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We derive a covariant expression for the renormalized holographic entanglement entropy for conformal
field theories (CFTs) dual to quadratic curvature gravity in arbitrary dimensions. This expression is written
as the sum of the bare entanglement entropy functional obtained using standard conical defect techniques,
and a counterterm defined at the boundary of the extremal surface of the functional. The latter corresponds
to the cod-2 self-replicating part of the extrinsic counterterms when evaluated on the replica orbifold. This
renormalization method isolates the universal terms of the holographic entanglement entropy functional.
We use it to compute the standard C-function candidate for CFTs of arbitrary dimension, and the type-B
anomaly coefficient c for four-dimensional CFTs.
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I. INTRODUCTION

Higher-curvature gravity theories have attracted consid-
erable attention in the literature for various reasons. This
is mainly due to their better ultraviolet (UV) completion
properties [1–5], what provides a promising scenario for
deciphering quantum gravity properties. Indeed, the low
energy effective action of string theory is characterized by
the presence of a series of higher-derivative terms added on
top of the Einstein-Hilbert action.
Quadratic curvature gravity (QCG) is one of the simplest

examples of a higher-curvature gravitational theory. Its
action is given by

IQCG ¼ 1

16πGN

Z
M

ddþ1x
ffiffiffiffiffiffi
jGj

p
ðR − 2Λ0 þ αR2

þ βRμ
νRν

μ þ γGBÞ; ð1Þ

where the bare cosmological constant is Λ0 ¼ − dðd−1Þ
2L2

0

, in

terms of the radius of anti–de Sitter (AdS) space L0. Here,
the scalar density GB stands for the Gauss-Bonnet term,
which reads GB ¼ R2 − 4Rν

μR
μ
ν þ Rμν

κλR
κλ
μν. The equation of

motion (EOM) of the theory (1) is fourth order in differ-
ential terms of the metric Gμν, when arbitrary couplings
ðα; β; γÞ are considered. However, if α ¼ β ¼ 0, i.e., the
Gauss-Bonnet term is the only modification considered,
then the EOM becomes second order [6], as the theory goes
back to the Lovelock class [7,8].
A larger family is that of generalized quasitopological

gravities that have sparked a lot of interest in recent years
[9–14]. Its main feature is the fact that the EOM is reduced
to second order when evaluated in a static and spherically
symmetric ansatz.
In dþ 1 ¼ 4 dimensions, of particular importance is the

point of the parametric space of QCG where α ¼ −1=ð2Λ0Þ
and β ¼ 3=ð2Λ0Þ. In this dimension, γ plays no role as the
Gauss-Bonnet term is not dynamical. It corresponds to
critical gravity, introduced in Ref. [15], a theory which
becomes trivial when evaluated on Einstein spacetimes [16].
Interestingly enough, for relaxed AdS asymptotic conditions,
this theory constitutes the gravitational dual of three-
dimensional logarithmic conformal field theory (CFT).
The holographic principle has a concrete realization in

the form of the AdS=CFT correspondence introduced in
Refs. [17–19]. In this context, higher-curvature gravity
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theories have been the subject of extensive study as toy
models due to the appealing properties of their dual field
theories. This class of theories probes a broader range of
CFTs than standard Einstein gravity. Indeed, the type-A and
type-B anomalies of their four-dimensional holographic
counterparts do not coincide, unlike in the Einstein case
[20,21]. Furthermore, the couplings of higher curvature
theories modify the ratio of shear viscosity η to entropy
density s of their hydrodynamic duals, with respect to the
value provided by Einstein gravity of η=s¼1=ð4πÞ [22–24],
as can be seen in five-dimensional Einstein-Gauss-Bonnet
theory [25]. This indicates that the Kovtun-Son-Starinets
bound is not universal in the sense that its value has explicit
dependence on the higher curvature couplings of the gravity
theory. However, as causality considerations further con-
strain said couplings [26], it is possible to obtain modified
Kovtun-Son-Starinets bounds applicable to classes of higher
curvature theories [27–29]. This is another example of how
the presence of higher curvature terms can break degener-
acies in holographic quantities, helping to pinpoint the
holographic dictionary more precisely.
A similar nontrivial behavior is present in the universal

terms of the entanglement entropy (EE) for CFTs dual to
higher-curvature gravity theories [30–35]. EE appears as a
useful tool to explore aspects of quantum entanglement
in strongly coupled field theories. In a quantum model
described by the density matrix ϱ, the EE between a
subsystem A and its complement Ac is given by the von
Neumann entropy of the reduced matrix ϱA ¼ trAcϱ,

SA ¼ −trAðϱA log ϱAÞ: ð2Þ

As many observables in field theory, EE is a UV divergent
measure. Its main characteristic is the fact that the leading
divergence always scales as the cod-2 area of the entangling
surface ∂A that separates the subsystem A with its comple-
ment, independently of its shape.1 This is due to the UV
degrees of freedom which are localized at the vicinity of the
entangling surface [36–38].
Of great interest are the universal features associated to the

renormalization group (RG) flow of the quantum field theory
(QFT), in the expansion of the EE near ∂A. They correspond
to scheme-independent terms that probe the number of
effective degrees of freedom of the respective theory. In
odd dimensions, it is the finite part of the EE that can be
related to theF function that is monotonic along the RG flow
[39–41]. In even dimensions, one can identify the type-A
and type-B anomaly coefficients of the corresponding
field theory from the logarithmic term of the EE expansion.
As the type-A anomaly monotonically decreases when going
from ultraviolet to infrared (IR), it is a good C-function
candidate [42–44].

In principle, the calculation of the EE in QFT is rather
involved. Using the real-time formalism or the replica trick
in the path-integral quantization demands analytic tech-
niques that can be applied only for particular shapes of A, in
low enough dimensions [45].
Major progress was made in this direction by consider-

ing the AdS=CFT duality. Ryu and Takayanagi (RT)
conjectured that EE is given by a generalization of the
Bekenstein-Hawking formula for cod-2 surfaces which are
not the fixed point of a continuous isometry [46,47]. More
specifically, the EE of a spatial subregion A is given by the
area of a minimal homologous cod-2 surface Σ, i.e.,

SA ¼ AreaðΣÞ
4GN

: ð3Þ

The surface is embedded in the bulk solution of the dual
gravity theory and anchored at ∂A.
The proof behind the conjectured RT formula (3), came a

few years later by Lewkowycz and Maldacena [48]. The
central idea is the relation between holographic entangle-
ment entropy (HEE) and Euclidean gravity action, in the
saddle-point approximation of AdS=CFT. This is achieved
by constructing bulk solutions from a set of boundary
conditions that are not Uð1Þ invariant. As a consequence,
one may extend the replica symmetry, needed for the
calculation of the EE, to the bulk. In particular, the HEE is
given by the limit

SEE ¼ −lim
ϑ→1

∂ϑIE½MðϑÞ�; ð4Þ

where IE½MðϑÞ� denotes the Euclidean gravity action
evaluated on a conically singular manifold. The orbifold
MðϑÞ is constructed as the bulk gravity dual of the replica
CFTobtained through the standard replica trick in [48–50].
As the replica symmetry is discrete, MðϑÞ is a squashed
cone [having no Uð1Þ isometry], and it has an angular
deficit of 2πð1 − ϑÞ, such that ϑ ¼ 1

m is related to the replica
index m.
As pointed out in Ref. [51], in the case of HEE in

Einstein-AdS gravity, ð1−ϑÞ
4GN

can be identified with the
tension of a cosmic brane coupled to the ambient geometry
through the Nambu-Goto action. Thus, in the tensionless
limit (ϑ → 1), the area of the cosmic brane anchored at the
boundary gives the HEE, trivially recovering the RT
prescription [46]. However, Eq. (4) also holds for generic
gravity theories, such that upon evaluating the action on
the MðϑÞ orbifold, the correct entropy functional emerges
naturally. The most notable contributions in this direction
have been given by Dong [52], Camps [53], and Miao [54].
In the case of QCG, the evaluation of the arbitrary quadratic
curvature invariants on squashed cones was firstly done by
Fursaev, Patrushev, and Solodukhin in Ref. [50] using
distributional geometry techniques. In the present work we

1This assumes local field theories and continuity of the fields
and their derivatives across the entangling surface.
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exploit the fact that, as the HEE functional depends only
on the gravity action under consideration, its renormaliza-
tion is inherited from the renormalization of the bulk
gravity action [55].
On previous papers, based on a renormalization scheme

defined by the addition of extrinsic counterterms, we showed
that for odd-dimensional CFTs dual to Einstein-AdS gravity,
the finite part of the HEE is the sum of the Euler character-
istic of the RT surface, and a curvature term on that surface
[56].2 The coefficient of the Euler characteristic is matched
to the F term, a quantity that has been shown to be
monotonic along RG flows [30,31,39,40,49,58]. In particu-
lar, in three-dimensional CFTs, the F quantity is robust
under continuous deformations of the entangling region [59].
In the case of even-dimensional CFTs, the C-function
candidate is identified as the coefficient of the log part of
the EE. As shown in Ref. [60], this universal contribution
can be isolated when the HEE is written in terms of a
covariant functional which is the usual area term plus a cod-3
extrinsic boundary counterterm. The latter term cancels
power-law divergences in the HEE formula.
In this paper, we turn our interest to the case of QCG.

