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We present covariant symmetry operators for the conformal wave equation in the (off-shell) Kerr—-NUT—
AdS spacetimes. These operators, that are constructed from the principal Killing—Yano tensor, its
‘symmetry descendants’, and the curvature tensor, guarantee separability of the conformal wave equation
in these spacetimes. We next discuss how these operators give rise to a full set of conformally invariant
mutually commuting operators for the conformally rescaled spacetimes and underlie the R-separability of
the conformal wave equation therein. Finally, by employing the WKB approximation we derive the
associated Hamilton—Jacobi equation with a scalar curvature potential term and show its separability in the

Kerr—-NUT-AdS spacetimes.
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I. INTRODUCTION

Symmetries, both explicit and hidden, play an important
role in general relativity—in their presence one may be able
to explicitly integrate the Einstein equations and/or sig-
nificantly simplify the study of matter fields in a given
curved spacetime. Perhaps one of the most remarkable
symmetries is a hidden symmetry of the principal Killing—
Yano tensor [1]. Such a symmetry appears for the Kerr
family of spacetimes in all dimensions, or more precisely
for all the so called (off-shell) Kerr—NUT-AdS metrics
[2—4], and underlies many of their remarkable properties. In
particular, it stands behind the separability of the massless
and massive scalar, spinor, and vector field equations in the
Kerr—-NUT-AdS backgrounds [5-8] (see also [9] for a
separability of p-form fields).

Most recently, it has been demonstrated [10] that also the
conformally coupled scalar wave equation

1D-2

00— nR)d =0, ==z
(O -nR) =11

(1)
separates in the general off-shell Kerr—NUT-AdS space-
times. Here, D stands for the number of spacetime
dimensions, R is the Ricci scalar of the background metric
g, and prefactor 7 is chosen so that the equation enjoys
conformal symmetry, (see, e.g., Appendix D of [11]).
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Namely, a solution to this equation remains a solution in
a conformally scaled spacetime

g =%, (2)

provided it also scales as ® = Q"®, with the conformal
weight w =1— D/2. The wave equation Eq. (1) is of
fundamental importance and has a number of applications,
see e.g., recent study of the asymptotic structure of Kerr
spacetime via conformal compactification [12].

The purpose of the present paper is to further our
understanding of the conformal wave equation (1) in the
Kerr—NUT-AdS spacetime—filling some important gaps
in the previous analysis. In particular, we want to “intrinsi-
cally characterize” the obtained separability by finding an
explicit covariant form of the corresponding symmetry
operators that were found in [10] in a given coordinate
basis. As we shall see, such operators can be written in
terms of the principal Killing—Yano tensor, its symmetry
descendants, and the curvature tensor. Moreover, following
[13], such operators can be “lifted up” to conformal
operators and guarantee R-separability of the conformal
wave equation in any conformally related spacetime (2).

Finally, by applying the WKB approximation we derive
an associated with (1) Hamilton—Jacobi equation with a
scalar curvature potential,

9*?0,50,S +nR = 0, (3)

and demonstrate its separability in the Kerr—NUT-AdS
spacetimes. Equation (3) has a long history, going back at
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least to a paper by DeWitt [14] which considers quantum
Hamiltonians arising from classical systems. Therein,
couplings to the geometrical objects can naturally arise.
In a similar vein, the extra term we find in the Hamiltonian
can arise due to ambiguities in operator ordering when
quantizing nonlinear systems [15]. It has also found use
when considering the quantum mechanics of the motion of
a free particle constrained to a Riemannian surface [16,17].
Here we understand it as a purely classical equation that
describes certain modification of the free particle motion in
a curved space.

Our plan for the remainder of the paper is as follows. In
the next section we review the Kerr—-NUT—AdS spacetimes,
their hidden symmetry of the principal Killing—Yano
tensor, and its “symmetry descendants.” In Sec. III we
construct the covariant form of the symmetry operators for
the conformal wave equation in these spacetimes. The
associated operators for the conformally rescaled metrics
are studied in Sec. IV. In Sec. V we derive the Hamilton—
Jacobi equation (3) and demonstrate its separability in
Kerr—NUT-AdS spacetimes. Section VI is devoted to the
final discussion. Technical results are summarized in
Appendices A and B.

I1. PRINCIPAL KILLING-YANO TENSOR AND
KERR-NUT-AdS SPACETIMES

The principal Killing—Yano tensor h is a nondegenerate
closed conformal Killing—Yano 2-form h obeying the
following equation:

vahbc = gabgc - gac€b7 (4)

where
g L g, (5)
“D-1"

is the associated primary Killing vector field [3]. The
nondegeneracy means that in D = 2n + & number of
spacetime dimensions (with ¢ =0 in even and € =1 in
odd dimensions), k has n functionally independent nonzero
eigenvalues.

