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In this paper, we investigate the gravitational-wave generation problem at the first post-Newtonian order
in the context of Einstein-Cartan theory by exploiting the Blanchet-Damour formalism. The quantum
intrinsic spin carried by slowly moving, weakly stressed, weakly self-gravitating sources is described
geometrically by means of the torsion tensor. We obtain the expression of the source multipole moments
with the required accuracy. The analysis of the physical meaning of the lowest-order nonradiative moments
and of the asymptotic gravitational waveform is also performed. Eventually, we draw our conclusions and
estimate the order of magnitude of the spin contributions in the gravitational-wave signal.
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I. INTRODUCTION

Gravitational-wave (GW) astronomy is an emerging
branch of physics which is making many significant
breakthroughs. The birth of the GWs observational cam-
paign started in 2016, when the Laser Interferometer
Gravitational-Wave Observatory (LIGO) and the Virgo
Collaboration teams announced the first direct detection
of GWs resulting from the merging of two black holes
(BHs) [1]. This event, called GW150914, has opened a new
era both in astrophysics and in cosmology. In 2017, the first
case of GWs originated by colliding neutron stars, called
GW170817, was pinpointed by LIGO and Virgo, and the
consequent emission of short-gamma-ray bursts was
observed by INTEGRAL and Fermi Gamma-Ray Burst
Monitor [2]. This cosmic phenomenon has been a signifi-
cant milestone in multimessenger astronomy. A total of
50 GWs events have been spotted to date by LIGO and
Virgo, as reported in the Gravitational-Wave-Transient
Catalog 2 [3].1 This number is destined to increase, due
to the support of other operating detectors (such as the
high-frequency ground-based second-generation interfer-
ometer Kamioka Gravitational Wave Detector (KAGRA)
[4]) and near-future apparatuses based both on Earth
(e.g., the third LIGO detector LIGO-India [5] and the
third-generation interferometers Einstein Telescope [6]
and Cosmic Explorer [7]) and in space (e.g., the

low-frequency Laser Interferometer Space Antenna
(LISA) [8]). These devices are expected to enable very
precise tests of general relativity (GR) in the strong-field
regime with an unprecedented sensitivity, which will
range from some tens of hertz to about one kilohertz
for ground-based interferometers and from some μHz to
about one-tenth of a hertz for space-based ones [9–11].
Furthermore, we also mention the low-frequency galactic-
scale GWs detectors called pulsar timing arrays (PTAs),
whose frequency band goes from 100 to 1 nHz [12,13].
These new technologies are expected to establish whether
GR is the only fundamental theory suited to the descrip-
tion of gravitational interactions or instead extended
theories of gravity need to be introduced.
In the literature, a plethora of methodologies aimed at

inspecting GWs phenomena have been conceived.
Nowadays, a crucial role in the study of the dynamics of
compact binaries is fulfilled by numerical relativity. In
2005, the first successful numerical simulation of the GWs
coming from an inspiraling pair of BHs through their
merger and final ringdown was achieved [14,15]. Since
then, several international scientific communities devel-
oped advanced numerical codes featured by steadily
improved and largely used high-performance computing
facilities (see review articles [16–18] for more details).
Numerical techniques provide gravitational waveform
templates capable of both validating the theoretical pre-
dictions and fitting the observational data [19–23]. In the
current GWs data analysis, two families of inspiral-merger-
ringdown approaches are generally employed (see
Refs. [24,25] for more details and Ref. [23] for a review):
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(1) Effective-one-body (EOB) models are built on
post-Newtonian (PN) and perturbation theory results
[26–28] and describe both the dynamics and the wave-
forms in the time domain of generic binary systems;
(2) Phenomenological patterns (Phenom) provide a
closed-form characterization of the frequency-domain
waveform from generic configurations of compact bina-
ries [29–35]. Moreover, a framework which borrows ideas
and techniques from quantum field theory and is exten-
sively used to study the problems of motion and radiation
of compact binaries is given by the effective-field-theory
approach [36–39]. This method brings out efficient tools
to compute observable quantities, and hence it is essential
in the construction of the template waveforms necessary
for the GWs detection [40–42]. Furthermore, two different
GWs generation frameworks have been developed up
to a high PN accuracy: the Will-Wiseman-Pati method,
which uses a direct integration of the relaxed Einstein
equations (DIRE) [43,44], and the Blanchet-Damour
formalism [45–48].
In our work, we will resort to the Blanchet-Damour

method, which yields reliable descriptions of the motion
and radiation of binary BHs only during their early
inspiraling stage. In this framework, the generation prob-
lem is investigated, for PN (i.e., weakly self-gravitating,
weakly stressed, and slowly moving) sources, by splitting it
into two subproblems and by employing two approxima-
tion techniques: in the exterior region, the solution is found
by means of the multipolar-post-Minkowskian (MPM)
scheme, which combines a post-Minkowskian (PM) algo-
rithm and a multipolar decomposition, and it is written as a
function of either the so-called source multipole moments
or the canonical multipole moments; in the near zone, the
solution is constructed through the PN pattern. Since the
two procedures have, for PN sources, an overlapping
domain of validity, the solutions are then matched together.
This strategy permits expressing the multipole moments
parametrizing the external MPM field in terms of the
properties of the source.
The state-of-the-art computations for compact binaries

with vanishing angular momentum give the gravitational
waveform up to 3.5 PN order2 in the case of circular orbits
[47] (with the 4 PN mass-type quadrupole moment recently
calculated in Ref. [49]) and up to 3 PN for eccentric orbits
[50,51]; the GWenergy flux for binaries moving on circular
orbits has been obtained at 4.5 PN [52]; the dynamics is
fully known at the 4 PN level [53], and a new methodology,
referred to as Tutti Frutti [54], has succeeded in extending
the current knowledge in the conservative dynamics of
binary systems up to the 6PN order (although some of the

underlying coefficients are missing) [55,56]. On the other
hand, in the case of spinning compact binary systems, the
effects in the radiative field and the energy flux are such
that the spin-orbit (SO) contribution is known at 4PN
[57,58], whereas the spin-spin (SS) [59,60] and the spin-
spin-spin (SSS) [61] are known at 3PN; the SO, SS, and
SSS interactions in the equations of motion have been
computed at 3.5PN [62–65], 3PN [59,60,66], and 3.5PN
levels [61], respectively.
GWs theory has been also investigated in the context of

alternative theories of gravity [67,68]. In particular, 2PN
gravitational waveforms generated by a binary of non-
spinning compact objects have been worked out in
massless scalar-tensor models by exploiting both the
DIRE approach [69,70] and the MPM formalism [71].
On the other hand, leading PN spin-orbit effects in
quasicircular nonprecessing compact binaries coupled
to a light scalar field have been recently computed
[72]. In addition, GWs propagation has been analyzed
for a broad class of scalar-tensor theories by exploiting
the geometrical-optics method [73]. GWs have been
studied also within string-inspired frameworks, such
as: Einstein-Maxwell-dilaton [74], Einstein-dilaton
Gauss-Bonnet [75], and Einstein-Maxwell-dilaton-
axion models [76]. Lastly, in Ref. [77], analytical wave-
forms for the inspiral stage of a compact binary system in
scalar Gauss-Bonnet gravity patterns have been con-
structed up to 1PN order (further results can be found
in Refs. [78,79]).
GWs can also represent a promising tool to test quantum

gravity through the spectroscopy analysis of more sensitive
data [80]. In the literature, some proposals have been set
forth. Some authors argue that GWs can be used as a probe
to reveal or constrain quantum modifications at the horizon
scale to BH dynamics and address important issues, like the
BH information loss paradox, the firewall phenomenon,
and the gravastar proposal [81–83]. The quantum-induced
fluctuations which affect two freely falling bodies in a
quantized gravitational field might be measured by GWs
observatories [84], thus providing valuable hints regarding
the existence of gravitons and relevant information about
the properties of the GWs source itself [85]. Such a research
program is devoted to the exploration via GWs interfer-
ometers of the quantum properties of the spacetime, i.e., its
“foamy” or “fuzzy” structure [80,86]. Furthermore, the
uncertainty in the arm length of a detector due to quantum
metric fluctuations, as predicted by the theory of quantum
gravity supplemented by the holographic principle, leads to
a signal that could be observed at macroscopic distances by
a GW apparatus, as discussed in Refs. [87,88]. A pivotal
role in multimessenger astronomy will be assumed by
the project High Energy Rapid Modular Ensemble of
Satellites—Scientific Pathfinder (HERMES-SP), which
will work in parallel with LIGO, Virgo, and KAGRA
[89]. It has been launched with the purpose of detecting and

2We recall that the qualifier nPN refers to a correction of the
order c−2n relatively to the “Newtonian” quadrupole formula,
which corresponds in turn to a 2.5 PN radiation reaction
contribution to the equations of motion.
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localizing bright high-energy transients such as gamma-ray
bursts, which have been recognized as the electromagnetic
counterparts of GWs events [90] and are important means
to infer precious information on the quantum aspects of GR
[91]. Among its various scientific objects, there are indeed
tests concerning the granular structure of the spacetime at
the Planck scale [92].
Motivated by the above-mentioned theoretical and

observational proposals investigating the emergence of
possible quantum phenomena within the GWs realm, in
this manuscript, we study the GWs generation problem
in the context of Einstein-Cartan (EC) theory (also known
as U4 or Einstein-Cartan-Sciama-Kibble theory) by
exploiting the Blanchet-Damour formalism. The EC
model provides a complete geometrical description of
matter at microscopic level since it predicts that the
torsion tensor, defined as the antisymmetric part of
the connection, couples to the spin of elementary par-
ticles, in analogy to the well-known coupling between the
metric and the energy-momentum tensor [93,94].
Hereafter, the word “spin” indicates the intrinsic quantum
angular momentum of particles, in contrast with the
classical angular momentum due to a macroscopic
rotation [95].
The research carried out in this paper aims at under-

standing possible quantum imprints in the propagation of
GWs produced by PN sources in EC theory, namely,
spinning, weakly self-gravitating, slowly moving, and
weakly stressed sources. The paper is organized as follows.
In Sec. II, we briefly outline the Blanchet-Damour formal-
ism. In Sec. III, we deal with the GWs generation problem
at 1PN level in EC theory. Eventually, concluding remarks
are given in Sec. IV.
We use metric signature ð−;þ;þ;þÞ. Greek indices take

values 0, 1, 2, 3, while the latin ones take values 1, 2, 3. The
flat metric is indicated by ηαβ ¼ ηαβ ¼ diagð−1; 1; 1; 1Þ.
The determinant of the metric gμν is denoted with g. ϵijk is
the standard Levi-Civita symbol with ϵ123 ¼ 1. Round
(respectively, square) brackets around a pair of indices
stands for the usual symmetrization (respectively, antisym-
metrization) procedure.

II. GRAVITATIONAL WAVES IN GENERAL
RELATIVITY: BLANCHET-DAMOUR

APPROACH

We outline the general relativistic GWs theory by first
introducing the mathematical problem (see Sec. II A) and
then its approximate resolution following the approach
devised by Blanchet and Damour (see Sec. II B).

A. Mathematical problem of GWs generation

We consider a spacetime M endowed with a metric gμν
and define the gravitational field amplitude [47]

hαβ ≡ gαβ − ηαβ; ð1Þ

where gαβ ≡ ffiffiffiffiffiffi−gp
gαβ denotes the inverse gothic metric.

