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How long does a light bulb shine in odd dimensional flat spacetimes, according to a distant observer?
This question is nontrivial because electromagnetic and gravitational waves, despite being comprised of
massless particles, can develop tails; they travel inside the light cone. To this end, I attempt to close a gap in
the literature by first deriving, strictly within classical field theory, the real-time electromagnetic dipole and
gravitational quadrupole energy and angular momentum radiation formulas in all relevant dimensions. The
even-dimensional case, where massless signals travel strictly on the null cone, depends on the time
derivatives of the dipoles and quadrupoles solely at retarded time, whereas the odd-dimensional ones
involve an integral over their retarded histories. Despite the propagation of light inside the null cone,
however, I argue that a monochromatic light bulb of some intrinsic duration in odd dimensions remains
approximately the same apparent duration to a distant detector, though the tail effect does produce a phase
shift and adds to the signal several transitory nonoscillatory inverse square roots in time. Analogous
remarks apply to a distant gravitational wave detector hearing from a finite duration quasiperiodic

quadrupole source.
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I. MOTIVATION

The flat spacetime wave operator 9? in even dimensions
higher than two (d >4) admits the retarded Green’s
function

1 0\5T-R]
— — _
Gttt =¥1= (= 5rzom) o (D)
T=t-17, R=[x-X|; (2)

while in all odd dimensions (d > 3), it admits instead the
retarded Green’s function

1 0\%5 O[T-R]|
G )= (-2} S 3
wisle=?) = (“5z5m) e O
With  the Minkowski metric given by 7,=
diag[l,—1,...,—1], both Green’s functions in Egs. (1)

and (3) obey the wave equation

DG lx — x') = 02G yx — '] =6Dx-x], (4)
where 0% =%0,0; and 69 is the d-dimensional Dirac
delta function. By viewing x* = (¢,X) as the location of

some observer, and x* = (¢#,X’) as that of the source,
Eq. (4) tells us the retarded Green’s function is the signal at
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x generated by a spacetime point source at x’. Moreover, the
Dirac o-function in Eq. (1) tells us (massless) waves
propagate strictly on the null cone 7 = R in even dimen-
sions d > 4; whereas the Heaviside step function in Eq. (3)
informs us the odd dimensional counterparts develop
tails—namely, the signal permeates the interior of the light
cone 7" > R. To further elaborate this distinction between
the causal structure of the wave signals in odd versus even
dimensions, consider the massless scalar wave equation

Oy = J, (5)

whose solution can be expressed as the convolution

wix] = /RL“" G ylx — X'|J[x']d%. (6)

As I illustrate in Fig. 1, due to the Dirac delta function of
Eq. (1) enforcing null cone only signal transmission, the
observer receives waves emitted only from the intersection
between her past null cone with the source’s world tube
(dashed line). Whereas, in odd dimensions, due to the tail
transmission of signals arising from the step function of
Eq. (3), the observer receives waves emitted from the entire
past history of the source’s world tube that lies within the
interior of her past null cone.
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FIG. 1. Causal structure of signals in odd versus even dimen-
sional Minkowski spacetime. The Dirac delta function of Eq. (1),
when employed in Eq. (6), tells us the signal received by
the observer can only come from her past light cone. This is
the dashed segment, representing the intersection between the
observer’s backward light cone and the world tube of the source
responsible for the waves. In contrast, the step function of Eq. (3)
when employed in Eq. (6) says the signal detected by the observer
comes from within her null cone (gray region). This means the
signal she receives at a given moment is the superposition of the
waves emitted from the source’s world tube lying within this gray
region.

One of the primary motivations behind the current work
is the real-time gravitational quadrupole formula—the
leading nonrelativistic expression for power emitted by a
gravitational system—is not known in odd dimensions
d>5" Specifically, Cardoso, Dias, and Lemos [2] and
Cardoso, Dias, and Figueras [3] encountered difficulties
deriving it because of the tail effect. In the latter [3], the
gravitational quadrupole formula was in fact obtained in all
dimensions, but only in frequency space; moreover, it was
derived by employing quantum field theory techniques to
extract the answer from the vacuum-to-vacuum transition
amplitude. That such sophisticated quantum methods have
to be brought in to derive an incomplete classical result,
where the real-time information is lost, suggests more effort
is warranted to improve our physical understanding of this
basic result in gravitation.

But why bother to understand better the quadrupole
formula in a dimension other than the 3 4 1 ones we reside
in? One reason is that d, the spacetime dimension, may be
considered a parameter in the equations of physics, and by
varying it we may develop a deeper appreciation of the
phenomenon that follow from them peculiar to our 4D
world. For instance, although null-traveling plane-wave
solutions of the homogeneous equation 9%y = 0 exist in all

"t should be noted, however, that the real-time massless scalar
synchrotron radiation in odd (2 + 1)- and (4 + 1)-dimensions has
been computed by Gal’tsov and Khlopunov [1].

dimensions, namely y(x) = exp(il_c' X+ |z|t) the signals
produced by a physically isolated system arises from the
superposition of the Green’s function weighted by the
associated source(s) and is therefore only tail-free in even
dimensions d > 4. Since Green’s functions are s-waves
with respect to the variables 7 and R, there therefore
appears to be a fundamental incompatibility between
spherical waves and strictly-null propagation of physical
signals in odd dimensions.

Four dimensions is also the only dimension where both
radiation and the static Coulomb and Newtonian potentials
appear at the same order in the asymptotic 1/r expansion,
where r is the radial distance between observer and source.
To see this, first recall that, in an inertial Lorentz frame,
the spatial volume measure in spherical coordinates is
r?-2drdQ, where dQ is the infinitesimal solid angle. If 7*
is the (pseudo)energy-momentum shear-stress tensor of the
associated radiation and 7 is the unit radial vector, the
energy flux is

dE .
E = rli_)[glord_zTOl 7. (7)

Hence, to yield a well defined nonzero energy loss to
infinity, the radiative portions of 7% must scale as 1/r¢2.
As we shall witness below, because T#* for both electro-
magnetism and gravitation are quadratic in the fields, the
radiative terms of the photon and graviton field must in turn
scale as 1/r(¢/2=1_ On the other hand, in the static limit,
both photon and graviton fields must satisfy some version
of Gauss’ law. For a point charge or mass, the correspond-
ing linearized field is the Green’s function of the Laplacian,
which scales as 1/r%=3. [The special case of d = 3 does not
even return a power law Green’s function, but rather a
logarithm: 1/ V= (27)~' In r.] The unique solution to
1/r4/2=1 = 1 /7473 is d = 4. By taking the far-zone limits
of the solutions to the Lorenz gauge vector potential and the
linear de Donder gauge gravitational metric perturbations
in, respectively, Eqgs. (A74)—(A75) and (B11)-(B12) of [4],
we further see that the coefficients of 1/r(#/2~1 are
proportional to (in odd dimensions) (d — 3)/2 and (in even
dimensions) (d —4)/2 time derivatives of the associated
electromagnetic current and matter stress tensor; whereas
that of the 1/r%=3 has zero time derivatives acting on these
same sources. To this end, in Secs. III and IV below, we will
not only compute the electromagnetic and gravitational
energy flux given in Eq. (7), but also their angular
momentum radiated. By considering rotations on the spatial
(i, j)-plane, the associated angular momentum flux is

*Throughout this paper, Latin/English alphabets run over
spatial indices whereas Greek ones run over spacetime, with
the zeroth component denoting the time coordinate. Einstein
summation is in force unless otherwise stated.
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= lim 4= 2xliTilkpk, (8)

Studying physics in Minkowski spacetime of various
dimensions may also provide us with a simpler context
to study not only why the tail effect exists but also how to
analyze and compute its consequences. This could poten-
tially lead to novel methods or insights into the curved
spacetime scenario, where understanding the tail induced
self-force acting upon compact objects orbiting super-
massive black holes at the center of galaxies is important
(at least within the de Donder gauge) for modeling
gravitational waves from such extreme-mass-ratio-inspiral
(EMRI) systems—a prime target for the upcoming space-
based LISA mission.

The contents of this paper are as follows. As a warm up
to the technically more arduous gravitation calculation, in
Sec. III, I shall first generalize the leading order non-
relativistic electromagnetic dipole radiation formula in
four-dimensions, namely the Heaviside-Lorentz and ¢ = 1
natural units® based expression

E 2700 1\2
C:i_t — (8td[6t r]) , (9)
d=4 4

to all dimensions (d > 3) greater than two. Throughout, I
shall denote the dipole moment as d and T will always

assume the spatial origin 0 to be located somewhere within
the electromagnetic current or matter energy-momentum
tensor, so that ¢ — r is the retarded time. In even dimensions
d > 4, we will discover below

dE d-2 4= o
@ m({?,d[r—r]), (10)

where I'" is the Gamma function and the square of a
multicomponent object will always mean the Euclidean
dot product with itself (e.g., @> = d - d@). On the other hand,
in odd dimensions d > 3,

dE d-2 du a1 2
o fTc Hordi—r—u) . 11
dr 2475 </0 PR ]> ()

The retarded history integral over u € [0,00) sums the
(1/2)(d + 1)th time derivative of the dipole’s contribution
to the electromagnetic power from retarded time 7 — r to
past infinity lim,_ (¢ —r — u). Its presence is the direct
result of the tail effect, for since massless waves do travel
inside the null cone in odd dimensions, the observer is now
sensitive to the entire past history of the relevant sources.

Using the Fourier (frequency-)space decomposition
convention given by

*Which 1 shall deploy throughout the rest of this paper.

£l = / 99 -ionFa), (12)

2

I will also demonstrate that the corresponding frequency
space expression of Egs. (10) and (11) is

dE d—2

with * denoting complex conjugation.

After deriving the closely related electromagnetic angu-
lar momentum flux, I will then proceed to examine the
retarded history integral of a monochromatic dipole of
duration T, which I view as a toy model of a finite duration
light bulb.

In Sec. IV, T will apply the experience gained in the
electromagnetic calculations to the case of general relativity
(GR) with the cosmological constant set to zero. The d = 4
gravitational quadrupole radiation formula

dE GN Gy 43

<= Aoole-r.  (14)

ol -

where Gy is Newton’s constant, is responsible for the
decrease in the orbital period of the Hulse-Taylor binary
pulsar system, a phenomenon verified to be consistent with
GR at the subpercent level [5]. This gave physicists
confidence that gravitational waves do exist, long before
their direct detection by the LIGO experiment [6]. In even
dimensions, d > 4, I will find its generalization to read

dE. d(d—-1)(d—-3)Gy &2
o, = ( >( = ) Natz QSIZ[t_

19,7 0Wr—1).
dr — 24(d - 2)a T[]

(15)

Here, the traceless quadrupole moment is defined in terms
of the quadrupole Q,;, as

1 .
0"t —rievend > 4] = (55:{1152} > 5ab> Qijlt = 1.