Starting with a single principal Killing—Yano tensor £,
one can generate the whole towers of explicit and hidden
symmetries—the “symmetry descendants” of h. In brief,
we can construct the following tower of closed conformal
Killing—Yano tensors:

Their Hodge duals /) = «h(/) are Killing—Yano tensors,
and their square gives rise to a tower of rank-2 Killing
tensors:

1 . he e
K =Dz e (0)

for j € (0,...,n — 1). In turn, these tensors give rise to the
tower of Killing vectors:

lj) =k - €. (8)

Note that the j = 0 Killing tensor is just the inverse metric
and the zeroth Killing vector is the primary Killing vector,
lg) = & We also have in odd dimensions an extra redun-
dant Killing tensor k(n) = l(n) ® l(n).

All of the above constructed symmetries mutually
Schouten—Nijenhuis commute

Liy-1)lsn = 0.

i) Vek(j) _ k(j) Vek(i) — 0 (9)

iy kylsy = 0.
ke(a be) e be)

kD, kW] =

In addition, the Killing tensors obey the following algebraic
identity (i.e., they commute as matrices):

ke kP

_ rLa b
(oK (i)e ~ k(K

(ke = 0, (10)

see [1] for all the details and proofs of the above statements.

The most general spacetime admitting the principal
Killing—Yano tensor is the (off-shell) Kerr—NUT-AdS
spacetime [2,3] (see also [4]) whose metric takes the
following explicit form:

~[Uy Xy < () :
o= (a7 (S avan

= X, U \Z

H= J=0

ec (<& 2
i (k)

while the principal Killing—Yano tensor reads

n n—1
h=>"x,dv A <Z A}f‘)dwk). (12)
p=1 k=0

The employed coordinates {x,,y,} have a natural
geometrical meaning associated with the principal
Killing—Yano tensor. They split into (time and azimuthal
angle) Killing coordinates y; (k=0,...,n—1+ ¢) that
correspond to the Killing vectors (8),

Ly =0y, (13)

and the nontrivial (radial and longitudinal angle) coordinates
X, (u =1, ..., n)thatrepresent the “eigenvalues” ofh,see[1].

In the above, the functions A%, A,(f), and U, are
“symmetric polynomials” of the coordinates x,, and are

defined by:
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n
) _ 2 2

E )c,Jl vu A = E Xy, Xy

..... vp=1 pl...uuj:l
D1< <bk blfl¢:bj

n n ( )

_ 2 2 _ 2 2\ J
U, =[[e2-x2). U=]]02-x2)=der(a)).

v=1 pv=1
vEu p<v

where we have fixed A = | = A,(lo). Each metric function
X, is an unspecified function of a single coordinate x,:

X, =X,(x,). (15)

Lastly, the constant ¢ only appearing in odd dimensions is a
free parameter.

Despite the fact that the metric is rather complex, its
Ricci scalar takes a fairly simple form [18]

R = _# 16

o o
u=1 "H

where each function r, depends only on a single variable

X

-
X! Zif’,‘ 2}% (17)

The determinant of the metric reads
Vgl = (cA)iU. (18)

Importantly for our purposes the Killing tensors k ;) take
the following coordinate form:

Sl (5

k=0 u
AW)
+ £ m ain . ( 19)
where j = 0 corresponds to the inverse metric, g~' = k).

III. SEPARABILITY OF THE CONFORMAL WAVE
EQUATION AND ITS INTRINSIC
CHARACTERIZATION

Recently it was shown [10], that a solution to the
conformal wave equation (1) in the background (11) can
be found in the multiplicative separated form,

x) [ e (20)
=

where W, are the Killing vector separation constants, and
each of the Z,, which is a function of the single corre-
sponding variable x,,, obeys the following ordinary differ-
ential equation:

X, e\ Z, /" 2
H H 2\n—1-k
Z,+Z, (X+x> _X2< (=x,) ‘Pk)

where Cy (k =0, ...,n — 1) are the (nontrivial) separation
constants and we have set Cy = 0.

As also shown in [10], underlying this separability is a
complete set of symmetry operators {KC(;, L},

IC(J) = Vak?].b)Vb - WR(])’ (22)

Ly = =il V,, (23)

that all mutually commute with one another,

K L) =0, K. Kyl =0,

(24)
and one of which is the wave conformal operator. Namely,

is the conformal wave equation (1). The fact that these
commuting operators exist means that, there exists a
common eigenfunction of these operators ® obeying

K@ = C;®, (26)

It is precisely this eigenfunction which is the separated
solution (20).

