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We present and discuss a new family of topological hairy dyonic black hole solutions in asymptotically
anti—de Sitter space. The coupled Einstein-Maxwell-scalar gravity system, that carries both the electric and
magnetic charges is solved, and exact hairy dyonic black hole solutions are obtained analytically. The
scalar field profiles that give rise to such black hole solutions are regular everywhere. The hairy solutions
are obtained for planar, spherical, and hyperbolic horizon topologies. In addition, analytic expressions of
regularized action, stress tensor, conserved charges, and free energies are obtained. We further comment on
different prescriptions for computing the black hole mass with hairy backgrounds. We analyze the
thermodynamics of these hairy dyonic black holes in canonical and grand canonical ensembles, and we find
that both electric and magnetic charges have a constructive effect on the stability of the hairy solution. For
the case of planar and hyperbolic horizons, we find thermodynamically stable hairy black holes that are
favored at low temperatures compared to the nonhairy counterparts. We further find that, for a spherical
hairy dyonic black hole, the thermodynamic phase diagram resembles to that of a Van der Waals fluid not

only in canonical but also in the grand canonical ensemble.
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I. INTRODUCTION

Black holes, which are one of the most intriguing and
celebrated predictions of general relativity, and yet are still
far from being fully understood, are conjectured to follow
the no-hair theorem [1]. The black hole no-hair theorem
simply states that a black hole with a spherical horizon can
be completely characterized by only three parameters: its
mass, angular momentum, and charge in the asymptotically
flat space. Put in another way, black holes do not support
additional matter fields, such as scalar fields, outside their
horizon in asymptotically flat space. The prime reason for
belief in the no-hair theorem is somewhat based on the
strong absorbing nature of the horizon, which tries to
absorb and pull everything around it. Although the initial
no-hair theorem has been advocated by several works [2—
11], it is not a theorem in a rigorous mathematical sense.
Indeed, by now several counterexamples to the no-hair
theorem in a variety of contexts exist [12-26].

The investigation of the no-scalar hair theorem and
interplay between gravity-scalar systems are not just of
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theoretical concern, and there are many reasons to examine
them. Scalar fields play a central role in cosmology and
particle physics [27]. Scalar fields appear naturally as a
basic constituent of fundamental theories, such as string
theory, and also arise naturally in the high energy uni-
fication theories [28,29]. They are also arguably among the
most economical and suitable candidates for describing
dark matter, dark energy, and inflation physics [30-32].
From the astronomical observational perspective, the dis-
covery of gravitational wave and black hole image opened a
new window to test the no-hair theorem [33,34], as they are
believed to be sensitive to the geometry around the black
hole, especially in the vicinity of the horizon, and might
contain valuable information of additional matter fields
around the black hole. See [35-39] for a discussion in this
direction, and [40] for a review on observational tests of the
no-hair theorem.

There have been many attempts to endow black holes
with hair by means of additional scalar fields in the last few
decades. In principle, there are two essential requirements
for a physically acceptable scalar hairy black hole solution
(1) scalar field should be regular in the near horizon region
and should fall off sufficiently fast at the asymptotic
boundary, (ii) the hairy geometry should be smooth and
should not contain any additional singularity. The stability
of hairy solutions under perturbations is also desirable. The
initial black hole scalar hair solution in the asymptotic flat
spaces, unfortunately, turned out to be unphysical as the
scalar field diverged on the horizon [41-44]. A direct proof
and many compelling arguments in favor of the no-scalar
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hair theorem in the asymptotic flat spacetime was provided
in [2,45-47]. For a review and discussion on the interplay
of scalar field and gravity in asymptotic flat spaces, see
[48-50]. One way of ensuring regular scalar field at the
horizon, thereby evading the no-hair theorem, is by
introducing a new scale in the gravitational sector, i.e.,
via a cosmological constant. This amounts to studying
black holes in asymptotically de Sitter or anti—de Sitter
(AdS) spaces. The essential idea here is that the cosmo-
logical constant can create an effective potential and
therefore may stabilize the scalar field outside the horizon.
Some of these ideas led to stable hairy black holes with
interesting physical properties. In recent years, many works
discussing diverse physical scenarios of the hairy black
holes in various asymptotic spaces have appeared, see [51—
81] for a necessarily biased selection.

Black holes in AdS spaces, in particular, have attracted
much attention of late for many reasons. First, the black
holes in AdS spaces, as opposed to their asymptotically flat
counterparts, are thermodynamically stable with their
surroundings and exhibit rich phase structure. In particular,
AdS black holes often exhibit critical phenomena akin to
phase transitions in familiar liquid gas systems [82-89].
Second, the horizon topology of AdS black holes can be a
planar R?, sphere S?, or hyperbolic H?, as compared to
asymptotically flat black holes where the horizon topology
must be a round sphere S? [90-96]. This again makes the
associated thermodynamic properties more interesting to
analyze in AdS spaces [97-99]. Third, and perhaps the
most important reason, is the discovery of the gauge/gravity
duality [100-102]. The gauge/gravity duality maps a theory
of gravity in AdS space to quantum field theory living at the
AdS boundary in one less dimension. The duality provides
a unique and attractive tool to address important questions
related to strong couplings in quantum field theories (which
otherwise are difficult to solve) using the classical AdS
gravity theory. Indeed, AdS black holes have been used to
discuss important questions in field theories such as
confinement physics [103], quark-gluon plasma [104],
nonequilibrium physics [105] etc.

Recent progress in the understanding of the gauge/
gravity duality advocate for a deeper and broad study of
the behavior of matter fields in the surroundings of charged
AdS black holes, which might develop hair [106]. In
particular, a good understanding of hairy charged AdS
black holes could shed new light on our understanding of a
number of condensed matter systems from the gauge/
gravity duality perspective. Prominent examples include
superfluidity and superconductivity (where a charged scalar
field condenses and develops a nonzero vacuum expect-
ation value at low temperatures) [107,108], quantum
liquids [109], nonconformal plasmas [110,111].

In a similar context, dyonic black holes that carry both
electric and magnetic charges have also appeared abun-
dantly in the literature. Because of electromagnetic duality,

it is possible to construct a black hole that carries both
electric and magnetic charges in four dimensions. In the
dual boundary description, these dyonic black holes cor-
respond to a field theory in (2 + 1) dimensions with a U(1)
conserved charge (g,) and in a constant magnetic field
background (q,,). The presence of magnetic charge not
only enriches the thermodynamic phase diagram of AdS
black holes in the gravity side but also allows us to
introduce a background magnetic field in the dual boundary
side, thereby providing an approach to probe physics
related to the Hall effect [112], ferromagnetism [113],
magnetohydrodynamics [114], the Nernst effect [115] etc.
See [116-135] for other related discussions on dyonic
black holes and their holographic applications to field
theory.

However, despite their profound importance in the
context of holography, the discussion of hairy dyonic black
holes is rather limited [117]. The main reason for this is the
difficulty in constructing such solutions analytically, as it
requires a simultaneous solution of the Einstein-Maxwell-
scalar system with a nontrivial profile for the scalar and
gauge fields. Accordingly, most hairy dyonic black hole
solutions have been obtained numerically [136]. Moreover,
analytic expressions of conserved charges and thermody-
namics observables are often difficult to obtain in these
systems. Cases where analytic hairy dyonic solutions have
been obtained are also mostly restricted to the planar case.
This, therefore, has hindered our understanding of hairy
dyonic black holes. In this paper, we remedy some of these
issues and discuss a number of exact analytic dyonic black
hole solutions that are simultaneously supported by a
scalar field.

More specifically, our aim in this work is to first
construct static hairy dyonic black holes and then study
their thermodynamic properties. To carry out this objective,
we consider the Einstein-Maxwell-scalar gravity system
and solve the coupled Einstein-Maxwell-scalar equations
of motion simultaneously in terms of a function A(z)
(see the next section for details) using the potential
reconstruction technique [137-147]. The different forms
of A(z) then allow us to construct a different family of hairy
dyonic black hole solutions. To make the analysis and
results more comprehensive, we choose two particular
forms of A(z). These forms of A(z) allow us to introduce
a parameter a, which controls the strength of the scalar hair.
We find that for these forms the obtained gravity solution
exhibits desirable features such as the scalar field being
regular and the Kretschmann scalar being finite everywhere
outside the horizon. Moreover, the hairy dyonic solutions
are obtained not only for planar but for spherical and
hyperbolic horizon topologies as well. We further obtain
conserved charges of these black holes analytically. In
particular, we employ two methods: (i) Ashtekar-Magnon-
Das (AMD) prescription [148] and (ii) holographic renorm-
alization method [149-152] to find the mass of the hairy
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black hole. We find that the mass expression matches,
albeit with some subtleties, from these two methods for
the planar black hole. However, because of the presence of
additional logarithmic terms in the near boundary expan-
sion of the metric function, the AMD prescription is
difficult to implement for the spherical and hyperbolic
black holes; therefore, for these black holes, the mass
expressions are obtained from the holographic renormal-
ization method only.

We then discuss the thermodynamic properties of these
hairy dyonic black holes in both canonical and grand-
canonical ensembles. We obtain the Gibbs and Helmholtz
free energies analytically and find that the specific heat is
always positive for the planar and hyperbolic cases, thereby
establishing the local stability of these hairy black holes, in
both these ensembles. Moreover, the hairy black holes are
not only thermodynamically stable but also thermodynami-
cally favored. In particular, the free energies of the hairy
black holes are lower than the nonhairy black holes at low
temperatures. We further analyze the influence of param-
eters {a, q.,qy} on the temperature range for which the
hairy black holes are thermodynamically favored and find
that they have a constructive effect on the thermodynamic
stability of the hairy black hole. We find that ¢,, can make
the free energy of the uncharged hairy black hole smaller
than the uncharged nonhairy black hole. This is an
important result considering that the free energy of the
Reissner-Nordstrom (RN)-AdS black hole is generally
found to be smaller than the hairy black hole for ¢, = 0.
Similarly, for the spherical horizon, like their nonhairy
counterpart, we find Hawking/Page and small/large Van der
Waals type phase transitions. Interestingly, with scalar hair,
unlike their nonhairy counterpart, the small/large black
hole phase transition can appear in the grand-canonical
ensemble as well. In the constant charge ensemble, we get
the same thermodynamic properties as in [83,84],
with ¢2 = 2 + ¢3,.

The paper is organized as follows. In the next section, we
introduce the gravity model and present its analytic solution
corresponding to the topological hairy dyonic black holes.
In Secs. III and IV, we study the thermodynamic stability of
these hairy black holes for two different A(z) forms.
Finally, in Sec. V, we summarize our main results and
discuss the future directions.

