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Nonlinear Hamiltonian analysis of new quadratic torsion theories:
Cases with curvature-free constraints
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It was recently found that, when linearized in the absence of matter, 58 cases of the general gravitational
theory with quadratic curvature and torsion are (i) free from ghosts and tachyons and (ii) power-counting
renormalizable. We inspect the nonlinear Hamiltonian structure of the eight cases whose primary
constraints do not depend on the curvature tensor. We confirm the particle spectra and unitarity of all
these theories in the linear regime. We uncover qualitative dynamical changes in the nonlinear regimes of
all eight cases, suggesting at least a broken gauge symmetry, and possibly the activation of negative kinetic
energy spin-parity sectors and acausal behavior. Two of the cases propagate a pair of massless modes at the
linear level, and were interesting as candidate theories of gravity. However, we identify these modes with
vector excitations, rather than the tensor polarizations of the graviton. Moreover, we show that these
theories do not support a viable cosmological background.
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I. INTRODUCTION

In light of both theoretical minimalism and experimental
and observational verification, the preferred effective
theory of gravity is that of Einstein and Hilbert:

1
LT:—Emp2R+LM. (1)

The gravitational portion, Lg = Lt — Ly, of the total
Lagrangian Lt is powered by the scalar part of the
Riemann curvature tensor R = R, which is the de facto
gravitational field strength and contains second derivatives
of the metric gravitational potential, R ~ 9*>g + (9g)*. The
matter Lagrangian Ly, is taken to be minimally coupled.
Two approaches to generalizing (1) have proven espe-
cially popular:
(1) The artificially imposed symmetry of the Levi-
Civita connection could be relaxed.
(2) Higher-order geometric invariants could be added to
the Lagrangian.
The first approach leads to a nonvanishing torsion, 7" o
and a corresponding non-Riemann curvature, R’ jui- The
Roman indices refer to a local Lorentz basis, which is
mediated by ftetrads (vierbein) or equivalent translational
gauge fields, b"#. The now independent spin connection
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may likewise be cast as a rotational gauge field, A ,. In terms
of these new potentials, the gravitational field strengths 7~ ~
Ob + bA and R ~ DA + A? are closer to the Yang-Mills
form familiar from the strong and electroweak sectors of the
standard model: they are linear in first derivatives and the
structure constants of the Poincaré group. By demanding
positive parity and freedom from Ostrogradsky ghosts1 in
combination with the second approach, one arrives at the
general quadratic Lg ~ msz +R*+ mp2’72 theory,

1 . ..
Ly =- anmsz +my? T (B T+ prT7)
+ ﬁ3mp2’Ti’T" + ale + RU(CQRU + (Z3Rﬁ)
+ Riju(as R + asR™M! + agRMT) 4 Ly, (2)

where R;;)=R';;, R =R/}, and T; = T';,. These quadratic
terms are added to the scalar curvature invariant for a total of
ten dimensionless couplings in the theory. Note that no scalar
invariant can be formed from the torsion.

The theory (2) has been deeply studied over four
decades. When linearized on a Minkowski background,
the theory is capable of propagating six massive torsion
modes (rotons or tordions) of spin-parity J© = 0%, 1+, 2%,
in addition to the 27 mode of the massless graviton [1].
Following early studies by Neville [2,3], Sezgin and

'Note that Ostrogradsky’s theorem forbids all terms quadratic
in the second-order Riemann tensor except for the Gauss—Bonnet
term; this does not apply to the first-order Riemann—Cartan or
torsion tensors.
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van Nieuwenhuizen found 12 cases of the theory whose
propagator poles have positive residues and real masses,
i.e., unitary theories [4,5]. An exhaustive survey by Lin,
Hobson, and Lasenby [6,7] recently found that there are
450 unitary cases in total. Of these, 58 are also power-
counting renormalizable (PCR), such that the graviton and
roton propagators tend to p~* and p~2, respectively, in the
ultraviolet limit.”

Perhaps surprisingly, the restriction from unitary to PCR-
unitary cases of (2) universally switches off the Einstein—
Hilbert term

ay = 0. (3)

In the context of (2), this term in isolation constitutes
the Einstein—Cartan theory of gravity. Einstein—Cartan
theory is dynamically equivalent to general relativity
when the spin tensor of the matter sector vanishes; the
linearized theory contains only the 2" graviton. Usually,
the quadratic R* + m,*7? terms are viewed as corrections
to the scalar mPZR, which may be motivated by analogy to
Einstein’s theory at one loop, Lg ~m,*R + R%. A pure
Lg ~R?*+ m,?T? theory is hard to reconcile with this
picture, and necessitates a great deal of work since one
cannot appeal to the viable Einstein—Cartan limit at low
energies. In some sense, a purely quadratic gravity is
actually quite natural. Einstein gravity amounts to a R!3
gauge theory of diffeomorphisms, whose gauge potential is
9.~ However, the fields b’, and A, additionally gauge
rotations and, by extension, the whole Poincaré group
R!? x SO*(1,3). The theory (2) is more properly known
as the quadratic, parity-preserving Poincaré gauge theory
(PGT9") of gravity, as pioneered by Kibble [8], Utiyama
[9], Sciama [10], and others.” In this context, a Lagrangian
quadratic in Yang-Mills field strengths would make an
appealing addition to the standard model—should it prove
viable in the nonlinear regime.

The purpose of this series is to test the nonlinear viability
of the 58 novel theories by probing their Hamiltonian
structure. As a higher-spin gauge theory, the PGT9* (2) is
always singular; this degeneracy of the kinetic Hessian
greatly complicates the Lagrangian analysis, incentivizing
the Hamiltonian approach. By implementing the algorithm
of Dirac and Bergmann, we are guaranteed to obtain all
propagating degrees of freedom (d.o.f.), along with all
constraints [14]. In the linearized theory this is especially
easy, and allows us to verify the particle spectra and
unitarity of the cases obtained in [6,7]. In the nonlinear

With the exception of Case *'9, Case *10, Case *#11, and
Case *?13 (as labeled in [7]), J” sectors propagate which violate
these rules. However, these “bad” modes are understood to
decouple at high energies without producing divergent loops [7].

For an excellent series on the dynamical structure of the
PGT9" from the Lagrangian perspective, see [1,11-13].

case, the algorithm allows us to flag potentially fatal
pathologies which develop under significant departures
from Minkowski spacetime—if this spacetime is taken to
be a vacuum, then the nonlinear regime is equivalent to that
of strong fields. In particular, we rely on the simple “health
indicator” of modified gravity set out by Chen, Nester, and
Yo: the number and type of constraints should not change
in passing from the linear to nonlinear regimes [15,16].
The motivation for this criterion is twofold. Generically,
a decrease in the number of constraints involves the
activation of potentially ghostly fields [16]. Moreover, it
may be that the nonlinear constraint structure is itself field-
dependent; this is thought to be associated with the
propagation of acausal degrees of freedom [15]. Neither
of these qualities is necessarily fatal unless shown to incur a
physical ghostly or acausal d.o.f., but for the purposes of
this particular study we will take the avoidance of them as
being desirable.

In this paper we will test Case 3, Case 17, Case 20,
Case 24, Case *25, Case *926, Case 28, and Case 32 using
the numbering of [7], with the numbering of cases
previously discovered in [6] indicated by (*). These eight
cases are the most conducive to the Hamiltonian analysis.
Specifically, these are the only cases whose primary
constraints are not functions of the curvature. To our
knowledge, this practical restriction does no more than
ease the evaluation of commutators. We therefore tenta-
tively view the eight cases to be a representative sample of
the 58 novel theories.*

All eight cases fail the prescribed strong-field tests. In
some sense, they do so more dramatically than those
“minimal” cases of PGT9" which were previously tested,
due to the vanishing of mass parameters [16]. Based on
these results, we find no evidence that the simultaneous
imposition of the weak-field PCR and unitarity criteria
remedy the questionable health of the PGTY" in the strong-
field regime, as observed in [15—-17]. If these findings turn
out to be general, it would seem more efficient to perform
future surveys of PGTY" in the strong-field regime from the
outset.

We are also able to rule the cases out on cosmological
grounds, using the scalar-tensor analog theory which
replicates the background cosmology of the general ten-
parameter PGT9*" [18]. Out of the eight cases, only Case 3
and Case 17 propagate massless modes consistent with
long-range gravitational forces, yet their nonlinear cosmo-
logical equations are nondynamical. However, we do show
that these cases are the degenerate limit of an otherwise
viable and interesting class of torsion theories obtained by
imposing two very simple constraints on the couplings

*We mention that none of the eight cases are PCR in the
conventional sense of [4], i.e., all of them feature a J” propagator
whose momentum power is non-PCR in the IR, and which
decouples in the UV.
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of (2), whose background cosmology perfectly replicates
that of Einstein’s torsion-free gravity (1), conformally
coupled to a scalar inflaton &,

1 1 1
Ly = —Emsz - Eng + X% — Emgé +Ly.  (4)

Here, the inflaton has the kinetic term X% = V£V and
mass m;. The cosmology resulting from (4) is not scale-
invariant due to the mass term, which is fortunate for
minimal coupling to cosmological matter. However, it is an
interesting surprise that the nonminimal coupling should be
exactly scale-invariant. The failure of Case 3 and Case 17
certainly is not a necessary consequence of the linearized
unitarity and power counting. Indeed, one of the 58 cases
has an excellent cosmological background [18,19], though
an analysis of its Hamiltonian structure is deferred to the
companion paper, since its primary constraints depend on
curvature.

Despite our concerns about the strong-field regime, we
are able to confirm the weak-field unitarity of all eight
cases. We also obtain linearized dynamics which are
consistent with the particle spectra found in [6,7]. We
offer tighter bounds on the massless particle spectra,
identifying the massless modes of Case 3 and Case 17
as vector excitations, rather than the expected tensor
polarizations of the graviton.

The remainder of this paper is set out as follows. In
Sec. I we develop the Hamiltonian formulation of the ten-
parameter theory (2). In Secs. III and IV we apply the
Dirac—Bergmann algorithm to each of the linearized cases,
and compare them with the constraint structure of the
nonlinear theories. In Sec. V we use efficient methods to
show that even the cases with massless modes cannot
support any Friedmann-like cosmological equation.
Conclusions follow in Sec. VI. Following the conventions
of [20] we will use Roman and Greek indices from the
middle of the alphabet i, j...u,v... to refer to general
Lorentz and coordinate indices running from O to three,
while a, b... and a, ... strictly run from one to three. We
use the “West Coast” signature (4, —, —,—). Our poten-
tially nonstandard acronyms are detailed in Table I.

TABLE 1. Nonstandard abbreviations.