The operators L ;) are the standard scalar operators that
are generated from Kllhng vectors [(;). On the other hand,
the Killing tensor operators KC(;) pick up, in addition to the
standard Killing tensor part Va k?jb> V,, also an “anomalous
conformal term” R ;) which ensures the commutation with
the conformal wave operator K. In [10] an explicit
coordinate expression for this term has been found, it reads

y= r (28)

where r, are the “Ricci scalar functions” (17). However, no

covariant expression for R(;) has been given in [10].
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Here we amend this situation. That is to say, we show in
the Appendix A that R(;) are given in terms of the principal
Killing—Yano tensor, its symmetry descendants, and the
curvature tensor by the following covariant formula:

Ry = kPR + D4
() = ") tab +2(D -2)
+ ajk‘(lj?_l)hcb (dé) . — ﬂjl‘(lj_l)fa

D -4

— Jab .

= k(j)Rab + 2(D — 2) DTI'(k(]))

= k(P (ahg (dE) ey + Bigals).  (29)

OTr(k ;)

where & = [ () is the primary Killing vector (5), for j =0

we defined k_;) =0=1_,), and the constants @; and f;

are given by
(n—Jj+%)

Y=oty P

(n—j+5 ..
m(zj -3).  (30)

Interestingly these objects can be understood as follows.
Let us define the following 1-forms x(/):

k) = k(ja"V,R. (31)

Then, quantities R;) can be understood as “potentials™ for
the above 1-forms:

K(j) = dRy;), (32)

see Appendix A for the proof. In fact, it is this property
which underlies the commutation of the operators (22).
Given that [Vakﬁgvb, Vckfj?‘gvd]f =0 [10,19] for any
scalar function f, we have
Ko Kilf = =n([Vak{EV3. RIS + [Riiy. Vak{E V5] f)
= —{Va(k{EV,(R(.1)) = Ry Va (K Vi (f))
+R(i)va(kzl£vb(f)) - va(kzljb)vb(R(i)f) }
= —ﬂ{va (f[k((]il;va(j) - k(af)va(i)])
+ (Vo) (K VuR ) = k(7 VLR () }
- _ a b _ La b c
= {Va(flkGpk(ye = Kok VR)
a b _ La b c
+ (Vaf ) (ke = kypk(ne) VRY
=0, (33)

(
)

where in the final step we have used the algebraic
identity (10).

We note that, this is a special case of the result presented
in [20]. Therein, it is shown that the commutation of any
operators, (1 + g and V, KV, + f, where f,g € C*(M)
and K is a Killing tensor is guaranteed provided

vuf = Kabvag - %vh(KacRcb - RucKch)' (34)

In the case of the off-shell Kerr—NUT-AdS metrics the final
term on the right-hand side vanishes as the Killing and
Ricci tensors are diagonal in the same basis [1,18] (See
(A2) and (A4) in Appendix A). Thus, this equation reduces
to the relationship between (31) and (32).

IV.SYMMETRY OPERATORS IN CONFORMALLY
RELATED SPACETIMES

As mentioned in the introduction, the conformal
wave equation (1) enjoys the conformal symmetry. That
is, provided we have a solution ® in the spacetime g,
then

O =Q"D, w=1-D/2 (35)
is a solution of the same equation in the conformally
rescaled spacetime

g=9Q%. (36)

In particular, this means that (35) with @ given by (20)
yields an R-separated solution of the conformal wave
equation in any spacetime related to the off-shell Kerr—
NUT-AdS metric by the conformal transformation (36).

It is interesting to ask if also such R-separability can be
intrinsically characterized by some complete set of
mutually commuting operators. In what follows we show
that this is indeed the case—we explicitly construct such
operators and discuss their properties. First, starting from
the special conformal frame with Q =1, we scale the
operators {/C(;), L(j}, to construct a complete set of
mutually commuting operators for the metric g, (36).
Second, following [13], we show that such operators can
in fact be lifted to conformally invariant operators, provid-
ing thus a complete set of conformally invariant mutually
commuting operators for the conformal wave equation (1)
in any spacetime related to the Kerr—-NUT—-AdS metric by a
conformal transformation.