(16)

*The d-dimensional Newton’s constant is defined via
Einstein’s equations G,, = 87GNT,,. On the other hand,
in odd dimensions d > 5 I will demonstrate that

“In this paper, the convention for symmetrization and anti-
symmetrization are Syqz = Sy + Sp, and A[aﬂ] =Ayp — Apa-

Tt is widely accepted that gravitational radiation does not exist
in 3D. Below, I will provide a (partial) analysis that shows the far
zone effective energy-momentum (pseudo)tensor of gravitation is
zero in (2+ 1)D
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dE_d(d—1)(d -
dr 24(d - 2)a" T T[4

3)Gy 423
) Naijg;[t_

ro, QW[ - rl.

(17)

where the dependence on the traceless quadrupole
moments now features an additional integral over its entire
past history due to the tail propagation of gravitational
perturbations

Y[t = rioddd > 5]

Ltigy _ Swd” j/“’du
= (=6sis) - SQult—r—u.
(3000 -227) | A==y (18)

Additionally, the angular-frequency space counterpart to
Egs. (15) and (17) is®

dE_ d(d—1)(d—3)Gy
dw  24+1(d - 2)n'F T[4

o200 [w] 0 w]*.  (19)

After working out the gravitational angular momentum
flux—which in 4D is responsible for circularizing initially
eccentric binary systems—I will then close in Sec. V.
In Appendix I discuss the solid-angle tensor integrals used
to obtain the total radiation rate (dE/dt or dL /dt) from
the differential direction-dependent ones (dE/(drdQ)
or dLV/(dtdQ)).

II. GREEN’S FUNCTIONS IN THE FAR ZONE:

wr — o0

Because the radiation formulas of Egs. (7) and (8)
involve the far zone r — oo limits, the main objective of
this section is to provide a step by step guide to lead the
reader from the exact Green’s functions in Eqs (1) and (3)
to their respective leading order 1/r(4/2~! and next to
leading order 1/r%/? far zone radiative limits in Eqgs. (50)
and (53) below. I shall then use the results to first solve
explicitly the massless scalar-wave equation in Eq. (6). As
we will witness in the next two sections, the Lorenz gauge
vector potential and the linear de Donder gauge gravita-
tional perturbation can be directly obtained from
Eq. (6). Since these solutions are already in the far zone
C,/r' Y21 4 Cy/r¥? 4 ... form, the desired radiation
formulas in Egs. (7) and (8) then follow readily.

®A word on notation; the Gy here is the G, in Eq. (4.25) of [3].
However, while our frequency-space expressions are really
energy or angular momentum per angular frequency (dE/dw
or dLY/dw) their answer is the energy loss per frequency
(dE/dv), where wlhere] = 2zv, even though they still call it
dE/dw.

A. Driven simple harmonic oscillator

First, we shall see that rewriting the Green’s functions in
Egs. (1) and (3) in frequency space would allow us to
perform a clean separation of variables, which will then
facilitate this 1/r expansion,

Galx - ¥ = A czl—;)e_i“’TGd[a)R}. (20)

T=t-7, =|x-X|. (21)

Referring to Eq. (6), obtained by integrating J against
Eq. (20) tells us @ corresponds to the angular frequency of
the source producing these waves

w7 / O o A dIRGR)[0.¥], (22)

where Jw, X' = [ df'e™’ J[¢',¥']. The field y in Eq. (22)
is simply the sum over harmonic oscillators, driven by J,
and analogous statements apply for the Lorenz gauge
vector potential A, and the de Donder gauge gravitational
perturbation l_z,w just by replacing w — A, and J — J, or
v = }_z/w and J — —162G\T,.

B. Frequency space and separation of variables

In even dimensions d > 4, we first employ the Fourier
integral representation of the Dirac delta function

ST —R] = / 49 (- (23)
R &7

on Eq. (1), followed by recalling that the Hankel function of
the first kind with order 1/2 is

HY[Z) = =iy e, (24)
2 Tz

to deduce

Geven d>4 [a)R] =

iw 1 0\%5 H%( >[G’R]
42z \ 2zROR ‘
In odd dimensions d > 3, upon multiplying Eq. (3) by e

and integrating over 7 € R, we may first recognize the
integral representation of the Hankel function

ioT

2i [ e
— dr
TJ1 ViE=-1

followed by analytic continuation to all x € R, to infer

i 1 0\%
:4<_2”R8R) H[wR]. (27)

Finally, let us utilize the identity, for non-negative integers
n=0,1,2,3,...,

H(()l)[x >0]=-

(26)

Goddaz3[@R]
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(1 d) E_ pHE g

z dZ z Zv+n

to arrive at the following frequency space Green’s functions
for all d > 3,

iw2n+1 HEJlr)n [a)R]

G = n wR = : ? 29
d=4+2 [ ] 4(2”)%+n (a)R)%"'n ( )

iw* HY[wR]
427)" (wR)"

G320 [0R] = (30)

The factor H" [R]/(wR)" obeys addition formulas that
separates the r=|x| and  =|¥| dependence in

= |Xx = X|. Denoting r.=min[r,r]|, r. =max|r,r],
r—x/r and ¥ =X'/7,

+00
HY [oR) = Y JJor JH [wr ], (31)
=—00

1
u+f a)r<] Hz(/ﬁf[wr>]

(1) +o0

H, R

Sk 2T
=0

(wR ) (a”'>)y
xCOF-#), v #0,-1,-2,-3, ..
(32)
For all even dimensions d = 4 4 2n > 4, therefore,
- i T2 ] |:1
G n wR :—|2§+Vlr _+n:|
sloR] = o s
s 1 Jl+n+f[wr<] Hl(ir)n+f[wr>]
x ) <f+—+ n) ALt Tt
=0 2 (wr<)§+n (a)r> )7+n
(34m
xCp o [FF]. n=0.123,.., (33)

where J,[z] is the Bessel function, Cif) [z] is Gegenbauers

1
polynomial. (For the 4D case, recognizing C,(f?) to be Py,
|

(iw)"
2(2m)1+"

XZ

~ 1 .
Gasonsa|@R] = 2+ {5 + ”} e’

n(n+1)+f(f+2n—|—l)

the Legendre polynomial, would recover the familiar
result found in most advanced electromagnetism
textbooks.)

For odd dimensions, d = 3 + 2n > 3,

+00
G7|wR) —%f;wa[a)Q]Hf)[a)r e?,  #-#¥ =cosg,
(34)
B i 2n +o0
G3+2n [(I)R] 4(271_) 2;’:1—‘[ ] Z(” + f)
=0
1
‘]n+f[a)r<:| Hf'l-zf [U)r>] (n) [? . ?/]
n n ¢ ’
(wr)"  (or.)
n=1,2,3,.... (35)

C. Far zone: Frequency space

For our radiation calculations, r, the observer-source
distance is always much larger than »/, which is at most
the size of the source itself, since we will be integrating x’
against the electromagnetic current or the stress-energy tensor

of matter. (Recall: we will always place 0 inside the source.)
The wr dependence therefore occurs in the factor

Y [wr]/(wr)* in Egs. (33) through (35). If we then replace
these H." [wr] with their large argument expansions—a finite
power series for v = % + ¢ + n (even dimensions) and an
asymptotic one for v = n + £ (odd dimensions)

2
\V2rwr
(v +5)

i(l/—i )
S YA SO 74
X( +2 wr

the even-dimensional result in Eq. (33) may now evaluated in
the far zone wr — oo as

el (0or—5v-%)

H£l>[(ur] =

+ O[(a)r)‘z]), (36)

Jl+n+f[wrl] < i
Cs+n) (145
< > (wr )t 2

Ol(wr)- ]) . #. (37)

wr

Whereas the same wr — oo far zone limit of the odd-dimensional results in Eq. (34), with 7 - # = cos ¢, it becomes

i - i [—1 2 ‘
Gs[wR] = W@’(“”_ﬂ Z (=i)?J s[wr <1 +5 ( it ? > + (’)[(wr)‘ﬂ) el’?, (38)
Twr P wr
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and that in Eq. (35) turns into

(_i)n—lw2n(n _ l)'
4"\ 2m(wr )"

XZ 2n+2f’&fr[§):]

i(wr—%)

GS+2n25 [wR] =

Next, we recognize the (£ +2n + 1), £, and £(£ + 2n)
occurring within the summations in Egs. (37) through (39)
as the eigenvalue (¢ + d — 3) of the negative Laplacian
on the (d — 2)-sphere, for all d > 3. Specifically, we may
replace them with the negative Laplacian acting on the e’/
(%

or Gegenbauer polynomial C,* ) because
—Vii et = 2 (d=3) (40)
- =3 =3
Ve CoT b ¥ = (6 +d=3)CCT [ 7). (d>4).
(41)

Upon the replacement (£ + d — 3) — —ﬁéd—Z in Egs. (37)
through (39), we will recognize the remaining summations
to be nothing but the Bessel function expansion of the plane
wave. In d — 1 = 2 spatial dimensions,

in(n+

2 wr
eiFF — Ji i"Jolkrle?; (42)
=—c0

and in three and higher spatial dimensions, d — 1 > 3,

- s [d=31 (d-3
ikx _ 2%1’*
e 5 Z > +7

£=0
Jisip [kr]

(kr)5

x if

7). (43)

D. Results

We have arrived at the far zone wr — oo frequency space
Green’s functions. The even (d >4) and odd (d > 3)
dimensional Green’s functions are, respectively,

1) - ﬁélmi

Gy ionzs@R] = % (1 T3
- (—iw)"
G3+2n23 [Q)R] (271'7') \/2_71'\/T

=2
< n2 - 411 - VSZIH»I

+ O[(wr)_2]> gio(r=3) (44)

wr

wr)2 eiw(r—?-?).
i Of(on) ) (45)

o . ) . . .
To carry out the derivatives associated with Vgi-2, let us record that the Laplacian on S?2 acting on a function that depends

A

on angles solely through the object ¢ = 7 - # is, for all d > 3,

= 1
Verylp - V] = ——0
sy ] (1- )%
= (1= W'l -

The expanded forms of Egs. (44) and (45) then read

0:((1= )7

(2n+2)(—iw)(?-X') —

D7) (46)

(d—=2)cy/[c]. (47)

—iwr

L+ 2n+1)(=iw)(7- %) — (-

- (—iw) In(n+1)+
G Rl=———>— (1 +=

442124 @R] 22\ T2
5 (_iw)n ( 1712 _
Gyiops3|OR| = ——F———( 1+ =

342 23[ ] 2(2ﬂr>n+2m 2

(—ior)

084074-6



ELECTROMAGNETIC AND GRAVITATIONAL RADIATION IN ...

