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Quantum fields in the future Rindler wedge
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We consider interacting massive scalar quantum field theory in the future Rindler wedge. This is a model
example of quantum field theory in curved space-time. Using this simple example, we show how the
dynamics of correlation functions depends on the choice of the initial Cauchy surface, the basis of modes,
and the choice of the initial state built using the corresponding creation and annihilation operators. We
show which choice of modes in the future Rindler wedge respects the Poincaré symmetry. However, we do
not restrict our attention only to these modes and the corresponding ground state.
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I. INTRODUCTION

In the fundamental quantum field theory, one usually
considers Poincaré invariant actions. Furthermore, usually,
this implies the consideration of such a Fock space ground
state in which propagators are analytic functions of the
geodesic distance between their points. Such propagators
are building blocks of the correlation functions that can be
used to calculate amplitudes and, then, cross sections of
various scattering processes in the vacuum.

However, in a generic curved space-time, there is no
Poincaré symmetry. Furthermore, in time-dependent gravi-
tational backgrounds, the free Hamiltonian is time-
dependent. Hence, the situation is not stationary, and there
is no even such a notion as vacuum, which should not be
confused with the Fock space ground state. In such a
situation, one has to apply the in-in (aka Schwinger-
Keldysh) diagrammatic technique [1,2]. To define uniquely
correlation functions in this technique, one has to specify
the initial state and there is no fundamental reason to
restrict one’s attention only to the Poincaré invariant states,
even if the action is generally covariant [3] or Poincaré
invariant, as it is the case in Minkowski space-time.

Here, we propose considering in greater detail the situation
in flat Minkowski space-time, but in curvilinear coordinates.
This is just a simple model example for curved space-times.
The seminal example of such coordinates are the static
Rindler ones (see, e.g., [4] or [5]), which cover the right
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wedge of the entire space-time (see Fig. 1). These coordinates
are used to examine the famous Unruh effect [6]. But even
considering this effect, one usually restricts attention to the
Poincaré invariant state (standard Minkowski vacuum),
which is seen as “thermal” in the accelerating frame.

In this paper we propose considering the quantum field
theory in the upper or future wedge of the entire Minkowski
space-time and using the Rindler coordinates there. In
studies of the Unruh effect, one usually restricts attention
to free (Gaussian) field theories. To this end, we explore
interacting fields. The reason to consider such a situation is
that, on the one hand, it is simple enough. On the other hand,
this situation already does contain many features of quantum
fields in general time-dependent curved backgrounds.
Namely, to define correlation functions uniquely in the
present situation, we need to specify an initial Cauchy
surface, a basis of modes, and then a Fock space state built
with the use of the corresponding creation and annihilation
operators. The goal of this paper is to show that for a generic
state, the dynamics of quantum fields can be drastically
different from the one in the Poincaré invariant state.

The paper is organized as follows. In Sec. II, we discuss
the geometry of a kind of “Kasner universe” [7], which is
given by the Rindler coordinates in the upper or future
wedge. In Sec. 111, the free massive scalar field is quantized
in the upper wedge in 2D. In this section, we introduce in the
upper wedge an analog of the so-called alpha states in the de
Sitter space-time [8,9]. In Sec. IV, we construct propagators
for the alpha states. In Sec. V, we calculate the expectation
value of the stress-energy tensor of the free theory. In
Sec. VI, we briefly discuss the situation in general dimen-
sions. In Sec. VII, we calculate leading loop corrections for
generalized alpha states. We use the Schwinger—Keldysh
diagrammatic technique. In Sec. VIII, we make conclusions.
Appendix A presents a curious calculation of the In-Out
transition amplitude in the free (gaussian) theory.

Published by the American Physical Society
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Future Wedge
_ Rindler space

‘ Rindler Wedge

FIG. 1. Penrose diagram of the Minkowski space-time. The
right side of the diagram is the well-known Rindler wedge, while
the colored part is the future or upper wedge. The dashed lines
depict the Cauchy surfaces. The upper line is such a surface in the
future wedge, while the lower dashed line depicts such a surface
in the entire Minkowski space-time. The thick red lines corre-
spond to the past horizon—the boundary of the upper wedge.

II. GEOMETRY

In this paper, we use the Rindler coordinates in the upper
(future) wedge, which are related to the Minkowskian
coordinates (z,x,y,z) as:

t = e"coshé, y=1y,

x = e"sinh &, =2z (2.1)
Then the metric in the wedge, which follows from the

Minkowskian one, has the following form:

ds3, = df* — dx*> — dy* — d7?

= e¥(dy* — d&?) — dy? — dz>. (2.2)
These coordinates cover only the upper or future wedge of
the entire Minkowski space-time, because, in the para-
metrization of (2.1), the restriction 7> |x| is implied.
Furthermore, the Cauchy surfaces in this wedge and in
the entire Minkowski space-time have different geometry,
as shown in Fig. 1 by the dashed lines.

To simplify our calculations without any loss of general-
ity, we restrict our attention to the two-dimensional (7, &)
part of the four-dimensional space-time:

ds* = e*(dy* — d&?). (2.3)

As we explain in Sec. VI, our arguments can be straight-
forwardly generalized to any dimension.