There, we will explicitly show that the same form of
extrinsic counterterms (only with a different coupling
constant) is able to isolate the universal part of the HEE
for CFTs dual to this type of higher curvature gravity
theories. This can be achieved by considering particular
shapes of entangling regions (i.e., spheres and cylinders),
where the C-function candidates and other holographic
quantities like the type-B anomaly coefficient c can be
directly obtained [20,21,61].

II. COUNTERTERMS OF A DIFFERENT SORT:
KOUNTERTERMS

In general relativity, it is straightforward to prove that
second derivatives in the normal coordinate appear in the
Lagrangian. One may think of an analogous system in
classical mechanics: a Lagrangian with a linear dependence
on the acceleration q̈, of the type Lðq; _q; q̈Þ ¼
q̈hðqÞ þ lðq; _qÞ, where q is the generalized coordinate.
An arbitrary variation of this action gives rise to a field
equation which is still of second order in the time
derivative, while producing a term that contains both δq
and δ _q at the boundary. The addition of a total derivative to
L leads to a surface term where only δq appears, what is a
feature of first-order Lagrangians. The above reasoning can
be mimicked in gravity, what implies that the bulk action
has to be augmented by the Gibbons-Hawking term at the
boundary, in order to ensure a well-defined action principle
for a Dirichlet boundary condition on the boundary metric
hab [62]. The introduction of a cosmological constant does
not modify the surface terms of the theory, but it does

change the asymptotic behavior of the metric, such that the
canonical momentum is no longer finite at the boundary.
In the early days of the AdS=CFT correspondence, the
renormalization of AdS gravity was achieved by the
addition of intrinsic counterterms, such that the Dirichlet
boundary condition was not spoilt [63–65]. It is then that,
by a proper rescaling of the metric hab, holographic
correlation functions are obtained as variations with respect
to the source at the conformal boundary gð0Þab.
However, it was later pointed out by Papadimitriou

and Skenderis [66] that a Dirichlet condition on the
boundary metric hab does not make sense in asymptotically
AdS (AAdS) spaces. As a matter of fact, the asymptotic
expansion of this field hab ¼ gð0Þab

z2 þ… reveals an infinite
conformal factor near the boundary. As a consequence,
the only way to have a well-posed variational principle in
AdS gravity is fixing instead the metric gð0Þab at the
conformal boundary. This argument implies that the addi-
tion of counterterms is required not only for canceling
divergent terms in the variation of the action, but also for
the consistency of the variational problem on gð0Þab.
Along the same line, we stress the fact that there is a

blissful accident in AdS gravity: the leading order in the
asymptotic expansion of the extrinsic curvature is (up to a
numerical factor) the same as the one in hab. Indeed, in the
Fefferman-Graham frame, Kab ¼ 1

l
gð0Þab
z2 þ…, what has

been recently emphasized in Ref. [67]. This simple obser-
vation means that one can express also variations of Kab in
terms of variations of gð0Þab. This also implies that one may
consider surface terms which depend on the extrinsic
curvature and act as counterterms, in the sense that they
cancel divergent contributions in the AdS gravity action.
So, even though they are plain incompatible with a
Dirichlet condition for the full boundary metric hab, they
can still reproduce the correct holographic stress tensor
varying with respect to gð0Þab.
The above reasoning, which opens the possibility to

look for an alternative sort of counterterms, is justified by
the lack of a closed expression for the series in arbitrary
dimensions. More than 20 years ago, evidence was
provided on the fact that topological terms were able to
regulate the variation of the AdS gravity action in even
dimensions [68,69], though based on the study of par-
ticular solutions. As for the Euclidean action, the addition
of the Euler term at the boundary of d ¼ 2n dimensions
renders it finite in AAdS solutions if the coupling is
adequately chosen [70]. However, it was not clear what
this prescription to renormalize AdS gravity had to do
with holographic renormalization and the addition of
standard counterterms.
A first step towards the understanding of this issue was

given in Ref. [70], where topological terms in the bulk are
equivalently written as the corresponding Chern form B2n−1
at the boundary,

2In Ref. [57], the authors arrive at the same conclusion using
standard holographic renormalization techniques.
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B2n−1¼−2n
Z

1

0

ds
ffiffiffiffiffiffi
jhj

p
δa1���a2n−1b1���b2n−1K

b1
a1

�
1

2
Rb2b3

a2a3 −s2Kb2
a2K

b3
a3

�

× � � �×
�
1

2
Rb2n−2b2n−1

a2n−2a2n−1 −s2Kb2n−2
a2n−2K

b2n−1
a2n−1

�
: ð5Þ

For the first time, counterterms which depend on Kab were
proposed to deal with the renormalization of AdS gravity.
Here, hab ¼ gabðz; xÞ=z2 is the induced metric at constant
Poincaré coordinate z, Rab

cd is the intrinsic Riemann curva-
ture tensor, Kab is the extrinsic curvature and δ

a1���a2n−1
b1���b2n−1 is the

generalized Kronecker delta. In this notation, the indices of
the generalized Kronecker delta are contracted with those of
the rest of the tensors in the integrand.

A similar structure at the boundary of dþ 1 ¼ 2nþ 1
dimensions was far more difficult to obtain. In particular,
due to the fact that there is no equivalent form in the bulk
for such boundary term. The extensive use of field-theory
tools in the context of anomalies (Chern-Simons and
transgression forms, homotopy operator, etc.) allows us
to make a concrete proposal for that case. The resulting
term, in essence, shares common properties with the Chern
form, as it is a given polynomial of the extrinsic and
intrinsic curvatures [71], but it did not exist in the
mathematical literature before. Its specific form is given
by the following expression:

B2n ¼ −2n
Z

1

0

ds
Z

s

0

dt
ffiffiffiffiffiffi
jhj

p
δa1���a2n−1b1���b2n−1K

b1
a1

�
1

2
Rb2b3

a2a3 − s2Kb2
a2K

b3
a3 þ

t2

L2
eff

δb2a2δ
b3
a3

�
× � � �

� � � ×
�
1

2
Rb2n−2b2n−1

a2n−2a2n−1 − s2Kb2n−2
a2n−2K

b2n−1
a2n−1 þ

t2

L2
eff

δb2n−2a2n−2δ
b2n−1
a2n−1

�
; ð6Þ

where Leff is the effective AdS radius of the theory.
One may think that the renormalization procedure

described above, dubbed Kounterterms, may lead to a
variational principle which is at odds with the holographic
description of AdS gravity in terms of the boundary source
gð0Þab, as it seems to require a different boundary condition
on the extrinsic curvature. But the analysis portrayed above
gives a firmer ground to the addition of Kounterterms to the
gravitational action: the total action is consistent with a
holographic description, as its variation is both finite and
given in terms of δgð0Þab.
This simple reasoning suggests the resummation of the

counterterm series as an expression in terms of the extrinsic
curvature. As a matter of fact, an asymptotic expansion
of the term Bd reproduces the counterterms, once the
Gibbons-Hawking term is correctly isolated. This was first
sketched in Ref. [72] and analyzed in greater detail in a
recent paper [73].3 In addition, earlier works in the

mathematical literature [74,75], indicate that the Chern
form is fundamental in defining the renormalized volume
of an Einstein space.
The Kounterterm method has been used to deal with the

construction of conserved quantities and the thermody-
namic description of black holes in Einstein-Gauss-Bonnet
AdS and, in general, Lovelock AdS gravity. Furthermore,
it has also linked the concept of conformal mass to the
addition of boundary terms in Einstein-Hilbert [76] and
higher-curvature gravity [77,78]. Evidence has been given
that Kounterterms can provide finite conserved charges in
QCG, as well [79–81].
In the present paper, we extensively use its properties to

deal with the problem of renormalization of HEE in QCG.

