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Primordial black holes formed in the early Universe via gravitational collapse of over-dense regions may
contribute a significant amount to the present dark matter relic density. Inflation provides a natural
framework for the production mechanism of primordial black holes. For example, single field inflation
models with a fine-tuned scalar potential may exhibit a period of ultra-slow roll, during which the curvature
perturbation may be enhanced to become seeds of the primordial black holes formed as the corresponding
scales reenter the horizon. In this work, we propose an alternative mechanism for the primordial black hole
formation. We consider a model in which a scalar field is coupled to the Gauss-Bonnet term and show that
primordial black holes may be seeded when a scalar potential term and the Gauss-Bonnet coupling term are
nearly balanced. Large curvature perturbation in this model not only leads to the production of primordial
black holes, but it also sources gravitational waves at the second order. We calculate the present density
parameter of the gravitational waves and discuss the detectability of the signals by comparing them with

sensitivity bounds of future gravitational wave experiments.

DOI: 10.1103/PhysRevD.104.083545

I. INTRODUCTION

Primordial black holes [1-4] are a viable candidate for
dark matter [5,6] and may constitute all or a part of the dark
matter relic density today. Recent studies of primordial black
holes as a dark matter candidate include Refs. [7—14]. Unlike
astrophysical black holes, primordial black holes may form
in the early Universe through the gravitational collapse of
large over-dense regions; see, e.g., Refs. [14—-19] for reviews.

Cosmic inflation provides a natural framework for the
production of primordial black holes. Single field inflation
is capable of generating large primordial curvature pertur-
bation in small scales compared to the scale of the cosmic
microwave background [20-32]. Once the mode with large
curvature perturbation reenters the horizon, gravitational
collapse may occur, thereby forming primordial black
holes. Single field models with a canonical kinetic term
and minimal coupling to gravity, however, require a severe
fine-tuning of the scalar potential to generate an inflection
point near the end of inflation that produces large enough
density perturbations [33]. It has also been pointed out that
the standard slow-roll approximation breaks down near
the inflection point [33-35]. In multifield inflation, e.g., in
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hybrid inflation models, generation of primordial black
holes is less challenging; see Refs. [36—49]. Other models
for generating large primordial curvature perturbation
during inflation include the one with the modified gravity
sector, and with a non-canonical form of the inflaton; see
e.g., Refs. [50-59]. In Ref. [60] the production of primor-
dial black holes is discussed in the effective field theory
framework. It is also possible to produce primordial black
holes during (p)reheating [61-64].

The enhancement in the curvature power spectrum not
only seeds the primordial black holes but may also act as a
source for the tensor perturbations at the nonlinear order,
producing scalar-induced second-order gravitational waves
[65-68]. Therefore, inflation models in which primordial
black holes are formed via large enhancement of the
curvature perturbation inevitably produce the scalar-induced
second-order gravitational waves. Detection or nondetection
of gravitational wave signals may thus confirm or constrain
the mass ranges of the primordial black holes. For example,
from the pulsar timing array experiments, a relatively large
mass range of [0.1 Mg, 10 Mg] (M, is the solar mass) is
strongly constrained [69,70]. Recently, the NANOGrav
Collaboration reported a hint for stochastic gravitational
wave signals [71]. In Refs. [72-77], the connection between
the NANOGrav results and the primordial black holes is
investigated. The future gravitational wave experiments such
as Laser Interferometer Space Antenna (LISA) [78,79],
DECi-hertz Interferometer Gravitational wave Observatory
(DECIGO) [80,81], and Big Bang Observer (BBO) [82-84],
may probe smaller mass ranges of primordial black holes.
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Other recent studies on the primordial black holes and the
scalar-induced second-order gravitational waves include
Refs. [16,57-59,85-97].

