þ 1F and SUð2Þπ þ 1F are equivalent via two flops.

FIG. 23. The un-Higgsed diagram for Spð2Þπ þ 1ASþ 1F, with framing numbers in red assigned.

3The parameters on the left-hand side of arrows are for Spð2Þ0 þ 1AS and the right side for Spð2Þπ þ 11AS.
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Q1 ¼ Q2 ¼ Q3 ¼ Q4 ¼
ffiffiffi
q
t

r
; Q5 ¼ Q6 ¼ Qf5 ¼ Qf6 ¼ Qf56 ¼

ffiffiffi
t
q

r
; ð4:60Þ

and independent Kähler parameters are assigned with gauge theory parameters

QF ¼ A2
2; Qk4 ¼

A1

A2Q8

; Qb ¼
uA2ffiffiffiffiffi
y3

p ; Qm3
¼ y3

A1

; ð4:61Þ

where y3 ¼ e−im3 .
We find the perturbative part is equal to Eq. (4.48), and the one-instanton contribution obtained from Eq. (4.49) can be

expressed as

Zone-instanton
Spð2Þπþ1ASþ1F ¼ −

ffiffiffiffiffi
qt

p
ð1 − qÞð1 − tÞ ffiffiffiffiffi

y3
p ðA1 þ A2Þ þ

ðqþ tÞ ffiffiffiffiffi
y3

p
ð1 − qÞð1 − tÞ ðA1

2 þ A2
2Þ

þ
ffiffiffiffiffi
y3

p ðqþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞð1 − tÞ A1A2 −
ðqþ tÞðqþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞð1 − tÞ ffiffiffiffiffi
qt

p ffiffiffiffiffi
y3

p ðA1A2
2 þ A2A1

2Þ

þ
ffiffiffiffiffi
y3

p ðqþ tÞ2ðqþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞð1 − tÞqt A1
2A2

2 þOðA1; A2Þ; ð4:62Þ

which equals Eq. (4.50) as expected. The two-instanton contribution was checked to agree with Eq. (4.52). The topological
string partition functions between Spð2Þ0;π þ 1ASþ 1F are equal through transformation (4.59). By taking the massm3 for
flavor to infinity to decouple flavor, namely, Qm3

→ 0, one can reproduce the topological string partition function
for Spð2Þπ þ 1AS.

D. Spð2Þ + 1AS+ 2F

For Spð2Þ þ 1ASþ 2F, there are many equivalent web configurations related through Hanany-Witten moves, and some
of them are depicted in Fig. 24. The Nekrasov partition functions for web configurations in Fig. 24 become equivalent, once
extra factors were removed:

ZNek
Spð2Þþ1ASþ2F ¼

Ztop
Spð2Þþ1ASþ2Fnn

Zextra
Q8

¼
Ztop
Spð2Þþ1ASþ2F¼

Zextra¼ · Zextra
Q8

¼
Ztop
Spð2Þþ1ASþ2Fjj

Zextra
jj · Zextra

Q8

¼
Ztop
Spð2Þþ1ASþ2F¼==

Zextra
¼== · Zextra

Q8

¼ Zpert
Spð2Þþ1AS

YNf¼2

i¼1

Zpert
F ðQmi

Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Zpert
Spð2Þþ1ASþ2F

·

�
1þ

X∞
k¼1

ukZkðAi; yiÞ
�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Zinstanton
Spð2Þþ1ASþ2F

: ð4:63Þ

We checked this equivalence up to two-instanton contributions, which is consistent with the fact that Nekrasov partition
functions are insensitive to Hanany-Witten moves.

FIG. 24. Some equivalent webs related through Hanany-Witten moves for Spð2Þ þ 1ASþ 2F.
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As a representative example, consider the first web in Fig. 24. This contains no extra factor other than Zextra
Q8

and also of
reflection symmetry. For its un-Higgsed diagram depicted in Fig. 25, the associated tuned Kähler parameters are found to be
the following:

Q1 ¼ Q2 ¼ Q3 ¼ Q4 ¼ Qf33 ¼ Qf4 ¼ Qf34 ¼
ffiffiffi
q
t

r
; Q5 ¼ Q6 ¼ Qf5 ¼ Qf6 ¼ Qf56 ¼

ffiffiffi
t
q

r
: ð4:64Þ

The relations between independent Kähler parameters and ðAi; u; yiÞ are

QF ¼ A2
2; Qk4 ¼

A1

A2Q8

; QB ¼ uA2
2ffiffiffiffiffi

y2
p ffiffiffiffiffi

y3
p ; Qm2

¼ y2
A1

; Qm3
¼ y3

A1

: ð4:65Þ

Similar to Spð2Þ0 þ 1ASþ 1F, geometric transition relevant terms (3.20) caused by tuned parameters (4.64) give rise to
constraints on Young diagrams: ν6 ¼ ; and ν7 ¼ ;. Hence, the summation part of the topological string partition function
can be reduced to

Zsum
Spð2Þþ1ASþ2F ¼

X
ν1 ;ν2 ;ν3 ;ν4 ;
α1 ;α2 ;α3 ;α4

Zsum
Spð2Þþ1AS · terms½y1� · terms½y2�;

terms½y2� ≔ y
−jν1 jþjν2 jþjν3 jþjν4 j

2

2 Nhalf;−
ν2

�
y2
A2

�
Nhalf;−

ν4

�
y2
A1

�
Nhalf;−

νT
1

ðA2y2ÞNhalf;−
νT
3

ðA1y2Þ; ð4:66Þ

where terms½y1� is defined in Eq. (4.44).

FIG. 25. The un-Higgsed diagram for Spð2Þ þ 1ASþ 2F==.
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1. Perturbative and instanton contributions

The normalized perturbative part can be expressed as

Zpert
Spð2Þþ1ASþ2F

MðQ8

ffiffi
t
q

q
; t; qÞ2

¼ 1 −
ffiffiffiffiffi
qt

p ðχSUð2Þ
2 ½y2� þ χSUð2Þ

2 ½y3�Þ
ð1 − qÞð1 − tÞ A2 þ

ðqþ tÞ − ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ
A1

A2

−
ffiffiffiffiffi
qt

p ð1þ qt −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 ÞðχSUð2Þ

2 ½y2� þ χSUð2Þ
2 ½y3�Þ

ð1 − qÞ2ð1 − tÞ2 A1 þOðA2
1;A

2
2Þ;

where χSUð2Þ
2 ½yi� ¼ yi þ 1

yi
, χSUð2Þ

2 ¼ Q8 þQ−1
8 , and χSUð2Þ

3 ¼ Q2
8 þ 1þQ−2

8 .