PGTI" Quadratic, parity-preserving Poincaré
gauge theory

PCR Power-counting renormalizable

d.of. Degrees of freedom

PPM Primary Poisson matrix

(P/S/T)iC (primary/secondary/tertiary) if-constraint
(F/IS)C (first/second) class

i(P/S/T)(F/S)C (P/S/T)iC which is (F/S)C on the final shell
s(P/S)FC Sure (primary/secondary) constraint,

always FC

II. CONSTRAINED HAMILTONIAN

A. Gauge theory formulation

Recall that in Einstein’s theory, the covariant derivative
acting on a vector V# is simply

V, Vi =0, VF+TH, V2, (5)

where T, =1¢°(0,91, + 019,60 — 0,9,7) is the Levi-
Civita connection with respect to some metric, itself
defined by tangent vectors of the coordinate functions
9w =¢€,-e, on a curved manifold M. The Riemann
curvature tensor is then given by

Rap” = 20T ey + T iegu L p1a)- (6)

This geometric interpretation of gravity is not strictly
necessary. In generalizing to theories with both curvature
and torsion, we adopt the setup more familiar from the
standard model, where the underlying manifold is always flat
Minkowski space M. The metric for generally curvilinear
coordinates is theny,, = e, - e,, and we note that this metric
is strictly flatin the sense of (6). Besides the coordinate basis,
we define a Lorentz basis whose inner product always
returns the Minkowski metric components 7;; =@, - €;.
Under this condition, the Lorentz basis is completely free
to rotate under the proper, orthochronous Lorentz rotations at
each point in M, and is not presumed to follow from any
particular coordinates (i.e., it is nonholonomic). A vector V'
referred to this basis has a covariant derivative

DjVi = hj”(aﬂVi + Aikﬂvk), (7)

in which the (inverse) translational gauge field, 4;#, and
rotational gauge field, A”, = Al | are introduced to main-
tain invariance under general coordinate transformations on
M (., passively interpreted diffeomorphisms) and rota-
tions of the Lorentz basis. In this way, the Poincaré group is
gauged. The inverse translational gauge field satisfies
b',h* =&, and b',h# =&} The metric components in
the curved space of Einstein’s theory (such as the flat
cosmological metric we will consider in Sec. V) can be
recovered using g, =n;;b',b/, and ¢ =nhFhy.
The gauge invariant measures on M and M are, respec-
tively, /=g, where g = detg,,, and b = h™! = detb’,. Two
field strength tensors are motivated by commuting the
derivative (7)

Rijkl = 2]1](”]’1[‘/(8[/414””] + Aim[ﬂAmjﬁ]), (83)
Ti =2 b (b + Ay b™,). (8b)

These are the Riemann—Cartan curvature and torsion tensors,
but are not understood to imbue M with any geometry.
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While the “particle physics™ picture is consistent with our
earlier treatments on this topic [18,19,21], we concede that it
is far more usual to treat torsion and Riemann—Cartan
curvature as complimentary geometric qualities. In the
geometric picture, the Riemann spacetime M is generalized
to a Riemann—Cartan spacetime, rather than specialized to a
Minkowski spacetime. The interpretations are dynamically
indistinguishable, and translations between the two are
provided in [20,21].

B. Primary constraints and 3 +1

In order to transition to the constrained Hamiltonian
picture [14,20,22], we first define the canonical momenta
as follows:

T = _ObLg o ObLg

d(0pb',)" T 0(0pAY )

©)

Following Refs. [6,7], we will consider only the gravita-
tional part of the Lagrangian, i.e., without any matter Ly;.
Since the field strengths (8a) and (8b) from which (2) is
constructed make no reference to the velocities of b*, and
A, the definitions (9) incur 10 primary constraints,

0— -0

QP =Ty NO, (ﬂ,’jOEﬂ'ijONO, (10)

so that the conjugate fields b¥, and A"/, are nonphysical.
Notice that the weak equality is denoted by (=). The
constraints (10) are a consequence of Poincaré gauge
symmetry; their presence is independent of the couplings,
and they are first class (FC). We refer to them as “sure”
primary first class (SPFC) constraints. In order to system-
atically isolate the “sure” nonphysical fields, we introduce
the 3 4 1 splitting of the spacetime, in which a spacelike
foliation is characterized by the timelike unit normal ;.
Any vector which refers to the local Lorentz basis may be
split into components V' = V+n + V', which are, respec-
tively, perpendicular and parallel to the foliation; parallel
indices are always denoted with an overbar. In what

follows, it is very useful to note the identities b’}ah;“ =

5%( and b’_‘ah,-c/" = &). The lapse function and shift vector are

defined with reference to the nonphysical part of the
translational gauge field using this normal

N = n, bk, @ = bk, (11)

The remaining momenta can be expressed in the “parallel”

forms #;* = n;°b*, and #;;* = m;b*,. In order to reveal

the Hamiltonian structure of the theory as naturally as
possible, the Lagrangian in (2) is best written in the
irreducible form

1 J .
LT - EaOmPZR + Z &[lekllpijklnmpq nmpq
=1
3 A . .
+ my? Zﬂ]lekIPi/klanlnm + Ly, (12)
=1

where the nine operators /P project out all the irreduc-
ible representations of SO(1, 3), in no particular order, from
the field strengths. For the details of these projections,
including the linear translation between the quadratic
couplings of (2) and (12), see Appendix A. Within the
field strengths, the 3 + 1 splitting is used again to separate
out the fields b*, and A%/, (which are nonphysical) and the
velocities of all fields (which are noncanonical) by

Tikl = Tiﬁ + 2n[k’T"ﬂ], (133)

RYjy = Rl + 2nyRY 13, (13b)
where such variables are confined to the second term in
each case. We are concerned with theories of the quadratic
Lg ~R?* + m,*T? form (i.e., ay = 0), under the source-
free condition Ly; = 0. Substituting (12) into (9) and using
Egs. (13a) and (13b), we find that the parallel momenta can
be neatly expressed as functions of the field strengths

% OLp .

= =dAm 2y pPART, 14
J 87'1/; mp — PrPi", ml ( a)
A oLy Zé I T S —

J = aRUU—( = 8 - ar P” m R g (14b)

where the measure J = b/N on the foliation is strictly
physical, since b¥ is divided out by N.

Writing the parallel momenta in this form facilitates the
identification of further primary constraints. Beginning
with (14a), we find that the 12 translational parallel
momenta decompose into four irreducible representations
of O(3). Using the spin-parity notation of [16,17], we write
these as

;[k_ :ﬁ_l"‘nkﬁ'lj, (153)
N 1 A A N
ﬂE=§1’]ﬁﬂ+ﬂﬁ+ﬂE. (15b)

In this expansion we identify the 0 scalar 7, the anti-
symmetric 17 vector 7y, the 17 vector 7z, and the

symmetric-traceless 2* tensor 7;;. Applying this decom-
position to (14a) as a whole, we obtain four functions
which, with the aid of (13a), are simultaneously defined
both in terms of canonical and noncanonical variables:
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9 =J"% = ~4Bm N Ty, (16a)
A 7-1R7 4 A e 27
pa=J""7g —g(ﬂl —ﬁs)mp 1%
4 A A
= _g(ﬂl + 2ﬂ3)mp2T[U]J_7 (16b)
— —1a 45 5 27
pir=J"n— g(/ﬁ —po)my, Ty
4 . o
=73 (26, + ﬂZ)mpzTLl_cL7 (16¢)
pg=J"" g = —4pm? T g | (16d)

where the vector and symmetric-traceless torsion are

- . 1 —

T;=T';, T@H = T(H)L — 5’7?]’7leij' (17)
In each case, if the combination of coupling constants
appearing in the noncanonical RHS definition vanishes, the
canonically defined function on the LHS becomes a
primary “if’-constraint (PiC). An analogous construction
is available for (14b), with the 18 remaining momenta
decomposing as follows:

B = Aggy + 2007 135 (18a)
N r A N

=3t T gt g (18b)
. 1 = .

”W = EEWJ_P;[ + 71'[/'(7’]]],;1 + gTﬂ'm. (18C)

These are the 0T scalar 7z, the antisymmetric 17 vector

7 7> the symmetric 2¥ tensor #,;;, and then the 0~

pseudoscalar P, the 17 vector 73, and the 27 tensor
7. We will use (™) to refer to the pseudoscalar part
of general tensors, and (") to refer to the tensor part
(with antisymmetry implicit in the first pair of indices, even
if o = 'l?[W])' The six PiC functions from (14b) are then

oL =J"% +2(0y — )R = 4(0s + 06)R | 1. (19a)
Fo=J0""+4(0y—03)PR 1, =—4(é +3)PR..,  (19D)
D=7~ 4 - 2R = —4(@ + a5)R ), -
(19¢c)
0i=J"y + 4Gy — )R = —4(ay +as)Ry,. (19d)

&J_H = J_lfﬂﬁ +4(a - &4)2@

= —4(&1 + &4)Rl<k_l>L’ (196)
T@% = J_]Tﬁ'W - 4(&1 - &Z)TRJ_W
= —4(a + &Q)TRWL, (19f)
where we make further notational definitions
PRI, =€MRez . PR, =R
Ri=Rg.  R=R- (20)

By this analysis, the possible occurrence of primary
constraints is systematically exhausted.

C. Secondary constraints and the Hamiltonian

In order to be consistent, a primary constraint should not
have any velocity within the final mass shell, so its commu-
tator with the fotal Hamiltonian should weakly vanish:

o) = / Ery{p(n) He(xw)} ~0.  (21)

The total Hamiltonian is related to the canonical
Hamiltonian, the Legendre-transformed Lagrangian, by
the constraints and their multiplier fields:

1 ..
Hy = He + ukop’ + 5 ulj()(pijo +(u-@), (22)

where the last term schematically represents any PiCs
which may arise. The canonical Hamiltonian may generally
be collected into the insightful Dirac form [23,24],

1 ..
He =NH, + N*H, — EAUOHU +0,2%  (23)

i.e., as a linear function of the nonphysical fields up to a
surface term. The remaining functions, which appear in
(23), are defined as follows:

s |
H, =#arT; + Eﬁi FRU g —JL = nkD,m,  (24a)
. 1 .
Ha = ﬂiﬁTlaﬂ + zﬂijﬂleaﬂ - bkaDﬂﬂ'k‘[}, (24b)
Hij = Zﬂ[iabj]a - Daﬂ'l’ja, (24C)
a i a 1 ij a
.@ =b ol + EA 077,'1']' . (24d)

It is clear from (21) and the Dirac form (23) that the
consistency of (10) invokes 10 “sure” secondary first class
(sSFC) constraints,

084036-5
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H, =0, H, ~0, H,;; =~ 0. (25)
It is important to note that while the sSFCs in (25) are
always enforced, it does not always follow that 2 x 10
d.o.f. are removed from the theory, as is the case with the
sPFCs in (10). The functions involved are quite compli-
cated, and may degenerately express a reduced number of
FCs, or FCs which only appear at deeper levels in the

|

3

consistency chain. Indeed, while this is very rare in the
literature, we will find that it occurs for all eight novel
theories, as a consequence of vanishing mass parameters.
The linear and rotational super-momenta H, and H,;; are
kinematic generators which do not impinge on the dynam-
ics. Thus, in the evaluation of (21), it is sufficient to work
purely with the super-Hamiltonian H | , which is, at length,
expanded out using Egs. (12), (13b), and (13a) to give

