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In a previous paper it was shown how to calculate the ground-state energy density £ and the p-point
Green’s functions G,(xy,x,,...,x,) for the PT-symmetric quantum field theory defined by the
Hamiltonian density H = 1(V¢)> +1¢?(i¢)* in D-dimensional Euclidean spacetime, where ¢ is a
pseudoscalar field. In this earlier paper £ and G, (x;, x,. ..., x,) were expressed as perturbation series in
powers of ¢ and were calculated to first order in €. (The parameter ¢ is a measure of the nonlinearity of the
interaction rather than a coupling constant.) This paper extends these perturbative calculations to the
Euclidean Lagrangian £ =1(V¢)? +14%¢* + %g,u%qﬁz(i,ué_mz
alization counterterms that are linear and quadratic in the field ¢. The parameter g is a dimensionless
coupling strength and y is a scaling factor having dimensions of mass. Expressions are given for the one-,
two-, and three-point Green’s functions, and the renormalized mass, to higher order in powers of ¢ in D
dimensions (0 < D < 2). Renormalization is performed perturbatively to second order in € and the structure
of the Green’s functions is analyzed in the limit D — 2. A sum of the most divergent terms is performed to
all orders in €. Like the Cheng-Wu summation of leading logarithms in electrodynamics, it is found here
that leading logarithmic divergences combine to become mildly algebraic in form. Future work that must be

¢)¢ — ivg, which now includes renorm-

done to complete the perturbative renormalization procedure is discussed.
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I. INTRODUCTION

Since the publication of the first paper on P7 symmetry
in 1998 [1], in which the P7-symmetric quantum-
mechanical Hamiltonian

H = p? + x*(ix)* (1)

was introduced, this research area has become highly
active. This model has been studied in detail [2], and
much theoretical research has been done on the math-
ematical structure of non-Hermitian quantum systems [3].
Beautiful experiments have been performed in diverse
areas of physics including optics, photonics, lasers,
mechanical and electrical analogs, graphene, topolog-
ical insulators, superconducting wires, atomic diffusion,
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nuclear magnetic resonance, fluid dynamics, metamate-
rials, optomechanical systems, and wireless power
transfer [4—17].

This paper considers the generalization of (1) to quantum
field theory in D-dimensional Euclidean space. In an earlier
paper [18] we examined the corresponding field-theoretic
Lagrangian density

L£L==(Vg)?+ %r,bz(iqb)f, (2)

N =

where ¢ is a (dimensionless) pseudoscalar field. Note that
(2) is manifestly P7 -symmetric because ¢ — —¢ under
space reflection P and i — —i under time reversal 7. Just
as (1) is a test bed of P7 -symmetric quantum mechanics,
(2) is a natural model for the study of D-dimensional
‘PT -symmetric bosonic field theories.

The Hamiltonian (1) launched the field of PT-
symmetric quantum theory because it has the surprising
feature that if € > 0, its eigenvalues are all discrete, real,
and positive even though it is not Dirac-Hermitian [19,20].
(A Dirac-Hermitian Hamiltonian obeys the symmetry
constraint H = H', where 7 indicates combined complex
conjugation and matrix transposition.) Moreover, the
quantum theory defined by (1) is unitary (probability
conserving) with respect to the adjoint CP7, where C is
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a linear operator satisfying the three simultaneous operator
equations [21]

C?=1, [C,PT] =0, [C.H=0. (3)

Thus, while the constraint that a Hamiltonian be Dirac-
Hermitian is sufficient to define a consistent quantum
theory, it is not necessary. In short, P7 -symmetric quantum
theory is not in conflict with the axioms of conventional
Hermitian quantum theory; rather, it is a complex gener-
alization of Hermitian quantum theory.

Almost all of the theoretical research on P7 symmetry
has focused on P7 -symmetric quantum mechanics and
experimental studies of P7 -symmetric classical systems,
but very few papers have focused on P7-symmetric
quantum field theory. We briefly review some of the earlier
work on P7 -symmetric quantum field theory:

(1) Early studies of P7 -symmetric quantum field theory
considered the case € = 1 in (2) [22,23]. This i¢®
quantum field theory had emerged in studies of
Reggeon field theory [24] and the Lee-Yang edge
singularity [25]. Conventional diagrammatic pertur-
bation theory can be used to treat this cubic
interaction: One introduces a coupling constant g
in the interaction term ig¢)® and expands the physical
quantities in powers of g. However, one cannot use
conventional perturbation theory for other values of
€ > 0, integer or noninteger.

(2) PT-symmetric electrodynamics also has a cubic
interaction [26]. The Johnson-Baker-Willey (JBW)
program for constructing a finite massless electro-
dynamics fails because the zero of the beta function
yields at best a negative and perhaps a complex
value of a because conventional Hermitian quan-
tum electrodynamics (QED) is not asymptotically
free. However, the JBW procedure works for the
PT -symmetric version of QED because this theory
is asymptotically free and one obtains a reasonable
positive numerical value for a.

(3) Renormalizing a Hermitian quantum field theory
often causes the Hamiltonian of the theory to
become non-Hermitian. This problem was observed
in the Lee model [27], which is again a theory with a
cubic interaction. Pauli and Kéllén showed that upon
renormalization, ghost states (states of negative
norm) arise, and appear to violate unitarity in
scattering processes. This problem remained unre-
solved until 2005, when it was shown that if one uses
the appropriate P7 -symmetric inner product for the
renormalized Lee-model Hamiltonian, there are no
ghost states and the unitarity of the theory becomes
manifest [28].

(4) Renormalizing the Hamiltonian for the Standard
Model of particle physics induces what appears to
be instability in the vacuum state. This is due to the
contribution of the top-quark loop integral [29].
Once again, the renormalized Hamiltonian appears

to be non-Hermitian. However, by using P7 -
symmetric techniques it was shown by using a
simple model-field-theory argument that the vac-
uum state and the next few higher-energy states are
actually stable (have real energy) [30].

(5) Introducing higher-order derivatives in a quantum
field theory in order to make Feynman integrals
converge also makes the Hamiltonian appear to be
non-Hermitian. (Higher-order derivatives induce
Pauli-Villars ghosts.) However, P7-symmetric
techniques resolve this problem. The simplest
field-theory model that exhibits this problem is
the Pais-Uhlenbeck model and 7P7-symmetric
techniques demonstrate that this theory has no
ghosts [31].

(6) The double-scaling limit in quantum field theory [a
correlated limit in which the number N of species in
an O(N)-symmetric field theory approaches infinity
as the coupling constant approaches a critical value]
appears to lead to an unstable field theory. For a
quartic scalar field theory the value of g is negative
and one might think that the resulting —¢* theory is
unstable. However, the techniques of P7 -symmetric
quantum theory demonstrate that such a theory is
actually stable and has a real positive spectrum
[32,33]. It was observed by Symanzik that a —¢*
theory is asymptotically free even though it does not
have a local gauge symmetry but he called this
theory “precarious” because it appears to be un-
stable.