2. Instanton contributions

The one-instanton contribution can be expanded:

Zone-instanton
Spð2Þþ1ASþ2F ¼ −

ffiffiffiffiffi
qt

p
ð1 − qÞð1 − tÞ χ2½y2=3�ðA2 þ A1Þ þ

qþ t
ð1 − qÞð1 − tÞ χ2½y23�ðA

2
2 þ A2

1Þ

þ qþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
3

ð1 − qÞð1 − tÞ χ2½y23�A1A2 −
ðqþ tÞðqþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞð1 − tÞ ffiffiffiffiffi
qt

p χ2½y2=3�ðA2
2A1 þ A1A2

2Þ

þ ðqþ tÞ2ðqþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞqð1 − tÞt χ2½y23�A2
2A

2
1 þOðA3

1;A
3
2Þ; ð4:67Þ

where we define χ2½y·� ¼ ffiffiffiffi
y·

p þ 1ffiffiffi
y·

p , y23 ≔ y2y3, and y2=3 ≔
y2
y3
. To match the one-instanton contribution with localization

result when Nf ¼ 2, we define y2 ¼ em2 , y3 ¼ em3 , Q8 ¼ em, A1 ¼ eα1 , and A2 ¼ eα2 for Eq. (B5).
Similarly, the two-instanton contribution can be obtained and expanded as

Ztwo-instanton
Spð2Þþ1ASþ2F ¼ qtð1þ qtþ ðqþ tÞÞð1þ χ2½y2=3�Þ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ ðA2
2 þ A2

1Þ þ
qtð2þ χ2½y2=3�Þ
ð1 − qÞ2ð1 − tÞ2 A2A1

−
2

ffiffiffiffiffi
qt

p ðqþ tÞ − qtχSUð2Þ
2

ð1 − qÞ2ð1 − tÞ2 ðχ2½y2� þ χ2½y3�ÞðA2
2A1 þ A2A2

1Þ þOðA2
1; A

2
2Þ; ð4:68Þ

where χ2½y·� ¼ y· þ 1
y·
.

3. Enhancement of global symmetry

Because of enhancement, the Nekrasov partition function can be written in terms of characters of the global symmetry
group. Following Ref. [47], the shifted Coulomb branch parameters for this theory are given by

Ã1 ¼ A1u
1
3; Ã2 ¼ A2u

1
3: ð4:69Þ

The global symmetry of Spð2Þ þ 1ASþ 2F should be G ¼ SUð2ÞQ8
× E3 ¼ SUð2ÞQ8

× SUð2Þũ × SUð3Þỹ1;ỹ2;ỹ3 . We
define new fugacities ũ for SUð2Þũ and ỹ1, ỹ2, and ỹ3 for SUð3Þỹ1;ỹ2;ỹ3,4 respectively. The fiber-base duality for the diagram
in Fig. 25 is

QB ↔ QF; Q8 ↔ Q8; Qm2
↔ Qm3

; ð4:70Þ

which by new parameters ðÃi; ũ; ỹiÞ can be represented as

ũ ↔ ũ−1; ỹ1 ↔ ỹ2; ỹ3 ↔ ỹ3; Ã1 ↔ Ã1; Ã2 ↔ Ã2: ð4:71Þ

4For SUð3Þ, ỹ1ỹ2ỹ3 ¼ 1.
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Then reparameterization can be fixed:

A1 ¼ Ã1

ffiffiffiffiffiffiffiffiffi
ỹ2ỹ3

p
; A2 ¼ Ã2

ffiffiffiffiffiffiffiffiffi
ỹ2ỹ3

p
; u ¼ ỹ

−3
2

2 ỹ
−3
2

3 ; y2 ¼
ffiffiffiffiffiffiffi
ũỹ2
ỹ3

s
; y3 ¼

ffiffiffiffiffiffiffi
ỹ2
ũỹ3

s
: ð4:72Þ

By taking these new parameters (4.72) into the normalized Nekrasov partition function, we indeed see the enhanced global
symmetry:

ZSpð2Þþ1ASþ2F ¼ 1 −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 ½ũ�χSUð3Þ

3 ½ỹ�
ð1 − qÞð1 − tÞ Ã2 þ

qþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ
Ã1

Ã2

−
ffiffiffiffiffi
qt

p
χSUð2Þ
2 ½ũ�χSUð3Þ

2 ½ỹ�ð− ffiffiffiffiffi
qt

p
χSUð2Þ
2 þ 1þ qtÞÞ

ð1 − qÞ2ð1 − tÞ2 Ã1 þ
ðqtðqþ tÞχSUð2Þ

3 ½ũ� þ qtð1þ qtÞÞχSUð3Þ
6 ½ỹ�

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ Ã2
2

þ ððqþ tÞð1þ q2 þ t2Þ − ðq3 þ t3Þ þ qtð1þ qtÞχSUð2Þ
3 ½ũ�ÞχSUð3Þ

3̄
½ỹ�

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ Ã2
2

þ ðqþ tÞðqtχSUð2Þ
3 −

ffiffiffiffiffi
qt

p ð1þ qÞð1þ tÞχSUð2Þ
2 þ ðqþ tÞð1þ qtÞ þ qtÞ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ
Ã2
1

Ã2
2

þOðÃ2
1; Ã

2
2Þ;

where

χSUð2Þ
2 ½ũ� ¼ ffiffiffĩ

u
p þ 1ffiffiffĩ

u
p ; χSUð2Þ

3 ½ũ� ¼ ũþ 1þ ũ−1; χSUð3Þ
3 ½ỹ� ¼ ỹ1 þ ỹ2 þ ỹ3;

χSUð3Þ
3̄

½ỹ� ¼ ỹ−11 þ ỹ−12 þ ỹ−13 ; χSUð3Þ
6 ½ỹ� ¼

X3
i¼1

1

ỹi
þ ỹi:

4. Connected case D

Case D can be connected to other case D by adding fundamental flavors F or Hanany-Witten moving D7-branes on brane
webs. For Spð2Þ þ 1ASþ 2F, the fourth brane web shown in Fig. 24 is one typical example, whose un-Higgsed diagram is
depicted in Fig. 26. Apart from the same tuned Kähler parameters in Eq. (4.64), there is one additional case D on the left top
of the diagram in Fig. 26. According to the discussion in Sec. III B, the tuned Kähler parameters for case D should be
determined by either of case A, B, C, or D it connects. We notice that for this diagram the tuned Kähler parameters for this
case D are

Qf9 ¼ Qf10 ¼ Qf91 ¼
ffiffiffi
q
t

r
: ð4:73Þ

We observed that if we draw a horizontal line in orange on the web, all tuned Kähler parameters on the upper half-plane

were given the value
ffiffi
q
t

q
and all tuned parameters on the lower half-plane

ffiffi
t
q

q
in this assignment of q and t on the diagram in

Fig. 26. The associated gauge theory parameters for the un-Higgsed diagram in Fig. 26 are related to Kähler parameters by

QF ¼ A2
2; Qk4 ¼

A1

A2Q8

; QB ¼ uA2
2ffiffiffiffiffi

y1
p ffiffiffiffiffi

y2
p ; Qm1

¼ y1
A1

; Qm2
¼ y2

A1

: ð4:74Þ

The extra factors here are of the following:

Zextra
¼== ¼ 1

Mðy1y2 ; q; tÞMð tq y1
y2
; q; tÞ ·

1

Mðu ffiffiffiffiffiffiffiffiffi
y1y2

p
; q; tÞMð tq u

ffiffiffiffiffiffiffiffiffi
y1y2

p
; q; tÞ ; ð4:75Þ
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where the instanton-dependent extra terms can be extracted
by expanding the partition function and then picking up
terms that break q, t-exchanging symmetry. The partition
function obtained is the same as the web in Fig. 25, and,
hence, we do not show the result again.