PHYS. REV. D 104, 084074 (2021)

1. Relativistic corrections

Before moving on, I wish to highlight the presence of the
—#- %' in the exponential ¢/(“”="%) as a relativistic correc-
tion. By examining the =7 G in Eq. (20), we see that the
combination e~("~*=") arising from the expressions in
Eqgs. (48) and (49) describes an outgoing spherical wave,
with angular frequency w associated with that of the source.
Since —7 - X’ scales as the characteristic size of the source
r,, it does not produce an appreciable phase shift as long as
w - (7-X) = (2zf)(7- X') is much less than 2z. Physically,
this indicates that as long as the characteristic timescale of
the source (¢, ~ 1/f) is much slower than its characteristic
size—namely, wr, ~ 27(r,/t;) < 2z—then this factor is
negligible. To further corroborate this relativistic correction
interpretation, also observe that r; is, in natural ¢ = 1 units,

|

the light-crossing time of the source (i.e., the nonrelativistic
limit is simply the situation where the light-crossing time is
much shorter than the characteristic time scale of the source
itself).

E. Far zone: Real time

The real-time far-zone radiative Green’s function
requires that we perform the Fourier integral in Eq. (20).
To this end, we recognize all positive powers of —iw to be
time derivatives; namely, (—iw)"e™®T = 9e~T. Note
that the n(n + 1)/(—iwr) term in Eq. (48) is nonzero only
forn > 1, so together with the (—iw)" prefactor, we see that
it contains n — 1 time derivatives for d = 4 + 2n > 4. We
then arrive at the far zone (radiation) Green’s function in
even dimensions d = 4 + 2n > 4,

1 Lo dnm+1),,, 1(F-X)2n+2)-(X?*=(7-X))0, ,, _ -
G4+zn[x—x/]—W<az+§73z l+§ . oM+ O[r 2 |o[t—t —r+7-%).
(50)
The odd-dimensional case in Eq. (49) requires the follow- I 1 fe A liu-of (51)
ing manipulation due to the presence of the inverse frac- (=ia)*  Tz] Jo My CXp L al,

tional powers of frequencies, 1/(—iw)? at order 1/ and
1/(—iw)? at order 1/r2™. By invoking the representation of
the Gamma function for Re[z] > 0 and Im[a] > 0,

G3+2n [G’R]

- 2\/7(2nr)

Here, we have replaced (2n+ 1)(—iw)(

=2
—iw)" o n? —1_ Ve
7( ) n+l/ d,ue""O+ (/f% +u -4 ST +
2 Jo

where z=13 ..., and by replacing a— w+i0",

Eq. (49) is transformed into

1=

r

O[r—1]> elo(r=F¥'+p) (52)

¥) = (=iw)2(r* = (7 ¥)?) with —Vaun for compactness of notation.

-
Multiplying Eq. (52) by e~7, replacing (—iw)" — 07, and integrating over T € R hands us the far zone (radiation)

Green’s function in odd dimensions d = 3 + 2n > 3,

1

/T —
G3+2n [x - x] - \/E(zﬂ)n+l . rn+%

o [ explou-07
0

n? =1+ (F-X)2n+1)0, — (r* = (7-X))0}

X (Iu_% =+ /4%
r

' +O[r—2]>5[t— ! —r—pu+7-X]. (53)

1. Massless scalar in even dimensions

Plugging Eq. (50) into Eq. (6) tells us the far-zone massless scalar solution in even d = 4 + 2n takes the form

1

wlt, x| :W

/ By (a;u[t — P PR
R3+2n

L Ln(n DO+ (7 F) (20 4 200 = (72 = (- )07

2 r

and its first and second derivatives are

J[t—r+?-)?’,)_c”]+(’)[r‘2]>, (54)
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- 1 - R N = o
Oaplt- ¥] = W / dre ((52 LI Il = 4 LR

- = 1, J.
—|—5‘1P“b 8”*' Jt—r+7-X,X] - ntl SLHONI[t —r+ 7 X, ¥
r

1 ( )an l ( )(2n—|—2)6” — (r/2 (A /)Z)altl+l
2 r

(8% =LYt —r+7-X, %)+ O[r‘2]>, (55)

and

1 . S . P o .
aaaﬂw[[’ﬂ—WA3+,’1d3+2"_”<(50 — 5, 7)(8) - 6§rk)8,+2J[t—r+r-)7,f’]—65,75;‘,8,+1J[t—r+r~f’,f’]

/h

+50 pv — (8 =0y M) I [t = 7 F ] - 51{1;1(50 =8 M) [t —r+ 73, 7]

+;”(n+ 1)3? (7-¥ )(2n+2r)8?+1 — (2= (- ¥)H)or (80— 8L (80— 857 ) I [t — r+ 77 7] +(9[r—2]>.
(56)
We have defined
Pt = g — japh, (57)
which is orthogonal to the unit radial vector 7 and also acts as a projector,
PPy, =0 and PP, = P,. (58)

2. Massless scalar in odd dimensions

Along similar lines as the even-dimensional case, plugging Eq. (53) into Eq. (6) tells us the far-zone massless scalar
solution in odd d = 3 + 2n takes the form

> _ ! 2emz [ N PR WP
w[t,x]—W/Rzmd xA du exp[-u-0 ](/4 ZGTJ[T,X]—F?((H —Z>81J[T,x]
+ (7-¥)2n + D[, X] = (F* = (7-X)?) 072z, )?’]) + O[r‘2]>,
T=t—r—u+#r-¥, (59)
and its first derivative is

1 o0
Ot ¥ :—/ d2+2”5c'// dy exp[—u - 0*
ll/[ _1 \/i<2”>’1+1'r’1+% R22n 0 Y p[ H ]

1

» - . I )
x { (3 — S ) I [, 7] +E— (5;Pabx'ba¢+11[f,x'} - (n + E) MoLonlr, x’])
r

+F;72 ((n —> 6”][7 x] + (f” . )?/)(Zn + l)agﬂj[r’ )-5/] _ (r/z _ (?‘21)2)a¥+2j[1’)—5,])(52 _ 5£?j) n O[r_z] }
r

(60)
In the last line of Eq. (60), we have converted one of the 7 derivatives into a negative u derivative (i.e., /0t = —0/0u), and

integrated it by parts. The surface term at y = oo is zero because of ¢ 0" and that at u = 0 is zero because of u'/2.
Finally, the second derivative of Eq. (59) is

084074-8



ELECTROMAGNETIC AND GRAVITATIONAL RADIATION IN ...

PHYS. REV. D 104, 084074 (2021)

1

aaaﬂl//[t’ )_C)] =

X

. \‘i._ ~

\

_< —

We now turn to tackle Maxwell’s electromagnetism and
the weak-field and zero-cosmological constant limits of
Einstein’s general relativity.

III. MAXWELL’S ELECTROMAGNETISM
A. Setup

Maxwell’s electromagnetism, sourced by a conserved
current J¥, is defined by
0,F*" =J" and 0,J" =0. (62)

The antisymmetric electromagnetic tensor F,, = —F
itself is built out of the vector potential A,,,

v

F;w = 6U,AU] = 8HA,, - 8yA (63)

e

Given an inertial frame, the d — 1 components of F;, =
—F; are electric fields and the (1/2)(d —1)(d —2) com-
ponents of F;; = —Fj; are the magnetic fields. (The
diagonal terms of F,, are zero.) The electric field may
always be regarded as a spatial vector, but only in d = 4
can the magnetic ones be interpreted as such—i.e., it is the
only admissible solution to (1/2)(d —1)(d —2) =

B. Energy flux

The conserved and symmetric energy-momentum tensor
of the electromagnetic fields is

1
TW = —F'F, + 21" F°F,, (64)

In particular, the momentum density responsible for carry-
ing energy to infinity is

TOi — _FojFl] (65)
Because the antisymmetric magnetic field F';; does not exist

in d = 2 dimensions, we shall only focus on d > 3 in this
section. Note that conservation 8# T = 0 1is not an identity,

p (8 — 8T ) (8 — 3 )0 2 [, ¥)

( Pab /ban—‘rZJ[T x] <l’l +%> ?151{08¥+1J[T, )—C’/]) (50 _ 5/( '\k)

— / d2+2n)‘c'// d/l exp [_Iu . 0+]
T3 JR2t2an 0

m|._.

5aPab6han+l [ ]

sy B

n ——>an+w[ P+ (- F)2n+ 1) 22, 7]

) )an+3j[ ]) (52 _ 5{}[?/)(52 — 5[1;?'/{) + O[r_z]}. (61)

|
but only holds when the energy momentum is evaluated on
the solutions to Maxwell’s equations in (62).

In terms of the electromagnetic fields and the outward
point unit radial vector 7, the energy flux in Eq. (7) is

dE
dag ~ A Foifyt (66)

C. Angular momentum flux

For a fixed and distinct pair (i, ),
momentum current is defined as

the angular-

Jiinw — xliTilm, (67)

In 4D, the J/0 = xl'T/0 is simply the spatial Hodge dual of
the perhaps more familiar expression involving the cross
product between the position vector and the momentum
density; namely, L’ = (1/2)e"*J/* = ¢likx/ T where e'/k
is the Levi-Civita symbol with ¢'?* = 1. One may also
readily check that this current is conserved, 9,,J* = 0, due
to the symmetry of the stress tensor (7" = T**) and its on-
shell conservation (C’)MT"” = 0). The angular-momentum
flux in Eq. (8) is thus

= lim r?=2x U TIk7k, (68)

The primary goal of this section is to compute Eqs. (66) and
(68) for Maxwell’s electromagnetism. Because they involve
the r — oo limit, we do not need the exact F,,, but only its
asymptotic far-zone expression developed in powers of
1/r—for Eq. (66), to order 1/r4/2~1: and for Eq. (68), to

order 1/r%2.

D. Lorenz gauge and far zone solutions

To solve Eq. (62) in terms of A, requires a gauge choice, as
otherwise the associated wave operator is not invertible. [ will
choose the Lorentz covariant Lorenz gauge 9*A,, = 0, which
then translates Eq. (62) into d massless scalar wave equations,
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PA, =1, (69)

Comparison between Eqs. (5) and (69) tells us that the far-zone
solutions for A, can be simply obtained from Egs. (54) and (59)
by replacing w — A, and J — J,; whereas those for

Fo5 = 0,Ap may be obtained from Egs. (55) and (60) by
replacing y — Ay and J — J; followed by antisymmetriz-
ing ap.

