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We have explored the effect of both uniform and nonuniform distributed plasma medium on gravitational
lensing around static black hole in the presence of perfect fluid dark matter (PFDM). We have shown that
the PFDM and plasma parameters has opposite effect on the change of the value of the deflection angle
of the light rays. It has been also shown that PFDM decreases the total magnification of image sources
while the plasma causes opposite effect. Finally, we have analyzed the shadow cast by the black hole
surrounded by PFDM and plasma. The increase of the PFDM parameter causes the decrease the size of the

shadow of black hole.
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I. INTRODUCTION

One of the first fundamental signatures of the general
relativity since its discovery by Einstein in 1916 is the
effect of the gravitational lensing. The effect is based on the
light ray deflection near the gravitating object due to
spacetime curvature. The classical gravitational lensing
in general relativity has been described in reviews [1-4].
At the same time it is important to study the photon motion
in curved spacetime since it is relevant for further study
of gravitational lensing. Moreover, the plasma medium
around compact object may interact with the electro-
magnetic wave and consequently affect on trajectory of
photons. Particularly, in Refs. [5-29] authors have studied
the photon motion in different spacetimes and some of
them devoted to study the effect of plasma together with
gravity on photon motion. In addition, one of the hot topic
is strong gravitational lensing in a vacuum; recently, the
theoretical analysis of strong lensing is studied by several
authors for various space-time geometries in Refs. [30-37].
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The detailed study of photon motion around black
hole leads to phenomena called the shadow of black hole.
The shadow cast by black hole is due to photon capture by
the central object and observer will see the black spot on the
bright background. In 2019 it was for the first time
observed the shadow of black hole at the center of galaxy
MS87* [38,39]. The discovery of the shadow of black hole
opens new possibilities to test the general relativity and
other metric theories of gravity. Particularly the shadow of
the black hole in different theories of gravity including the
modification of general relativity have been studied by
many authors [12,21,40-68]. In this paper, we are also
interested in study of the weak gravitational lensing around
black hole surrounded by the perfect fluid dark matter
(PFDM) and plasma medium. Moreover, we will also study
the effect of the PFDM and plasma on the observable
properties of shadow in Schwarzschild spacetime.

There is some evidence for the existence of dark matter
or dark energy, and according to the standard cosmological
model [69] our Universe mainly contains 68% dark energy,
about 27% dark matter and 5% baryonic matter [69]. Dark
matter is nonbaryonic matter. Consequently one may ask
the question whether dark energy and/or dark matter affect
the astrophysical processes in the vicinity of compact
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objects. It is true that dark matter is invisible, so it is
difficult to test it, but we can feel the influence of dark
matter or dark energy from observations. From this point
on, dark matter is extremely important for studying the
properties of the physics of a black hole. It is well known
that dark matter or dark energy also exists around a black
hole, so their contribution is always very important and
interesting, when we study the motion of particles around a
black hole in the Universe. In the latest decay, a black hole
surrounded by the quintessence of dark energy is examined
in more detail [70]. The rotating black hole solution
surrounded by quintessence has been obtained by [71]
using Newman-Janis algorithm. Further properties of the
spacetime around the black hole surrounded by quintes-
sence have been explored in Refs. [56,72-78]. Alternative
model for dark matter has been also proposed in [70] where
quintessence scalar field is considered as PFDM. The
solution of black hole surrounded by PFDM contains the
logarithmic term A1n(r/|4|) appearing in the metric func-
tions, corresponding to the nonvanishing contribution of
dark matter through parameter A. Following the idea that
dark matter halo is formed by weakly interacting massive
particles in Ref. [79], it has been derived a similar black
hole solution involving a logarithmic term. The properties
of the spacetime around the black hole surrounded by
PFDM have been investigated in [80-82].

The main motivation of the study performed in this paper
is to test the PFDM model for dark matter using the photon
motion around compact object. Observable properties of
the black hole shadow or light deflection due to gravita-
tional lensing may help to get constraints on model and
theory describing the dark matter around compact object.
Consequently this will help us to explain the nature of the
dark matter and the astrophysical processes related to the
effects of dark matter. Particularly, in this paper we have
studied the photon motion around black hole surrounded by
PFDM. Performing the analysis of the effects of PFDM on
light deflection we have found out that the presence of
PFDM causes decrease the light deflection. This may be
interpreted as negative gravitational effect of PFDM on
photons since PFDM is surrounding the central object and
photons. The gravitational effects on photons of PFDM and
central object are opposite to each other.