III. RENORMALIZED EE FROM
THE REPLICA ORBIFOLD

In this section, we compute the renormalized HEE in
CFTs dual to QCG. In order to determine the EE functional
from the bulk gravity Lagrangian we use the results by
Fursaev, Patrushev, and Solodukhin for the evaluation of
quadratic curvature invariants in conically singular mani-
folds [50]. The renormalization of HEE is then inherited
from the renormalization of the bulk action by the addition
of cod-1 Kounterterms and derived from a set of cod-2
relations with respect to the bulk and boundary dimensions.
In particular, it is a remarkable property of the Kounterterm
Bd—when evaluated on orbifolds—that the singular part
gives rise to the same structure in two dimensions lower
ðBd−2Þ. This self-replicating feature of Bd induces cod-3
Kounterterms on ∂Σ which renormalize the cod-2 Fursaev,

3In Ref. [73], it was shown that, in Einstein-AdS gravity, the
Kounterterms are the resummation of the counterterms for
asymptotically conformally flat manifolds in arbitrary dimen-
sions. For a generic AAdS space, there is a mismatch between
counterterms and Kounterterms, consisting on terms which are
the dimensional continuation of conformal invariants at the
boundary. At the lowest order, this difference is a Weyl-squared
term, which is identically vanishing for a conformally flat
boundary. However, it may be the case that this condition is
relaxed by taking Weyl2 ¼ 0 instead, which would be the analog
of demanding local flatness (Rie ¼ 0Þ vs a vanishing Kretsch-
mann scalar for a given spacetime.
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Patrushev, and Solodukhin functional. Based on this construction, we determine the universal terms of the HEE for
this theory.

A. Curvature invariants on the cone

Now, we consider the expressions for the quadratic curvature invariants evaluated on squashed cones [without U(1)
isometry], as given in Refs. [50,82]. Following this procedure, we haveZ
MðϑÞ

ddþ1x
ffiffiffiffiffiffi
jGj

p
R2 ¼

Z
MðϑÞnΣ

ddþ1x
ffiffiffiffiffiffi
jGj

p
R2 þ 8πð1 − ϑÞ

Z
Σ
dd−1y

ffiffiffiffiffiffi
jσj

p
ðR̃þ 2RðiÞðiÞ − RðiÞðjÞðiÞðjÞ − 2KðiÞμ̄

½μ̄K
ðiÞν̄

ν̄�Þ þ…;

ð7Þ
Z
MðϑÞ

ddþ1x
ffiffiffiffiffiffi
jGj

p
Rμ
νRν

μ ¼
Z
MðϑÞnΣ

ddþ1x
ffiffiffiffiffiffi
jGj

p
Rμ
νRν

μ þ 4πð1 − ϑÞ
Z
Σ
dd−1y

ffiffiffiffiffiffi
jσj

p �
RðiÞðiÞ −

1

2
KðiÞ

μ̄μ̄KðiÞ
ν̄ν̄

�
þ…; ð8Þ

Z
MðϑÞ

ddþ1x
ffiffiffiffiffiffi
jGj

p
Rμν
κλR

κλ
μν ¼

Z
MðϑÞnΣ

ddþ1x
ffiffiffiffiffiffi
jGj

p
Rμν
κλR

κλ
μν þ 8πð1 − ϑÞ

Z
Σ
dd−1y

ffiffiffiffiffiffi
jσj

p
ðRðiÞðjÞðiÞðjÞ −KðiÞ

μ̄ν̄KðiÞ
ν̄μ̄Þ þ…; ð9Þ

where the ellipsis denotes terms of higher order in (1 − ϑ), Σ is the fixed-point set of the replica symmetry (i.e., the cod-2
surface at the apex of the cone), i, j are indices normal to Σ, μ̄; ν̄ are indices in the world volume of Σ, KðiÞ

μ̄ν̄ is the extrinsic
curvature of the cod-2 foliation along the i direction, and summation is implied on repeated i, j indices.
We also consider the evaluation of the Ricci scalar and the GB term on the squashed cone, following the results of

Ref. [50]. We therefore haveZ
MðϑÞ

ddþ1x
ffiffiffiffiffiffi
jGj

p
R ¼

Z
MðϑÞnΣ

ddþ1x
ffiffiffiffiffiffi
jGj

p
Rþ 4πð1 − ϑÞ

Z
Σ
dd−1y

ffiffiffiffiffiffi
jσj

p
; ð10Þ

Z
MðϑÞ

ddþ1x
ffiffiffiffiffiffi
jGj

p
GB ¼

Z
MðϑÞnΣ

ddþ1x
ffiffiffiffiffiffi
jGj

p
GBþ 8πð1 − ϑÞ

Z
Σ
dd−1y

ffiffiffiffiffiffi
jσj

p
R̃: ð11Þ

B. Extrinsic counterterms on the cone

We begin our analysis of Kounterterms evaluated on
squashed cones by considering the topological origin of the
Chern form. When M is even dimensional, the existence
of extrinsic counterterms B2n−1 is guaranteed by the
Euler theorem

Z
M

d2nxE2n ¼ ð4πÞnn!χðMÞ þ
Z
∂M

d2n−1XB2n−1; ð12Þ

which unveils the dynamic equivalence to the topological
term in the bulk

E2n ¼
ffiffiffiffiffiffijGjp
2n

δν1…ν2n
μ1…μ2nR

μ1μ2
ν1ν2 � � �Rμ2n−1μ2n

ν2n−1ν2n : ð13Þ

The above relation also identifies B2n−1 with the corre-
sponding Chern form, which appears as the correction to
the Euler characteristic in a manifold with boundary.
For the purposes of the current study, we highlight the

fact that the equivalence between bulk and boundary terms

can be generalized to manifolds with conical deficits.
Indeed, any Euler term E2n self-replicates in cod-2, that is,

Z
MðϑÞ

d2nxE2n ¼
Z
MðϑÞnΣ

d2nxE2n

þ 4πnð1 − ϑÞ
Z
Σ
d2n−2yE2n−2 ð14Þ

when constructed on an orbifold MðϑÞ [60,83]. This fact
implies that the self-replication property extends to the
Chern form, as well [56,84]

Z
∂MðϑÞ

d2n−1XB2n−1¼
Z
∂MðϑÞn∂Σ

d2n−1XB2n−1

þ4πnð1−ϑÞ
Z
∂Σ
d2n−3YB2n−3: ð15Þ

Unlike the Chern form, Kounterterms B2n for odd bulk
dimensions are not associated to the Euler density.
Therefore, the previous analysis for orbifolds cannot be
repeated verbatim. However, even though B2n−1 and B2n
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are different geometrical objects, it can be shown that, in
presence of squashed conical singularities,Z
∂MðϑÞ

ddXBd ¼
Z
∂MðϑÞn∂Σ

ddXBd

þ 4π

�
dþ 1

2

�
ð1 − ϑÞ

Z
∂Σ

dd−2YBd−2;

ð16Þ

for either odd or even boundary dimension d [60].
The extrinsic counterterms Bd−2 (living in cod-3 respect

to the bulk space) cancel the divergences coming from the
set of points anchoring the surface Σ to the conformal
boundary. It has been shown that they correctly isolate the
universal terms of the entanglement and Rényi entropies for
CFTs which are dual to Einstein gravity [56,60,82,84]. In
that situation, the relation between EE and the notion of
renormalized area was made manifest.
In what follows, we seek to extend the renormalization

scheme for cod-2 surfaces to one of the simplest examples
of a higher-derivative gravity, such as QCG.