In even d = 4 + 2n > 4 dimensions, the far-zone vector
potential and electromagnetic fields are, respectively,

1 In(n+1)+(#X)2n+2)0,— (X* = (#-X)?)0? B
— 342n n = t I an—1 2
Tl ] CIATIE : o0, [0 71+ O ).
(70)
witht=t—r+7-¥, and
Foltd) =t [ @z (0~ #ort, o] + oo™ 2 o) - "L ong o7
apls _Z(Zﬂr)”” R3+2n [a Al [a r [a e
1 1 A'-’/z 28_ 2 _ '\"’/282
_'_E”(”‘f' )+ (7 X)( ”+r) = (r (7-X')7) (5?{1 51 Al)a”Jﬁ][T X+ O~ ]> (71)

On the other hand, in odd d = 3 4 2n > 3 dimensions, the far-zone vector potential is

1
\/5(27:)”“ Lt

u

Av[t?)_g] =

31—

r

+—<<n --)a" e %] + (7 ®)(2n + DO, [0, %] - (72 = (- ¥

ot [ e [T e w0 (1o e7)
2 R2+2n 0

POz #]) + 0. (72

with t =7 —r—u+ 7-X. The associated electromagnetic fields are

R 1
Faﬂ[t’ X]

_5] r] 811+1J { /] 4

X {,u_%
Y2,

S

! | .
+—(5? —5f r/)<(n2 —Z>8¥Jﬁ][r,xq

= d2+2"f//wd exp[—u-0"
V2(27)m . AM" 0 o exp - 0]

1
E > 1 >
"72 <5[aaPabx’bag+’Jﬂ] [2.X] - <n + 5) P81, 08 g, x’])

+ (7 ¥) (20 + DO [n, 7] = (72 = (- ¥)2)00 2 2, 7)) + O[] } (73)

The integral over p in Egs. (70) and (73) is the novel feature
in odd dimensions relative to that in the even-dimensional
Egs. (72) and (71). In the latter, the signal at (#,X) was
emitted from the electromagnetic current only at retarded
time ¢ — r + 7 - X', due to the Dirac delta function in Eq. (50)
enforcing strictly-null propagation of the signal. In the
former, however, the additional integral over yu describes
the fields at (7, X) as arising from the superposition of waves
emitted from the entire past history of the source—up to
retarded time 7 — r + 7 - X’. This history dependence is the
signature of inside the null cone propagation, and as we saw
in Sec. II, is intimately tied to the presence of inverse
fractional powers of frequency in the far zone expansion.

|
E. Nonrelativistic limit and current conservation

We now assume the electromagnetic current is non-
relativistic and proceed to work out in this limit the leading-
order (i.e., dipolar) contribution to energy momentum and
angular momentum radiated to infinity. To this end, let us
first record that current conservation d,J# = 0 implies the
total charge of the system described by J#,

o= [ RO, (74)
R4-1

is time independent; Q = 0,0 =0. (We will see below
that electromagnetic energy-momentum radiation begins at
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the dipole order in all dimensions because the monopole
Q is conserved.) Current conservation implies the
dipole

4] = / 1% 301, 7] (75)
Rd_l

is related to the total spatial current through its time
derivative

d'lf] = 0,d'[1] = / | ARILR), (76)

Foilt, X] ~ —PIOrdit — 1]

1<(n—|—1)2(n+2)

r

MorQ —
while the magnetic fields F;; are

Folt 3] !
.. ’x z —
J 2(2zr)'*

n?+n+2
2

_ jli pila <a;’+2da [t—r]+-
p

We will assume that J' ~ JO - v scales as the charge density
J° multiplied by some characteristic nonrelativistic speed
v < 1 describing its internal dynamics; for e.g., d~Q .
By Taylor expanding the currents in Egs. (71) and (73) in
powers of 7 - X', we may associate each factor of (7 - X')9, in
the ensuing expressions to scale as v. Higher orders in the
Taylor expansion therefore corresponds to a higher order in
the nonrelativistic expansion.

To leading order in v and for all even d = 4 4 2n > 4,
we may exploit Egs. (74) and (75) to reveal via a direct
calculation that the electric fields are

IOt = 1] + (2n + 2)F 01 1 - 1)) (77)

L(n+ 1)(n+2)

5 ortlgelt — r]). (78)

A similar calculation would indicate, for all odd d = 3 + 2n > 3, the leading nonrelativistic expansion of the electric

fields is

- 1 o
Foi[t, X] NWA du exp [—u - 07]

X {—y‘éP"faf‘*zdf[t —r—pul+ - <<

3\ ... . A
i +> FOrQ + (2n+ V)#HO At — r — u]

8

nr 7 G antl g
— | =+ |PYOTT A t—r—pu] ) ¢, (79)
2 8
and that of the magnetic fields is
1 /00
Filt,X| v ———— dp exp[—p- 0"
J[ } \/i(zﬂ)nJrl‘rnJri o Y p[ H ]
. A = (n? 3\ . .
x {ﬂ-%%lla';ﬂdfl [t—r—p) +2 <% tnt §> Mg @ilr — r — p] } (80)
r

I have checked that Eqs. (77) through (80) satisfy Max-
well’s equations 0;Fy; =0 and OyFy; = 0;F;;. 1 also
highlight here, it is important not to take the nonrelativistic
limit—replacing ¢ —r + 7+ X' with 7 — r—too early. For
instance, in 4D, if we take from the outset the vector
potential as its leading-order expression, A, ~ (4zr)~!
Jrs @3X'J,[t = r, X', a quick calculation would reveal the
Lorenz gauge is violated (0”A, #0) and therefore
current conservation cannot be exploited consistently to
rewrite this A, and its associated F,4 into dipole
moments.

To reiterate, Eqs. (77) through (80) have been expanded
up to the dipolar order, with relative corrections that scale
as v ~ (7 ¥')0,, as well as both the 1/7(¢/2=! and 1/r4/?
orders in the far zone expansion.

F. Dipolar energy-momentum radiation

Inserting the leading order 1/r(¢/2~! even-dimensional
electromagnetic fields of Eqs. (77) and (78) and odd-
dimensional ones of Egs. (79) and (80) into Eq. (66) now
hands us the corresponding dipole radiation formulas.
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For all even d > 4,

o~

r

TOi —
4(2nr)d=2 (

Pt — ) (1 + O Y).  (81)

Because P;,P;, = P,

dE 1 d 2
diaa ~ apnre PUO =1
sin9 4 2
= 1207 <8§d[t - r]> , (82)

where Pabﬁ%db [t —r] = (890 = papb )8%db [t —r] is simply
the transverse part of the dipole at retarded time ¢ — r and
the J is the angle between the radial direction (to the
observer) and the (d/2)th time derivative of the retarded
dipole

d

68d]t — ]| - cos 9 = 7 - Bidlt — ). (83)

For all odd d > 3, on the other hand,

. rd o dy  du 2
TOzzi Pab —82dbt— _
2(2ﬂ)d—1rd—2 ( /) M% t [ r ﬂ])
x (14 (’)[r"]), (84)
_ Pab P as db t—71r—
drdQ ~ 2(22)" < A P O d'lt—r—p ]>

sin’9 oo dy drio 2
S LU X [ A 85
2(2ﬂ)d—l <A ﬂ% t [ r /"]) ( )

with 9 defined as the angle between the radial direction (to
the observer) and the (1/2)(d + 1)th time derivative of the
retarded history integral of the dipole

cody drl -
/ —/10,2 dit—r—p|
0

cody dilo
-cos&z?-/ —",lafd[t—r—,u}.
0 U

(36)

By appealing to the solid-angle tensor integrals in Eqs. (A4)
and (A16) below, we may integrate both sides of Egs. (82)
and (84) over the (d — 2)-sphere and arrive at the dipole
radiation formula in Eqgs. (10) and (11).

Here and below, we derive the electromagnetic and
gravitational energy, and angular momentum lost to infinity
per unit time; i.e., dE/dt and dL" /dt. Because they are
quadratic in the dipole or quadrupole moments, we may
integrate these expressions over all time and invoke
Parseval’s theorem to reexpress the total energy or angular
momentum loss as an integral over all angular frequencies.
For instance, starting from Eq. (10),

(87)

where d|w)] denotes the Fourier coefficient of the real-time
dipole moment d“[t]. This allows us to interpret the
integrand of the right-hand side as the rate of energy loss
per unit angular frequency, and thereby arrive at Eq. (13).
For the odd-dimensional case in Eq. (11), a similar argu-
ment applies if we first recognize the frequency decom-
position

oodl =0t Jil — p —
) i d'[t H]
= /d—leexp [—io(t = r)]d[w].  (88)
27 (—i(w + i0%))2
Even though the real-time electromagnetic dipole radiation
formula takes a different form in even versus odd dimen-
sions; we see its frequency space formulas take the same
form for all dimensions.

I further highlight here: by referring to the leading-order
terms in Eqs. (77) through (80), the factors within the
parenthesis in Eqs. (82) and (84) are readily seen to be the
time-dependent radiative pieces of the electromagnetic
fields. These will play a central role below in determining
the signal of our “light bulb” as seen by a distant observer.

G. Dipolar angular momentum radiation

We now turn to computing the net angular momentum
radiated to infinity, by employing Eq. (64) in Eq. (8)

dLi ) .
Tqg — Jim =2 (=xllF o Fiof* + xEFILFREE) - (89)

The extra r arising from the X factor in this angular-
momentum calculation, relative to the energy-momentum
flux in Eq. (7), is why we need to develop F,; one order in
1/r beyond the leading 1/r(#/?)~!. Note that, a direct
calculation would show that the rightmost term of Eq. (90)
goes as PIFINFM o #F, 7%, and thus drops out of the
final result due to the antisymmetry of Fy;, so we really
have

dLv .
—lim r@=2xli

didQ ~ e JoFiof (%0)

In even dimensions d = 4 + 2n > 4, the rate of flow of the
(i, j) generator of rotations to infinity is

dLi n+1

ade — 2y O A= et =, (O1)
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where I have discarded the term

it +1)(n+2
Hiort2dil[t — 1] ntDn+2) )2(n )

1
W a0,  (92)

by assuming that

Hior @it — r]|i==, =0, (93)
so that Eq. (92) does not contribute to the total loss of
angular momentum. In any case, Eq. (92) is nonzero only
ind=4.

Exploiting Eqs. (A4) and (A16) below to integrate
Eq. (91) over solid angle,

dLi d-2 TSN ¢
P :zdﬁr[% 02 d'[t —r]0:d[t —r].  (94)

In 4D this formula recovers the spatial Hodge dual of the
result in the Jackson problem 9.9 [7]

dLi

dr

1 . .
— 9.4l — 19221t —
» 6”8,d [t —r]07d![t —r]. (95)

In odd dimensions d = 3 + 2n > 3, on the other hand,

dLU  2n+41 [ du
= —e
ddQ ~ 20202 Jy i

5 d ! /.0t
x / om0 pagnti e — r — ), (56)
0 H/

O Rligr2ai |t — r — p)

where I have dropped the (potentially divergent) total-time
derivative term

1 o du . .
L [T w0t plignt2gily —
2(27[)2"+2 0 \/ﬁe r t [ r Iu]
o dy' o (0 3
x H_ gu'0 (”—+ n +—> 0. (97)
o Vi 2 8

This amounts to assuming both the lower-limit term

ottt — r — pl (98)

-~

and upper-limit integral

. o dy Al .
lim WO pligntl gl — /], 99
i [ Plaler—u), (99)

can both be set to zero. Of course, a more careful analysis is
needed to understand the (physical) origin of the divergent
integral in Eq. (97), as well as how to handle it.