The GWs generation problem in GR is described by the
set of equations [45,47,48,96]

□hαβ ¼ χTαβ; ð2aÞ

∂βhαβ ¼ 0; ð2bÞ

lim
jxj→þ∞

hαβðt; xÞ ¼ 0; for t ≤ −T ; ð2cÞ

∂thαβðt; xÞ ¼ 0; for t ≤ −T ; ð2dÞ

where □≡ ηαβ∂α∂β, χ ≡ 16πG=c4,

Tαβ ≡ ð−gÞTαβ þ 1

χ
Λαβ ð3Þ

is the effective stress-energy pseudotensor, and

Λαβ ≡ χð−gÞðtαβLL þ tαβH Þ; ð4Þ

tαβLL being the Landau-Lifshitz pseudotensor [97], whose
expression, worked out in harmonic coordinates, reads as

χð−gÞtαβLL ¼ 1

2
gαβgγδ∂ϵhγκ∂κhδϵ − 2gδϵgγðα∂κhβÞϵ∂γhδκ

þ gγδgϵκ∂ϵhαγ∂κhβδ þ
1

8
ð2gαγgβδ − gαβgγδÞ

× ð2gϵκgλσ − gκλgϵσÞ∂γhϵσ∂δhκλ; ð5Þ

and tαβH being an additional harmonic-gauge contribution
which can be written as

χð−gÞtαβH ¼ ∂μ∂ρðhαρhβμ − hαβhμρÞ: ð6Þ

The gauge condition (2b) is equivalent to the matter
equations of motion, i.e., [47,97]

∂βhαβ ¼ 0 ⇔ ∂βTαβ ¼ 0 ⇔ ∇βTαβ ¼ 0: ð7Þ

The mathematical problem (2) is defined in M , which
we assume to be homeomorphic to R4 and topologically
split in space R3 and time R. Since the gravitational source
is localized, Tαβ ∈ C∞

compðR4;ΩÞ; i.e., it is a smooth
function in R4 endowed with the spatially compact support

Ω ¼ fx ∈ R3∶jxj ≤ dg; ð8Þ

where jxj≡ r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
δijxixj

q
is the harmonic-coordinate

radial distance and d denotes the typical size of the source.
Since the source is supposed to be PN, the reduced
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wavelength ƛ of the gravitational radiation is such that
ƛ ≫ d. Therefore, the spatial domain R3 can be further
decomposed as R3 ¼ De ∪ Di, where (see Fig. 1)

De ¼ fx ∈ R3∶d < jxjg; ð9Þ

Di ¼ fx ∈ R3∶jxj < ri; with d < ri ≪ ƛg: ð10Þ

The setDi is called the interior zone, whileDe is called the
exterior zone. For a PN source, these two zones overlap
in the so-called overlapping region Do, being thus defined
by [47]

Do ¼ De ∩ Di ¼ fx ∈ R3∶d < jxj < rig: ð11Þ

Finally, the spatial region where a detector apparatus is
located is known as wave zone, formally defined as

Dw ¼ fx ∈ R3∶ƛ ≪ jxjg: ð12Þ

B. Approximate resolution

The fundamental problem of GWs generation consists in
formally relating the material content of the source in Ω to
the asymptotic gravitational-wave field hαβ in Dw [45,47].
This issue cannot be solved analytically and appropriate
approximation methods should be invoked.
In the exterior domain De, it is supposed that the metric

(1) admits the MPM expansion [45]

hαβext ¼
Xþ∞

n¼1

GnhαβðnÞ; ð13Þ

where each hαβðnÞ admits a finite multipolar expansion.

Equation (13) is exploited to solve perturbatively in De
the vacuum Einstein equations, and the resulting MPM
solution is parametrized by the symmetric-trace-free (STF)
source multipole moments, defined as [47,48]3

hαβext ¼ hαβextðIL; JL;WL; XL; YL; ZLÞ; ð14Þ

where IL and JL are the mass moments of order l and
current moments of order l, respectively, whileWL, XL, YL,
ZL are the gauge moments of order l. A coordinate
transformation allows to define a canonical metric depend-
ing on the STF canonical mass-type ML and current-type
SL moments [47,98].
By employing radiative coordinates, the MPM solution

can be written in terms of the SFT mass-type radiative
moments UL and current-type radiative moments VL
[45,46,99–101], which are related to the canonical ones
via some highly nonlinear relations [47].
In the near-zone Di, the Einstein field equations are

perturbatively solved through the PN iteration [47,102],
where the field amplitude hαβ admits the general PN
expansion (indicated with an overline)

h̄αβðt; x; cÞ ¼
Xþ∞

m¼2

1

cm
ðmÞh̄αβðt; x; log cÞ: ð15Þ

The matching procedure allows us to obtain the explicit
expressions of the source multipole moments and stems
from the existence of the overlapping region Do, where
both MPM and PN expansions are valid. The matching
equation reads as (spacetime indices suppressed) [47,103]

MðhÞ ¼ Mðh̄Þ; ð16Þ

whereMðhÞ is the near-zone reexpansion of the multipolar
expansion of the radiative field, whereas Mðh̄Þ is the far-
zone reexpansion of the PN expansion h̄.

III. GRAVITATIONAL WAVES IN
EINSTEIN-CARTAN THEORY

This section concerns GWs emitted by PN sources in the
context of EC theory. A brief account of the EC model
is given in Sec. III A. This prepares the ground for the
analysis of the mathematical problem underlying the
GWs generation, which is presented in Sec. III B.
The resolution of this problem, when sources are negligibly
self-gravitating, can be tackled via linearized EC theory,
which we discuss in Sec. III C. On the other hand, for
weakly self-gravitating spinning sources, the problem can

FIG. 1. The domains in which the spatial part R3 of M is
decomposed: gravitational source location Ω, inner zoneDi ⊃ Ω,
overlapping zone Do ¼ Di ∩ De, exterior zone De. The dashed
circle having radius ƛ permits defining the wave zone Dw ⊂ De,
the region where a detector is framed.

3We use the multi-index notation, where L denotes the multi-
index i1i2…iL, made of l spatial indices [45].
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be approximately solved by the Blanchet-Damour method,
which has been set out in Sec. II. In this case, upon
introducing the domains (9)–(12) (see Fig. 1), the solution
is built up in three stages: the inner field is examined by
resorting to the PN method in the near zone Di (see
Secs. III D and III E); the gravitational field in the external
vacuum region De is investigated by exploiting the MPM
scheme (see Sec. III F), and finally the two solutions are
matched in the overlap domain D0 (see Sec. III G, where
we will see that a matching procedure less general than the
one described in Sec. II B is sufficient for our purpose). In
Sec. III H, we perform a physical analysis of the non-
radiative source multipole moments. The section ends with
the evaluation of the 1PN asymptotic waveform; see
Sec. III I.

A. Einstein-Cartan theory

Gravitational interaction is the only fundamental force of
nature which is not fully understood at the microscopic
level. For this reason, it seems necessary to extend the
principles of GR to the microphysical realm. This objective
may be framed within EC model, where the novel object is
represented by the torsion tensor. As wewill see, the torsion
tensor is the geometrical counterpart of the intrinsic spin
carried by particles, in analogy to the GR correspondence
between the curvature of the spacetime and the mass energy
of matter fields.
EC theory is defined on a spacetime M endowed with a

metric tensor gαβ and with the most general metric-
compatible affine connection

Γλ
μν ¼ Γ̂λ

μν − Kμν
λ; ð17Þ

Kμν
λ ¼ Sνλμ − Sλμν − Sμνλ ¼ −Kμ

λ
ν; ð18Þ

where Γ̂λ
μν denotes the Christoffel symbols andKμν

λ denotes
the contortion tensor. Hereafter, the hat symbol denotes
quantities framed in GR.
The antisymmetric and symmetric parts of (17) read as,

respectively,

Γλ
½μν� ≡

1

2
ðΓλ

μν − Γλ
νμÞ≡ Sμνλ; ð19Þ

Γλ
ðμνÞ ≡

1

2
ðΓλ

μν þ Γλ
νμÞ ¼ Γ̂λ

μν þ 2SλðμνÞ; ð20Þ

where Sμνλ is the Cartan torsion tensor.
The affine connection (17) permits us to define the

covariant derivative operator ∇ and the modified covariant

derivative operator ∇� , whose action on a generic tensor
field of type (1,1) is given by, respectively,

∇νAα
β ¼ ∂νAα

β þ Γα
νμAμ

β − Γμ
νβAα

μ; ð21Þ

∇� αAμ
ν ¼ ð∇α þ 2SαββÞAμ

ν: ð22Þ

The Riemann tensor

Rμ
νρσ ¼ ∂ρΓ

μ
νσ − ∂σΓ

μ
νρ þ Γμ

αρΓα
νσ − Γμ

ασΓα
νρ ð23Þ

permits us to define the (asymmetric) Ricci tensor Rμν ¼
Rα

μαν and the Ricci curvature R ¼ Rμ
μ, which in turn allow

us to write the (asymmetric) Einstein tensor as

Gαβ ¼ Rαβ −
1

2
gαβR: ð24Þ

Given the matter Lagrangian density Lm ¼
LmðΨ;∇Ψ; gÞ, supposed to be minimally coupled to the
gravitational field [93] and with Ψ denoting a generic
matter field, it is possible to introduce the metric energy-
momentum tensor Tαβ, the spin angular momentum tensor
τγ

βα, and the spin energy potential μγβα as [93,104]

Tαβ ¼ 2ffiffiffiffiffiffi−gp δLm

δgαβ
; ð25Þ

τγ
βα ¼ 1ffiffiffiffiffiffi−gp δLm

δKαβ
γ ; ð26Þ

μγ
βα ¼ 1ffiffiffiffiffiffi−gp δLm

δSαβγ
: ð27Þ

Furthermore, by employing Eq. (18), the tensors μγβα and
τγ

βα can be related in the following way:

μαβγ ¼ −ταβγ þ τβγα − τγαβ: ð28Þ

The variation of Lm with respect to the metric and the
torsion, Eqs. (25) and (27), contributes to the total energy of
matter. The total energy-momentum tensor of matter Tαβ

can be defined as [93,105]

Tαβ ¼ Tαβ −∇� γðμαβγÞ; ð29Þ
and it is known to coincide with the canonical energy-
momentum tensor, whose expression is [93–95,105]

Tβ
α ¼ 1ffiffiffiffiffiffi−gp

�
δβ

αLm −
∂Lm

∂ð∂αΨÞ
∇βΨ

�
: ð30Þ

EC field equations can be written as (recalling that
χ ≡ 16πG=c4)

Ĝαβ ¼ χ

2
Θαβ; ð31aÞ

Θαβ ¼ Tαβ þ χ

2
Sαβ; ð31bÞ
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where the tensor Sαβ reads as [93,95,105]

Sαβ ≡ −4ταγ ½δτβδγ� − 2ταγδτβγδ

þ τγδατγδ
β þ 1

2
gαβð4τμγ ½δ τμδγ� þ τμγδτμγδÞ; ð32Þ

and Ĝαβ is the Riemannian part of the Einstein tensor (24).
In Eq. (31), we have formally removed the torsion, since we
have employed the following identities [94]:

Sμνλ ¼
χ

2
ðτμνλ þ δλ½μτν�ρ

ρÞ; ð33Þ

Kμν
α ¼ χ

2
ð−τμνα þ τν

α
μ − ταμν−δαμτνρρ þ gμνταρρÞ: ð34Þ

The combined energy-momentum tensor Θαβ occurring in
Eq. (31) contains spin contributions implicitly in Tαβ and
explicitly in Sαβ. Moreover, it satisfies the relation

∇̂βΘαβ ¼ 0; ð35Þ

where ∇̂β denotes henceforth the covariant derivative with
respect to the Levi-Civita connection.
In EC theory, the dynamical equations of the matter

source can be obtained by means of the (generalized)
conservation laws of energy-momentum and angular
momentum, which read as, respectively [93,94,105],

∇� νTμ
ν ¼ 2T λ

νSμνλ − τνρ
σRμσ

νρ; ð36Þ

∇� λτμν
λ ¼ T ½μν�: ð37Þ

In particular, the translational dynamics of a spinning test
particle can be derived from the conservation law (36) by
employing the so-called pole-particle approximation [106]
(see also Ref. [94] for further details). In this way, we get
the Mathisson-Papapetrou-like equations

dPμ

dτ
þ Γ̂μ

νλP
ðλuνÞ þ Kμ

νλP½λuν� ¼ −Rμ
νρσSρσuν; ð38Þ

τ being the proper time; uν being the 4-velocity; and

Pμuν ¼ u0
Z

d3x
ffiffiffiffiffiffi
−g

p Tμν

c
; ð39Þ

Sμνuλ ¼ u0
Z

d3x
ffiffiffiffiffiffi
−g

p τμνλ

c
ð40Þ

being the total momentum and spin angular momentum of
the test particle, respectively.

