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Motivated by its potential use in constraining the structure of 6D renormalization group flows, we
determine the low energy dilaton-axion effective field theory of conformal and global symmetry breaking
in 6D conformal field theories (CFTs). While our analysis is largely independent of supersymmetry, we
also investigate the case of 6D superconformal field theories (SCFTs), where we use the effective action to
present a streamlined proof of the 6D a-theorem for tensor branch flows, as well as to constrain properties
of Higgs branch and mixed branch flows. An analysis of Higgs branch flows in some examples leads us to
conjecture that in 6D SCFTs, an interacting dilaton effective theory may be possible even when certain
four-dilaton four-derivative interaction terms vanish, because of large momentum modifications to four-
point dilaton scattering amplitudes. This possibility is due to the fact that in all known D > 4 CFTs, the
approach to a conformal fixed point involves effective strings which are becoming tensionless.
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I. INTRODUCTION

One of the important features of quantum field theories is
that they can be organized according to a hierarchy of scales
which can be related by renormalization group (RG) flows.
Conformal field theories (CFTs) are of particular signifi-
cance since they arise from fixed points of the renormaliza-
tion group, and the general structure of these theories
indicates that there is a sense in which information is lost
in passing from the ultraviolet (UV) to the infrared (IR).

This intuition can be sharpened significantly in the
context of conformal field theories (CFTs) in even spacetime
dimensions and the structure of its conformal anomalies,
namely the behavior of the trace of the stress energy tensor in
curved backgrounds. Starting from a conformal fixed point,
a perturbation will drive a flow to another theory in the IR.
Reference [1] established that for 2D CFTs, there exists
a c-function which decreases monotonically along an RG
flow, and so in particular cyy > cjg for the central charges of
aUVand IR CFT connected by such a flow. In Ref. [2] it was
conjectured that a similar c-theorem should hold for 4D
theories for the Euler anomaly a. Many intermediate results
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such as [3-5] provided strong evidence that for 4D RG
flows, ayy > ar. In Ref. [6] a convincing demonstration of
the 4D a-theorem was presented based on the structure of
dilaton scattering in such theories. It is widely expected that
there should be an a-theorem for 6D CFTs, though a
straightforward extension of 4D dilaton scattering methods
to six dimensions runs into numerous obstacles [7,8].
Indeed, on general grounds, 6D CFTs are more difficult to
characterize because even defining them requires passing far
beyond perturbations of a Gaussian fixed point. The first
examples of interacting fixed points in six dimensions were
only found using methods from string theory [9,10], and
were recognized as such based on the strong arguments of
Ref. [11]. As of this writing, the only known examples are
supersymmetric. This singles out six spacetime dimensions
as especially important because the classification results of
Ref. [12] also show that six is the maximum spacetime
dimension which can support superconformal symmetry.
Recently, significant progress has been made in classifying
6D SCFTs via the geometry of F-theory backgrounds
[13,14] (see also [15,16] as well as the review [17]). In
particular, a number of analyses of RG flows in deformations
of 6D SCFTs have now been performed, see e.g., [18-27].
Motivated by the prospect of determining possible
constraints on the structure of 6D RG flows, our aim in
this paper will be to construct the dilaton-axion effective
action associated with spontaneous breaking of conformal
symmetry, when it is accompanied by the breaking of a
global continuous symmetry. This sort of situation is
actually rather generic in 6D SCFTs, and arises whenever
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the R-symmetry is broken. We comment that in all known
examples where the R-symmetry is broken, there are
additional axions and scalars generated from the breaking
of flavor symmetries which fill out hypermultiplets on the
Higgs branch moduli space. That being said, we shall
mainly focus on the most explicit case where the global
symmetry contains an SU(2) factor, leaving the other
contributions implicit.

Similar to the 4D case [28], we find that the dilaton-
axion effective action Seg[¢h, &,], up to six-fields and six-
derivative, admits a decomposition

Sl ] = [ @ (=500 + (96, 06) + Lo

+ ‘Caxion [5] + ‘Cmixed [¢’ 5]) ’ (1 1)

where, Lgiaon|¢)] is the part of the effective action which is
independent of the global symmetry breaking. Hence,
L gitaton|¢] captures the interactions of the dilaton effective
action of [7]. Likewise, L,on|] captures the axion inter-
actions that result from the global symmetry breaking.
Moreover, there can be mixed interactions Lea®, ]
containing at least four derivatives, two dilatons, and two
axions. An important consequence of the above decompo-
sition is that the global symmetry breaking will not affect any
proof of the 6D a-theorem involving only the Lgion[®]-

Additional information can be extracted when we
assume the existence of supersymmetry. In perturbations
of 6D superconformal fixed points, no marginal or relevant
deformations that preserve supersymmetry are possible,
and instead all flows are triggered by vacuum expectation
values (VEVs) for operators [22,23]. There are essentially
three ways in which a supersymmetry preserving flow can
be triggered, based on the classification results of Ref. [23]
which are known as tensor branch, Higgs branch, and
mixed branch flows. As the names suggest, in a tensor
branch flow the scalar component of a 6D tensor multiplet
attains a nonzero value, while in a Higgs branch flow, a
combination of scalars break the SU(2) R-symmetry of the
system. A mixed branch flow amounts to a combination of
tensor and Higgs branch flows.

One of the goals of this paper is to explore the structure
of the dilaton-axion effective theory for 6D mixed branch
flows. Our result implies some nontrivial consequences for
the structure of dilaton scattering in the corresponding
effective field theory. In particular, we see that in a mixed
branch flow where we have a combination of tensor branch
and Higgs branch deformations depending on the respec-
tive scales f, and fp, the respective contributions to the
term ¢’[1°¢p> have an interesting dependence on the ratio
f:/f - In particular, this strongly suggests the existence of
a smooth limit in which we either switch off the Higgs
branch deformation or the tensor branch deformation
completely.

An important element of this analysis is that it permits us
to access some aspects of Higgs branch flows via the more
general case of mixed branch flows. Indeed, many 6D
SCFTs have a deformation to a tensor branch in which the
theory on the tensor branch also has a Higgs branch. In this
case, we can explicitly track in the resulting low-energy
gauge theory how various contributions to the dilaton-axion
effective action are actually generated. In contrast to the
case of 4D CFTs, we present some explicit examples where
all contributions to the ¢*[(1?¢? interaction terms involve a
suppression scale with at least two nontrivial powers of f,.
Said differently, at the level of explicit Feynman diagrams
we find no way to generate a purely Higgs branch
contribution to this interaction term.

This is a rather surprising result, and it leads us to
conjecture that for Higgs branch flows of 6D SCFTs, the
term ¢>[1%>¢* actually vanishes. The reason this does not
immediately contradict the well-known constraint of
Ref. [29] is that to actually extract a dispersion relation,
one must make some specific (and usually very well-
motivated) assumptions about the large momentum behav-
ior of dilaton four-point scattering amplitudes. This is
problematic in six dimensions, because all known examples
involve effective strings which have tension which is tuned
to zero at the conformal fixed point. In the case of tensor
branch flows, this is not much of an issue because the
effective field theory presupposes that the energy scale is
less than f,, and similar considerations apply for mixed
branch flows. The situation is far more subtle for Higgs
branch flows, since in this case f, = 0, namely the effective
strings on the tensor branch are becoming tensionless.
Again, this appears to be a feature unique to D > 4 CFTs,
since in the case of D <4 CFTs, the approach to a
conformal fixed point only involves particles becoming
massless.

The rest of this paper is organized as follows. In Sec. II
we set up the general formalism of a dilaton-axion effective
action for 6D CFTs in which conformal and a global
symmetry are both spontaneously broken. In Sec. III we
specialize this effective action to the case of 6D SCFTs and
show how supersymmetry leads to additional constraints.
Section IV studies some examples of 6D SCFTs with
mixed branch flows and the consequences for Higgs branch
flows. These examples motivate the statements of Sec. V
where we present a conjecture on the vanishing of the term
¢*[1>¢? in Higgs branch flows. Section VI contains our
conclusions. Some additional aspects of the dilaton-axion
effective action are included in Appendix.

II. THE DILATON-AXION EFFECIVE THEORY

In this section we find the general dilaton effective action
associated with the breaking of conformal symmetry in six
dimensions. In the situations of interest, especially Higgs
branch and mixed branch flows, this is often accompanied
by spontaneous breaking of a global SU(2) symmetry.
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So, our aim will be to write down an effective action for the
associated dilaton-axion effective theory.

Now, there is a crucial difference between spontaneous
breaking of global symmetries and spacetime symmetries.
The Goldstone modes that are generated as a consequence
of spacetime symmetry breaking are not all independent
[30]. In particular, when conformal symmetry is sponta-
neously broken to the Poincaré symmetry, there is only one
independent Goldstone mode—the dilaton z. The rest of the
Goldstone modes a, generated from the broken special
conformal generators are constrained by the inverse Higgs
effect a, ~ 9,e” [31-37]. This is reminiscent of the con-
straint on the vector field of a 6D (1, 0) linear multiplet (see
for example [38]).