(7) Timelike Liouville field theories appear to be
unstable and non-Hermitian but the techniques of
‘PT -symmetric quantum field theory can be used to
argue that the Hamiltonians of such theories have
real spectra and induce unitary time evolution [34].

(8) Studies of the P7 -symmetric Dirac equation suggest
that one may have species oscillations and still have
massless neutrinos [35,36]. Interestingly, recent
measurements in Germany have halved the upper
bound on the mass of the electron neutrino [37].

In the studies above some striking results were obtained
but many of these field-theory papers considered only
simple zero-dimensional toy models and one-dimensional
quantum-mechanical analogs that suggest the possible
behaviors of P7 -symmetric field theories. Thus, there is
strong motivation for developing general methods for
solving quantum field theories defined by non-Hermitian
PT -symmetric Hamiltonians.

Until recently, P7 -symmetric quantum field theory has
remained beyond the reach of comprehensive analytical
study because of three technical problems that had to be
overcome when trying to solve the P7 -symmetric quantum
field theory in (2):

(1) Feynman perturbation theory works for the cubic

case € = 1 in (2) but for other integer values of ¢ the
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Feynman diagrams must be supplemented by non-
perturbative contributions, which are nontrivial.
Moreover, when ¢ is noninteger, there are no Feyn-
man rules at all so one cannot perform a conven-
tional coupling-constant expansion.

(2) The functional integral for the partition function Z =

| Dpexp(— [dPxL) does not converge if &> 1
unless the path of integration in function space lies in
appropriate infinite-dimensional Stokes sectors in
complex field space. Multidimensional Stokes sec-
tors (Lefshetz thimbles [38]) are unwieldy.

(3) In P7-symmetric quantum theory one must use the

C operator, obtained by solving (3), in order to
obtain matrix elements. It is difficult to calculate C,
so the prospect of calculating Green’s functions
appears to be rather dim.

In Ref. [18] it is shown how to overcome these three
problems by extending the methods developed in Refs.
[39-41] for Hermitian quantum field theories to non-
Hermitian P7 -symmetric quantum field theories. In brief,
instead of using a coupling-constant expansion, a perturba-
tion expansion in powers of the parameter ¢, which is a
measure of the nonlinearity of the theory, is performed and
summation methods are then used to evaluate the € series. For
small € the functional integral converges on the real axis in
complex-field space, and thus multidimensional Stokes
sectors are not required for convergence. This solves prob-
lems 1 and 2 above. Expanding in powers of & introduces
complex logarithms in the functional integrand and P7
symmetry is then enforced by defining the complex logarithm

properly:

log(ig) = 3 inlal/g + Slog(dD). ()

The logarithms are now real, and the techniques for handling
these logarithms to any order in powers of & are based on
methods that were introduced in Refs. [39-41].

The apparent problem with the C operator is actually not
a problem if we are calculating Green’s functions. This is
because in a theory with an unbroken P7 symmetry the
vacuum state is an eigenstate of C with eigenvalue 1:
C|0) = |0). Since Green’s functions are vacuum expect-
ation values, we may ignore problem 3 entirely. This
observation was first made in Ref. [42].

Why does £ in (2) define an interesting theory? Let us
first look at the cubic case. For a conventional g¢* theory
the ground-state energy density £ is a sum of 3-vertex
vacuum-bubble Feynman diagrams, and the Feynman
perturbation expansion has the form

&= ZA,ZQZ".

This series diverges and the coefficients A, all have the
same sign. Thus, if we perform Borel summation, we find a

cut in the Borel plane, which implies that £ is complex.
Thus, the vacuum state is unstable. However, to obtain the
‘PT -symmetric cubic theory we replace g by ig. Now, the
perturbation expansion alternates in sign and the Borel sum
of the series is real, the vacuum is stable, and the spectrum
of the theory is bounded below.

The case of the quartic P7 -symmetric theory is more
elaborate. The ground-state energy density for a conven-
tional Hermitian quartic g¢* quantum field theory has a
Feynman perturbation expansion of the form

&= ZBn(_g)n'

Again, this series is divergent, and since the perturbation
coefficients B, all have the same sign, the series is
alternating and Borel summable. The Borel sum of the
perturbation series yields a real value for the vacuum
energy density. This implies that the conventional quartic
theory has a stable ground state, as one would expect.

It may seem that the P7-symmetric quartic theory
obtained by replacing g with —g is problematic because
the perturbation series no longer alternates in sign: If we
Borel-sum the series, we find a cut in the Borel plane,
which suggests that £ is complex and that the vacuum state
is unstable, as one might intuitively expect with an
upsidedown potential. This conclusion is false.

If one examines the functional integral for the partition
function of the theory, one sees that the perturbative
contribution to £ (the Feynman diagrams) must be sup-
plemented by imaginary nonperturbative contributions
arising from two saddle points in complex function space.
These additional pure-imaginary contributions exactly
cancel the discontinuity in the Borel plane [43].
Consequently, the vacuum state for a 7P7-symmetric
—g¢p* theory is stable. We emphasize that Feynman dia-
grams alone are not sufficient to calculate the Green’s
functions of a P7 -symmetric quantum field theory.

The research objectives in this paper are to extend the
work in Ref. [18] and to study in depth the problem of
renormalization. In Ref. [18] the Lagrangian (2) was
examined to first order in e. Treating & as a small
perturbation parameter, £ was expanded in a series, which
to first order in ¢ is

L==(V¢p)*+ %(]52 + %8¢2 log(igp) + O(€?).  (5)

N[ —

Identifying the free Lagrangian as

Lo =5 (VHP + 347, (©

SR

we developed techniques to evaluate the shift in the ground-
state energy density AE and Green’s functions G, to first
order in e. We found that
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1 1
AE = Z£(4n)‘D/2F <1 — ED)

x {log [2(47:)—13/21“(1 —%D)] +w<§) } (7)
G, = —is\/%zz(4ﬂ)‘D/2F<l —%D). (8)

We then found that the two-point connected Green’s
function in momentum space to first order in ¢ is

Q

2(p) = 1/[p* +1+eK +O(¢?)],

where K =3 — 1y + 1log[} (47)~P/?I'(1 - 1 D)]. Thus, the
renormalized mass to order € is

M% =1+ Ke + O(&?). 9)

In addition, the higher-order connected Green’s func-
tions were also calculated to first order in &:

Gp(Viseenyp) = —%e(—i)!’l“ (g— 1) [%(471)—0/2

1 1-p/2 p
XF<1—§D>:| /dDXHA](yk—X),
(10)
where the free propagator A,(x) associated with
Lo =1(Vg)* +122¢* obeys the general D-dimensional
Euclidean Klein-Gordon equation
(=V2 + )4, (x) = 6P (x). (11)

The solution to (11),

Ay (x) = 2PN x| P2 (2m) PR _p o (Al

),
has the property that
/deA,l(x) =12 (12)
The corresponding self-loop is then
A,(0) = 10—2(471)—13/21“(1 —%D). (13)

Self-loop factors with A = 1, which is associated with £
in (6), enter into (7), (8), and (10) and lead to the factors
of I'(1-1D) that occur in these expressions. This
calculation is verified in D=0 and D=1 in

Ref. [18], where exact calculations are possible, and
provides confidence in these perturbative results.