Hy=my'd Zﬁl AT PR T = TP T

mk
I=1

6 _

E:A ip _Ip 1k Llpijg _ ip__Ip mk Mg k a
+J 0{1[4RPJ_k Pip iq qull_Rp Pip iq R]qnl] —n Da”k ,

=1

mk

EPNT 7 ~ ~T i
:i|: 2¢2 6(Pm(pkl 6(PJ_]}§0JJ( 2(ﬂﬁ(ﬂ N 2§0J_2 N P¢2 2(/@@(,0“1
16 3,32'";)2 (B + 2,53)"%2 (25 +ﬂ2)mp2 ﬁlmp2 30y + ) 6(p +a3) 0
= =k >~ Lkl T, T km NN
e 2050 10905, @ Lon o ) LY Y =
J|=(2 T T - 2p T:T

ay+as 0+ oy 9(&; + &) + 3( P+ B3)my"T | + 3 (B1 +282)m,* T

1. 16 . o 1 o _
- 8ﬂ3mp2PTz + §ﬂ1mp2TTkTm THm 4 3 (G4 + a6)R* — 3 (@ +a3)"R 1% +2(&, + a5) Ry R

o E L oa A 6, _
+ (a4 + a5)R R +2(&; + 0‘4)@@@“‘” + 3(“1 + ) "R TR

To arrive at the second equality in (26), the noncanonical
“perpendicular” field strengths appearing in the first equal-
ity are canonicalized at length by the dual PiC definitions in
Egs. (16a)-(16d) and Egs. (19a)—(19f), resulting in terms
quadratic in the PiC functions, and in the canonical
“parallel” field strengths. The resulting expression is quite
lengthy, but can be simplified for any given theory by safely
eliminating those PiC functions which become constraints.
The signs of the remaining quadratic PiC terms are then
instrumental in the identification of unconstrained ghosts,
since the PiC functions are schematically of the form ¢ ~
t+Rorp~r+T7.

The consistency of the PiCs is less straightforward.
Generally, the PiCs may be FC or second class (SC) within
their own mass shell. In the case that a PiC is FC, (21)
provides a secondary if-constraint (SiC). Possibly, the PiC
and SiC do not commute; in that case both become SC
within the new mass shell and the consistency of the SiC
allows a multiplier to be determined:

7o) = / oy (V1) Ho (1)}
+u-{y(x1),0(x)}) =0. (27)

Otherwise, a tertiary if-constraint (TiC) may be found, and
the process continues until the constraint chain from the
PiC is absorbed by another chain, or by the sSFCs. In the

— kD, 7% (26)

case that a PiC is already SC within the PiC mass shell, its
chain terminates immediately and two multipliers are
determined. We note that, occasionally, a constraint may
be encountered at some deep level which retroactively
terminates the chain at a shallower point. Only once the
algorithm has terminated is it safe to categorise the if-
constraints as FC or SC.

In the linearized theory [12], the analysis is greatly
simplified by an understanding of the mass spectrum [1].
Only the O(1) parts of the PiC commutators contribute to
the evaluation of the multipliers. Such commutators are
possible only between pairs of PiCs which belong to the
same O(3) irrep, and which are known as conjugate pairs
[25]. Conjugate PiCs will fail to commute in the linear
theory only when their common mass parameter is non-
vanishing. In this case, if only one PiC in a pair is present, it
will still fail to commute with the SiC that maintains its
consistency. Particularly, the rotational Fp and T(pW have
no O(3) counterparts in the translational sector, and are
conjugate with their secondaries ¥y and Ty a priori. In
the case of vanishing mass parameters, the PiCs are FC, and
a new gauge symmetry is invoked. The PiCs belonging to
various O(3) irreps, along with their kinetic parameters and
linearized mass parameters, are listed in Table II.

Note that up to this point, our discussion has been fully
general, and lays the theoretical foundations and conven-
tions for the forthcoming series. The evaluation of Poisson
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TABLE II.  Spin-parity sectors and associated PiCs, along with
their kinetic and mass parameters. For completeness, we include
the m,*R term, mediated by ay.

knowledge) translate into any useful restriction on the
physics. Of the 58 novel theories in [6,7], eight satisfy our
criterion: Case 3, Case 17, Case 20, Case 24, Case *25,

Case *026, Case 28 and Case 32. For most of these cases,

Jr PiC Kinetic parameter Mass parameter e ;
- we are fortunate that the remaining PiCs among Eqgs. (16a)—
o+ 4 . /iza (200 + ) (16d) a}lso do not. depend on ’T’ﬁ.. Qase 3 and Case 17 are
b1 4% exceptions to this rule. We detail in Table III our prior
0~ Fo  + 03 ay + 2p; understanding of these theories, as encoded by the saturated
oo B+ 2/ . . graviton and roton propagators, linearized on Minkowski
" P & + as (@0 +2p3)(@ — 1) spacetime in the absence of matter. Aside from having
. . . torsion-dependent PiCs, Case 3 and Case 17 are particu-
1- P 261 + b ay + Bo)(ao — B1) larly interesting as candidate theories of gravity, as they
- Qy + s o+ P2)(a — b . . . +
Pk contain two massless d.o.f. with power in the 2" part of the
p B A propagator—we will return to this point in Sec. IV.
2t ~ ki &+ ay ag(ag — fy) From our discussion in Sec. IIC, we see that the
Y1 . constraint structure of the theory depends partially on
2 Vtim ) a — P the commutators between the PiCs, which form the primary

Poisson matrix (PPM). In Secs. III and IV we will use the

structure of the nonlinear PPM as a proxy for the health of
brackets is made tedious by the dependence of various  each theory.
quantities on the translational gauge field, as illustrated by

the following useful identities: IIL. MASSIVE-ONLY RESULTS

A. Case *®26

8111 8hly

' = -H bt —_hVhH

bk, M bk, i hi Conveniently, the PiCs of the massive theories depend on
ob a7 ON neither 7° ’j—k nor R, so we will have schematically ¢ ~ 7

= bh*, P Jhi¥, P Nnih,*. (28)  for both translational and rotational sectors. By substituting

the definition of Case *®26 from Table III into (26) and (22),

N . the total Hamiltonian is seen to take the form
As a crude measure to simplify the calculations, we

artificially restrict our analysis in this paper to theories
whose PiCs among Egs. (192)—(19f) do not depend on Hr

b (18%@@ Pp?
RY7. It must be emphasized that this does not (to our

_ 2 (2P P | fields, 2
96 5, &3>+1e s (29)

TABLE III. From the 58 unitary, power-counting renorm alizable cases of (2), we consider the eight cases whose primary constraints
do not depend on the Riemann—Cartan curvature. The numbering follows [7], with the original numbering of cases first identified in [6]
indicated by (*). The definitive constraints on the couplings are given, along with extra conditions which fix the unitarity, separated by a
caret (A). The methods of [6,7] provide partial information about the particle spectrum. Propagators may be of A"/ u (blue), or the
antisymmetric (green) or symmetric (red) parts of b’,,. Propagator poles are massless (empty circles) or massive (filled circles). Within
each J¥ sector, AV « and b , modes may be coupled (multiple colors) or transmuted by gauge transformations (multiple circles).
Ultimately, the propagator spectrum is only indicative of the particle spectrum; the actual number of propagating degrees of freedom are
shown in the final column, but their field character, or J?, is indeterminate in the massless case, because poles from multiple J” sectors
coincide at the origin of momentum-space.

# Criticality equalities Unitary inequalities o ot 1— 1t 27 2t d.of.
Case 3 === =P =P +20=0 a3<0Aas<OAp <0 ® &P o e oo
Case 17 =t =03=b,=0s=Pr =P, +2B;=0 s <0 o & & oo
Case 20 Q= =0y =as=dg=0 0<p3s Ay <0 e o & &P o’

Case 24 == =d=p =0 0<p3Aés <0 e o & &

Case *25 ==ty =05=0a,=p =0 0<pynia; <0 ° & 4° &P o

Case “26 M=t =ty=ds=0s=p =P =0 0<psnas<0 ® &

Case 28 ==y =05 =p =P =0 0<psAdz <0 ° o &

Case 32 d =y =y =5 =06 =P, =0 0<Psnay<0 ] £ o o
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where we include only the part quadratic in the momenta.
The remaining eight PiC functions that do not appear in
(29) are primarily constrained, and give rise to the follow-
ing nonvanishing commutators within the PiC shell:

{01300} 5776, (30a)
) 1 :
{9051 ~— 62 €m P20, (30b)
~ o~ 1 2 2 3
{05 0m} = 5 lmia ) + mia im0 (30c)
- o )
{‘/’Tj’ P} 242 [ NGae|yimL — NGl ymmL
1 ey L] 76 (30d)

where & represents the equal-time Dirac function. The
nonlinear PPM of Case *926 is then written:

[ERERY
® o 1
R Bt e
LR O SO
;W . . T . . . E . E ﬂ" 5
. 4’7 ...... = L
o b N N . . L .
N , (31)
wal . ﬂ'. . . . . . . 3
L [EErEr
PR R 3
SNOL*Z _ 5
T ol .
Prim - 5
1 3 5 1 3 3 5 5

The elements of the matrix schematically represent the
nonlinear Poisson brackets between the PiCs. The PiCs are
labeled, along with their multiplicities, at the edges of the
PPM. They are arranged so as to divide the matrix into
translational and rotational blocks, separated by (+). All
brackets are restricted to the PiC shell. Commuting PiCs are
dentoted by (-). Noncommuting PiCs denoted as (7) are
strictly linear combinations of #;* and #;* as detailed in
Egs. (302)—(30d). Generally, these expressions can be quite
lengthy, so henceforth we confine them to Appendix C.
Commutators depending on momenta which (as we shall
shortly show) propagate in the final linear theory are
denoted by (z!). These are significant as they are presumed
to persist even when the full nonlinear Dirac—-Bergmann
algorithm is terminated, except possibly on any strongly
coupled spacetimes which might be found away from
Minkowski spacetime. Constant terms only arise in brack-
ets between conjugate PiCs (i~4), and then only if both PiCs
have nonvanishing mass parameters. Since all the PiC mass
parameters vanish in Case *626, no constant terms can arise.
The linearized theory is sensitive only to these constant
terms, but we see from (31) that the conjugate PiCs also
commute in the nonlinear Case *©26.