Integrating Eq. (96) over the solid angle,

dLi d-2 o dy/

T N

o du Lodel
X —— e 09,7 dl [t — r—p.
| e e

s adsl
e M0 dlit —r — -
(100)

Transforming the real-time Eqgs. (94) and (100) into
frequency space, we discover they—Ilike their energy flux
counterparts—now take the same form for all d > 3

dLy  d-2
do 2d+lﬂ%l—~[d%l]

o' (0] - @ [w]*).  (101)

H. “Light Bulb” in even vs odd dimensions

In the final portion of this section on electromagnetic
radiation, let us attempt to answer the question posed in the
abstract:

“How long does a light bulb shine in odd-dimensional
flat spacetime, according to a distant observer?”

I will suppose that a light bulb may be modeled as a
incoherent collection of dipoles oscillating over a range of
frequencies. As a first pass to this problem, therefore, I will
focus on the propagation of the electromagnetic signal
generated by a single dipole at a fixed frequency.
Furthermore, if the dipole were active only over a finite
duration 0 <t < T, the key time-dependent factors in
Egs. (82) and (84) may be described as

d— > 1 t
Pao<r <1 = ¢, Sl
/2

(Even d > 4),

ﬁ

(102)

~  sin [wt]

¢ 773

(0dd d > 3),
(103)

where w, =z /T, and zero for t outside this interval.
These {+/2/Tsin[w,1]|£ =1,2,3,...} are orthonormal
basis functions that vanishes at t = 0 and t = T, and the
{CL} are arbitrary coefficients. It is certainly possible to
imagine that a collection of incoherent dipoles—when
averaged (...) over their coherence times—would produce

(Even d > 4),

(104)
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(0dd d > 3),

(105)

so that the total signal would be the superposition from
each distinct frequency, without any cross terms.

With this in mind, let us return to the single-frequency
emitter of Eqgs. (102) and (103). We see that the electro-
magnetic energy flux at a large distance in even d > 4,
according to Eq. (82) is

a pab
d(:fg zc(zi)dc;Tg[ AUl (106)
st 0 ST

Just like the 4D case, if the “light bulb” is turned on for a
duration 7 in even dimensions, the distant observer will see
it for the exactly the same duration 7'; the main differences
from the 4D case are the 1/(observer-source distance )92
dimension-dependent power law fall off as well as the
|

E0 < w,(t—r) < w,T) =sin[w,(r— r)]FC{

whereas for r — r after the active duration,

number of time derivatives acting on the dipole driving the
radiation.

The odd dimensional case is slightly more involved.
Inserting Eq. (103) into the history integral of Eq. (84),

cody a+t .
/ —'?8,2 d't—r
0 2

=0 _ r—r<0
I K I
~ € oy el sy
(108)

These integrals are related to the Fresnel cosine and sine
integrals, which I shall dub respectively as FC and FS. If we
write

dE CepaCt
= Elw, (1 = P 109
dtdQ ~ (22) (w0, T) [@e(t=7)] (109)

Then, for retarded time 7 —r lying within the active
duration,

Elwpt - 1) > 0,T] = sin [, (t - r)]{FC[ W] - FC[ M] }

— cos [wy (1 r)]{FS [

m’“p(ﬂt_r)}—cos[a)f(t—r)]FS{ 2“’"(”’_’”)} (110)
M]_FS[ ZW(;I‘“T)H (111)

To gain some insight into the behavior of this signal, let us first record the large argument asymptotic expansions of FS

and FC
sm 1) oo "(1/2),,, cosE] & "(1/2) s
FClz > 1] ~ UL L 112
[z mz% (n2]2)2" ;) (2222 (112)
_ cos[%5- (=)™(1/2)y,, sin[5] & "(1/2)2ma1
FS[z > 1] ~ = — = 113
[z ; (n2]2)2" n;) (n22/2)PmH (113)
[
where (a), is the Pochhammer symbol. Utilizing 10 - sin [w,(t — 1) = 7]
them in Egs. (110) and (111) teaches us, whenever 0 <@y (t=r) <w;T]~ V2
w,(t—r)>1, then to leader order in 1/\/w,(t—r), 1
the time-dependent portion of the electromagnetic field T (114)
2rwy(t—r)

goes as
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and

1 _ cos[w,T]
V2rw0,(t=1) 2z, (t—r-T)
(115)

Elwy(t—1)>w,T)~

In Fig. 2, I compare the exact expressions in Egs. (110) and
(111) (bold line) to their asymptotic forms in Eqs. (114)
and (115) (dashed line), except for the narrow regions
around the transitions w,(t — r) ~ 0 and w,(t — r) ~ w,T,
we see the latter describes the electromagnetic field very
well.

As alluded to earlier, the asymptotic results of integration
& occurring in Egs. (114) and (115) arise from the time-
dependent factors of the electric and magnetic fields. When
the retarded time lies within the time period when the light
bulb is lit, the observer will see an electromagnetic field
with the same frequency as that of the (1/2)(d + 1)th
derivative of the dipole, except there is a phase shift of
—r/4. This sinusoidal signal suffers a ‘DC’ shift that
decays at leading order with retarded time as

1/+/w,(t —r). By contrasting these results against the
even dimensional case in Eq. (106), we see the phase shift

and additional power law decay are the tail induced features
unique to odd dimensions.

0.5

051 4

-

Time‘ TimeA
- Qbsener - Observer
/ " Backward / =5
Source et Source Backward
null cone
world tube world tube null cone

Active duration

7 .
Active duration

I

FIG. 2. Top panel: The time-dependent part (E[w, (7 — r)]) of the leading order electromagnetic radiation field, for a “light bulb” of
duration w,T = 100, as a function of retarded time w, (7 — r). The bold line is the exact time dependence in Eqs. (110) and (111);
whereas the dashed line is their asymptotic expansion in Egs. (114) and (115). We see that the gradual downward shift of the sinusoidal
waveform is due to the 1/+/w,(t — r) in Eq. (114); whereas according to Eq. (115), after the active duration the signal decays to zero
rather quickly and without any oscillations. Note that the energy flux dE/(drdQ) of the “light bulb” in Eq. (103) is proportional to the
square of the bold line of this plot [cf. Eq. (109)]. Bottom left panel: Spacetime configuration of the observer receiving signals from the
source when her retarded time ¢ — r lies within its active duration (dashed segment). This corresponds to the 0 < w,(r — r) < 100 region
of the plot in the top panel. Bottom right panel: Spacetime configuration of the observer receiving signals from the source after her
retarded time 7 — r has passed its active duration (dashed segment). This corresponds to the w, (¢t — r) > 100 region of the plot in the
top panel.
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After the light bulb has been turned off, t — r > T, the
remaining electromagnetic field strength—which is then
pure tail—is no longer oscillatory but is the superposition
of several power law decays. This qualitative behavior
indicates, even though the pure tail signal after the bulb has
ceased is nontrivial, it does decay away fairly rapidly. This
in turn verifies the assertion that the electromagnetic signal
of a light bulb of finite duration 7" as detected by a distant
observer is roughly of the same duration 7', because the tail
signal in Eq. (115) quickly tends to zero.

IV. WEAK FIELD A =0 LIMITS OF EINSTEIN’S
GENERAL RELATIVITY

A. Setup

I now move on to perform a similar analysis for the weak
field limit of Einstein’s general relativity without a cos-
mological constant (A = 0); i.e.,

G,, = 8xGNTy, (116)
off a flat spacetime background

G = M + h;wv |h/w| < L (117)

For concrete calculations, it is convenient to perform a
change of field variables to

1

hyy = hy,, — Enﬂyh, (118)
with the reverse transformation being
h/,w = huu_mr]}w (119)

Throughout the rest of this paper, whenever we are carrying
out gravitational perturbation theory, the indices on the
perturbations (either IEW or i) and on the partial derivative
0, will be moved with the flat metric. For example, the
inverse metric is a geometric series,

(120)

¢ =1 = BOR bR + O[RY).

If we denote Tﬂb as the portion of the energy-momentum
shear-stress tensor of matter without any 4, and 6,,G,, and
0,T,, respectively as the piece of Einstein’s tensor G, and
the energy-stress tensor of matter 7, containing exactly
n>1 powers of the metric perturbation h,,, then the

general relativity in Eq. (116) itself can be reexpressed
as an infinite series,

8 W—SerN<TW+ZcSn W+Z§,, W) (121)

5,1, = nGu
m = T Gy

(122)

The form of general relativity in Eq. (121) admits the
following interpretation. Away from the matter source, and
particularly in the r» — co far zone where T, = 0, we may
associate the right-hand side with the energy-momentum
tensor of gravity itself in a Minkowski spacetime—for, as |
will now argue, it is not only symmetric, it is also
divergence free with respect to the flat metric when i_l,w
satisfies its equations of motion. Firstly, just like Maxwell’s
electromagnetism, to solve Einstein’s equations (perturba-
tively) one has to fix a gauge so that the associated wave
operator is invertible. We shall use the de Donder gauge

oh,, =0,

Hv

(123)

so that the linearized Einstein’s tensor becomes 6,G,, =
—(1/2)8*h,, and Eq. (121) now reads

Ph,, = —16erN< ,+ Z(sn W+ Z&n ,w> (124)

Now, the left-hand side is no longer identically divergence-
free even though the nongauge fixed 6,G,, is, but rather, its
divergence—and thus that of the right-hand side—is zero
when the 7 L satisfies its equations of motion (as known as
“on shell”) and hence the de Donder gauge. In the r — oo
far zone, we conclude

o 25,, =0 (whenever A, is on shell).  (125)

The i_z}w itself may be solved by multiplying 1/9* on both
sides of Eq. (124), followed by iterating the right hand side
to any desired order in Gy; the nth order iteration would
yield a solution accurate up to O[G%™]. Since 1_1,“, begins at
first order in Gy, we note that §,t,, = —5,G,,/(87Gy)
must begin at order G&!. In this work, I will be content
with obtaining the first order in Gy—i.e., the leading
contribution from 6,7,,—and in the nonrelativistic contri-
butions to the energy and angular-momentum flux. Our
central goals are therefore to calculate the linearized
solutions to i_zaﬂ and, from them, the on-shell n = 2 term
of Eq. (122) energy flux

425,19 = —(8xGy) " lim r¥=25,G%7,
r—o0

(126)

and the angular-momentum flux
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dLi i -2 lig, gk Eq. (124)—i.e., 6,G,, = 87G\T,,—the indices of 6,G,,
drdQ - > may be moved with the flat metric #** because 6,G,, =0

= —(82Gy) ™" lim r4=2xli5, GIk3% . (127) in vacuum. Hence, in the far zone,

1
of gravitational radiation. Notice, away from the matter 6,Gps = (5” 9 — ’7pn’7 >52R/4w (128)
source and when evaluating on the linearized solutions of

(1
52le - E {5 8ﬂha/;8yh"/} + h“ﬁ(ayaﬂhaﬁ + aﬁaahm - 8/;81/}1”& - aﬂaﬂhm)