B. Mathematical problem

Along the same lines as for GR, we introduce also in EC
theory the gravitational field amplitude [cf. Eq. (1)]

hαβ ≡ gαβ − ηαβ; ð41Þ

where gαβ ≡ ffiffiffiffiffiffi−gp
gαβ denotes the inverse gothic metric.

The starting point of GWs generation problem is now
represented by the EC field equations (31), which, likewise
in GR, can be written in the form of inhomogeneous flat-
space d’Alembertian equations once a generalized har-
monic gauge is invoked [see Eq. (42b)]. The differential
problem is defined in the spacetime M , which, as in GR,
we suppose to be homeomorphic to R4, and is supple-
mented by two boundary conditions already exploited in
GR, i.e., Eqs. (2c) and (2d). In this way, we obtain the
following well-posed mathematical problem:

□hμν ¼ χð−gÞΘμν þ Λ̃μν; ð42aÞ

Hα ¼ 0; ð42bÞ

lim
jxj→þ∞

hαβðt; xÞ ¼ 0; for t ≤ −T ; ð42cÞ

∂thαβðt; xÞ ¼ 0; for t ≤ −T : ð42dÞ

If we define □g ≡ gμν∇μ∇ν, and □̂g ≡ gμν∇̂μ∇̂ν, the
generalized gauge condition (42b) reads as

Hα ≡□gxα ¼ Ĥα − 2Sαμμ ¼ 0; ð43Þ

Ĥα ≡ □̂gxα ¼
1ffiffiffiffiffiffi−gp ∂λhαλ; ð44Þ

and hence it is equivalent to

∂λhαλ ¼ 2
ffiffiffiffiffiffi
−g

p
Sαμμ: ð45Þ

It is clear that, due to the presence of the torsion tensor, we
have obtained a gauge condition which differs from the
corresponding expression employed in GR [cf. Eq. (2b)].
For this reason, the right-hand side of EC equations (42a)
will exhibit new contributions, which generalize those
occurring in Einstein equations. These new terms are
included in the EC pseudotensor Λ̃μν, which can be written
as [cf. Eq. (4)]

Λ̃μν ¼ χð−gÞðt̃μνLL þ t̃μνH þ tμνS Þ; ð46Þ

where t̃μνLL and t̃
μν
H are the generalized version of the Landau-

Lifshitz pseudotensor (5) and of Eq. (6), respectively, while
tμνS is a new additional contribution due entirely to the
torsion (and for this reason, we have not indicated it with a
tilde). Their expressions are
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χð−gÞt̃μνLL ¼ χð−gÞtμνLLþð2 ffiffiffiffiffiffi
−g

p
SγϵϵÞ∂γhμν−4ð−gÞSμϵϵSνττ;

ð47Þ

χð−gÞt̃μνH ¼ χð−gÞtμνH − 4ð−gÞSμϵϵSνττ
− 2hαðν∂α½2

ffiffiffiffiffiffi
−g

p
SμÞϵϵ� þ ∂α½hμνð2

ffiffiffiffiffiffi
−g

p
SαϵϵÞ�

þ ð2 ffiffiffiffiffiffi
−g

p
SαϵϵÞ∂αhμν; ð48Þ

χð−gÞtμνS ¼ −ðημν þ hμνÞ∂αð2
ffiffiffiffiffiffi
−g

p
SαϵϵÞ

þ 2½ηαðν þ hαðν�∂α½2
ffiffiffiffiffiffi
−g

p
SμÞϵϵ�

þ 4ð−gÞSμϵϵSνττ − ð4 ffiffiffiffiffiffi
−g

p
SαϵϵÞ∂αhμν: ð49Þ

The generalized gauge condition (42b) leads to the identity

∂ν½χð−gÞΘμν þ Λ̃μν� ¼ □ð2 ffiffiffiffiffiffi
−g

p
SμϵϵÞ; ð50Þ

which in turn is equivalent to (35). In deriving Eq. (50), we
have taken into account that

∂ν½χð−gÞðΘμν þ t̃μνLLÞ� ¼ 0; ð51Þ

along with the following equations:

∂ν½χð−gÞt̃μνH � ¼ −4∂ν½ð−gÞSμϵϵSνττ� − hαν∂α∂νð2
ffiffiffiffiffiffi
−g

p
SμϵϵÞ

þ ∂α½ð2
ffiffiffiffiffiffi
−g

p
SμϵϵÞð2

ffiffiffiffiffiffi
−g

p
SαττÞ�

þ ð∂αhμνÞ∂νð2
ffiffiffiffiffiffi
−g

p
SαϵϵÞ; ð52Þ

∂ν½χð−gÞtμνS � ¼ □ð2 ffiffiffiffiffiffi
−g

p
SμϵϵÞ − ∂ν½χð−gÞt̃μνH �: ð53Þ

1. Simplification of the generalized harmonic
gauge condition

In EC theory, the generalized harmonic gauge (42b)
amounts to requiring that the spacetime coordinates xα

satisfy a set of Riemannian d’Alembertian equations having
a nonvanishing source term due to the presence of Sαμμ; see
Eqs. (43) and (44). The same factor also occurs in the
definition of the tensors (47)–(49) and can be interpreted as
a correction to the analogous GR quantities induced by the
torsion. Therefore, we can simplify all the above expres-
sions if we require that

Sαμμ ¼ 0: ð54Þ

In general, the torsion tensor has 24 independent compo-
nents, which have been lowered to 20 thanks to the
condition (54). This permits us to further reduce the degrees
of freedom of the EC theory with respect to the GR case
and hence the complexity of the involved computations.
There exist various physical systems where Eq. (54) is

satisfied. One example is furnished by the semiclassical
model of the neutral Weyssenhoff spinning fluid, where

such an identity follows, via Eq. (33), from the so-called
Frenkel condition [93,107]

ταβ
β ≡ sαβuβ ¼ 0; ð55Þ

uα being the fluid velocity and sαβ ¼ s½αβ� being the spin
density. However, there is a plethora of other physical
examples where the Frenkel condition is applied: the model
of Frenkel spinning electrons and all spinning bodies in
curved spacetimes [108] and hydrodynamics of fluids
endowed with spin (although these are framed in GR,
the spinning proprieties can be suitably recovered also by
resorting to the EC theory) [109]. Finally, Eq. (54) is valid
whenever the torsion tensor is totally antisymmetric, as
occurs, for example, in the case of the Dirac field [93].
Through the assumption (54), Eq. (45) becomes identical

to the GR gauge condition (2b). Furthermore, Eqs. (47)–
(49) turn out to be less complex, because t̃μνLL and t̃

μν
H reduce

to their corresponding GR counterparts (5) and (6),
respectively, whereas tαβS vanishes identically. As a conse-
quence, the gravitational source term (46) assumes the
same form as the GR expression (4). Therefore, once
Eq. (54) is employed, the mathematical problem (42)
reads as

□hμν ¼ χT̃μν; ð56aÞ

∂λhαλ ¼ 0; ð56bÞ

lim
jxj→þ∞

hαβðt; xÞ ¼ 0; for t ≤ −T ; ð56cÞ

∂thαβðt; xÞ ¼ 0; for t ≤ −T ; ð56dÞ

where we have defined the EC pseudotensor

T̃αβ ≡ ð−gÞΘαβ þ 1

χ
Λαβ: ð57Þ

The mathematical problem, written as in Eq. (56), resem-
bles that of GR [see Eqs. (2) and (3)]. Furthermore, bearing
in mind Eqs. (50)–(53), the condition (54) allows us to
write the conservation laws

∂βhαβ ¼ 0 ⇔ ∂βT̃
αβ ¼ 0 ⇔ ∇̂βΘαβ ¼ 0; ð58Þ

which turn out to be very similar to Eq. (7). Subject to the
hypothesis (56d), Eq. (56a) can be formally recast in the
integrodifferential form

hαβ ¼ χ□−1
ret T̃

αβ; ð59Þ

where □−1
ret is the retarded Green function, defined as
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□−1
ret T̃

αβ ≡ −1
4π

Z
R3

d3x0

jx − x0j T̃
αβ

�
t −

jx − x0j
c

; x0
�
: ð60Þ

In our analysis, we will suppose that the gravitational
source is confined to the region Ω, defined by Eq. (8). This
means that for the metric energy-momentum tensor (25)
and the spin angular momentum tensor (26) we can write
Tαβ ∈ C∞

compðR4;ΩÞ and τγ
βα ∈ C∞

compðR4;ΩÞ. In other
words, the combined energy-momentum tensor Θαβ is such
that Θαβ ∈ C∞

compðR4;ΩÞ [see Eqs. (31b) and (32)].
Moreover, the compactness property of τγβα, jointly with
Eq. (33), permits us to conclude that the torsion tensor will
vanish in the region Ωext ≡R3nΩ.

2. Implications of the hypothesis Sαμμ = 0

We note that if we had not considered the assumption
(54) Eqs. (43)–(45) would have led to two different gauge
conditions, depending on whether the mathematical prob-
lem (42) had been addressed in Ω (where in general
Sαμμ ≠ 0) or in Ωext (where the compactness hypothesis
guarantees that Sαμμ ¼ 0). On the other hand, having
enforced Eq. (54), the gauge condition is the same in both
Ω and Ωext, where it is simply given by (56b). In addition,
in the mathematical problem (42), the generalized harmonic
gauge defines one set of coordinates xi in Ω and another
set xe in the external region Ωext, the former satisfying
□̂gxαi ¼ 2Sαμμ and the latter satisfying the harmonic gauge
□̂gxαe ¼ 0. Since xi and xe are solutions of the inhomo-
geneous and homogeneous wave equations, respectively,
they are related by the formula xi ¼ xe þ xp, where xp is a
particular solution of the inhomogeneous equation.
Therefore, the generic transformation which permits us
to move from the inner coordinate system xi to the
outer coordinate system xe is the following linear function
(defined up to a global multiplication constant), xμe ¼
fμðxiÞ≡ xμi − xμp, while its inverse is given by xμi ¼
ðf−1ÞμðxeÞ≡ xμe þ xμp.