II. HAIRY DYONIC BLACK HOLE SOLUTION

In this section, our main motivation is to construct exact
analytic solutions of hairy dyonic black holes. For this
purpose, we start with the Einstein-Maxwell-scalar action,

_ 1 /()
Sews =gz, [ v R

- 30ud0"9 - V(p)|

FMN FM N

where R is the Ricci scalar of the manifold M, G, is the
four-dimensional Newton constant, F;y is the electromag-
netic field strength tensor of U(1) gauge field By, ¢ is the
scalar field, and V(¢) is the potential of the scalar field ¢.
The information about the electric and magnetic charges,
hence the dyonic properties of the gravity system, lie within
the structure of the electromagnetic field strength tensor.
The function f(¢) represents the coupling between scalar
and U(1) gauge fields.

The variation of the action (2.1) leads to the following
Einstein, Maxwell, and scalar equations of motion,

1

Ryy — EQMNR +f7(4¢) (g];m
1

+5 (gMTNapfﬁapfﬁ — OO+ QMNV(¢)> =0, (22

F? - 2FMPFNP>

2

Vulf(@)F""] =0, (2.3)
1 wa FPOf(g) ov(g)
\/—_—gaM[\/—_ga ¢ —TW—W—O- (2.4)

Since we want to construct static hairy dyonic black hole
solution for various horizon topologies, we consider the
following Ansdtze for the metric g,,y, gauge field B, and
scalar field ¢:

, 2 , 24(2) g2 ,
ds” = — |—g(2)dt" + ———+ dQ., |,
Z2 ( ) g(z) 2
¢ =¢(z), By = B,(2)dy + qud, (2.5)

where L is the AdS length scale, and the parameter x
indicates the curvature of the two-dimensional metric
dQ,%‘z. In particular, ¥ can take three different values,
{-1,0,+1}, corresponding to hyperbolic, planar, and
spherical horizon topologies, respectively.

dx? +sin’xydx3, k=1
dQ, = ¢ dxi +dx3, k=0
dx? + sinh’x;dx3, k= -1

B, and ¢,, contain the information about the electric and
magnetic charges. In this work, we keep ¢, (or the
background magnetic field) fixed; i.e., g, is considered
as a parameter rather than a thermodynamic variable. We
will see in the next section that this is a consistent
treatment. And X is
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As usual, the radial coordinate z runs from z = 0 (asymp-
totic boundary) to z = z;, (horizon radius), or to z = oo for
thermal AdS (without horizon). Sometimes, we will also
use the coordinate r = 1/z.

Substituting the above Ansditze into Eq. (2.2), we get the
following three Einstein equations of motion,

Al) d@) 9@ 3 Zf(2)Bi(2)?
" _219( )+ § 22 8L%g(z)
G2 f(z)  ADL2V () e2A(z)K_
e T oamn e - )
/ / 2 2 / 2
L84 ) (5-E ) L2
%/[eZA(z) 2 eZA(z)LZV oAl
+ I /) = G)_ 10—, (27
xx1:9"(2) = 4'(2) <A/(Z) +§)
6 44’ 22\ 2f(2)B(2)?
+9(2) <Z2+ Z<Z> ) 2O
_aue92f() MLV (2.8)
2L2 Z2 :

Importantly, one can rearrange these Einstein equations and
put them into the following simpler forms, which are then
easier to solve

2 / 2
(i 2AL e 2 4 2 = 0, (2.9)
@2+ 4A/Z(Z> =0, (2.10)
9"@) | (1 9@\ 39
49(z) () (z 49(Z)> 2z9(2)
2A(z)L2v(Z) 3 Q2A) B
R ARk e 0. (2.11)

Similarly, one gets the following equation of motion for the
scalar field,

2n/ 2
gyt of(§) LM 8V(¢)
20%(z) 0 2g(z) 0 =0, (2.12)

and for the gauge field,

'(2)
f(z)

B/(z) + Bé(z)( —A’(Z)> =0.  (213)

Accordingly, there are a total of five equations. However,
only four of them are independent. Here, we consider the
scalar equation (2.12) as a constrained equation and take
the remaining equations as independent. To solve these
equations, we impose the following boundary conditions:

g(0) =1 and g(z;) =0,
B,(0) =y, and B(z;) =0,
A(0)=0 (2.14)

These boundary conditions are chosen to ensure that the
spacetime asymptotes to AdS at the boundary z — 0. The
parameter u, is the leading term of the near boundary
expansion of the gauge field B,(z), and corresponds to the
chemical potential of the theory. Using Gauss’s theorem,
one can also find a relation between y, and the electric
charge of the black hole (see the discussion below). Apart
from these boundary conditions, we further demand that the
scalar field ¢ remains real everywhere in the bulk and goes
to zero at the asymptotic boundary ¢(0) = 0.
Interestingly, one can find a complete closed form
solution of the Einstein-Maxwell-scalar equations (2.9)—
(2.13) in terms of two unknown functions A(z) and f(z) by
the following approach:
(i) Solve Eq. (2.10) and find ¢'(z) in terms of A(z).
(i) Solve Eq. (2.13) and find B,(z) in terms of A(z)
and f(z).
(iii) From the obtained B,(z) solution, solve Eq. (2.9)
and find ¢(z) in terms of A(z) and f(z).
(iv) Lastly, we solve Eq. (2.11) and obtain V in terms of
A(z) and g(z).
Using this approach, we get the solution for B,(z) as

C dé——+ C,,
% e te

where the integration constants C; and C, can be found
from the boundary conditions [Eq. (2.14)] as

B,(z) = (2.15)

_Fe _ (216)

Cl - Zh dfe

Cy = u,,

The solution for B,(z) then becomes

J§ e o e
=i déE—.
Z”dfe } He/z éf(é)

B/(z) = e [1 (2.17)

Now, using Eq. (2.17) into Eq. (2.9), we get the following
solution for g(z),
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o0 =Cot [(deAOLC K@) (218)
where

B et g erOf(E) eAl)
’C(é)/dé[sz@Jr o Z | (2.19)

C; and C, being the integration constants that can be again
obtained from Eq. (2.14),

1[5 deet k()
féh dé:eA(cf) 52 ’

Similarly, the scalar field ¢ can be solved in terms of A(z)
from Eq. (2.10)

$(2) = /dzz\/@+ Cs,

where Cs can be obtained by demanding ¢ to vanishes near
the asymptotic boundary, ie., ¢|._, — 0. Lastly, the
potential V can be found from Eq. (2.11),

q (Z)z;“@ (zzAz’(Z) N 3Z>

C4:1, C3:

(2.20)

(2.21)

2 _ZA(Z)d,( )
e Z
V(z) = - T +

g(Z)e_2A(Z) 72
~ T (2A(2) +6) + kg

(2.22)

It is therefore clear that we can obtain a closed form
analytic solution of the Einstein-Maxwell-scalar gravity
system of Eq. (2.1) in terms of two arbitrary functions, i.e.,
A(z) and f(z), and construct a dyonic hairy black hole
solution with various horizon topologies. The different
forms of these functions A(z) and f(z) will however
correspond to different V(z), i.e., different A(z) and f(z)
will attribute to different dyonic hairy black hole solutions.
Therefore, we can construct a large family of physically
allowed dyonic hairy black hole solutions for the Einstein-
Maxwell-scalar gravity system of Eq. (2.1) by choosing
different forms of A(z) and f(z).

Nonetheless, in the context of AdS/CFT correspon-
dence, these functions are usually fixed by taking inputs
from the dual boundary theory. In particular, depending
upon what kind of boundary physics one is interested in
one usually consider different forms of these functions. For
example, in holographic QCD, the expressions of f(z) and
A(z) are usually determined by demanding the dual QCD
theory to exhibit physical QCD properties such as the linear
Regge trajectory for meson mass spectrum, confinement/
deconfinement phase transition etc. [138,139].1

'In holographic QCD model context, unlike in our case, the
function A(z) generally appears as an overall conformal factor in
the spacetime metric [138,139].

One can also take a more pragmatic approach and
consider various different forms of A(z) and f(z) to
thoroughly investigate the effects of scalar hair and make
a comprehensive argument of the stability and thermo-
dynamics of the hairy dyonic black holes, without
worrying too much about the dual boundary theory.
Here, we take such an approach. Particularly, we consider
two different forms of A(z): (i) A(z) = —log(1 + az) and
(i) A(z) = —az. These forms of A(z) are chosen not just
for their simplicity but also to have better control over the
integrals that appear in Eqgs. (2.17)—(2.22), again without
bothering greatly about their dual boundary theory.2 With
these forms of A(z), one can see from Eq. (2.21) that the
strength of the scalar hair is characterized by the param-
eter a. Therefore, when a vanishes so does the scalar field.
Hence, as desired, in the limit ¢ — 0, we get back to the
RN-AdS solution. Similarly, we can consider different
forms of f(z). Here, we mostly concentrate on the case
f(z) = 1, corresponding to no direct coupling between the
scalar and gauge field. It is also possible to take other
useful couplings, such as the nonminimal linear f(¢) « ¢
and exponential f(¢) o e~ couplings, which have been
considered in the literature. A detailed discussion with
these nonminimal coupling functions will appear in a
companion paper.

Another reason for considering the above-mentioned
f(z) and A(z) forms is that it makes sure our constructed
hairy spacetime asymptotes to AdS at the boundary z — 0.
In particular, near the boundary, we have

6  mp?
V(2)lmo = Tt Tt
m2d>
V(2)|,m0 =2A+ 2¢ + .. (2.23)
where A = —% is the negative cosmological constant in
four dimensions. Furthermore, m?> = —5/4 is the mass of

the scalar field, satisfying the Breitenlohner-Freedman
bound for stability in AdS space, i.e., m* > —9/4 [153].
Together with the fact that g(z)|,_, = 1, it indeed makes
sure that the constructed geometry asymptotes to AdS at the
boundary.

Apart from the above obtained black hole solution, there
also exists a second solution having no horizon. This
corresponds to a thermal-AdS solution and it can be
obtained by taking the limit z;, — oo in the black hole
solution given above.? Depending upon the form of A(z),
the thermal-AdS solution can have a nontrivial structure in

’In principle, one can consider other forms, such as Az) =
—az" with n > 1, as well. However, we will not dwell into such
forms here.

3Here, we are referring to this without horizon solution as
thermal-AdS for simplicity even though the curvature is not
constant throughout the spacetime.
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the bulk spacetime, however, it will always go to AdS
asymptotically. Interestingly, as we will see shortly, there
can be a Hawking-Page type thermal-AdS/black hole phase
transition between these two solutions.