The work is arranged as follows: Sec. II we consider
effect of plasma on deflection angle in presence of perfect
fluid dark matter for Schwarzschild black hole. In Sec. III
we study magnification of image for various parameter of
PFDM. Shadow of black hole study in presence of PFDM
and influence of plasma in Sec. IV. Finally, in Sec. V we
discuss our results that have been obtained.

II. WEAK LENSING IN THE PRESENCE OF
PLASMA

The metric describing a static and spherically symmetric
black hole immersed in perfect fluid dark matter in

Schwarzschild coordinates (¢, r, 6, ¢) is given by [79]

ds?> = —f(r)d* + f(r)~'dr* + r?dQ?, (1)
with
2M A r
=1-"—4"In— 2
£(r) i ()

where M is the mass of the black hole and parameter A is
associated with the density and the pressure of dark
matter [79].

We will consider a weak-field approximation defined as
shown below:

Gap = Nap + haﬂ7 (3)

where 7,4 is expression for the flat geometry and £, is a
perturbation of the flat spacetime geometry with the
following general properties [16]:

N = diag(=1,1,1,1),
hrl/)’ < 17 h(l} -0
ga/} _ ’7aﬁ _ haﬂ’ hof — ha[)" (4)

under xt = oo,

Here we explore the effect of the plasma on the
gravitational deflection angle in the presence of the
PFDM in the Schwarzschild spacetime geometry.
Consider the basic expression for the deflection angle in
the presence of a plasma medium as [16,26]

N hyw* — K,N(x
o = —/ <h33 + 9 P 5 ( )> dz, (5)
- k

2 0 — Wy

where N(x%) is the concentration of charged particles in
plasma, @ and w, are photon and plasma frequencies,
respectively. K, = 4rme?/m, is constant value of plasma
particle. On the other hand, one may rewrite Eq. (5) in the
different form as [16]:

4 :l/wé dh33+ 1 dhyy
P72 ) \dr 1 —w?/w? dr

K d—N) da-. (6)

—w? dr

T

The value @, can be both negative (towards from the compact
object) and positive (away from the compact object).

In the weak field regime at large distances r from the

compact object surrounded by PFDM the spacetime metric
can be expressed as

R, 1
ds® = ds? + (—s ——1ni> dr?
r

A

R A r

S D) ar, 7
+<r r“w)r )
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where ds3 = —di* + dr* + r*(d6? + sin® 0d¢?) is the line
element in the flat spacetime and we have used nota-
tion R, = 2M.

In order to calculate Eq. (6) one can rewrite the
components /s in Cartesian coordinates in the form

R. A r
hoo = (= ==In- ),
0 <rrnw>

R/lr
h, == -

. (r ruQ“%

R i
hyy = [ —=— , 8
33 <r , |/1|>COS)( (8)

where new notation cos® y = z2/(b> + z?) and r* = b> +
z? are introduced. One may easily calculate the derivative
of hyy and K33 and get

dhy;  3PR, 3 342 In(g)
dr r r r ’
dh A Aln(g) R,
w_ _Z4 A (9)
dr r r r

Now one may decompose the expression for the deflec-
tion angle in the following form [26]:

ay =y +a + a3, (10)

with

1/ bdhy
2 r dr
el [T,

2 r 2/w2 “ar )4©

1 b K

— Z ¢ dz, 11
2/ r< o —w? dr) ¢ (1)

where the new designations &, &, and a3 correspond to
contribution of deflection angle due to gravity, homo-
geneous and inhomogeneous plasma medium, respectively.
Throughout the paper we will use Eq. (10) in order to study
the effects of plasma medium on the deflection angle.

A. Uniform plasma effect to the deflection angle

In this subsection, we will study the deflection angle in
the presence of a uniform plasma medium using Eq. (10),
which can be rewritten as

Qypi = Qupil + Aupiz + Quni3 (12)

where @,,;; and &,,;; can be interpreted as contribution to
the deflection angle due to uniform plasma and &,,;3 = 0
due to the uniform distribution of plasma. Using Egs. (10),
(9) and (12) one may easily obtain the deflection angle
formula for photons around compact object surrounded by
uniform plasma and PFDM as

. A Aln[] R,
“m—‘6+ T

) o

Figure 1 shows the dependence of the deflection angle
from the impact parameter of the photons for the different
values of PFDM and plasma parameters. Figure 2 repre-
sents the dependence of the deflection angle form plasma
and dark matter parameters for fixed values of impact
parameter b. From Figs. 1 and 2 one may see that the
deflection angle decreases with the increase of the PFDM
parameter. On the other hand, the presence of plasma
medium increase the gravitational deflection angle of
photons. Note, that the deflection angle strive to zero with
an increase of the impact parameter b.