E. Spð2Þ+ 1AS + 3F

The un-Higgsed diagram for this theory is depicted in
Fig. 27. Following the discussion in Sec. III B, the tuned
Kähler parameters are determined to be

Q1 ¼Q2 ¼Q3 ¼Q4 ¼Qf1 ¼Qf2 ¼Qf33 ¼Qf4 ¼
ffiffiffi
q
t

r
;

Q5 ¼Q6 ¼Qf5 ¼Qf6 ¼
ffiffiffi
t
q

r
: ð4:76Þ

The maps between Kähler parameters and gauge theory
parameters ðAi; u; yiÞ are

QF ¼ A2
2; Qk4 ¼

A1

A2Q8

; QB ¼ uA2
2ffiffiffiffiffi

y2
p ffiffiffiffiffi

y3
p ;

Qm1
¼ y1

A1

; Qm2
¼ y2

A1

; Qm3
¼ y3

A1

; ð4:77Þ

where yi ¼ e−imi are mass parameters. Similar to
Spð2Þ0 þ 1ASþ NfFðNf ¼ 1; 2Þ, constraints from
Nekrasov factors (3.20) appear in the partition function
and give rise to constraints on various Young diagrams:
ν5 ¼ ;, ν6 ¼ ;, and ν7 ¼ ;. Hence, the summation part of
topological string partition function Zsum can be reduced to
the following:

FIG. 26. The un-Higgsed diagram for Spð2Þ þ 1ASþ 2F¼==.
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Zsum
Spð2Þþ1ASþ3F ¼

X
ν1 ;ν2 ;ν3 ;ν4 ;
α1 ;α2 ;α3 ;α4

Zsum
Spð2Þþ1AS · terms½y1� · terms½y2� · terms½y3�;

terms½y3� ≔
Nhalf;−

α4 ðA1y3ÞNhalf;−
α4 ðA1y3 t

qÞNhalf;−
νT
1

ðy3A2
ÞNhalf;−

νT
2

ðA2y3ÞNhalf;−
νT
3

ðy3A1
ÞNhalf;−

νT
4

ðA1y3Þ

y
jν1 jþjν2 jþjν3 jþjν4 j

2

3 Nhalf;−
αT
4

ðA1y3ÞNhalf;−
αT
4

ðA1y3 t
qÞ

;

where terms½y1� and terms½y2� are defined in Eqs. (4.44) and (4.66), respectively. The extra factors for this theory are
given by

Zextra
Spð2Þþ1ASþ3F ¼ Zpert extra

Spð2Þþ1ASþ3F · Zinst extra
Spð2Þþ1ASþ3F

¼ 1

MðQ44Qm1
Qm3

Qf1Qf2 ; t; qÞMðQ44Qm1
Qm3

; t; qÞ ·
1

MðQ22Qm11
Qm22

; q; tÞMðQ22Qf3Qf34Qm11
Qm22

; q; tÞ

¼ 1

Mðy1y3; t; qÞMðy1y3qt ; t; qÞ ·
1

Mðu
ffiffiffiffiffiffiffi
y1y2
y3

q
; t; qÞMð tq u

ffiffiffiffiffiffiffi
y1y2
y3

q
; q; tÞ

: ð4:78Þ

1. Perturbative contribution

We obtain the perturbative part

Zpert
Spð2Þþ1ASþ3F ¼

Zpert-I
Spð2Þþ1ASþ3F · Zpert-II

Spð2Þþ1ASþ3F

Zextra
Q8

· Zpert extra
Spð2Þþ1ASþ3F

¼ Zpert
Spð2Þþ1AS

YNf¼3

i¼1

Zpert
F ðQmi

Þ; ð4:79Þ

which can be expanded as

FIG. 27. The un-Higgsed diagram for Spð2Þ þ 1ASþ 3F.
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Zpert
Spð2Þþ1ASþ3F

MðQ8

ffiffi
t
q

q
; t; qÞ2

¼ 1 −
ffiffiffiffiffi
qt

p
χSUð4Þ
6 ½y�

ð1 − qÞð1 − tÞA2 þ
qtχSUð3Þ

6 ½y�2
2ð1 − qÞ2ð1 − tÞ2 A

2
2

þ ðqþ tÞðqþ tþ qtþ 1Þ þ qtð2χSUð3Þ
15 ½y� − χSUð3Þ

6 ½y�2Þ
ð1 − q2Þð1 − t2Þ A2

2

þ ðqþ tÞ − ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ
A1

A2

−
ffiffiffiffiffi
qt

p ð1þ qt −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 ÞχSUð4Þ

6 ½y�
ð1 − qÞ2ð1 − tÞ2 A1

þ ðqþ tÞðqtχSUð2Þ
3 −

ffiffiffiffiffi
qt

p ð1þ qÞð1þ tÞχSUð2Þ
2 þ ðqþ tÞð1þ qtÞ þ qtÞ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ
A2
1

A2
2

þOðA2
1;A

2
2Þ;

where χSUð4Þ
6 ½y� ¼ P

3
i¼1 yi þ y−1i and χSUð4Þ

15 ½y� ¼ P
i<j 1þ yiyi þ 1

yiyj
þ yi

yj
þ yj

yi
.5

2. Instanton contributions

The one-instanton contribution can be expanded as

Zone-instanton
Spð2Þþ1ASþ3F ¼ −

ffiffiffiffiffi
qt

p
ð1 − qÞð1 − tÞ χ

SUð4Þ
4 ½y�ðA2 þ A1Þ þ

qþ t
ð1 − qÞð1 − tÞ χ

SUð4Þ
4̄

½y�ðA2
2 þ A2

1Þ

þ qþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ χSUð4Þ
4̄

½y�A2A1 −
ðqþ tÞðqþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞð1 − tÞ ffiffiffiffiffi
qt

p χSUð4Þ
4 ½y�

× ðA2
2A1 þ A1A2

2Þ þ
ðqþ tÞ2ðqþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞqð1 − tÞt χSUð4Þ
4̄

½y�A2
2A

2
1 þOðA3

1; A
3
2Þ; ð4:80Þ

where

χSUð4Þ
4 ½y� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

y1y2y3
p þ

ffiffiffiffiffi
y1

pffiffiffiffiffi
y2

p ffiffiffiffiffi
y3

p þ
ffiffiffiffiffi
y2

pffiffiffiffiffi
y1

p ffiffiffiffiffi
y3

p þ
ffiffiffiffiffi
y3

pffiffiffiffiffi
y1

p ffiffiffiffiffi
y2

p ;

χSUð4Þ
4̄

½y� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
y1y2y3

p þ
ffiffiffiffiffi
y2

p ffiffiffiffiffi
y3

pffiffiffiffiffi
y1

p þ
ffiffiffiffiffi
y1

p ffiffiffiffiffi
y3

pffiffiffiffiffi
y2

p þ
ffiffiffiffiffi
y1

p ffiffiffiffiffi
y2

pffiffiffiffiffi
y3

p :