C. The Kounterterm-renormalized QCG action

We start by considering the generic renormalized QCG
action [80]

IrenQCG ¼ IQCG þ cd
16πGN

Z
∂M

Bd; ð17Þ

where Bd is the boundary Kounterterm defined in Eq. (16).
By solving the usual characteristic equation to find the

vacuum of the theory, we obtain the following relation for
the effective cosmological constant and its corresponding
effective AdS radius

−
1

2Λeff
þ Λ0

2Λ2
eff

¼ ðd−3Þ
ðd−1Þ2 ½ðdþ1Þαþβ�þðd−3Þðd−2Þ

dðd−1Þ γ;

ð18Þ

where Λeff ¼ − dðd−1Þ
2L2

eff
. Also, the coupling cd of the boun-

dary Kounterterm Bd is fixed by requiring the action of the
pure AdS solution (vacuum) to be finite, thus finding

cd ¼

8>><
>>:

ad
ð−1Þdþ1

2 Ld−1
eff

ðdþ1
2
Þðd−1Þ! if d odd

ad
ð−1Þd2Ld−2

eff

2d−3dððd
2
−1Þ!Þ2 if d even

; ð19Þ

where the auxiliary function ad reads

ad ¼ 1 −
2d
L2
eff

�
ðdþ 1Þαþ β þ ðd − 2Þðd − 1Þ

d
γ

�
: ð20Þ

Based on the preceding relations, we evaluate the QCG
action augmented with the boundary term (17) on the
squashed cone, obtaining

IrenQCG½MðϑÞ� ¼ IrenQCG½MðϑÞn∂Σ� þ ð1 − ϑÞSUnivQCG þ…: ð21Þ

When considering the Lewkowycz-Maldacena prescription
(4), applied to the renormalized action (17), SUnivQCG corre-
sponds to the universal part of the HEE for CFTs dual to
QCG, which is finite for odd-d and log-divergent for even-
d. Explicitly, the SUnivQCG functional is given by

SUnivQCG ¼ SQCG þ SKT; ð22Þ

where

SQCG¼
1

4GN

	
Area½Σ�þ

Z
Σ
dd−1y

ffiffiffiffiffiffi
jσj

p �
2αðR̃þ2RðiÞðiÞ−RðiÞðjÞðiÞðjÞ−2KðiÞμ̄

½μ̄K
ðiÞν̄

ν̄�Þþβ

�
RðiÞðiÞ−

1

2
KðiÞμ̄

μ̄K
ðiÞν̄

ν̄

�
þ2γR̃

�

;

ð23Þ

and the corresponding curvature terms are defined after Eqs. (7)–(9). Alternatively, SQCG can be derived either following
the prescription provided by Dong in Ref. [52] or the one by Camps in Ref. [53].4 For gravity theories with curvature
terms of cubic order or higher, these procedures give different HEE functionals, which is referred to as the splitting
problem [54,86–88].
On the other hand, the Kounterterm obtains the form

SKT ¼ cd
4GN

�ðdþ 1Þ
2

�Z
∂Σ

Bd−2: ð24Þ

For this expression, the cod-2 boundary term reads

4Furthermore, in Ref. [85], SQCG was computed using field redefinition in the gravity theory.
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Bd−2 ¼

8>>>>>>>>>>>><
>>>>>>>>>>>>:

− ðd − 1Þ R 1
0 ds

ffiffiffiffiffiffijσ̃jp
δā1���ād−2
b̄1���b̄d−2k

b̄1
ā1

�
1
2
R̃b̄2b̄3

ā2ā3 − s2kb̄2ā2k
b̄3
ā3

�
× � � �

� � � ×
�

1
2
R̃b̄d−3b̄d−2

ād−3ād−2 − s2kb̄d−3ād−3k
b̄d−2
ād−2

�
; odd d

−ðd − 2Þ R 1
0 ds

R
s
0 dt

ffiffiffiffiffiffijσ̃jp
δā1���ād−3
b̄1���b̄d−3k

b̄1
ā1

�
1
2
R̃b̄2b̄3

ā2ā3 − s2kb̄2ā2k
b̄3
ā3 þ t2

L2
eff
δb̄2ā2δ

b̄3
ā3

�
× � � �

� � � ×
�

1
2
R̃b̄d−4b̄d−3

ād−4ād−3 − s2kb̄d−4ād−4k
b̄d−3
ād−3 þ t2

L2
eff
δb̄d−4ād−4δ

b̄d−3
ād−3

�
; even d

; ð25Þ

where the corresponding terms are defined after Eq. (5).
Having the renormalized EE functional at hand, we
evaluate it on certain configurations, i.e., sphere and
cylinder, whose universal terms encode significant infor-
mation for the corresponding CFT.

IV. HEE FOR SPHERES IN VACUUM CFT

The bulk dual to the vacuum state of a d-dimensional
CFT is pure AdSdþ1, whose metric in Poincaré coordinates
is given by

ds2 ¼ Gμνdxμdxν ¼
L2
eff

z2
ðdt2 þ dz2 þ dr2 þ r2dΩ2

d−2Þ;
ð26Þ

where Ω2
d−2 represents the angular directions of an Sd−2

sphere. For ball-shaped entangling regions of radius R in
the CFT, the bulk extremal surface is given by the spherical
hemisphere of the same radius [89], whose embedding is
described by

Σ∶ft ¼ const:; r2 þ z2 ¼ R2g: ð27Þ

For the following analysis, it is convenient to foliate pure
AdS with warped spherical hemispheres. In order to make
the extremal surface explicit, the change of coordinates
r ¼ X sinU, z ¼ X cosU is performed. After this change,
metric (26) reads

ds2 ¼ L2
eff

X2 cos2U
ðdt2 þ dX2 þ X2dU2 þ X2 sin2 UdΩ2

d−2Þ:
ð28Þ

In this metric, the hemispheres are the constant ðt; XÞ cod-2
hypersurfaces and the extremal one is located at X ¼ R.
Also, the nonzero components of the normal vectors to the
hypersurfaces read

nðXÞX ¼ nðtÞt ¼ Leff

X cosU
: ð29Þ

Therefore, the nonzero components of the projected
Riemann and Ricci tensors along these directions read

RðXÞðXÞ ¼ RμνnðXÞμ nðXÞν ¼ −
d
L2
eff

;

RðtÞðtÞ ¼ RμνnðtÞμ nðtÞν ¼ −
d
L2
eff

; ð30Þ

RðXÞðtÞðXÞðtÞ ¼ RμνκλnðXÞμ nðtÞν nðXÞκ nðtÞλ ¼ −
1

L2
eff

: ð31Þ

Regarding the extrinsic curvatures, since the foliation
defines a sphere, they identically vanish, i.e.,

KðXÞμ̄
ν̄ ¼ KðtÞμ̄

ν̄ ¼ 0: ð32Þ

In Poincaré coordinates, the induced metric reads

ds2σ ¼ σμ̄ν̄dyμ̄dyν̄ ¼
L2
eff

z2

�
R2dz2

R2 − z2
þ ðR2 − z2ÞdΩ2

d−2

�
;

ð33Þ

which admits a Fefferman-Graham (FG)-like expansion

rlds2σ ¼
L2
eff

z2

�
1þ z2

R2
þ z4

R4
þOðz6Þ

�
dz2 þ σ̃āb̄dY

ādYb̄;

ð34Þ

σ̃āb̄ ¼
R2L2

eff

z2

�
1 −

z2

R2

�
Ωāb̄; ð35Þ

where Ωij is the metric of the (d − 2)-dimensional sphere.
The induced metric σ̃ij is fixed at the regulator z ¼ ϵ, i.e.,
when ϵ → 0.
Under the previous considerations, the quantities present

in Eq. (22) read
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Area½Σ� ¼ VolðSd−2ÞR
Z

zmax

ϵ
dzðR2 − z2Þd−32

�
Leff

z

�
d−1

;

ð36Þ

R̃ ¼ −
ðd − 1Þðd − 2Þ

L2
eff

; ð37Þ

RðiÞðiÞ ¼ −
2d
L2
eff

; ð38Þ

RðiÞðjÞðiÞðjÞ ¼ −
2

L2
eff

; ð39Þ

KðiÞμ̄
μ̄K

ðiÞν̄
ν̄ ¼ KðiÞμ̄

ν̄K
ðiÞν̄

μ̄ ¼ 0: ð40Þ

The cod-2 extrinsic curvatures vanish because the geometry
after the foliations describes a sphere.
Therefore, considering all the terms that appear in

Eq. (23), we have that the bare HEE SQCG is given by

SQCG ¼ 1

4GN

�
VolðSd−2ÞR

Z
zmax

ϵ
dzðR2 − z2Þd−32

�
Leff

z

�
d−1

þ
Z
Σ
dd−1

ffiffiffiffiffiffi
jhj

p 	
−

2α

L2
eff

½ðd − 1Þðd − 2Þ þ 4d − 2� − 2dβ
L2
eff

− γ
ðd − 1Þðd − 2Þ

L2
eff


�
; ð41Þ

which can be rearranged, using the definition of ad in
Eq. (20), to

SQCG ¼ adVolðSd−2Þ
4GN

Z
zmax

ϵ
dzRðR2 − z2Þd−32

�
Leff

z

�
d−1

;

¼ ad
Area½Σ�
4GN

: ð42Þ

Also, the HEE Kounterterm SKT of Eq. (24) can be
written as

SKT ¼ ad
cEHd
4GN

�ðdþ 1Þ
2

�Z
∂Σ

Bd−2; ð43Þ

where cEHd ¼ cd
ad

is the Kounterterm coupling for Einstein-
AdS gravity. Thus, we have that

SUnivQCG ¼ ad
4GN

�
Area½Σ� þ cEHd

�ðdþ 1Þ
2

�Z
∂Σ

Bd−2

�
;

SUnivQCG ¼ ad
4GN

AreaUniv½Σ�; ð44Þ

such that the universal part of the HEE for ball-shaped
entangling regions becomes proportional to the universal
part of the area of the minimal surface Σ.
Finally, using our results of Refs. [56,60], AreaUniv is

given by5

AreaUniv ¼

8>><
>>:

ð−1Þd−12 2d−1π
d−1
2 Ld−1

eff
ðd−1Þ! if d odd

ð−1Þd2−1 2π
d
2
−1Ld−1

eff

ðd
2
−1Þ! logð2Rϵ Þ if d even;

ð45Þ

where ad was defined in Eq. (20). The explicit cancellation
of the IR divergences in the area functional and the
identification of the universal term are given in
Appendix B.