To proceed with the renormalization program we must
overcome two problems. First, we must calculate the
Green’s functions to higher order in ¢. Second, we must
show how to renormalize these Green’s functions pertur-
batively for D > 2. This paper is focused on renormaliza-
tion in two dimensions. Specifically, we begin with the
formulas for the one-point Green’s function G in (8) and
for the square of the renormalized mass M% in (9). These
quantities are finite for 0 < D < 2. However, as D
approaches 2 from below (D — 27) they diverge because
I'(z) has a pole at z = 0: I'(z) ~ 1 as z — 0. Hence, A,(0)
in (13) becomes infinite. To study the behavior of G; and
M?% near D = 2 we define § =2 — D; near D = 2,

81(0) ~ 5 (6 0) (14)

and the formulas for G, (&) and M% simplify to

G(e) ~—ie——= (6 - 0), (15)

1
M§~—Eelog5+A (6 —0), (16)

where A = 1 + ¢[3 — 5 — Llog(4x)]. From (10) we see that
Green’s functions G, (p > 2) vanish as 6 — 0, so the
theory becomes noninteracting to order ¢ at D = 2.

The question is whether perturbative renormalization can
be accomplished in the context of an expansion in powers
of the parameter e. Ordinarily, for interacting bosonic field
theories, renormalization is performed in the context of a
coupling-constant expansion. Here, we perform expansions
in powers of &, which is a measure of the nonlinearity of the
self-interaction. Series expansions of this type were intro-
duced many years ago [39] (prior to the study of P7
symmetry), but the problem of renormalization has not
been addressed until now.

In our renormalization program, we use the information
gained from (15) and (16). The one-point Green’s function
G, which is not directly measurable, becomes infinite as
0 — 0. We can remove this divergence by introducing in
the Lagrangian a linear counterterm iv¢, where v
has dimensions of (mass)'*?/? and v = v,e + v,e>+
v3€> + ---. Such a term is consistent with P7 symmetry
if v is real; under P7 reflection both the pseudoscalar field
¢ and i change sign. In addition, the divergence in (16)
suggests that we should introduce an (infinite) mass
counterterm y (the unrenormalized mass) into the
Lagrangian. Perturbative mass renormalization then con-
sists of expressing the renormalized mass My in terms of
these Lagrangian parameters and absorbing into the param-
eter u the divergence that arises as 6 — 0.
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Thus, we consider the Lagrangian density

1 1 1 -
L=3 (VP +302 0 50 (ing @) = ivg, (17)

that now contains a dimensional field ¢, the dimensional
parameters p, v, and yu, (a fixed parameter having dimen-
sions of mass), and the dimensionless unrenormalized
coupling g. Our objective is to calculate Green’s functions
for this quantum field theory as a series in powers of the
parameter ¢ and then to carry out perturbative renormal-
ization for the two-dimensional case. This is a nontrivial
extension of the earlier work in which the Green’s functions
were calculated to leading order in powers of ¢ [18] for the
dimensionless Lagrangian density (2).

We thus generalize (2)-(16) to first order in &. The
formula for G| in (8) is modified to read

1 _ iev,
EﬂmD ZA1 (0) + ,u%mz (18)

ieg pja-1
Gi(e) = —Wﬂo/

and the renormalized mass (9) becomes

1 1
Mz = (muo)2+§€gu%{3—7+log {sz_ZAl(O)] } (19)

where in both expressions we introduce the dimensionless
quantity m*> = g+ u?/u3 and we display the new param-
eters explicitly in terms of A;(0), whose behavior as § — 0
is given by (14).

The formulas for G, (¢) and M% simplify to

2
ie 9K
G(e) ~ vy — 6 —0), 20

1
M}~ p? - —eguilog 8+ A

; (6-0). (21

where A = gu2{1 + e[3 — £ — 1log(4x)]} is a finite quan-
tity having dimensions of (mass)?. By setting »; =
guz/(2v/5), we remove the divergence in G, as § — 0.
Next, we see from (21) that the renormalized mass My is
logarithmically divergent as D — 27. We absorb this

divergence into the mass counterterm u by setting
2 [
u =B+ 5 €9Ho logé. (22)

where B is a constant having dimensions of (mass)?. (Note
that the u? counterterm is large and negative.) The
renormalized mass is now finite, M,ze = A + B, and the
constant B is in principle determined from the experimental
value of the renormalized mass M.

In this paper we study the expansions of the Green’s
functions to higher-order in ¢ and examine perturbative

renormalization in the limit § — 0. In Sec. II we use
techniques developed in [18] to calculate the connected
Green’s functions to order 2. We examine the effects of the
infinite linear and quadratic counterterms iv¢) and p’¢? on
Green'’s functions to second order in €. In Sec. III we perform
a multiple-scale analysis in which we obtain the leading
contribution to each order in € and sum these terms to all
orders in €. We compare the results as 6 — 0 with those
obtained via perturbative renormalization. Conclusions are
given in Sec. IV.

Before starting our technical exposition, further com-
ments are in order. In independent calculations by
Branchina et al. [44] the authors followed a similar path,
developing Green’s functions for a related, but Hermitian
Hamiltonian, based on the techniques in [18], which extend
those used in [45]. Reference [44] focuses particularly on
D = 4 and introduces a momentum cutoff, thus handling a
different theory. In their work the authors also employ a
resummation procedure, similar to that used by Cheng and
Wau [46] and now applied in this context. Resummation of
leading-order terms in perturbation expansions was already
used in the 19th century in multiple-scale perturbation-
theory calculations of planetary orbits. Summing over
leading contributions typically generates an exponential
structure. Therefore, resummation tends to exponentiate
leading-order logarithmic contributions and renders them
algebraic. When used in quantum electrodynamics, the
Froissart bound for high-energy scattering is no longer
violated [46].

In a later work [47] Branchina et al. applied the methods
described in the paragraph above to the same Lagrangian as
that examined here. However, this paper differs signifi-
cantly from [44,47]. There are superficial similarities
(Green’s functions are calculated in both cases based on
techniques introduced in [18]), but [44] deals with a
different and Hermitian Lagrangian. Our focus, in contrast
to the work presented in both [44,47], lies specifically on
the limit as D approaches 2 from below. Unlike both
[44,47], we do not consider here the behavior of the field
theory for D > 2. This simplifies the presentation in this
paper to a discussion of mass renormalization only; we do
not discuss more complicated renormalization issues, such
as coupling-constant and wave-function renormalization
that are required in higher-dimensional problems. In
addition, we define our theories through dimensional
regularization and we do not use momentum cutoffs. As
a result, the behavior we would obtain at D = 3 would
differ strongly from that obtained using a momentum cutoff
as presented in [47].