It is imperative to emphasize once again that Egs. (2.17)—
(2.22) are a consistent solution to the Einstein-Maxwell-
scalar action for any A(z) and f(z). Correspondingly,
depending upon the forms of A(z) and f(z), a hairy dyonic
black hole solution with various horizon topologies can be
constructed analytically. However, it is important to note
that different forms of A(z) and f(z) will correspond to
different potentials V/(z). Therefore, by choosing different
forms of A(z) and f(z), one is actually constructing a
different family of hairy dyonic black holes, as different
forms of A(z) and f(z) will give different potentials V(z).
However, once the forms of A(z) and f(z) are fixed/chosen
then the form of V(z) also is, and in return Egs. (2.17)-
(2.22) correspond to a self-consistent solution to a particu-
lar action with predetermined A(z), f(z), V(z), and then
there is no ambiguity in the solution itself.

To further establish the consistency of the gravity model,
we moreover check validity of the null energy condition
(NEC) in our model. The NEC can be expressed as

TyunNMNY >0, (2.24)

where T’y is the energy-momentum tensor of the matter

fields. The null vector NM satisfies the condition
gunNMNN =0, and can be chosen as
AV 1 I +cosa\/g(z)NZ
9(2) et
sina sina
+ N4 N*2 (2.25)
V2 V290,
for arbitrary parameter a. The NEC then becomes
eI f(2)sin’a(B)(2) + g™ )]
+ e~ cos?ag(z)¢’ (z)? = 0, (2.26)

which is always satisfied in our model for the positive and

real gauge kinetic function f(z) and scalar field ¢(z).
We can also write down the expressions of various

thermodynamic observables associated with the constructed

*Although the functions A(z) and f(z) seem to be arbitrary in
our construction, however, we need to be careful in choosing their
forms. In particular, we have to make sure that all the fields in the
gravity systems such as scalar field, gauge field, and metric
function remain real throughout the bulk. This puts a lot of
constraint on the forms of A(z) and f(z) we can choose. For
example, the scalar field would be complex if A(z) = az, with a
being positive, is considered. Similarly, we can not choose forms
like A(z) = a/z", with n being positive, as this will make the
asymptotic boundary different from AdS.

hairy black holes. This will be useful in the discussion of
black hole thermodynamics. The temperature and entropy of
the black hole are given by

r_% Ky + i deerOEK(E)
Tap | JirgeeiO2 |
L*Q
= 2 (2.27)
4G4Zh

where €, , is the unit volume of the boundary space constant
hypersurface. To find the charge of the black hole, notice
from Eq. (2.3) that

(V=9f(D)F) = q,

where ¢, is a z-independent constant related to the electric
charge. By measuring the flux of the electric field at the
boundary, the electric charge can be computed as

(2.28)

0, = /f(¢)F(zﬂuanﬂdQ2,Kv (229)

167TG4

where 1 and n” are the unit spacelike and timelike normals,
respectively, to the constant radial surface

o L g—
u’ = = s
v "9 \/ g(z)
1
WL g = VI (2.30)
V2 et
this leads to the charge as
quZ K
= - 2.31
Qe = 162G, (2.31)

We can further find an explicit relation between Q, and
the corresponding conjugate chemical potential p,.
Substituting the B,(z) solution from Eq. (2.17) into
Eq. (2.28), we get

A(z)
q.e
Bl Z)=— )
t( ) f(Z)
~ He _
fie = T e e P =q,. (2.32)

The explicit relation between u, and Q, depends on
the forms of A(z) and f(z), and therefore is model
dependent.

To discuss the thermodynamic stability of the con-
structed hairy dyonic black hole solutions, we also need
to examine the notion of an energy function, or “mass” for
the black hole solutions. However, there are various
alternative definitions for calculating conserved charges
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in AdS spaces. This includes the conformal Weyl procedure
of AMD [148], and the holographic renormalize stress
tensor procedure [149—152].5 Moreover, these definitions
do not always agree with each other especially for gravity
systems containing additional matter fields, unless desir-
able boundary conditions are met for the matter fields at
the asymptotic boundary [60] (see the next section for
more details). In this work, we will compute the black
hole mass using these two definitions and explicitly
evaluate the effect of scalar hair on the black hole mass.
This computation will not only help us to make a better
comparison between these methods but also help us to
further understand the differences between them. We find
that even for the complicated Einstein-Maxwell-scalar-
like gravity system one can obtain an analytic expression
of mass from both these definitions. However, since these
definitions explicitly depend on the near asymptotic
structure of gravity and matter fields, it is difficult to
write down the mass expression for different horizon
topologies in full generality. For this reason, we have to
investigate the mass, and therefore the thermodynamics,
on a case-by-case basis.

III. BLACK HOLE THERMODYNAMICS WITH
A(z)= -log(1+az)

In this section, we first examine the stability and
thermodynamics of the dyonic hairy gravity solution for
the case A(z) = —log(1 + az). The discussion for A(z) =
—az is postponed to the next section.

A. Planar horizon: k=0

Let us first discuss the results with planar horizon,
corresponding to k = 0. With A(z) = —log(1 + az), the
solutions of ¢(z) and B,(z) reduce to

¢(z) = 4sinh(y/az).

B B log(1 + az)
Bl = e (1 log(1 + azh>> '

This also gives us the relation

~ ape

= "¢ 3.2
fe log(1 + az,) (3.2

= {e-

Similarly, we get the following solution for g(z),

1 uia?
9(2) +4a4 (qM + log?(1 + azh)) <

az(2 —az) —2log(az + 1) )
azp(az, —2) + 2log(az, + 1)

x (az,(6 — az;) +2log(azy, + 1)((az; = 3) + (az;, + 1) +log(az, + 1)))

—az(az —2) —2log(az + 1)
azy(azy, —2) + 2log(az;, + 1)

We can similarly write down the analytic expression of
V(z). However, it is too complicated and lengthy, and at the
same time not very illuminating; therefore, we skip to
reproduce it here for brevity. Notice that in the limit a — 0,
the scalar field goes to zero and all other expressions reduce
to the standard nonhairy dyonic expressions.

In Fig. 1, the behavior of these functions for different
values of hair parameter a is illustrated. The results here are
illustrated for a particular value of z, =1, u, =1, and
gy = 1; however, analogous results occur for their other
values as well. The blackening function g(z) changes sign
at z = z,, for all values of a, indicating the presence of a
horizon. The finiteness of the Kretschmann scalar
RyinpoRFNPQ outside the horizon further indicates the
nonsingular nature of the bulk spacetime. Similarly, the
scalar field is regular and real everywhere in the exterior

One can also evaluate the mass using the Hamiltonian
formulism [60]. However, we will not concentrate on this method
here.

+L 6]2 _~_L
4a* \"™ " log?(1 + azy)

X (az(6 —az) +2log(az + 1)((az = 3)(az + 1) + log(az + 1))).

(3.3)

|
horizon region. Notice from Eq. (3.1) that ¢ goes to zero
only at the asymptotic boundary, implying the existence of
a well-behaved planar dyonic hairy black hole solution in
our model. We will discuss the thermodynamic stability of
this hairy dyonic black hole against the nonhairy dyonic
black hole shortly when we will examine their free
energies. Similarly, the potential is also regular everywhere
in the exterior horizon region, and it asymptotes to
V(z=0)=—-6 at the AdS boundary for all a.
Additionally, provided that y, and ¢, are not too large,
the potential is also bounded from above by its boundary
value, i.e., V(0) > V(z), thereby satisfying the Gubser
criterion to have a well-defined dual boundary theory [154].
However, for higher values of u, =2 and ¢, = 2, the
Gubser criterion can be violated.

We can further analyze the behavior of V(z) with respect
to ¢(z). We find that ¢ vs V profile for different values of a
and u, almost overlap with each other, demonstrating the
independence of the potential on these parameters (which it
should be). This is shown in Figs. 2 and 3. The V(z) profile
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FIG. 1. The behavior of (a) g(z), (b) RynpoRMNFQ, (¢) ¢(z), and (d) V(z) for different values of hair parameter a. Here z;, = 1,
1, = 0.1,k =0, and ¢g,; = 0.1 are used. Red, green, blue, brown, orange, and cyan curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20,

and 0.25, respectively.

for different values of g,, also overlap with each other,
provided again that it is not too large. This is actually a
consequence of the above-mentioned violation of the
Gubser criterion. In particular, the parameter values for
which the Gubser criterion is violated also lead to different
and unphysical ¢ vs V behavior. In the rest of the work, we
will concentrate on only those parameter values for which
the Gubser criterion is respected.

V(z)

-6.5

-7.0

-7.5

-8.0

FIG. 2. Scalar potential as a function of scalar field for various
values of yu,. Here a = 0.1, z;, = 2.0, and ¢, = 0.1 are used.
Red, green, blue, brown, and orange curves correspond to ¢, = 0,
0.1, 0.2, 0.3, and 0.4, respectively.

1. Mass from AMD prescription

In this subsection, we calculate the mass of the hairy
black hole using the AMD prescription [148]. This pre-
scription is particularly useful as it can be straightforwardly
applied. The essential idea here is to evaluate the electric
part of the Weyl tensor of conformally recalled metric

ds* = w*ds?, with @ having a zero of order one at infinity.