In addition, the spontaneously broken UV SU(2) sym-
metry generates three massless pseudoscalars f,, a = 1, 2,
3. Hence, in the IR we end up with CFTyg, the dilaton z, and
axions f,

CFTyy

U

CFTg + Sege[7, Bal- (2.1)

We also assume that an SU(2) global symmetry gets
restored in CFT}g. This requirement stems from the fact
that eventually we will specialize to the supersymmetric
case where the global SU(2) symmetry is the R-symmetry
of (1, 0) SCFTs. However, the discussion of this section is
more general and applies to nonsupersymmetric 6D flows
as well. In the general case, we assume that CFTy is
invariant under the UV SU(2) transformations.

The effective action S.[7, ] can be derived by simply
extending the analysis of [28] to 6D. First, we couple the
theory to a background metric g,,(x) and a background
SU(2) gauge potential

A, = AZ(x)aa, (2.2)
where 6,, a =1, 2, 3 are the Pauli matrices.' In the

presence of these background fields, the 6D conformal
trace anomaly is given by [39-42]

3
(Th) = aEs + Z O + Iy
i=1

(2.3)

up to total derivative terms. Total derivative terms are not
important since they can be removed by adding counter-
terms in the UV theory. In the above expression, Eg is the
6D Euler density

1 . . . . .
We are using the notation in which 6,06, = 6,1 + i€ p.0,-

RYsYs

1
— _ SHIHaH3HaPsHe puv; V3ly
Ee =20 R Hiko R H3ps Hshe*

3 Va3l Vsl

(2.4)

and a is the corresponding Euler anomaly. Similarly, the
central charges {c()} are associated with conformal invar-
iants

)
1 1= Wya/}ﬁ Wa’wﬂ W/};l/ s
I, = Wa/}yé Wyﬁﬂy W/,waﬂ ,

6
Iy =W, (W&g +4R% — 5R5;;) Whron - (2.5)

where, W,z is the Weyl tensor. For supersymmetric

theories, the {c(!)} are not all independent. In the relation
(2.3), I represents terms due to the background gauge
field [43]

IF = flTr (D,MF#ADDFM) +f2W;wa/)’Tr (F”UFa/})
t £3Tr (FWF, F9) + -,

pot v (26)
where F is the field strength for the background gauge
field.> The dots represent terms that are either total
derivatives or terms that are completely fixed by conformal
invariance. Terms that are completely fixed by conformal
invariance cannot change under RG flows and hence will
not play any role in our discussion. The coefficients f, f»,
and f3 are arbitrary; however, for supersymmetric theories
they are related to ¢y, ¢, and c¢3 [43]. The current j,
associated with the SU(2) symmetry can also be anoma-
lous (D, j*) # 0 in the presence of background fields. We
do not need to know the exact form of the anomaly, since,
V9(D,j*) is both gauge and Weyl invariant. In fact, in the
flat space limit with no gauge field, only the Euler anomaly
term will contribute to the effective action.

We follow [28] to derive S.[r,f,] by studying the
variation of the action under diff x Weyl transformations
and gauge transformations. Under Weyl transformations
7(x) = 7(x) + s(x).

Gu(x) = e#Wg,, (x), (2.7)

Gauge transformations act on the gauge field in the usual
way
A, (x) = Q(x)A,(x)Q7 ! (x) +iQ(x)V,Q7(x), (2.8)

where Q(x) = %% € SU(2), and the axions §3 trans-
form as

2 . . . . . .

Note that V” is the spin connection covariant derivative,
whereas D,, is the combined spin and gauge connection covariant
derivative.
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px) = P(x) + z(x).

We now invoke the anomaly matching arguments of
[3,6] which imply that the changes in anomalies from the
UV to the IR must be compensated by the Goldstone
bosons. This imposes (at the linearized order)

Weylzavseff[gyw /u ﬁ]

3
:/d6x —gs(x) (AaE6+ZAc(i)Ii+AIF>

i=1

(2.9)

(2.10)

and

Gauge: éﬂSeff [g/un A”; T, ﬁ]
- / dox\/=gTr (z(x)A(D,j*)),  (2.11)

where A(- - ) represents the change of a quantity under the
RG flow (for example, Aa = ayy — ar). Of course, all IR
anomalies must be understood as the total anomalies of
CFTjr and all the Goldstone bosons.

The variational Eqs. (2.10) and (2.11) can be solved
systematically to obtain S.z. We follow [8,28] and decom-
pose the effective action in the following way

Seff[gﬂw o T ﬂ]

_ / d®x /=Tt (B(x)A(D,,j*))

+/d6x

+ 08wz + Siny-

3
—gz(x) (AaE6 + Z AcOI, + A1F>
i=1
(2.12)

The first term in the above equation is designed to simply
generate the correct gauge variation (2.11). Since the Euler
density Eg is not Weyl invariant, it is more complicated to
generate the Weyl variation (2.10). For example, the second
term in Eq. (2.12) generates the correct Weyl variation
(2.10) plus an extra term Aa f d®x,/=gr(x)8,Es. This extra
term is canceled by adding a correction term OSwz. In
addition, we can always add terms which are invariant
under gauge and Weyl transformations; S;,, represents all
such invariant terms that are allowed by symmetry.

The effective action simplifies greatly when we take the

flat space limit without the background gauge field. This|

mainly comes from the fact that 6Sy is uniquely fixed by
Aa up to terms that are invariant under both diff x Weyl
transformations and gauge transformations. Moreover, in
the flat space limit without the background gauge field,
0Swz simplifies further [7]

o0Swz

0= 3Aa/d6)€’[\:‘3’l’—|— e, (213)

(/;u/ '7/411 H
where, the dots represent terms that can be absorbed in Sj,,, .
We now take the flat space limit without the background
gauge field of the effective action (2.12). In this limit only
0Swz and S;,, contribute

Seit[7, f] = 3Aa / dx t[P1 + Si [z, B]. (2.14)
Hence, the effective action is completely fixed by sym-
metries. The invariant part of the action can be efficiently

constructed by defining Weyl invariant and gauge covariant
combinations [28]

.@;w(x) = e_ZT(x)g/w(x)
A (x) = A, (x) — P9, ehl

Of course, S;,, constructed only from g, and Aﬂ will miss
Wess-Zumino type terms that shift by total derivatives
under gauge and Weyl transformations. But such terms will
not contribute to the effective action containing up to six
fields. Up to six derivatives, the most general S, [G,,,A,]
can be written as

(2.15)

San[QﬂD’ Aﬂ]

/d%f( + 2735 Tr (A,A, ))

+ / dx V _g(’cconf [Q;w] + [’SU(Z) [@/HHAM])’
(2.16)

where the “decay constant” f has dimension of mass and y,,
is a real dimensionless coefficient. Note that L (7]
contains four and six derivative invariants that are con-
structed only out of the metric but not the gauge field. By

contrast, Lgy(» [g,w,AM] contains four and six derivative
invariants with at least one A field The advantage of this
decomposition is that Lgy, [gﬂb, . =0 for g, =0 in

the flat space limit with no background gauge field. Putting
everything together, S.¢[z, f] is given by’

1 ) )
Seit[7, ] = /d6x (—2f4e_41 ((87)2 + Ey%Tr (8ﬂe’/38”e_’ﬁ)) + 3AaTD3r>

b [ e Ll + Lsvie s Ay a0

Our convention is that the spacetime metric is mostly +’s.

(2.17)
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where the dots represent higher-order terms. The equations
of motion at the two derivative level are given by

Or = 2(97)* — y§Tr (0,eP0e™7),

OB = 4(0t - 9p) + O(B, 5°). (2.18)
It should be noted that terms that vanish once we impose
the on-shell condition for the dilaton and the axion can be
removed by performing field redefinitions. However, this
will generate interaction terms at higher orders.

We now focus on the invariant terms L ,,¢[J,,] that are
constructed only from the Weyl-invariant metric (2.15). At
each order in the derivative expansion, there are a finite
number of invariants. In particular, following [7] we can
write

~

bf* . .
ﬁconf [g;w] == TRIWR;MJ +

+ b,RR™ R, + b;ROR +O(5%),

b, "
100 fR* + bR’
(2.19)

where all b coefficients are dimensionless and numerical
factors are chosen for later convenience. Of course, both R
and Ruv are constructed using the Weyl-invariant metric
(2.15). In the flat space limit with no gauge field, this action
can be further simplified by utilizing the equation of
motion of z appropriately. For example, the Ricci scalar
R ~ Oz —2(dr)? can be rewritten in terms of only axions
by using the 7 equation of motion. For our purpose, it is
sufficient to keep only all-dilaton interactions. So, we can
simplify

/d6xe‘°fﬁconf[gﬂy]—413f2/d6xe‘7[12e‘7+---, (2.20)

where dots represent interactions involving axions that can
be absorbed in Ly, [gW,A”]

Serlpd] = [ @0 (= 3092 + (0%, 02)) + Launld] + Lusenle] + Lol ).

where, Lgiaon[@] 18 the dilaton interactions [7] (see also [8])

A. Effective action for propagating modes

Our eventual aim is to study dilaton scattering ampli-
tudes. To accomplish this, we need to have a convenient
way to isolate the physical degrees of freedom which define
on shell asymptotic scattering states. With this in mind, we
first perform field redefinitions so that we have canonically
normalized kinetic terms for our dilaton and axions. We
refer to these as the physical dilaton and physical axion in
what follows.