As is evidenced by this work and that of [47] which
address different but also some similar aspects of the same
Lagrangian, the development of the field theory and the
resummation procedures were performed independently by
both groups, although the kernel of the approach was
discussed initially by two of the authors [48] in 2019.
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Because the problem of renormalizing a P7 -symmetric
quantum field theory is very difficult, we comment finally
that the work done to date represents first steps in under-
standing the behavior of the field theory. The difficulties
associated with renormalization still leave open questions.

II. GREEN’S FUNCTIONS TO ORDER ¢?

The p-point Green’s function G, is defined as

Gylewviowsy) = [ Do S Eg0).clr,). 23

where the Lagrangian (17) enters both in the exponential
function in the numerator and in the partition function in
the denominator. Expanding the interaction term in powers
of &, we get

Goeirn.s) =7 [ D] 403,415
x exp [—%i— [ epog ™). 24
where

Lo =3 (V) +513m (25)

The Green’s function G, is not connected and to solve
the renormalization problem we require the connected
p-point Green’s functions, which are constructed from
cumulants. The procedure to order ¢ is explained in detail in
Ref. [18] but to second order the cumulants become quite
complicated. Of course, the appropriate connected graphs
are easy to identify if the expression for G, contains
polynomials and not logarithms of the field ¢, and in this
case standard techniques can then be used to evaluate the
graphs. Our strategy here is to recast (24) into a form
containing only products of the field ¢ at different space-
time points. [The expression (24) does not include higher-
order terms in € that arise from expanding the denominator
Z in powers of ¢, as these lead to disconnected diagrams.]
From here on, in our Green’s function calculations we
always discard disconnected contributions to the Green’s
functions, and we use the notation G, to represent the
connected Green’s functions.

Let us consider terms in Gp(e;yl, ..

/ Dpe S (3. p(y,)

1
{1 + egu3l, +5e 2oug(l + gugl:) +O(e) | (26)

.¥p) to order &*:

G]?(g;yl" 9yp

where

1

Jp—— / x> () log' iy PPp(x). (27)

2

Thus, in the expansion of the connected Green’s functions
in powers of e,

[Se]

= Zs”Gp’n(yl, V)

n=0

Gy(& Y1 Yp)

we identify

1 (s
Gpo=7 / DS P Ep(y)). ().
2 D
= / Do g3, )1,

vz—gg / Dpe | b)), ()1 + 1R,

(28)

and so on, where we have suppressed the arguments
Yi»---»yp on the left sides.

A. One-point Green’s function to second order

The one-point Green’s function can be calculated by
adopting the techniques developed in Ref. [18]. Terms odd
under ¢ — —¢ integrate to zero, so G,y = 0, and Gy, the
term proportional to ¢, is a constant independent of y;. The
solution, generalized from Ref. [18], is

—2 D/2-1
G = —igm 2# /

amP=2A,(0)/2, (29)
which is given in (18). In Ref. [18] it is explained how to
treat the term /; in (28). This term contains a complex
logarithmin 7, = —1 [ dPx¢?(x) logiuy~ P2 p(x)] givenin
(27). The complex logarithm is converted to a real
logarithm via (4) and the real logarithm is then treated
by applying the replicatrick [49]

2-D 12\ _ d . 1-pj2
log(ud¢) = lim - (™). (30)
where the mass constant yu keeps the equation dimension-
ally consistent.

A second insight in [18] concerns terms containing the
structure i|¢p|/¢ in (4). Here, we use the integral identity
|pl/¢ = (2/x) [°(dt/t) sin(t¢p) and then expand sin(r¢h)
as a Taylor series in powers of ¢:

2 0 a) 2w

[Note that the integration variable ¢ has dimensions of
(mass)'~P/2 so this equation is dimensionally consistent.]
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Thus, the leading term in the & expansion of G(¢) is
proportional to £ and was determined to be (18).

The coefficient of & in the expansion of G () in (28) is
a sum of two functional integrals G, = A; + A;:

/205 fd xLy
- D
A 420/ pe Py

x /de¢2(x)log [i,u(l) D/ng(x)],

gﬂo dexﬁo
D
1, =20 [ Dpem I 5y

x{/ﬁ%#quwwmﬂm@é (32)

To evaluate A; we insert (4) into (32) to obtain real
logarithms and then insert the factor of ¢*(x).
Discarding terms odd in ¢, we get

A =g [ @x [ Dpe
X B30 lb(x) oglpd 2 ().

t2 ) w

d
—_ __ -2 w+1
gm Z/ ) T (0)im 7%

Next, we use (30) and (31) to replace |¢(x)| and the
logarithm by a sum over products of fields:

A= - 4Zg/,to/dD /D¢e J st )/Omdz

= (—1)ep d
) ((2w)+t1) P im b

=

We use graphical techniques to do the functional integral:
A, contains products of the fields ¢(y;)¢>*T>N*+3(x) and
represents a free propagator connecting y; to x in (2w +
2N + 3) ways, multiplied by products of self-loops from x
to x; there are @ + N + 1 self-loops. The functional integral
yields the value A(y; — x)A“*N1(0) (2w + 2N + 3)!! [For
brevity we suppress the mass subscript 4 = yym in the free
propagator A defined in (11).]

We can now perform the D-dimensional integral over x
and use (12): [dPxA(y; —x) = pug*m=2. [Note that the
translation invariance of G, (&) holds to second order in &.]
Combining these results, we get

3PA(0)]N 2w + 2N + 3)!1.

Taking the derivative with respect to N and the limit N — 0, this simplifies to

(l)

— i -2

where we use the duplication formula for the digamma
function w(2z) = Sy (z) +1y(z +1) +log2. To evaluate
the sum and integral we use [18]

It

= A(0) /O dif3 - A(O)t2]e—A(0>f2/2 =

t2 [

A’”“ 0)(2 3)!
P AT (0) 20 +3)

27A(0).  (34)

To calculate the second term in (33) we insert the integral
representation [50]

e—Z e—tlZ
= dz| — —
W(a) A Z< z 1= e—z) ’

perform the sum over @ and the integral over ¢, and then
note that the z integral gives the factor y(2). Thus,

A a1 02+ 3)1{ o220 + v (w3

(33)
[
Am dtg(z(;—j(:)!AwH(O)(zw +3) 1y <a) + g)
— V2AO(2) (35)
Combining (34) and (35), we obtain A; from (33):
A= =L 2 og P a0) + w2} 36)

Next, we evaluate A, in (32). Expanding /2 produces
fields ¢ at two points, say x; and x,, which are integrated
over. As before, we replace each occurrence of an imagi-
nary logarithm by using (4) and retain terms that are even in
¢. (The functional integral vanishes for terms that are odd
in ¢.) Only one term survives:
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Y1

(@)
FIG. 1.

Y1

(b)

Graphical representation of terms contributing to the functional integrals in (37). In (a), the line joining the external point y, to

the internal point x; is one of an odd number of lines meeting at x;; an even number of lines are connected to the internal point x,. In
(b) the line from the external point y; is one of an even number of points at x, and an odd number of lines connect to x;. We integrate

over the internal points x; and x,.