1
+07h®,(Ophq — Oghyp) — O (h p— X ﬁh) (Ophyya = 8ahﬂy)}, (129)
|
and o oo Its solution can therefore be obtained by simply replacing in
5,67 = 117 5,G . (130) " Sec. 11 all the y's with J,, and all the J's with —162G\T,,
B. Linearized Einstein’s equations With this in mind, let us turn to its far-zone solutions needed

) ] ) - for Egs. (126) and (127).
As already alluded to, the first order in Gy solutions to 1,4

satisfy the linearized version of Einstein’s equations in
Eq. (124) 1. Far-zone limits

32;% = —162G\T,,. (131) .In the r — © 1.1m1ts and in even dlmenswns_d =4 —|: 22,
with the relativistic retarded time denoted as t=¢—r+7-x
Comparison with Eq. (5) immediately tells us, we have at  the zeroth, first, and second derivatives are respectively
hand a d x d matrix of massless scalar wave equations.
|

— . 167[GN _1= T -
[t X] = _WA‘“ d-1x (3, T, X]
P~ (2 _ 2
+%n(n+ 1)+ (7-X)(2n +r2)8t (r (7-X')%)0? o ]T 7] —I—O[r'2]>, (132)
- . 167Z'GN _1= ~ n = N
aahw[t, x] = _WAd_l dd 1)C ((52 - 5érl)8,+lTW[T, )C/]
auper ™ a"+' Wl ¥ =L ST e 7]
3 (2 _ (5. 2N\2\A2 _
+%"(”+ D (220G 200, (7= C 200 (30 _ s30T . ) +(’)[r‘2]>, (133)
and
A #—_WA d—1 _’/ [~ Snpm n+2 _ IP_lm m Qn+1 >
0uOphy, 1. 3] = 2] A d <(50 SLH) (8 — 8y #m) Oy 2T, [, ¥ — 8, - SOy T, 1. X]
. . n+1, . m
+ (), = 0,7 l)ag}Pab a 2T, X - 81 789 = 83T, [0 3]
1 1 #-X)(2n +2)0, - #-X)%)0? - .
Pt D ERIC D02 (2 0TI 54— 1) 6 a0 ol 7]+ O )

(134)

084074-17



YI-ZEN CHU

PHYS. REV. D 104, 084074 (2021)

In the same far zone limit but odd-dimensional d = 3 + 2n flat background spacetimes with the relativistic retarded time
now involving an additional history integral ¢ =t — r + # - X’ — p, the zeroth, first, second derivatives are respectively

V2(2
7<<n ——)agTW[ %] + (?-3/)(2n+1)a;t+lT,w[T,x']-(,ﬂ—(f.x")2)a¢+2T,w[T,z'])+0[r—2]),(135)

{ 2(60 — G4 HIT, [0, %) + 7<5apab PYIT,, [z, ]—<n+%>ﬂagaﬁw[a?})

(136)

16”GN d—1= [ % +
Flt A=~ Sy [ a1 [T exp e 07 (rtor 6. 7)
L
- 162Gy / SR /°°
Oghyy=————"" dd-1y du exp [—u -0
H: \/E(zﬂ)nJrl n+2 Rd-1 0 H p[ H ]
3
e . 1
2— (50 5{1?1) <<n2 - Z) 8;’TW [T, )—C)/]
+ (- ®)(2n 4 1D)OHT, [0, 7] - (72 = (7 ¥)2)002T, |1, z']) + O[] }
and

L 162G
DuDph |1, %) = N

X {/‘_%(52 - 5£7’j>(52 - 5§?k)a¥+2Tuv[T’ X

r

+ 5 (60— 8li) (8} - &%) ( <n2

r

+ (7 F) 20+ DOT,, [0, 7] - (72 = (F- ¥)2) 05T, [r, zq) + O[r—z]}.

C. Nonrelativistic limit

I now turn to the nonrelativistic limit by first assuming
that the momentum and shear-stress of matter scales
respectively as v and v? relative to the energy density,
namely To; ~v-Too and T,; ~v*- Tog, where v <1 is
some characteristic speed of its internal dynamics.
Furthermore, I will only study the case where the con-
tribution to the total energy-momentum shear-stress is
dominated by that of the matter itself, so that

a”TW == aoTOI_/ - aiTl'y =0 (138)
This unfortunately does not cover the physically important
case of the compact binary system in 4D—nor any system
bound by its self-gravity. For, in such a scenario both
gravitational and matter necessarily contribute significantly
to the system’s total energy-momentum tensor. In fact,
because Eq. (138) does not contain any coupling to gravity,
if it were to hold for the compact binary system, it would

T E A ol dd'l)?’/ood exp [—u-0"
\/z(zﬂ.)wr] Lt /R"‘ 0 Y p[ H ]

'u_% ~J A pa n T 2 1 - n T 2 a pa 1 T b
—i——{(&?( 52 )<5ﬁ}P bx’ort2T,, 1. ¥] - (n +§> rléé}aﬁlTW[r, x’]) - &P béjjﬁr“Tﬂy[r, x’]}

1 .
- Z) OIT, [r, ¥

(137)

I
imply the two objects would be traveling on independent
straight lines in otherwise empty space—namely, a bound
system cannot exist.

By taking the time derivative of the total mass and spatial
momentum

M = TOO [L )'C’/]dd—l)-c’/,
Rd-1

Pi E/ TOi[l,}/]dd_li/,
Rd—]

followed by using Eq. (138), one may learn that M and P’
are time independent for a physically isolated body. Along
similar lines, the dipole moment—proportional to the
leading order center of mass—

(139)

(140)

] = / VT oot F]417, (141)
Rd—l
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obeys

a,d[f] = P'. (142)

Below, we will see that gravitational energy-momentum
radiation begins at the quadrupole order in all dimensions
because the matter energy momentum (M, P") is
conserved.

Next, the double-time derivative of the quadrupole moment

0, = A TR, (143)

is related to the spatial components of the energy-momentum
tensor via the relation

Lo, 1= / T )%, (144)
2 ’ Rd-1

We may now write the de Donder gauge l_zﬂy solutions up to
the quadrupole order in the nonrelativistic expansion. Similar
to the electromagnetic case, this is achieved by Taylor
expanding the stress tensors in Eqs. (132) through (137)
with respect to time, in powers of 7 - X'; as well as utilizing
Egs. (139)—(144) throughout these calculations. At leading
order, the l_zm, and its first and second derivatives are built
entirely out of the monopole M, dipole d, and quadrupole
moment Q;;. For instance, in even dimensions d = 4 + 2n,

the 00 of the de Donder gauge metric perturbations now takes
the form

- R 162G PP B
hoo[t,x} N—mﬂi’.)l}in <8}1M—|— r@;P—Q—Er rb8t+2Qab[1_ r]
1 1 1 2 - 5 2 3
LY G PP YR R ALY | G R PR B G G Gt PRV PR TS L S
r 2 2 2 4
(145)
Whereas, the spatial vector part becomes
- 162G . T
hol-[t,x] ~ —2(2777”)111” <8tP,» —58,+2Qm‘[2‘— r} + ...
I [n(n+1 n+1)(n+2), ..
s {tt Dopmp, - U g0 fu— 4 (- 1l ). (146

where, for some arbitrary time 1, the &; is defined through
the relations

[ a2 G )Tt %) = =2 0,0uld + ] (147

Glio) =5 0,0ult + [ | dIF G D) olto 7). (149

That Eq. (147) holds can be seen by verifying—via the
conservation law in Eq. (138) and the relationship between
the quadrupole’s acceleration and the shear-stress of

Eq. (144)—the (first-order) ordinary differential
equation
|
- _ 167Gy ( / 0 (
holt. X 7 ——————— e (M + - 9P
OO[ } ﬁ(zﬂ)nﬂ n+2 0
1 2n + 1 /
r
;¢0+< (2n+3)( 2n+5)

=5 o Quli ==l b ).

d / A1E (5 )Tt %] = — = 2041, (149)
dt Jpa 2

The ¢; in Eq. (148) are therefore the “initial conditions”.
Finally, the rank-two spatial components of the metric
perturbations are now

- N 167TGN
h: |t R —
it 4] 2(2zr)tHn

+1) ,,
+%8tHQU[Z‘_ r])

1
(58;’+2Qij[t — 1]
(150)

Turning to the odd-dimensional d =3+ 2n case, the
metric perturbations now feature integrals over the retarded
history of the quadrupole moments,

2 a;HzQab{t —-r= ﬂ])

SlE

e # 0" (37 PP — O'M)/udu

N (151)
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. R 162G
hOi[t’x]ANJ_ N

oo . 74 du
— OTON (T w0 (grp — D20 — r - >—
ﬁ(zﬂ)iﬁ»l Lt <A ( t D) t Q [ /'t] \/ﬁ

r 4

_ 167Gy

© 1
i1 V2(2z) - Jo 202l .

In Egs. (151), (152), and (153), we have converted one of
the time derivatives acting on the quadrupole occurring
within the [§°...,/udu integral into a negative derivative
with respect to u, followed by integrating it by parts. (As
explained before, the upper limit of the boundary term is
zero due to the e and the lower limit is zero due to
the \/ﬁ.) Furthermore, notice, for n =0 (i.e., d = 3),
the integrals involving M and 7 - P are divergent, whereas
this infinity is absent for all higher odd dimensions.
In fact, the de Donder gauge appears to be violated by
the divergent (1/r) [5° ... /udu integrals in the second
lines of Egs. (151) and (152); for a direct computation will
teach us

_— 162Gy~ 4n? -1

hy, = — ..
\/E(Zﬂ)"-H .t 8r

« / " 0 (5100P, + M) Jadu.  (154)
0

This suggests the d =3 case requires special care to
develop a proper asymptotic series.

I also highlight here, in a similar spirit to the electro-
magnetic case, it is important not to take the nonrelativistic
limit—replacing ¢—r+7?-X with ¢—r—too early.
|

1 167Gy 2
Oty = — -0, (t—
2w 871Gy (2(2717)”") a

1 (4n> =1 [ " 2 1)(2 3) [ " d
+{ & / e 0 3?Pi\/ﬁd,u—( nt 1)@2n + )/ e 0 ?’“G?HQm[Z—r—M]iﬂ }) (152)
0 0

4n? -1
16-r

n+1 0y —r= d_ﬂ
o0 t-r-ul) % (153

|
For example, in 4D, if we take from the outset
h, =—(4Gy/r) [&XT,, [t — r,X¥'], a quick calculation
would reveal the de Donder gauge does not hold
(8“71#,/ # 0) and therefore Eq. (138) cannot be used con-
sistently to rewrite ﬁ,w, and its first and second derivatives,
in terms of quadrupole moments.

To reiterate, the solutions in Egs. (145), (146), (150),
(151), (152), and (153) are Egs. (132) and (135) expanded
up to the quadrupole order and up to 1/r%? order, with
relative corrections that scale as (7-X")0, ~v or ry/r,
where r is the characteristic size of the matter source. I
have also carried out this nonrelativistic expansion for
aaﬁw and 8(,8/;71”,,. Furthermore, as a check of my non-
relativistic calculations, I have verified that both the wave
equation 821_1,“, = 0 and the de Donder gauge 8”71W =0=
O#8,hy, are satisfied for all d > 4.