C. Linearized Einstein-Cartan theory

One way to handle the mathematical problem (56)
consists in exploiting the linearized EC theory, which deals
with the regime of weak metric and torsion fields [110]. We
suppose that in the spacetime M there exists a reference
frame in which we can decompose the metric tensor gαβ
into Minkowski metric ηαβ plus a small perturbation hαβ,
i.e., [111]

gαβ ¼ ηαβ þ hαβ; jhαβj ≪ 1: ð61Þ

The functions hαβ are related to the gravitational field
amplitude (41) through

hαβ ¼ −θαβ þ Oðh2Þ; ð62Þ

where we have defined

θαβ ≡ hαβ −
1

2
ηαβh ð63Þ

and h≡ ημνhμν (in linearized theory, indices are raised and
lowered by ημν). Neglecting terms quadratic in hμν, the de
Donder gauge (56b) assumes the form

∂νθ
μν ¼ 0; ð64Þ

and Eq. (56c) is equivalent to

lim
r→þ∞

hμν ¼ 0 for t ≤ −T ; ð65Þ

where the radial distance r is calculated in terms of
coordinates for which Eq. (64) is valid. Furthermore, from
Eq. (56d), we obtain, at linear order,

∂thαβ ¼ 0; for t ≤ −T : ð66Þ

If we exploit Eq. (29) jointly with Eqs. (17), (22), (33),
and (34), then by retaining in Eq. (56a) only those terms
linear in both the metric perturbations and the torsion field,
we obtain

□θαβ ¼ −χTαβ; ð67Þ

where

Tαβ ¼ Tαβ þ ∂γμαβ
γ ð68Þ

is the symmetric stress-energy tensor deduced from the
linearization of Eq. (29). The gauge condition (64) is
equivalent to the flat-space conservation laws for Tαβ

and Tαβ, i.e.,

∂βθ
αβ ¼ 0 ⇔ ∂βTαβ ¼ 0 ⇔ ∂βTαβ ¼ 0: ð69Þ

In linearized theory, an important role is fulfilled by the
infinitesimal local coordinate transformation

xμ → x0μ ¼ xμ − ξμðxÞ; ð70Þ

ξμðxÞ denoting four arbitrary functions small enough to
guarantee that jhμνj ≪ 1. Equation (70) induces the gauge
transformation on hμν [112],

hμνðxÞ → h0μνðx0Þ ¼ hμνðxÞ þ ð£ξηÞμν; ð71Þ

where (the components of) the Lie derivative of the flat
metric along the vector ξμ is given by [113,114]
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ð£ξηÞμν ¼ ξλ∇λημν þ ηλν∇μξ
λ þ ηλμ∇νξ

λ

− 2ξσðηρμSρσν þ ηρνSρσμÞ: ð72Þ

Since jξμj ≪ 1 and both the metric perturbation functions
and the torsion field are weak, we obtain, at first order,

ð£ξηÞμν ¼ ∂μξν þ ∂νξμ; ð73Þ
and hence from Eq. (71), we end up with

hμνðxÞ → h0μνðx0Þ ¼ hμνðxÞ þ 2∂ðμξνÞ: ð74Þ

Therefore, the linearized gauge transformations of EC
theory assume the same form as those of linearized GR
[48,115], provided that jξμj, jhμνj, and jSρσνj are small.
To within the precision of the linearized theory, the tiny

changes induced in the functional forms of all scalar,
vector, and tensor fields by the infinitesimal coordinate
transformations (70) can be ignored, except in metric,
where the small deviations from the flat metric ημν contain
all the information about the gravitational field. This means
that, in particular, the Riemann tensor, the stress-energy
tensor, and the spin density tensor are unaffected by gauge
transformations (74). Let us evaluate the invariance of the
Riemann tensor, which will be crucial in Sec. III G. In the
EC model, it can be written as [116,117]

Rμνρσ ¼ R̂μνρσ − 2∇̂½μKν�ρσ þKμβσKνρ
β −KνβσKμρ

β; ð75Þ
and hence at first order, we obtain

Rlin
μνρσ ¼ R̂lin

μνρσ − 2∂ ½μKν�ρσ; ð76Þ

where we know from the weak-field limit of GR that

R̂lin
μνρσ ¼

1

2
ð∂ν∂ρhμσþ∂μ∂σhνρ−∂μ∂ρhνσ −∂ν∂σhμρÞ: ð77Þ

As pointed out before, in linearized EC theory, we have

R0lin
μνρσ ¼ Rlin

μνρσ; ð78Þ

but now, we see that this condition is due to the fact that
each term in Eq. (76) is separately invariant, i.e.,

R̂0lin
μνρσ ¼ R̂lin

μνρσ; ð79Þ
ð∂μKνρσÞ0 ¼ ∂μKνρσ: ð80Þ

D. Post-Newtonian expansion

In the following sections, we deal with the question
of the generation of gravitational radiation by spinning,
weakly self-gravitating, slowly moving, and weakly
stressed sources, i.e., PN sources in EC theory. This means
that we can exploit the Blanchet-Damour approach
(which has been summarized in Sec. II) in order to solve

approximately themathematical problem (56). Thus,wewill
first compute the gravitational field in the interior domainDi
of the source via the PN method.4 In Sec. III D 1, we
give some preliminary remarks and discuss the PN order
of the relevant quantities. The 0PN limit is presented in
Sec. III D 2, while the details of the calculations regarding the
1PN inner metric and the conservation laws are reported in
Secs. III D 3 and III D 4, respectively.
We recall that PN series are performed in terms of c−1 by

keeping G fixed, whereas in the PM pattern, the expansion
parameter is G, and c is fixed (see Ref. [120] for details).
Furthermore, we stress that in our analysis of spinning PN
sources we do not suppose, unlike linearized EC theory, that
torsion is weak. Indeed, strictly speaking, this hypothesis
should be invoked in the exterior weak-field region De
where the MPM series is physically valid. However, the
torsion field vanishes inDe since the spin angular momen-
tum tensor τμνλ has compact support inΩ [see Eq. (33); note
that in the PN formalism the regionΩext coincides withDe].

1. Preamble to the PN expansion

At 1PN level, our calculations can be more appropriately
carried out in terms of the metric tensor components gμν,
whereas at higher PNorders, the use of the gravitational field
amplitude hαβ is more convenient, likewise for the GR case
(seeRefs. [47,121–123]). Therefore, the starting point of our
PN investigation is represented by Eq. (31) worked out in
harmonic gauge (56b). This is equivalent to considering
Eq. (56a) in terms of gαβ; see Eq. (41). In this way, we get

2R̂αβ ¼ χGαμβνTμν þ χ2

2
GαμβνSμν; ð81Þ

where

2R̂αβ ¼ −gμνgαβ;μν þ gμνgρσ
�
gαμ;ρð2gβ½ν;σ� þ gνσ;βÞ

þ gβμ;ρgνσ;α −
1

2
gμρ;αgνσ;β

�
ð82Þ

Gαμβν ≡ gαμgβν −
1

2
gαβgμν; ð83Þ

and gαβ;μ ≡ ∂μgαβ (for a comparison, see Ref. [121]).
Moreover, the inspection of the PN order of the various
quantities occurring in Eq. (81) will be crucial. For this
reason, let ðnÞgμν denote the term in gμν of order ðv=cÞn,
whereas ðnÞTμν is the contribution in Tμν of order Mvn

d3cn−2 (with
M, d, and v being themass, the typical linear dimension, and

4A PN investigation similar to the one developed in Sec. III D 3
can be found in Refs. [118,119]. However, our PN analysis will
consider both instantaneous and retarded potentials with the
purpose of using, afterward, the Blanchet-Damour formalism.
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the internal velocity of the source, respectively). We also
have for the torsion field Sμνλ, the spin angular momentum
tensor τλμν, and the tensor Sμν, respectively,

ðnÞSμνλ ∼
�
v
c

�
n 1

d
;

ðnÞτλμν ∼
M
d2

vn

cn−2
;

ðnÞSμν ∼
M2

d4
v2n

c2n−4
: ð84Þ

By considering the physical interpretation of the compo-
nents of τλμν [124],

τ0
i0 ¼ energy-dipole-moment density;

τ0
ij ¼ ðenergy-dipole-moment fluxÞ=c;

τi
j0 ¼ ðspin densityÞc;

τi
jk ¼ spin flux; ð85Þ

their PN order reads as

τ0
i0 ¼ Oðc2Þ;

τ0
ij ¼ OðcÞ;

τi
j0 ¼ OðcÞ;

τi
jk ¼ Oðc0Þ; ð86Þ

and hence we get the following PN series:

τ0
i0 ¼ ð0Þτ0i0 þ ð2Þτ0i0 þ…;

τ0
ij ¼ ð1Þτ0ij þ ð3Þτ0ij þ…;

τi
j0 ¼ ð1Þτij0 þ ð3Þτij0 þ…;

τi
jk ¼ ð2Þτijk þ ð4Þτijk þ…: ð87Þ

Therefore, bearing inmind Eq. (32), we obtain the following
PN expansion for Sμν:

S00 ¼ ð0ÞS00 þ ð1ÞS00 þ ð2ÞS00 þ…;

S0i ¼ð0.5ÞS0i þð1.5ÞS0i þð2.5ÞS0i þ…;

Sij ¼ ð0ÞSij þ ð1ÞSij þ ð2ÞSij þ…: ð88Þ

This can be summarized by5

Sαβ ¼ Oðc4; c3; c4Þ: ð89Þ

Thanks to the above equation, the tensor Θαβ, defined in
Eq. (31b), has the same PN structure as the metric stress-
energy tensor in GR, i.e.,

Θαβ ¼ Oðc2; c; c0Þ: ð90Þ

Therefore, we can expect that the PN analysis of Eq. (31a)
will yield for the metric gμν a PN expansion analogous to
the GR case, as we will show in the next sections.

2. 0PN expansion

The PN expansion (88) allows us to consider a 0PN limit
for the metric tensor represented by

g00 ¼ −1þ ð2Þg00 þ Oðc−4Þ; ð91aÞ

g0i ¼ Oðc−3Þ; ð91bÞ

gij ¼ δij þ Oðc−2Þ: ð91cÞ

By exploiting (89) and (91), Eq. (81) gives

ð2Þg00 ¼ −2ϕ; ð92Þ

△ϕ ¼ χ

4
ð0ÞT00; ð93Þ

where △≡ δij∂i∂j is the three-dimensional flat-space
Laplace operator. The solution of Eq. (93), together with
the boundary condition that the field ϕ vanishes at spatial
infinity, is given by the Poisson integral

ϕðt; xÞ ¼ Δ−1
�
χ

4
ð0ÞT00

�

≡ −
G
c4

Z
R3

d3y
jx − yj

ð0ÞT00ðt; yÞ; ð94Þ

where −c2ϕ represents the (sign-reversed) gravitational
potential.

3. 1PN expansion

The 1PN approximation of the inner metric can be
obtained by solving iteratively Eq. (81) starting with the
linearized result (91).
We first consider the spatial components (i.e., α ¼ i,

β ¼ j) of Eq. (81) and get the results

2R̂ij ¼ −□ðð2ÞgijÞ þ Oðc−4Þ; ð95Þ

χGiμjνTμν ¼ χ

2
δijðT00 þ TkkÞ þ Oðc−4Þ; ð96Þ

5We are employing a standard notation in the literature (see,
e.g., Ref. [122]) according to which

Aμ ¼ Oðc−q; c−pÞ ⇔ A0 ¼ Oðc−qÞ; Ai ¼ Oðc−pÞ;
Tμν ¼ Oðc−q; c−p; c−rÞ

⇔ T00 ¼ Oðc−qÞ; T0i ¼ Oðc−pÞ; Tij ¼ Oðc−rÞ:
.
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χ2

2
GiμjνSμν ¼ χ2

2

�
Sij þ

1

2
δijðS00 − SkkÞ

�
þ Oðc−6Þ

¼ Oðc−4Þ; ð97Þ

and hence gij satisfies the equation

□gij ¼ −
χ

2
δijðT00 þ TkkÞ þ Oðc−4Þ: ð98Þ

From the last equation, if we analyze only Oðc−2Þ con-
tributions, we obtain the Poisson equation

△ðð2ÞgijÞ ¼ −
χ

2
δij

ð0ÞT00; ð99Þ

which, by means of Eqs. (92)–(94), leads to the same result
as in Einstein theory, i.e.,

ð2Þgij ¼ δij
ð2Þg00 ¼ −2ϕδij: ð100Þ

Therefore, we obtain the 1PN approximation [see
Eq. (91c)]

gij ¼ δij − 2ϕδij þ Oðc−4Þ: ð101Þ

The temporal component (i.e., α ¼ β ¼ 0) of Eq. (81)
can be worked out, after some algebra, as follows:

2R̂00 ¼ −□ðð2Þg00Þ −□ðð4Þg00Þ þ 2ðð2Þgijð2Þg00;ijÞ

−
1

2
△ðð2Þg00Þ2 þ Oðc−6Þ; ð102Þ

χG0μ0νTμν ¼ χ

�
1

2
ðT00 þ TkkÞ − ð2Þg00T00

�
þ Oðc−6Þ;