The geodesic distance in the two-dimensional Minkowski
space-time in terms of the new coordinates is as follows:

L=(t—1)"=(x—x)?

= ¥ 4 ¥ —2em T cosh(E, — &), (2.4)
Lightlike separation in notations of (2.4) (L =0) is
achieved under the condition that &, — & = |5, — 1]

Below, we also use another function of two points, which
we will call as the antipodal distance:

Ly=(t+1)* = (x4 x;)?

= ¥ 4 ¥ 4 2¢Mm M cosh(&E, — &), (2.5)
The latter is obtained from (2.4) if one of the points is
reflected with respect to the origin of the Minkowski
space-time.

Note that L, > 0 if both its arguments are inside the
upper wedge, but it is zero when both points are sitting on
the horizon—the lightlike boundary of the upper wedge,
which is depicted by the thick red lines in Fig. 1. Please
keep in mind for the discussion below that taking a point in
the upper wedge to the horizon corresponds to the
limit # - —oc0,& — £o0.

It is worth mentioning that while such a combination of
two points as (2.4) respects the entire Poincaré symmetry of
the two—dimensional flat space-time, the combination (2.5)
respects only its subgroup that consists of the Lorentz
boosts in the two-dimensional (r, &) space-time. The point
is that all functions, which depend on the difference
& — €&, are invariant under the Lorentz boosts. In fact,
the Lorentz transformation acts on the coordinates of the

upper wedge as follows:
( e cosh(&) ) B (cosh a sinha ) ( e cosh(&) )
e sinh(¢&') ~ \sinha cosha/ \ ¢’sinh(&)
- <e'7 cosh(é + a) >
~ \elsinh(E+a) )’

i.e., as the translation & — & + a.

III. QUANTIZATION AND MODES
We consider the real massive scalar field theory:

1 1 A
So=/d2x lg] [Eaﬂcp@”cp—imzcﬂz—zfﬂ“ - (3.1)

In this section, we restrict our attention to the free
theory, 4 =0. The interacting theory, 1#0, will be
discussed below.
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The Klein-Gordon equation for such an action in the
background metric (2.3) is

(83— 32 + m2e)p(n.£) = 0. (3.2)

By separating the variables, one can represent the modes

as @(n,&) = e ™® g (n), where @(n) solves Bessel’s
equation:

0u(n) = ae™THy) (me") + T Hl) (me”).

i

(3.3)

Here Hg‘lk"z) (x) are Hankel functions. Then the mode

expansion of the field operator has the form:

p= /_oo dk[e‘iké(pk(n)&T(k) +eik5(ﬂ;§(77)5l(k)], (3.4)

o8]

where the creation and annihilation operators obey the
standard commutation relations:

la(k). a* (k)] = &(k — K').

To satisfy the canonical commutation relations for @(n, &)
and its conjugate momentum, #(#, £):

(. &), 7. &)] = i6(& = &), (3.5)

constants ; and f; from (3.3) should obey the relation as
follows:

= 1B = (36)
To show this relation, one should use the properties of the
Bessel and Hankel functions, which can be found, e.g.,
in [10].

We will denote as |a) the Fock space ground states,
which are annihilated by @ (k) operators corresponding to a
concrete choice of a; constant in (3.3) and (3.6). None of
these |a) states is the ground state of the free Hamiltonian
of the theory under consideration since the Hamiltonian
depends on time 7.

Let us consider concrete examples of a; and f;. The first
interesting case is when

k| —7lk|

e? e 2
=———, and =
4/sinh 7 k| P 4. /sinh z]k]

We will call the corresponding harmonics as In-modes
because for such a choice of a; and f3; the functions ¢ (1)
behave as single waves at past infinity, as 7 - —oo. These
modes were introduced in [11] because they behave as
positive frequency plane waves near the past horizon of the
wedge. In fact, using the standard relations between the
Bessel and Hankel functions (see, e.g., [10]), one finds that:

. 1 (1) (2)
in =— [H) /) (me") + H. (me"
i) =7 Y [H}jq(me”) + Hjjy  (me")]
Jijg (me' .
_ M x el|k\’7, as n - —oo. (3.7)

2+/sinh z|k|

Another interesting case corresponds to

1
o, =——, and =0
k 2\/§ ﬂk

in (3.3). We refer to the corresponding harmonics as Out-
modes because they behave as single waves at future
infinity, as 7 — +oco. In fact, using asymptotic behavior
of the Hankel functions [10], we find that:

Lild}

" 0
3 ik

(me') « eme",

(3.8)

e
oM (n) = as n — oo.

To explain the reason why we consider the generic modes
of the type (3.3), let us examine the free Hamiltonian in the
theory under consideration. Before normal ordering, the
free Hamiltonian is

+00 290
H(n) :/ dse”'Ty,
where the energy momentum tensor in the free theory,

A=0,is

1
T/w = u(pay(p - Eg/w(gaﬂaa(paﬂ(p - m2(p2)‘ (39)

In terms of creation and annihilation operators, the free
Hamiltonian acquires the form:

Ho(n)
_ /_ :" dk[A,(n)a" (K)a(k) + By (n)a(k)a(—k) + Heel,
(3.10)
where
Ar(n) = % (|2 + [k + e¥m?]| i),
By(n) = % (G2 + [2+ em)g?) and ¢ = ‘%_

This Hamiltonian cannot be diagonalized once and forever,
because there is no solution to the Klein-Gordon equa-
tion (3.2) that also solves the equation By (1) = 0, unlike
the situation in Minkowski coordinates. However, one can
approximately diagonalize the free Hamiltonian at the past
infinity by the /n-modes. In this region of the upper wedge,
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there is a clear meaning of the positive energy and, hence,
of the notion of particle.