A, = ngZ/ZO/Dqﬁ - Xﬁ"qﬁ /del/dez
X¢(x1)|¢(x1)|¢2(x2)10g[/42 P (x,) -

Using (31) to replace ¢(x;)|¢(x;)| and the replica trick
(30) to replace the logarithm, we express A, as

lgz,uo D D tz)w
/d /dx2 dzz(:)zw+

* / Dpe™ 0 (3) 2+ () ()

o (). (37)

I d

* NZVAN
Here we must evaluate the functional integral that connects
the field at the external point y; to one of the (odd number
of) fields at the internal points x;; the remaining (even
number of) points must be connected to the even number of
points at x,. To this we must add the result of connecting
the external point y; to the (even number of) points at x,
leaving an odd number of connections from x, to x;. This
includes all connected diagrams illustrated schematically in
Figs. 1(a) and 1(b).

The path integral corresponding to Fig. 1(a) for the field
combinations ¢(y,)@** 3 (x;)p*N 2 (x,) allows y, to con-
nect to one of the 2w + 3 replicas of ¢ at x;. For the

|

; d
AF]g. ld _ lg :uO lim N 2
2 8m? N—0 man V25

min(N+1,0+1)

<D

1

o] [ [Tl

remaining points to be connected, 2/ lines can connect the
remaining 2w + 2 points at x; to the 2N + 2 points at x»;
the remainder of points (2N + 2 — 21) + (20 + 2 — 2[) are
used to form N + w + 2 — 21 closed loops. Here, [ > 1 for
the graph to be connected. We assign to Fig. 1(a) the
combinatoric factor

(2N +2)!(2w + 3)!

C pum—
CT QDN+ 1= D)@+ 1 = [)12N+es2-20

For Fig. 1(b) there are 2N + 2 ways to connect y; to x,.
To create connected graphs an odd number, say 2/ + 1, of
lines must join the remaining 2N + 1 points at x; to the
2w + 3 points at x,, where the minimum value of / is zero.
Closed loops can exist on 2N + 1 — (2/ + 1) = 2N — 21
points on x, and 2w + 3 — (2/ + 1) points on x;, forming a
total of N 4+ @ —2[+ 1 loops. The combinatoric factor
assigned to this graph is

(2N 4+ 2)!(2w + 3)!
l) (w+ 11— l) 2N+w+l =21"

C”:(21+1)(

It is best to examine the contributions from Fig. 1(a) and
Fig. 1(b) separately. We use the combinatoric factor C,
associated with Fig. 1(a) to evaluate its contribution to (37)
and perform one spatial integral:

a'tz (—12)®

(20 +3)(20 + 2) { A0 )]M

— CHON+1=-DNw+1=1)!

|5

( ) 21
<o>] (38)

Exchanging the sums on / and @ with @ > [ — 1, we determine the sum over w:

f: » (20 +3)2w +2)

(@+1-1)! ==

w=I[-1

—z)le™[4z2 — z(81 + 6) + 21(21 + 1)],
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where we have shifted the summation variable to p = @ + 1 — [, which runs from O to oo, and we have used the sums
>,z /pt =€ >, pzP/p! = ze*, and Y, p*zP /p! = (2% + z)e’.
Setting z = $A(0)7* we evaluate the integral over :

a3 o St () &

w=I[-1

Thus, (38) becomes

e i7H - Lo o S [Al DT -
5 1:ﬁm0)]3/21111})W(ZN+2)!{§/4(2) A0 ] /d XZ[ 0] 22- 51 21)) (N(+131)1' (40)

To evaluate the sum over [ we simplify the factorials and Gamma functions by using the duplication formula I'(2z) =
I'(z)['(z 4 $)2%7!//z and Buler’s reflection formula I'(z)['(1 — z) = z/ sin(zz). Then (40) reduces to

Abie-1a ’92”0{ A(O)]3/219%%[2,45—%(0)]%(1\]+%> /de{zFl (—%,—N— 1;%; [iggﬂﬁ —1}, (41)

where ,F,(a,b;c;x*) is a Gaussian hypergeometric function [5S0]. When N =0 this function becomes simply
SF (- ,—1;%;x2) =1+ x% and limy_o-%,F (=3, =N = 1;1;x%) = (1 + x)?log(1 + x) + (1 — x)?log(1 — x) — 2x.

Next evaluate the contribution from Fig. 1(b). Multiplying the combinatorial factor C;, with the associated propagators in
the evaluation of the functional integral of (37) and performing one spatial integration, we get

' d ! N
ARETe _ ig’p lim dN(2N+2) [ ] /dD / dtz 1222w 4 3) (2w + 2) LA(O)]

8m?

min(N,w+1)

20+1 1 =
x> [AW)] [ZA@)} 21+ 1)I(N - z) (@+1-00"

=0

Exchanging orders of summation over / and @ and using (39) to sum over @ and integrate over ¢, we obtain

: ) d T A(x)]2+1 (_1)l—lr(1_1)
AFig 1o _ 19 Ky A(0)3/21i Zu2-DA(0 2N +2)! /dD : :
2= e A G (20 AO) Yo xz A)] 22+ 1IN =)

Again, on applying the duplication and reflection formulas for the Gamma function, we find that this expression also
simplifies to the compact form

e =208 [ o)| " i A a0+ e (v 3) [endidm (<1 ov S RO @)

When N =0, the hypergeometric function simplifies, ,F;(— ,O,%;xz) =1, and its derivative at N =0 is
limy_ o4&, Fy (—3.—N;3;x%) =2-[(14x)?log(14x) — (1 —x)*log(1 - ) 2x]. Thus, A, = A,[Fig. 1(a)] + A,[Fig. 1(b)] is
constructed by adding (41) and (42), yielding the formal result
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192/40

Ay =

580 " tim £ P

ol vt o 3]

_ igzﬂ%;ﬁ_f B A (0)} 3/2 { {10g[2/4%

2m

)-

()56

orr(e)

)20 (< o] )
*4280)
A(0)

: d”x[(”%)zbg[lﬁﬁﬂ ol ]

The integrals containing linear and quadratic powers of A(x) are readily evaluated, the linear one following

from (12), and the quadratic one from the solution to (10), using [ dr K2 (1)

= (pom)P~42"Pz~P/>1°(2 — D/2). Thus,

JdPx[A(x)P

=1I(1 —=v)I'(1 +v). This yields

A2:§g2m—4 ﬂ'A(O)/Z{ [Iog[Zy%‘DA(O)]—i-w(%)](6—D)+2D—4+4A(O)y%m2/d1)x<l—i—%)zlog{1—1—%} }

The connected part of G, to order &> is A; + A,, so we add the above result to (36) to get

Gr2 = = g™\ 8(0)0gl24 P O] + w2} + e~ 3 sa @) (el 2a0) 4 (3) ) 6- )

Ax)

+2D—4+4A(0)M%m2/de<1+w>21 g[”%]}

The first term is proportional to the dimensionless coupling
strength gm~2 while the second term is proportional to its
square. In the second term the expression in curly brackets
is a dimensionless number.