ð103Þ

χ2

2
G0μ0νSμν ¼ χ2

2

�
1

2
ðS00 þ SkkÞ

�
þ Oðc−6Þ: ð104Þ

Therefore, Eqs. (102)–(104) give

−□ðð2Þg00Þ −□ðð4Þg00Þ þ 2ðð2Þgijð2Þg00;ijÞ −
1

2
△ðð2Þg00Þ2

¼ χ

�
1

2
ðT00 þ TkkÞ − ð2Þg00T00

�

þ χ2

2

�
1

2
ðS00 þ SkkÞ

�
þ Oðc−6Þ: ð105Þ

By exploiting the result [cf. Eqs. (92), (93) and (100)]

2 ðð2Þgijð2Þg00;ijÞ ¼ 2 ðð2Þg00ð2Þg00;jjÞ

¼ 2ð2Þg00

�
−
χ

2
ð0ÞT00

�
; ð106Þ

Eq. (105) can be further simplified, yielding

−□ðð2Þg00Þ −□ðð4Þg00Þ −
1

2
△ðð2Þg00Þ2

¼ χ

2
ðT00 þ TkkÞ þ χ2

4
ðS00 þ SkkÞ þ Oðc−6Þ: ð107Þ

By considering only Oðc−4Þ terms, the above equation can
be written as

△ψ ¼ ϕ;00 þ
χ

4
ðð2ÞT00 þ ð2ÞTkkÞ þ χ2

8
ðð0ÞS00 þ ð0ÞSkkÞ;

ð108Þ

where we have defined

ð4Þg00 þ 2ϕ2 ≡ −2ψ : ð109Þ

Owing to the asymptotic flatness property of the metric
tensor gαβ, the potential ψ vanishes at spatial infinity, and
the solution of Eq. (108) is

ψðt; xÞ ¼ −
1

4π

Z
d3y

jx − yj
� ∂2ϕ

c2∂t2 þ
χ

4

�
ð2ÞT00 þ ð2ÞTkk

þ χ

2
ðð0ÞS00 þ ð0ÞSkkÞ

��
ðt; yÞ: ð110Þ

From the above equations, we see that, at the 1PN order, g00
reads as [see Eqs. (91a) and (92)]

g00 ¼ −1 − 2ϕ − 2ðϕ2 þ ψÞ þ Oðc−6Þ: ð111Þ

The 1PN approximation of the mixed components (i.e.,
α ¼ 0, β ¼ i) of Eq. (81) leads to the following results:

2R̂0i ¼ −□ð3Þg0i þ Oðc−5Þ; ð112Þ

χG0μiνTμν ¼ −χT0i þ Oðc−5Þ; ð113Þ

χ2

2
G0μiνSμν ¼ −

χ2

2
S0i þ Oðc−7Þ: ð114Þ

In the above equations, if we disregard Oðc−5Þ terms, we
obtain

□g0i ¼ χT0i þ Oðc−5Þ: ð115Þ

Furthermore, if we ignore retardation effects in Eq. (115),
we obtain the Poisson equation

△ ðð3Þg0iÞ ¼ χ ð1ÞT0i; ð116Þ

and we can write g0i at 1PN order as [cf. Eq. (91b)]
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g0i ¼ ζi þ Oðc−5Þ; ð117Þ

where, due to the asymptotic flatness of gαβ, the instanta-
neous potential ζi is subject to the boundary condition that
it vanishes at spatial infinity and hence, from Eq. (116), its
expression reads as

ζiðt; xÞ ¼ −
4G
c4

Z
d3y

jx − yj
ð1ÞT0iðt; yÞ: ð118Þ

The 1PN results (101), (111), and (117) depend on the
instantaneous potentials ϕðt; xÞ, ψðt; xÞ, and ζiðt; xÞ,
expressed by the Poisson integrals (94), (110), and
(118), respectively. On the other hand, the 1PN metric
can also be written in terms of retarded potentials. In fact,
since ϕ ¼ Oðc−2Þ and ψ ¼ Oðc−4Þ [see Eqs. (92) and
(109)], Eq. (111) becomes

g00 ¼ −1þ 2V
c2

−
2V2

c4
þ Oðc−6Þ ¼ −e−2V=c2 þ Oðc−6Þ;

ð119Þ

where we have defined the retarded potential
V ≡ −c2ðϕþ ψÞ. Starting from Eqs. (93) and (108), it is
easy to show that the potential V represents the retarded
solution of the following equation,

□V ¼ −4πGσ; ð120Þ

and hence can be written as [cf. Eq. (60)]

Vðt; xÞ ¼ G
Z

d3y
jx − yj σðt − jx − yj=c; yÞ; ð121Þ

where we have defined

σ ≡ Θ00 þ Θkk

c2
¼ T00 þ Tkk

c2
þ ð8πGÞS

00 þ Skk

c6
: ð122Þ

Using Eqs. (119) and (120), Eq. (107) reads as

□ logð−g00Þ¼
χ

2
ðT00þTkkÞþχ2

4
ðS00þSkkÞþOðc−6Þ:

ð123Þ

By introducing terms beyond 1PN order, Eq. (101)
becomes

gij ¼ δij

�
1þ 2V

c2

�
þ Oðc−4Þ; ð124Þ

which means that gij satisfies the equation [see Eqs. (120)–
(122)]

□gij ¼ −
χ

2
δijðT00 þ TkkÞ

−
χ2

4
δijðS00 þ SkkÞ þ Oðc−4Þ: ð125Þ

Furthermore, thanks to Eqs. (112)–(113), Eq. (115) can
be replaced by

□g0i ¼ χT0i þ χ2

2
S0i þ Oðc−5Þ: ð126Þ

Note that in the above equation terms containing torsion
contribution are beyond 1PN level [cf. Eq. (88)]. However,
we have decided to include them in Eq. (126) since this
choice will be convenient for the subsequent calculations.
Therefore, Eq. (117) can be equivalently written as

g0i ¼ −
4

c3
Vi þ Oðc−5Þ; ð127Þ

where the potential Vi represents the retarded solution of
the (flat-space) wave equation

□Vi ¼ −4πGσi; ð128Þ

and hence it can be written as

Viðt; xÞ ¼ G
Z

d3y
jx − yj σiðt − jx − yj=c; yÞ; ð129Þ

where

σi ≡ Θ0i

c
¼ T0i

c
þ ð8πGÞS

0i

c5
: ð130Þ

4. PN conservation laws

From the conservation law (35), we obtain

∂tσ þ ∂iσi ¼
1

c2
ð∂tσjj − σ∂tVÞ þ Oðc−4Þ; ð131Þ

∂tσi þ ∂jσij ¼ σ∂iV þ Oðc−2Þ; ð132Þ

where, for our purposes, we only need Newtonian accuracy
in Eq. (132), and we have defined

σij ¼ Θij ¼ Tij þ ð8πGÞS
ij

c4
: ð133Þ

In Eqs. (131) and (132), we can replace the retarded
potential V with the instantaneous potential U, which is
defined by the expansion of Eq. (121) for small retardation
effects. This calculation gives
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V ¼ U þ 1

2c2
∂2
t X þ Oðc−3Þ; ð134Þ

where

Uðt; xÞ ¼ G
Z

d3y
jx − yj σðt; yÞ ð135Þ

satisfies the Poisson equation

△U ¼ −4πGσ; ð136Þ

with the boundary condition, following from the asymp-
totic flatness of the metric tensor gαβ, that it approaches zero
at spatial infinity, whereas

Xðt; xÞ ¼ G
Z

d3yjx − yjσðt; yÞ ð137Þ

is known in the literature as a superpotential (i.e., a potential
sourced by another potential; see Refs. [96,125] for further
details).
Similarly, the retarded potential Vi can be expanded as

[see Eq. (129)]

Vi ¼ Ui þ Oðc−2Þ; ð138Þ

where the instantaneous potential Ui is the solution of the
Poisson equation

△Ui ¼ −4πGσi ð139Þ

and, being subject to the boundary condition that it
vanishes at spatial infinity (as demanded by the asymptotic
flatness of gαβ), can be written as

Uiðt; xÞ ¼ G
Z

d3y
jx − yj σiðt; yÞ: ð140Þ

Note that Ui ¼ −ðc3=4Þζi þ Oðc−2Þ [cf. Eq. (118)].
If we ignore terms Oðc−2Þ in Eq. (131) and take into

account Eqs. (93) and (116), we obtain

4∂0ϕþ ∂iζi ¼ 0; ð141Þ

which in turn is equivalent to the gauge condition (56b).

E. Multipole analysis of the inner metric

Let us recall from Sec. III D 3 that the inner metric at
1PN order reads as [cf. Eqs. (119), (124) and (127)]

gin00 ¼ −e−2V in=c2 þ Oðc−6Þ;

gin0i ¼ −
4

c3
V in
i þ Oðc−5Þ;

ginij ¼ δij

�
1þ 2

c2
V in

�
þ Oðc−4Þ; ð142Þ

where hereafter we indicate explicitly with the superscript
“in” that we are investigating the inner field. Since σ and σi
have compact support, we can perform the multipole
expansion of the retarded solutions of the wave equa-
tions (120) and (128) in the region outside their sources,
i.e., in the overlapping domainDo. Exploiting the results of
Appendix B of Ref. [121] and the assumption of slow
internal motions of the matter distribution, we obtain, in the
Blanchet-Damour multi-index notation (see footnote4),

V in ¼ G
Xþ∞

l¼0

ð−1Þl
l!

∂L

�
λLðuÞ
r

�
þ Oðc−4Þ; ð143Þ

V in
i ¼−G

Xþ∞

l¼1

ð−1Þl
l!

�
∂L−1

�
KiL−1ðuÞ

r

�

þ l
lþ1

ϵiab∂aL−1

�
JbL−1ðuÞ

r

��

þG
Xþ∞

l¼1

ð−1Þl
l!

2l−1

2lþ1
∂iL−1

�
μL−1ðuÞ

r

�
þOðc−2Þ;

ð144Þ

where u≡ t − r=c and (y̌L ¼ yhLi denotes the STF pro-
jection of yL)

λLðuÞ≡
Z

d3yyhLiσðy; uÞ

þ 1

2ð2lþ 3Þ
1

c2
d2

du2

Z
d3yyhLiy2σðy; uÞ; ð145Þ

KLðuÞ≡ l
Z

d3yy̌hL−1σiliðy; uÞ; ð146Þ

JLðuÞ≡
Z

d3yϵabhil y̌L−1iaσbðy; uÞ; ð147Þ

μLðuÞ≡
Z

d3yyhiLiσiðy; uÞ: ð148Þ

Note that, according to the recipe of Sec. II B, Eqs. (143)
and (144) should be denoted with MðV inÞ and MðV in

i Þ,
respectively. Despite that, hereafter, we do not follow this
convention in order to ease the notation, since the operation
of taking the multipole expansion will always be clear from
the context.
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At this stage, we perform a coordinate transformation
from the source-covering coordinate system xα to the new
coordinate system x0α, a priori valid only inDo. Therefore,
we have [121]

x00 ¼ x0 −
4G
c3

Xþ∞

l¼0

ð−1Þl
ðlþ 1Þ!

2lþ 1

2lþ 3
∂L

�
μLðuÞ
r

�
;

x0i ¼ xi: ð149Þ

Such a transformation does not spoil the gauge condition
(56b), and hence it guarantees that the new inner metric
g0inμνðx0Þ has the same functional form of ginμνðxÞ [see
Eq. (142)], i.e.,

g0in00 ¼ −e−2V 0in=c2 þ Oðc−6Þ;

g0in0i ¼ −
4

c3
V 0in
i þ Oðc−5Þ;

g0inij ¼ δij

�
1þ 2

c2
V 0in

�
þ Oðc−4Þ: ð150Þ

The only difference with ginμνðxÞ is that the metric (150) is
parametrized in terms of new scalar and vector potentials
V 0in and V 0in

i depending, unlike Eqs. (143) and (144), on
only two families of STF tensors, i.e., the source multipole
moments IL and JL. Indeed, we have (suppressing for
simplicity the primes on the new coordinates)

V 0in ¼ G
Xþ∞

l¼0

ð−1Þl
l!