A. Mutually commuting operators

Starting from the mutually commuting operators
{IC( L j)} in the special frame with Q = 1, let us define

new operators {(7)< i) 75( j)} for general Q by:
Op) =Q"Ke™,
Py = Q7LGQ™. (37)

By construction such operators mutually commute, as we
have

084042-4
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[0, O] = Q¥[Kp), Kyl =0, (38)

(O Pyl = QK. L£]Q™ =0, (39)
[P Pyl = QUL LlQ™ = 0. (40)

Moreover, it follows that when @ satisfies the eigenvalue
problem (26) in the spacetime g, ® = Q"® given by (35)
obeys the “associated” eigenvalue problem:

O® = ¢,
Pj® = ¥;®, (41)

in the conformal spacetime g. In other words, the operators
{@< J)e 75( ) }» (37), intrinsically characterize the separability of
the conformal wave equation in the conformal spacetime (36).
The only “problem” with (37) is that the new operators
{O(;). P(;)} remain expressed in terms of the “old” con-
nection V,, the old Ricci tensor R, and other objects
associated with the metric g rather than the conformally
rescaled metric g. However, using the well-known trans-
formation properties of the connection and curvature
tensor, one can straightforwardly amend this situation.
For example, let us define the following tilded objectslz

Ja __ O-271a
I = Q71

(42)

kb = Q 2kt

02
() ()’ hab =Q habv

and raise or lower their indices with the metric g and its
inverse. We further denote by V, the covariant derivative in
the spacetime g and by R, its Ricci tensor. With these at
hand, the operators (37) can be expressed as follows (see
Appendix B for details):

) . .. /. -, .
D, = Q (’Cm +1 Kv”vb (k?fb) + Ekﬁfﬂ'gab) >] ) ’

(43)
Py =& (Zm ) @Jaj))’ (44)

'"We stress that these objects are not the conformal symmetries
of the spacetime g, although it is possible to define such
symmetries. Namely, the following objects:

kah

ooy @Qha

(j20)’

are the conformal Killing tensors, conformal Killing—Yano 2-
form, and conformal Killing vectors of the spacetime g. Notice
that in doing this, necessarily k() = g transforms differently to
the rest of the Killing tensors. One could, of course, use these
objects to define the transformed operators, leading to different
(seemingly more complex) expressions. We will adopt this
strategy for the Killing tensors at least in the next Sec. IV B.

where I~C< j) and Z( j) are given by expressions (22), (23), and
(29), with all the objects replaced by the tilded ones. Note
that the quantities @b[lz(“jb) +%7<fj)cga”] and @L,Z(“j) vanish
identically when Q =1 due to the Killing tensor and
Killing vector equations

Viki, =0, VI =0, (45)

respectively. ~
Moreover, (’)(0) is just a conformally rescaled IC<0>,

fC(O) = Q_Z@(O) = QW_ZIC(O)Q_W, (46)

highlighting the conformal invariance of this operator. The
other operators, however, take a more complicated form, as
is to be expected from the privileged role of the conformal
frame with Q@ = 1.> We shall return to this issue in the next
subsection where we discuss the conformal form of these
operators.

B. Conformal symmetry operators

Conformal symmetry operators for the conformal wave
equation have been studied for many years, see e.g.,
[20,22—-30]. This work culminated in Ref. [13] where a
complete and constructive theory was finally formulated.
Our goal for the remainder of this section is to review this
theory in a more physics community oriented language,
and briefly discuss how it applies to the problem at hand.

To start with, we define a conformally invariant operator
as an operator that preserves its form under a conformal
transformation. More specifically, a conformally invariant
operator of weights s; and s, obeys the following equality:

Qsl,sz = Q" Qsl,szg_sl s (47)

under the conformal transformation (36). That is, O, .5, has
exactly the “same form” as Q;, ,, but is constructed out of
conformally scaled (tilded) tensors associated with the
metric g rather than g. To give an example, the conformal
wave operator K obeys the Eq. (46) and thence is a
conformal operator with weights s; =w and s, = w — 2.

In what follows, we are going to concentrate on
conformal operators of equal weights, s; =s, =s. In
particular, as shown in [13] the most general second-order
conformal operator with weight s that is built out of a
symmetric tensor K“® is given by

0,(K) = VKV, + (1[V.K?] + 12[V'Tr K]V,
+73(VaVK®) + 74 (OTr K) + ysRap K
+ysRTr K + f. (48)

*This is the only frame where the spacetime admits full (not

only conformal) Killing tensors and the Ricci tensor is diagonal in
the natural orthonormal frame [21].