FIG. 1.
A (left panel) and plasma medium (right panel).

The dependence of the deflection angle &,,,; on the impact parameter for different values of perfect fluid dark matter parameter
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FIG. 2. The dependence of the deflection angle &,,,; on the perfect fluid dark matter parameter A (left panel) and plasma medium (right

panel) for the fixed value of impact parameter b = 3M.

B. Nonuniform plasma effect to the
deflection angle

Now we explore the deflection angle of photons around
compact object in the presence of nonuniform plasma and
perfect fluid dark matter. Here we use the singular
isothermal sphere (SIS) medium for the nonuniform plasma
distribution [16]. The plasma concentration of SIS medium
has the following form [16,26,83]

N =27 (14)
and
plr) =50, (15)

where o, is the dispersion velocity and p(r) is the plasma
density. Now Eq. (10) can be decomposed as
as1s = Asis1 + Asisa + Asisss (16)

where &gjg; and agg, correspond to the contribution to the
deflection angle due to pure gravity and plasma effects and

3.0~

2.5{
'\
20[

151

Qasis

1.0}

0.5}

004

ags3 corresponds to the contribution due to gradient of the
density of the plasma medium. Using Egs. (10), (9) and
(16) one may easily obtain the deflection angle of photons
around Schwarzschild black hole surrounded by nonuni-
form plasma in presence of PFDM in the following form:

. w2in(L)R2  w2RP  wlR? A

a = — -

SIS nb*w? zb*w?  2b°w? b

22In(3;) 2R
E—" YA , 17
where we introduced new expression as
o’ K
w2 = . (18)
2km , R

Figure 3 shows the influence of dark matter parameter
and nonuniform plasma medium on the deflection angle
of photons around gravitation object. Figure 4 shows
the dependence of the deflection angle on plasma and
dark matter parameter A for the fixed values of impact
parameter and nonuniform plasma case. From Figs. 3 and

asis

FIG. 3.
and plasma medium (right panel).

The dependence of the deflection angle agjg on the impact parameter for the different values of PFDM parameter A (left panel)
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FIG. 4. The dependence of the deflection angle dg;s on the perfect fluid dark matter parameter A (left panel) and plasma medium (right

panel) for the fixed value of impact parameter b = 3M.

4 one may see that the deflection angle is decreasing in
the presence of PFDM parameter. Moreover, similarly to
the case of uniform plasma case, due to the effect of non-
uniform plasma medium the deflection angle increases.

Now we make comparison the deflection angle for the
photons around Schwarzschild black hole in the presence of
perfect fluid dark matter for the cases uniform and nonuni-
form plasma medium. Figure 5 shows the difference of the
deflection angle for the cases of uniform and nonuniform
plasma medium. From this dependence one may easily
speculate that the deflection angle of photon beam around
black hole increases. From Fig. 5 one can easily compare
both cases: the deflection angle is greater in a homogeneous
case than an inhomogeneous plasma medium for the fixed
value of impact parameter. Moreover, one can also see that
with an increase of the PFDM parameter for uniform and
nonuniform cases, the orbit of the photon comes closer to the
central compact object.

The decrease of the deflection angle with the increase of
PFDM parameter for the fixed values of impact parameter
can be interpreted as the negative effect of dark matter.
Since the dark matter is distributed in the space around
black hole the gravitational effect of PFDM on light rays
from the outside of the photon trajectory has opposite effect
with respect to the effect caused by central object. Thus

gravity of the central object increases the deflection while
PFDM causes to decrease the deflection angle of light rays.

III. MAGNIFICATION OF IMAGE

In this section, we study in detail the magnification of the
image source in the presence of plasma using the lens
equation of the form [16,26,84,85]

HDS :ﬁDs +&des’ (19)
where D, and D, are the distances from the distant source
to the observer and the lens object, respectively (see Fig. 6).
a;, in Eq. (19) is the deflection angle, 6 and § are the angle
of apparent source image and the source itself with respect
to the observer-lens axis, respectively. The relation between
the impact parameter b and the angle 6 has the form
b = D,0, where D, is distance from the observer to the

lens object. Using these notations one can now rewrite
Eq. (19) in the following form [16,19]

Dy F(9)1

=0 (20)

D, D; 0

where

Uniform 2.0F

Uniform

FIG. 5.
plasma parameters (right panel).

0.0 0.2 0.4 0.6 0.8
2/ 2 2/ 2
A wi[w?, Wi fw

The dependence of the deflection angle &;, on the impact parameter (left panel), the PFDM parameter 4 (middle panel) and the
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FIG. 6. Schematic view of the gravitational lensing system
(adopted from Ref. [27]).