∂L

�
ILðuÞ
r

�
þ Oðc−4Þ; ð151Þ

V 0in
i ¼ −G

Xþ∞

l¼1

ð−1Þl
l!

�
∂L−1

�
_IiL−1ðuÞ

r

�

þ l
lþ 1

ϵiab∂aL−1

�
JbL−1ðuÞ

r

��
þ Oðc−2Þ; ð152Þ

where _ILðuÞ≡ dILðuÞ=du. In Eq. (151), IL is given by

ILðuÞ≡ λLðuÞ −
4ð2lþ 1Þ

ðlþ 1Þð2lþ 3Þ
1

c2
_μLðuÞ; ð153Þ

and hence [cf. Eqs. (145) and (148)]

ILðuÞ¼
Z

d3yyhLiσðy;uÞ

þ 1

2ð2lþ3Þ
1

c2
d2

du2

Z
d3yyhLiy2σðy;uÞ

−
4ð2lþ1Þ

ðlþ1Þð2lþ3Þ
1

c2
d
du

Z
d3yyhiLiσiðy;uÞ; ð154Þ

while, in Eq. (152), JL is given by Eq. (147), and we have
exploited the conservation law (131) up to Oðc−2Þ terms to
write

KLðuÞ ¼ _ILðuÞ þ Oðc−2Þ: ð155Þ

It is worth noting that in this section the source multipole
moments IL and JL parametrize the multipole decompo-
sition of the inner field, as an inspection of Eqs. (150)–
(152) reveals, whereas in Sec. II B, they characterize the
exterior field [cf. Eq. (14)]. However, this difference with
respect to the GR procedure will not alter the outcome of
our analysis, as we will show.
Until now, we have expressed, withinDo, the 1PN inner

metric g0inμν in terms of the source multipole moments IL and
JL, given in Eqs. (154) and (147), respectively. In the next
section, we will study the external gravitational field with
the purpose of relating, via the matching procedure, IL and
JL to the radiative moments UL and VL appearing in the
asymptotic metric (cf. Sec. II B). We will see that a crucial
role in this framework will be fulfilled by the canonical
moments ML and SL.

F. External metric

Since the tensor field Θαβ has compact support in Ω, the
mathematical problem (56) assumes in the outer region De
the same form as in Einstein theory and hence can be
addressed by resorting to theMPM algorithm devised in GR
(see Sec. II B). The output of this procedure is the canonical
external metric, which is parametrized in terms of the
canonical multipole moments ML and SL. To perform the
matching, which allows us to relateML and SL to the source
moments IL and JL, expressed by Eqs. (154) and (147),
respectively, it is essential to first consider the PNexpansion,
inDo, of the canonical external metric. However, we stress
once again that, at this level, we only need to exploit an
“order by order” matching procedure, so a less general
pattern than the one outlined in Sec. II B [103,120,123].
When the external metric is expanded in a PN fashion in

the matching region Do, each term hαβðnÞ [cf. Eq. (13)] has,
according to the results of Ref. [45], the following structure:

hαβðnÞ ¼ Oðc−2n; c−2n−1; c−2nÞ: ð156Þ

Thismeans that in order to perform thematching to the inner
field we need to go one step beyond the linearized result in
the MPM algorithm; i.e., we need to compute hαβð1Þ and hαβð2Þ
[see Eq. (13)]. In this way, as shown in details in Ref. [121],
we end up with the 1PN (re)expansion for the canonical
external metric gextαβ valid in Do,

gext00 ¼ −e−2Vext=c2 þ Oðc−6Þ;

gext0i ¼ −
4

c3
Vext
i þ Oðc−5Þ;

gextij ¼ δij

�
1þ 2

c2
Vext

�
þ Oðc−4Þ; ð157Þ
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where the external potentialsVext andVext
i , kept in PM form,

are given in terms of the canonical momentsML and SL by

Vext ¼ G
Xþ∞

l¼0

ð−1Þl
l!

∂L

�
MLðuÞ

r

�
;

Vext
i ¼ −G

Xþ∞

l¼1

ð−1Þl
l!

�
∂L−1

�
_MiL−1ðuÞ

r

�

þ l
lþ 1

ϵiab∂aL−1

�
SbL−1ðuÞ

r

��
: ð158Þ

It should be stressed that in Eq. (157) no tails effects
appear. This result agrees with the theorem stated in Sec. V
of Ref. [120] according to which such hereditary terms,
denoted as tαβðnÞ [with n ≥ 2, the index n occurring in tαβðnÞ
being the same as the one labeling hαβðnÞ in Eq. (13)], quickly
become negligible in the near zone Di when the index n
increases. In particular, when n ¼ 2, the tail tαβð2Þ occurring

in hαβð2Þ is such that, in Di,

tαβð2Þ ¼ O

�
log c
c8

�
; ð159Þ

which is far beyond the remainder of Eq. (157).

G. Matching of the internal and external fields

We now have all the elements to apply the matching
procedure. It consists in requiring that the internal field
g0inμν , constructed in Eq. (150), and the near-zone-expanded
external metric gextμν , given in Eq. (157), should be
isometric in their common domain of validity, i.e., the
overlapping region Do. Let x

0μ
in be the harmonic coordi-

nates a priori valid only in the exterior partDo of the inner
domain Di and related to the source-covering coordinates
xμin used inDi by the transformation (149). Upon denoting
with xμext the coordinates employed in the outer regionDe,
the matching pattern requires the existence of a (PN-
expanded) coordinate transformation, described through
the map

F∶x0μin → xμext ¼ x0μin − φ0μðx0inÞ; ð160Þ

such that the pullbackF⋆gext of gext byF gives [113,126]

ðF⋆gextÞμν ¼ g0inμν : ð161Þ

The above equation, worked out explicitly, leads to the
exact relation

∂xαext
∂x0μin

∂xβext
∂x0νin gextαβ ðxextÞ ¼ g0inμνðx0inÞ: ð162Þ

The vector φ0μðx0inÞ occurring in Eq. (160) admits a
multipolar and PN expansion appropriate in Do and is
supposed to be of order (see, e.g., Refs. [120,122,123])

φ0μ ¼ Oðc−3; c−4Þ: ð163Þ

Starting from Eq. (162), jointly with Eqs. (160) and
(163), it is easy to see that the effects of the coordinate
transformation (160) reduce to those of a standard linea-
rized gauge transformation (see Sec. III C) up to
Oðc−6; c−7; c−6Þ contributions, i.e.,

gextμν ðx0inÞ − ∂μφ
0
ν − ∂νφ

0
μ þ Oðc−6; c−7; c−6Þ ¼ g0inμνðx0inÞ;

ð164Þ

where we have expressed both sides of the equation in
terms of the inner coordinates x0in and the error terms turn
out to be even better than what needed a priori [i.e.,
Oðc−6; c−7; c−6Þ instead of Oðc−6; c−5; c−4Þ; see Eqs. (150)
and (157)]. It should be stressed that the result expressed by
Eq. (164) could be expected a priori since the inner and
outer fields take the same functional up to Oðc−6; c−5; c−4Þ
order; see Eqs. (150) and (157).
As a consequence of Eq. (164), we can use the invariance

of the linearized Riemann tensor R̂lin
μνρσ, which has been

demonstrated in Eq. (79), to write the following identity for
the components R̂lin

0i0j:

∂i∂jðgext00 − g0in00Þ − ∂0∂iðgext0j − g0in0j Þ
− ∂0∂jðgext0i − g0in0i Þ þ ∂0∂0ðgextij − g0inij Þ ¼ 0: ð165Þ

The above equation permits obtaining the sought-after
relation between the canonical moments ML and SL
occurring in Eq. (158) and the source moments IL and
JL [cf. Eqs. (154) and (147)] parametrizing the inner
metric, i.e.,

MLðuÞ ¼ ILðuÞ þ Oðc−4Þ;
SLðuÞ ¼ JLðuÞ þ Oðc−2Þ: ð166Þ

We point out that the remainder occurring in Eq. (166)
agrees with the one appearing in Eq. (3.25) of Ref. [121].
In the context of Einstein theory, the analysis of the

structure of gextμν in the asymptotic wave zone Dw has been
performed in Ref. [46] and has revealed that it is always
possible to define a set of radiative coordinates Xμ ¼
ðcT;XÞ where the external metric admits an asymptotic
expansion in powers of R−1 at future null infinity (with
R ¼ jXj≡ ðδijXiXjÞ1=2). The same conclusions can be
trivially drawn also for our problem, since in De, where
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both the spin angular momentum tensor (26) and
the torsion tensor vanish, EC theory is formally
analogous to GR. Therefore, following the calculations
of Ref. [121], we can easily obtain the relations between
the radiative moments and the canonical moments, i.e.,
(with l ≥ 2)

ULðuÞ ¼ M
ðlÞ

LðuÞ þ Oðc−3Þ;

VLðuÞ ¼ S
ðlÞ

LðuÞ þ Oðc−3Þ; ð167Þ

where superscript (l) denotes the lth time derivative of the
moments with respect to the u variable and the Oðc−3Þ
stands for the tails effects.
Equivalently, in terms of the source moments, from

Eq. (166), we have (with l ≥ 2)

ULðuÞ ¼ I
ðlÞ

LðuÞ þ Oðc−3Þ;

VLðuÞ ¼ J
ðlÞ

LðuÞ þ Oðc−2Þ: ð168Þ

Equations (167) and (168) represent the final result of the
matching procedure and solve the GWs generation problem
in EC model at 1PN level.

H. Lowest-order source multipole moments

The lowest-order source multipole moments can be
read off from Eqs. (147) and (154) [see also Eq. (166)].
By exploiting Eqs. (131), (132), and (134) along with the
Gauss theorem, which allows us to discard integrals
containing a total divergence, a lengthy calculation yields
the following expressions:

IðtÞ ¼
Z

d3y

�
σ þ 1

c2

�
1

2
σUin − σjj

��
þ Oðc−4Þ; ð169Þ

IiðtÞ¼
Z

d3yyi

�
σþ 1

c2

�
1

2
σUin−σjj

��
þOðc−4Þ; ð170Þ

JiðtÞ ¼
Z

d3yϵijkyjσk þ Oðc−2Þ: ð171Þ

Moreover, we can introduce the quantity

PiðtÞ≡ d
dt
IiðtÞ ¼

Z
d3y

�
σi −

1

2c2
σ∂i∂tX

�
þ Oðc−4Þ;

ð172Þ

where the superpotential Xðt; yÞ has been introduced
in Eq. (137). By exploiting Eq. (35), we can demonstrate
that

d
dt
IðtÞ ¼ 0; ð173Þ

d
dt
PiðtÞ ¼

d2

dt2
IiðtÞ ¼ 0; ð174Þ

d
dt
JiðtÞ ¼ 0: ð175Þ

The PN expansion, up to Oðc−2; c−3; c−2Þ terms, of the
total stress-energy pseudotensor (57) yields

T̃00 ¼ ð−ginÞΘ00 −
7

8πG
∂iUin∂iUin þ Oðc−2Þ; ð176Þ

T̃0i ¼ ð−ginÞΘ0i þ 1

4πGc
ð3∂tUin∂iUin þ 8∂kUin∂ ½iUin

k�Þ
þ Oðc−3Þ; ð177Þ

T̃ij ¼ ð−ginÞΘij þ 1

4πG

�
∂iUin∂jUin −

1

2
δij∂kUin∂kUin

�

þ Oðc−2Þ; ð178Þ
where the determinant of the inner metric field reads as

gin ¼ −
�
1þ 4

c2
Uin

�
þ Oðc−4Þ: ð179Þ

Bearing in mind Eqs. (176)–(179), it is simple to show that
Eqs. (169)–(172) can be equivalently written as

IðtÞ ¼ 1

c2

Z
d3yT̃00; ð180Þ

IiðtÞ ¼
1

c2

Z
d3yyiT̃

00; ð181Þ

PiðtÞ ¼
1

c

Z
d3yT̃0i; ð182Þ

JiðtÞ ¼
1

c

Z
d3yϵijkyjT̃

0k; ð183Þ

where the evaluation of JiðtÞ necessitates only Oðc−1Þ
accuracy in Eq. (177).
In the following, we will analyze I, Pi and Ji in two

ways: in Sec. III H 1, we will evaluate them in flat
spacetime, and in Sec. III H 2, we will consider surface
integrals. Both arguments permit us to clearly disclose their
physical meaning.