We checked that Eq. (4.80) agrees with the localization result in Appendix B [Eq. (B5)] and by mapping parameters
y1 ¼ em1 , y3 ¼ em3 , y2 ¼ e−m2 , Q8 ¼ em, A1 ¼ eα1 , and A2 ¼ eα2 .
Similarly, we obtain the two-instanton contribution

Ztwo-instanton
Spð2Þþ1ASþ3F ¼ qtð1þ qtÞχSUð4Þ

6 ½y� þ ðqþ tÞχSUð4Þ
10 ½y�Þ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ ðA2
2 þ A2

1Þ þ
qtðχSUð4Þ

6 ½y� þ χSUð4Þ
10 ½y�Þ

ð1 − qÞ2ð1 − tÞ2 A2A1

þ
ffiffiffiffiffi
qt

p ð2qþ ffiffiffiffiffi
qt

p þ 2tÞχSUð4Þ
15 ½y� − ðqþ tÞð1þ qtÞ − qt − ðq2 þ t2Þ þ qtχSUð4Þ

15 ½y�ÞðχSUð2Þ
2 þ 1Þ

ð1 − qÞ2ð1 − tÞ2
× ðA2

2A1 þ A2A2
1Þ þOðA2

1;A
2
2Þ;

where

χSUð4Þ
10 ½y� ¼

X3
i¼1

yi þ
1

yi
þ yi
yjyk

; χSUð4Þ
15 ½y� ¼ 3þ

X
i≠j

yiyj þ
1

yiyj
þ yi
yj
; i ¼ 1; 2; 3:

5This definition of character is a bit different here. One can use the LieART package in Ref. [58] to get characters in omega basis and

then do a transformation y2 → y2, y3 →
ffiffiffiffiffiffiffi
y2y3
y1

q
, y1 →

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y1y2y3

p
to get this definition. We remind that all characters in this paper are

obtained by using LieART.
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3. Enhancement of global symmetry

We shift Coulomb branch parameters to the gauge parameters

Ã1 ¼ A1u
2

8−Nf ¼ A1u
2
5; Ã2 ¼ A2u

2
8−Nf ¼ A2u

2
5: ð4:81Þ

The global symmetry of Spð2Þ þ 1ASþ 3F should be G ¼ SUð2ÞQ8
× E4 ¼ SUð2ÞQ8

× SUð5Þỹi;i¼1;…;5. Here we define
new fugacities ỹ1;…; ỹ5 for E4.

6 By observing the diagram in Fig. 27, we notice that the fiber-base duality leads to

QB ↔ QF; Q8 ↔ Q8; Qm2
↔ Qm3

; Qm1
↔ Qm1

; ð4:82Þ

or it takes the following relations in terms of gauge theory parameters:

ỹ1 ↔ ỹ2; ỹ3 ↔ ỹ4; Ã1 ↔ Ã1; Ã2 ↔ Ã2: ð4:83Þ

Combining Eqs. (4.82) and (4.83), we express the Kähler parameters in terms of the gauge theory parameters:

QF ¼ Ã2
2ỹ1; QB ¼ Ã2

2ỹ2; Qk4 ¼
Ã1

Ã2A8

; Qm1
¼ ỹ3ỹ4

Ã1

; Qm2
¼ ỹ3ỹ5

Ã1

; Qm3
¼ ỹ4ỹ5

Ã1

: ð4:84Þ

In addition to Eq. (4.77), we find the reparameterization of the gauge theory parameters as follows:

A1 ¼ Ã1

ffiffiffiffiffi
ỹ1

p
; A2 ¼ Ã2

ffiffiffiffiffi
ỹ2

p
; u ¼ ỹ

−5
4

1 ; y1 ¼
ffiffiffiffiffiffiffiffiffi
ỹ3ỹ4
ỹ2ỹ5

s
; y2 ¼

ffiffiffiffiffiffiffiffiffi
ỹ3ỹ5
ỹ2ỹ4

s
; y3 ¼

ffiffiffiffiffiffiffiffiffi
ỹ4ỹ5
ỹ2ỹ3

s
: ð4:85Þ

By expressing the normalized Nekrasov partition function in terms of the parameters ðÃi; ũ; ỹiÞ, we see the enhancement of
global symmetry as follows:

ZSpð2Þþ1ASþ3F ¼ 1 −
ffiffiffiffiffi
qt

p
χE4

10
½ũ�

ð1 − qÞð1 − tÞ Ã2 þ
qþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ
Ã1

Ã2

þ
ðqtχSUð2Þ

2 −
ffiffiffiffiffi
qt

p ð1þ qtÞÞχE4

10
½ũ�

ð1 − qÞ2ð1 − tÞ2 Ã1

þ ðð1þ q2t2Þðqþ tÞ − ðq3 þ t3ÞÞχE4

5 ½ỹ� þ qtð1þ qtÞχE4

45 ½ỹ� þ qtðqþ tÞχE4

50 ½ỹ�
ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ Ã2

2

þ ðqþ tÞðqtχSUð2Þ
3 −

ffiffiffiffiffi
qt

p ð1þ qÞð1þ tÞχSUð2Þ
2 þ ðqþ tÞð1þ qtÞ þ qtÞ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ
Ã2
1

Ã2
2

þ
ffiffiffiffiffi
qt

p ð−qtðqþ tÞχSUð2Þ
3 þ ffiffiffiffiffi

qt
p ðð1þ qtÞ2 þ ðqþ tÞð1 − ðq − tÞ2ÞÞχSUð2Þ

2 þ � � �ÞχE4

10
½ũ�

ð1 − qÞ3ð1 − tÞ3ð1þ qÞð1þ tÞ
Ã2
1

Ã2

þOðÃ2
1; Ã

2
2Þ; ð4:86Þ

where characters are defined as7

χE4

5 ½ỹ� ¼
X
i

ỹi; χE4

10
½ỹ� ¼

X
i≠j

1

ỹiỹj
; χE4

45 ½ỹ� ¼ 3
X
i

ỹi þ
X
i≠j≠k

ỹiỹj
ỹk

;

χE4

50 ½ỹ� ¼ 2
X
i

ỹi þ
X
i≠j≠k

ỹiỹj
ỹk

þ
X
i≠j

1

ỹiỹj
; i; j; k ¼ 1;…; 5:

6For E4 ¼ SUð4Þ, ỹ1ỹ2ỹ3ỹ4ỹ5 ¼ 1.
7Here, we choose orthogonal basis in LieART.
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F. Spð2Þ+ 1AS+ 4F

1. The un-Higgsed T4 diagram

There are many equivalent webs for this theory as depicted in Fig. 28. We choose the first web for computation, as it
contains a Higgsed T4 diagram, which has not been discussed in the previous examples. We find T2 tuning still works for
this Higgsed T4 diagram, which implies that T2 tuning could be used for generic Higgsed TN diagrams. The un-Higgsed
diagram for the first web in Fig. 28 is shown in Fig. 29. Following the discussion in Sec. III B, we find the tuned Kähler
parameters are as follows:

Q1 ¼ Q2 ¼ Q3 ¼ Q4 ¼ Qf1 ¼ Qf2 ¼ Qf33 ¼ Qf4 ¼ Qf9 ¼ Qf10 ¼
ffiffiffi
q
t

r
;