Along these lines, note that

1 . )
ST (0, 04e) = (06, OP,)

1
+ geahceab’c’aﬂ BuPr)

+ O(9%, 8°).

o (ﬂcﬂc’)
(2.21)

Thus we perform a field redefinition

=20 o2i70Bute — 1(1 - ¢> _#gagw (2.22)

F
where, ¢ is the physical dilaton and & =¢&,06, is the
physical axion. This implies
_ 2
270f £ 3f
¢ =& -3¢
=— e 2.23
T 2f2+ Ve + &7 + (2.23)

where & = £,¢,.
Finally, we can write the low-energy dilaton-axion
effective action (2.17) in the following form

(2.24)

‘Cdilaton[¢] 2f4 ¢2 2¢ + f6 ¢2 ¢ ]136 (31 ¢3D2¢ + 11_6¢2D2¢2) + % <%¢3D3¢ 4 13_645253452)
Aa b
32f8 (5¢4D2¢ + 2¢3D2¢2) 8f10 (3¢4D3¢ + 2¢3D3¢2) 128f10 (14¢5|:|2¢ + 5¢4|:|2¢2 + 2¢3D2¢3)
+ 510 fu (712¢° P + 45¢* [P +20¢° P ¢°) + O(), (2.25)

up to total derivatives that do not contribute to amplitudes. Observe that part of the dilaton effective action is completely

fixed by the change in the Euler anomaly Aa = ayy — ar- The dimensionless coefficient b, in general, depends on the
details of the symmetry breaking. However, it satisfies a positivity condition
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h>o0, (2.26)

which follows from unitarity/causality [7,8]. The crucial
point for us is that the same parameter b shows up in several
dilaton interaction terms. Moreover, for supersymmetric
flows, there are massless fermionic degrees of freedom that
we will ignore in the rest of the paper.

Likewise, the interactions L ixeq[¢, &] contain at least
four derivatives, two dilatons, and two axions. On the other
hand, the axion interactions of L,;,,[£] have four or more
fields with two or more derivatives. The two-derivative
interactions in Lo, [£] come from the second term of
(2.21). Two-derivative axion interactions, if present, lead to
radiative corrections. The exact form of these interactions
will not be important for our purpose. However, for the sake
of completeness we transcribe them in Appendix.

Supersymmetry introduces additional constraints on the
structure of the effective action. That being said, our result
applies more broadly and will likely be important in
establishing the 6D a-theorem in both the supersymmetric
and nonsupersymmetric settings.

There is an additional advantage of this effective field
theory formalism. In supersymmetric theories, the sponta-
neous breaking of conformal symmetry is often accom-
panied by breaking of not only the R-symmetry but also
other global symmetries. One can easily repeat the argu-
ment of this section to conclude that breaking of additional
global symmetries will not affect £g,on[¢f] at the six-field
six-derivative order (see Appendix). Hence, breaking of
other global symmetries will not interfere with any proof of
the a-theorem obtained from Lgj,0n[¢f]- This is a general
feature of the dilaton-axion effective theory which is true
even in 4D [28].

B. Amplitudes

From the dilaton-axion effective action it is clear that the
dilaton amplitudes, up to order O(p®), are completely
independent of any global symmetry breaking. In particu-
lar, the four-point dilaton scattering amplitude is still given
by [7]

A

Alpbb) = 2 (24 2 + 1) + — <Aa _ §52> siu

2f° 2f*

+0(7i)

where, s, f, and u are the usual Mandelstam variables.
Similarly, five-point and six-point dilaton amplitudes are
also given in Ref. [7].

Amplitudes involving axions depend on the details of
the global symmetry breaking. Specifically for G = SU(2),
the dilaton-axion four-point amplitude can be obtained
from (AS),

(2.27)

gb (2B2S2 —+ Bltz + Bluz)

f
+0(%).
In the above, we have made reference to the coefficients B;
which appear in the dilaton-axion effective action of
Appendix. Axion four-point amplitudes are more compli-
cated because of the two-derivative interaction in (A4). In

particular, for G = SU(2) because of this two-derivative
interaction

A(¢¢§a 5/7) =

(2.28)

12B 8B 4B
f40 f61 2+ f62( +M2)

o) (osum

for a # b. Note that the one-loop radiative contribution
from the B, term contributes at sub-subleading order 1/ /2.
In contrast, we observe that in 4D, the radiative corrections
contribute at subleading order [28].

However, note that any four-point amplitude of identical
axions does not have an s term

(gaga‘fbfb) s+

(2.29)

A(éaéa&a&a) - B (S + tz +u ) + O<f8>

(no sum) (2.30)
which also gets a radiative correction from the B, term only
at the order 1/f8. The general structure of the axion
amplitudes are the same for any non-Abelian symmetry
group G.*!

III. 6D SUPERSYMETRIC FLOWS

Having laid out the general structure of the dilaton-axion
effective action, we now specialize further to RG flows
which preserve N' = (1, 0) supersymmetry. In this context,
we identify the global SU(2) with the R-symmetry of a 6D
SCFT. We assume that Poincaré supersymmetry is pre-
served. All known (1, 0) SCFTs have moduli spaces of
vacua that break conformal symmetry spontaneously. In
fact, a general result on supersymmetry preserving defor-
mations of SCFTs is that there are no relevant or even
marginal operator deformations [22,23,25]. Rather, all
flows are triggered by VEVs of operators. There are exactly
three types of 6D RG moduli space flows that preserve
N = (1,0), given by tensor branch, Higgs branch and
mixed branch flows. We now discuss aspects of each of
these in turn.

*For G =U (1) there is no two-derivative four-axion inter-
action and the amplitude is precisely (2.30).
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A. Tensor branch flows and the a-theorem

Let us first revisit the case of tensor branch flows, where
a proof of the a-theorem was given in Ref. [20].” This is the
branch of the moduli space parametrized by the VEVs of
tensor multiplet scalars. Now, in these moduli space flows,
the SU(2); symmetry is unbroken on the tensor branch,
namely the dilaton is the scalar component of some linear
combination of tensor multiplet scalars. Because no global
zero-form symmetries are broken, we need not discuss the
axions, and the low-energy effective action only contains
the dilaton

Saald) = [ @05 (~500P + Lawnld]). 6.1

where, Lyiaon @] is given by (2.25). This effective action can
be further simplified by removing the three-point inter-
actions in (2.25) by a field redefinition. This leads to a
simplified but equivalent effective action that describes four-
point, five-point, and six-point amplitudes up to orders p°

Sete[@] = /d6x (—%(84&)2 + £¢4 + ,C¢5 + £¢@ + .- ) i
(3.2)

where L. represents effective n-point interaction of ¢
fields. The effective interactions which contribute to four-
point amplitudes up to orders p® are given by

b 3 2.
E¢4 = Ffﬁ¢2|:|2¢2 + Ff"g (Aa - §b2> ¢2|:|3¢2

+ey (3.3)
One can easily check that the above four-point interactions
produce the same four-point amplitude (2.27) as the
effective action (2.25). For tensor branch flows, the
a-theorem can be proved directly from the above effective
action (3.3). The argument is similar to that of [20], but not
exactly the same, a point we now elaborate on.
Supersymmetry imposes additional constraints on the
dilaton-axion effective action. Utilizing superconformal
representation theory [23,25], it can be shown that there
can only be D-term deformations. Moreover, supersymmetry
does not allow any six-derivative interaction terms [20].
Therefore, supersymmetry imposes that all local six deriva-
tive interactions of £+ must vanish implying the a-theorem®

>The nonrenormalization theorems in 6D (2, 0) and (1, 0)
theories on tensor branch were also studied using amplitude
techniques in [44,45].

*We follow the notation of Ref. [8] which is different from the
convention used in [20]. In fact, one can use the equation
Adensor = %132 to relate our convention with that of [20]. Also

note that our b = b/ f2 of [7].

2
ayy — ar =§b2 2 0.

(3.4)
The same conclusion can also be reached from the five-
point effective interaction

b, 1 2.
L (1242 A — 202\ 3B a2
‘C¢ 16f8¢ ¢ +4f10< a 3b>¢ ¢

Lo (3.5)

In contrast, the a-theorem for tensor branch flows was
derived in [20] by studying six-derivative six-point inter-
actions. The same argument applies to the six-point
effective interaction which implies Aa « b* with a univer-
sal proportionality constant. The constant can be found to
be % (in our notation) by studying any special case. This
argument cannot provide the proportionality constant
directly mainly because it is difficult to disentangle local
and nonlocal parts of six-derivative six-point interactions.
On the other hand, our argument has the advantage that we
can determine the constant of proportionality between Aa

and b? directly from the effective action.