Let us now consider the consistency of the PiCs, and
implement the Dirac—Bergmann algorithm for the linear-
ized theory [26-28]. Within the PiC shell, we encounter the
following SiCs:

2R =2 R, (32a)

A 1
P R ——€

mge T DR, (32b)

where quantities linearized on the Minkowski background’
are denoted with (b). Also within this shell, we find H® N
and H’; already vanish weakly, while the linear super-
momentum and vector part of the rotational super-momen-
tum give further sSFCs:

b~ b j. bkl _Ab
H(IN_haJr] Dk”_

I (33a)

N 1 T A
Hog ~ 270 — cE DR (33b)

The SiCs clearly vanish in the sSFC subshell, terminat-
ing the algorithm immediately. We find that ", is already
implied by Hbﬁ, which constitutes a total of three sSFCs.
The PiCs are all FC, and the total number of PiCs which are
FC on the final shell (iPFCs) can be read off from (31).
Recalling also the 10 sPFCs, and counting all FCs twice,
we find that there is only one propagating d.o.f., as

expected from Table III:

1
1 :5(80—2x 10[sPFC] — 2 x 3[sSFC]
—2x(14+34+54+1+3+3+5+5)[iPFC]). (34)

So, what is this d.o.f.? We know that there are 26
undetermined multipliers, to match each of the iPFCs.
Generically, this makes it very difficult to make sense of the
equations of motion. However, we can make an educated
guess by noticing that the functions ¢7; and Po are not PiCs
and in the end, it turns out to be the 0~ torsion which is
propagating. Two applications of (21) produce the accel-
eration of a quantity. Accordingly (and assuming some
solution and gauge in which spatial gradients and multi-
pliers vanish) the pseudoscalar torsion 7" can be cast as a
harmonic oscillator with mass

55|

||

(35)

m=2 ps

*Note also that we use the linearized gauge covariant derivative
D';, even to replace the nonlinear coordinate derivative hbgf‘aﬂ.
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if f}3 /az > 0. The unitarity conditions in Table III can now
be decoded. The condition &; < O clearly wards off a 0~

ghost by inspection of (29), whereas 33 < 0 then prevents
the 0~ from becoming tachyonic.

In the nonlinear theory, the PPM is no longer empty as
shown in (31). We anticipate that the emergent commuta-
tors will ultimately result in a fundamentally different
particle spectrum. Particularly, we see from Egs. (30c)
and (30d) that ¢, ‘;H ¢ 7> and T(pm are all demoted
from iPFCs to PiCs which are SC on the final shell (iPSCs)
so long as 0~ is activated. Possibly, 0~ becomes strongly
coupled on some other privileged surface within the final
shell, but since the converse is unlikely to be true we
conclude that an iPFC generally becomes an iPSC in the
nonlinear theory. According to Dirac’s conjecture, the FCs
are associated with gauge symmetries. More correctly,
every primary FC constraint can be used to construct a
nontrivial gauge generator using the Castellani algorithm
[29]. We therefore expect that a generator is generally
broken.

To see one way in which this might affect the outcome,
imagine that none of the sSFCs are degenerate in the full
nonlinear theory, but that they still encode the iSFCs
(which therefore need not appear in the final count). The
nonlinear theory would then be expected to propagate two
d.o.f.,

ol
2(e:g)5 (80 — 2 x 10[SPFC] — 2 x 10[sSEC]

—2x (14 143+ 5)[iPFC]
— (345+3+5)[iPSC)), (36)

suggesting that somehow one d.o.f. from the 17 sector (i.e.,
the only J? other than 0~ which is not primarily con-
strained), is generally activated, but becomes strongly
coupled on Minkowski spacetime. It is not clear what this
would look like, and we emphasize that the specific
scenario in (36) is unlikely to be the one which is realized.
The full picture can only be revealed by performing the
nonlinear Dirac—Bergmann analysis, beginning from (31).
Following treatments of simpler cases of PGTYT in [16], we
will not go this far. However, we think it likely that any
activation of the 17 sector will damage the unitarity of the

ﬁ,kl

theory, since we see from (29) that ftH has a negative

contribution to the energy by the same condition ﬁ3 <0
that upholds the unitarity of the 0~ mode. For further
discussion of the “positive energy test,” we direct the reader
to Appendix B.

Finally, (31) may also indicate that the nonlinear theory
violates causality. We refer to the test based on the
tachyonic shock in the nonlinear Proca theory [15], which
was also implemented in [16], whereby the PPM rank is not
required to depend on the values of the fields and their
momenta. The motivation for this requirement is as follows.

It is easy to see from (21) that the multipliers “u and ?u of a
pair of PiCs 4p and %y can be determined in the case that
{49, Bp} # 0 on the final shell. Moreover, “u will be
nonvanishing if {Hc,5p} % 0. Imagine that a dynamical
trajectory intersected a surface £ on which {4p, 5p} — 0.
The multiplier “x had better not have any physical
interpretation in that case, since it would diverge.6
Unfortunately in the case of PGTI", the multipliers can
be written in terms of the noncanonical velocities’ through
the dual definitions of the PiC functions in Egs. (16a)—
(16d) and Eqgs. (192)—(19f). The interpretation is then that a
tachyonic excitation develops on the approach to X. In the
case at hand, the nonlinear PPM in (31) is populated by
momenta, and the linearized PPM is empty. Thus,
Minkowski spacetime is just such a surface X. More
generally, when the linearized PPM is populated by
constant mass parameters, the requirement becomes that
the nonlinear PPM pseudodeterminant should be positive-
definite within the final shell.

B. Case 28

Since Case 28 has fewer PiCs than Case **26, the kinetic
part of the Hamiltonian is more extensive.

N _\[_( " =
b <6(fﬂw + 20, 50

HT - % a5

18A_Aﬁ P 2
+—E? Ai) + fields, (37)

P a3

while the PPM has fewer dimensions:

L] .- ’

¥ ’ O 1

© % T T T |3

e . 7?(" 5
T (38)

L AL 1

SN"LH m 7T 5

T T
Pilm T 5
1 3 5 1 5 5

Within the PiC shell, we find that ¢” and (,Nobﬁ already
weakly vanish, leaving the following SiCs:

%The problem is somewhat analogous to one of strong
coupling. If the prefactor to the kinetic term of a field vanishes
(i.e., its mass becomes infinite) on some X, the Heisenberg
principle suggests that quantum fluctuations will diverge on the
apgroach to X.

We note a caveat here, that this interpretation is strictly true
for theories with nonvanishing mass parameters; more careful
investigation of the multiplier interpretation may be warranted for
the cases at hand.
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2~ 2D R, (39a)
=
PRy (39b)
~p 1 b
X IV ~ EDbu‘(ﬂ' 7>, (390)
T, b ~ IDb Ab l,D _Ab
Xkm ® 52w 1k +§ [ LR
3 oA
+ Zﬂbm[z‘q’?b”pbfﬂbmp, (39d)

which do not give rise to any TiCs. Also within the PiC
shell, the following sSFCs appear:

Moy =R IR, (40a)

A 1 i N =P
Hbﬁ ~ 2ﬂ'bﬁ _ gebml”bmn'DbﬁPﬂb 4 Db[l}” 1 (40b)

b o P h AD
HJ_kN’/I Djﬂ

e (40c)

In this case, it is easiest to restrict to subshells using the
SiCs and sSFCs simultaneously. We first note that " ;
restricts 7 177 o be solenoidal, dual to the gradient of a
scalar, and thus eliminates two d.o.f. The remaining d.o.f. is

—b
eliminated by T)(bM. Similarly, y*, restricts # ; to a
solenoidal axial vector, removing one d.o.f. A further
d.o.f. is removed by substituting H[’ﬁ into H’,, and a

final d.o.f. is removed by ;N(b 17 Separately, Hbﬁ removes
three d.o.f. All the PiCs and SiCs are FC, and one d.o.f.
remains, as expected from Table III:

1
1= 5(80 —2 x 10[sPFC] — 2 x (1 4+ 3 4 2)[sSFC]

—2x (14345+1+5+5)[iPFC]
—2x (14 1+ 1)[iSEQ)). (41)

As with Case *©26, the no-ghost condition, a3 < 0, protects
the 0~ mode in (37). However, we note that the linearly
propagating P# again emerges at the nonlinear level in (38),
so that a linear gauge symmetry is broken and (41) is not
valid sufficiently far from Minkowski spacetime. Whether
or not an increase in the propagating d.o.f. results in a ghost
is not so clear in Case 28 as it was in Case *26. From (37),
we see that an activation of frﬁ would endanger nonlinear

unitarity by the linear no-tachyon condition /3 < 0.
However, if either of the vector torsions 7j or 7 | were

to propagate, positive-definite contributions to Hry could be
ensured by respectively fixing a5 < 0 or &5 > 0, since @5

does not serve to shore up the linearized unitarity. The key
point here, as discussed in Appendix B, is that with our
“West Coast” signature every contraction on parallel
indices introduces a factor of —1. Therefore, if both vector
torsions propagate in the nonlinear theory, it would seem
that negative kinetic energy contributions to Hp are
unavoidable. Whatever the status of ghosts, we observe
that the nonlinear PPM has field-dependent rank.

C. Case 25

The structure of Case *>25 has many similarities with that
of Case 28. The Hamiltonian takes the form

o= L <4(rp2+9mw”‘)

% P
186—¢ kP 2

u? ﬂ) + fields, (42)
P as

while the nonlinear PPM is more sparsely populated:

1
ol KR A
wL . . . 1
Qu:z L 3 (43)
LPF --'--\. ’ ’ ’ 3
Ttpklm 7! . 5
5 1 3 3 5 5
Within the PiC shell, we have
P~ D gr 1), (44a)
LR, (44b)
. 2 1 - .
Zblﬁ ~ Zﬂ'bﬁ _ gebm n bmnDb,—ZPﬂb, (440)
—p "
7 iR27 g, (44d)
and this time, all 10 sSFCs persist in the PiC shell,
H |~ =D s, (45a)

1 . TS A
Hba ~— ghbakpbl_cﬁ-b _ hbakr]b]erb;ﬁ_bH’ (45b)
(45¢)

~ 1 __
b AAb b bRy Pab
R~ ”kz_gekzmﬂlmnpr’l”’

(45d)
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We find that H" | ; and Hbﬁ each remove three d.o.f., while
2’| removes one d.o.f.; the remaining sSFCs and SiCs are
then implied, and the PiCs and SiCs are FC. Once again,
one d.o.f. remains as expected from Table III,

1
I =5(80 =2 x 10[sPFC] = 2 x (3 +3)[sSFC]

—-2x(5+1+4+3+3+5+5)[iPFC]
— 2 x 1[iSFQ)). (46)

The discussion now proceeds in much the same way as with
Case 28, since PiC commutators linear in the propagating
P% emerge away from Minkowski spacetime. This time, it is
the tetrad momenta 7 and 7,; which introduce extra
uncertainty regarding ghosts. If only one of these momenta
becomes activated, [}2 may be used to ensure it has a
positive contribution to Hr. Again, the nonlinear PPM rank
is field-dependent.