We now examine the limit D — 2 (that is, § — 0). From
the solution to (11) and (13) we see that the combination
A(x)/A(0) ~ 6Ky (pom|x|) to first order in & as 6 — O.
Thus, to lowest order in & the last term containing the
integral simplifies to

4A(0)M%m2/dl’x<1 —l—%)zlog[l +im

~ g [ dexkyfomlx)) = 4
0

because [§°drt* 'K, (1) =22 (%54)(%%), Rea > [Rev|.
Thus, if D — 2, the coefficient of G, at second order in &
goes as

G12~ =5 9m ™67 2l (2) = log ()

; 3

Taking the same limit in (29), the coefficient of G; to
first order in € yields G, ; — —Ligm=257'/2. Putting these

[

two last results together, we find that the divergence
structure of G in the ¢ expansion has the form

G, = —ic;672e —i57/%(cy + c3log §)e + O(e?),
where ¢y =3gm™2, ¢y =1gm*w(2) —logm — gm™*
(1+y(3) —logn)],and c; = —§ gm™>(1 — gm™2) are con-

stants. So, the algebraic divergence §~'/% occurs at each

order in the ¢ expansion. Our key result is that the second-
order term in the € expansion introduces log é but does not
alter the algebraic structure of the divergence.

Inclusion of the counterterm —ivg. As seen from the
calculations above, G is negative imaginary and diverges
in two dimensions as & — 0. Since G is not a physically
measurable quantity, it can be removed by introducing
an appropriate counterterm —iv¢ into the Lagrangian,
where v = vje + 1,6 + O(e?).

To examine the effect of including such a term, we denote
the one-point connected Green’s function associated with the
full Lagrangian that includes —iv¢p as G, (v). Its relation to
Green’s functions evaluated without v is determined as
follows. [We keep the notation of this section, without
explicitly writing » = 0; that is, G;(v =0) =G, and
similarly for the higher-order Green’s functions and all
expansion coefficients.] We include the contributions to
the path integral of expl[i [ d”x(v e + v,€?)¢h(x)] to second
order in e. This multiplies the expansion in ¢ of G, in (26).
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Identifying terms proportional to ¢ and &> and using the
definitions in (28), we find that for any p

Gp(’l)) = Gp.O +8|:Gp.] + iU] /dD.XGI%Hy()(y], ...yp,x)}
+ &2 {Gl,,z+ivz/deGpH.O(yl,...,yp,x)
1
_EU%/del/desz+2,0(y1v---vyp’xlvx2)

—|—ivl/deGpH,l(yl,...,yp,x)} +0(&),
(43)

where we have suppressed the arguments yi,...,y, of
G, - Thus, the coefficients of the & expansion G,(v) =
> . €"G, ,(v) are related to the coefficients of the expansion
of G, through the above expression. In principle, if we
calculate the coefficients in the & expansion of the Green’s
function without v, we can easily determine the effects of
including it.
Let us evaluate G(v). From (43) we get

G (v) = €[G1,1 +iv; /dDXGz,o(y,x)]
& |:G1’2 + vy / deGz’O(y, X)

+iv; /dDXGZ.l(va)]v

since G,y = 0 unless p = 2. Thus, to evaluate G;(v) to
second order in &, we must know the expansion coefficients
of the two-point Green’s function, calculated to first order
in & without ». But these are known; by definition,
Gyo(y,x) = A(y — x) while

Gy (y,x) = —gu3K /dDzA( 2)A(z—x), (44)

where K| = 3/2 —y/2 + log[u3 " A(0)/2] is a generali-
zation of the result obtained in [18] that includes the mass
parameter pym of the Lagrangian £, used here [see (25)].
In the limit § — 0, G, ; — —igm™~2/(2+/5) from (29), so in
this limit

. Uy g
Gi(v)~ie| 5—=—
1( ) Q%mz 2m2\/5)

K
+ie? L;%—g 211)41 —5712(¢cy + c3logd) | .
oMt Mo

(45)

Setting G, (v) = 0, we obtain the first-order result in (20),
which fixes v, — gu2/(2V/3). If we insert this into (45),

then v, in turn is fixed to eliminate the O(&?) term. It too
has the same divergence structure v, — 6~ /2.

In summary, from our O(&?) calculation of G, we find
that the divergence structure obtained when D — 2 has the
same algebraic form that was determined from the O(e)
term, namely, 6~'/2. It is accompanied by a logarithmic
divergence in 6. This is a structure that persists for higher-
order Green’s functions. We will see that as D — 2, the
algebraic structure of the lowest-order Green’s functions is
accompanied by logarithmic divergences as one goes to
higher orders in the ¢ expansion.

B. Two-point Green’s function in second order

A general expression for the p-point Green’s functions
and their coefficients in the ¢ expansion, given in (26)—(28)
can be formulated using the generalized form of the replica
trick (30)

a\" |
log"[u5P¢?] = lim ( dN) (o )N

and the generalization of (31),

<I¢|>

Before applying these results, expressions containing /,, in

2w+1)m

/ Z2a)—i-

(27) will have the occurrence of log"[iuy /> ¢b(x)] written
in terms of real logarithms via (4) and expanded in a
binomial series. As illustrated in detail in the previous
section, the aim is to reduce the expressions that arise to
products of functional integrals containing powers of ¢
multiplied by appropriate factors.

From (28) the lowest-order contribution to G,(y;, y,) is
the free Green’s function G,q(yy,y,) = A(y; —ya).
Performing the operations delineated in the last section,
the coefficient of ¢ becomes

Y1 Y2

X

FIG. 2. Graphical representation of connected terms contrib-
uting to the functional integrals in (46) and (47).
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2 d
9o dehm (2 DN

47 Ehan s =528 [ Do [5p03, )90
< [Py p# 2. 40 Y
: | [ toglin o1} )

Gy (V1.y2)=—

where the connected graph associated with the functional
integral connects the two external points to one internal one ) ) ) )
(see Fig. 2). In this case the functional integral takes the For A.Z;l the. even terms in the expansion of't}'le.lmagmary
value [(2N +2)1/ 2N ND][A0)YA(y; — x)A(x — y,), logarithm give rise to the connected terms joining y; and

leading to the final result given in (44). v,, and thus the functional integrals that arise correspond to
In the e expansion of G, (y,,y,), the coefficient propor- those depicted in Fig. 2, where x is an internal vertex that is
tional to €2 has the form Goy = Ay + Ay, Where integrated over. A detailed calculation gives
9# dPxL
Ay = =0 /D¢ f ) 0¢ 4’( ) Agy :gﬂ%Kz/dDXA()H _x>A(X—)’2>7

x/ﬁ%wumgwwmam, (47)

where
|

K, = —% (10g2 [2u3~P A(0)] + 2log[2u3~P A(0)] [y/ G) + 1} +y/ @) +y? G) + 2y @) - n2>.