A. C-function candidates in CFTs dual to QCG

In order to characterize the properties of CFTs, such as
their central charges, it is useful to compute the C-function
candidates, which are quantities conjectured to decrease
along RG flows [39,40,42–44,58]. In the context of
AdS=CFT, these quantities can be computed by holographic
methods. For instance, in the case of ball-shaped entangling
regions, we can read out the C-function candidates for both
odd- and even-dimensional CFTs directly from the expres-
sion for SUnivQCG [30,31,49]. In particular, we have

SUnivQCG ¼
(
ð−1Þd−12 F if d odd

ð−1Þd2−14A logð2Rϵ Þ if d even
; ð46Þ

where

F ¼ ad
2dπ

d−1
2 Ld−1

eff

8GNðd − 1Þ! ð47Þ

is the F quantity, defined in terms of the partition
function of the CFT evaluated on a sphere as
F ¼ ð−1Þd−12 log ðZCFT½Sd�Þ, and

5Note the choice of 2R as the characteristic scale inside the
logarithm of the universal term. This choice allows us to absorb
the finite term as part of the logarithmically divergent term.
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A ¼ ad
π

d
2
−1Ld−1

eff

8GNðd2 − 1Þ! ; ð48Þ

is the type-A anomaly coefficient. They correspond to
quantities that are conjectured to be monotonic along RG
flows for odd- and even-dimensional CFTs, respectively
[30,31].6 Therefore, the C-function candidate for CFTs dual
to QCG is proportional to the one of Einstein-AdS gravity,
but multiplied by an overall coefficient that depends on the
parameters of the theory ad. An identical behavior of the
universal terms has been found in other higher-curvature
theories of gravity such as Einstein cubic gravity, quasito-
pological gravity, and Lovelock theories, at least, at the
perturbative level [91].
The explanation behind this proportionality becomes

clear when Eqs. (44) and (45) are considered. Note that
the computation of SUnivQCG is simplified, for the case of ball-
shaped entangling regions, as the resulting functional is
proportional to the renormalized area AreaUniv of theminimal
surface in the bulk. This is due to the fact that for spheres, the
bare entropy functional becomes proportional to the area of Σ
what is the RT functional. Therefore, the C-function candi-
dates of both QCG and Einstein-AdS gravity correspond to
the universal terms of the area ofΣ, given by AreaUniv, up to a
factor that depends on the QCG couplings.
The fact that the entropy has to be proportional to the

area in the spherical case is universal, and can be inferred
directly from the Casini-Huerta-Myers map [41]. In par-
ticular, due to the conformal symmetry of the CFT, the EE
of the ball-shaped subregion can be mapped to the thermal
entropy of the CFT at a certain temperature that depends
on the replica index. This entropy can be computed, using
AdS=CFT, as the Wald entropy of a hyperbolic black hole
of constant curvature, which is trivially proportional to the
area of the black hole horizon.
Note also, that in the expression for the log universal

term of Eq. (46), one can consider the radius of the sphere R
as the characteristic size scale. In which case the loga-
rithmic term can be written as log R

ϵ þ log 2. This extra log 2
appears in even d. Because of the robustness of the term in
different dimensions, it is suggestive to consider it as
coming from a topological term. Indeed, it can be written as
log ðχ½∂Σ�Þ, where χ½∂Σ� is the Euler characteristic of the
entangling surface in the CFT.

In the following section, we consider cylinder-shaped
entangling regions, from which it is possible to compute
the type-B anomaly coefficient in four-dimensional
CFTs [35,89].

V. HEE FOR A CYLINDER IN VACUUM CFT

In order to characterize the type-B anomaly of a CFT, it
is useful to consider the log part of the HEE for a cylindrical
entangling region. For instance, in the case of AdS5=CFT4,
this universal term is related to c (the type-B anomaly
coefficient) according to

SUnivEE ¼ −
cH
2l

log
l
ϵ
; ð49Þ

where l is the radius of the cylinder, H is its length along
the axis and ϵ is the usual UV cutoff in the CFT [35,89].
When computing the EE holographically, by comparing the
obtained result with the previous expression, it is possible
to identify the c coefficient in terms of the bulk gravity
quantities.
We start by considering the metric of pure AdS5

written as

ds2 ¼ Gμνdxμdxν ¼
L2
eff

z2
ðdt2 þ dz2 þ dx23 þ dr2 þ r2dθ2Þ;

ð50Þ
where θ represents the angular direction of an S1 sphere.
For cylindrical entangling regions of radius l in the CFT,
with their axis extending infinitely along the x3 direction,
the bulk extremal surface, in the near-boundary region, is
described by the embedding

Σ∶
	
t ¼ const; r ¼ l

�
1 −

z2

4l2
þOðz4Þ

�

: ð51Þ

The normal vectors to the hypersurface read

nðXÞμ ¼ Leffffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4l2 þ z2

p
�
0; 1; 0;

2l
z
; 0

�
;

nðtÞμ ¼
�
Leff

z
; 0; 0; 0; 0

�
: ð52Þ

In this case, the projected Riemann and Ricci tensors read

RðtÞðtÞ ¼ RttnðtÞt nðtÞt ¼ −
4

L2
eff

; ð53Þ

RðXÞðXÞ ¼ RrrnðXÞr nðXÞr þ RzznðXÞz nðXÞz ¼ −
4

L2
eff

; ð54Þ

RðXÞðtÞðXÞðtÞ ¼ RztztnðXÞz nðtÞt nðXÞz nðtÞt þ RrtrtnðXÞr nðtÞt nðXÞr nðtÞt

¼ −
1

L2
eff

: ð55Þ

6Although the F and A theorems have been proven for arbitrary
(unitary) CFTs only in three and four dimensions, respectively, the
monotonicity of the a� charge of which they are particular cases is
conjectured to apply for arbitrary dimension. Furthermore, the
holographic version of the corresponding C theorem has been
proven for CFTs dual to Einstein gravity in arbitrary dimension.
For the case of CFTs dual to higher curvature gravities, the case of
Einsteinian cubic gravity was studied in [90]. Therefore, even
though the C theorem has not been proven in the generic case, the
corresponding C functions for CFTs dual to QCG are expected to
be monotonic along RG flows.
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The extrinsic curvature along the temporal axis vanishes,
i.e., Kμ̄

ν̄
ðtÞ ¼ 0. However, the foliation in the z coordinates

gives a nonzero extrinsic curvature whose components
read

Kz
z
ðXÞ ¼ −

z3

8l3Leff
þOðz5Þ; ð56Þ

Kx3
x3
ðXÞ ¼ −

z
2lLeff

þ z3

16l3Leff
þOðz5Þ; ð57Þ

Kθ
θ
ðXÞ ¼ z

2lLeff
þ 3z3

16l3Leff
þOðz5Þ: ð58Þ

The induced metric in the cod-2 manifold Σ reads

ds2σ ¼
L2
eff

z2

	�
1þ z2

4l2
þOðz4Þ

�
dz2 þ dx23

þ l2
�
1 −

z2

4l2
þOðz4Þ

�
2

dθ2


: ð59Þ

As in the spherical entangling region case, this expression
admits a FG expansion as well.
Based on these considerations, the geometric quantities

appearing in the EE functional in Eq. (23) are given by

Area½Σ� ¼
Z

2π

0

dθ
Z

H

0

dx3

Z
zmax

ϵ
dz

ffiffiffiffiffiffi
jhj

p
; ð60Þ

R̃ ¼ −
6

L2
eff

−
z2

2l2L2
eff

þOðz4Þ; ð61Þ

RðiÞðiÞ ¼ −
8

L2
eff

; ð62Þ

RðiÞðjÞðiÞðjÞ ¼ −
2

L2
eff

; ð63Þ

KðiÞa
aKðiÞb

b ¼ Oðz6Þ; ð64Þ

KðiÞa
bK

ðiÞb
a ¼

z2

2l2L2
eff

þOðz4Þ: ð65Þ

In even-dimensional CFTs, the finite part of the EE is
nonuniversal, and, therefore, upon evaluating the integral in
the Poincaré coordinate of the area functional, the upper
limit (at zmax) can be neglected. For the lower limit we
expand the metric determinant, finding