The conserved quantity C[K] associated with a Killing field
K is then given by

-10
—11
—12

FIG. 3. Scalar potential as a function of scalar field for various
values of a. Here u, = 0.1, ¢y, = 0.1, and z;, = 2.0 are used.
Green, blue, brown, orange, and magenta curves correspond to
a = 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.
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CIK] (3.4)

1 -
= ]{ & KdS,,
877G4 "

ol =pao
where &', = o™ #’R°C* ,,,;,
normal vector to the constant w surface. C*

w =2z and 7” is the unit
is the

Weyl tensor constructed from ds? and d3¥ is the two-
dimensional area element of the space section of the AdS
boundary. For a timelike killing vector K, we have the mass
expression

pve

Q,

C[K] MAMD = —w_l( )2thtw’ (35)

here all the functions are meant to be calculated with the

—24(@) | substituting the

g(w)e
expression of C’,,,,, switching back to = 1/ coordinate

and simplifying, we get

metric ds?. Using it =

Q, e~ 2A() 4 rA'(r)d (r)  rg"(r) r
Mayp = 2= (£ | g - 7. 3.6
AMD 87zG4( 3 g +— R RRE (36)
Substituting A(r) and g(r) expressions of the planar hairy black hole, we finally get
Qz . &3 ((q§+qfw)(2(a2zfl—2azh—3)log (aizljl)+az,,(6—azh)+210g2(azh+l)) 4 1)
M =—= 3.7
AMD 107G, azp(az, —2) + 2log (az, + 1) (37)
[

Notice that, in the limit a — 0, the above expression b — 1 by — b _ 1 (3.9

reduces to standard nonhairy dyonic expression. =g 27 T 384” 3746080 '

2. Mass from holographic renormalization

We now compute the mass using the holographic
renormalization method [149-152]. This is one of the
most elegant methods that is used not just to compute
the mass but also other thermodynamic quantities of the
black hole. In this method, the thermodynamic quantities
are computed from the regularized action using boundary
counterterms. For the Einstein-Maxwell-scalar system in
Eq. (2.1), the renormalized action is given by subtracting
the boundary terms from the bulk action

: /
d*x/=y0
T3z Gy Jom
1
- dxy/=y(4+RO)
]67TG4/3M o 7/( + )

g | T b b))
167IG4 oM

where the first term is the on shell action, second term is the
usual Gibbons-Hawking surface term, the third term is the
Balasubramanian-Kraus counterterms, and the fourth term
is the scalar counterterms. Notice that no new counterterms
are needed due to the U(1) gauge field, as F? term falls off
sufficiently quickly near the boundary. y is the induced
metric on the boundary OM, R®) is the Ricci scalar
constructed from the boundary metric y, and O is the trace
of the extrinsic curvature ©,,. The constants by, b, and b3
are fixed by demanding complete cancellation of the IR
divergences coming from the scalar part of the action. Their
values are computed as

G on shell
S ren =S EMS

A few important points about the above regularized action
are in order:

(i) The variation of scalar part of the FEinstein-
Maxwell-scalar action also gives a boundary term
(=1/167Gy) [, d*x\/=yn"0,¢(5¢). Therefore, in
principle one could add a boundary term
(1/167G,) [yp &x\/=yn"¢0,¢ in the renormal-
ized action in Eq. (3.8). However, since the latter
term is not explicitly constructed from the boundary
metric, we therefore do not include this term here.

(i1) Similarly, the variation of gauge part of the action also
gives a boundary term [}, d*x,/=yn, f(¢)F™*(5B,).
This term goes to zero for the Dirichlet boundary
condition 6B, = 0. Since the Dirichlet boundary
condition corresponds to the case of fixing the
constant part of the gauge field, i.e., the chemical
potential; therefore, in the grand canonical ensemble,
no additional terms are required to be added in the
above action.

(iii) However, if we want to study the system in
the canonical ensemble, corresponding to fixed
charge ¢q,, i.e., OF" =0, then the boundary term
Jom @x\/=yn, F*(5B,) is not zero and we have to
add a boundary term [}, d’x\/=yn,f(¢)F*B, in
the action such that we get a thermodynamic
function in terms of the variable (g,) we wish to
control. Therefore, the renormalized action in the
case of canonical ensemble would be
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1
SF — gon shell / d3 —0
ren EMS + 8 7Z'G4 M x\/ 14
1
- dx\/=y(4 + RO
16ﬂG4/3M X=r(d 4 RE)
2
1677.'G4
1
dxy/~ F'*B,.
16ﬂG4/aM xy/=rn.f($)F*B,

(3.10)

+

/ B/ T (b1 + bod® + bs)
oM

+

As we will see, the last term would not only give
an additional contribution to the Helmholtz free
energy but is also necessary to get a standard
thermodynamic relation between canonical and
grand-canonical free energies.

(iv) Generally, the canonical boundary condition in
Einstein-Maxwell-scalar theory mixes the gauge
field variation with that of the scalar field variation,
i.e., the sum of 6F" and 6¢ variations [155]. The
coupled scalar and gauge variations lead to a
possibility of a generalized mixed boundary con-
dition on both fields, corresponding to the semi-
canonical ensemble. However, for the case when d¢
vanishes, this semicanonical ensemble reduces to
the standard canonical ensemble. Since in this work
we are mostly interested in physical situations
where the scalar field (or the parameter a) is fixed,
we will not dwell much into the semicanonical
case here.

From the renormalized action, and using the Arnowitt-
Deser-Misner decomposition, we can compute the corre-
sponding stress energy tensor

TH —

Oy — O +

i‘%“}, (3.11)

Va4 57#1/

877,'G4
|

where L., is the Lagrangian of the counterterms only.
Explicitly, for the grand canonical case Eq. (3.8), we have

1 3)

o= ®/w - 2},/41/ + Gﬂ”

76 = — @y, —
v 877.'G4[ Y

+ 7 (b19* + byd* + b3¢°)], (3.12)

where G,(,?,) is the Einstein tensor of the boundary metric.

Similarly, for the canonical case

1 (3)
T,fy = VGA‘ [@yﬂy - ®/“/ - 27//41/ + G/'”’

+ 7,0 (b19? + byp* + b39°)]

1 f(9)
—n, F'’B,— ’F,B,|.
877.'G4 ylw 2 n, P f(d))n pvPu

(3.13)

In the above equations, the superscript G and F are used to
denote grand canonical and canonical ensemble, respec-
tively. The mass of the black hole is then related to the #¢
component of 7,. In particular, if K* is a Killing vector
generating an isometry of the boundary space, then the
associated conserved charge is

ClK] :MHR:/Zdzx ou'T, K", — (3.14)

where X is a spacelike surface in 9 M, with induced metric
o, and u, = —/g(z)d, is the timelike unit normal to X.

3. Thermodynamics with constant potential

Let us first discuss the black hole thermodynamics in the
grand canonical ensemble. Substituting the planar black
hole expressions in Egs. (3.12) and (3.14), we get the mass
of the black hole

Q5
M quR =

! ((q%+q}4)(2(a2Zi—2azh—3)log (azp+1)+az,(6—azy)+2log” (azy+1)) 1 1)

4a*

127[G4

Notice that this black hole mass expression matches
exactly with the AMD prescription. Moreover, this ex-
pression also matches with the z> coefficient of g(z). In
particular,

Q
29 % |23 coefficient of g(z)].

. 3.16
87TG4 ( )

G _ _
My = Mawp =

At this point, we like to emphasize that the scalar IR
divergences could have been removed from the action
[Eq. (3.8)] by adding only b and b, terms. The b5 term is
needed to match the holographic renormalized mass with

azy(azy, —2) + 2log (az, + 1)

(3.15)

[
the AMD mass, otherwise there would be a disagreement
between them. This further highlights the important differ-
ence between the AMD and holographic renormalized
masses in the presence of a scalar field. In particular, the
holographic renormalized mass is sensitive to boundary
terms, whereas the AMD mass does not depend on
boundary counterterms. For further discussion on this
matter, see [156]. This freedom to redefine the holographic
mass expression is actually like the Legendre transforma-
tions that one makes between different forms of energy in
standard thermodynamics. Note that since no additional
counterterms are needed for the gauge field, the AMD and
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holographic renormalized mass agree with each other for
the standard nonhairy dyonic black holes.

G

From the renormalized action, we can further calculate
the Gibbs free energy G = —S<, /3

_ ui(azy(azy, — 6) — 24 log? (azj, + 1) + 2a*(—a’z2 + 2az, + 3)log (az, + 1))

967aG, log? (azj, + 1)(azy(az, —2) + 2log (az, + 1))

qu(2(2a%z; — 4az, + 3) log’ (az, + 1) + @’z log? (az, + 1) + 101log* (az;, + 1))

_|_

2a° + 3th%,[

487G, (azy(az, —2) + 2log (az, + 1))

Importantly, this expression of Gibbs free energy matches
with the expected thermodynamic relation G = MG,—
TSgy — Q... This is a consistency check for the thermo-
dynamic formulae found here for the dyonic hairy black
holes. It is indeed surprising that even for these complicated
dyonic hairy black holes analytic expressions of various
thermodynamic observables could be obtained. Further,
holding the relation G = MSy — T'Spy — Q,pe, Wwithout
requiring to add a term for the magnetic charge, further
supports the fact that treatment of ¢, as a constant external
parameter is consistent. We further calculated the pressure
in the grand canonical ensemble,® and find that the Ein-
stein-Maxwell-scalar gravity system satisfies the standard
thermodynamic relation,

G = —PC. (3.18)

As expected the above expression for G reduces to the
standard nonhairy dyonic black hole expression in the limit
a — 0, again providing a consistency check of the ex-
pression. However, it turns out that the Gibbs free energy
does not satisfy the differential first law like relation

dG = —SgudT — Q.du,. (3.19)
This unfortunate result might be related to the fact that with
the scalar field this form of first law needs to be modified by
scalar contributions. Indeed, by now many works have
strongly advocated for modification of the differential first
law in the presence of a scalar field [157,158]. It is of
course important to explicitly establish the first law in our
Einstein-Maxwell-scalar model as well; however, since our
primary focus here is on the construction and thermody-
namic stability of the hairy black holes (and on the
corresponding hairy/nonhairy phase transitions). We there-
fore postpone this curious exercise for future work.

®The pressure can be computed from the x;x; component
of T,.

"Note that with finite qu, P differs from T, by a term
proportional to the magnetization.

967aG, log? (azj, + 1)(azy(az, —2) + 2log (az, + 1))

(3.17)

With various analytic expressions in hand, we are now
ready to discuss the thermodynamic properties of the planar
hairy dyonic black holes. In Fig. 4, we have shown the
behavior of Hawking temperature with respect to inverse
horizon radius z;, for different values of a. Here, we have
kept u, = 0.1 and ¢,, = 0.1 fixed but similar results hold
for other values of y, and ¢g,, as well. We find a one to one
relation between the horizon radius and Hawking temper-
ature. Remember that the usual nonhairy dyonic black hole
becomes extremal only when u, and g,, are finite. This
property continues to hold for the hairy dyonic case as well.
With finite a, the difference arises in the magnitude of z5*'
at which the hairy black hole becomes extremal. We find
that the magnitude of z§* increases with a for all y, and g,.
The overall dependence of extremal horizon radius on a, 4,
and ¢, is shown in Fig. 5.

It is also important to analyze the local stability, which
measures the response of the equilibrium system under a
small fluctuation in thermodynamical variables, of these
hairy black holes. In the constant potential ensemble, the
local stability is quantified by the positivity of the specific
heat C, = T(0Sgu/O0T) at constant potential. Since
SpH z;z, it is easy to see that the slope of the Sgy — T
plane in these hairy black holes is always positive. This in

0.35
0.30
0.25
0.20
0.15
0.10
0.05

2 4 6 8 10 2

FIG. 4. Hawking temperature 7 as a function of horizon radius
z;, for various values of a. Here 4, = 0.1 and ¢,; = 0.1 are used.
Red, green, blue, brown, orange, and magenta curves correspond
to a =0, 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.
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Zhext

121

0.1 0.2 0.3 0.4
FIG. 5. The variation of extremal black hole horizon radius z§*
as function of a. Red, green, blue, brown, orange, and magenta
curves correspond to u, =0, 0.1, 0.2, 0.3, 0.4, and 0.5,
respectively. Solid, dashed, dotted, and dot-dashed curves cor-

respond to ¢g,, = 0.1, 0.2, 0.3, and 0.4, respectively.

turn implies that C, > 0, indicating the local stability of
hairy dyonic black holes.