B. Higgs branch flows

Consider next the case of Higgs branch flows. This is the
branch of the moduli space parametrized at generic points
by VEVs of hypermultiplets. One important feature of such
flows is that they fully break the SU(2) R-symmetry, and
are often accompanied by Goldstone modes associated with
the breaking of other global symmetries. An important
remark is that the low-energy effective action (2.24) is
general enough to capture all possible 6D Higgs branch
flows since it does not even make explicit reference to
supersymmetry, and just the notion of spontaneous break-
ing of an SU(2) symmetry. The main point is that the terms
of the dilaton effective action (2.25) which involve just
dilaton interactions are exactly the same as in the case of
tensor branch flows, though in this case there can also be
mixing terms with axions associated with global symmetry
breaking. The interactions L.ql®, & and Lyon[E] are
given in Appendix. Note that there should be other
constraints on the remaining coupling constants from
supersymmetry, however, we will not explore them here.

C. Mixed branch flows

This is the branch of the moduli space on which both
tensor multiplets and hypermultiplets acquire VEVs.
Hence, these flows also break the global SU(2), symmetry.
The effective field theory approach tells us something
important about dilaton scattering amplitudes in 6D super-
symmetric RG flows. In fact, the following analysis applies
to any 6D RG flow with multiple symmetry-breaking
scales.
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The main idea is to view a tensor branch flow and a
Higgs branch flow as limiting cases of a mixed branch flow.
Consider a 6D N = (1,0) SCFT in which conformal
symmetry is broken by giving VEVs to a tensor multiplet
scalar ¢ and a hypermultiplet scalars H and H

(1) = f.

where, the scales f, and fy have dimension of mass,
whereas h and & are dimensionless matrices (depending on
the global symmetry breaking pattern) with O(1) coeffi-
cients. This triggers an RG flow that preserves Poincaré
supersymmetry

(H)=fzh.  (H)=fyh.  (3.6)

SCFTyy =mixed branch

4

SCFTIR + Seff[d’v fa}v (37)
where, the effective action S.i[¢h, £,] is given by (2.24). We
can now imagine turning off the VEVs of all hyper-
multiplets fp = 0 and hence, the flow (3.7) becomes a
tensor branch flow. From the perspective of the low-energy
effective action Se¢[¢h, £,], this corresponds to taking a limit
& = 0. Furthermore, from the discussion of tensor branch
flows we find that in this case

A oA 2
b= btensorv Aa = Aa|t€nsor = g

72
b tensor *

(3.8)

Similarly, one can consider the special case f, = 0. Then
the flow (3.7) becomes a Higgs branch flow

b = byiges.  Aa = Ad|ygy. (3.9)
We remark that sometimes it can happen that a tensor
branch deformation can obstruct a Higgs branch deforma-
tion (the E-string theory being a prominent example of this
sort). This does not affect any of the statements presented
here, since we have presupposed that we are dealing with a
mixed branch flow in the first place.

1. Effective action

Given an SCFTyy and VEVs (3.6), the dilaton and
axions arise from the parametrization,

= f%_le_zr(x) e_Ziﬂa (x)eq h’

t(x) = fre@W,  H(x)
¥oafp, (3.10)

I:I()C) _ f%_]e—Zr(x)e—Zi/)’a )o,

"In the above, H and A denote complex scalars of (possibly
different) hypermultiplets. There is a straightforward generaliza-
tion to the case with multiple tensor multiplets and hyper-
multiplets acquiring VEVs with different scales.

where 7(x) and f(x) are the Goldstone modes of Sec. II that
nonlinearly realize the broken conformal and SU(2),
symmetries. Again, here we have suppressed the contribu-
tions from other light scalars and axions. For example, in a
flow which includes a Higgs branch deformation of a tensor
branch deformed theory, we get a scalar for each tensor
multiplet, and four real degrees of freedom (one quater-
nionic degree of freedom) from each hypermultiplet. The
quantities f, and fy generate mass scales for states, and
these massive modes must be integrated out to arrive at the
corresponding effective action. The states parametrizing
motion on the moduli space can be packaged in terms of
massless tensor multiplets and hypermultiplets.

First, we focus on the tensor branch part of the flow and
only integrate out modes that become massive because of
the tensor multiplet VEV. This must coincide with the
purely tensor branch flow and hence we can write the
resulting effective action as

5, = / x (<22~ (00) + Ahnonf 26~ P~

+ 3Aa|tensorT|:|3T) + -, (311)

where, dots represent terms with eight or more derivatives.
Note that we are ignoring a possible cosmological constant
term since it can be removed by adding a counterterm.

Next, we perform the same procedure but now for the
hypermultiplets. We integrate out all modes that become
massive because of the hypermultiplet VEV(s). From the
preceding section, we know that this procedure will
generate the following effective action

2
Sy = /dﬁx <—2f‘;,e—4f((8r)2 + %OTr (8”61'/)’6/46—1'/)’))
+ 43Higgsf%-1€_1|:|26_7 + 3Aa|HiggsTD3T>

+eey (3.12)
where dots represent terms involving axion interactions and
terms with eight or more derivatives. Finally, there can be
additional terms with four or more derivatives that appear
only in the mixed branch due to some intricate interactions
between corresponding tensor and Higgs branches. Any
such terms can be parametrized in the following way,

Smixed = / dﬁx (8Bmixedefte_TD2e_T + 3Aa|mixedTD3T)

o (3.13)

where we are again ignoring higher-derivative terms and
terms involving axions. Combining everything together and
after a field redefinition
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¢
=1- }72 +- (3.14)
where dots represent terms involving axions, we must
recover the effective action (2.24). In particular, at energy
scales E < f,, fy we obtain the dilaton effective action
(2.25) once we identify

fr=rt+ i (3.15)

N 1 o A o
b= F (ftzblensor +2f1f #bmixed +f%—1bHiggs)v (316)
Aa = Aa|tensor + Aa|mixed + Aa|HiggS‘ (317)

Note that btensorv bHiggs’ Aa|tensor’ and Aa‘Higgs do not
depend on the scales f, and f5. On the other hand, both
Emixed and Aal,.q can depend on the ratio f,/fy.
Moreover, we make the mild assumption that Emixed is
nonsingular and hence in both limits f, > fy > E and
fu>f>E

fifnu;

Tbmixed - 0. (318)

2. Asymptotics
The main point to take away from the above discussion
is that both b and Aa can depend on two scales f; and ff in

a very specific way, as shown in Fig. 1. In particular, b
interpolates between

b
l;lensor
i)Higgs
£
Ju
FIG. 1. A schematic plot of how the parameter b depends on

f //f i in a 6D mixed branch flow. The full b interpolates between
leggg and b[emor as we increase f,/fy. Three lines in the plot
represent three special cases: bmlxed <0 (blue), bmlxed =0
(green), and bpieq > O (red). Note that b has a nontrivial
dependence on f,/fy even when a mixed branch flow factorizes
completely (Emixed =0).

fi>fu: l;: Btensor+2<];CH>bmlxed(fH :O) e,
(3.19)
and
fi _
fH>>fz b_legg§+2<f >bmixed(ft_0)+""
H
(3.20)

This implies that if b is known as a function of fi/fu, we
can recover biengor and byiees from their asymptotic values.

3. Mixed contributions and factorization

Let us end this section by providing a physical explan-
ation of the relations (3.16) and (3.17). Consider the dilaton
four-point amplitude A(ppgp¢). First, we give a VEV to
only the tensor multiplet scalar 7. The dilaton four-point
amplitude A(PPPP)|iensor 1S Obtained by adding all
Feynman diagrams with four external ¢ with massive
states (due to the tensor multiplet VEV) running inside.
This amplitude is given by

~

b ensor
APddPlinsor == 55" (57 1 + %)
t
9 2.
+ E <Aa|tensor 3 btensor) stu
e, (3.21)

where the stu term vanishes because of the condition (3.4).
Similarly, for the Higgs branch, the dilaton four-point
amplitude A(ppP)lyiges 18 obtained by adding all
Feynman diagrams with four external ¢ with massive
states (due to the VEVs which break R-symmetry) running
inside

A~

b iggs
Alphdh)lees =5 o (2 + 12 10)
H
9 2.,
+ ﬁ <Aa|Higgs - 3 leggq) Stu
H
T (3.22)

When we combine both VEVs to obtain a mixed branch
flow, the full dilaton four-point amplitude .A(@pppe)
receives contributions from both of the above processes.
However, in the mixed branch flow both amplitudes (3.21)
and (3.22) must be rescaled. This is because of the field
redefinition (3.14) which involves the scale f. Hence, the
full amplitude is given by
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Awgao) = (1) atg00)

+ (L) awao0

+ A(¢¢¢¢) ‘mixed ’

tensor

Higgs
(3.23)

where A(PPP@)|mixea TePresents Feynman diagrams with
four external ¢ with massive states from both tensor and
Higgs branches running inside the loops. These diagrams
also include massive states running inside the loops with
masses that depend on both mass scales f, and fy. The
above amplitude is completely consistent with the relations
(3.16) and (3.17). Moreover, the above amplitude immedi-
ately implies that both Bmixed and Ad|eq arise only from
Feynman diagrams with massive states from both tensor
and Higgs branches running inside. The same conclusion
can also be reached by studying five-point, and six-point
dilaton amplitudes.