ffiffiffiffiffiffi
jσj

p
¼ lL3

eff

z3
−
L3
eff

8lz
þOðzÞ: ð66Þ

Now, plugging all these results into the functional, we
obtain

SQCG ¼ πHL3
eff

4lGN

�
a4

l2

ϵ2
−
b4
4
log

l
ϵ

�
þOð1Þ; ð67Þ

where we define the coefficient

b4 ¼ 1 −
4

L2
eff

ð10αþ 2β þ γÞ: ð68Þ

This factor differs from a4 defined in Eq. (20).
Finally, we check that the boundary term cancels the

power law term in Eq. (67). The induced metric at the
boundary z ¼ ϵ reads

ffiffiffĩ
σ

p ¼ lL2
eff

ϵ2
−
L2
eff

4l
þOðϵÞ; ð69Þ

yielding

SKT ¼ −
a4πHlL3

eff

4GNϵ
2

: ð70Þ

As we can see, the power law divergence in Eq. (67) is
indeed canceled by the Kounterterm.
Thus, up to a nonuniversal finite part, one has that for

the cylinder entangling region in d ¼ 4, the universal part
of the HEE is given by

SUnivQCG ¼ −b4
πHL3

eff

16lGN
log

l
ϵ
: ð71Þ

Finally, comparing this expression with that of Eq. (49),
we have that

c ¼ b4
πL3

eff

8GN
: ð72Þ

In the QCG case, it is evident from our results that the A and
c central charges are different. However, for Einstein-AdS
(b4 ¼ a4 ¼ 1), they coincide.

A. Extremal surface for the cylinder

In Refs. [35,89], it was shown that the hypersurface (51)
extremizes the HEE functional for Gauss-Bonnet theory.
In QCG, higher-order terms appear in the entanglement
entropy. However, the same embedding function yields the
extremal surface at order Oðz3Þ. In order to see this,
consider an arbitrary surface parametrized with r ¼ rðzÞ.
In d ¼ 4, the HEE functional for QCG reads
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SQCG ¼ πHLeff

4GN

Z
zmax

ϵ
dz

1

z3rðr02 þ 1Þ5=2 f2L
2
effr

2ðr02 þ 1Þ3 þ 16αrðr02 þ 1Þ½zðzþ 2rr0Þr00 − ðr02 þ 1Þðrð5þ 3r02Þ − zr0Þ�

− β½ðrðr03 þ r0 þ zr00Þ þ zðr02 þ 1ÞÞ2 þ 16r2ðr02 þ 1Þ3� − 4γrðr02 þ 1Þ½2zð2rr0 þ zÞr00 þ 2ð3r − 2zr0Þðr02 þ 1Þ�g:
ð73Þ

This expression is obtained once the terms given by

Area½Σ� ¼
Z

2π

0

dθ
Z

H

0

du
Z

zmax

ϵ
dz

ffiffiffiffiffiffi
jσj

p

¼ 2πHL3
eff

Z
zmax

ϵ
dz

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p

z3
; ð74Þ

R̃ ¼ −
2zð2rr0 þ zÞr00 þ 2ð3r − 2zr0Þðr02 þ 1Þ

L2
effrðr02 þ 1Þ2 ; ð75Þ

RðiÞðiÞ ¼ −
8

L2
eff

; ð76Þ

RðiÞðjÞðiÞðjÞ ¼ −
2

L2
eff

; ð77Þ

KðiÞμ̄
μ̄K

ðiÞν̄
ν̄ ¼

½ðrr0 þ zÞðr02 þ 1Þ þ zrr00�2
L2
effr

2ðr02 þ 1Þ3 ; ð78Þ

KðiÞμ̄
ν̄K

ðiÞν̄
μ̄¼

½ðzþrr0Þ2þr2r02�ð1þr02Þ2þr2ðr0þr03−zr00Þ
L2
effr

2ð1þr02Þ3 ;

ð79Þ

are plugged into Eq. (23). The resulting functional (73)
constitutes a Lagrangian L ¼ Lðz; r; r0; r00Þ that contains
second-order derivatives of the dynamical function rðzÞ.
Because of this, the Euler-Lagrange equation needed to
find the extremal surface reads

∂L
∂r −

d
dz

∂L
∂r0 þ

d2

dz2
∂L
∂r00 ¼ 0: ð80Þ

From this expression, an EOM containing fourth-derivative
terms in the function rðzÞ is found. However, the ansatz

r ¼ l

�
1 −

z2

4l2
þOðz4Þ

�
; ð81Þ

from Ref. [35] is verified to satisfy the EOM up to order
Oðz3Þ. Because of this, the extremal surface for QCG
coincides with that for Gauss-Bonnet gravity in this
perturbative regime. This is an expected result due to the
universality of the second term in the asymptotic expansion
of the embedding function, which is linked to the univer-
sality of the gð2Þij coefficient in the FG expansion in terms
of the Schouten tensor of gð0Þ, as discussed in Ref. [92].

The case for the cylindrical entangling region in d ¼ 4 is
interesting as it isolates the contribution from the type-B
anomaly in the universal part. The same should be the case for
higher-dimensional cylinders, as the coefficient obtained
should represent a linear combination of the couplings of
different conformal invariants.7 However, the embedding
function is not known in the higher-dimensional case as it
would require knowledge of the subleading terms in the
expansion of Eq. (81), which are not universal. Furthermore,
the Kounterterm renormalization procedure has limitations
regarding the types of entangling surfaces that it can accom-
modate for dual bulk manifolds of dimension greater than
five. In particular, it requires the dimensional continuation of
cod-2 conformal invariants at the entangling surface tovanish.
For example, to the next-to-leading order, the method only
works for surfaces such that

W āb̄
āb̄

− k̂ðīÞ
āb̄
k̂āb̄ðīÞ ¼ 0; ð82Þ

as shown in Ref. [60]. Here, W āb̄
āb̄

is the Weyl tensor of the
conformal boundary projected along the entangling surface
directions and k̂āb̄ is the traceless extrinsic curvature of ∂Σ
along the orthogonal directions. Equation (82) is trivially
satisfied for spheres, but not for cylinders or arbitrary shapes.8

VI. DISCUSSION

The results for HEE for CFTs dual to QCG presented
here come as the natural blend between the Kounterterm
method applied to this gravity theory [79,80] and a
remarkable feature of the boundary term Bd when evaluated
in spacetimes with a conical defect, Eq. (16) [60]. In this
respect, we have recovered the universal part of the HEE
found in the literature regarding the computation of the
C-function candidates [91]. This function captures essential
properties of CFTs, which are given by the type-A anomaly
coefficient in the case of even d and by the generalized F
quantity (or a� charge) for odd d [31,49,94].

7Although little is known about conformal invariants beyond
eight dimensions, one may think this computation would provide
information on the part of these invariants which is polynomial in
the Weyl tensor.

8In bulk dimensions up to five, the Kounterterm procedure
works for arbitrary entangling regions. Furthermore, as proven
in [93], the procedure correctly renormalizes actions for gravity
theories of arbitrary order in the Riemannian curvature, and
therefore, it is expected to work for renormalizing HEE for CFTs
dual to said theories as well.
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The above calculation requires a ball-shaped entangling
region in the CFT, where for the case of pure AdS (dual to
the vacuum of the CFT), the embedding of the extremal
surface (27) for the QCG HEE functional (23) is explicitly
given. Then, the FG-like expansion of all the terms
involved in the functional can be obtained. In both even
and odd boundary dimension d, it can be seen that the
C-function candidate derived is proportional to the one for
Einstein-AdS gravity, but with an overall coupling-
dependent factor ad, whose form is given in Eq. (20).
We have also obtained the type-B anomaly coefficient c in

the case of four-dimensional CFTs. In order to perform this
computation, we have considered a cylindrical entangling
region in the CFT, and the near-boundary expansion (up to
cubic order in the Poincaré coordinate) of the embedding for
the minimal surface. In this situation, we have derived the
corresponding Euler-Lagrange equation for the embedding
function rðzÞ, by taking variations of the entropy functional
of Eq. (73). We have verified that the same embedding
function considered for Einstein-AdS gravity is also a
solution of the extremization equation in the QCG case,
in d ¼ 4, and up to cubic order. The condition for the
minimal surface obtained in this way contains higher-order
derivative terms in the dynamical variable (akin to the
acceleration). Thus, extra boundary conditions are required
beyond setting the border of the surface to coincide with the
entangling region. When the surface is extremal (i.e., the
intersection of the surface with the conformal boundary is
orthogonal), the boundary problem is completely fixed. This
is the case of the cylinder in d ¼ 4, due to the fact that the
entropy functional becomes proportional to the area up to
cubic order. In the result for the c coefficient we also find
agreement with the literature [91]. It is evident from the
expression obtained in Eq. (72), that the type-B anomaly
coefficient can be written as the one for Einstein-AdS
gravity, but multiplied with a factor b4, given in Eq. (68),
which incorporates the information on the couplings of QCG
theory. The fact that b4 is different from the a4 of Eq. (20)
allows for different central charges in four-dimensional
CFTs dual to QCG, unlike the Einstein-AdS case.
All in all, for both even- and odd-dimensional CFT

cases, the Kounterterm procedure allows us to isolate the
universal part of the HEE of the dual gravity theory. For
bulk dimensions lower than 6, the Kounterterm procedure
works on entangling regions of arbitrary shape. Also,
despite its limitations on the type of entangling regions
that can be renormalized in higher dimensions (as discussed
in the previous section), the Kounterterms prescription is
the only method available so far for renormalizing HEE in
higher curvature gravity theories.9