To further analyze the thermodynamic stability of the
hairy dyonic black holes, we examine its free energy. The
Gibbs free energy as a function of temperature for different
values of a is shown in Fig. 6. One can immediately notice
that Gibbs free energy of the hairy black hole (a # 0) is
smaller than the nonhairy black hole (a = 0) at lower
temperatures, whereas it is greater than the nonhairy black

G

—5.x107°
—0.000010

—0.000015

—0.000020

0.0020

0.0015

0.0010

0.0005

.
0.02 0.04 0.06 0.08 0Md"D.12

©)

hole at higher temperatures. This suggests that although the
nonhairy black hole is thermodynamically preferable at
higher temperatures, however, it is the hairy black hole
structure that is thermodynamically more preferable at low
temperatures. Moreover, the temperature range for which
the hairy black hole is more preferable increases with a. In
particular, the temperature 7, at which the free energy of
hairy black hole becomes lower than the nonhairy black
hole increases with a. Similarly, 7';; increases with p, and
gy as well. This indicates that the thermodynamic stability
of the hairy dyonic black hole phase strengthens at higher
temperatures as both u, and ¢, increase. The complete
phase diagram displaying the dependence of T on a, y,,
and ¢g,, is shown in Fig. 7.

Importantly, the planar hairy black hole can become
thermodynamically favorable even when u, = 0. This is an
interesting result considering that the free energy of planar
RN-AdS black hole is generally found to be smaller than
the planar hairy black holes for y, = 0 [137]. We find that
this situation can be circumvented for the dyonic case
having finite g,,. In particular, for g,, # 0, the free energy
of an uncharged hairy black hole can be smaller than the
uncharged nonhairy black hole at low temperatures. This is
shown in Fig. 8 for a particular value of ¢, = 0.2.
Moreover, the temperature 7' at which the free energy
of hairy uncharged black hole becomes lower than the
nonhairy uncharged black hole increases with ¢,,. This
further suggests that the possibility of thermodynamically

G

~0.00005L_ 0.01 0.02 0.03 0.04 0.05 0.06

—0.00010
—-0.00015
—0.00020
—-0.00025
—0.00030

(b)
G
0.0020

0.0015
0.0010
0.0005

0.0000

T
0.02 0.04 0.06 0.08" 00 “0.12
(@)

FIG. 6. Gibbs free energy G as a function of Hawking temperature 7" for various values of a. The upper-left graph (a) corresponds to
qy = 0and p, = 0.1; the upper-right graph (b) corresponds to g,; = 0 and y, = 0.3; the lower-left graph (c) corresponds to ¢;, = 0.2
and y, = 0.1; and the lower-right graph (d) corresponds to ¢,;, = 0.2 and u, = 0.3. Red, green, blue, brown, orange, and magenta curves
correspond to @ = 0, 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.
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Terit
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FIG. 7. The variation of T as function of a. Red, green, blue,
and brown curves correspond to y, = 0.1, 0.2, 0.3, and 0.4,
respectively. Solid, dashed, dotted, and dot-dashed curves cor-
respond to ¢g,; = 0, 0.1, 0.2, and 0.3, respectively.

0.0020
0.0015

0.0010

08S S o%0 |

FIG. 8. Gibbs free energy G as a function of Hawking
temperature 7" for various values of a. Here y, = 0 and ¢, =
0.2 are used. Red, green, blue, brown, orange, and magenta
curves correspond to a =0, 0.05, 0.10, 0.15, 0.20, and 0.25,
respectively.

0.02 0.04 0.06

stable hairy uncharged black hole increases with the dyonic
parameter ¢,,. The dependence of T';; on ¢g,, and a for the
uncharged cases (¢, = 0) is shown in Fig. 9. Overall, our
whole free energy analysis indicates the existence of a
thermodynamically stable and well-behaved hairy dyonic
|

F =

7—crit

0.05 //

0.04 //
0.03 //

0.02

‘ ‘ ‘ ‘ ‘ —q
005 0.10 0.15 020 025 0.30

FIG. 9. The variation of T as function of a. Here u, = 0 is
used. Red, green, blue, brown, and orange curves correspond to
gy = 0.1, 0.2, 0.3, 0.4, and 0.5, respectively.

T
0.5
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0.1

: : ; = Z
2 4 6 g "
FIG. 10. Hawking temperature 7 as a function of horizon radius
z;, for various values of a. Here ¢, = 0.1 and ¢, = 0.1 are used.

Red, green, blue, brown, orange, and magenta curves correspond
to a =0, 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.

planar black hole solution in asymptotically AdS space in
our model.

4. Thermodynamics with constant charge

To discuss the thermodynamic in the canonical ensem-
ble, we use the renormalized action Eq. (3.10) to compute
the Helmholtz free energy F = —S&,/B. We find that

(4% + q3y)(a*2} 4 2(2a%2} — 4azy, + 3) log [az, + 1] — 6az;, + 101og? [az, + 1])

96waGy(azy(az, —2) + 2loglazy, + 1])

a3

 247Gy(azy(az, —2) + 2log[azy, + 1))

This is again consistent with the standard thermodynamic

relation that the Helmholtz free energy is a Legendre

transformation of the Gibbs free energy
F=G+Q.p, = MIC-;IR — T'Spp. (321)

Similarly, we can compute mass and pressure in the
canonical ensemble from (zf) and (xx) component of the

(3.20)

stress energy tensor Eq. (3.13). The pressure again turns
out to be negative of the Helmholtz free energy,

8Again, for finite g, P differs from T, by a term proportional
to the magnetization.
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Whereas, the mass is given by

PF=—F. (3.22)
(g2+43,) (2 log [1+az;](a—2) (a+L)+ 225 —g(a—$))
513< iy} - + 1) >
Q0 447z, Qo gelog[l +az (3.23)

ME, =
HR ™ 127G,

Here the last term is nothing but Q,u,. Notice that this mass
Ml differs from the mass in Helmholtz free energy in
Eq. (3.21) by a factor of Q,u,. This difference arises
precisely from the additional gauge field terms introduced
in the action [Eq. (3.10)] and stress energy tensor
[Eq. (3.28)] to have a well-defined fixed charge ensemble.
For the usual RN-AdS black hole in the canonical ensem-
ble, the mass M1 is usually identified as the energy above
the ground state, i.e., the extremal black hole [83]. How-
ever, we find that for the hairy case the mass of the fixed
charge differ by Q,u,, and not by the energy of the extremal
black hole. It would certainly be interesting to find out the
exact meaning of this holographic renormalized mass M7,
in the canonical ensemble context, however, at this moment
we are unsure about its correct physical interpretation.

In Fig. 10, the variation of Hawking temperature with
horizon radius is shown. Here, we have kept g, = 0.1 and
gy = 0.1 fixed, but similar results occur for other values of
q. and g, as well. In the canonical ensemble too, the radius
of the extremal horizon z§** increases with a. The negative
slope and one to one relation between the horizon radius
and Hawking temperature further indicate that the hairy
black hole does not only exists at all temperatures but also
are thermodynamically stable. In particular, the specific
heat at constant charge C, = T(0Sgy/0T) is always
positive, implying the local stability of these black holes
in the canonical ensemble as well.

In Fig. 11, the thermal variation of Helmholtz free energy
as function a is shown. We again see that the free energy of
the hairy black hole (a # 0) is smaller than the nonhairy
black hole (a = 0) at lower temperatures, whereas it is
greater than the nonhairy black hole at higher temperatures.
This implies that, like in the grand canonical ensemble, the
hairy black hole is thermodynamically more preferable at
low temperatures compared to the nonhairy black hole in
the canonical ensemble as well. We further calculated the
temperature 7, at which the Helmholtz free energy of
hairy black hole becomes lower than the nonhairy black
hole, and find it to be an increasing function of a, ¢,, and
qy- This implies that the temperature window where the
hairy black hole is more preferable increases with a, ¢,,, and
qy- The overall dependence of T.; on a, g,, and g, is
shown in Fig. 12. Therefore, in the canonical ensemble as
well, the dyonic parameter g,, plays a constructive role in

azi(a - %) + 2log[1 + azy)

162G, a

|
the thermodynamic stability of the hairy black hole.
Moreover, since the case ¢, = 0 is identical to the y, = 0
case, which we have already discussed in the last sub-
section, the planar hairy uncharged black hole can become
thermodynamically favorable in the canonical ensemble
as well.

B. Spherical horizon: k=1

We now turn our attention to dyonic hairy black hole
solution and thermodynamics with the spherical horizon,

0.0012
0.0010
0.0008
0.0006
0.0004

.
0.06 * 008 * “0.10

FIG. 11. Helmholtz free energy F as a function of Hawking
temperature 7" for various values of a. Here g, = 0.1 and ¢, =
0.1 are used. Red, green, blue, brown, orange, and magenta
curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20, and 0.25,
respectively.
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: : : : : - a
005 010 015 020 025 0.30

FIG. 12. The variation of 7 as function of a. Red, green, blue,
and brown curves correspond to g, = 0.1, 0.2, 0.3, and 0.4,
respectively. Solid, dashed, dotted, and dot-dashed curves cor-
respond to ¢g,; = 0, 0.1, 0.2, and 0.3, respectively.
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FIG. 13. The behavior of (a) g(z) and (b) RynpoRMNFQ for different values of hair parameter a. Here z;, = 1, g, = 0.1, and
gy = 0.1 are used. Red, green, blue, brown, orange, and magenta curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20, and 0.25,

respectively.

corresponding to k = 1. The thermodynamic phase struc-
ture of the usual spherical nonhairy dyonic black hole has
an incredibly rich structure [113]. In particular, there appear
interesting Hawking/page and small/large black hole phase
|

o(0) =1+ az(az —2) +2log(az + 1)

transitions. Therefore, it will be interesting to see how the

presence of scalar hair affects this phase structure.
Similar to the planar case, we can again obtain the

analytic, though slightly complicated, expression of g(z)

1 1)(1 1)—-21 -1
aQ(azh(aZh _ 2) + 210g (aZh + 1)) { Og (aZh + )( Og (aZh + ) Og(Zh) )
—a* +ag, (2 log( <h

1+az, .
+az,lo — 1) -=2Liy(—az
az, + 1) ! g( Zn ) ) 2 h>}

(g2 + g3)(az(az —2) +2log(az + 1))
- 2(1 1)-3)1 1
4614((12;,(612;, _2) +210g (Cth + 1)) { <0g (GZ}, + ) ) Og<azh + )
+ az,(—4log (az; + 1) + az;(2log (az, + 1) = 1) +6)}

2(a*z? = 2az — 3)log(az + 1) + az(6 — az) + 2log*(az + 1
R gt 1) 6 =)+ o' 1)
N 4Liy(—az) + az(—az + 2(az — 2) log(z) + 4) + 4log(z) log(az + 1)

2a®

N az(az —2) —2log(az + 1)(az(az —2) +log(az + 1) — 1)

242

Where Li, is the Polylogarithm function. This expres-
sion again reduces to the standard dyonic RN-AdS
expression in the limit a — 0. Since the expressions
for ¢(z) and B,(z) remain the same as in the planar
case, the scalar field continues to be regular and well-
behaved everywhere outside the horizon. The profile of
g(z) and Kretschmann scalar, shown in Fig. 13, further
illustrates the smooth and well-behaved nature of the
spacetime.