At the same time, there are no modes, which diagonalize
even approximately the Hamiltonian (3.10) in the future
infinity. However, as we will see below, Out-modes lead to
the propagator that respects the Poincaré symmetry. It is for
that reason we consider these modes in this paper.

Interestingly, we have a similar situation in the expanding
Poincaré patch of the de Sitter space-time: There are
In-modes, which are usually referred to as Bunch-Davies
modes, and which diagonalize the free Hamiltonian at past
infinity. At the same time, there are no modes that diago-
nalize the free Hamiltonian at future infinity [12]. It is
probably worth stressing the similarity between the Poincaré
metric in the 2D de Sitter space-time and (2.3). Meanwhile,
below, we will see a certain difference between the situations
with the In- and Out-modes in the future Rindler wedge, as
compared to the expanding Poincaré patch.

Let us derive the canonical (Bogoliubov) transformation
between the In- and Out-modes. We denote the set of
annihilation operators corresponding to the /n-modes as
ain(k), while the set corresponding to the Out-modes is
denoted as d, (k). The Fock space ground states for these
modes are defined as follows:

ain (k)| In) = 0, agu(k)|Out) =0.  (3.11)
Using the properties of the solutions of the Bessel
equations, one can find the following Bogoliubov trans-
formation between the a;,(k) and a,, (k) sets:

k| —nlk|

2al (k) = e iy (k)
2 sinh 7|k

&T

out(k> = ‘ (312)

Then the level population of Out-modes in the In-state is as
follows:

(k- k')

<1n|agut(k)aout(k/)|1n> - ekl — 17

(3.13)

The expression that multiplies the delta-function on the
right-hand side (rhs) of this relation looks like the thermal
distribution with |k| in place of energy and with the
temperature equal to ﬁ But in the situation under consid-
eration, |k| is not the energy. Furthermore, there are also
nonzero anomalous averages:

S(k+ k)
1|2 (K) (k)| In) = XKD
< n‘aout(k>aout(k)| n> 2sinh7f|k|

(3.14)
Similarly, the expectation values of the level population and
anomalous averages of the /n-modes in the Out-state have
the following form:

S5(k— K
(Out|af (k)éyy (K')|Out) = Sk k) and
m o2kl 1
S(k + k)
ot ~T (1
in (k)i (K S P 3.15
(Outla ()3}, () Our) = ) a.15

We will use these relations below.
Yet another peculiar solution of the Eq. (3.6), which we
will call as alpha-modes, has the following form:

1 .
B = ——=sinh pe'®.

5 (3.16)

1
a = ——=coshp,

2V2

As we will see below, to some extent, the corresponding
harmonics are similar to the seminal alpha-modes in the de
Sitter space-time [8,9]. Note that in such a case, a and S
parameters do not depend on k and that p =0 case
corresponds to Out-modes. Hence, the latter belong to
the family (3.16). At the same time, in the case of the
In-modes a and f do depend on k. Hence, In-harmonics do
not belong to the family of alpha-modes (3.16).

There is transformation between the creation and anni-
hilation operators corresponding to (3.16) and those of the
In-modes:

ai (k) = 4 VST e g (2ing gy

e2kr _

— 4, (—k)e (@~ ). (3.17)
We will use this relation below.

It is probably worth stressing here that the generic alpha-
modes (3.3), (3.16) have wrong UV behavior. Namely, as
we will see below, the corresponding propagators do not
obey the conditions of the proper Hadamard behavior. The
reason why we consider the alpha-modes is because one
can explicitly find the x-space representation of the tree-
level propagators for their Fock space ground states, as will
be shown in the next section. At the same time, Out- and
In-modes have proper UV behavior.

IV. PROPAGATORS

In this section, we calculate the Wightman two-point
function for different initial Fock space ground states
from the family (3.16). For the Out-state, the Wightman
function is:

Gou(m2, Ealm. &)
= (Out|p(n2.&)p(n1.&1)|Out)

o dk .
:/_ ?elk(éz—fl)e—”\k|]—]gllk)‘(merl’)H(z) (I’Vle”z)

—i[K]
(o)

:Z—trKo(m\/—L — i0sgn(i = 1)) (4.1)
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A very interesting observation, which can be made here, is
that this propagator does depend only on the geodesic
distance (2.4) and can be analytically continued to the
entire Minkowski space-time. Furthermore, (4.1) coincides
with the propagator of the Poincaré invariant state. This is

|

quite an unexpected result because the Out-modes do not
behave as positive frequency modes near the horizon or
anywhere else in the future wedge.