In isolating the universal part of the HEE, we have
been able to express it as a covariant functional which
is given by the standard HEE functional plus an
extrinsic counterterm in cod-3 (24). In the particular
case of spherical entangling regions in pure AdS
(vacuum CFTs), the renormalized HEE functional
becomes proportional to the renormalized area (44),
which is logarithmically divergent for even d and finite
for odd d.
For a cylindrical entangling region in d > 4, the renor-

malized entropy functional is no longer proportional to
the renormalized cod-2 volume. However, in d ¼ 4, the
expressions coincide—up to the normalizable order—albeit
with a different proportionality constant than for the
spherical case.
We point out that the Kounterterm procedure is a

nonperturbative method, in the sense that nowhere it is
assumed that the couplings of the quadratic terms are
small. In other words, the prescription does not rely on the
linearization of the EOM such that the theory behaves like
Einstein gravity with a modified Newton’s constant. In
particular, Kounterterms give a consistent renormalization
prescription even at degenerate points, such as at the
single-vacuum point of Einstein-Gauss-Bonnet theory
(Chern-Simons AdS gravity in five dimensions). Thus,
the obtained form of the holographic central charges is
robust, and would hold in degenerate points of the
parametric space as well (in the case of Lovelock, see
Ref. [78]). Although we have not developed this point any
further in this work, it would certainly be interesting to
explore it in the near future.
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APPENDIX A: NOTATION AND CONVENTIONS

Here, we present the conventions used throughout the
paper in the Table I. In the first column, we provide a list of
objects defined on the different manifolds presented in the
first line.

9The alternative renormalization procedure of [55], based on
holographic renormalization [95], was only applied for Einstein
and Einstein-Gauss-Bonnet gravity theories.
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APPENDIX B: DIVERGENCE CANCELLATION
FOR SPHERICAL ENTANGLING REGIONS

In this section, we present explicit computations and
show the cancellation of divergences in the Kounterterms
scheme for spherical entangling regions.

1. Three-dimensional case

For three dimensions, the universal part of the EE (22)
reduces to

SUnivQCG ¼ πR
2GN

Z
zmax

ϵ

dz
z2

ðL2
eff − 24α − 6βÞ þ c3

2GN

Z
∂Σ

B1;

ðB1Þ

where the auxiliary function c3 and the boundary term B1,
defined in Eqs. (19) and (25), respectively, read

c3 ¼
1

4
ðL2

eff − 24α − 6βÞ; ðB2Þ

B1 ¼ −2
ffiffiffĩ
σ

p
tr k dΩ1 ¼ −

2

ϵ
R½1þOðϵ2Þ�dΩ1: ðB3Þ

On the other hand, the determinant of the metric σ̃ is
given by

ffiffiffĩ
σ

p ¼ RLeff

ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ϵ2

R2

r
¼ Leff

�
R
ϵ
−

ϵ

2R
−

ϵ3

R3
þOðϵ4Þ

�
:

ðB4Þ

Also, trk is the trace of the extrinsic curvature kāb̄ ¼
− 1

2
ffiffiffiffiffi
σzz

p ∂zσ̃āb̄ of the FG-like expansion (34), which reads

kāb̄ ¼ Leff

�
R2

ϵ2
−
1

2
−

ϵ2

8R2
þOðϵ4Þ

�
Ωāb̄: ðB5Þ

Since the inverse metric reads,

σ̃āb̄ ¼ 1

L2
eff

�
ϵ2

R2
þOðϵ4Þ

�
Ωāb̄; ðB6Þ

then, the expansion of the trace yields

trk ¼ σ̃āb̄kāb̄ ¼
1

Leff

�
1þ ϵ2

2R2
þOðϵ4Þ

�
: ðB7Þ

In consequence, according to Eq. (24) and up to leading
order, the Kounterterm in this case reads

SKT ¼ −
πR

2GNϵ
½L2

eff − 24α − 6β� þOðϵÞ: ðB8Þ

Thus, upon performing the integral in Eq. (B1) on the
extremal surface, along the Poincar coordinate from z ¼ ϵ
to z ¼ R, one gets

SUnivQCG ¼ Sfinite þ ðL2
eff − 24α− 6βÞ

�
πR

2GNϵ
−

πR
2GNϵ

�
þOðϵÞ;

ðB9Þ

where Sfinite ¼ − π
2G ðL2

eff − 24α − 6βÞ is the universal finite
part. Thus, it becomes manifest that upon taking the ϵ → 0

limit, SUnivQCG recovers the universal finite part and thus the
HEE is renormalized correctly.

2. Four-dimensional case

In the four-dimensional case, from Eq. (25) it can be seen
that the corresponding boundary term is given by

B2 ¼ −2Leff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − ϵ2

p

ϵ2
; ðB10Þ

and hence, the Kounterterm expanded around ϵ ¼ 0 reads

SKT ¼ −
a4πL3

eff

2GN

�
R2

ϵ2
−
1

2

�
: ðB11Þ

On the other hand, the bare EE is given by

SQCG ¼ a4π
GN

Z
zmax

ϵ
dz RðR2 − z2Þ12

�
Leff

z

�
3

; ðB12Þ

¼ a4πL3
eff

GN

�
coth−1

�
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 − z2max

p �
−

R
z2max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − z2max

q �

þ a4πL3
eff

2GN

�
R2

ϵ2
− log

R
ϵ
−
1

2
ð1þ log 4Þ

�
: ðB13Þ

Since the first line of (B13) vanishes in the limit zmax → R,
then, after adding the Kounterterm, the renormalized EE
reads

SUnivQCG ¼ −
a4πL3

eff

2GN
log

2R
ϵ
: ðB14Þ

Notice that the Kounterterm isolates the logarithmic diver-
gence, whose coefficient is universal and related to the

TABLE I. Notation and conventions.

M ∂M Σ ∂Σ
Indices μ, ν, κ, λ a, b, c, d μ̄; ν̄; κ̄; λ̄ ā; b̄; c̄; d̄
Coordinates xμ Xa yμ̄ Yā

Metric Gμν hab σμ̄ ν̄ σ̃ā b̄
Riemann tensor Rκλ

μν Rcd
ab R̃κ̄ λ̄

μ̄ ν̄ R̃c̄ d̄
ā b̄

Extrinsic curvature Kab Kμ̄ ν̄ kā b̄
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type-A charge of the CFT. A part of the finite term is canceled and there is a piece left that is reabsorbed in the
logarithmic divergence.