For A,.,, the square of the integral in (48) leads to two internal points x; and x, to which y; and y, can be connected. The
possible connected diagrams are shown in Figs. 3(a)-3(d). A detailed calculation yields

App==75 {K3/dDXA( —x)A(x = y2) //de1de2A(x1)A(x2 +yi = )’Z)f()ﬁ—Xz)}

where

- oo ) o 25]-) 2 o ]

B i)}

i1s a dimensionless constant and

=i 5] o 3] ) o o) )
s 3] - on( - - 35T

has dimension (mass)”. Collecting all terms for G, ¢, G, |, where we have abbreviated
and G, 5, we obtain Gy(yy,y2) = Go(y1 — y2):

Gy(y1 —y2) = A(y1 —y2) O1(y1 —y) = /dDXA()H — X)A(x = y2),
— eguiK 101 (y1 — y2)
+ ezgy%((l(z + gm‘2K3)Q1(y1 — ) Qz()’1 —Y2) = //delde2A(x1)
+ gm™205(y1 — y2)) + O(€%), (49) X A(xy +y1 = y2)f (%1 = x2).
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: y; :><y;
X3 Xy X1 )
(@) (b)
FIG. 3.

Yq .&3’2 Y1 Y>
X3 Xy X1 )
(© (d

Graphical representation of terms contributing to the functional integrals in (48). In (a), y; (y») connects to the point x; (x,),

with the remaining number of points connecting x; to x,. In (b) the connection of y; (y,) is to the points at x, (x;), with the remaining
points connecting x; to x,. In (c) and (d) both y; and y, are connected to the same point, either x; or x,, with these being connected; x,

and x, are integrated over.

Since Q,(y; — y») and Q,(y; — y,) are convolutions, their
Fourier transforms give products of the Fourier trans-
forms of their components. Thus, the Fourier transform
of G,(y; — y,) takes the form

Ga(p)=A(p) —egudK A% (p)
+Egud Ky +gm2 K5+ gm=2f(p)| A% (p).

The renormalized mass M = lim,_,G;'(p) is then
My = (mug)* + eguiK,

+ gulgm= (K3 - K3 - [(0)) — K,
which reduces to (19) to first order in €. On substituting
m* =g+ u? /3, we get

M}, = i + gug[l + €K,
+ & (gm=2 (K} — K3 — £(0)) = K»)).
Divergence structure as D — 2. The divergence struc-
ture of G,(y; —y,) when D — 2 (5§ —» 0) can be deter-

mined from (49). In this limit, A(x) = f;(x) 4+ 6f2(x)

while K, diverges as —1logé + 3 — 4 — 1log(4x) and K,
and f(0) introduce divergences of order (log5)2. Putting

this together, we find that
Gy(y1 —y2) ~ 1 +&(cy + log 5)
+ 2[5 + 1log & + log? 5 + O(5)],

where constant prefactors are suppressed and ¢, are
constants. Evidently, higher-order terms in the & expansion
|

for G,(y, — y,) display the same algebraic divergence as
the lowest-order term, with higher-order corrections being
logarithmic. This was previously observed for G; and we
believe it to be generally true.

In summary, if we expand G, (y; — y,) first in terms of ¢,
treat & as finite, perform a Fourier transform, and invert it to
identify a renormalized mass, we see that each coefficient
in the e expansion for M% also diverges. The term in M%
proportional to € diverges as log 6, while the structure of the
terms proportional to &2 introduces divergences of up to
log? 6. Thus, in such a perturbative calculation, the mass
counterterm u must absorb divergences that arise at each
order of .

C. Three-point Green’s function in second order

The connected three-point Green’s function can also be
calculated up to second order, using the techniques of the
last sections. As this is tedious, we only give final results.
The first-order coefficient in the & expansion is

) n
G31(y1,y2,y3) = —IQM%\ /T(O)R()’hyz’ya), (50)

where

Ri(y1.y2.y3) = /deA(x —y1)A(x = y2)A(x = y3).

In the limit D -2, § —» 0, the behavior of Gj; is
determined by the factor [A(0)]7'/2~&8Y2 in (50),
since R;(yy,y,,y3) ~ constant + O(5).

The &2 coefficient of G5 in the & expansion is

)
gy |« _
G3,2()’1,)’27Y3) = _TO T(O){(logpy% DA(O)] + 1//(2) + 2)R1(Y1,Y27Y3) - QM%Rz@h)’z,h)

— gugR (91,2, ¥3) {A(O) / de<1 - [Mr> 10g{1 4 A<x)]

A(0) A(0)

)2 (14 - 0) (e a0 4w (3) ) )| | (51)
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where

—y1)A(x

Ry (¥1,2.¥3) ://deldez[A(xl

= ¥2)A(x;

—y3) + AL = y1)AQn = y2)A(x; = 3)

+ 8 =3 =)A= 39l Aln = x) log2 24 0) 4 (3) - 1]

+ 2[A(0) + A(x; — x,)] log [l +

An analysis of (51) shows that the second-order contribu-
tion to the expansion of G5(y;, v, y3) in & goes as /6 and
introduces corrections of order v/8log 6.

Thus, we see that if the first three connected Green’s
functions Gy, G»(y; — ¥»), and G3(y;, y», y3) are expanded
as series in powers of ¢, the coefficients in the series have
the same algebraic behavior as § — 0, but that the higher-
order coefficients introduce additional powers of logd. In
general,

G,(y1.....yp) ~ 87271 x [1 4 powers of log5].  (52)

This result is surprising: We are able to shift G; by adding a
counterterm iv(e)¢ and we can perform mass renormali-
zation of G, to second order but (52) implies that all other
higher-order Green’s functions with p > 3 must vanish. As
shown explicitly in Sec. I A for G, this behavior is
unaffected by including the counterterm iv(e)¢p. This
suggests that the theory becomes noninteracting in the
limit D — 2 to any finite order in .

III. MULTIPLE-SCALE ANALYSIS AS 6 - 0

An alternative method of approaching the limit D — 2
(6 — 0) is to perform the sums to all orders n in & before
taking the limit 6 — 0. This approach is inspired by the
techniques of multiple-scale perturbation theory (MSPT),
which is a powerful perturbative technique that was first
used in early calculations of planetary orbits. In conven-
tional perturbative expansions higher orders depend reso-
nantly on lower orders, and as a result, the higher orders in
a perturbation expansion contain secular terms. Because
secular terms are large they tend to violate rigorous bounds
that can be established from general principles, such as
conservation of energy.

A simple example is provided by the classical anharmonic
oscillator, whose Hamiltonian is p> + x> + ex*. A conven-
tional perturbative solution to the classical equation of motion
has the form x(t) = ay(t) + a,(t)e + a(t)e* + ... The
coefficient ag(#) is oscillatory and thus is bounded.
However, a;(r) is secular and grows linearly with time 7,
and this growth violates the energy conservation. The next
term in the perturbation series grows quadratically with time,

o)

|

and in general a, () ~ " as t — oo. It is possible to repair
this inconsistency by summing the most secular contributions
to a,(t) to all orders in powers of &, and when we do so we
find that the sum exponentiates to give a term of the form
e~ where C is a constant, which no longer violates the
conservation of energy [51] and gives an accurate approxi-
mation to x(7) that is valid for long times 7> 1.