A mixed branch flow factorizes completely when
A(PPPP)| mixea = 0- In that case, the mixed branch flow
is a combination of a purely tensor branch flow and a purely
Higgs branch flow. Another important special case is the
partial factorization Aal.q = 0. In other words, the IR
fixed point does not depend on the scales f, or f as long
as both of them are nonzero. In this case, we can take
different scaling limits of f,/fy of the RG flow without
affecting Aa.

IV. 6D SCFT MIXED BRANCH FLOW EXAMPLES

In the previous section we showed that our dilaton-axion
effective action applies even when there are multiple
sources of conformal symmetry breaking. In this section
we illustrate some of these general features with an explicit
example based on 6D SCFTs by using perturbative
methods. Recall that in 6D SCFTs, there are generically
two sources of conformal symmetry breaking. One comes
from motion on the tensor branch of an SCFT, and the other
comes from motion on the Higgs branch. In general, a
mixed branch flow can be decomposed into an alternating
sequence of Higgs branch and tensor branch deformations.
We would in particular like to extract the contribution to
four-point dilaton scattering from the term

LD L¢ZD2¢2 (4.1)

16° ' ’

due to motion on the tensor branch, as well as the Higgs
branch.

In general, this is a challenging question to answer
because the strongly coupled nature of all 6D SCFTs makes
it difficult to provide a microscopic analysis of how such
terms arise. That being said, we can still make some general
comments. First of all, when we move onto the tensor

branch, we have effective strings in the low-energy theory,
with a tension which scales as

Ty ~ ftz’ (42)
with f, a “decay constant” energy scale associated with the
VEV of the scalar in a tensor multiplet (3.6). The origin of
the moduli space is where these effective strings would
appear to have vanishing tension. Rather than signaling the
appearance of a nonlocal theory, this instead points to the
appearance of a strongly-coupled conformal fixed point
[11]. In fact, all known D > 4 CFTs have the property that
effective strings have vanishing tension at a fixed point.
This is rather different from what happens in the better
studied case of D <4 CFTs, where the approach to a
conformal fixed point involves vanishing masses for
effective particles.

Indeed, the general method for constructing 6D SCFTs
involves starting on the tensor branch of a candidate 6D
SCFT, and then attempting to pass to the origin of tensor
branch moduli space. In such cases, it is often possible to
perform a further deformation onto a Higgs branch, though
sometimes there can be obstructions. As an example where
there is an obstruction, consider the E-string theory
obtained from an M5-brane probing a heterotic Eg 9-brane.
In this case, the Higgs branch of the 6D SCFT corresponds
to dissolving the M5-brane as flux (an instanton) in the
nine-brane, while the tensor branch deformation corre-
sponds to pulling the M5-brane off the wall, completely
destroying the existence of a Higgs branch.

But there are also cases where no obstruction is generated
[26]. For example, consider 31(N) gauge theory coupled to
2N hypermultiplets in the fundamental representation. In
this case, anomaly cancellation requires coupling the non-
Abelian vector multiplet to a single tensor multiplet of
charge —2. In F-theory terms this 6D SCFT is realized by a
curve of self-intersection —2 with an [ fiber over the —2
curve which collides with 2N fibers with an /; singularity.
These flavor symmetry fibers can be tuned to make manifest
an 81 (2N) flavor symmetry algebra (in which case we have
a single I,y fiber which collides with the I, fiber).

For our present purposes the key point is that all of the
Higgs branch deformations of the 6D SCFT are captured by
deformations which are directly visible in terms of explicit
VEVs for weakly coupled hypermultiplets. As an illus-
trative example, the deformation from a theory with u(N)
gauge symmetry to 8u(N — 1) gauge symmetry involves
giving a VEV to precisely two flavors from the system,
namely we wind up with 2N — 2 flavors from such a Higgs
branch deformation. This is in accord with the fact that to
satisfy the triplet of D-term constraints in the gauge theory,
a pair of hypermultiplets actually needs to get a VEV
[46,47]. More generally, all these Higgs branch deforma-
tions correspond to brane recombination moves [48].
Another interesting aspect of this example is that upon
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compactification of the tensor branch theory on a T2, we
obtain a 4D N = 2 SCFT with the same gauge group and
matter content. In this model, the reduction of the tensor
multiplet decouples, which fits with the fact that effective
strings play little role in the approach to the 4D conformal
fixed point.

We would now like to better understand the possible
contributions on the Higgs branch to four-dilaton, four-
derivative interaction terms. As a warm-up exercise, let us
first consider the case of the 4D N =2 SCFT obtained
from dimensional reduction of the tensor branch of the 6D
SCFT. In this setting, we have a marginal gauge coupling
constant which we can use to tune the theory to weak
coupling. Carrying out the analysis there, we are free to
parametrize possible contributions to SU(2) x U(1)
R-symmetry breaking of the 4D theory in terms of a sigma
model field £ which we schematically write as

¢

Y~ fexp(—r+axions), exp(—7)=1 —?—I— e (43)

where in the case at hand, the X’s are related to the
hypermultiplets. We wish to track possible contributions to
four-dilaton, four-derivative terms, and so the general
structure in the 4D Lagrangian for the X fields will involve
terms of the schematic form®

Aa
(Aup)™ 2f*

where m and n are non-negative integers and ¢ is the 4D
gauge coupling. Here, we have schematically indicated the
number of powers of derivatives, and have also left open the
different possible ways that the X fields may actually
multiply together, suppressing their Hermitian conjugates.
Indeed, the only condition we are actually imposing is that
the number of X fields is even. This requirement follows in
the effective field theory from the symmetry = > —X.” It
can also be seen directly by observing that in any nonzero
dilaton scattering amplitude, an even number of hyper-
multiplets must appear. The power of g is also an even
number, as can be verified by working with a basis of fields
where all g dependence is in the vector boson propagator.

From this starting point we get interaction terms for the
dilaton and the axions by expanding the exponential X in
powers of ¢/ f, where ¢ is the physical dilaton which is
related to 7 in the usual way [28]. The mass scale A4p is not
arbitrary, and is set by the masses of vector bosons obtained
from actually Higgsing the 3u(N) gauge symmetry.
In particular, we have the further relation

Lyp D PRI = PP, (44)

Sof course, b is actually Aa in 4D.

? At the origin of the Higgs branch we have a Z, symmetry, and
at more generic points of the Higgs branch, we still parametrize
fluctuations around a background VEV in terms of hypermultip-
lets, so there is still an unbroken Z, symmetry.

(Asp)* ~ g f%. (4.5)
Plugging in, the form of our coupling in the 4D
Lagrangian is

Aa

1
L ») 2m—2na422n =
4D g 2f4

7 PP (4.6)

So, we see that we can generate contributions with
suppression scale set purely by f (the Higgs branch scale)
just by setting m = n. An explicit example of a 4D loop
correction which generates this sort of structure is shown
in Fig. 2.

Let us now turn to the analog of these expressions for our
6D theory. In this case, a Higgs branch deformation of the
tensor branch deformed theory will necessarily need to
make reference to at least two mass scales, namely the
tensor branch deformation scale f, as well as the Higgs
branch deformation scale f, as discussed in the previous
section [see Eq. (3.6)]. We expect a gauge theory descrip-
tion to provide an adequate approximation provided we
work at energy scales with s < f2. Self-consistency of the
Higgs mechanism in this regime also requires fy < f;.
Finally, observe that the gauge coupling is no longer
dimensionless, but instead scales as g ~ 1/f7. As a general
comment, we note that even though we will perform
our analysis in the regime fy < f,, there is no hint in
the F-theory geometry of a phase transition taking place as
we pass to the regime f; < fy. This strongly indicates that

FIG. 2. Example of a one-loop diagram which contributes to
four-dilaton four-derivative interaction terms in the dilaton
effective action obtained from a Higgs branch flow. Here, we
have indicated external scalars as associated with the hyper-
multiplets, with internal massive gauginos running in the loop. In
4D, this diagram scales as M,_, ~ g*p*/(Ayp)* = p*/f4,
while in 6D we instead find Mo, ~g*p*/(Agp)? =
p*/f2f4, with p the characteristic momentum of the external
states.

085017-11



HECKMAN, KUNDU, and ZHANG

PHYS. REV. D 104, 085017 (2021)

results obtained in one regime of validity do not suddenly
break down in other regions of the moduli space.

Before we proceed some comments are in order. In the
low-energy effective action there is no clear way to
distinguish between BHiggs and lA)mixed (or Aa|HiggS and
Ad|ixeq)- However, we can define an effective 5Higgs in
the following way.'"’ First, consider the purely tensor
branch flow fy =0. Now we perform a Higgs branch
deformation of the tensor branch deformed theory;
fu < f;- One can then ask the question whether the
resulting RG flow, at the leading order, can be thought
of as a combination of a purely tensor branch flow and a
purely Higgs branch flow (or equivalently a factorized
mixed branch flow, as defined in the previous section). This
necessarily requires that b does not have a linear f.
contribution when fy # 0, as seen from Eq. (3.16)." 1f

this condition is satisfied, we can define an effective bHiggs,

5o _L(obf
Higgs — D) af%{ fTH—>0.