In terms of the In-modes the two point function (4.1) has
the following expansion:

Goulti: Eal. &1) = / * dkeite) (“”k O )V il (m)

ekl _q

—0o0

This expression was found earlier in [11] through a different
way of reasoning. To derive this expression, we used the
relation between the In- and Our-modes (3.13) and (3.14). It
is such a nontrivial state in terms of the /n-modes which
respects the Poincaré symmetry. At the same time, it can be
shown that the Fock space ground state for the /n-modes
does not respect the Poincaré symmetry. But we do not have

|

Go(m2: &olmis &1) = (@ (2, &) (1, 61| @)

o (m) ey (n2) +H'C‘>'

4.2
2 sinh || (42)

|
an explicit x-space representation of the Wightman function
corresponding to the Fock space ground state for the
In-modes.

The Wightman function of a generic alpha state, Fock
space ground state for the alpha-modes (3.3), (3.16) is as
follows:

sinh? p

~cosh?p
2z

cosh p sinh pe'® cosh p sinh pe~¢
+ —#Ko(m /=L, + iO) — #Ko(’"

2

The first term in this expression coincides with (4.1) up to
the coefficient cosh? p and the p = 0 case exactly reduces
to (4.1).

Also, the first two terms in (4.3) depend on the geodesic
distance between the two arguments of the Wightman
function, while the other two terms depend on what we call
the antipodal distance between the two points (2.5). This
structure of the propagator is similar to the one for alpha
states in the de Sitter space-time [8,9]. From (4.3), one can
see that the Fock space ground state corresponding to a
generic basis of alpha-modes (3.3), (3.16) does not respect
the Poincaré symmetry.

Furthermore the propagator (4.3) for the generic values
of p does not possess the proper Hadamard behavior for the
lightlike separation of its points. (This property is also
similar to the one of alpha states in the de Sitter space-
time.) Consider the singularities of the propagator (4.3). All
its terms are proportional to the Macdonald function of zero
order, which is divergent if its argument goes to zero. The
geodesic distance L is zero for the light-like separated
points inside the future wedge. But the geodesic distance
L, from the antipodal point of the source in the propagator
(4.3) is finite everywhere inside the bulk of the future
wedge. At the same time when both arguments of the
propagator are sitting on the horizon, i.e., obey |x| = |t],
then simultaneously, L and L, are equal to zero. Figure 2
illustrates this fact.

Ko(m\/—L — iOsgn(n, —ny)) +

Ko(m\/—=L + i0sgn(n, — 1))

—L, — i0). (4.3)

2w

Thus, inside the future wedge only two terms in the first line
of (4.3) have divergences. Note that this means that here we
encounter wrong (non Hadamard) UV behavior of the
propagator even inside the future wedge. Because the coef-
ficient of the UV singularity is wrong—depends on p. At the
same time, all four terms in (4.3) are singular when both points
of the Wightman propagator are residing on the horizon.
The situation is similar to the one encountered in [13—15] in
the right Rindler wedge, the static de Sitter space-time, and the
Schwarzschild black hole for generic thermal states.

V. STRESS-ENERGY TENSOR
AT THE HORIZON

In this section, we show that for the Fock space ground
states, corresponding to the generic values of p in (3.16),
the stress-energy tensor diverges at the horizon. This means
that in such states, the backreaction of quantum effects on
the background geometry is not negligible. Namely, the
expectation value of the renormalized stress-energy tensor
T, strongly affects the Einstein equations [16] and,
correspondingly, their solutions.

It is convenient to use In-modes (3.7) for any calcu-
lations near the horizon because of their simple behavior in
its vicinity. Also to consider a relatively generic situation
and to be close to the case described by (3.13) and (3.14),
we consider the states of the form:

085008-5



AKHMEDOV, BAZAROV, and DIAKONOV PHYS. REV. D 104, 085008 (2021)

(a, (k)al, (k) = ki 8(k + k),
(@i (k)ag, (k) = (nj + D)3k = K).

mn

(5.1)

To regularize the stress-energy tensor, we use the point splitting approach [17]. To find the behavior of the stress-energy
tensor near the horizon ( - —oco and £ — £o0), we use the Wightman function, whose form near the horizon follows from
the asymptotic behavior of the Hankel and Bessel functions:

0 ik(¢=¢&>) * ilk —ilk
W(1,2) ~ / too dke il N ke M (MY e
"« 4sinhzlk| [D(1 + k)% \2 T(1— k)% \2

il

Wei|k|(m—n2> i

The stress-energy tensor operator of the theory under
consideration is given by (3.9). To calculate the expectation
of this operator we use the Wightman function under
consideration and its derivatives. Due to the peculiar
behavior of the components of the metric, as usual, the
mass term in the expectation value is suppressed in the near
horizon limit.

FIG. 2. The distances L and L4, which are defined in Sec. II
depend on two points, say x| and x4. The source point x} is
depicted as the red dot on the picture. Its antipodal point is shown
as the blue dot. Then the dashed red lines depict positions of x,
which correspond to L = 0, while the dashed blue lines depict
those positions of x/, which correspond to L4 = 0. If x5 (red dot)
is sitting inside the Future wedge, then blue lines are residing
outside the future wedge, which means that inside the bulk of the
future wedge L, # 0. But if x4 goes to the horizon (boundary of
the wedge), then at least one of the blue lines coincides with one
of the red lines. Hence on the horizon we encounter the situation
that simultaneously L =0 and L, = 0.