1. Flat-space limit

We can evaluate Eqs. (180), (182), and (183) in the
absence of the torsion and the gravitational field in two
steps: first, we consider their expressions in GR (i.e.,
vanishing torsion), and then we calculate them in
Minkowski spacetime (i.e., no gravity). This means that
we need a modus operandi to “detach” the spin of the
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matter field from the torsion (i.e., the geometry) in such a
way that we can “switch off” the latter while maintaining
the former.
The GR limit of Eqs. (180), (182), and (183) can be

taken by replacing, in the formula of T̃αβ [cf. Eq. (57)], Θμν

with the GRmetric stress-energy tensor, which we hereafter
denote with T̂μν to distinguish it from the one defined in EC
theory [see Eq. (25)]. This procedure turns out to be
equivalent to performing in Eqs. (180), (182), and (183)
the substitution [cf. Eqs. (28), (29), and (31b)]

Tμν −∇� λðτμνλ þ τλμν þ τλνμÞ þ χ

2
Sμν

→ T̂μν − ∇̂λðτ̂μνλ þ τ̂λμν þ τ̂λνμÞ; ð184Þ

where T̂μν and τ̂μνλ are the GR canonical stress-energy
tensor and the spin density tensor, respectively, which
differ, in general, from the corresponding EC definitions
(26) and (30). In GR, we can adopt the canonical definition
of spin density tensor [124]

ffiffiffiffiffiffi
−g

p
τ̂μνλ ¼ ∂L̂m

∂ð∂λΨÞ
f½νμ�Ψ; ð185Þ

Ψ being the matter field; L̂m the matter Lagrangian density,
minimally coupled to the gravitational field through the
replacements ∂μΨ → ∇̂μΨ and ημν → gμν; and fνμ being
the matrices representing the generators of an infinitesimal
coordinate transformation appropriate to the representation
of Ψ.
By means of the prescription (184), Eqs. (180),

(182), and (183) go over into their GR counterparts Î,
P̂i, and Ĵi, i.e.,

I → Î ¼ 1

c2

Z
d3yT00;

Pi → P̂i ¼
1

c

Z
d3yT0i;

Ji → Ĵi ¼
1

c

Z
d3yϵijkyjT0k; ð186Þ

where Tαβ can be read from Eq. (3) (recall that, in the
notations adopted in this section, the metric stress-
energy tensor is indicated with T̂αβ). Therefore, we can
conclude that Eqs. (180), (182), and (183) reduce, in flat
spacetime, to

Iflat ¼ 1

c2

Z
d3yT00

flat ¼
1

c2

Z
d3yT00

flat; ð187Þ

Pflat
i ¼ 1

c

Z
d3yT i0

flat ¼
1

c

Z
d3yTi0

flat; ð188Þ

Jflati ¼ 1

c

Z
d3yϵijkðyjT k0

flat þ τjk0flat Þ

¼ 1

c

Z
d3yϵijkyjTk0

flat; ð189Þ

where

Tμν
flat ¼ Tμν

flat − ∂λðτμνλflat þ τλμνflat þ τλνμflat Þ ð190Þ

is the symmetric stress-energy tensor associated to the
canonical stress-energy tensor Tμν

flat according to the
Belinfante-Rosenfeld symmetrization procedure [127].
Equations (187)–(189) agree with the special-relativity

limit of Eqs. (39) and (40). In particular, Iflat andPflat
i give

the mass and the 3-momentum of the source, respectively,
while Jflati is the total angular momentum of the source
[94,124,128]. Therefore, our PN-expanded results (180),
(182), and (183) lead to well-defined objects in flat
spacetime. For this reason, we can conclude that also in
EC model, like in Einstein theory, the 1PN lowest-order
source multipole moments have a precise physical content
and Eqs. (169), (172), and (171) give rise to a generalized
notion of total Arnowitt-Deser-Misner (ADM) mass and 3-
momentum and total angular momentum of the system,
respectively.

2. Surface integrals

At 1PN level, the contributions of tαβH to Eqs. (180)–(183)
can be ignored since

ð−ginÞtαβH ¼ Oðc−2; c−3; c−4Þ ð191Þ

[the form of tαβH is reported in Eq. (6); see also the
discussion before Eq. (56)]. This allows us to evaluate
Eqs. (180) and (182) in terms of Gaussian flux integrals
over a two-dimensional closed surface S , which com-
pletely surrounds the source and lies in a 3-surface of
constant time x0. From Eq. (180), we have

I ¼ 1

c2

Z
d3yT̃00 ¼ 1

χc2

I
S
∂jH0j0kdSk þ Oðc−4Þ; ð192Þ

where

Hμανρ ¼ gμνgαρ − gμρgαν: ð193Þ

Along the same lines, we can write for Eq. (182)

Pi ¼
1

c

Z
d3yT̃0i ¼ 1

χc

I
S
∂μHiμ0kdSk þ Oðc−4Þ: ð194Þ

Equations (192) and (194) display an expression resem-
bling formally the ADM mass and 3-momentum, respec-
tively, of an asymptotically flat spacetime in GR [96,115].
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Since the metric tensor components occurring in Eqs. (192)
and (194) contain also torsion contributions, we can
conclude that the 4-vector Pμ ¼ ðcI;PiÞ, having compo-
nents given by Eqs. (169) and (172), represents a gener-
alized ADM 4-momentum in EC theory. In particular, the
torsion tensor introduces in Eq. (169) corrections going
like the square of the energy-dipole-moment density
[cf. Eq. (85)]. We also note that, in our approach, the
volume integrals, and hence also the surface integrals,
defining I and Pi can be evaluated with the near-zone
information available to us.
It is known that in GR the ADM 4-momentum has a

well-defined meaning in the asymptotically flat region
outside the source, where linearized GR guarantees that
it behaves as a special relativistic 4-vector under Lorentz
transformations, and that it is invariant under infinitesimal
coordinate transformations [115]. This is true also in EC
model, and we can calculate, in particular, the integralH
S ∂jH0j0kdSk within the linearized EC theory (see
Sec. III C). In fact, since the 2-surface S resides in the
asymptotically flat region of the spacetime M , it can be
evaluated by means of Eq. (61). In this way, we obtain, in
the weak-field region far from the source,

1

χc2

I
S
∂jH0j0kdSk ¼

1

χc2

I
S
ð∂jgjk − ∂kgjjÞdSk: ð195Þ

Having recovered a quantity having the same functional
form of the ADM mass in GR [96,115], we can interpret it
as generalized ADM mass of EC theory, confirming thus
what we have obtained before.
Finally, Ji, given by Eq. (183), cannot be written via a

surface integral because it is known modulo Oðc−2Þ terms
[see Eq. (171)]. Explicitly, it can be written as [cf. Eqs. (89)
and (130)]

Ji ¼
1

c

Z
d3yϵijkyjT0i þ Oðc−2Þ; ð196Þ

and we see that it is the EC generalization of Eq. (189).

I. Asymptotic gravitational waveform

Having obtained the sought-after relation linking the
source multipole moments and the radiative moments
[cf. Eq. (168)], we can evaluate the expression of the
asymptotic waveform at 1PN level. Let

G ext
μν ðXÞ ¼ ημν þH μνðXÞ ð197Þ

denote the external metric written in radiative coordinates
Xμ ¼ ðcT;XÞ. The asymptotic gravitational waveform of
the PN source is defined starting from the transverse-
traceless (TT) projection of the leading R−1 term of the far-
zone expansion at future null infinity (i.e., R → ∞ with
U ≡ T − R=c and N≡ X=R fixed) of the metric

coefficients (197) (for details, we refer the reader to
Refs. [47,48]). At 1PN order, one finds that this quantity
reads as [121,123]

H TT
ij ðXμÞ ¼ 2G

c4R
PijklðNÞ

�
UklðUÞ

þ 1

c

�
1

3
NaUklaðUÞ þ

4

3
ϵabðkVlÞaðUÞNb

�

þ 1

c2

�
1

12
NabUklabðUÞ þ

1

2
ϵabðkVlÞacðUÞNbc

�

þ Oðc−3Þ
�
; ð198Þ

where PijklðNÞ is the TT projection operator onto the plane
orthogonal to N, i.e.,

PijklðNÞ≡ PikPjl −
1

2
PijPkl; ð199Þ

where PijðNÞ≡ δij − NiNj. At this level, in order to
compute (198), we only need 1PN accuracy for the
mass-type radiative quadrupole moment Ukl, whereas for
the remaining radiative moments, their 0PN expression
suffices. From Eqs. (154) and (168), we find that

UklðuÞ¼
d2

du2

�Z
d3yyhkliσðy;uÞ

þ 1

14

1

c2
d2

du2

Z
d3yyhkliy2σðy;uÞ

−
20

21

1

c2
d
du

Z
d3yyhkliiσiðy;uÞ

�
þOðc−3Þ; ð200Þ

where we recall that σ and σi are given by Eqs. (122) and
(130), respectively. Then, the spin contributions to
Eq. (200) appear implicitly in Tμν, and explicitly, via the
function σðy; uÞ, in the terms ð0ÞS00 and ð0ÞSjj [cf. Eqs. (88)
and (89)]. The latter factors, bearing in mind Eqs. (32) and
(85)–(87), introduce in the waveform (198) corrections
proportional to the square of the energy-dipole-moment
density of the system.
In GR, the lowest-order SO effects introduced by the

classic angular momentum in the source multipole
moments emerge at 1.5PN order in the case of the mass-
type multipole moments IL and at 0.5PN level for the
current-type multipole moments JL [47,129]. On the
other hand, in EC theory, the above analysis shows that
the explicit contributions of the spin to the source multi-
pole moments, and hence also to the radiative multipole
moments, occur only for the 1PN mass-type multipole
moments, whereas in the current-type ones, for which we
have only Newtonian accuracy, spin modifications can
implicitly be contained in T0i [due to the presence of σi; see
Eq. (147)]. As pointed out before, this means that in the
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1PN waveform (198) the tensor Sμν yields explicit spin
corrections to the leading UklðUÞ term.
The evaluation of the waveform (198) necessitates the

knowledge of the source dynamics at 1PN. The explicit
form of the dynamical equations can be obtained from the
conservation laws (36) and (37) once the specific expres-
sions for the canonical energy-momentum and spin tensors
[Eqs. (30) and (26), respectively] are provided. In other
words, a particular model characterizing the matter source
should be assigned in order to investigate its dynamics.
However, the analysis of Eq. (38), which describes the
translational motion in the case of a spinning test body,
reveals precious information regarding the source dynamics
in EC theory. First of all, the interaction between spin and
curvature, represented by the combination Rμ

νρσSρσuν on
the right-hand side of Eq. (38), has a completely different
nature from the corresponding GR expression occurring in
the Mathisson-Papapetrou equation [130]. Indeed, in GR,
this term is obtained in second or dipole-particle approxi-
mation, whereas in the EC model, it arises already in first
approximation (i.e., the pole-particle approximation).
Unlike the GR case, where it involves the macroscopic
angular momentum of the body, in EC theory, this factor
depends on the intrinsic spin of the test particle, and hence
it vanishes by taking the formal limit ℏ → 0 [106].
Furthermore, due to the presence of the Riemann tensor,
it contains contributions proportional to the torsion of the
background geometry [cf. Eqs. (19), (20), and (23)].
Therefore, the spin of the test particle will interact with
the spin of the matter source generating the background
gravitational field. The torsion of the background geometry
also contributes to the quantity Kμ

νλP½λuν� appearing in the
left-hand side of Eq. (38), which therefore yields inter-
action terms similar to those described before if we recall
that 4-momentum Pμ and the test particle 4-velocity uμ are
no longer related through the usual proportionality relation
involving the test particle rest mass.
Finally, from the conservation law (37), we obtain the

equations controlling the rotational degrees of freedom of
the source. Also in this case, we expect interaction terms
similar to those underlying the translational dynamics.
A practical application of the above results deserves

consideration in a separate paper.