D. Case 24

Case 24 has only 16 PiCs, the fewest out of all the cases
we consider. The kinetic part of the Hamiltonian is propor-
tionally more complicated,

N = -
b (6(prp +20 =0 ) 185N
He < (pro @ g0 | 18050

-2 h
402+ 90 0tF)  Py?
N (p* + “PLkP ) _ Ai) + fields, (47)
P> %

while the PPM is extremely small:

;kl 5
1 (48)
PLET 5
Within the PiC shell, we have the following SiCs
—b
Pa~-Dgr 1), (49a)
VAT ¥ (49b)
b 15 =P
X %ED </‘(7T 1) (49C)
T, b ~ 1 D Ab 1 Db _Ab
X am 5 Pt lﬁ+§ I 1k)m
3 o A
+ Zﬂbm[z‘c]ﬂb"’pbiﬂbw]j, (49d)

and the following sPFCs:

H |~ =MD 5, (50a)

Hym - % W KD — WP S DR, (50b)
Moo m 28 — éebWﬁWDbﬁPﬁb +Dah g, (50c)
Mg~ 2 + 0D 5. (50d)

It is clear from the PiC shell that Case 24 has much in
common with Case 28, and again we will implement the
SiCs and sSFCs simultaneously. First, we find that T;(bw
constitutes an over-determined system in 2 1T which
vanishes and takes with it three d.o.f. Consequently, from
H 7, we see that #° ; must vanish along with another
three d.o.f., such that 4", and )”(bﬁ vanish automatically.
Similarly, ;?b 1% is an over-determined system in 2 T
which vanishes with another three d.o.f.; ¥” | then causes 7
to vanish with one d.o.f. As before, one d.o.f. propagates in
accordance with Table III,

1
I =5 (80 —2 x 10[sPFC] — 2 x (3 +3)[sSFC]

—2x(5+ 145+ 5)[iPFC]
—2x (1+ 3+ 3)[iSFC]). (51)

It is clear from (47) that any inference of the nonlinear
unitarity will just combine the discussions of Case 28 and
Case *25, while the PPM rank is again field-dependent.

E. Case 32

For the first time, we encounter nonvanishing mass
parameters between the PiCs, specifically in ¢ 1T
and Tgabm. We anticipate the nonvanishing commutators
even at the linear level {9" 7.2" 7}~ O(1) (noting
that the natural conjugate @bﬁ is not a PiC) and
{"¢" > %'} ® O(1). These PiCs and SiCs will be
SC, allowing for the determination of their multipliers.
The kinetic part of the Hamiltonian is

b <6(3<m¢“_‘ + 2950

T B
364 Akl P2
Va? Ai> + fields. (52)
pr+2p; a3

In the PPM, we label the PiCs associated with nonvanishing
mass parameters by (| ), producing
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4 4
A S T
P P Pikl Pr Pikl  Prim
[
Lp‘ . . " . . 1
Y 1
A
- Piw 3 (53)
Y% 3
YiE 5
T .
- Cpkhn 5
1 1 3 3 5 5

Thus, the PPM of this theory is remarkable, since it remains
empty even in the nonlinear regime. Within the PiC shell,
we find the following SiCs:

=MD R (54a)

N B+ 2ps b 1 T A

P B — s Ta— gelen‘ DR’

95,
Il P, (54b)
(P1 = P3)(B1 + 2p3)
NN b

X ER R (54c)
P ar g (54d)
o Kim ~ 4fym 2TTbklm (54e)

Note the appearance of field strengths, specifically the
torsion in @bﬁ and T bm. While these somewhat compli-
cate the analysis, they naturally appear with the mass
parameters. We also mark the first apparent instance of a
TiC accompanying 7 17+ Using the notation { =y, this
may be written as

.[;

ablk[ leDbt )( (k|j|T)» (55)

UJ

which then vanishes in the SiC shell. The PiC shell contains
the following sSFCs:

Hy —ﬂblebk” 10 (56a)
Moy~ —h0 ST R — P k’,]bjlpb];r o (56b)
Mg =28y~ 6€bkzmﬂ7bmnpbhpw’ (56¢)
H i~ 7 (56d)

Since two of the PiC chains are known to be self-
terminating, the algorithm concludes quite quickly. As
with Case*25, H’,; and H’p each eliminate three

d.o.f. Another five d.o.f. are then removed by 7’ P
with the remaining SiCs and sSFCs automatically
satisfied. The one remaining d.o.f. is again expected from
Table III,

1
1= 3 (80 — 2 x 10[sPFC] — 2 x (3 + 3)[sSFC]

—2x (14 143+ 5)[iPFC] — (3 + 5)[iPSC]
—2 x 5[iSFC] — (3 + 5)[iSSC)). (57)

On the whole, the outlook for Case 32 appears more
promising than for the previous cases, because the PPM
retains its empty structure (and rank) when passing to the
nonlinear regime. This is just the first hurdle, as the full
nonlinear algorithm would still be required to determine
whether further fields become activated. The implications
of field activation are slightly relaxed, compared to
Case*25 or Case 28. The linear tachyon condition
ﬁ3 < 0 need not imply that a propagating frﬁ contributes
negative kinetic energy if ﬁl + 2ﬁ3 > (0. This can be

realized even if 77; is simultaneously activated. However,
for positive kinetic energy it seems 7 | ; must be activated

on its own or not at all, since ff] < 0 would then be
required.

F. Case 20

The analysis of Case 20 is quite similar to Case 32.
Mass parameters again accompany the PiCs, and we
expect (p T P and T bﬁ to not commute with their
respective SiCs on the final shell. The kinetic part of the

Hamiltonian is

b (4?1253
o — (40 /T
Fa b
36059" w o’
AL I ) + fields,  (58)
Br+2ps 2B +p &

and once again the PPM is empty both before and after
linearization:

L4 4
o T
PL Pirl PE PLE kalrn
P : 1
A .
- Piw 3 (59)
— 5; 3
;L7 5
- T(kam : 5
1 3 3 5 5

Within the PiC shell, we first note the following SiCs:
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XiRP, (60a)
. Bi+2Bs 4, 1 — .
P -~ i DR PR
Y
R — P (60b)
(P1 = P3)(B1 + 2p3)
—b +2 95,
7 - J ﬁzﬁ"uﬂr = ﬂlﬂf —q¢" 7. (60c)
B - B (Br—=P2) (26 +52)
- b
P aRE g, (60d)
T~ A m T (60e)

This time, two TiCs appear, but upon rearranging, both
may eventually be written in terms of the SiCs which are
SC on the final shell (iISSCs), and are therefore satisfied
automatically:

= 4 —b
LR Dy, (61a)

bi 1 D —b
4 TR wn —5Dux . (61b)
The sSFC content in the PiC shell is largely the same as that
of Case 32, with the only difference marked in the linear

super-momentum

Hba ~ _%hbal}bel,{Ab

kb A
WD .

bkbjl b
h D”kz

(62a)

Aided by the additional conjugate pair of constraints, the
algorithm terminates even faster than with Case 32: we see

that one and five d.o.f. are removed by each y* | and (}b Nt

As before, the one propagating d.o.f. is confirmed from
Table III:

= %(80 — 2 x 10[sPFC] — 2 x (3 + 3)[sSFC]
—2x (1 + 5)[iPFC] —

—2x (1 + 5)[iSFC] —

(3 43+ 5)[iPSC]
(3 + 3+ 5)[iSSC)). (63)

If positive kinetic energy is a requirement, it seems that the

momenta 7 and 7, ¢, in combination with one or more of 7;
or frﬁ, should not all be activated at the same time.

IV. MASSLESS RESULTS

A. Case 17

Two theories in Table I[II—Case 17 and Case 3—admit a
pair of massless modes according to the linearized analysis.

Beginning with Case 17, we find the Hamiltonian to have
the structure

2((ﬂk(ﬂ + 2(&_](1 ALkl)

=3 ( as
3(pJ_k(p + 2(p]<1
P

~ ki
) +fields.  (64)

As mentioned in Sec. II C, the evaluation of the PPM is
complicated by the appearance of torsion in PiC @
belonging to the translational sector. In general, commu-
tators between field strengths generate derivatives of the
Dirac function. In many cases, these derivatives either
happen to cancel, or they may be discarded up to a surface
term within the PiC shell. In any case, we find that the full
nonlinear PPM can be written purely in terms of the parallel
momenta, as before:

+ + +
N P
P Prr PL P Pikl  Prim
P
7 ﬂ':.-i . . 1
S N A T S
— PL,O T 1
PIET m 5
T . e .
- P ™ 5
1 3 1 1 5 5

Due to the appearance of mass parameters, we will expect
@' ', and "¢’ not to commute with their SiCs in the

final shell. Within the PiC shell, we find the following SiCs:

}(b ~ — bk[Dbkﬂ' 17 (663)
. 283 52 .
Zbﬁ ] —&—mpzﬂblﬁ - Db [,;)(bﬂ]
5
N —b
— 803m,* D" T 4, (66b)
—_ —b
KL -nD g, (66¢)
Py 2eTHLDSR =t 8fm PTY, (66d)
b X 1 b
X J_klzﬂ kl+§Db<]‘<ﬂ' T» (666)
1 N 1 A
Tﬂ(bm ~ EDbr ”bJ_H + ED [Z”bik]m
3 s
3 ’1bm[1’<|’7b”pbiﬂbm]7
— 8f3m, T (66f)
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Among these, we note that a TiC accompanies ;?b 7> but

may be expressed in terms of T){"m by precisely (55).
Within the PiC shell, the sSFCs are

H L~ —’lbapb/}ﬁbﬂ» (67a)
My =l ff D R — 1 M DR G, (67D)
o m 2R g+ Dk g, (67¢)
W2+ DR . (67d)

The conjugate pairs together eliminate six, two, and 10

N

d.o.f. before terminating. As with Case 28, 7 ; becomes
solenoidal due to ¥° | and loses one d.o.f., while three d.o.f.
are lost by each Hbﬁ and H’ ;. In total, two propagating
d.o.f. remain, as expected from Table III:

2— %(80 2 x 10[sPFC] = 2 x (3 + 3)[sSEC]
— 25 (1 41+ 5)[iPFC] = (3 + 1 + 5)[iPSC]
—2x (1 +5)[iSFC] - 3+ 1 + 5)[iSSC]).  (68)

According to Table III, these two d.o.f. should be
massless, and the power in the 2" sector of the propagator
invites speculation as to whether they constitute a graviton.
In Sec. IIl A, we were able to show that the one d.o.f. of
Case *©26 belonged unambiguously to the 0~ sector, but our
method cannot be so straightforwardly applied to Case 17.
This is ultimately related to the fact that the dependence of
the PiC ¢; on the parallel torsion TiH in (16b) survives,
even when the defining constraints of Case 17 are imposed
on the couplings. In the linear theory, this results in a
conjugate SiC )?bH which depends on the gradient of the

—b
torsion Db[,-(T j- This is problematic when it comes to

determining the linear multiplier ﬁbﬁ through the consis-
tency condition (27). The result is a partial differential
equation in the multiplier whose inhomogeneous part
results from a second-order Euler-Lagrange variation in
the Poisson bracket.