Q5 ¼ Q6 ¼ Qf5 ¼ Qf6 ¼
ffiffiffi
t
q

r
; QF1

¼ QF2
¼ � � � ¼ QF13

¼
ffiffiffi
q
t

r
: ð4:87Þ

With the help of auxiliary lines, the relations between Kähler parameters and gauge theory parameters ðAi; u; yiÞ can be
determined as follows:

QF ¼ A2
2; Qk4 ¼

A1

A2Q8

; QB ¼ uA2
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y1y2y3y4
p ; Qmi

¼ yi
A1

; ð4:88Þ

where yi ¼ e−imi ; i ¼ 1, 2, 3, 4, are mass parameters. Just like Spð2Þ0 þ 1ASþ NfFðNf ¼ 1; 2; 3Þ, geometric transition-
related terms (3.20) given by tuning Kähler parameters provide constraints on various Young diagrams νi ¼ ;,
i ¼ 5;…; 13. Hence, the summation part of the partition function was reduced as

Zsum
Spð2Þþ1ASþ4F ¼

X
ν1 ;ν2 ;ν3 ;ν4 ;
α1 ;α2 ;α3 ;α4

Zsum
Spð2Þþ1AS · terms½y4�0 ·

Y3
i¼1

terms½yi�;

terms½y4�0 ¼
y
−jν1 jþjν2 jþjν3 jþjν4 j

2

4 Nhalf;−
ν2 ðy4A2

ÞNhalf;−
ν4 ðy4A1

ÞNhalf;−
νT
1

ðA2y4ÞNhalf;−
νT
3

ðA1y4Þ
Nhalf

ν2

�
u
A2

t2

q2

ffiffiffiffiffiffiffiffiffiffi
y1y2y4
y3

q �
Nhalf;−

ν4

�
u
A1

t2

q2

ffiffiffiffiffiffiffiffiffiffi
y1y2y4
y3

q �
Nhalf;−

νT
1

�
u A2t2

q2

ffiffiffiffiffiffiffiffiffiffi
y1y2y4
y3

q �
Nhalf;−

νT
3

�
u A1t2

q2

ffiffiffiffiffiffiffiffiffiffi
y1y2y4
y3

q � : ð4:89Þ

FIG. 28. Some equivalent webs related through Hanany-Witten moves for Spð2Þ þ 1ASþ 4F.
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FIG. 29. An un-Higgsed diagram for Spð2Þ þ 1ASþ 4F. The type of tuned parameters on the right top are found to be type case B.
The red dashed lines in the diagram are auxiliary lines.
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2. Perturbative contribution

We obtain the perturbative part

Zpert
Spð2Þþ1ASþ4F ¼

Zpert-I
Spð2Þþ1ASþ4F · Zpert-II

Spð2Þþ1ASþ4F

Zextra
Q8

· Zpert extra¼
¼ Zpert

Spð2Þþ1AS

YNf¼4

i¼1

Zpert
F ðQmi

Þ; ð4:90Þ

where Zextra¼ is given by

Zextra¼ ¼ Zpert extra
Spð2Þþ1ASþ4F · Zinst extra

Spð2Þþ1ASþ4F

¼ 1

Mðy1y3; t; qÞMðqt y1y3; t; qÞMðy4y2 ; q; tÞMð tq y4
y2
; q; tÞ

×
1

Mðu
ffiffiffiffiffiffiffi
y2y4
y1y3

q
; t; qÞMðu q

t

ffiffiffiffiffiffiffi
y2y4
y1y3

q
; t; qÞMðu ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y1y2y3y4
p

; t; qÞMðu q
t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y1y2y3y4

p
; t; qÞ

:

The normalized perturbative part can be expanded as8

Zpert
Spð2Þþ1ASþ4F

MðQ8

ffiffi
t
q

q
; t; qÞ2

¼ 1 −
ffiffiffiffiffi
qt

p
χSOð8Þ
8v

½y�
ð1 − qÞð1 − tÞA2 −

ffiffiffiffiffi
qt

p ð1þ qt −
ffiffiffiffiffi
qt

p
χSUð2Þ
2 ÞχSOð8Þ8v

½y�
ð1 − qÞ2ð1 − tÞ2 A1

þ
�

qtχSOð8Þ
8v

½y�2
2ð1 − qÞ2ð1 − tÞ2 þ

qtð2χSOð8Þ28 ½y� − χSOð8Þ8v
½y�2Þ þ � � �

2ð1 − q2Þð1 − t2Þ
�
A2
2 þ

ðqþ tÞ − ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ
A1

A2

þ ðqþ tÞðqtχSUð2Þ
3 −

ffiffiffiffiffi
qt

p ð1þ qÞð1þ tÞχSUð2Þ
2 þ ðqþ tÞð1þ qtÞ þ qtÞ

ð1 − qÞ2ð1þ qÞð1 − tÞ2ð1þ tÞ
A2
1

A2
2

þ
ffiffiffiffiffi
qt

p ð−qtðqþ tÞχSUð2Þ3 þ ffiffiffiffiffi
qt

p ðð1þ qtÞ2 þ ðqþ tÞð1 − ðq − tÞ2ÞÞχSUð2Þ
2 þ � � �ÞχSOð8Þ

8v
½y�

ð1 − qÞ3ð1þ qÞð1 − tÞ3ð1þ tÞ

×
A2
1

A2

þOðA2
1;A

2
2Þ; ð4:91Þ

where χSOð8Þ
8v

½y� ¼ P
4
i yi þ y−1i and χSOð8Þ

28 ½y� ¼ P
i≠j yiyi þ 1

yiyj
þ yi

yj
, i ¼ 1;…; 4.

3. Instanton contributions

For the un-Higgsed diagram in Fig. 29, ZM contains instanton-dependent terms Znonpert-I ≠ 1. We remove instanton
extra factors and find that the terms in the first term of Eq. (4.8) are the following, which could contribute to the instanton
part:

Znonpert-I
Spð2Þþ1ASþ4F

Zinst extra
Spð2Þþ1ASþ4F

¼
M
�
u

ffiffiffiffiffiffiffi
y1y2
y3y4

q
; q; t

�
M
�
u t

q

ffiffiffiffiffiffiffi
y1y2
y3y4

q
; q; t

�
M
�
u

ffiffiffiffiffiffiffi
y1y4
y2y3

q
; q; t

�
M
�
u t

q

ffiffiffiffiffiffiffi
y1y4
y2y3

q
; q; t

�
M
�

u
A1

t5=2

q5=2

ffiffiffiffiffiffiffiffiffiffi
y1y2y4
y3

q
; t; q

�
M
�
uA1

t5=2

q5=2

ffiffiffiffiffiffiffiffiffiffi
y1y2y4
y3

q
; t; q

�
×
M
�
u

ffiffiffiffiffiffiffi
y2y4
y1y3

q
; q; t

�
M
�
u t

q

ffiffiffiffiffiffiffi
y2y4
y1y3

q
; q; t

�
M
�
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y1y2y3y4

p
; t; q

�
M
�
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y1y2y3y4

p
; q; t

�
M
�
uA2

t5=2

q5=2

ffiffiffiffiffiffiffiffiffiffi
y1y2y4
y3

q
; t; q

�
M
�

u
A2

t5=2

q5=2

ffiffiffiffiffiffiffiffiffiffi
y1y2y4
y3

q
; t; q

� : ð4:92Þ

8In orthogonal basis of LieART.
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In addition, after taking into account the contributions of Zsum given in Eq. (4.89), we obtain the one-instanton contribution,
which can be expressed as