084042-5
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Here f is a function which does not scale under conformal
transformation, we assume K%? = K, and the coefficients

are

B B (2s+ D) B (s—1)s
71—272——1)4_’_2’ 73—m,

_ s(D+2s-1) _ s(D+y)
“Tapnor) BT D=0

B 2s(D + )
=" Db-2)D-)(D+1)(D+2) (49)

Similarly, having a vector L, the corresponding conformal
operator is given by

0,(L) = LV, — % (V,L%). (50)
In particular, we consider conformal operators of weight
w=1-=D/2, ctf. (35),

0, =Q"0,Q™, (51)

that are symmetry operators of the conformal wave operator
K (), that is, they satisfy the following relation:

K0)oQ,, = DoK ), (52)

for some operator D; in fact, it is easy to see that the
conformal invariance implies D =D_, . Note that the
Eq. (52) obviously preserves the kernel of K ).

To find such symmetry operators we can use the
following theorem [13]:

Theorem 1. Let K’ be a (special) Killing tensor of the
metric g, so that the following conformally invariant
“geometric obstruction” built from the Weyl tensor C,,.:

2(D-2) 3

Obs(K), = VvV, K“c?, , ——— KV, CP
S( )a 3(D—|— 1)( b c cda D—3 bC cda)
(53)
s exact, that is,
Obs(K) = -2df. (54)

Then (48) with f given by (54) (up to a constant) is a
symmetry operator for the conformal wave operator and in
fact satisfies

K0)0Quw(K) = Q_1,,(K)oK ). (55)

When K% is a Killing tensor we can simplify the
operator (48) via the Killing equation,

V<aKbC) == 0, (56)

however this will only hold for a particular metric of the
conformal class. For this particular metric, we then have

QW(K) = Qw—2<K)
— VKDY, —m[m K|
D+2) RTrK
DRSS b+2(D+1)(D— Nt

(57)

In this case, therefore the corresponding symmetry operator
(52) actually commutes with the conformal wave equation

[QW’ ’C(O)] =0, (58)

and more generally, we have the conformal commutation
[0,,. Q2K )] =0, (59)

valid in any conformal frame.

In particular, taking the Killing tensors k) (j > 0) in the
Kerr—NUT-AdS metric g, we find that they satisfy the
obstruction condition (54) with f ;) given by

f(j) = m [ZDk(ajIBRab + 300Tr k(])
+ (D + 1)(D = 2)k{} (@, (dE) cyy + BiGa)

It can then easily be checked that’ the corresponding
operators

Kl = 0, (kg). (61)
(48), coincide with the operators K ;), (22),

K =K. (62)

Since all of these operators commute with one another for
Q =1, their conformal versions I~CSVJ> (51) also mutually
commute in the spacetime g. Of course, these are nothing
else than the operators O , (37), this time however,
written in a conformally mvarlant way (48). * The remaining

30f course, the expression (53) is only defined in this
coordinate invariant way in the Q =1 frame although its
coordmate expression will be unchanged no matter the frame.

Although the formulas (43) and (48) look rather different,
they represent the same operators, and in particular, the coor-

dinate expressions for the operators (7)< ;) and I~C](f ) will coincide in

any conformal frame. The apparent differences arise from how
we choose to scale the Killing tensors.

084042-6
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commutation relations are then guaranteed by (59), since
we define for j =0

kg)) = (7)(0) = szC(O), (63)

reflecting the fact that the metric transforms differently than

the other Killing tensors under the conformal transformation.

Similarly one can “lift” the operators L ;), (23), to the

conformal ones (as in (50) and cf. (44) where the Killing
vectors transform differently)

o) = —ilt, V, + i (v I9). (64)

where the second term identically vanishes in the frame

Q = 1 where l‘(‘j) are (full, not conformal,) Killing vectors.

Of course, these will coincide with 75<j),
coordinate system.

To summarize, we have found a conformally invariant
“generalization” {IC( £ } of the symmetry operators
(22) and (23), with the two being equal in the Kerr-NUT—
AdS conformal frame g. Writing ® = Q"® in any con-
formal frame g, these operators obey the following eigen-
value problem:

(44), in any

eu
||
»eu

K)® = c;®, (65)

J)

Sv

Y
S
|

¥, (66)
guaranteeing R-separability of @ in any of these frames.

V. ASSOCIATED HAMILTON-JACOBI EQUATION
AND ITS SEPARABILITY

We finally turn to study the natural extension of the
Hamiltonian—Jacobi equation that arises from the geometric
optics (WKB) approximation of the conformal wave
equation.