D. Gravitational radiation: Energy flux

For even-dimensional d =4 + 2n asymptotically flat
spacetimes, inserting Egs. (145), (146), (150), and their
first- and second-derivative results into Eqgs. (126) and
(128)—together with considerable aid from XAct [8]—
reveals

r)d,(t=r)

. (_ LA A L/ A e WA 4 L 1 L 4)
ot 8

16

+ terms linear in the quadrupole moments 97 Q,, [t — 7.

where the transverse-traceless quadrupole is defined as

Q,(;;,) = PabijQija (156)

PabPij

P Zab” ij
d-2"

1
abij = EPa{in}b -

(155)

Due to the projector properties in Eq. (58) as well as
P =d -2,

QL.
The second term of the second line of Eq. (155) and
the terms linear in quadrupole moments would contribute

as a total time derivative to the gravitational energy flux
dE/(dtdQ) in Eq. (126). If we assume

50l = 0= (158)
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N2 Quplt =110 Qe = rll,_ e =0

3
:a?Jr Qab[t_r”t::too’ (159)
then such a total time derivative would not contribute
to the total energy radiated. Moreover, one may readily
check that

> (@(x -

for all dimensions d > 3, and for arbitrary functions A and
B of the retarded time ¢ — r. Altogether, that implies we
may discard the total time derivative terms of Eq. (155) and
identify the remaining term as the effective conserved
stress-energy tensor of gravitational radiation

NON D) 41 r]B[t—r]> —0  (160)

I%

425,10 d = 4 4 2n]

G
= S Oult = ), = ) Qi - oy
oLt = 7). (161)

It is worth pointing out, the coefficients of 3", [t — 7]
in Eq. (155) are either M or P'. If the energy momentum
(M, P") were not constant, these 97"Q,,[t—r] terms
|

Sif. — — 1 167TGN
20uy — 8T[GN \/E(Zﬂ>n+lrn+%

would then contribute to J, t,(w

total time derivatives.
Inserting Eq. (161) into Eq. (126) hands us the differ-
ential gravitational-wave energy flux per solid angle,

" because they are no longer

dE Gy 22 (1) 2 ()
P ST a3 0.7 Quylt—r]0.> Qy [t — 1]
(Even d > 4) (162)
Because of the projector properties of P;; in Eq. (58),

P pmnPmnij = Papij» and the total energy flux can be
obtained from Eq. (162) as

dE G 42 412
o W;Id_g,atz Quplt — 1107 Qyslt — 7]

1 PurPii\ s
yéH(zﬂwﬂw‘zra>d -

These solid-angle integrals involve Kronecker deltas, 77/
and ##79#. Upon utilizing Egs. (A4), (A16), and (17) of
Appendix below, we arrive at Eq. (15).

Let us move on to the odd-dimensional case d = 3 + 2n.
Using xAct [8] to plug Egs. (151), (152), and (153) into
Eqgs. (126) and (128)

(163)

) oue-nane-n

A

x (- AR
16

w d
+ terms linear in the quadrupole moments / \/—'u_();‘“Qab[t —r—ul,
n

tt o
Qz(zb)[t_r]:Pabij/o %sz[f—r—ﬂ]. (165)

Note that the transverse and traceless properties of
Eq. (158) render Q h trivial in 3D, i.e., for n = 0. To
see this, simply pick 7 to point, say, along the 1-axis. That

QSZ) is transverse then implies Qgt;) =0= Qg‘;)_ The sole

remaining nontrivial component ng[) must be zero too (by
the traceless condition). Hence, only the linear terms in the
quadrupole moments survive. If this result holds up after a
more careful asymptotic analysis is carried out that not only
avoids the de Donder gauge-breaking terms of Eq. (154)
but also the divergences involving M and P;; then it would
confirm the widely accepted view that gravitational radi-
ation does not exist in a (2 + 1)-dimensional background
Minkowski spacetime.

L0010y = o0l -]
ot 8

(164)

|
For all odd d > 5, as with the analysis in even dimen-

sions, we discard all total time derivative terms. To this end
I assume

O Qult =1 = pll—eo = 0

o dﬂ/

—(W'+1)-0" an+3Q e
e r—ul,
» r———M/ ; t ab[ ]

= lim

=00

(166)

and thus only retain the first term of Eq. (164). Following
this, I employ the resulting effective (conserved) stress
tensor in Eq. (126)

(eff)

rd_252t/u/ [d = 3 + 2n Z 5]

_ A .0 ([ —
- 22n+2ﬂ.2n+1 H

x QWt = ror2 o[,

r)a,(t—r)ort

(167)
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dE GN d+3 (tt)
drdQ ~ 241742 07 Quplt -

(0dd d > 5)

Ao, 0Wir — 1.
(168)

Once again, we may recall Egs. (A4), (A16), and (A17) to
integrate Eq. (168) over the (d — 2)-sphere to yield the
total gravitational energy flux in Eq. (17). Just like
the even-dimensional case, let us also record here that
the coefficients of the integral of &"**Q,, in Eq. (164) are
either M or P'. If the energy momentum (M, P') were not
constant, these 9""*Q,, terms would then contribute to

52tfw ) because they are no longer total time derivatives.
Altogether, as already alluded to, we conclude that
gravitational energy-momentum radiation begins at the
quadrupole order because of matter energy-momentum
conservation.

At this point, Eq. (19)—the frequency space counterpart
to Egs. (15) and (17)—may be deduced from Parseval’s
theorem and the decomposition in odd dimensions

o du ph0* o
0 \/— Qab[t r /l]

[

o mexp [—io(t = 1)]Qup@].

(169)

As was the case for electromagnetism, the gravitational
energy flux per angular frequency takes the same form for
all d > 4, despite the distinction in the causal structure of
the real-time signals in even versus odd dimensions.

E. Gravitational radiation: Angular momentum flux

The gravitational angular momentum flux requires
developing 6, to one higher order in the 1/r expansion,
because of the extra factor of r in the x[T7/k7%,

For d = 4 + 2n, inserting Eqs. (145), (146), (150) and
their first- and second-derivative results into Eqgs. (127) and
(128) using xAct [8] discarding in the resulting expressions
the total derivative terms, which all are proportional to
either

8t(8;”‘Qub [t -
8?+3Qij[t_ rl,

r]a?+3Qij[t_ r]),

or 9MQlt—1], (170)

followed by integrating over the solid angle with Egs. (A4),
(A16), and (17) below,

dLv d(d - 1)(d 3)GN d
= o:
dt 2d ](d 2) [d+3]
(Even d > 4)

Qat[ r}a%Qj]a[t_r]'

(171)

The d =4 result recovers the spatial Hodge dual of
Eq. (4.9) of Peters [9],

dLv
dr

2
= gGNazzQa[i[t -
d=4

r]anj]a[t— r]. (172)

For the odd-dimensional case, d = 3 + 2n, using XAct [8]
to plug Egs. (151), (152), and (153) into Eqs. (127) and
(128); dropping in the ensuing expressions all total time
derivative terms—which are all proportional to

2 _0+ n+3 Hn+3 d_,bt
at</ w0 QR — ﬂ]\/ﬁ

/

© 10+ dﬂ
. -0 arHrl wlt—71— / _>’ 173
e mewti=r - ) 07

followed by integrating over the solid angle

dLY  d(d - )(d 3)Gy /oo a5l du
82 ait_ - - =

dr 2d1(d 2)7 7T Jo * Qalt = ”]Jﬁ

% 4 d/t/

0 Qj]a[t—r—u’]ﬁ- (174)

In frequency space,
dLY  d(d -1 d 3)G y

dd= D =3)0x 41 10ldalol.  (175)

o~ 2/(d - 2)a 7T
Once again, the angular momentum flux per angular
frequency takes the same form in all dimensions d > 4.

F. Finite duration quasiperiodic quadrupole source

I close this section with a brief discussion to parallel the
one at the end of § Sec. III by considering a finite duration
(quasi)periodic quadrupole source of gravitational waves.
Instead of studying the real-time energy flux, however, I
will instead study the synchronous gauge metric perturba-
tion &;;’ to leading order in 1/r(#/?~1. This is because h;;
is directly linked to the fractional distortion of space itself,
which is responsible for the changes in the interference
patterns measured by laser interferometer based gravita-
tional wave detectors. Specifically, if the initial perturba-
tions are zero, then the fractional distortion 5L /L between

the spatial locations X and 17, whose associated unit

direction vector I dub here as 7= (X —Y)/|X - Y|, is
given by the formula’

oL Al 1

L 2 Jo

O %41V — %
W[ X+ A(Y - X)d2. (176)

’See, for example, Appendix C of [4].
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I remark in passing, that it is conceptually useful to relate

hg? to the gauge-invariant linearized components of the
Riemann tensor via
Roo; = —~ 20 (1.7 (177)
] 2 rry L
so that Eq. (176) can in turn be recast in a manifestly gauge-
invariant form, at the cost of introducing two extra integrals.
In the far zone wr > 1, the synchronous gauge metric
perturbation is in fact equal to—up to additive zero
frequency initial conditions—the transverse-traceless por-
tion of the de Donder gauge spatial perturbation,8

)7 7 n Wi 3
hi; [t,X] ~ hi; [t, X], (178)
[, 5] = Py h P [1, 7). (179)

Since Pjj,6 =0 [recall Eq. (157)], note that A} =

P; jabl_zgsf Donder) too, because the second term on the right-

hand side of Eq. (119) would drop out. This in turn implies,
from Egs. (150) and (153),

SJTGN /°° —u0* d+l (1)
Var(2zr)7! Jo e 07 Gyl =r =
du
+ O 1) —, Odd d>5 181
Y ) (181)

where the transverse-traceless quadrupole has been defined
in Eq. (156).

I now model the finite duration quasiperiodic quadrupole
as

90,l0<1< T]:c{j.sm[“’”], (Evend>4)  (182)
VT/2
oo 0<ri<t)=c M2 - 0aaaz3)  (183)

VT2’

and zero for ¢ outside this interval. The frequency is labeled

hz('js') 1. %] ~ _% (3§Q1(';t) [t =1+ O[r"]). by an integer # = 1,2,3, ... through w, = n¢/T, and the
) {ij} are arbitrary coefficients. The even d > 4 synchro-
(Even d 2 4) (180) " nous gauge perturbation in Eq. (180) is now
J
_ 8 p . of snloin] g <p o
h)[1,3] B RV O 1: V)
=0 (Otherwise).