The ambiguity of ﬁbﬁ is problematic, as this multiplier
lingers in the equations of motion. Even worse, the eight

. . . g ~h . .
indeterminate multipliers u’, Pub, and u T associated with

the iPFCs also feature prominently. In order to discover the
JP character of the propagating modes using Hamiltonian
methods, one would have to fix the gauge.

We can draw some tentative conclusions just from the
kinetic part of the Hamiltonian, however. We see from
Table III that the linear theory is unitary only if a5 < 0. If

unitarity is to be associated with the positive energy test,
then the appearance of a5 in (64) would suggest that &; < 0
serves to prevent the 1~ mode from becoming a ghost. By
the same arguments, the 17 mode should be strongly
coupled within the final shell of the linearized theory,
since it would otherwise enter with negative kinetic energy.
It is reassuring to see from Table III that the massless
propagator does indeed have power in the 17, but not the 17
sectors. However, it also has power in the 2% sector,
possibly inviting speculation that the theory may contain

a spin-two graviton akin to that of Einstein. While 7; does
feature in (64), it seems unlikely that this mode would
independently propagate, since the unitarity of the theory
does not depend on ﬁ3. We reiterate that these conclusions
may ultimately depend on the gauge choice.

Finally, without a definite understanding of the propa-
gating J*, we are unable to say concretely whether fields
will be activated or if the PPM rank will be be field-
dependent in the nonlinear theory. It is quite likely that
these phenomena will occur, since we find in Appendix C

that the commutator of ¢; and T(pw depends on 7. This
has precedent, since the 2~ commutator has spoiled all the
theories in Sec. III, but due to the lingering gauge
ambiguity we denote it with (z) rather than (z!) in (65).

B. Case 3

It should come as no surprise that Case 3 is a relaxation of
Case 17, which admits an extra d.o.f. The kinetic part of the
Hamiltonian is given by (64), in addition to the pseudo-
scalar term encountered in all the cases of Sec. III. This is
the usual massive 0~ mode, and it comes with the no-ghost
condition &3 < 0. The extra condition, ﬁ 1, will prevent this
mode from being tachyonic. The nonlinear PPM is

1 1
A ~ T
P PR PL Pikl Prim
AT
© T - . . 1
— T 7! 3
(69)
. . 1
;LW 7Ar 5
- T‘Pk,l,m 7! 5
1 3 1 5 5

It is clear that P" is no longer primarily constrained. The
only change to the remaining SiCs of Case 17 is

A 1 T N b
Hbﬁ ~ 2ﬂbﬁ _ 6 ebmlnbmnDbﬁPﬂ,b 4 Db it (70)

but H",, is still satisfied. Overall, only the conjugate P¢" and
Py? pair are removed, leaving three propagating d.o.f. as
expected from Table III:
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1
3= 3(80 =2 x 10[SPFC] — 2 x (3 + 3)[sSFC]

—2x (14 1+ 5)[iPFC] - (3 + 5)[iPSC]
—2x (14 5)[iSFC] — (3 + 5)[iSSC]). (71)

We draw the same conclusions from Case 3 as from Case 17
regarding the vector nature of the gravitational particle. This
time however, we note the presence of *7 in the nonlinear
PPM, indicating that whatever the massless J*, at least one
gauge symmetry does not survive in the nonlinear regime.

V. PHENOMENOLOGY

The results of Sec. I'V cast serious doubts on the health of
even the massless theories considered here, on quite general
grounds. We can, in fact, rule these theories out more
conclusively on the basis of their cosmology. In general,
this would be quite an arduous task, requiring a dedicated
examination of all four equations of motion. However, we
recently developed a mapping between the general quad-
ratic torsion theory (2) and a torsion-free biscalar-tensor
theory, which immediately reveals the cosmological back-
ground [18]. We begin with the spatially flat Friedmann-
Robertson-Walker (FRW) line element

ds? = dr? — a?dx?, (72)

where a is the scale factor normalized to the contemporary
epoch from which we define the Hubble number, H = a/a.
We now align the unit timelike normal n* to be
perpendicular to the spatially flat slicing. Cosmological
isotropy at the background level restricts only the 0" and 0~
torsion modes to propagate. From these modes, respec-
tively, we define a pair of scalar fields:

1 = -
= —e;lfkT’j—k. (73)

2 -
¢E§Tkl]'€—2H, 6

These fields transform, homogeneously and with the
correct weight, ¢ — Q¢ and y — Q~ly, under changes
of physical scale, b', > Qb',. In the usual second-order
formulation of gravity on the curved spacetime M, it can
be shown that the theory,

N 1 . R 1 . .
Lg =~ ﬁz"’lp2 + 2 (ay + b)p* — 1 (0 + 0’3)‘l/2] R
+ 3(0y + a6) X" — 3(0y + 03) XYV + 1/ |J,J¥]
n 3 N
+ = (ag + 2p5)myp* — 1 (ag + 863)m,y?
3
+ = (g + ) p* + 3 (g + ag)y*

(g + a6) + 2(0 + &3) )Py, (74a)

I ool MW

Ju= (G = b3) — (04 — &6)]W3vu(¢/l//)
— (o + 2ﬁ2)mp2vﬂ¢’ (74b)
perfectly replicates the dynamics of the FRW background.
We note that the Ricci scalar R is derived from the Riemann
curvature as defined in (6), and while the biscalar-tensor
theory is strictly torsion free, the behavior of the 0" and 0~
modes is accurately replicated by the scalars. The theory
(76) is known as the metrical analog (MA) of (2), and we
have translated it here into the dimensionless couplings
(A3) of (12).
We will restrict our attention to the massless theories.
Following a reparametrization to the weightless scalar

¢ = 2¢/y, we find that the MA of Case 3 becomes
Lo ~ =3,X% — L0y 2R + 33,m 2y
¢ = —3 XM = a3y R + prmy“y
3
+ asy /| X — 1&3(:21//4- (75)

In this frame, we see that the MA can be partitioned in two.
The first three terms in (75) describe a massive, but
conformally coupled, scalar y. The fourth and fifth terms
describe a quadratic cuscuton {, which is conformally
coupled by multiplication with the appropriate powers of .

The quadratic cuscuton is itself remarkable for replicat-
ing the cosmological background of the Einstein—Hilbert
term [30],

3c,?
c1my\/[XE| = eamy* e 1622 m2R.  (76)

This unlikely looking relation may be verified by substitut-
ing the {-equation into the g,,-equation on the LHS of (76),
and comparing with the Friedmann equations that follow
from the g, -equation on the RHS. We find that the bizarre
characteristics of the cuscuton can be taken further—when
we replace the Planck mass with a dynamical scalar to
obtain the conformally coupled quadratic cuscuton, we
replicate the cosmological background of the same scalar,
conformally coupled to gravity,

2
9C1

X% - A~
X6 = oy 4,

1
oy’ (X""” + EWZR)- (77)

This result is very satisfying, but has fatal implications for
the massless theories under consideration. By applying
(77), we see that the fourth and fifth terms in (75)
dynamically cancel with the first and second terms: the
whole kinetic structure of the analog theory vanishes. The
same problem arises in Case 17, since the extra condition

a3 = 0 prevents the cancelling terms from appearing even
at the level of (75). In both cases, the gravitational
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Lagrangian responsible for the cosmological background is
a pure 0~ mass, and so the theories are not viable.
Notwithstanding the complete failure of the cases at
hand, the result (77) suggests an interesting class of
theories, of which Case 3 is a degenerate special case.
From the general quadratic torsion theory (12), we impose

@y + 2, = &ty + & = 0, (78)
noting from (19a) that the second constraint in (78) results

in the single 0" PiC ¢, =~ 0. The cosmological analog then
becomes

Lo~ 2R =3 + i) (X - - y2R
G = =5 @My K = (& + a3) TRV

A A

+ [(a — &3) = (2 — @)y

| X1

PO 3 .
(& + a3) Pyt — 1 (ag + 83)myy. (79)

1w

The interpretation of the first equality of (78) is now clear:
it forces the Einstein—Hilbert term to appear equally both
in the torsion theory and the cosmological background
analog.8 We can then set ay = 1 to view these theories as
additive modifications to the Einstein—Cartan or Einstein—
Hilbert theories, respectively. In order to apply (77), we will
strictly require that &, + @3 # 0, i.e., that the 0~ mode is
not primarily constrained according to (19b). Under an
appropriate rescaling of y to &, the cosmological back-
ground becomes

1 2 1 2 1 22
Lg=—Zm, R+E§R+X'55—5m§ &, (80)

i.e., Einstein’s gravity conformally coupled to a scalar &,
whose mass is

(1 +8B) (e +d)
8(as + ay)(a + ag) "o 81)

2
me

The theory (80) is, of course, widely studied in the context
of inflation [31,32]. In Einstein’s theory, a nonminimal
scalar coupling will tend to run, with the conformal value of
1/12 being a fixed point in the IR. This value is also used to
preserve causality in a curved background, since it prevents
a massive scalar from propagating along the light cone. We
have shown that the cosmological background of the
conformal scalar emerges as a consequence of the minimal
constraints (78) on the quadratic torsion theory, where the
scalar is interpreted as the 0~ part of the torsion, and the 0"
part is primarily constrained.

¥Note that this is not generally guaranteed for general choices
of the coupling constants, as discussed in [18].

We see also from (81) that the effect of the conformally
coupled 0~ can be removed from the expansion history
altogether. By setting a3z + &, =0 or &, + &g = 0, the
mass m; becomes infinite and one is left with the
cosmological background of the pure Einstein gravity in
(1). By inspecting Egs. (192)—(19f), we see that these
choices can be imposed without primarily constraining the
torsion modes in the general theory, including the 0~ mode.
This raises the interesting question of whether torsion
theories allow the cosmological background to be altered
independently of the perturbations. Note that Case 3 has
just such a divergent mass, though the Einstein—Hilbert
term never appears in the background analog because of the
universal constraint (3) that appears to be required for
power-counting renormalizability.

VI. CONCLUSIONS

It was recently shown that among all parity-preserving
theories of the form Lg ~ msz +R? 4+ mPZT 2 there are
58 cases which are unitary and power-counting renorma-
lizable when linearized in the absence of source currents
[6,7]. The linearization was done around a presumed
Minkowski vacuum, since even a cosmological constant
is excluded as a source. In this work we have considered
Case 3, Case 17, Case 20, Case 24, Case *25, Case *926,
Case 28, and Case 32—as detailed in Table III. We have
inspected their Hamiltonian structure under the same
conditions, but in both the linear and nonlinear regimes.
Our principal findings may be summarized as follows:

1. All eight cases (and indeed all the cases proposed in
[6,7]) feature vanishing mass parameters. This
greatly complicates the Hamiltonian analysis, com-
pared to the “minimal” cases previously treated in
the literature.