So, in this case the mixed branch flow at the leading order
can be effectively described by the low-energy effective
action

(4.7)

Seff[qs’ 5] = St + SH9 (48)
where S, is the effective action (3.11) for the tensor branch
flow and Sy is the action (3.12) associated with a purely
Higgs branch flow with BHiggs given by (4.7).

Let us now track the 6D analogs of the contributions to
the dilaton effective action identified in 4D and compute
the effective lSHiggS. In 6D, the sigma model field X of
R-symmetry breaking can be schematically written as

Y~ f4exp(—2r+axions), exp(—27)=1 —]%+ . (4.9)

Here, we must distinguish fp, the scale associated with
R-symmetry breaking, with the more general scale f which
appears in our discussion of mixed-scale conformal sym-
metry breaking. Consider, then, terms that can generate
four-dilaton four-derivative interactions of the form

S

b

2ma422n = 16f(,

Lep D P22, (4.10)

1
N a2 9
(Agp)*=2m=2

%One can define an effective Aa|Higgs as well, however, we are
mainly interested in Z;Higgs since it is the leading interaction in the
effective theory.

"There is an additional requirement that the correction to Aa
from the Higgs branch deformation is independent of f, at the
leading order in (fy/f;)-

Again, the nature of R-symmetry breaking restricts us to an
even number of powers of X fields, but other than that, we
have written down the general form of the possible higher-
dimension operator. In the above, Agp is a scale associated
with the massive vector bosons,

(Aep)* ~ g f1 = [hl 17 (4.11)
Now by expanding (4.10) we see that
4n 2m
7 g
N 4.12
f2 (A6D)4n—2m—2 ( )

We are specifically interested in a purely Higgs branch
contribution to b, as defined in (4.7). Equation (3.16)
implies that b 2 for such a contribution must be indepen-
dent of f,, up to terms that are suppressed for f/f, < 1.
So, we are interested in generating higher-dimension
operators that lead to f, independent contributions to
bf?, which in turn requires a specific power of m. In
particular, we need

2m — (4n —2m —2) =0, (4.13)

or

2n—2m =1, (4.14)
which cannot be arranged if m and n are integers. So, the
first distinction from the seemingly related 4D case is that
the same sorts of diagrams used in 4D will not produce a

purely fy dependent contribution to b 2 in 6D. Rather,
they will involve a combination of scales including both f
and f,.

We next consider a slightly broader class of higher-
dimension operators and show again that b 2 can only have
terms that are suppressed by positive powers of 1/f,. In a
mixed branch flow the dilaton will be a linear combination
of contributions coming from the scalars of both the
hypermultiplet as well as the tensor multiplet. One might
ask whether we can generate a contribution of the desired
form using this larger set of fields. To this end, we write

exp(—27) :1—}%4—---,

t~ f2exp (—21), (4.15)

so we could in principle track more general combinations
involving powers of ¢ and X. The corresponding terms of
interest in the Lagrangian are

L6D ») 2)118422}1 ll

(Agp) ™ H2I-2m=2 g
b

= RV T (4.16)
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with m, n, and [ non-negative integers. The appearance of
suppression scales can be argued for as follows. First, we
move onto the tensor branch, and integrate out all massive
states (including those coming from excitations of the
effective strings). This puts us on the tensor branch gauge
theory, with light degrees of freedom given by the vector
multiplet, tensor multiplet, and hypermultiplets. In this
theory, the VEVs for hypermultiplets generate masses as
specified by Agp. In particular, we need not concern
ourselves with subleading masses generated by hyper-
multiplet/effective string couplings, since we have already
integrated out the degrees of freedom associated with string
excitations.

We would again like to figure out possible contributions
tob 2 which can come from just the scale f,. In this case,
we must be mindful of the fact that in extracting the
interaction terms for the dilaton, we can also expand the
tensor multiplet scalar, as in Eq. (4.15), yielding

4n 21 . 2m
2 g
b H

Let us now see whether adding in insertions of the scalars ¢
can help us generate a term in b f2 which is independent of
f:- The condition we now have to satisfy is

2l =2m —2n+ 1. (4.18)
Again, this equation cannot be satisfied for integers [, m,
and n, so we arrive at a contradiction. From this, we
conclude that at least at the level of explicit Feynman
diagrams, it is rather challenging to identify an explicit
contribution to four-dilaton, four-derivative interactions
with Wilson coefficient ~f% /8. We emphasize that even
though the intermediate results, such as Eqs. (4.12) and
(4.17), appear to be qualitative, they are sufficient to
determine @Higgs. Hence, our final result in Eq. (4.22) is
exact in perturbation theory.

We can also try to place some constraints on how such
strong coupling effects might enter. Note that we are in the
regime s < f2, < f7 where a gauge theory description
should be valid. Adding more loops simply corresponds
to increasing the power of ¢? in a contribution to the dilaton
effective action. In fact, we can see that the number of
powers of ¢? is bounded below by the number of external
legs coming from X and ¢. To derive such a bound, it is
convenient to canonically normalize the gauge fields so that
no factors of g> appear in their propagators. Observe that ¢
mixes with the gauge fields via the interaction term #TrF>
of the tensor branch Lagrangian. Canonically rescaling the
gauge fields amounts to the operation

t
TrF? — — TrF2. (4.19)
f2

t

Consider next the insertions of the X fields, or equivalently,
the presence of the hypermultiplet scalars H (and their
complex partners H), expanded around a background VEV.
We have two sorts of interaction terms, those which go as
HTHA? (quartic vertex of order g?), and those which go as
HTOHA — H.c. (cubic vertices of order g). Here, A denotes
a vector boson. There are also supersymmetric analogs of
these interaction terms, involving the fermionic super-
partners as well as the D-term potential(s) of the vector
multiplet. Our claim is that each such insertion of an
external H field is accompanied by a power of g. The main
point is that at least for dilaton scattering, the relevant
contribution from a term such as H'OHA will necessarily
involve a coupling between a dilaton, an eaten (i.e.,
massive) Goldstone boson, and the (massive) gauge boson.
The same considerations apply for the Yukawa interaction
terms required by supersymmetry, where all fermions are
necessarily internal anyway.12 From this, we conclude that
to each such interaction term involving a X insertion, we
can associate at least one power of g. Putting these two
considerations together, we conclude that in the operator of
line (4.16) where we have [ insertions of 7, and 27 insertions
of Z, we have the inequality,

m>n-+l (4.20)

In particular, this means that as we move to higher-loop
order, we simply generate further powers of f, in the
denominator.

Putting all of this together, we observe from Eq. (4.17)
that the general structure of the contributions to b take the

.. . 14
form of a power series in the ratio r = f%,/f7,

le;(fH’ft) = f?l;tensor +f%lzl;mrm’

m>0

(4.21)

namely the corrections to f213 from the Higgs branch
always have some suppression by f,. In particular, note
that there is no contribution which is linear in f,. Hence, we
can describe this mixed branch flow, at the leading order, as
a combination of a purely tensor branch flow and a purely

Higgs branch flow. Furthermore, the effective @Higgs, as
defined in (4.7), is given by

"2One might ask whether the quartic terms associated with the
D-term potential could generate interaction terms with lower
powers of g>. The supersymmetric Higgs mechanism excludes
such a possibility.

BNote that the inequality of line (4.20) provides an alternative
way to exclude higher-dimension operators which makes no
reference to the integrality of various exponents. For example,
returning to Eq. (4.18), we gett 2/=2m-2n+12>
2(n+1)—2n+1=21+ 1, a contradiction. R

In fact, even more is true, only the coefficients b,, with
m = 2k + 1 for k € Z are nonzero.
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biiggs = 0. (4.22)
As we increase fy/f;, the second term on the right-hand
side of (4.21) starts contributing. However, since the second
term depends on r = £ /f?, it should be interpreted as a

contribution to l;mixed, as defined in (3.16).

Summarizing our discussion up to this point, we have
seen that at least in the regime where fy < f;, the
contributions to b are rather different in 6D compared
with their 4D counterpart. In fact, the above perturbative
analysis would seem to imply that at leading order in
fu/f: there are actually no contributions to BHiggs.

Suppose we now attempt to extrapolate to the other
regime where f2,/f? is large, namely, the limit where we
approach a pure Higgs branch flow. From our expansion,
we can see that individual terms would appear to diverge
(since we are taking small 1/r now). On the other hand,
another analytic expansion in 1/r must be available simply
because we have assumed the existence of an SCFT in the
first place. This means that there is a resummation of these
terms available which should in principle allow us to
analytically continue to the other regime. In fact, the
absence of any hint of a phase transition in the F-theory
geometry when 0 < r < oo again strongly suggests that
such a resummation must exist. Moreover, as we explained
earlier, this resummation of Eq. (4.21) must be interpreted
as contributing to Emixed. With this in mind, there still does
not appear to be a natural candidate for generating an
effective l;Higgs contribution to four-point four-derivative
dilaton scattering, even in the limit f, — 0.