F(0) = |ay|b = |a,(0)|D,6.

When the lens, observer and source lie on the single line,
p vanishes. The corresponding solution of the lens equa-
tion (20) in this case is called the Einstein angle 6, and the
image of the source will take the form so-called Einstein
ring. The radius of the Einstein’s ring is Ry = D;0g. The
corresponding Einstein’s angle for Schwarzschild compact
object has the form

Dds

D.\'Dd

(21)

Now we consider the magnification of the image bright-
ness of source which has the direct relevance to the
observation and lead to obtain more information about
both source and lens objects. The basic equation for the
calculating the magnification of image source has the
following form [16]

_ %)(@)
== z,;<ﬁ ap )|

here s denotes the total number of images of the source, /I,
corresponds to the value of the total increased brightness
due to multiple images of the source with the brightness /.

Below we present the analysis of the effects of plasma
(both homogeneous and inhomogeneous) on magnification
of image source in the presence of PFDM.

=1,2,....,s, (22)

A. Effect of uniform plasma

Here we will analyze the expression for the Einstein
angle (981) in the presence of plasma with uniform density.

From Egs. (13) and (20) one may easily get the following
expressions for the Einstein’s angle

R [T [

2112
- 2R} . (23)

Using Eq. (22) one can now easily obtain the expression
for the magnification of the image source

2

1 1 X+ 2

prion = p A+ p = e (24)
Xuni V Xyni +4

with

(Qg)uni

oG () 2
(25)

Xuni =

where the notation x, = f#/6, has been introduced. Finally,
the magnifications of the image source read as

1 Xuni x2 . +4
pl _ uni uni
W) i = + - 2> . (26
( +)un 4 < xﬁni + 4 xuni ( )

1 X x2 -+ 4
Bl 1 uni unit -2. 27
(/’l )um 4 ( Xﬁni + 4 + Xuni ) ( )

Figure 7 represents the dependence of the total mag-
nification on the plasma parameter for the different values
of the PFDM parameter. From this dependence one may
see that total magnification of image decreases due to the
effect of PFDM parameter. On the other hand, total
magnification increases with the increase of plasma
parameter.

B. Effect of nonuniform plasma on
magnification’s image
Now we turn to analysis of the total magnification of
image source in the presence of nonuniform plasma
medium around black hole surrounded by PFDM. The
expression for the Einstein’s ring takes the form

084015-6
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FIG. 7. The dependence of the total magnification g on the

PFDM parameter for the different values of the plasma frequency
corresponding to the fixed value of impact parameter b = 3M.

1 ﬂ ﬂ RYC()%
(0% )sis = 9E{1 TR R—Sln(l/ﬂ) + Tha?
IR, @? n Riw? \? (28)
2brw*  2brw?|

Equation (22) allows us to express the total magnifica-
tion of the image source in the following form

X2 +2
(Wh)sis = (W)sis + (1 )gis = ——BZ— (29)
xSIS \/ xéIS + 4

where

(Mpl) :1 < Xs1s i vV xélS +4 + 2) (30)
B A ad + 4 Xsis

21—

Htot

167\“"\‘“‘\““\““\““\““\
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FIG. 8. The total magnification of the images as a function of

the PFDM parameter. For plasma density distributed we have
used SIS model with the frequency w?/w? = 0.5 at b = 3M.

A
X = Tﬁ = x0{1 —- =~ Zin(1/24)
(HE)SIS

2R, R,
R,w? AR,w? Rlw? )~
Lo 2T Sae L (32)
4bw~ 2brw 2brw

Figure 8 shows the dependence of the total magnification
of images of the source from PDFM and plasma para-
meters. From the dependence one may see that total
magnification decreases due to the effect of PFDM
parameter. Moreover, the total magnification increases with
the increase of the parameter of nonuniform plasma.

IV. SHADOW OF BLACK HOLE IN PLASMA

In this section we briefly explore the shadow of the black
hole in the presence of uniform plasma and PDFM. In order
to consider the shadow of the black hole we will consider
the Hamilton-Jacobi equation for photons in the presence
of the plasma [5,86]

084015-7
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Ly, os 83_ ) 7\
2| awaw " ”( —g,,)]‘o’ (33)

where S is the action for photon and refractive index of the
plasma n is defined as

2 4 2N
Te | =" KN, (34)
w*(x") m,

where m, is the electron mass and e is the electron charge.
The action for photons can be expressed as

S=—Et+Lp~+S,(r) + Sy(0), (35)

where E is the energy of the photon, L is the axial angular
momentum of the photon and S,(r) and Sy(@) are the
functions of r and 6, respectively.