2. The number of linear, propagating degrees of free-
dom are confirmed from [6,7] for all eight cases.

3. With the exception of Case 17, all eight cases
linearly propagate a massive pseudoscalar mode,
and the unitarity conditions from [6,7] correspond to
the no-ghost and no-tachyon conditions on this
mode.

4. The two massless modes propagated by Case 3 and
Case 17 are identified with vector, rather than the
hoped-for fensor modes.

5. With the possible exception of Case 20 and Case 32,
all eight cases feature primary constraints which
transition from first- to second-class when moving to
the nonlinear regime. This signals at least a broken
gauge symmetry, and possibly acausal behavior and/
or activation of any of the primarily unconstrained
spin-parity sectors.

6. These primarily unconstrained spin-parity sectors
include ghosts in all eight cases, according to the
same conditions that ensure linearized unitarity.
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7. Case 3 and Case 17 are not viable theories of gravity
despite their massless modes, because they do not
support a dynamical FRW background.

These findings come with various caveats. Principally,
while we implement the linearized Dirac—Bergmann algo-
rithm to completion in all cases, we do not prosecute the
nonlinear algorithm beyond the second set of links in
the constraint chains. This level of analysis at least matches
the earlier treatment of less complicated theories, in which
all couplings are set to zero except those absolutely
necessary to propagate whichever mode is under inves-
tigation [16]. Consequently, we cannot say for certain if the
strongly coupled sectors and the ghost sectors coincide.

Separately, our definition of ghost sectors as set out in
Appendix B is based on the relevant quadratic momenta
appearing as negative contributions to the Hamiltonian. We
do not go so far as to quantize the theory and confirm that
there are corresponding physical states which violate the
unitarity of the S-matrix. Additional steps would presumably
be required to draw completely safe conclusions, such as
adding terms to fix the Poincaré gauge (and any other case-
specific symmetries), and good ghosts to cancel the anoma-
lies [14]. Meanwhile at the classical level, we mention that
negative kinetic energy does not always imply instability.

We have also interpreted acausal behavior, which is
linked to the phenomenon of constraint bifurcation or field-
dependent constraint structure [15], as a pathology. This
need not always follow, as has been demonstrated for some
special theories in recent decades [33]. For example, the
characteristic surface of a degree of freedom is allowed to
lie outside the light cone if it can be shown that the field
does not carry information [34].

Even bearing these caveats in mind, the outlook for the
remaining new torsion theories is not substantially
improved by our results. Of the 58 novel theories in
[6,7], only 19 propagate the two massless degrees of
freedom. Four of these additionally propagate a massive
0~ mode, while three instead propagate a massive 2~
mode. Of the remaining theories, 23 propagate only a
massive 0~ mode. The selection in Table III thus appears
reasonably representative of the linearized particle spectra.
Since fundamental changes to the constraint structure are
observed throughout most of the sample, we do not find
new cause for optimism in the current study. Possibly,
the admission of primary constraints dependent on the
Riemann—Cartan curvature will miraculously remedy the
various problems. Certainly, such constraints will compli-
cate the analysis. We have already seen in Sec. IV that field-
dependent primary constraints can invoke derivatives of the
equal-time Dirac function. Ultimately, our findings are
consistent with the predictions of Yo and Nester, who
anticipate that generalizing the quadratic torsion theory (2)
beyond very minimal test cases (most of which also fail)
serves only to protract the calculations [16,17]. Even so, it
might seem prudent to attempt to quantify the chances of

future success: we provide a heuristic discussion along
these lines in Appendix D.

The tentative vector nature of the massless modes in
Case 3 and Case 17 is potentially problematic. We recall
that Poincaré invariance prohibits a matter amplitude
involving soft gravitons of spin J > 2, while J =0
gravitons are ruled out by matter coupling [35]. Odd J
are supposed to give rise to repulsive long-range forces,
leading to the expectation of a tensor graviton [20].
Plausibly, the J” character will be gauge dependent, but
it is difficult to see how this might change the sign of the
Green’s function. We will not speculate as to whether this
troubling feature is generic to the remaining massless cases.

Finally, we observed that the theories with massless
modes could be written off instantly using the scalar-tensor
analog theory which replicates the background cosmology.
As a by-product, our analysis suggested an interesting new
class of quadratic torsion theories which mimic the back-
ground of the conformal inflaton, though not motivated by
unitarity or renormalizability. It must be emphasized that
the catastrophic failure of Case 3 and Case 17 is not
common to the remaining theories in [6,7]. We mention in
particular Case 2, which propagates two massless modes
and the massive pseudoscalar, and Case 16, a special case
in which the pseudoscalar is nondynamical. These theories
form a complementary pair to Case 3 and Case 17 in many
respects, but they have an excellent cosmological back-
ground. Not only does the cuscuton force the evolution
towards a flat Friedmann solution, but the option exists to
tune the early expansion history through an effective dark
radiation component [19]. Moreover, in Case 2 the mass of
the propagating pseudoscalar acts as a dark energy term
(albeit hierarchical, i.e., not resolving the cosmological
constant problem) [18]. Other exact solutions to Case 2 and
Case 16 include the Schwarzschild vacuum and plane
gravitational waves. These cases call for a more dedicated
Hamiltonian analysis, and will be among the remaining
theories to be addressed in the companion paper.
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APPENDIX A: IRREDUCIBLE DECOMPOSITION
OF THE FIELDS

It is necessary to construct a complete set of idempotent
and orthogonal projection operators for the irreducible
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parts of the field strengths. For general tensors, this
can be done with the appropriate O(3) Young tableaux,
following the methods of [36]. The three projections of the
torsion are

2 2 2
lpijkmanmnq = gTijk + gT[JMk] —+ g’h[ﬂ—k]’ (A]a)
2
2Pijkmanmnq = —gﬂi[ﬂ—k], (Alb)
1
SPijkmanmnq = geijkIGIm"qT,,mq. (AIC)

The six projections of the Riemann—Cartan curvature are

. 1 1 2
P Rinngp = 3 Rijia + 3 Raaij + 3 Resuti
= 110kl R0 = i) R 1)
1
+ g’h[kmju]R, (A2a)
p mog _Lp _1lp R
ijkl mngp = 5 TVijkl = 5 Mekij Mi[k) 715110
A 11310 R ) (A2b)
1
3,Pijklmnqp,R’mnqp = _ﬁeijklemnopRmnopv (AZC)
Pij™" " Rowngp = M Ry + M) Ry
1
= 5 Mkl R (A2d)
Pkt " Ronngp = Ml Rj10 = i Ry (A2e)
1
Pijit™ " Ropngp = gni[kmj\l]R- (A2f)

Replicating the numbering used in [16,17], our original
naive couplings in (2) are expressible in terms of their more
meaningful irreducible counterparts according to

(241 =&4 +=as +&6, (125&4—&6,
(135&4—&5+&6,
o, 1
a4=§a2 +§a3+a4+§a5+a6,
1, 1, . .
a5=§a2—§a3—|—a4—a6,

. - U
a6z6a1+§a2+§a3+a4+§a5+aﬁ,
Bi=hi+sh  B=h+ihrib
1 =F/1 22? 2=/ 22 23,

A

Py =P = o, (A3)
where @; and ,B, multiply the Ith irreducible quadratic
invariants of curvature and torsion in (12).

APPENDIX B: GHOSTS, RANKS
AND SIGNATURES

In this Appendix, we attempt to elaborate on the
motivation of the “positive kinetic energy test,” which
was tacitly employed in the previous Hamiltonian treatment
of Poincaré gauge theories [16]. 5

Consider the free vector U(1) theory on M, without any
coupling to gravity (and with Cartesian coordinates
Yu = Nw)s fixed to the Feynman gauge

1 1
L= _ZFu F, _E(af‘AM)z’

(B1)
where we have F,, = 20),A,). Up to a surface term, (B1) is,
of course, equivalent to

1
L=~ 0,A0"A" (B2)

which safely propagates four massless polarizations, with-
out developing any classical instability

— 0. (B3)

Notwithstanding this reasonable behavior, we see that the
Hamiltonian of (B2) is unbounded from below,

1 1
H= —Eﬂ'ﬂﬂ” + EaaAM({?”A”, (B4)

where the momentum is z, = —0yA,, since the indepen-
dent timelike polarization will have a strictly negative
contribution. This is naturally revealed in the 3 + 1 picture,
which we construct by defining a constant unit timelike
normal nn, =1, and (extending our previous overbar
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notation to holonomic indices) decomposing quantities into
the 0" and 1~ irreps

A, =An, +A; m, =7 n, + . (B3)
The Hamiltonian then separates into
H=- %ni + %&,Ala"Al
- %ﬂ'ﬁﬂﬂ + %&,A,;@“A’_‘, (B6)

where the first and last pairs of terms are respectively
negative- and positive-definite on the null shell defined by
(B3). The physical consequence is a loss of unitary: the
timelike states have a negative norm. In the U(1) theory,
this is usually fixed by imposing a Gupta—Bleuler condition
on the physical states, which is acceptable since the gauge-
fixing term in (B1) was added by hand anyway. However,
in the theories of gravity under consideration, the validity of
a Gupta—Bleuler condition is not certain. We note that in the
kinetic Hamiltonian of Eqgs. (29), (37), (42), (47), (52), (58),
and (64), we encounter mixed quadratic forms in the
momenta, just as we do with the first and third terms of
(B6). If such terms are negative-definite and propagating,
we tentatively identify them with a loss of unitarity.
We note that without full knowledge of both the nonlinear
shell and the remaining field parts of the Hamiltonian
[c.f. second and fourth terms in (B6)], this is quite
dangerous. Moreover, as is evident from (B3), such
negative-energy sectors do not necessarily correspond to
classical ghosts.

We also mention that the sign of quadratic momenta in
the 3+ 1 formulation is robust against the choice of
signature (as indeed it should be). Recall that throughout
this article we have used the “West Coast” signature
(+,—,—,—). The sign of each such term may then be
inferred by the tensor rank of the momentum irrep, since
every contraction on parallel indices introduces a factor
of —1. Had we chosen the “East Coast” signature
(=, +,+,+), these factors would not arise. Instead, we
would have n*n, = —1, whose powers would conspire in
the O(3) decomposition of momenta to have the same
effect up to an overall sign in the kinetic Hamiltonian. This
final sign is changed by hand in the kinetic part of the
Lagrangian, as is customary when changing signature.