Nk +1
IC(1+ ik

e—ikl(m—nz)} . (5.2)

One can see that the first two terms under the integral on
the rhs of (5.2), which contain x|, give zero contribution to
(3.9) in the near horizon limit. This is because they are
proportional to (&, — &) & (7, +n,) and die away in the
limit 7 — —o0, ¢ — *+o0. Then only the terms in the second
line of (5.2) contribute to the stress energy-tensor in this
limit. Thus, the dependence on xy is lost in the leading
contribution to the expectation value of the stress-energy
tensor operator at the horizon. At the same time, subleading
terms, which are suppressed by powers of ¢, do depend
on K ||+

Finally, after the standard regularization, we obtain that
(for technical detail, one can see e.g., Appendix of [14,18]):

<:?UU:>:<:fVV:>

+°°d|k||k| 1 )
— T - n _
/0 5 N B + O(e ), asn— —oo,

(5.3)

where U =5 — &V =n+¢& and (:Tyy:) = 0. Note that
in (U,V) coordinates, the metric tensor is off-diagonal:
ds?> = eUtVdUdV. At the same time, Eq. (5.3) describes
only diagonal terms. Then, the expectation value of the
renormalized stress-energy tensor for generic ny is not
proportional to the metric tensor and, hence, the Poincaré
symmetry is broken, which is just another revelation of the
statement we made previously. Such a violation of the
symmetry is similar to the one appearing in the presence of
a gas in the Minkowskian space-time. General covariance is
intact.

Now let us discuss concrete states, i.e., concrete values of
nyy and k. For instance, in the case of the Out-state (3.13)

one has n = (¢ — 1)~! and obtains:

(:TW:> -0, asy— —oo, (5.4)
as it should be for the Poincaré invariant state. At the same
time, from (3.17), it follows that generic alpha state (p # 0)

corresponds to:
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16sinh k| .0, i .
N = m 2k oz e=mM + premM — ay (B + By)]
~ 2sinh zk| 2kl =K 2 1kl ginh o2
e ppe ot sy
— 2 cosh p sinh p cos ¢,

which leads to a divergence in (5.3) even after the normal
ordering. This happens, because these alpha states do not
obey the proper Hadamard behavior.

From (5.3) it follows that in the In-state, the regularized
stress-energy tensor is equal to

. 1
<:TUU:>z—(]2”),

near the horizon, because for such a state n = 0.

VI. THE SITUATION IN ANY DIMENSION

In this section, we briefly generalize two-dimensional
case (2.3) to arbitrary dimension D, including the four-
dimensional case (2.2). The harmonic expansion of the two
point function (4.1) can be straightforwardly generalized to
the D-dimensional case by adding D —?2 spatial flat
transversal directions. Namely:

o dkdP=2k, . = - >
/ 8(27)13_;e’k@z‘fl)e’kﬂ‘ie”V“Hf.‘lk)‘ (\ Im? + klem)H(_zi)lk‘ (w [m? + kLe”2>
—00 ) 2

dDZ

27(27) Dz :

i

5Ky (o + Fuv/E)

_ (2711)% (x/—Lzm-i- ’xj_|2> ——KD 2( /_L2 I ‘)_Cl|2),

where L, is the geodesic distance in the two-dimensional upper wedge (2.4). (To obtain these relations, we have used table
integrals of the Hankel and Bessel functions.) From the obtained expression, one can immediately see that for arbitrary D,
the Out-state coincides with the Poincaré invariant one, because —L, is given by (2.4).

Furthermore, if we denote (2.5) as L%, then one can define the alpha-modes and alpha states, for which the Wightman

propagator has the following form:

GZ (2. &lmi. &) = (al@(n2. &) (. &) |a)

1 \/—L X
= cosh?p (2 XL

 (2n)? m

+

1
(277,’)%

)2

instead of (4.3). Using these expressions one, can straight-
forwardly generalize all the arguments that are presented in
the previous sections to any dimension.

VII. ONE LOOP CORRECTION

In the Minkowski space-time for the Poincaré invariant
state, a change of the level-population, (a"a), and
anomalous average, (ata™), is forbidden by the energy-
momentum conservation (see e.g., [12]). In fact, if one
turns on and then switches off the interactions adiabatically,
then the true ground state of the free Hamiltonian remains

D
> an( \/ L, + x| —tOsgn(nz—m))
V-L, + X P\ %
SlIlh%D(Ll)Cll) ZKDT_Z<

—’Il))

m\/—L2 + |X.|* + i0sgn(n,

m
1 ) ) /_LA = 12\ =D2=2 =
- 2ot cosh p sinh pe~¢ (ﬂ ’ Koo (m\/—LQ + X )? = iO)
)2 m
(/-L5 X P\ F "
—cosh p sinh pe i (&) Koo <m\ [—L4 + X )* + iO),
2 m

(6.1)

|

intact. The same should be true for the Poincaré invariant
state in the future wedge. In fact, in the x-space the tree-
level propagators for the Out-state are the same as in the
Minkowski space-time.