Consider the following “a-modified conformal wave
equation”:

(@*0 — nR)® = 0. (67)

Then, upon employing the geometric optics ansatz

® = Oy exp <’ S), (68)
o

while taking the WKB limit @ — 0, we arrive at the
corresponding Hamilton—Jacobi equation:

920,80, +nR = 0. (69)

This equation is obviously not conformally invariant,
however, it is consistent with the particle Hamiltonian,

H=g¢"p.p, +nR. (70)

See, e.g., [14,15] for how such a coupling to the Ricci
scalar can arise from quantum corrections. The equations of
motion for this Hamiltonian yield the following modified
geodesic equation

Dp,
di

— —nd,R. (71)

Let us stress that the procedure of deriving (69) is similar
to how one arrives at the massive Hamilton—Jacobi equation
starting from the massive (@-modified) Klein—-Gordon one,
e.g., [19]. There is, however, a fundamental difference.
Namely, the a-modified equation (67) is not conformally
invariant, unless a = 1. This is the reason why the WKB
limit @ - 0 does not produce a conformally invariant
Hamilton—Jacobi equation. If instead, one started with the
conformal wave equation, setting a = 1 in (67), the WKB
approximation would then yield the massless Hamilton—
Jacobi equation, which of course is conformally invariant.

In what follows we consider the Hamilton—Jacobi
equation (69) of potential physical interest and show its
separability in the off-shell Kerr-NUT-AdS spacetimes.
Using the form of the inverse metric given by (19) for
Jj = 0, the Hamilton—Jacobi equation (69) takes the follow-
ing explicit form:

n n— 1+s 2
/2 2 n—l—k\P
> [Uf AN

+e Z: 7" = (72)

where we have used the additive separation ansatz:
S=2_Sux)+ > P (73)
pu=1 k

Using next the following identity:

1 1
= —— 74)
27 (
A(n) ; X, UM
we can rewrite the previous equation as

Z% =0, (75)

" H

where

084042-7
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1 n—1+e 2 P2
G, = XﬂSI? 5 ( Z (_xlzt)n_l_klpk> +e—5+nr,.
X\ = cxy

(76)

To proceed, we use the separation
Lemma: The most general solution of

n

> # =0, (77)

n=1 M

where U, is defined in (14), is given by

f;t = Z Ck(_x/%)n_]_k7 (78)

where C are arbitrary (separation) constants.This yields
the following ordinary differential equations for the sep-
arated solution:

p LN ik tLow
XS, s Z (=x;) ¥, +e¥+lyrﬂ
# N\ k=0 1

—

n—

Cr(—x3)m 17+, (79)
T

~
I

Inverting this expression and identifying the canonical
momenta p = dS the corresponding constants of motion of
the modified geodesic equation (71) are given by

C; = kfzjgl’apb + 1R, (80)

where R(;) are given by (29). It would be interesting to
understand what these constants of motion represent
physically, e.g., in a quantum system [14,15], as this would
give a natural interpretation for the functions Rj).

VI. DISCUSSION

In this paper we have elaborated on the recent results on
separability of the conformal wave equation in the Kerr—
NUT-AdS background [10]. Namely, we have shown that
such a separability is a consequence of the existence of a
complete set of mutually commuting operators, which are
built out of the hidden symmetry of the principal Killing—
Yano tensor, its symmetry descendants, and the curvature
tensor. While these operators are “simple” for the case
of massless wave equation (obtained formally by setting
n = 0 in all formulas), they become highly nontrivial in the
conformal case.

The commutativity of these operators descends naturally
from the commutation properties of the Killing tensors and
the special character of the Ricci scalar functions Rj), (29).
Moreover, we have shown how to lift these to a full set of
conformally invariant mutually commuting symmetry

operators {ICEJ), cY )} that guarantee R-separability of the
conformal wave equation in any conformally related space-
time g.

From a physicist’s point of view our results provide a
geometric reason as to why separability of the conformal
wave equation is possible in the physically important class of
Kerr—NUT-AdS spacetimes. From a mathematical point of
view, our findings present a highly nontrivial example to the
beautiful theory of conformal operators developed in [13].
This is more so, because this class of spacetimes is the unique
one to possess the principal Killing—Yano tensor (4) and the
corresponding Killing tower of hidden symmetries [1]. It is
our hope that this work will help bridge the gap between the
mathematics and physics community of researchers working
on separability of various field equations.

The conformal wave equation (1) is characterized by a
specific value of 5. In principle one can consider more
general wave equations, where 7 takes any value. It is easy
to see that all such equations still separate in the Kerr—
NUT-AdS backgrounds; the operators (22) and (23)
commute for any value of #. However, for general 5 the
corresponding wave equations are not conformally invari-
ant and will not separate in a generic conformally related
spacetime. In this case, one could use the conformal
properties outlined in Appendix B to construct an equation
which separates in the conformal spacetime, however there
is no clear physical interpretation for such an equation.