Zone-instanton
Spð2Þþ1ASþ4F ¼ −

ffiffiffiffiffi
qt

p
ð1 − qÞð1 − tÞ χ

SOð8Þ
8c

½y�ðA2 þ A1Þ þ
qþ t

ð1 − qÞð1 − tÞ χ
SOð8Þ
8s

½y�ðA2
2 þ A2

1Þ

þ qþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ χSOð8Þ
8s

½y�A2A1 −
ðqþ tÞðqþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞð1 − tÞ ffiffiffiffiffi
qt

p χSOð8Þ8c
½y�

× ðA2
2A1 þ A1A2

2Þ þ
ðqþ tÞ2ðqþ t −

ffiffiffiffiffi
qt

p
χSUð2Þ
2 Þ

ð1 − qÞqð1 − tÞt χSOð8Þ
8s

½y�A2
2A

2
1 þOðA3

1;A
3
2Þ; ð4:93Þ

where

χSOð8Þ
8c

½y� ¼
X

i≠j≠k≠l

ffiffiffiffi
yi

pffiffiffiffiyjp ffiffiffiffiffi
yk

p ffiffiffiffi
yl

p þ
ffiffiffiffiyjp ffiffiffiffiffi

yk
p ffiffiffiffi

yl
pffiffiffiffi

yi
p ; i; j; k; l ¼ 1;…; 4;

χSOð8Þ
8s

½y� ¼
X

i≠j≠k≠l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yiyjykyl

p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiyiyjykyl
p þ

ffiffiffiffiffiffiffiffi
yiyj
ykyl

r
; i; j; k; l ¼ 1;…; 4: ð4:94Þ

In order to compare with localization result (B5) with
Nf ¼ 4, we define Q8 ¼ em, A1 ¼ eα1 , A2 ¼ eα2 , and yi ¼
emi (i ¼ 1;…; 4) to make characters manifest.

4. Cross AS subweb

One can perform Hanany-Witten moves to make one D7-
brane downward to infinity, which could cross the AS
subwebs as depicted in Fig. 30. For this diagram, T2 tuning
is still correct and leads to the correct partition function. One
can count the number of different types of Higgsed T2

subwebs and would find that there are three case B, one case
C, and three case D on this diagram. Apart from the same
tuned Kähler parameters (4.76) for Spð2Þ þ 1ASþ 3F,
there are two additional tuned Kähler parameters associated

with the caseB type ofHiggsedT2 subweb on the left bottom
of this diagram, as shown in Fig. 31:

Qg1 ¼ Qg2 ¼
ffiffiffi
t
q

r
: ð4:95Þ

G. Spð3Þ0 + 1AS

For higher rank cases, as there are more Young diagrams
to be summed over, the computation is more involved.
Since the computation is straightforward, we skip the
computations. Instead, as a representative example for
higher rank cases, we discuss Spð3Þ0 þ 1AS and the
structure of the partition function.
Before discussing massive AS cases of the partition

function for Spð3Þ0 þ 1AS, let us first discuss the massless

limit of AS with Q8 ¼
ffiffi
t
q

q
. Then the partition function

factorizes:

ZSpð3Þþ1AS ¼ Zfirst layer · Zsecond layer · Zthird layer

¼ ZSUð2ÞðQF;QBÞ · ZSUð2Þ

×

�
QFQk4

2
t
q
;QBQk4

2
t
q

�
· ZSUð2ÞðQFQh4

2Qk4
2; QBQh4

2Qk4
2Þ; ð4:96Þ

where we choose QF, QB, Qk4, and Qh4 as independent
parameters. At the massless limit, the diagram turns out to
be isolated webs as depicted in Fig. 32. Turning on the mass
parameter for AS leads to the left web in Fig. 33. The
associated tuned Kähler parameters to its un-Higgsed
diagram are given by

FIG. 30. Hanany-Witten moving of flavors could create over-
lapped lines on the subweb that represents antisymmetric
matter AS.
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Q1 ¼ Q2 ¼ Q3 ¼ Q4 ¼ Qf11 ¼ Qf12 ¼ Qf13 ¼ Qf14 ¼ Qf21 ¼ Qf22 ¼ Qf23 ¼ Qf24 ¼
ffiffiffi
q
t

r
;

Q5 ¼ Q6 ¼ Qf31 ¼ Qf32 ¼ Qf33 ¼ Qf34 ¼ Qf43 ¼ Qf44 ¼
ffiffiffi
t
q

r
: ð4:97Þ

Gauge theory parameters ðAi; uÞ should be assigned to the following independent Kähler parameters:

FIG. 31. The un-Higgsed diagram of the web depicted in Fig. 30. The Higgsed T2 subdiagram on the left bottom is of type case B.

FIG. 32. When AS is massless, the web of Spð3Þ þ 1AS factorizes and, thus, Spð3Þ þ 1AS equals SUð2Þ × SUð2Þ × SUð2Þ.
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QF ¼ A2
2; Qk4 ¼

A1

A2Q8

; Qh4 ¼
A3

A1

ffiffiffi
t
q

r
; QB ¼ A2

2u: ð4:98Þ

1. Perturbative contribution

We find

Zpert-I
Spð3Þþ1AS ¼

M
�

A1

A2Q8

ffiffi
t
q

q
; t; q

�
M
�
A1A2

Q8

ffiffi
t
q

q
; t; q

�
M
�

A3

A1Q8

ffiffi
t
q

q
; t; q

�
M
�
A1A3

Q8
2 ; q; t

�
M
�
A1

2; t; q
�
M
�
A1

A2
; t; q

�
M
�
A1A2; t; q

�
M
�
A2

2; t; q
�
M
�
A1A3; t; q

�
M
�
A3

2; t; q
�

×
M
�
Q8

2; t; q
�
M
�
Q8

ffiffi
t
q

q
; t; q

�
M
�
Q8A3

A1

ffiffi
q
t

q
; t; q

�
M
�
A2

2; q; t
�
M
�
A1

2

Q8

ffiffi
t
q

q
; q; t

�
M
�
A3

2

Q8
2
t
q ; q; t

� ; ð4:99Þ

Zpert-II
Spð3Þþ1AS ¼ numerator

denormator
;

numerator ¼ M

�
Q8A3

A1

ffiffiffi
q
t

r
; t; q

�
M

�
A2
1

Q8

ffiffiffi
t
q

r
; q; t

�
M

�
A1A3

Q8

ffiffiffi
t
q

r
; t; q

�
M

�
A3

A2Q8

ffiffiffi
t
q

r
; t; q

�
×M

�
A2A3

Q8

ffiffiffi
t
q

r
; t; q

�
M

�
Q8

ffiffiffi
t
q

r
; t; q

�
2

M

�
Q8A1

A2

ffiffiffi
t
q

r
; t; q

�
M

�
Q8A1A2

ffiffiffi
t
q

r
; t; q

�
×M

�
Q8A3

A1

ffiffiffi
t
q

r
; t; q

�
M

�
Q8A1A3

ffiffiffi
t
q

r
; t; q

�
M

�
Q8A3

A2

ffiffiffi
t
q

r
; t; q

�
M

�
Q8A2A3

ffiffiffi
t
q

r
; t; q

�
×M

�
A3

2

Q8
2

t
q
; q; t

�
;