For the odd d > 5 case in Eq. (181), borrowing the integration results at the end of Sec. III,

Oy ¥ o —
i [t X] ~

87Z'GN Pija;,C"p

with

S[a)fT < 0] = 0,

E0 < w,(t—r) <w,T] =sin[w,(t — r)]FC{

Elwy(t = 1) > @, T] = sin [w,(t - r)]{FC[ W] - FC[

(2zr)et Vo, T

ab Eloy(t =), (185)
(186)
W} — cos [w,(t — r)]FS [ W} , (187)

20/(t — 1 — T)] }

T

— cos [wy (1 — r)]{FS[ W] —FS [,/M} } (188)

The leading asymptotic expansions of &£ are

%See Eq. (46) of [10]. The h{} and " here are the z\>"""

and 4" in [10].

ij
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sin [, (t—r) =7 1
E0<w,(t—r)<w,T)~ v + Sm (=1
(189)
1 cos|w,T]
Eloe(1=r)>w T]~ V27w, (t—r) - V2rw,(t—r—T) '
(190)

Since the core of the electromagnetic and gravitational
solutions is the massless scalar Green’s function, it should
not surprise the reader that the fractional distortion of
space in Eq. (176) governed by hg.t) yields a similar time
dependence as its real-time electromagnetic power loss
counterpart. In even dimensions, the gravitational wave
tracks the time dependence of the quadrupole source and is
nonzero only when the retarded time ¢ — r lies within the
quadrupole’s active duration 0 <¢—r < 7. Whereas, in
odd dimensions—at least for sufficiently high frequencies—
the gravitational wave is phase shifted by —z/4 relative to
the quadrupole and is further appended by nonoscillatory
signals that fall off as inverse square roots of time. After the
retarded time has passed the quadrupole’s active duration
t —r > T, moreover, the now pure-tail fractional distortion
of space becomes strictly nonoscillatory and decays rapidly
to zero. As detected by a hypothetical LIGO experiment
residing in odd-dimensional spacetime, the duration of the
quadrupole’s active production of gravitational waves is still
roughly 7, despite the presence of the tail effect. Fig. 2
captures the situation here, just as it did for the electromag-
netic case.

V. SUMMARY AND DISCUSSIONS

In this work, I have managed to generalize to all relevant
dimensions the leading-order nonrelativistic dipole radia-
tion formula of Maxwell’s electromagnetism and the weak
field quadrupole gravitational radiation formula of
Einstein’s general relativity without a cosmological con-
stant—d > 3 for the former and d > 4 for the latter. The
differential energy flux can be found in Eqgs. (82) and (84)
for electromagnetism, and Egs. (162) and (168) for weak-
field A = 0 general relativity. Their corresponding inte-
grated power loss can be found in Sec. I. For angular
momentum radiated to infinity, the electromagnetic results
can be found in Eqgs. (91), (94), (96), and (100). Whereas,
the gravitational wave angular momentum loss is found in
Egs. (171) and (174). The main novelty uncovered here is
the dependence of the radiation on the entire past histories
of the dipoles and quadrupoles in odd-dimensional
Minkowski due to the tail effect—to my knowledge, these
real-time expressions have not appeared before in the
literature. This stark distinction between the causal struc-
ture of massless signals in odd versus even dimensions is

lost in their frequency-space expressions, where they take
the same form for all dimensions.

Despite this tail-induced history dependence in odd
dimensions, however, I have also shown that—apart from
a phase shift and additional nonoscillatory terms that
decays as inverse square roots of time—a (quasi)periodic
electromagnetic or gravitational source of duration T
remains roughly the same duration 7 when seen or heard
by a distant observer. It may be interesting to investigate
more complex radiating systems, where the tail effect may
exhibit other features that would further distinguish it from
tail-free propagation in even dimensions.

While the conceptual understanding of the tail effect as
inside the null-cone propagation allowed us to anticipate
that the far-zone radiation has to depend on the entire past
history of its sources, the key technical step involved the
integral representation of the I' function in Eq. (51), an
insight I borrowed from quantum field theory. This con-
verted the inverse fractional powers of frequencies occur-
ring in the odd-dimensional Green’s functions—absent in
the even case—into a one-dimensional integral over u
involving the outgoing wave explio(t—r+7-X —p)];
see Eq. (52). In other words, the integral representation of I"
is in fact the integral over the past history. For future work,
it may be illuminating to rederive the odd-dimensional
power loss results from the source point of view; i.e., by
energy conservation, the work done on the source by the
history-dependent electromagnetic and gravitational forces
must in fact be equal to the power loss to infinity. Instead of
the far-zone expansions I carried out in this paper, such an
analysis would require a near-zone one instead. The
techniques deployed could in turn be potentially relevant
for other self-force calculations.

To be sure, our gravitational results were derived with the
assumption that the energy-momentum shear-stress of
matter is conserved. This excludes self-gravitating systems
such as the compact binaries whose gravitational waves
LIGO has been hearing from; for such a scenario it is the
stress energy tensor of both matter and gravitation that is
conserved—even though the final answers are likely to be
the same, I hope in the near future to rederive the
quadrupole formulas for the self-gravitation case for all
d > 4. Curiously, even gravitation textbooks and review
articles do not always treat this issue with care. For
instance, some assume the stress-energy tensor of matter
is conserved, but go on to claim that the formulas must be
valid for the compact binary system. I should mention, the
quantum field theory techniques used in [3] does take into
account the gravitational dynamics of the compact binary
system, and their results are therefore valid for self-
gravitating systems even though they were not able to
capture the real-time power loss.

I end with a remark on the far-zone radiation limit and its
relation to large number of dimensions d. For the radiation
signal—the 1/r(4/2-1 piece of the field that contributes to
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energy loss to infinity—to be cleanly separated from all
the subleading orders in the 1/ r expansion, it must be dominant
in magnitude over the rest. As an estimate, let us examine the
first subleading terms (which scale as 1/r4/2) in Eqgs. (48) and
(49), neglecting the w? - X' = (wr)(?-X'/r) < wr terms. At
large dimensions, this radiation condition translates to
wr > n*/2 ~ d*/8. For any detector placed at finite distances
from the source, we infer that the notion of radiation may
become increasingly ambiguous with extremely large number
of spacetime dimensions.
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APPENDIX: SOLID ANGLE INTEGRALS

We wish to evaluate the following tensor integral over
the (d — 2)-dimensional round sphere S92

i (A1)

105 = / d4-2Qph L piN,
Sd—z

We may first observe that under parity, every unit radial

vector reverses sign, 7.7V — (=)N#i 7V, while the

solid angle measure is invariant. This implies the tensor

integral is zero for all odd N > 1. Next, notice

/i 1 N
ST N Ok Ok

iy

iy /S y d42Qeik? (A2)

The scalar integral Igi» = [ d9-2Qe*7 is thus a generating
function for the tensor integral [ g,;;‘zi“’, and may be tackled
by first utilizing the spherical symmetry of the problem to
set k = ke,_1, where e,_; is the unit vector along the
(d — 1)th spatial axis, so that k - # = k cos 092, with 642
denoting the (d —2)th angle parametrizing the round
(d — 2)-sphere. Moreover, the solid angle measure dQ in
(d —1) and (d — 2)-spatial dimensions are related via
d?2Q = d(cos #9-2)(1 — cos269-2)F - d93Q.  (A3)
Using the integral representation of the beta function
Bla, f| =T[a]l'|]/T[a + f], one may then show by

repeated iteration of Eq. (A3) that the solid angle in
(d — 1)-spatial dimensions is

d-2 275
LT = gy
S 2

Altogether, [ d9-2Qe*" is thus the solid angle subtended
by a (d — 3)-dimensional round sphere, multiplied by the
integral involving the final angular variable 892

(A4)

- 2T [+ ;
/ d42Qeik — F[’;_ZZ] / de(1 — )3 exp|ike] (AS)
§4-2 5] J-1

i o i2s(5ubkakh)x
45 sIME2 + 54+ 1]

(A6)
s=0

In the second line, we have further recognized the integral
representation of the Bessel function

a VAl +4
de(1 = )= explicz 272@2,
[ et =y explied =2
1
Re[z] > -5 (A7)
and hence proceeded to wuse its power series
representation,
z\? 0 (l'Z)2f
Jlzl == . A8
2 <2> ;22f£!1“[1/+f+1] (A8)

Differentiating the k> factor in Eq. (AS) N=2¢
times—cf. Eq. (A2)—and setting k=0 would yield a
nonzero result only from the s = £ term of the summation.
Furthermore, we may phrase the ensuing expression as a
‘sum over contractions’, to borrow quantum field
theory lingo. Define a contraction between a pair of k’s
by replacing them with the corresponding Kronecker delta;
for instance, contraction of k'k/ yields 6. Then, I claim
that

aZf . .
Wk” =20.7! Z (Full contractions of k't ... ki),
(A9)
The first few cases are

0? .
|2 =25hh, A10
ok Ok ( )

ot 4 L L L

i _ 4 = 8(5iii2§izia Sitiz §iala Sitia §ials , All
Dl .0l ( + + ). (ALD)
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86
ki ... 0k'e

k6 — 48(5i1i25i3i45i5i6 + 5i1i35i2i45i5i6 + 5i1i45i2i35i5i6

51’11'25!'31'5 5i4i6 + 5i1i3 5[21'55[41'6 + 51’11'5 51’21'3 5i4i6
51’11'251'51'451'31'6 + 51’11'5 5i2i45i3i6 + 51’11'451'21'5 51'31‘6
51’11'551'31'451'21'6 + 51’11'3 5i5i45i2i(, + 51’11'451'51'3 51’21'6

Sisi2§isiaghis 4 isis Gaia girie 4 isia Gl §itie ) (A12)
I
To prove this assertion, let us write k* in terms of 25
: : . d-2Qypit  piae _
contractions with the appropriate Kronecker deltas, /S o d=Qit . = 27T % ] Z
0¥ 12— 0% (K ks, 5 5, ) (Full contractions of k'...k>).  (A14)
akil‘”akizf akil'”akizf J1J27J3]a" " J2e-1J2e )"
(A13) We also collect here the earlier parity-based argument, that

Each derivative acting on one of the k’s would simply
transfer the index on the derivative onto the Kronecker delta
that the particular k is contracted with; for example, in
Oyak’8,. = 8,., the a is transferred onto the Kronecker
delta. By the product rule, each derivative would act on
each k once, and therefore the result of Eq. (A13) must
simply be the product of £ Kronecker deltas, summed over
all permutations of their indices evaluated on the set
{i, ..., i }. But since the Kronecker deltas are symmetric
rank-two tensors, and there are £ of them in each product,
there must be 27 - #! identical terms. This proves Eq. (A9).

1. Results

Finally, applying Eq. (A9) to Egs. (A2) and (A5) now
returns

these tensor integrals are zero whenever there are odd
powers of 7

/ d92Qph .. i e = (), £=0,1,2,.... (Al3)
s
The two cases used in the body of this paper are
4
d2Qpi i = Sz, Al6
L. M (A1)
/ d92Qp P2 i pis
SJ—Z
d-1
_ 2;7[;+3] (§hgiis 4 Ghisgiis | hisgi). (A7)
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