To investigate the local and thermodynamic stability of
this spherical hairy dyonic black hole, we again need to
compute various thermodynamic quantities. The expres-
sions of charge and chemical potential remain the same as
in the planar horizon case. However, because of the

|

presence of z*logz term in the near boundary expansion
of g(z), the AMD prescription does not yield a sensible
result for the black hole mass. Nonetheless, we can still use
the holographic renormalization method to compute the
black hole mass.

1. Mass from holographic renormalization

The procedure for obtaining the black hole mass and
other thermodynamic quantities from the holographic
renormalization method is exactly the same as discussed
earlier for the planar horizon case. The difference arises
only in the scalar boundary counterterms in the regularize
action,
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the structure of g(z), cancel out in Sg,. This renormalized

action is suitable to study fixed potential ensemble. The
1 ; - corresponding stress energy tensor is then given by
- d°x/—y(4+R
1677:G4/3M @R
1
G _
" / Cxy/=7 (b1 + by + s logh). T =
167TG4 oM

(3)
8 G4[ y}tl/ HU y;w

nv

(3.24) + 7 (b1@” + by + b3¢° log p)], (3.25)
The ¢%log ¢ counterterm is needed to make sure that the  whose 7z component will give us the following desired mass
additional logarithmic divergences in S22 4! arising due to ~ expression”:

|

e a*(—a(4a® +5)z; + 8(a* + 5)z;, — 60z;,(az;, — 2)(coth™ (2az;, + 1) — log(4)) + 30a)
HR 3607Gy(azy,(az, —2) + 2log (az, + 1))
N 4a(-2a* + 151og (az;) + 5 + 601og(2)) log (az, + 1) + 60aLi,(—az,) — 30alog?(az, + 1)
3607Gy4(azy,(az, —2) + 2log (az, + 1))
apz(2(a’zj, — 2az, — 3) log (azj, + 1) + az,(6 — az,) + 2log*(az, + 1))
487G log*(azy, + 1)(az,(az, —2) + 2log (azj, + 1))
(2(a*z3 — 2az;, — 3) log (az, + 1) + az;,(6 — azy,) + 2log*(az, + 1))
48anGy(azy,(az, —2) + 2log (az, + 1))

2
+QM

(3.26)
For the fixed charge ensemble, as discussed before, the renormalized action would need to be modified
appropriately,

1 1
— dx/=70 — d*x/=y(4 + RO
83G4[9M S 16ﬂG4[3M oy + RY)

F  __ ¢on shell
Sren - SEMS +

o [ VT 4 bt 0 ogd) 1 [ v Tms@FrE. (2T
the corresponding energy momentum tensor is then
Tl = s O = O = 2+ GE + (010 + b+ b g D] + 1 LD 0, P05, = (O F
(3.28)
the ¢t component of which gives us the mass

2
gslog (az, + 1)

Again, this mass Ml is not exactly the mass that appears in the Helmholtz free energy but differs by a
factor of Q,u,.

2. Black hole thermodynamics

Let us first discuss the black hole thermodynamics in the grand canonical ensemble. From the renormalized on shell
action, we get the Gibbs free energy per unit area as

°This is actually the mass per unit area €, ; of the boundary spatial section.
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+ log (azj, + 1)(a(—=8a? — 25 + 2401log 2)z;, + 60az; log (az,) + 90) — Saz;,(3a*> — 8az;, + 18)
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967G log?(az;, + 1)(az,(az, —2) + 2log (az;, + 1))
| du((4a’z] —8az, + 6) log (az, + 1) + azy(az, = 6) + 10log(az, + 1))

96waGy(az,(az, —2) + 2log (az, + 1))

The free energy satisfies the expected thermodynamic
relation G = MS, — TSgy — Q.pte, and reduces to the
standard dyonic expression in the limit @ — 0. This is a
consistency check for the thermodynamic formulae found
here for the spherical dyonic hairy black holes.

In Fig. 14, we have shown the behavior of Hawking
temperature for 4, = 0 and ¢g,; = 0. As is well known, the
usual nonhairy Schwarzschild AdS black hole exists only
above a certain minimum temperature 7', and below this
minimum temperature the black hole ceases to exist,
thereby exhibiting an interesting Hawking/Page transition
between the Schwarzschild AdS black hole and thermal
AdS. We find that this interesting behavior and phase
transition continue to hold in the presence of scalar hair as
well. In particular, there again appear two black hole
branches, large and small, at all temperatures 7 > T -
The large black hole branch [indicated by (1) in Fig. 14] has
a positive specific heat and is stable whereas the small black
hole branch [indicated by (2) in Fig. 14] has a negative
specific heat and is unstable. Moreover, the free energy of
the large black hole branch is always smaller than the small
black hole branch. However, the free energy of the large

T
4

—
—
R
—
N
-

Zn
20 40 60 80

FIG. 14. Hawking temperature T as a function of horizon radius
z, for various values of a. The large and small black hole
branches are indicated by (1) and (2), respectively. Here y, = 0
and ¢, = 0 are used. Red, green, blue, brown, orange, and
magenta curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20, and
0.25, respectively.

|

black hole can become higher than the thermal AdS at
lower temperatures, implying the Hawking/page phase
transition between them. This is shown in Fig. 15, where
the free energy difference between hairy black hole and
thermal AdS is plotted for various values of a.

The thermodynamic structure becomes even more inter-
esting for the small but finite chemical potential u,. For a
small chemical potential, still in the case ¢, =0, the
Hawking/page phase transition continue to exists, with a
large stable black hole solution dominating the thermody-
namics at a higher temperature, whereas the thermal-AdS
solution dominates at a lower temperature. Interestingly,
with scalar hair, a new small black hole branch can appear,
which remains stable at low temperature [indicated by
(3) in Fig. 16]. In particular, the Hawking temperature now
has local minima and maxima and vanishes at a finite radius
z;’l’“; i.e., at least one stable black hole branch always exists
all at each temperature. Moreover, the magnitude of this z§*
decreases with a. The free energy behavior, shown in
Fig. 17, further suggests a first order phase transition
between the large black hole branch (1) and small black
hole branch (3) as the temperature is lowered. This is the
famous small/large black hole phase in the context of
charged AdS black hole [83-87]. Notice that the free

AG

0.006
0.004 (2
0.002

0. 04 05 06 07 08 09

—0.002
-0.004 M

FIG. 15. Gibbs free energy difference AG as a function of
Hawking temperature T for various values of a. The free energy
of large and small black hole branches are indicated by (1) and
(2), respectively. Here 4, = 0 and ¢, = O are used. Red, green,
blue, brown, orange, and cyan curves correspond to a = 0, 0.05,
0.10, 0.15, 0.20, and 0.25, respectively.
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FIG. 16. Hawking temperature T as a function of horizon radius
z;, for various values of a. The large, intermediate, and small
black hole branches are indicated by (1), (2), and (3), respectively.
Here y, = 0.3 and ¢,, = 0 are used. Red, green, blue, brown,
orange, and magenta curves correspond to a = 0, 0.05, 0.10,
0.15, 0.20, and 0.25, respectively.

energy of the unstable second branch (2) is always higher
than the stable first and third branches and therefore is
always thermodynamically disfavored.

At this point, it is important to emphasize that the usual
spherical RN-AdS black hole exhibits only the Hawking/
Page phase transition in the grand canonical ensemble, and
the small/large black hole phase transition appears only in
the canonical ensemble. Here, we see that in the presence of
scalar hair the small/large black hole phase transition can
take place in the grand canonical ensemble as well.

For higher values of a, only one stable black hole branch
appears that remains thermodynamically preferred at all
temperatures. In particular, the size of the second branch
decreases with a and then completely disappears. This
leads to the merging of small and large black hole branches
to form a single black hole branch that remains stable at all
temperatures 7 > 0. Therefore, the small/large phase tran-
sition ceases to exist at higher values of a. A similar
scenario persists for larger values of chemical potential as

AG

0.006
0.004

0.002

—-0.002

FIG. 17. Gibbs free energy difference AG as a function of
Hawking temperature 7" for various values of a. The free energy
of large, intermediate, and small black hole branches are
indicated by (1), (2), and (3) respectively. Here u, = 0.3 and
qy = 0 are used. Red, green, blue, brown, orange, and magenta
curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20, and 0.25,
respectively.
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FIG. 18. Hawking temperature T as a function of horizon radius

z;, for various values of a. The large, intermediate, and small
black hole branches are indicated by (1), (2), and (3), respectively.
Here 4, =0 and ¢q,, = 0.1 are used. Red, green, blue, brown,
orange, and magenta curves correspond to a =0, 0.02, 0.04,
0.06, 0.08, and 0.10, respectively.

well. Overall, this thermodynamic behavior is akin to the
famous Van der Waals type phase transition, where a first
order critical line stops at a second order critical point.
Similar results appear for finite values of g, as well. In
particular, for small g,,, there again exists three black hole
branches: two stable and one unstable. The stable first and
third branches are always thermodynamically favored over
the unstable second branch. The stable first and third black
hole branches further undergo a small/large black hole phase
transition as the temperature is varied. This is shown in
Figs. 18 and 19. However, for higher values of ¢,,, the size of
the unstable second branch (2) start decreasing and ulti-
mately disappear. Therefore, for large g;, only one stable
black hole branch exists and there is no phase transition
between black holes. This is shown in Figs. 20 and 21.
We now discuss the hairy black hole thermodynamics in
the canonical ensemble. Since most of the thermodynamic
results are completely analogous to the above discussion,
we will be very brief here. From the renormalized on shell

G
0.010 K(2)
0.005 —
(3)
T
0.1 02 0. 04 05 06 0.7
(1)
—0.005

FIG. 19. Gibbs free energy G as a function of Hawking
temperature 7 for various values of a. The free energy of large,
intermediate, and small black hole branches are indicated by (1),
(2), and (3), respectively. Here y, = 0 and ¢,, = 0.1 are used.
Red, green, blue, brown, orange, and magenta curves correspond
to a =0, 0.02, 0.04, 0.06, 0.08, and 0.10, respectively.
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FIG.20. Hawking temperature 7 as a function of horizon radius
z;, for various values of ¢g;,. Here y, = 0 and a = 0.05 are used.