However, in the loops, the vertex integrals are over the
future wedge rather than over the entire Minkowski space-
time. This seems to lead to the breaking of the Poincaré
symmetry in the loops. However, the same argument of
analytical continuation as in the Poincaré patch of the anti
de Sitter space-time for the invariant state (see e.g., [19])
should work in the situation under consideration. Namely,
the loop corrected propagator for the Poincaré invariant
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state in the future wedge will also be a function of the
geodesic distance. That is because the tree-level propaga-
tors for the Poincaré invariant state are analytic functions of
the geodesic distance between their points. (See also
[20,12] for similar situation with the Bunch-Davies state in
the expanding Poincaré patch of the de Sitter space-time.)

However, there is no energy-conservation in the future
wedge, because its metric depends on time. Hence, it is
interesting to see in detail what happens to the level-
population and anomalous average for each momentum
separately.

To make our discussion as general as possible within the
context under consideration, we will look at the loops for
the generalized alpha-modes for which o, and 3, depend on
k rather than equal to (3.16). To obey the proper Hadamard
behavior for the correlation functions, we must demand that
Br — 0 as |k| > oo. This is important in the loops for the
proper UV renormalization. However, for generic @, and
Py, we do not know the explicit form of the propagators in
x-space, but we know their mode expansion.

Gﬂmm—/:w[}wpwmmmﬁ@l@+@@0+mmmmw@@wn&,

Thus, the main question we address in this section is
whether the arbitrary alpha Fock space ground state is stable
under quantum fluctuations if we switch on the self-
interaction termin (3.1). As we will see only for the invariant
Out-state, there will not be any IR secular memory effects
[3.21]. For all other alpha states, there will be secular growth
in the loop corrections for the level-population and anoma-
lous average, which signals the instability of these states. We
come back to this point below.

Since the free Hamiltonian of the theory depends on time
(3.10), the system under consideration is in a nonstationary
situation, and one has to apply the Schwinger-Keldysh
diagrammatic technique [1,2,22]. We calculate loop cor-
rection to the Keldysh propagator since this propagator
describes the change of the state of the theory (see
[2,22,3,21,12] for the detailed explanation). For the generic
initial state the mode expansion of the tree-level Keldysh
propagator has the following form:

(7.1)

where x;, = (1. & ). The propagator contains ny, = (&,t& »)» Which coincides with the level-population 7, when it is
diagonal, i.e., when ny, = n,6(p — q); and ky, = (a,a,) is the anomalous quantum average. For the Fock space ground

state ny, = 0 = Ky.

As the initial state, we choose an arbitrary alpha Fock space ground state in the sense described at the beginning of this
section. Then, in the limit when both arguments of the Keldysh propagator are taken to the future infinity

D20 = 373> |y — ], the loop corrected propagator has the same form as (7.1), where (&,t&p) =n,6(p —q), (axa,) =

k,0(p + q) and:

o0 n n
ny(n) o< A2 / dq,dq,dqs, / dny e / dn;e®8(p + q1 + 42 + q3)

L Mo

o

X @y (1)@, (13) 05, (12)@q, (13) 04, (112) Pq, (13) @4, (12) @4, (13);

o n 3
Kp(n) o /12/ df]ld%d%/ d’726’2”2/ dn;e®B8(p + q1 + g + q3)

S Mo

X @y (12)05 (13) @5, (12) @ g, (13) 04, (12) @4, (13) @3, (112) P, (13)-

Here, 7, is the time after which the interaction, Agp?, is
switched on.

The largest contribution to (7.2) comes from the region
of integration in which 5,3 > log p/m, logq,,3/m as
n — oo in units of acceleration, which is the parameter of
the transformation from the Minkowski coordinates to the

'Note that by choosing a proper behavior of ¢ and 8, for low
momenta, one can avoid the problems in the propagators and in
the expectation values of the stress-energy tensor near the
horizon. We mean the problems discussed in Sec. V.

o

(7.2)

upper wedge. (We set it to one at the beginning.) In fact, in
such a regime, the modes (3.3) behave as:

2
me'l

1
2 . . . .
) [akel(meﬂ—%l‘k‘ﬂ—%ﬂ) + ﬂke—l(meﬂ—%llk‘ﬂ—%ﬂ)].

o~ (
(7.3)
Taking the product of such functions in (7.2), one will

encounter the interference terms under 7, 3 integrals, which
are independent of 7, + 75. As the result, one obtains that
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the leading contributions to n
question are as follows:

» and K, in the limit in

n,(n) =~ A*n*l and  «k)(n) = A 112—21, (7.4)
where:
2 \4 [
I= 9<ﬂ—m> /_w dq,dq,dq:6(p + g1 + q2 + q3)
X |a,a, By, By, e2PIFlal=lal-la)
+ aya, p,B, e 2 IPHal=lal=laD2, (7.5)

The n? dependence in these expressions appears from the
1,3 integrals. The remaining terms contain the integrals of
the form: [ dnse™¢" and do not grow as n — oo. Hence,
such terms are suppressed by powers of the small coupling
constant 4, which are not accompanied by growing with
n — oo factors.