The techniques of MSPT can also be used for quantum
systems. These techniques yield good numerical results when
applied to the wave function for the quantum anharmonic
oscillator [52,53]. The MSPT approach has also been used in
quantum field theory: It was used in perturbative QED by
Cheng and Wu to sum over and eliminate leading-logarithm
divergences that violate the high-energy Froissart bound [46].
It was also used by Dolan, Jackiw, Braaten, and Pisarski to
sum leading infrared divergences [54].

In this paper we apply MSPT techniques to the
‘PT -symmetric Lagrangian (17) and we show what happens
if we sum to orders in & the most divergent perturbative
contributions to the Green’s functions. These contributions
are logarithmic; this is not surprising because we are
expanding in powers of & which is a parameter in the
exponent.

We can identify the leading terms in the & expansion of
Green’s functions by restricting our attention to evaluating
terms for the p-point connected Green'’s function that connect
to only one internal point x. Then, the expansion for the
Green’s function includes only those terms arising from

Gpo = / Dpe g (31 (,).

Dx
= 28 [ Dge S0 0, 0
with 7, = —1 [ dPx¢?(x) log" [iuy~ P12 (x)] as used earlier.

This corresponds to diagrams of the form given in Fig. 4.
Converting the complex logarithm in /,, to a sum of real and
imaginary terms via (4), employing the binomial expansion,
and replacing the real logarithm by using the replica trick, we
arrive at the expression
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gﬂo
Gpa(¥1svoesdp) =5t lim

oo ()8

«f Z—¢f d"w°¢<y1>---¢<yp>¢2<x>("”x)') SRR ().

As in Sec. II B we can replace (|¢|/¢p)™
integral can be evaluated, yielding

GpA,ll(yl, ..

X lim

m—p=even

Now it is possible to sum all n contributions in the
expansion in ¢ to form G,(e) = >, G

A. Case p=1

Evaluating (53) for p = 1 we find that the coefficients
can be expressed as

P
~igm™* [2A(0)]1/2 d\"
1 = =i [ | Am\av

x 212" A(0)] sin(zN)D(N +2).  (54)

Thus, G(¢) = ), Gy ,€" follows immediately as
-2
_igm . -
Gile) = === [ PA )]+

X F(Z +§) sin <%>
because Gy, in (54) are the coefficients of a Taylor
expansion about N + 4. [That is, the exponential of a

Y, Y, %

X

FIG. 4. Graphical structure of contributions to the nth order
coefficient G, ,(y1....,y,) connected to one internal point x.

) s

$(x)

by a representation that only contains powers of ¢. The resulting functional

.,yp)z—;”j!% {ﬁ]w /deHA

tm > 6 ()

(N +3)(N +2)
I(N+2-p/2) "

(53)

|
derivative is a translation operator: exp(5-&)f(N) =

fIN+5)]

Now, in the limit § — 0, we get

igm™% e\ . [ne

—”(8+2)/25 (5+‘)/2F<2 + 5) sin <7>
From this equation we see that in this multiple-scale
approximation the summation leads to an algebraic struc-
ture for the divergence as 6 — 0 that becomes more
pronounced with increasing e. As expected, expanding
this result for small values of & gives the previously
obtained result G, (&) = —igm=25~"/%¢/2 plus terms con-
taining the same power of §~!/2 multiplied by logarithms
of §.

G (e) ~

B. Case p=2

Similarly, we can evaluate G, (&) in this limit. From (53)
the expansion coefficients become

gu}

2"-nl\\/m

x (N + 1)[2u3~PA(0)]Y cos(nN)F(N + %)

d n
G, =— dPxA(x —y)A(y, — x)1i
2.n xA(x = y1)A(y, x) 1m <dN>

for n > 1. The closed-form solution for the connected two-
point Green’s function in this approximation is then

Ga(e) = Ay =y2) + m (1= ) a(0)
< 1= (2 e sy

><cosl Ff—i—%
) \2"2) |
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where we have suppressed the spatial argument (y; — y,) of
G,(¢). In the limit of small &, we recover (49) to linear order
and in particular in the double limit, taking 6 — 0. This
reconfirms the previous results, but also demonstrates that
the two-point Green’s function has an algebraic 6 depend-
ence, given as

1

1
G, (e) = EKO(’WOM - l) +Egm_

2+e 1 e 3
1 - —¢/2 —ge |T(=+=
X 7 (z8)¢/* cos (2 n'e) <2 + 2)]

for arbitrary e. As ¢ increases, the divergence in G, (¢) also
becomes more pronounced.

2

C. General case

This procedure applies to higher-order Green’s func-
tions. The summation over n with coefficients G, ,, from
(53) can be performed, leading to

Gyle) =~ —gﬂ%% <ﬁ) " / del_ﬁA(x - i)

STle+3rte+2)
x [pPa(o))2 -2 T2
FGe+2-4%)
{ isin(ze/2) p odd
X
cos(me/2) p even

in which the spatial arguments of G,(¢) have again been
suppressed. From this, it is evident that for p > 2

G,(e) ~6P/771=¢/2 (5§ - 0).

IV. SUMMARY AND OUTLOOK

The Euclidean Lagrangian L =1 (V¢)? +1u’¢*+
L o3 (i~
of the quantum-mechanical Lagrangian £, =1 (Vx)?+
1x*(ix)%, is a laboratory for the study of PT -symmetric
bosonic field theories. We have calculated the conne-
cted Green’s functions G;(e), G,(e;y; —y,), and
Gs(&;y1, Y2, y3) to second order in an expansion in powers

@), as a field-theoretic generalization

of £, with an emphasis on examining the limit of this
expansion as the spacetime dimension approaches 2 from
below; that is as 6 =2 — D — 0. We have shown that
divergences appear in this limit: specifically, to first order in
¢ the expansion coefficients in the sum G, = G pn€" O
as G, ~ 8P/2=1. Thus, we observe algebraic divergences
for p = 1. To second order in &, we find that the algebraic
structure in 0 remains intact and the only changes involve
logarithmic corrections.

We have attempted a perturbative renormalization
scheme in which a counterterm of the form iv(e)¢ is
introduced. This introduces a shift that makes G (¢) finite
but evidently this does not modify the é dependence of
higher-order Green’s functions. We have demonstrated this
explicitly with our calculation of G, (&). On the other hand,
including an explicit mass parameter y allows for a mass
renormalization, which is obtained from the two-point
Green’s function G,.

Taking a different approach, we have calculated G, (¢) to
all orders in ¢ in a leading-log expansion in the context of
multiple-scale perturbation theory. In this approximation
the logarithmic divergences in 6 sum to yield an algebraic
result. Our technique is similar to that applied in Ref. [44]
and it works in a similar fashion: logarithmic divergences
become algebraic.

Both results presented here, the perturbative calculation
in € and the leading-logarithm sum to all powers in €, can be
reconciled for small values of . However, this does not
answer the question as to why in the perturbative calcu-
lation Green’s functions of the order p > 3 appear to vanish
in the limit & — 0. Of course, the work presented here does
not imply that the full theory becomes noninteracting as
D — 2, but evidently additional work is required to develop
a more robust procedural approach.
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