Red, green, blue, brown, and orange curves correspond to
gy = 0.1, 0.2, 0.3, 0.4, and 0.5, respectively.
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FIG. 21. Gibbs free energy G as a function of Hawking
temperature 7 for various values of ¢,,. Here y, =0 and a =
0.05 are used. Red, green, blue, brown, and orange curves
correspond to g, = 0.1, 0.2, 0.3, 0.4, and 0.5, respectively.

action [Eq. (3.27)], the Helmholtz free energy per unit area
F can be obtained. We find that it is simply given by
F =G+ Qepe = Mijg = TSpn,  (3.30)
thereby, again satisfying the expected thermodynamic relation.
The thermodynamic behavior of g, = 0 case is exactly
similar to the u, = 0 case discussed above. The thermo-
dynamic behavior for a small but finite fixed charge ¢, is
shown in Figs. 22 and 23. It is well known that the usual
charged RN-AdS spherical black hole exhibits a swallow-
tail-like structure in the free energy and undergoes a small/
large black hole phase transition as the temperature is
altered in the canonical ensemble [83]. We find that similar
results persist for the charged hairy cases as well. The
difference arises in the magnitude of the small/large black
hole transition temperature, which increases as the param-
eter a increases.'® Similarly, most of the results for higher

"“Due to numerical artifacts, it is difficult to exactly pin point
the small/large black hole phase transition temperature for large a
values.
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FIG. 22. Hawking temperature T as a function of horizon radius
z;, for various values of a. The large, intermediate, and small
black hole branches are indicated by (1), (2), and (3), respectively.
Here g, = 0.1 and ¢,, = 0 are used. Red, green, blue, brown,
orange, and magenta curves correspond to a = 0.0, 0.02, 0.04,
0.06, 0.08, and 0.1, respectively.
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FIG. 23. Helmholtz free energy F as a function of Hawking
temperature T for various values of a. The free energy of large,
intermediate, and small black hole branches are indicated by (1),
(2), and (3), respectively. Here g, = 0.1 and ¢,, = 0 are used.
Red, green, blue, brown, orange, and magenta curves correspond
to a = 0.0, 0.02, 0.04, 0.06, 0.08, and 0.1, respectively.

q. values persist as well. In particular, there appears a
critical charge ¢S above which the unstable branch
[indicated by (2) in Figs. 22 and 23] disappears and we
have a single black hole branch, which is stable at all
temperatures, i.e., the small/large black hole phase tran-
sition ceases to exist above ¢S, This is shown in Figs. 24
and 25. The ¢t therefore defines a second order critical
point on which the first order small/large black hole phase
transition line stops. As usual, the magnitude of ¢ can be
found by analyzing the inflection point of temperature.
As we vary gy, the thermodynamic phase diagram
remains quite similar to what we have seen for varying
q.. Here as well, there occurs a critical magnetic charge g5t
at which the first order small/large black hole phase
transition line terminates and the nucleation of other two
branches appear. The remembrance of fixed ¢, and g,
thermodynamics is expected considering that the metric is
symmetric in electric and magnetic charges. Hence, it is
expected that the pure constant magnetic charge system
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FIG. 24. Hawking temperature 7 as a function of horizon radius
z;, for various values of ¢,. Here ¢;; = 0 and a = 0.02 are used.
Red, green, blue, brown, and orange curves correspond to
q. = 0.1, 0.2, 0.3, 0.4, and 0.5, respectively.
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FIG. 25. Helmholtz free energy F as a function of Hawking
temperature 7 for various values of ¢,. Here ¢, =0 and a =
0.02 are used. Red, green, blue, brown, and orange curves
correspond to ¢, = 0.1, 0.2, 0.3, 0.4, and 0.5, respectively.

behaves analogously to the pure constant electric charge
system.

This completes our discussion on the spherical hairy
dyonic black holes. We have established the resemblance of
hairy dyonic black holes phase transitions with the liquid-
gas phase transition. One can in principle also do a

9(2)
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0.8+
0.6+
0.4+

0.2t

0.2 0.4 0.6 0.8

(@)

thorough analysis of the thermodynamic equation of state,
the dependence of small/large black hole phase transition
temperature and critical points ¢S and ¢Sit on various
parameters, thermodynamic fluctuations, and critical expo-
nents etc in our model. However, we feel that investigation
of these important issues is worthy of a separate indepen-
dent study. The investigation of these issues here will not
only make the whole paper a little bit bulky but also take us
away from the main aim of our paper. Therefore, we
postpone such study for future work.

C. Hyperbolic horizon: k= -1

We now briefly discuss the dyonic hairy black hole
solution and thermodynamics with the hyperbolic horizon.
Analytic expression of g(z) can be found for k = —1 as
well. In Fig. 26, the variation of g(z) and Kretschmann
scalar is plotted. Once again we have a well-behaved and
smooth hairy black hole geometry having no divergences
outside the horizon. Similarly, the scalar field remains finite
and regular everywhere as well.

Similarly, we can again obtain analytic expressions of
conserved charges and free energies. No additional scalar
counterterms, than those already present in the spherical
case [Eq. (3.24)], are needed to make the on shell action
finite. In Figs. 27 and 28, the thermodynamic stability and
phase structure of the hairy hyperbolic black hole solution
in the grand canonical ensemble is shown. As in the planar
horizon case, there is only one black hole branch. Since
heat capacity at constant potential is always positive for this
branch, it indicates that the hairy hyperbolic black holes are
thermally stable. Moreover, there is also no Hawking/Page
type phase transition and the Gibbs free energy is always
negative, provided that g, is not too large. Similar to the
case of planar horizon, the free energy of hairy black hole
can become smaller than the nonhairy black hole at low
temperatures. This should be distinguish from [137], where
the free energy of hairy hyperbolic black hole was found to
be always higher than the nonhairy black hole. We similarly

RMNPQ

Hl\/\NPQ
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1 b\ z
02 04 06 08 1.0
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FIG. 26. The behavior of (a) g(z) and (b) RynpoRMNFQ for different values of hair parameter a. Here zj, = 1, u, = 0.1, and g, = 0.1
are used. Red, green, blue, brown, orange, and cyan curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.

084023-20



ANALYTIC TOPOLOGICAL HAIRY DYONIC BLACK HOLES AND ...

PHYS. REV. D 104, 084023 (2021)

T
0.7
0.6
0.5
0.4
0.3
0.2
0.1

Zh
0.5 1.0 1.5 2.0

FIG. 27. Hawking temperature T as a function of horizon radius
z;, for various values of a. Here y, = 0.1 and ¢,; = 0.1 are used.
Red, green, blue, brown, orange, and magenta curves correspond
to a = 0, 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.
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FIG. 28. Gibbs free energy G as a function of Hawking
temperature T for various values of a. Here y, = 0.1 and ¢, =
0.1 are used. Red, green, blue, brown, orange, and magenta
curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20, and 0.25,
respectively.

find stable and thermodynamically favored hairy black
holes for other values of y, and ¢g,; as well.

Similar thermodynamic results persist in the canonical
ensemble as well. This is shown in Figs. 29 and 30. Again,
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FIG. 29. Hawking temperature T as a function of horizon radius
z;, for various values of a. Here g, = 0.1 and ¢g,; = 0.1 are used.
Red, green, blue, brown, orange, and magenta curves correspond
to a =0, 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.
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FIG. 30. The Helmholtz free energy F as a function of Hawking
temperature 7" for various values of a. Here ¢, = 0.1 and ¢y, =
0.1 are used. Red, green, blue, brown, orange, and magenta
curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20, and 0.25,
respectively.

there is a one to one relation between horizon radius and
temperature. The specific heat of the black hole at constant
charge is also always positive. The Helmholtz free energy
of the hairy black hole can again become smaller than the
nonhairy black hole at low temperatures. Again, for a fixed
q, and gq,;, the temperature range for which the hairy black
hole free energy remains smaller increases with a.

IV. BLACK HOLE THERMODYNAMICS WITH
A(z)=-az

It is instructive to also investigate the hairy black hole
solution and thermodynamics for a different form of A(z).
In particular, in order to check the universal features of the
results presented above for the hairy black hole thermo-
dynamics it is desirable to perform analogous analysis with
a different form of A(z). Here, we consider another simple
form A(z) = —az. This form makes sure that constructed
geometry asymptotes to AdS at the boundary.

With A(z) = —az, most of our results for the hairy
solution remain the same as in the previous case. This is
true for all horizon topology. Here we mainly concentrate
on the planar black holes as analytic results are not only
straightforward to obtain but also easily expressible for this
case. With A(z) = —az, the solutions of ¢(z) and B,(z)
reduce to

$(z) = 4\/az,
B,(2) _ﬂe<1 - 1]__:__;) (4.1)
together with the relation
7, = e (4.2)

He =1 gmazy — e

Similarly, the metric function is given by
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FIG. 31. The behavior of (a) g(z) and (b) RynpoRMNFQ for different values of hair parameter a. Here z;, = 1, ¢, = 0.1, g¢); = 0.1, and
k = 0 are used. Red, green, blue, brown, orange, and magenta curves correspond to @ = 0, 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.

e—2az

—az(az +2) + 2e% = 2)e® =%
etz 1) )

— 1=
9(2) —azy(az, +2) +2e%h =2
» (1 n (—az(az +2) 4 2e* — 2)ea(z_zh)(2azh(azh +1) — e 4 1)

azp(azy, +2) —2e“n +2
This is well-behaved function as can be seen from Fig. 31. This, along with the fact that Kretschmann scalar is finite
everywhere outside the horizon, indicating the well-behaved nature of the hairy geometry. Moreover, the scalar field is finite
and goes to zero only at the asymptotic boundary. It once again implies the existence of a well-behaved planar charged hairy

+2az(az +1) — 62“Z>. (4.3)

black hole solution.