IV. CONCLUSIONS

The GWs generation theory accomplishes several goals,
like acquiring further (and sometimes peculiar) information
about existing and new gravitational systems, revealing the
fascinating nature and proprieties of BHs, inquiring the
physics of dense matter in neutron stars, and shedding light
on the early stages of the Universe formation. Encouraged
by the recent discoveries and the great amount of actual and
near-future very sensitive data, which will offer viable
opportunities to scrape the quantum world, it becomes
fundamental to update our theoretical assessments. In this

perspective, we considered interesting to explore the GWs
generation problem in the context of EC theory at 1PN
order by employing the Blanchet-Damour formalism,
briefly recalled, in the GR case, in Sec. II.
In EC theory (see Sec. III), the initial well-posed

mathematical problem (42c) is in general very complex.
We simplify the mathematical scheme by assuming that
Sαμμ ¼ 0, an assumption widely employed in different
physical contexts which permits us to obtain the following
advantages: (1) The EC field equations become more
treatable. (2) The gauge conditions in the interior and
exterior zones are the same, thus avoiding junction con-
ditions of two different (i.e., internal and external) coor-
dinate systems. In addition, the compactness of the spin
density tensor ταβλ guarantees that the EC field equations
reduce to those of GR theory in the exterior zone and thus
the assumption of weak torsion field is unnecessary. For
negligibly self-gravitating sources, the resolution method
can be tackled by considering the linearized EC theory.
Instead, for weakly self-gravitating sources, the Blanchet-
Damour formalism is applied. Equations (167) and (168)
represent the concluding result of the matching procedure
and the solution of the GWs generation problem in EC
model at 1PN level. This section concludes with the
analysis about the physical meaning of the lowest-order
source multipole moments and the 1PN asymptotic gravi-
tational waveform in EC theory. In particular, the critical
argument behind the former investigation relies on the
philosophy that, through the disentanglement of the spin
from the torsion tensor (i.e., its geometrical counterpart), it
is possible to descend to the GR theory keeping the spin
contributions, which are no longer coupled to the geomet-
rical background.
For a concluding discussion, we estimate the order of

magnitude of the spin contributions to the GW signal in EC
theory, in order to make a comparison with respect to GR.
To this end, we consider the linearized metric stress-energy
tensor, defined in the compact region Ω, for a spinning and
pressureless fluid,

Tαβ ¼ ρ
uαuβ

c2
−Φαβðsμν; uλÞ; ð201Þ

where Φαβ has the dimension of the time variation
of an angular momentum over a volume and sμν is the
spin density tensor. We underline that Tαβ is a generic
tensor, which does not refer to any particular
physical model, because we aim at providing a model-
independent estimate of the EC effects. We consider the
following assumptions: the energy density is ρ ¼ Mc2=V,
where M and V ¼ VolðΩÞ are the mass and the
volume of the whole gravitational source, respectively;
Φαβ ¼ 2uðβ∂μsαÞμ; and the velocity uα is constant in time
and space.
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The linearized problem □θαβ ¼ −χTαβ [cf. Eq. (67)],
can be further approximated to Δθαβ ¼ −χTαβ, whose
solution is expressed by the function

θαβ ¼ 4G
c4R

Z
Ω
Tαβd3x

¼ 4G
c4R

�
Muαuβ − 2uðβ

Z
Ω
∂isαÞid3x

�
; ð202Þ

where we have assumed that sαμ is independent of time
and R is the distance between the observer and the
source, supposed to be located very far, which permits
us to move R out of the integral. Regarding the integral in
Eq. (202), we can now apply the Gauss theorem and do the
approximation

Z
Ω
ð∂isαiÞd3x ¼

Z
∂Ω
ðsαiν̂iÞdΣ ≈ sαΣ; ð203Þ

where Σ is the measure of the boundary of Ω calculated as
Σ ¼ 8πð2GM=c2Þ2 (namely, the sum of the surfaces of the
two compact objects in the binary system modeled as
spheres) and sα, which has the dimension of a spin density,
is obtained by projecting sαβ along the direction where
the spins in the matter are aligned. We further assume

juj≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δijuiuj

q
¼ 104 m=s is the spatial velocity of a

compact binary system; sα ¼ sŝα with s≡ ffiffiffiffiffiffiffiffiffi
sαsα

p ¼ nℏ,
where n ¼ 1044 m−3 is estimated as the inverse of the
nucleon volume (supposing that all nucleons in a given
volume have aligned spins); and ŝα stands for the versor of
sα. Finally, we obtain

θαβ ¼ 4G
c4R

½Muαuβ − 2nℏŝðαuβÞΣ�: ð204Þ

Assuming that both uα and sα have nonvanishing compo-
nents only along the z direction, we can write ui ¼ uz ¼ juj
and si ¼ sz ¼ sŝz. We distinguish the two gravitational
amplitudes,

θGRzz ¼ 4G
c4R

ðMjuj2Þ; ð205Þ

θECzz ¼ 4G
c4R

ðMjuj2 − nℏjujΣÞ; ð206Þ

where the former is the solution within GR, whereas the
latter is framed in EC theory. This allows us to finally
compute the spin contributions over the GW signal in GR
theory through the following formula:

E ≡ jθECzz − θGRzz j
jθGRzz j

¼ nℏΣ
Mjuj : ð207Þ

In Fig. 2, we plot E in terms of numbers of solar masses
M=M⊙ (namely, the total mass of the system). The

corresponding GW frequency fGW can be roughly esti-
mated via the formula [48]

fGW ¼ 1

π

ffiffiffiffiffiffiffiffiffiffi
GM

p

R
ffiffiffiffiffi
R

p ; ð208Þ

where R is a generic orbital radius. To fix the ideas, in
Fig. 2, we have considered the Schwarzschild innermost
stable circular orbit (ISCO) radius

RISCO ¼ 6GM
c2

; ð209Þ

for which Eq. (208) becomes

fISCOGW ≃ 4.4 kHzðM⊙=MÞ: ð210Þ

In addition, we have shown in correspondence with the
horizontal line E ¼ 1 (where GR and EC effects are of
the same order) the frequency ranges for ground-based
(10 − 103 Hz), space-based (10−6 − 10−1 Hz), and PTA
(10−9 − 10−7 Hz) detectors in terms of M=M⊙. In prin-
ciple, the horizontal line of the frequency ranges can be
extended for values E ≲ 1. However, this depends both on
the specific model exploited to describe the EC effects and
on the GR template used for the detection of the GW
frequency. Other important information on EC model is
encoded in the values attained by E for the different
classes of plotted astrophysical objects, which read as
follows: E ∈ ½10−15; 3 × 10−15� for neutron stars, E ∈
½10−15; 10−14� for stellar BHs, E ∈ ½10−15; 10−10� for inter-
mediate stellar BHs, and E ∈ ½10−10; 10−4� for supermas-
sive BHs.
From our speculative graph, we find that for masses

M ≥ 8.23 × 1014 M⊙ the EC effects are of the same order
of magnitude as in GR. This corresponds to GW frequen-
cies of the order of 5 × 10−12 Hz, which are 3 orders of
magnitude lower than the minimum frequency range of
PTA apparatuses. Since this value corresponds to an
orbital period of the order of 6 × 103 yr, our speculative
analysis can explain why quantum effects have not been
detected to date with the current technology. We also
note that BHs with masses grater than 1011 M⊙ have
never been observed. In addition, the detection of a
GW signal strongly depends also on R, the distance
between the gravitational source and the observer. This
information is substantially canceled out through the ratio
in Eq. (207). The goal of the plot in Fig. 2 aims at
generally conveying the impact of the EC theory on the
observations.
Beside astrophysical compact objects, another

fundamental test bed of the EC prediction power is
represented by the GWs emitted from early stages of
the formation of the Universe [131–134]. Indeed, the
analysis of Eqs. (31) and (32) reveals that the physical
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regime in which EC theory predictions deviate signifi-
cantly from GR expectations is ruled by the mass density
factor [93,95,110]

ρEC ¼ m2
nc4

8πGℏ2
≃ 1.21 × 1057 kg=m3; ð211Þ

where mn ¼ 1.67 × 10−27 kg is the mass of the neutron.
Equation (211) represents a cutoff parameter for the
EC model, in the sense that for densities of the order
of ρEC the spin effects become the dominant source
of the gravitational field. We can evaluate the epoch
when the Universe has reached a density of the order of
ρEC. If we consider the radiation-dominated era (which
starts when the cosmic time t ≃ 10−32 s and extends until
t ≃ 1.5 × 1012 s or equivalently t ≃ 4.7 × 104 yr [135])
of the Friedmann-Robertson-Walker cosmological
framework, the density of the Universe can be described
by [115,126]

ρðtÞ ¼ 3

32πGt2
: ð212Þ

In accordance with the cosmological approach, we can
define the density parameter

ΩUðtÞ≡ ρðtÞ
ρEC

; ð213Þ

which for values greater than the unity indicates the
importance of the EC model in the description of the
Universe evolution. In Fig. 3, we provide the plot
of the function ΩUðtÞ during the first moments after
the big bang (assumed to be at t ¼ 0 s). Our estimation
shows that in the first 10−32 s the quantum effects are
very strong (ΩU ≳ 4 × 1015) and play a fundamental
role in determining the Universe dynamics. This scenario
is well known in the literature, and a cosmological
quantum-gravity framework must be invoked in order
to provide an accurate description [136–140]. From our
calculations, we infer that ΩU ¼ 1 at the cosmic time
t ≃ 6 × 10−25 s, suggesting that we can resort to the
EC model at the beginning of the radiation-dominated
epoch (i.e., for 10−30 s≲ t≲ 10−23 s, which leads to
1011 ≲ ΩU ≲ 10−2). The formalism developed in this
paper could be in principle exploited to extract funda-
mental information regarding the GWs from the early
Universe in order to not only better understand its
formation process but also to have tighter constraints
on different cosmological models and gravity theories.
However, its application to cosmological events demands
that the following main improvements are taken into
account: (1) The linearized theory should be superseded
since EC equations must be expanded around a curve
Friedmann-Robertson-Walker-like background. (2) The
stress-energy tensor of the cosmological fluid filling the
Universe should be considered.
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FIG. 2. Relative EC spin contribution over the GW signal in GR, E, in terms of the number of solar masses of the whole gravitational
system,M=M⊙. The purple line describes the BH case, whereas the orange one characterizes the neutron stars. The dashed vertical lines
delimit the neutron stars (1–2.14 M⊙) and stellar BHs (1–10 M⊙), intermediate stellar BHs (10 − 105 M⊙), and supermassive BHs
(105–1011 M⊙) ranges. No astrophysical objects with masses greater than 1011 M⊙ have been detected so far. The dashed green line is at
E ¼ 1, where EC and GR effects are comparable. The blue, red, and brown lines are the observational mass ranges of ground-based,
space-based, and PTA detectors, respectively. In our estimate, the purple line will reach the green dashed line atM ¼ 8.23 × 1014 M⊙,
which corresponds to a frequency of the order of 5 × 10−12 Hz [cf. Eq. (210)].
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Our estimations, albeit very simple, suggest, together
with theoretical developments, more and more the route of
the future observations toward a deep understanding of
gravity at the quantum level.
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