Caution is of course warranted for the following reason.
In the regime f; > f;, any number of things could happen,
since the scale of R-symmetry breaking is now bigger than
that of the mass scale set by f,. A priori, it could happen
that all of the above analysis is invalidated, though this
would require the onset of a phase transition as a function
of fy/f: at some finite nonzero value, a feature which is
wholly absent from any known 6D SCFT construction. In
particular, in all F-theory constructions, the complex
structure and Kihler deformations can (when not
obstructed) be scaled independently of one another.
Provided we remain in the regime s < f7 < f7, it seems
implausible that some unknown “strong coupling effect”
completely destroys the scaling estimates just presented.

We expect similar considerations to apply, even in
situations where no pure gauge theory description of a
Higgs branch deformation is available, as well as cases in
which part of the Higgs branch of the 6D SCFT is obstructed
by moving onto the tensor branch. As an example, consider
again the E-string theory. This theory can be viewed as part
of a sequence of theories indexed by n € Z, with an 8p(n)
gauge algebra coupled to a tensor multiplet with charge —1.
In this case, the F-theory construction makes manifest
an 30(2n+ 8) x 80(2n+8) flavor symmetry (which

enhances further at the origin of the tensor branch). The
resulting “analytic continuation” in the value of nton =0
has been observed to be compatible with the structure of
anomalies in these theories [26,27]. In all these cases, we
again expect that the mass scale for the corresponding
“vector bosons” is of the form (Agp)? ~ ¢*fh = fH/f7.

These considerations are corroborated in the F-theory
geometry as follows. A Higgs branch deformation is asso-
ciated with a complex structure deformation of the ellipti-
cally fibered Calabi- Yau threefold, and as such, is correlated
with a compact three-cycle. Each such three-cycle can be
understood as a two-cycle in the F-theory model fibered over
a one-chain. Geometrically, the volumes are related as
Vol(3 — cycle) ~ Vol(1 — chain) x Vol(2 — cycle), which
isjust the relation f% ~ g~ Agp, namely, f% ~Vol(3—cycle),
g~ ' ~ Vol(1 — chain) and Vol(2 — cycle) ~ Agp.

Given our difficulties with generating a contribution to
l;Higgs in 6D SCFTs, one might now ask whether similar
considerations apply in the behavior of Aa. For 4D Higgs
branch flows, there is no issue, because b and Aa are
proportional to one another, both being dictated by the
¢*[1%¢? interaction term of the dilaton effective action. For
6D Higgs branch flows, however, the leading order con-
tribution to Aa comes from six-derivative terms such as
¢*P¢*. Running through the same line of reasoning just
presented, we now seek out terms of the form

3A
Lep D FrIT = Ffagqszmw. (4.23)

1
(AGD)4n_2m

In this case, the condition to eliminate all f, dependence
from the suppression scale amounts to the condition

4n—4m =0, (4.24)
which can be satisfied for integer values of m and n. Note
that this makes the result (4.22) rather important. This
implies that this class of 6D mixed branch flows, at the
leading order, can be described as a combination of a purely
tensor branch flow and a purely Higgs branch flow, where
the Higgs branch part is actually nontrivial since Aa|y;ge
may not be suppressed by fy/f;

V. CONJECTURE ON by;g,, =0

The above considerations when combined with our
discussion from the previous section, would seem to
indicate that I;Higgs = 0, suggesting a substantial error in
our seemingly naive analysis, since it stands in contrast to a
huge body of literature. That being said, our analysis of the
dilaton effective action suggests that generating a ¢*>[1>¢>
interaction term is actually rather nontrivial. In this section
we present a conjecture that @Higgs is, in fact zero, explain-
ing some of the evidence in favor of such a surprising
sounding statement.
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Indeed, there are a few important caveats to keep in mind
in asserting that l;Higgs = (0 cannot occur in an interacting
theory. In the analysis of [29], the condition b > 0 for an
interacting theory relies on the assumption that at large s,
there are no singularities present in four-point dilaton
scattering in the large s regime. This is a natural condition
to impose, and in D < 4 theories it is very well supported.
Conformal bootstrap methods also establish b>0 [8]. To
date, there has been far less attention paid to the case of
D >4 CFTs, where in all known examples, effective
strings are crucial for the existence of a fixed point in
the first place.

To begin, observe that the tree-level 2 — 2 amplitude of
the dilaton for any 6D RG flow has the form,

= 2if6<S2 + 2 +u?)
3 (3A
+f8( - b2>stu+

where s, ¢, and u are the usual Mandelstam variables. This
four-point amplitude suggests that there should be a

./44(5, t)

(5.1)

dispersive sum rule for the parameter b which is identical
to the sum rule for the 4D a-theorem of [6] (see [7]). This
sum rule would at first seem to imply that b is strictly
positive, which is in tension with the analysis of Sec. IV.
Here we propose a possible resolution based on the large s
behavior of these scattering amplitudes.

We begin by carefully analyzing the derivation of such a
sum rule. The sum rule follows from a contour integral

) o, (5.2)

ds A4(j !

where the integral is performed over the same contour as
[7]. This can be expanded to write

Lo L N
585A4(S’ t)’szo N 71'[* ds <s3 N (s + t)3)ImA4(S’ 2
ds Ay(s. 1)

3 9’

1
+ o | S (5.3)
where s, is some IR cutoff and the last integral is over the
contour at infinity. This last term is generally dropped in
4D, however, we keep it in 6D since as we explain next, it
can potentially be important. For a possible sum rule, we
proceed by taking the forward limit = 0

A4(S O

21 7).

b _2/ dSIm.A4(s 0) 5.4

Now from the optical theorem, we know that Im.4,(s,0) =
so(s) where o(s) is the total cross section for ¢¢ scattering.
Unitarity implies that 6(s) > 0 for any interacting theory

and hence the first term of the right-hand side is strictly
positive. Therefore, b=0 necessarily requires

/ a5 24050 _ —4i/°° is?S (5
0 §° Sy s
The above relation can only be satisfied if

Ay(s = 00,0) 2 5% (5.6)

At first sight, the condition (5.6) seems to be violating

the Froissart bound which in 6D imposes [49]

|A4(s = 00,0)| < (const) s(log s)*. (5.7)
However, the Froissart bound does not apply to the four-
point scattering of Goldstone modes, since there is no
mass gap.

Even though the Froissart bound is not applicable, we
can still say a few things about asymptotic limits of dilaton
amplitudes. In particular, the limit s — oo of A4(s,0) is
dictated by the coupling of the dilaton to operators of the
UV CFT [50,51]. In general, the dilaton can couple to any
relevant operator (that acquires a VEV) of the UV CFT. So,
consider a generic relevant operator Oyy of dimension Ay
of CFTyy which has a coupling with the dilaton

A

fZ" / d6x¢”(9UV, (58)
where only n =1, 2, 3 can contribute to a four-point
scattering amplitude of the dilaton. Note that 1 must have
dimension 6 — Ayy. Moreover, the factor of f follows from
the fact that the actual coupling should be between CFTyy,
and the 7, f, fields. The 7, p, fields have expansion in
terms of % Now the contribution of all possible such
couplings to the amplitude A4(s,0) is fixed from dimen-
sional analysis

(5.9)

AV Naue-3v-1
A4(s—>000)~Fs2 w31,

where N is an integer, with N € {2,3,4}. For example,
N =4 comes from a coupling [¢Oyy. Thus, we can
derive an upper bound on the asymptotic amplitude

Ay(s = 00,0) < (const)s?, (5.10)
which is consistent with (5.6). Furthermore, (5.6) neces-
sarily requires at least one

Agy = 5. (5.11)

Note that this bound is a direct consequence of bh=o.
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Let us also note that a similar analysis of the coupling of
the dilaton to operators of the UV CFT in 4D leads to
Ay(s = 00,0) < (const)s? [50,51]. Hence in 4D, one can
safely ignore the contribution from infinity to the
dispersion relation (5.3). This explains why Aa is strictly
positive in 4D.

Of course, the above discussion immediately begs the
question: If there are important modifications to dilaton
scattering at large s, where do they come from? In fact,
there is a natural culprit for what can potentially modify the
structure of dilaton scattering at large s in D > 4 SCFTs;
the appearance of the effective strings themselves. Recall
that in a mixed branch flow where we have the scales f, and
fr, the case of a Higgs branch flow can be understood as
coming from the regime where f? < s < f2,. As such, we
are directly sensitive to the stringy excitations on the world
sheet of these effective strings. We emphasize that this is
qualitatively different from what happens in the case of 6D
N = (1,0) tensor branch flows, and their counterparts in
6D N = (2,0) SCFTs, since in those cases we would have
required s < f7. What we need to know is whether there
are any effective string excitations which could potentially
modify the large s behavior of four-dilaton scattering
amplitudes.

First of all, these effective strings are closed strings. From
the structure of 6D supersymmetry, we can already make out
the appearance of an excitation associated with the antichiral
two-form of the tensor multiplet. There is, however, no
massless graviton excitation (since 6D gravity is decoupled).
Rather, we expect there to be (in 4D terms) a “massive spin-
two excitation”, i.e., its Regge intercept is close to two. This
is precisely the large s scaling required to modify the profile
of four-dilaton scattering, since at Regge intercept precisely
two we would have an amplitude which grows as
M,_,, ~ s%. In the case of an intercept near two, we expect
a more general scaling of the form s>*¢, where a priori, &
could be either positive or negative. On physical grounds, we
expect that ¢ — 0 as we take the strict f, — 0 limit.