We can similarly obtain the black hole mass. The mass from the AMD prescription is given by

Mavp a’e

72(2a* (e~

—2) 4 2T ety (2 4 g2

Zh z

, (44

Qo _24”G4(azzi + 2az;, —2e%h 4+ 2) B

967aG,L*(a’z) + 2az;, — 2% +2)

which is same as the z* coefficient of g(z). Moreover, the mass from the holographic renormalization procedure also

matches exactly with the AMD mass. Importantly, for A(z)
—log(1 + az). Similarly, the Gibbs free energy from the renormalized

action than those already suggested for A(z)
action is given by

G

e %n (_4a4eZazh + 8a4e3azh _ 4a4e4azh )

—az no other counterterms are needed to renormalize the

2 ,—az
que ™"

Qo 1927aG, (e —1)2(—az,(az; +2) + 2e%r —2) ' 1927aG, (e —1)?

=247 (—9e%n +4e>¥n +5)(e%n — 1)

(17e%n —23) (e —1)3 = 2az, (8e®n —11)(e%n —1)?

(—azp(az, +2)+2e% =2)

,u%e‘“z" (—2(142%62%’1 — a2 e2am (eazh _ 1) (7ea2h — 1))

(—azp(az, +2)+2e% =2)
'uge—azh (46142%63%’1 + 2a3zhezazh (4eaz,, _ 1))

192ﬂaG4(e“Zh — 1)2(—azh(azh —|—2) +2e%n _2)

This once again satisfies the thermodynamic relations G =
MGy — TSgy — Q.. and G = —PC.

In Figs. 32 and 33, the thermodynamic behavior in the
grand canonical ensemble is shown. There is again a one to
one relation between the Hawking temperature and horizon
radius. The black hole can become extremal for finite y,
and g, and the magnitude of z§*' increases with s, and g,;.

1927aGy (e — 1)*(—az;,(az), +2) +2e% =2)

|

Importantly, once again, the specific heat at constant
potential is always positive, indicating the local stability
of hairy dyonic black holes for A(z) = —az case as well.
Similarly, the Gibbs free energy of the hairy black hole can
be smaller than the nonhairy black hole at lower temper-
atures. This is shown in Fig. 33. This suggests that, for this
form of A(z) as well, the hairy black holes can be
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FIG. 32. Hawking temperature T as a function of horizon radius
z;, for various values of a. Here y, = 0.2 and ¢,, = 0 are used.

Red, green, blue, brown, orange, and magenta curves correspond
to a =0, 0.01, 0.02, 0.03, 0.04, and 0.05, respectively.

thermodynamically favored at lower temperatures.
Whereas at high temperatures, the non-hairy black holes
have lower free energy. Moreover, the temperature 7' at
which the free energy of hairy black hole becomes lower
than the nonhairy black hole increases with a, y,, and g,,.
This once again implies that the temperature window for
which the hairy black hole is more preferable widens with
these parameters. The phase diagram illustrating the
dependence of T.; on a, u,, and g, is quite similar to
what is shown in Fig. 7 for A(z) = —log(1 + az).

Importantly, the parameter g,, again has a constructive
effect on the hairy solution. In particular, we can have a
stable and thermodynamically favored hairy solution even
when u, = 0. This is shown in Fig. 34 for a particular value
of g,y = 0.2. We indeed see that the free energy of the
uncharged hairy black hole is smaller than the uncharged
nonhairy black hole at low temperatures. Moreover, since
T.; increases with g,,, it indicates that the stability of
thermodynamically favored hairy uncharged black hole
enhances with ¢,,. Once again, the phase diagram illustrat-
ing the dependence of T;, on a and g,, for the uncharged
case u, = 0 is quite similar to what is shown in Fig. 9
for A(z) = —log(1 + az).

G
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FIG. 33. The Gibbs free energy G as a function of Hawking
temperature 7 for various values of a. Here 4, = 0.2 and ¢, = 0
are used. Red, green, blue, brown, orange, and magenta
curves correspond to a = 0, 0.01, 0.02, 0.03, 0.04, and 0.05,
respectively.
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FIG. 34. Gibbs free energy G as a function of Hawking
temperature 7" for various values of a. Here y, =0 and g, =
0.2 are used. Red, green, blue, brown, orange, and magenta
curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20, and 0.25,
respectively.

The thermodynamic discussion in the canonical ensem-
ble follows a similar trait. The relevant Helmholtz free
energy again satisfies the relations F =G+ Q.u, =
MGy — TSsg and F = —PS. The thermodynamic behavior
is again qualitatively similar to the A(z) = —log(1 + az)
case. In particular, the thermodynamically stable hairy
black hole exists for all temperatures and has a positive
constant charge specific heat. Similar to the grand-canoni-
cal case, the free energy of the hairy black hole can be
smaller than the non-hairy black hole at lower temper-
atures, implying the overall stability of hairy black hole
over non-hairy black hole at low temperatures. This is
shown in Figs. 35 and 36. Moreover, the temperature 7 is
found to be an increasing function of a, ¢q,, and gq,,.
Therefore, in the canonical ensemble as well, the dyonic
parameter ¢,, not only plays a constructive role on the
thermodynamic stability of the hairy black hole but also
make hairy uncharged black hole thermodynamically more
favored compared to the nonhairy uncharged black hole.

Above we discussed the hairy black hole solution and
thermodynamic for the planar horizon and found that
results remain qualitatively similar to the case of

T
0.35
0.30
0.25
0.20
0.15
0.10
0.05

Z
2 4 6 g "

FIG. 35. Hawking temperature T as a function of horizon radius
z;, for various values of a. Here g, = 0.2 and ¢,, = 0 are used.
Red, green, blue, brown, orange, and magenta curves correspond
to a =0, 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.
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FIG. 36. The Helmholtz free energy F as a function of Hawking
temperature 7 for various values of a. Here ¢, = 0.2 and ¢,;, = 0
are used. Red, green, blue, brown, orange, and magenta
curves correspond to a = 0, 0.05, 0.10, 0.15, 0.20, and 0.25,
respectively.

A(z) = —log(1 + az). We have analyzed other simpler
forms of A(z) as well, and again found similar results. The
results for the spherical and hyperbolic horizons, though
not presented here for brevity, again exhibit similar features
for different A(z) forms. In particular, for A(z) = —az,
there are again Hawking/Page and small/large black hole
type phase transitions in the spherical case whereas there
are stable hairy black holes, without undergoing any phase
transition, in the hyperbolic case. This shows that though
the form of A(z) dictates the overall hairy black hole
solution and thermodynamics, however, qualitatively they
exhibit similar features. Our whole analysis therefore does
indicate the existence of a thermodynamically stable and
well-behaved hairy dyonic black hole solution in asymp-
totically AdS spaces in our model.

V. CONCLUSIONS

In this paper, we have constructed and investigated four-
dimensional hairy dyonic static black holes in AdS space in
the Einstein-Maxwell-scalar gravity theory, where the U(1)
gauge field carries both electric and magnetic charges. We
solved the coupled Einstein-Maxwell-scalar equations of
motion analytically and obtained the exact hairy dyonic
black hole solutions with various horizon topologies. This
includes planar, spherical, and hyperbolic horizon topol-
ogies. The analytic gravity solution is expressed in terms of
a function A(z), which allowed us to introduce scalar hair
controlling parameter a. In the limit ¢ — 0, our solution
reduces to the standard nonhairy AdS dyonic solution. We
considered two simple, and yet different, profiles for A(z),
each of which led to qualitatively similar features in the
hairy black hole solution and thermodynamics. For these
profiles, the scalar field is found to be regular everywhere
outside the horizon and goes to zero at the AdS boundary.
Similarly, the Kretschmann scalar is finite everywhere
outside the horizon, indicating the absence of any addi-
tional singularity in the constructed hairy black holes.

We then investigated the thermodynamic properties of
the hairy dyonic black holes in the canonical and grand
canonical ensembles. For this, we first obtained analytic
expressions of various thermodynamic variables. To com-
pute the black hole mass, we employed the AMD and
holographic renormalization methods. We found agreement
between these methods for the planar case, albeit utilizing
the freedom of appropriately choosing the scalar counter-
terms, whereas for the spherical and hyperbolic cases, due
to additional logarithmic divergences in the metric func-
tion, the black hole mass expression could be obtained from
the holographic renormalization method only. We found
that the specific heat is always positive for the planar and
hyperbolic cases, thereby establishing these hairy black
holes local stability in both these ensembles. Moreover, the
hairy black holes are not only thermodynamically stable but
also thermodynamically favored. In particular, the hairy
black holes have lower free energy than the nonhairy black
holes at low temperatures. This interesting behavior is quite
similar to the holographic condensed matter systems, where
a similar phase transition to hairy black holes, correspond-
ing to the condensation of a dual scalar operator in the
boundary theory, typically appears below a certain temper-
ature. We further analyzed the influence of parameters
{a,pe,q..qu} on the temperature range for which the
hairy black holes are thermodynamically favored and on
the hairy/nonhairy transition temperature. We found that all
these parameters have a constructive effect on the thermo-
dynamic stability of the hairy black hole. Importantly,
thanks to finite ¢,,, the free energy of the uncharged hairy
black hole can be smaller than the uncharged nonhairy
black hole. This is an important improvement on the results
of [137], where the thermodynamically favored hairy black
holes were found only for the charged case. Similarly, for
the spherical horizon, like their nonhairy counterpart, there
occurred Hawking/Page and small/large Van der Waals
type phase transitions. Interestingly, with scalar hair, unlike
their nonhairy counterpart, the small/large black hole phase
transition appeared in the grand-canonical ensemble
as well.

There are many directions in which our work can be
extended. The first and foremost is to construct and
investigate hairy black holes for nonminimal couplings,
such as f(¢) x e ® or f(¢) x ¢, between the scalar and
gauge field. These types of nonminimal couplings have
long been considered in the context of, e.g., supergravity
and Kaluza-Klein theory [21,159]. A similar type of
nonminimal coupling has also been used to construct
spontaneous scalarized charged black hole solutions in
recent years [160,161)."" Therefore, it is interesting to
analyze the effect of this nonminimal coupling in our
model. Similarly, it is also important to explicitly establish

"In spontaneous scalarized charged black hole models, gen-
erally the coupling of type f(¢) = e is considered.
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the first law of thermodynamic like relation for these hairy
black holes. Since the parameter g, corresponds to a
background magnetic field in the dual boundary theory, one
can also use a modified version of our constructed solution
to investigate important anisotropic properties in holo-
graphic QCD in the lines of [162-164]. It would also be
interesting to study the dynamical stability of the hairy
black hole under various perturbations. Work in this
direction is in progress.
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