We have also introduced a modified Hamilton—Jacobi
equation for a single particle with a Ricci scalar potential
term. This equation naturally arises from the WKB limit of
the “a-modified” conformal wave equation. This limit
breaks the conformal invariance and the resulting equation
no longer enjoys conformal symmetry. We have shown that
this equation also separates in the Kerr—-NUT-AdS space-
times—the corresponding nontrivial constants of motion are
given by the Killing tensors and the scalar functions R;),
giving a natural setting for the interpretation of the latter.

In the future, we would like to study the physical
implications of the newly derived (nonminimal coupling)
Hamilton—Jacobi equation. We also hope to extend the
present results to understand separability of conformal
fields with higher spin.
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APPENDIX A: COVARIANT FORM OF R;

In this Appendix we find the covariant form of R(;) in
Kerr—NUT-AdS spacetimes by starting from the explicit

Ric = —) 7,(efet +&"e") — erye’e”,  (A2)
U

where we have introduced

)A(// + 65(}/,

N~ _H X, quI//
T = 2U +Z

K vEU

v/
~0 Z Xu
r- = s
P xqu

—x,,f(,/, —(1-€)(X, —)A(”)
()C,% —XI%)UZ,

tl

X, =X, +ec/xi (A3)

Also in this basis the Killing tensors are diagonal too,

expressions in canonical coordinates (11). To start with we LA o _
need an expression for the Ricci tensor. It is rather simple ki) = ZAM [eyeu + eﬂeﬂ} + eAU egey. (A4)
since it is diagonal in the orthonormanl basis of the metric
dx R X Hence, using the identity
et = \/QL’ el = \/ QﬂZAI(l >dl//k7
! ‘ > 49— A .
0= S 574® = (n= A, (A5)
¢ A(”);A dy;. (Al) v#u x‘2’ - xl24
where Q, = X,/U,,. In fact it is given by [1,18] we have
|
(= 1) e & &
Aji -(1-8X, xX —-(0-X
ab _ M vy v
R(j) - k(i>R“b o Z|: 22 2 — 2 < U + U
u vn v T X H v
-0 ¢ % % ‘ '
_ [EA,/ x,,X,’, yuK = (1= o)X, ZA,(/i = Azﬁf)]
" U, i Tl v
AYY 5 5
=2y o (= +e/2n, X, = (n = )1 - o)K,). (A6)
" "
Furthermore, since the Killing vectors satisfy V(ul(f>,,) =0 ) . . c
the only information of their derivatives is contained in - ZA” VO,.e + cAl) We (A7)
their exterior derivative. In particular, since in the ortho- #
normal basis (A1) we have that
, X, 2cAV 0,A;" + 0
dll) = [( Q ——s——+2x %} e’ A et
Z ” xﬂ A(") ”; x2 - Xﬂ
N A(j) AW
+€2x,/0 ,/ AT Ve e+ 2x, Qﬂgyigev A éﬂ). (A8)
X
v T N
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Moreover introducing the Killing copotential Iy = wafj“), (A10)
(D=2j-Nol) =k, ZA xet Aet. (A9)
we can calculate
which generates the Killing tensors [1]
. . , ®)
o) / ( )A(k)x2 _ Al(,])Al(,k)xl%) _ ECA/(lj)(A(Ek) _AUL)
kel = Z < Ox, X, +Z ey * ) (A1)
v#Eu v U

Notice the last term proportional to € vanishes when k£ = 0. Finally let us us calculate DTr(k( j))- First, we have

Tr(k; e ZZA —j) +e)AU), (A12)
Since this expression only depends on x, we can use the form of the wave operator (see (20) in [10]) to write
b A/@ 2 €
a — !
Vo (Kb, Telkep]) = > o {XﬂaﬂTr(k( i)+ 0,Tr(k;) (X,, + x—x,,)]
Iz H U
J 1) €

_42 {n—j—ki] (x, X}, + (1 +)X,). (A13)

Putting this together we have

" . [ D-4
(Xjk( Dn h bdlub ﬂj +mDTI‘(I{(]>)
_ L[ G-1 D-4)n—j+9]| ¢ [ D-n-j+5(+e)]¢
_2ZU—<Aﬂ ([aj+ ) R 55 —2aXﬂ; P
LD=An—j+9)] 4 (D-—4(n—j+5)+e)] g
_22 q 5 x, X, - 2’+2(n— Jaj - 5 X, ). (Al14)
| o
Thus, using e = {0, 1} we can choose the coefficients to be a v zn: a,r, A;(tj 1o Al j)z v, 77,
( ) ! T Enen
2(n—j+¢ = uFY v
a; = D—22’ (A15) J) Iy i
T 1Ay Up
M 1) 2, A) Y e ‘2. (A18)
n—jrs . € U, uFtv Xy — Xy
i =———=(D-3-2ln—j+=]|. (Al
Notice that one can also construct
Thence we obtain our covariant expression for R,
by pi=v )y M
b4 ko VR A 07
= k“b Ry + —2( %) OTr(k ;) K .
() Lo e
r,A ; U, 7T
a n a (0) _ v () v J
akt_ htdl) — piig (10 (A7) TR ;xﬁ :
which matches the form in the text upon noting I, = & = VRj). (A19)

and D =2n +e.
Moreover the derivative of R(;) is particularly nice. We
can calculate