FIG. 33. The left web is for the massiveASwith mass fugacityQ8. The right diagram is its un-Higgsed diagram. In the right diagram,
we have assigned the virtual lines and the values for some tuned parameters. All tuned parameters above the horizontal orange line are
given the value

ffiffiffiffiffiffiffi
q=t

p
, and all tuned parameters below this line are given

ffiffiffiffiffiffiffi
t=q

p
.
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denormator ¼ MðA1
2; q; tÞM

�
A1

A2

; q; t

�
MððA1A2; q; tÞÞM

�
A3

A1

; q; q

�
M

�
A3

A2

; t; q

�
×MðA2A3; t; qÞMðQ8

2; t; qÞM
�
Q8

3

ffiffiffi
q
t

r
; t; q

�
M

�
A3

A1

t
q
; t; q

�
M

�
A1A3

t
q
; t; q

�
×M

�
A3

A2

t
q
; t; q

�
M

�
A2A3

t
q
; t; q

�
M

�
A3

2
t
q
; t; q

�
M

�
A1A3

Q8
2

t
q
; t; q

�
: ð4:100Þ

Then the full perturbative partition function is given by

Zpert
Spð3Þþ1AS ¼

Zpert-I
Spð3Þþ1AS · Z

pert-II
Spð3Þþ1AS

Zextra
Q8

; ð4:101Þ

where the extra factor in the denominator is

Zextra
Q8

¼ 1

MðQ8
3

ffiffi
q
t

q
; t; qÞ

: ð4:102Þ

In order to match with localization computation in Eq. (B1) when N ¼ 3, one needs to permute A1 → A2, A2 → A3,
and A3 → A1.

2. Instanton contribution

We obtain the one-instanton contribution expanded as

Zone-instanton
Spð3Þþ1AS ¼ qþ t

ð1 − qÞð1 − tÞ ðA
2
1 þ A2

2 þ A2
3Þ þ

qþ t −
ffiffiffiffiffi
qt

p
χSUð2Þ
2

ð1 − qÞð1 − tÞ ðA2A3 þ A1A3 þ A1A2Þ

þ ðqþ tÞ2ðqþ t − χSUð2Þ
2 Þ

ð1 − qÞð1 − tÞ ffiffiffiffiffi
qt

p ðA2
1A

2
3 þ A2

1A
2
3 þ A2

2A
2
3Þ

þ ðqþ tÞðq2 þ 3qtþ t2 − 2
ffiffiffiffiffi
qt

p ðqþ tÞχSUð2Þ
2 þ qtχSUð2Þ

3 Þ
ð1 − qÞð1 − tÞqt ðA1A2A2

3 þ A1A2
2A3 þ A2

1A2A3Þ

þ ðqþ tÞ3ðq2 þ 3qtþ t2 − 2
ffiffiffiffiffi
qt

p ðqþ tÞχSUð2Þ
2 þ qtχSUð2Þ

3 Þ
ð1 − qÞð1 − tÞq2t2 A2

1A
2
2A

2
3 þOðA2

1;A
2
2;A

2
3Þ; ð4:103Þ

which is equal to the localization result (B5).

V. CONCLUSION

In this paper, we computed the Nekrasov partition
function for 5D N ¼ 1 Spð2Þ gauge theories with an
antisymmetric hypermultiplet and Nf ≤ 4 flavors using the
refined topological vertex method based on a 5-brane web
diagram with the nonzero mass of the antisymmetric matter.
The corresponding 5-brane web diagram has jumps on the
ðp; qÞ plane (or its dual diagram is generically nontoric)
and can be regarded as a Higgsed 5-brane web diagram. To
implement the topological vertex method on these 5-brane
webs, we considered its un-Higgsed 5-brane web and
properly tuned the Kähler parameters associated with the
Higgsed edges. As such Higgsing can be considered locally
as Higgsing on a 5-brane web diagram for T2 theory, we

developed systematic tunings of Kähler parameters for a T2

diagram, so that such T2 tuning can be applicable to various
Higgsed 5-brane web diagrams. It is also straightforward to
extend the T2 turning to TN tuning. As an example of T3

tuning, we considered 5D N ¼ 1 Spð3Þ gauge theory with
an antisymmetric hypermultiplet. We checked that our
results agree with known results based on the ADHM
method, up to two instanton contributions.
By redefining the parameters of the theory to make

the fiber-base duality manifest [47], the partition func-
tions expressed in terms of new parameters explicitly
show enhanced global symmetry ENfþ1 × SUð2Þantisym,
yielding the Gopakumar-Vafa invariants of 5D Spð2Þ gauge
theories with an antisymmetric hypermultiplet and Nf ≤ 4

flavors.
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Though we did not present the result with a higher
number of flavors due to prolonged computation time with
higher flavors, it is straightforward to compute the partition
function for Spð2Þ theory with Nf ¼ 5, 6, 7, 8 and for
higher rank SpðNÞ gauge theory.
Along with new findings of a 5-brane web for 5D

superconformal theories with various matter fields, it would
be interesting to compute the partition functions using the
topological vertex method on the corresponding 5-brane
webs of various matters and see enhanced global sym-
metries. Another interesting direction to pursue is to check
various dualities of 5D rank 2 superconformal theories [28]
based on 5-brane webs [55] by computing the partition
functions based on each 5-brane web.
Here, we discussed the T2 tuning of the Kähler param-

eters for jumps. It would also be interesting to study other
physical systems such as defects by tuning Kähler param-
eters to other values and find the corresponding tuning
method.
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APPENDIX A: USEFUL IDENTITIES

The Cauchy identities take the following forms:

X
η

sη=λðxÞsη=μðyÞ ¼
Y∞
i;j¼1

ð1 − xiyjÞ−1
X
η

sμ=ηðxÞsλ=ηðyÞ;

ðA1Þ
X
η

sηT=λðxÞsη=μðyÞ ¼
Y∞
i;j¼1

ð1þ xiyjÞ
X
η

sμT=ηT ðxÞsλT=ηðyÞ;

ðA2Þ

where the skew Schur functions satisfy

s;=μðxÞ ¼ δ;μ ¼ δ;μT ; jμj ¼ jμT j; ðA3Þ

sν=;ðxÞ ¼ sνðxÞ; sμ=νðλxÞ ¼ λjμj−jνjsμ=νðxÞ; ðA4ÞX
ν

ð−1Þjνjsμ=νðxÞsνT=λT ðxÞ ¼ ð−1Þjμjδμλ: ðA5Þ

Using this, one can perform the Young diagram sums along
nonpreferred directions.