3. Bare HEE in the arbitrary-dimensional case

For arbitrary dimensions, evaluating the quantities present in the EE expression using the metric (26) yields

SQCG ¼ 1

4GN

�
VolðSd−2ÞR

Z
zmax

ϵ
dzðR2 − z2Þd−32

�
Leff

z

�
d−1

þ
Z
Σ
dd−1

ffiffiffiffiffiffi
jhj

p 	
−

2α

L2
eff

½ðd − 1Þðd − 2Þ þ 4d − 2� − 2dβ
L2
eff

− γ
ðd − 1Þðd − 2Þ

L2
eff


�
; ðB15Þ

which can be rearranged, using definition of ad in Eq. (20), to

SQCG ¼ adVolðSd−2Þ
4GN

Z
zmax

ϵ
dzRðR2 − z2Þd−32

�
Leff

z

�
d−1

: ðB16Þ

After computing the integral and expanding around ϵ ¼ 0, the EE yields

SQCG ¼ SUnivQCG þ adVolðSd−2ÞLd−1
eff

4GN

�
1

d − 2

Rd−2

ϵd−2
−

d − 3

2ðd − 4Þ
Rd−4

ϵd−4
þOðϵ−ðd−6ÞÞ

�
: ðB17Þ

In the previous expression, the universal term is given by

SUnivQCG ¼

8>><
>>:

ð−1Þd−12 adð4πÞ
d−1
2 ðd−1

2
Þ!Ld−1

eff
4Gðd−1Þ! if d odd

ð−1Þd2−1 adπ
d
2
−1Ld−1

eff

2GNðd2−1Þ!
log 2R

ϵ if d even
; ðB18Þ

where zmax is set to the radius R and the volume of the sphere is given by

VolðSd−2Þ ¼ 2dπ
d
2
−1ðd

2
Þ!

dðd − 2Þ : ðB19Þ

4. Cancellation of divergences for odd dimensions

Let us now focus on the Kounterterm. In the odd-dimensional case, the boundary form can be read, as before, from
Eq. (25). Since we are considering a spherical entangling region, the extrinsic curvature and the Riemann tensor read,
respectively,

kā
b̄
¼ 1

Leff

Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − ϵ2

p δā
b̄
; R̃ā1ā2

b̄1b̄2
¼ 1

L2
eff

ϵ2

R2 − ϵ2
δā1ā2
b̄1b̄2

: ðB20Þ

Plugging these values into the boundary form, we find

Bd−2 ¼ −ðd − 1Þ
Z

1

0

ffiffiffiffiffiffi
jσ̃j

p
δā1���ād−2
b̄1���b̄d−2δ

b̄1
ā1

1

Leff

Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − ϵ2

p
�

1

2L2
eff

ϵ2

R2 − ϵ2
δb̄2b̄3ā2ā3 − s2

1

L2
eff

R2

R2 − ϵ2
δb̄2ā2δ

b̄3
ā3

�
× � � �

� � � ×
�

1

2L2
eff

ϵ2

R2 − ϵ2
δb̄d−3b̄d−2ād−3ād−2 − s2

1

L2
eff

R2

R2 − ϵ2
δb̄d−3ād−3δ

b̄d−2
ād−2

�
: ðB21Þ

In this expression, we make use the relations

δā1���ād−3
b̄1���b̄d−3δ

b̄2b̄3
ā2ā3 ¼ 2δā1���ād−3

b̄1���d−3δ
b̄2
ā2δ

b̄3
ā3 ; δā1���b̄d−2

b̄1���b̄d−2δ
b̄d−2
ād−2 ¼ δā1���ād−3

b̄1���b̄d−3 ; δā1���ād−3
b̄1���b̄d−3δ

b̄1
ā1 � � � δb̄d−3ād−3 ¼ ðd − 2Þ!: ðB22Þ
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Besides, writing explicitly the determinant
ffiffiffĩ
σ

p
given in Eq. (B4), the boundary form reads

Bd−2 ¼ −ðd − 1Þ!
Z

1

0

ds

�
R2

ϵ2

�
1 −

ϵ2

R2

��d−2
2 Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 − ϵ2
p

�
ϵ2

R2 − ϵ2
− s2

R2

R2 − ϵ2

�d−3
2

: ðB23Þ

This expression can be expanded around ϵ ¼ 0 as

Bd−2 ¼ −ðd − 1Þ!
Z

1

0

ds

�
ð−1Þdþ1

2 sd−3
Rd−2

ϵd−2
− ð−1Þdþ1

2 sd−5
d − 3

2

Rd−4

ϵd−4
þOðϵ−ðd−6ÞÞ

�
; ðB24Þ

which after the integration reads

Bd−2 ¼ −ðd − 1Þ!
�
ð−1Þdþ1

2
1

d − 2

Rd−2

ϵd−2
− ð−1Þdþ1

2
d − 3

2ðd − 4Þ
Rd−4

ϵd−4
þOðϵ−ðd−6ÞÞ

�
: ðB25Þ

Therefore the Kounterterm SKT, after using the definition cd in the odd-dimensional case from Eq. (20), becomes

SKT ¼ −
adVolðSd−2ÞLd−1

eff

4GN

�
1

d − 2

Rd−2

ϵd−2
−

d − 3

2ðd − 4Þ
Rd−4

ϵd−4
þOðϵ−ðd−6ÞÞ

�
: ðB26Þ

Therefore, adding the previous expression to the bare EE found in Eq. (B17), the renormalized EE reads

SUnivQCG ¼ Sfinite: ðB27Þ

5. Cancellation of divergences in even dimensions

Proceeding as in the odd-dimensional case, the extrinsic curvature and the Riemann tensor, given in Eq. (B20), are used
along with the identities

δā1���ād−3
b̄1���b̄d−3δ

ā2ā3
b̄2b̄3

¼ 2δb̄1���b̄d−3ā1���ād−3δ
b̄2
ā2δ

b̄3
ā3 ; δā1���ād−3

b̄1���b̄d−3δ
b̄d−3
ād−3 ¼ 2δā1���ād−4

b̄1���b̄d−4 ; δā1���ād−4
b̄1���b̄d−4δ

b̄1
ā1 � � � δb̄d−4ād−4 ¼

ðd − 2Þ!
2

: ðB28Þ

After implementing all these relations and substituting
ffiffiffiffiffiffijσ̃jp

the boundary form reads

Bd−2 ¼ −ðd − 2Þ2ðd − 3Þ!Leff

Z
1

0

ds
Z

s

0

dtbðt; s; ϵÞ; ðB29Þ

where the introduced function bðt; sÞ reads

bðt; s; ϵÞ ¼ Rd−2

ϵd−2

�
1 −

ϵ2

R2

�
d−2 Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 − ϵ2
p

�
ϵ2

R2 − ϵ2
− s2

R2

R2 − ϵ2
þ t2

�d
2
−2
: ðB30Þ

If the function bðt; s; ϵÞ is expanded around ϵ ¼ 0, then

bðt; s; ϵÞ ¼ ðt2 − s2Þd2−2 R
d−2

ϵd−2
þ 1

2
ðt2 − s2Þd2−3½d − 4þ s2 − ðd − 3Þt2�R

d−4

ϵd−4
þOðϵ−ðd−6ÞÞ: ðB31Þ

In this expression, the convergence condition demands that the orderOðϵ−ðd−2ÞÞ term appears for d > 2. Likewise, the order
Oðϵ−ðd−4ÞÞ term appears when d > 4 and successively. Now, computing the integrals

Z
1

0

ds
Z

s

0

dtðt2 − s2Þd2−2 ¼ ð−1Þd22d−2ðd
2
− 1Þ!2

ðd − 2Þ2ðd − 2Þ! ; ðB32Þ
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Z
1

0

ds
Z

s

0

dtðt2 − s2Þd2−3½d − 4þ s2 − ðd − 3Þt2� ¼ −
ð−1Þd22d−2ðd − 3Þðd

2
− 1Þ!2

ðd − 2Þðd − 4Þðd − 2Þ! ; ðB33Þ

the boundary term reduces to

Bd−2 ¼ ð−1Þd2þ12d−2Leff

��
d
2
− 1

�
!

�
2
�

1

d − 2

Rd−2

ϵd−2
−

d − 3

2ðd − 4Þ
Rd−4

ϵd−4
þOðϵ−ðd−6ÞÞ

�
þ ðd − 2Þ!Leff

2
Hd

2
−1: ðB34Þ

Notice that, in this expression, the last term is finite and it is written in terms of the ðd
2
− 1Þth harmonic

number Hd
2
−1 ¼

Pd
2
−1
i¼0

1
i.

Once the boundary term is computed, the Kounterterm SKT is derived easily from Eq. (24) for the even-dimensional case,
obtaining

SKT ¼ −
adVolðSd−2ÞLd−1

eff

4GN

�
1

d − 2

Rd−2

ϵd−2
−

d − 3

2ðd − 4Þ
Rd−4

ϵd−4
þOðϵ−ðd−6ÞÞ

�
þ ðd − 2Þ!

2
Hd

2
−1: ðB35Þ

The structure of power-law divergences is the same as in the odd-dimensional case. However, in even-dimensional CFTs,
the bare EE (B17) differs in a finite term and in a log term, whose coefficient is the universal part of the EE. Following the
procedure in Ref. [60], the log term is successfully isolated in arbitrary even d, reading

SUnivQCG ¼ ð−1Þd2−1 adπ
d
2
−1Ld−1

eff

2GNðd2 − 1Þ! log
2R
ϵ
: ðB36Þ
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