After the separation of the variables one may easily
obtain the following set of equations of motion for the
photon around compact object surrounded by plasma and
PFDM in the following form

dt B n’E

a0 o
% — +/R(r), (37)
do K-

= iT‘", (38)
@_ L (39)

do  r*sin?@’

with R(r) = [n?E? — Kf(r)/r?], and K is so-called Carter
constant [87]. One may introduce the following dimension-
less impact parameters £ = L/E and n = Q/E?. In order to
describe the boundary of the unstable photon circular orbits
one has to solve the equations

R(r) =0=dR(r)/dr. (40)

The dimensionless impact parameter 7 reads

n2 V2

n—m. (41)

Using the Hamiltonian-Jacobi equation (33) for photons,
radial equation of motion (37), and condition (40) one may
now easily find the equation determining the unstable
photon circular orbits in the form

AL
Observer

/ Y Celestial plane

\\\ ................... :_-_:. ( C,‘ » y, )

\ .
\ &
N
\
N
N, \
N \
N\ \
N \
\ )9
\
\
\
\
\
\
\

\ Light rays

=y
Jy

!
N
Y
.
R )

Source

FIG. 9. Schematic view of celestial coordinate (adopted from
Ref. [46]).

2nf(r) 4+ 2n'rf(r) — nrf'(r) = 0. (42)

The shadow of the black hole are defined in the celestial
coordinates defined as (see Fig. 9) [41,46]

. . do
=1 —r3sinf@y— |, 43
¢ rol_r)lgo< ry sin 0dr> (43)
do
=l z 44
7/ rol_l;lgo <7'0 dr)’ ( )

where ry and 6, are the radial position of the black hole
with respect to the observer and the inclination angle
between the normal of observer’s sky plane and
observer-lens axis, respectively.

Finally, one can easily express the celestial coordinates
in terms of £ and # and obtain the parametric equations of
the border of shaded area

___ ¢
¢= nsiné,’ (45)

1 &
LY P - 46
r=a\n sin® 6, (46)

Now using Egs. (45) and (46) one can see that
{? +y? = n/n*. Consequently the apparent shape of the
black hole shadow in the presence of PFDM and plasma is a
circle with the radius /7/n. Figure 10 shows the shape of
black hole’s shadow in the presence of PFDM parameter
for the fixed plasma parameter. From the dependence one
may speculate that the presence of the PFDM parameter
decreases the size of the shadow of black hole in the both
vacuum and plasma medium cases.

The tendency of the shadow size decrease with the
increase of PFDM parameter can be explained similarly as
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FIG. 10. The shadow of black hole immersed in perfect fluid
dark matter: top panel is for the vacuum and bottom panel is for
the plasma medium with @?/w? = 0.5.

it has been done previously for photon deflection. The
PFDM around central object decreases the gravitational
effect of the central object on photons and one may observe
the shrinking the size of the shadow in the presence of dark
matter. The negative effect of PFDM on photon orbits may
be useful to get constraints using current and future

observation of the black hole shadow by event horizon
telescope.

V. CONCLUSIONS

In the present work, the plasma effect on weak gravi-
tational lensing has been studied for the Schwarzschild
black hole in the presence of perfect fluid dark matter.
Observable parameter such as the deflection angle is
important for the gravitational lensing in general relativity.
Here we have explored two cases: uniform nonuniform
distributed plasma. The main results of the paper can be
summarized as follows:

(i) The analysis showed that the deflection angle de-
creases with the increase of the PFDM parameter. At
the same time the presence of plasma medium
increase the gravitational deflection angle of photons.

(i) We have obtained that the increase of parameter of
nonuniform plasma medium causes the increase of
deflection angle.

(iii) The comparison of the deflection angle for the
photons around black hole in the presence of perfect
fluid dark matter in the cases of uniform and
nonuniform distributed plasma showed that the de-
flection angle is greater in a homogeneous case with
compare to one in inhomogeneous plasma medium.

(iv) We have analyzed the total magnification of the
image source due to weak gravitational lensing for
the different values of the PFDM parameter. It has
been shown that total magnification of image de-
creases due to the effect of PFDM parameter.

(v) On the other hand, total magnification increases with
the increase of both uniform and nonuniform plasma
parameter.

(vi) We have explored the shadow of the nonrotating
black hole in PFDM in the presence of plasma. It has
been shown that the presence of the PFDM param-
eter decreases the size of the shadow of black hole in
the both vacuum and plasma medium cases.
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