Note that in the case of the Out-state we have that f, = 0
and the coefficient (7.5) vanishes. Thus, as was predicted at
the beginning of this section, for the initial Out-state, loop
corrections do not change it, unlike other generalized alpha
states. This relates to the fact that the Wightman function
for such a state is Poincaré invariant (4.1).

Notably, in (7.4), we have secular growth rather than
secular divergence. The situation is similar to the one in the
Poincaré patch of the de Sitter space-time [3]. Namely, the
dependence on 1 disappears from (7.4). The point is that one
can take 7y — —oo in (7.2). In fact, consider the contribution
coming from the region 7,3 < log p/m,logq,,3/m as
no — —oo. In this regime, the modes (3.3) behave as:

pi(n) = CreM 4 Cyeilkin, (7.6)
Then, in the limit in question, the expressions in (7.4) contain

the integrals of the form (for some X, , ):

2 timZ, g |d

, 7.7
2+ ix (7.7)

d .
/ d;/h 62’73+l'732p,q,» =
Ul

0 Pqi 1o

which do not grow as 7, — —oo.

The situation here is somewhat similar to the one in the
expanding Poincaré patch of the de Sitter space-time for the
Bunch-Davies state, because the metric in the upper wedge
(2.3) degenerates as n — —oo similarly to the one of the
Poincaré patch. Due to this degeneration the volume factor,

\/H = ¢, in the loop integrals suppresses all contribu-
tions from the past infinity.

Furthermore, the situation in the past (lower) wedge of
Minkowski space-time is similar to the one in the con-
tracting Poincaré patch of the de Sitter space-time. Namely,
in the theory under consideration, all the tree-level two-
point functions will be the same as in the future wedge, but

the loop corrections will grow as 5, — —oo rather than as
n — —+oo. That is because the lower (past) wedge is the time
reversal of the upper (future) wedge. Particularly, the loop
corrections to the level-population and anomalous averages
will have the form:

2
ny(n) = A*q3l and «x)(n) ~ /12%1, (7.8)
as 7y — —oo and 7 — +o0. Here, [ is the same as in (7.5).
Thus, in the past wedge, we have the infrared catastrophe
for the generic alpha state. It means that the initial Cauchy
surface cannot be taken to the past infinity [3]. It is only for
the state with g, = 0 (In-state in the past wedge) that we
can take 779 — —oo. Thus, for the Poincaré invariant state
we are again on the safe side.

An interesting open question is what happens to all other
alpha states in the course of the time evolution? To answer
this question, one must resum the leading, (4°4?)", cor-
rections from all loops. Because the growth of the leading
correction in 7 is quadratic rather than linear, this is not a
kinetic regime. In such a case, the resummation is different
from the standard one [23]. That is the general situation in
lower dimensions. For D > 2, the situation is kinetic, i.e.,
the leading contributions are of the form (12#)" rather than
(A*n*)™. The result of the resummation and, hence, of the
time evolution is an open question. However, on general
grounds, one may predict that for a certain range of
reasonable initial conditions such, generalized alpha states
will probably evolve to the thermal particle density over the
Poincaré invariant state.

Furthermore, if instead of ¢* self-interaction term one
will consider ¢°, the first rather than the second loop
correction will have a similar form to (7.2) but with the
product of a different number of ¢’s under the integral over
3 and q;,3. Interestingly, in such a situation, the
integrand of the loop correction will be a rapidly oscillating
function, and there will be no any secularly growing terms
for any generalized alpha state. The physical meaning of
this fact is not clear to us.

VIII. CONCLUSION

Thus, quantum field dynamics in curverlinear coordi-
nates can be quite different from Minkowski coordinates, if
one chooses a generic, but still reasonable initial state. To
show this fact, we consider the Rindler coordinates in the
future or upper wedge of the Minkowski space-time. We
introduce an analog of the so called alpha states [8,9]. We
find explicit x-space representation of the propagators for
these states and show that they all violate the Poincaré
symmetry except the one corresponding to the Out-state.
Furthermore, we calculate the expectation value of the
stress-energy tensor and show that it is singular on the
horizon for all alpha states except the Out-one. This means
that the backreaction of such states on the background
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geometry is strong: the expectation value of the stress-
energy tensor on the rhs of Einstein equations does not lead
just to a renormalization of the cosmological constant and
cannot be neglected.

Then we introduce generalized alpha states for which the
regularized stress energy tensor can be regular everywhere
in the wedge, including the horizon. Unlike the ordinary
alpha states the generalized ones lead to the propagators
that have proper Hadamard UV behaviour.

Then, using Schwinger-Keldysh diagrammatic technique
we calculate loop corrections to the propagators for the
generalized alpha states. We show that for all generalized
alpha states, except the Out-state, loop corrections
grow with time, signaling these states’ instability.
Similar growth was observed in other backgrounds
[24,12,25,26,27,21,28,29,23].
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APPENDIX: IN-OUT AMPLITUDES
AND IMAGINARY CONTRIBUTIONS
TO THE EFFECTIVE ACTIONS

In this Appendix, for completeness and integrity, we
make a curious observation as a side remark. Namely, we
present a calculation of the decay rate of the In-state in the
future wedge using the in-out formalism.