Thus we have found a covariant expression for our
symmetry operators’ derivatives
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k) = k()" VR = V,R;). (A20)
Clearly « is closed and also locally exact in all dimensions
thus we can say that our R ;) are the potentials for k) ie.,

=dR;. (A21)

APPENDIX B: CONFORMAL
TRANSFORMATIONS

Given the spacetime (M,g) we now consider a con-
formal transformation of the metric, Killing tensors, and
scalar field (k(;) - Q7%k(;), ® - Q"® for w = 1-D/2)
to the conformal spacetime (M,g, Q). The goal of this
section is to find a conformally covariant form of our wave
operators
|

Q* (K j)®—nk

() ab(b)/q)_)(

()
+(w(w=2+D)—

A

ab
(D—Z)n)k(j)

Ok R )/ D w(V )V, log €+ (w-+1(D—2)h ke,
(D— 2)71k‘

X R 1D-2
(K(j) = nR(;))®, Koy = Vak(7 Vs, 1= 4D—1"
(B1)

Using the conformal properties of the Ricci tensor and
covariant derivatives, we find the following transformations

QK@ — Q¥ (K + wV, (k{2 V), log Q)

+w(w -2+ D)V, log ng]gvb logQ)® (B2)
and
QR — K Ry — [(D = 2K + K, g1,V log @
+ (D - 2)[k( 5= kG 91V, 1og QV, log Q.
(B3)

Thence we have

")V, V,logQ]

Cie )V, 10gQV ,logQ)]

= (K@ —nkf}’)Ra,,CI))/dH— w(vakgjb))v,, logQ—r]DkE‘;’) [(D-2)V,logQV,logQ+V,V,logQ].

Here we have introduced the traceless Killing tensor
/Ac‘(ljb):k‘(l% k() g*?/D. Clearly this vanishes when j =0

so the first operator is conformally invariant. Notice that the
last term contains two derivatives of the conformal factor,
so consider the term identically zero term (following from
the Killing tensor equation)

1
2 ab c ab

J)

So we have

1

<’AC CI) I’] |:k( )Rab {Vavb <ka/b> + *kc

2

N 1
ab ab c ab
(/cmop — [kaah - {vav,, <k(j> + Kol ) } +(D-

b[D

(B4)

1
ab c ab |\ —
vV, <k(j) + Ek(j)cg ) =0. (B5)

Under the transformation k( )= sz< J) this becomes

1
5"@)09"") (D +2)(V,k)V, log @

2)V,10gQV,logQ + V,V,log Q). (B6)
) fJo)so -
4)(Vak?jb))v,, log Q] <I>> /. (B7)

Note that, as the covariant derivatives and Killing tensors in the second line are in the Q =1 frame, we have

(D = 4)(Vk(2)V, log Q =
OTr(k;)). That is,

D-4
2(D-2)

D

DTI‘(k( )) - Q72 (m

OTr(k) +

—(D-4) /2(Vak(cj>c)vl7 log Q. Thus this term will be canceled by the transformation of

D-4

———V,[Tr(k(;))]V*log Q> . (B8)
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We now consider the conformal transformation of the
final piece;

Rj) = ajk{

nb 77(0) a 400
(j—l)nh bdlab _ﬂjl(j—l)l“ :

(B9)
Now, if k(;) — Q %k ;) consistency demands that b — Q*h
and that lfj) — Q‘zl?ﬂ. That is, one can show on a p form
x = Q4 2P%. Assuming h— Q'h; h/ — Q/'h/  then
f(]) — *h] — Qd_4j+jrf(j)‘ So

ki]b) X facl...cD,zj,l lC;IMCD_Zj_l

— Q-4 +20=2j=1) ) — g2+2j-2+n W) (g0

Hence demanding for all j that kE{g - szgg fixes r = 2.
Then, we are left with R ;) as a scalar density of weight —2:

Thus putting this all together

o 1
Q2 |:<}C(]) - |:R(j) - {Vavb (kl(ljb) +§k€j)cgab> }:| ) (I):| /q)
o 1

(B12)

which gives us the form we use in the main text.
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