Let us sketch some basic elements of these effective
string theories. While it is certainly challenging to extract
much precise information, some properties such as the
anomalies and elliptic genera of the world sheet CFT are
available (see e.g., [52-56]). Observe that there are four
transverse directions to the world volume of the string, and
with it, four massless scalars. The creation operators for
these scalars on the world sheet allow us to build (in the
obvious notation) the standard states of the form a,&, k). In
particular, in the indices ¢ and v we can take the trace (for
the dilaton), antisymmetrize and project onto chiral and
anti-chiral two-forms, or symmetrize (for the massive spin-
two excitation). This is in accord with the fact that the
massless tensor multiplet contains a scalar and an anti-
chiral two-form, while the 6D massless graviton multiplet
contains a graviton and a chiral two-form. That being said,
extracting the precise Regge trajectories for massive string

excitations in this case appears quite challenging, and is a
topic we leave for future investigation.15

What all of this points to is that at least in 6D (as well as
in all known D > 4 SCFTs), the large s behavior of dilaton
scattering can receive potentially important corrections.
These corrections can be neglected in the case of tensor
branch deformations, but in the case of both Higgs branch
and mixed branch flows for 6D SCFTs, the situation is far
less clear. In fact, all indications thus far point to the
“seemingly naive” answer that l;Higgs = 0, though it may
indeed still be the case that @Higgs > 0 (even though there is
as yet no direct evidence for such an assertion).

An additional final comment is that these considerations
mainly impact four-point dilaton scattering amplitudes, but
do not appear to affect scattering for n-point amplitudes for
n > 6 since in the latter case the dimensionality of the phase
space is large enough to bypass such subtleties.

VI. CONCLUSIONS

Six-dimensional conformal field theories exhibit a num-
ber of features distinct from D < 4 CFTs. That being said,
some aspects of these systems can still be constrained using
techniques from effective field theory. In this paper we have
investigated the structure of conformal symmetry breaking
in such theories, when it is accompanied by the breaking of
a continuous global symmetry. The resulting dilaton-axion
effective action exhibits some important constraints, and
relates different higher-dimension operators. In particular,
we have used this formalism to study the structure of some
higher-derivative interaction terms in 6D SCFTs, including
the cases of tensor branch flows, Higgs branch flows, and
mixed branch flows. In the case of tensor branch flows, this
analysis provides a way to determine the precise numerical
relation between the Euler conformal anomaly to the
coefficient of ¢?[1°¢?, with ¢ the dilaton for spontaneous
conformal symmetry breaking. In the case of mixed branch
flows we also determined the precise contributions to the
coefficient of ¢p>[1>¢?, as a function of the scales f, and f
associated with tensor branch and Higgs branch deforma-
tions. We also presented some examples of 6D SCFTs
illustrating that actually generating contributions to
¢*[1>¢? on the Higgs branch appears to be surprisingly
challenging. This led us to conjecture that in stark contrast
to all D < 4 CFTs, it may be possible to have an interacting
dilaton effective field theory, even when the term $>[1%¢?
vanishes. In the remainder of this section we turn to some
further avenues of investigation.

As we have already mentioned, one of the surprising
aspects of our analysis is the difficulties which appear in
generating an explicit contribution to ¢>[1>¢? in 6D Higgs
branch flows. The standard lore, which is very well
supported in D <4 CFTs, is that the coefficient of this

'>We thank S. Hellerman for helpful correspondence.
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term must be strictly positive in order to have an interacting
effective field theory. There is an important caveat to such
dispersion relation arguments, since it presupposes a
particular falloff for dilaton scattering at large s. Indeed,
compared with the case of D <4 CFTs, in 6D SCFTs,
effective strings play a crucial role in even realizing a fixed
point in the first place. Incorporating the effects of these
effective strings is of course rather challenging, but it points
to a general issue which should be properly addressed
rather than just “taken for granted”. One way to settle the
impact on dilaton scattering would be to study the Regge
intercept of the corresponding effective strings. From
general considerations, we know that this intercept is close
to two, and so it has a chance to make an important
contribution to the large s behavior of dilaton scattering.
Another way to address this issue would be to explicitly
exclude the presence of supersymmetry preserving defor-
mations which could generate such a ¢*[(J%¢? interaction
term in a Higgs branch flow, perhaps generalizing the
analysis presented in Ref. [20].

At a general level, it would also be interesting to study the
full structure of the 40 + 40 dilaton-Weyl multiplet for 6D
N = (1,0) theories, and the associated dilaton effective
action in this case [38]. This would likely provide additional
information on the structure of general flows in 6D SCFTs.

In this paper we have focused on the structure of dilaton
scattering amplitudes. Based on general supersymmetric
considerations, it is natural to expect that at least for 6D
SCFTs, these higher-derivative interaction terms are closely
related to “topological” terms. It would be interesting to
study such structures, and their relation to anomalies of the
associated field theories.

Finally, in Refs. [57,58] it was noted that there are also
specific nearly protected operator subsectors in 6D SCFTs
which resemble a one-dimensional quantum integrable spin
chain. To further probe the structure of this sector, it would
be quite interesting to consider the structure of dilaton
scattering off of backgrounds with a finite chemical
potential for such states. Similar considerations apply to
the analysis of dilaton scattering off of supersymmetric
defects of the sort considered for example in [59,60].
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APPENDIX: THE DILATON-AXION
EFFECTIVE ACTION

1. SU(2) global symmetry

In this Appendix we summarize for the sake of com-
pleteness some additional details of the dilaton-axion
effective action. As discussed in [28], the following
four-derivative invariants can be constructed for SU(2),

Wy = Tr((ﬁ”ﬁﬂ)(ﬁ”fh))’

W; = g Te(A

Wy = g Tr(A (A1)

where, R, R", and @ﬂ are computed using the Weyl-
invariant metric (2.15). Hence, at the four-derivative order
we can write

/ d°x\/§ L5002) G Ayl / d°x\/§ Z W, (A2)

The invariants W; in the flat space limit with no back-
ground gauge field can be further simplified by using the
equations of motion. In fact, not all the W, are independent.
In particular, inside the integral, at the four-field level we
obtain

W, =0,

Wa = Wi = =1 GETPE + 205,00k + ETP)
We = - 80,

W = 8%8 (BusBed = Bacr) Eas TP (L),

We = 32f8§2D2€2 W7 = 16f8§2D2§2

Wi = Tos b)) (A3)

where & = £,¢,.

The rest of the analysis is almost identical to that of [28].
Putting everything together, we find that the low-energy
effective action has the form of Eq. (2.24), where
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B B
‘caxion[zj] = f_geabceab’c’gbgb’lj(gcgc’) + f_61§2|:|2§2

+%(§a§h)mz(§a§b) + O£, %), (A4)

and B, B;, B, are dimensionless coefficients. Note that the
two-derivative interactions in L,;o,[§] come from the
second term of (2.21). Similarly, the mixed interactions
are given by
B,
Emixed[¢7 é] = Fqsfamz((pga) +

+ O(&2¢3, 0°),

% 52 |:|2¢2
(A5)

where By, B, are dimensionless coefficients. Finally, the
most important part of the effective action Lgja0n[@] is
given by Eq. (2.25). Of course, for supersymmetric flows
there will be massless fermionic degrees of freedom which
can contribute to amplitudes of bosonic degrees of freedom
via loop diagrams.

2. Other global symmetries

It is a straightforward exercise to generalize to RG flows
between two conformal fixed points in 6D in which CFTyy
has some global symmetry G, where G is an arbitrary
compact Lie group. The conformal symmetry of CFTyy is
broken either spontaneously or explicitly which triggers the
RG flow that breaks the global symmetry G to some
subgroup H. All such RG flows can be described by an
effective field theory of Goldstone bosons of spontaneously
broken conformal and global symmetries. The effective

field theory consists of a dilaton ¢ from the broken
conformal symmetry and N = dim G/H axions &, arising
from the broken global symmetry. We assume that G is a
direct product of a finite number of simple Lie groups and
U(1) factors

(A6)

G=]]a
1

and extend the general framework of [28] to 6D. The low-
energy effective action has the form of Eq. (2.24), where
the dilaton effective action Lgjaonl@] is still given by
Eq. (2.25). The axion effective action is now

B
‘caxion [5] = f_gfabcfab’c’gbgb’lj(gcéc’)

1 Baved (o eV (22,) + O, 0,

7 (A7)

where axions &, with a € 1,2, ..., N belong in some large
reducible representation with structure constants f ..
Similarly, the mixed interactions are given by

B B
Emixed[¢a 5] = u6b ¢§aD2(¢§h) + u6h éagblquﬁz

+ O(&¢3,0°).

(A8)

Therefore, breaking of any global symmetry will not affect
dilaton amplitudes as obtained from Lgj,0n[¢] at the six-
field six-derivative order.
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