The following functions are the functions defined with topological vertex (see also Refs. [56,59]):

Z̃νðt; qÞ ≔
Y

ði;jÞ∈ν
ð1 − qνi−jtν

T
j −iþ1Þ−1;

jjZ̃μðt; qÞjj2 ≔ Z̃μT ðt; qÞZ̃μðq; tÞ;

NμνðQ; t; qÞ ≔
Y∞
i;j¼1

1 −Qqνi−jtμ
T
j −iþ1

1 −Qq−jt−iþ1

¼
Y

ði;jÞ∈ν
ð1 −Qqνi−jtμ

T
j −iþ1Þ

Y
ði;jÞ∈μ

ð1 −Qq−μiþj−1t−ν
T
j þiÞ;

Nhalf;þ
ν ðQ; t; qÞ ≔ N;ν

�
Q

ffiffiffi
q
t

r
; t; q

�
;

Nhalf;−
ν ðQ; t; qÞ ≔ Nν;

�
Q

ffiffiffi
q
t

r
; t; q

�
;

MðQ; t; qÞ ≔
Y∞
i;j¼1

ð1 −Qqitj−1Þ ¼ exp

�
−
X∞
n¼1

QnðqtÞ
n
2

nðqn
2 − q−

n
2Þðtn2 − t−

n
2Þ
�
: ðA6Þ
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We note that, for some functions, we used slightly different
convention from the notations in Ref. [56]:

NμνðQ; t−1; q−1Þ ¼ N μνðQ; t; qÞ;

MðQ; t; qÞ ¼ 1

MðQ; t; qÞ ; ðA7Þ

where the functions on the right-hand side are those defined
in Ref. [56]. Other useful identities are as follows:

jjZ̃μðt; qÞjj2 ¼ jjZ̃μT ðq; tÞjj2; ðA8Þ

Nhalf;þ
ν ðQ; t−1; q−1Þ ¼ Nhalf;−

νT
ðQ; q−1; t−1Þ; ðA9Þ

Nhalf;þ
ν ðQ; t−1; q−1Þ ¼ N;ν

�
Q

ffiffiffi
t
q

r
; t−1; q−1

�
; ðA10Þ

Nhalf;−
ν ðQ; t−1; q−1Þ ¼ Nν;

�
Q

ffiffiffi
t
q

r
; t−1; q−1

�
; ðA11Þ

Nννð1; t−1; q−1Þ ¼
ð−1Þjνjq−jjνjj2

2 t−
jjνT jj2

2 ðqtÞ
jνj
2

Z̃νT ðq; tÞZ̃νðt; qÞ
; ðA12Þ

Nνν

�
t
q
; t−1; q−1

�
¼

ð−1Þjνjq−jjνT jj2
2 t−

jjνjj2
2 ð tqÞ

jνj
2

Z̃νT ðq; tÞZ̃νðt; qÞ
: ðA13Þ

The following relations are useful, when one expands
terms in the partition functions with respect to Q:

M

�
Q

ffiffiffi
t
q

r
; t; q

�
¼ M

�
Q

ffiffiffi
q
t

r
; q; t

�
; ðA14Þ

MðQ−1; t; qÞ ¼ M

�
Q

t
q
; t; q

�
¼ MðQ; q; tÞ; ðA15Þ

Nμν

� ffiffiffi
t
q

r
Q−1; t−1; q−1

�
¼ ð−QÞ−jμj−jνjt−jjμ

T jj2þjjνjj2
2 q

jjμjj2−jjνjj2
2 Nνμ

� ffiffiffi
t
q

r
Q; t−1; q−1

�
: ðA16Þ

APPENDIX B: RESULT FROM LOCALIZATION

In Refs. [49,50], the partition function for SpðNÞ þ 1ASþ NfF was computed via localization based on the ADHM
method, which takes the following form:

Zperturbative
SpðNÞþ1ASþNfF

¼ Zpert
vector · Z

pert
AS ðyÞ ·

YNf

i¼1

Zpert
F ðyiÞ: ðB1Þ

For Spð2Þ þ 1ASþ NfF,

Zpert
F ðyiÞ ¼ M

�
A1

yi

ffiffiffi
t
q

r
; t; q

�
M

�
A1yi

ffiffiffi
t
q

r
; t; q

�
M

�
A2

yi

ffiffiffi
t
q

r
; t; q

�
M

�
A2yi

ffiffiffi
t
q

r
; t; q

�
;

Zpert
AS ðyÞ ¼ M

�
yA1A2

ffiffiffi
t
q

r
; t; q

�
M

�
A1A2

y

ffiffiffi
t
q

r
; t; q

�
M

�
y
A1

A2

ffiffiffi
t
q

r
; t; q

�
M

�
A1

yA2

ffiffiffi
t
q

r
; t; q

�
×M

�
y

ffiffiffi
t
q

r
; t; q

�
2

; ðB2Þ

Zpert
vector ¼

1

MðA1A2; t; qÞMðA1A2; q; tÞMðA1

A2
; t; qÞMðA1

A2
; q; tÞ

×
1

MðA1
2; t; qÞMðA1

2; q; tÞMðA2
2; t; qÞMðA2

2; q; tÞ : ðB3Þ

For Spð3Þ þ 1ASþ NfF,
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Zpert
F ðyiÞ ¼

Y3
α¼1

M

�
Aα

yi

ffiffiffi
t
q

r
; t; q

�
M

�
Aαyi

ffiffiffi
t
q

r
; t; q

�
;

Zpert
AS ðyÞ ¼ M

�
y

ffiffiffi
t
q

r
; t; q

�
3 Y
1≤α<β≤3

M

�
yAαAβ

ffiffiffi
t
q

r
; t; q

�
M

�
AαAβ

y

ffiffiffi
t
q

r
; t; q

�

×M

�
yAα

Aβ

ffiffiffi
t
q

r
; t; q

�
M

�
Aα

yAβ

ffiffiffi
t
q

r
; t; q

�
;

Zpert
vector ¼

1Q
1≤α<β≤3MðAαAβ; t; qÞMðAαAβ; q; tÞMðAα

Aβ
; t; qÞMðAα

Aβ
; q; tÞ

×
1Q

3
α¼1MðA2

α; t; qÞMðA2
α; q; tÞ

: ðB4Þ

The one-instanton contribution does not involve an integral and is given by

Zone-instanton
SpðNÞþ1ASþNfF

¼ 1

2

�QNf

i¼1 2 sinhmi
2

2 sinh ϵþ�ϵ−
2

·

Q
N
i¼1 2 sinhm�αi

2
−
Q

N
i¼1 2 sinh �αiþϵþ

2

2 sinh m�ϵþ
2

Q
N
i¼1 2 sinh �αiþϵþ

2

þ
QNf

i¼1 2 cosh mi
2

2 sinh ϵþ�ϵ−
2

·

Q
N
i¼1 2 cosh m�αi

2
−
Q

N
i¼1 2 cosh �αiþϵþ

2

2 sinh m�ϵþ
2

Q
N
i¼1 2 cosh

�αiþϵþ
2

�
; ðB5Þ

where mi are masses for fundamental flavors and m is the mass for an antisymmetric hypermultiplet.
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