APPENDIX C: NONLINEAR
POISSON BRACKETS

Case 28 In Egs. (30a)—-(30d) we provide the nonlinear
commutators of Case*®26. In this Appendix we list the
emergent commutators of the other seven theories under
consideration. The commutators of Case 28 read

{@ 79,1} * RHS of (30a), (Cla)
1
{oi0.}~ Nz ni67, (Clb)
- (I
o vt =5 maitnd. (Clc)
. 1 [ . 1,
{013 Op} ® 5 |t i = 5150 Ll
3, ,
~ M i) |0 (Cld)
{05, @7} = RHS of (30¢), (Cle)
{0, @ 7=} ~ RHS of (30c), (CIf)
~ N 11 i . pa
{40177 401,7”} 7 E‘g(?I[/HM”\jHW] z
1 b 3 -
T Sl e g M)A )
3 = 14
_Z’?<7|ﬁ’7]>[7”ﬁ1]:|5 : (Clg)

In the RHS of (C1g), we see that the linearly propagating ©#
appears, signaling a definite change in the constraint
structure when passing from linear to nonlinear regimes.

Case *25 The nonlinear commutators of Case *25 have
been encountered before:

{05, @7} = RHS of (30¢), (C2a)
{05, "0+ ~ RHS of (30d). (C2b)

Again we see that at least (C2b) is expected to persist on the
final shell.
Case 24 Similarly for Case 24 we find

{('Ngi—j, @7} ~ RHS of (30c), (C3a)
-~ 1 2
{05 0.1} = T naiamimms- (C3b)
{Zgi—j, T%} ~ RHS of (Clg), (C3c)

Again we see that at least (C3c) is expected to persist on
the final shell.
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Case 3 The nonlinear commutators of Case 3 are all new:

. 14
{00} ~ 5 27,67, (C4a)
A 1 N 3
.01} = 57,55, (C4b)
N SO
{0505} ~ 2107 L1715 (Cde)

. 1[1 1 .
{05 "0t} = 3 Tz CqmaLnim 2 + 3 €am i
1 pa 3 =

~ g G a7 M| [ 7 )
1 - 1 e
= JMERGE R )+ g s e | 8. (C4d)
Since (C4d) also depends on P we believe that it will also
persist on the final shell. Note that (C4d) is also linear in

N

7%, which we suspect will contribute the massless modes in
the linear theory.

Case 17 The nonlinear commutators of Case 17 are, of
course, mostly the same as Case 3:

P, P~ o a), a
97—} ~ RHS of (C4 C5
{@i—j, @, } ~ RHS of (C4b), (C5b)
A P I 4 P
{(Pi—ﬁ »} z—ﬁﬂ €pL 107, (C5¢)
{#5. %77} ~ RHS of (C4c), (C5d)
. 113 =
{05, i} = ~ 7 g R
1 - 1 s
+177[7|ﬁ’7\j][77fﬁ1] _Zni[inrh]j”ﬁ 5. (CSe)

N

Note that (C5e) is linear in 7y, the momentum of the
vector graviton.

APPENDIX D: HEURISTIC OUTLOOK

In this Appendix we attempt to quantify the chances of
future success, in light of our present results. Let k viable
theories be found in a sample of n =8, drawn from a
population of N = 58 theories. We may model the prob-
ability of there being a grand total of K viable theories in
the parent population as

_n+1

P(K
+1

k.n,N) Phyp (kK. n,N), (D)

where the probability Py, (k|K, n, N) of drawing k given K
follows the standard hypergeometric distribution is

(D2)

Note that we have assumed a uniform prior on K,
P(K|N) = (N + 1)7!, which may or may not be justified.
The pessimistic interpretation of our study would be k = 0,
but in that case the probability that K = 0 is found to be
only 0.15 according to (D1). Rather, we would expect
K =5=+4.9. Moreover, the pessimistic interpretation is
not necessarily the most conservative, since Case 20 and
Case 32 are not ruled out at the level of the PPM: we would
expect K=1146.6 and K =17+7.6 for k=1 and
k = 2, respectively. This outlook is more promising, but
still assumes a uniform prior which might be improved by
considering the methods used to obtain the cases, from a
theoretical perspective. In any case, it is clear that further
study of the remaining theories will be necessary to draw
firm conclusions.

[1] K. Hayashi and T. Shirafuji, Prog. Theor. Phys. 64, 2222
(1980).

[2] D. E. Neville, Phys. Rev. D 18, 3535 (1978).

[3] D.E. Neville, Phys. Rev. D 21, 867 (1980).

[4] E. Sezgin and P. van Nieuwenhuizen, Phys. Rev. D 21, 3269
(1980).

[5] E. Sezgin, Phys. Rev. D 24, 1677 (1981).

[6] Y.-C. Lin, M. P. Hobson, and A. N. Lasenby, Phys. Rev. D
99, 064001 (2019).

[7]1 Y.-C. Lin, M. P. Hobson, and A. N. Lasenby, Phys. Rev. D
101, 064038 (2020).
[8] T. W.B. Kibble, J. Math. Phys. (N.Y.) 2, 212 (1961).
[9] R. Utiyama, Phys. Rev. 101, 1597 (1956).
[10] D. W. Sciama, Rev. Mod. Phys. 36, 463 (1964).
[11] K. Hayashi and T. Shirafuji, Prog. Theor. Phys. 64, 866
(1980).
[12] K. Hayashi and T. Shirafuji, Prog. Theor. Phys. 64, 1435
(1980).

084036-20


https://doi.org/10.1143/PTP.64.2222
https://doi.org/10.1143/PTP.64.2222
https://doi.org/10.1103/PhysRevD.18.3535
https://doi.org/10.1103/PhysRevD.21.867
https://doi.org/10.1103/PhysRevD.21.3269
https://doi.org/10.1103/PhysRevD.21.3269
https://doi.org/10.1103/PhysRevD.24.1677
https://doi.org/10.1103/PhysRevD.99.064001
https://doi.org/10.1103/PhysRevD.99.064001
https://doi.org/10.1103/PhysRevD.101.064038
https://doi.org/10.1103/PhysRevD.101.064038
https://doi.org/10.1063/1.1703702
https://doi.org/10.1103/PhysRev.101.1597
https://doi.org/10.1103/RevModPhys.36.463
https://doi.org/10.1143/PTP.64.866
https://doi.org/10.1143/PTP.64.866
https://doi.org/10.1143/PTP.64.1435
https://doi.org/10.1143/PTP.64.1435

NONLINEAR HAMILTONIAN ANALYSIS OF NEW QUADRATIC ...

PHYS. REV. D 104, 084036 (2021)

[13] K. Hayashi and T. Shirafuji, Prog. Theor. Phys. 65, 525
(1981).

[14] M. Henneaux and C. Teitelboim, Quantization of Gauge
Systems (Princeton University Press, Princeton, New Jersey,
1992).

[15] H. Chen, J. M. Nester, and H.-J. Yo, Acta Phys. Pol. B 29,
961 (1998).

[16] H.-J. Yo and J. M. Nester, Int. J. Mod. Phys. D 11, 747
(2002).

[17] H.-J. Yo and J. M. Nester, Int. J. Mod. Phys. D 08, 459
(1999).

[18] W.E. V. Barker, A.N. Lasenby, M. P. Hobson, and W.J.
Handley, Phys. Rev. D 102, 084002 (2020).

[19] W.E. V. Barker, A.N. Lasenby, M. P. Hobson, and W.J.
Handley, Phys. Rev. D 102, 024048 (2020).

[20] M. Blagojevi¢, Gravitation and Gauge Symmetries, Series
in High Energy Physics, Cosmology, and Gravitation
(Institute of Physics Publishing, Bristol, UK, 2002).

[21] A.N. Lasenby and M. P. Hobson, J. Math. Phys. (N.Y.) 57,
092505 (2016).

[22] E. S. Kutluk, Adiabatic solutions in general relativity and
boundary symmetries, Ph.D. thesis, Bogazici University,
2019.

[23] M. Blagojevi¢ and M. Vasili¢, Phys. Rev. D 35, 3748
(1987).

[24] 1. A. Nikoli¢, Phys. Rev. D 30, 2508 (1984).

[25] M. Blagojevi¢ and I. A. Nikoli¢, Phys. Rev. D 28, 2455
(1983).

[26] P. A. M. Dirac, Proc. R. Soc. Ser. A 246, 326 (1958).

[27] J.L. Anderson and P. G. Bergmann, Phys. Rev. 83, 1018
(1951).

[28] P.G. Bergmann and I. Goldberg, Phys. Rev. 98, 531
(1955).

[29] L. Castellani, Ann. Phys. (N.Y.) 143, 357 (1982).

[30] N. Afshordi, D.J. H. Chung, M. Doran, and G. Geshnizjani,
Phys. Rev. D 75, 123509 (2007).

[31] M. S. Madsen, Gen. Relativ. Gravit. 25, 855 (1993).

[32] V. Faraoni, Galaxies 1, 96 (2013).

[33] J. Magueijo, Phys. Rev. D 79, 043525 (2009).

[34] N. Afshordi, D. J. H. Chung, and G. Geshnizjani, Phys. Rev.
D 75, 083513 (2007).

[35] H. Van Dam, Theory of Gravity (University of Nijmegen,
Institute for Theoretical Physics, Nijmegen, Holland, 1974).

[36] M. Hamermesh, Group Theory and Its Application to
Physical Problems (Dover Publications, New York, 1989).

084036-21


https://doi.org/10.1143/PTP.65.525
https://doi.org/10.1143/PTP.65.525
https://doi.org/10.1142/S0218271802001998
https://doi.org/10.1142/S0218271802001998
https://doi.org/10.1142/S021827189900033X
https://doi.org/10.1142/S021827189900033X
https://doi.org/10.1103/PhysRevD.102.084002
https://doi.org/10.1103/PhysRevD.102.024048
https://doi.org/10.1063/1.4963143
https://doi.org/10.1063/1.4963143
https://doi.org/10.1103/PhysRevD.35.3748
https://doi.org/10.1103/PhysRevD.35.3748
https://doi.org/10.1103/PhysRevD.30.2508
https://doi.org/10.1103/PhysRevD.28.2455
https://doi.org/10.1103/PhysRevD.28.2455
https://doi.org/10.1098/rspa.1958.0141
https://doi.org/10.1103/PhysRev.83.1018
https://doi.org/10.1103/PhysRev.83.1018
https://doi.org/10.1103/PhysRev.98.531
https://doi.org/10.1103/PhysRev.98.531
https://doi.org/10.1016/0003-4916(82)90031-8
https://doi.org/10.1103/PhysRevD.75.123509
https://doi.org/10.1007/BF00758385
https://doi.org/10.3390/galaxies1020096
https://doi.org/10.1103/PhysRevD.79.043525
https://doi.org/10.1103/PhysRevD.75.083513
https://doi.org/10.1103/PhysRevD.75.083513