We introduced the so-called /n- and Out-modes (3.7) and
(3.8), and the Fock space ground states that correspond to
these modes: a;,(k)|In) = 0 and a,,(k)|Out) = 0. The first
state naively describes such a situation in which there are
no particles at the past infinity of the future wedge, while
the second state seems to describe the situation of the
absence of particles at the future infinity.

As shown above, the In-state does not coincide with the
Poincaré invariant vacuum. Hence, if the time evolution of
the theory starts with this state, there, in principle, can be a
particle creation process. In a proper sense, we observed
this process within the in-in formalism in the main part of
this paper. Here, we want to focus on the signs of this
phenomenon in the in-out formalism. In fact, as usual, the
transition probability between these states, |(In|Out)|?, if it
is not equal to unity, may hint that there can be particle
creation processes in the future wedge, at least for the initial
In-state in question.

There are two ways to calculate the /n/Out-amplitude in
question. The first approach is based on the uses of the

Bogoliubov coefficients between the In- and Out-modes.
This allows finding the imaginary contribution to the
effective action:

|(In|Out)|> = e mSenr,

The second approach relies on the calculation of the
imaginary contribution to the effective action using the
Feynman In — Out propagator at the coincidence limit. Let
us start with the first approach. Following e.g., [8,30] to
calculate |(In|Out)|?, one should find the absolute proba-
bility of creating no particles with momentum k, which is
denoted as N, and then integrate it over all possible values

of k. Namely:
TN = e,
k

To find Ny, one should use the relation:

Nk(1+Wk+W%+):l, then, NkZI—Wk,
where wy, is the relative probability to produce a pair of Out-
particles with the opposite momenta k and —k in the initial

In-state:

_ <OUt|aout(k)aout(_k)|In> 2
M= (Out|In) ' (A1)

while w2, w3, ...
and etc. pairs.

To calculate wy, one should use the Bogoliubov trans-
formation between the In- and Our-modes:

are the probabilities of creating 2,3, ...,

P = g + v (A2)
A straightforward calculation of (A1) with the use of (A2)
gives Ny = +/|uy|- Then

1 [+oo
Sy =5 [ dktog(|u)
In the case under consideration, the Bogoliubov coeffi-
cients are as follows (essentially we have found them in the
main part of the paper):

1 1
=, =
i 1 — o 2K T ek

Hence, the amplitude is equal to

+00

[(InjOut) P = exp [~ / diclog(l])] = et (A3)
Interestingly, the expression in the exponent is not propor-
tional to the volume of space-time, which is quite unusual.
We will see now that the second approach gives a
substantially different result for the probability in question.
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In fact, following, e.g., [31,32], we express the /n — Out effective action via the Feynman (T-ordered) propagator. The
relation of the /n — Out amplitude to the effective Lagrangian is as follows:

(InjOut) = ¢ J Ferd = / dp) e,
Now using the chain of equations as follows:

. X x)g(x)eSl
%mg / d[g)eisle) = e ”}[Z][Z](ei)s‘[’;]( ) _ / dxGp(x, x), (A4)

one can express the effective Lagrangian via the Feynman propagator at coincident points:

m2
[’eff = / dl’thF(X, .X').
(59
We are interested in the imaginary part of the effective action. Hence, we need to find the imaginary contribution to:

(In|@(n2. &) P (1. &1)|Out)
(In|Out)

Gin—out(’h’ 52’ n1, 51)

o dk H(E—E) 1 2 2 2
= / ?@ k(fz él)e ‘k‘ [Hz(llgl(mem)H(—l)lk‘ (me'h) +H1(‘k>|(mem)H(—1)|k| (me'h)}, (AS)

in the coincidence limit. The first term on the rhs of this equation is proportional to (4.1), i.e., to the invariant propagator. It
is known that such a propagator does not lead to any imaginary contribution at the coincidence limit.

Let us denote the second contribution to the rhs of (A5) as GI™  and rewrite it in the coincidence limit as:

: © dk ] oo d
G;‘];?—auz(X,X)—/_ —e‘”‘k‘HE‘zlgl(me”)Hf.‘zk)‘(me’?): ! /_ ! H(()z)(2zcosh(r)). (A6)

o 8 167 o T —IT

To obtain the effective action, we have to integrate this expression over the space-time. To take the integrals carefully, we cut
the upper limit of integration over time by some large value 7,,, which eventually is taken to the future infinity 7., — oo:

H —2ime'l®
Neo . o todr me'~ ) N L€
/_w R A o /_w 7+ Poosh(n) 11 (Bme'=cosh(e) & — o (A7)
|
One can see that (A6) does not depend on the spatial )
coordinate £. Hence, the integral over £ in (A4) is divergent. |(InjOut)| = ¢7sr”. (A8)
Let us define the spatial volume as V; = J=, dé. Then the
imaginary part of (A6) is equal to: Note that (A3) and (A8) are not equal to each other.
Moreover, the second expression for the decay rate is
mo e 2% Ve proportional to spatial volume, while the first one is finite.
ImSe = =V:Im - dm 6432 12822 These observations essentially question the applicability of

the in-out formalism in the situation under consideration. The
and for the probability, we obtain the following  in-informalism adopted in the main body of the present paper
expression: works perfectly well without any ambiguities.
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