In the single field inflation models for which the primordial
black hole production and the secondary gravitational waves
are studied, the gravity sector is usually assumed to be the
Einstein gravity. The Einstein gravity however is by no means
a complete theory. From the effective field theory viewpoint,
for example, higher curvature terms are expected to arise [98].
One such higher curvature term is the Gauss-Bonnet term
R%s = R* —4R,,R* + R,,,,R*"° which leads to a rela-
tively well-behaved theory of higher curvature gravity.
Phenomenological aspects of the Gauss-Bonnet correction
have been studied by many authors, including dark energy
[99-103], inflation [104—122], black holes [123,124], and
gravitational-wave leptogenesis [125]. In Ref. [126], we
investigated a model in which a scalar field ¢ is coupled
to the Gauss-Bonnet term and discussed the features of a de
Sitter-like fixed point as an alternative to cosmic inflation; in
the presence of the Gauss-Bonnet coupling term, there may
exist a nontrivial de Sitter-like fixed point where the scalar
potential term is balanced with the higher curvature Gauss-
Bonnet term. Near the nontrivial fixed point, the standard
slow-roll approximation is invalid, and the ultra-slow-roll
regime of inflation naturally arises. Furthermore, we pointed
out that the primordial curvature power spectrum may
become enhanced near the nontrivial de Sitter-like fixed
point, which potentially leads to production of primordial
black holes. In this paper, we investigate the production of
primordial black holes and the scalar-induced second-order
gravitational waves in such a setup.

The rest of the paper is organized as follows. In Sec. II, we
introduce our benchmark model. We adopt the natural
inflation model for the scalar potential and consider a
smeared step function for the Gauss-Bonnet coupling func-
tion. We choose two benchmark parameter sets and discuss
enhancements in the primordial curvature power spectrum. In
Sec. III, we examine the production of primordial black holes.
For the chosen benchmark sets, the produced primordial black
holes are shown to constitute all or a part of the dark matter
relic today, at different mass scales. The two chosen bench-
mark sets give rise to the scalar-induced second-order
gravitational wave signals peaked at two distinct frequencies.
The shape and the magnitude of the gravitational wave energy
density are discussed in Sec. I'V, together with the detectability
of the signals in the near future. We conclude in Sec. V with
some comments.

II. BENCHMARK MODEL

We consider the action

M: 1
S = /d“x‘ /_—g{ZPR - Eaﬂ(pa"(p -Vip) - %?Rés}’

(1)

where Mp =1/1/87G = 2.44 x 10'® GeV is the reduced
Planck mass, and Ry = R* — 4R, R* + R*’°R,,,, is the
Gauss-Bonnet term (the four-dimensional Euler density).
The coupling function is chosen to be'

£(p) = &o tanh [ (9 — @), (2)

and for the scalar potential we assume that of the natural
inflation model [129-132] (see also Refs. [133-135]),

V(p) = A* (1 + cos ?) (3)

The generation of primordial black holes and the induced
second-order gravitational waves in the natural inflation
model (3) (without the Gauss-Bonnet correction) has
been discussed, e.g., in Refs. [86,88,92,93,136], where
the axion (inflaton) field is coupled to gauge fields.
References [56,58] discuss primordial black holes and
the gravitational waves in the natural inflation model with
the modified inflaton kinetic sector.

The background equations of motion for the action (1)
read

1. 3 .
3M3H? = 5402 +V+ §H3§’(I,¢, (4)

) 3 .
$p+3Hp+V,+ EH2(H + H*)¢é, =0, (5)

where , =d/dgp and ~ = d/dt with ¢ being the cosmic
time. H = a/a is the Hubble parameter (a is the scale
factor). The model (1) exhibits a nontrivial fixed point ¢,
that satisfies [126]

=0, (6)

{ '

Vot 7€ ]
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which follows from Eqgs. (4) and (5) at stationarity. Note
that &, o sech?[£; (¢ — ¢,)]. It is natural to choose g, to be
the fixed point, i.e., ¢, = ¢.. The condition ¢, = ¢, is
realized when

"This form of the coupling is motivated in microscopic physics
as follows. In calculable examples of type II and heterotic
compactifications, the R%; coupling to moduli typically occurs
as one-loop gravitational threshold corrections, which are deter-
mined by the spectrum of BPS states [127,128]. If one of the
moduli ¢ traverses a wall separating two domains with different
spectra, the coupling function &(¢) behaves as a step function
across the wall. If the domain wall has a finite thickness, &(¢) is
modeled by a smeared step function (2). Adding a constant
parameter to Eq. (2) does not alter the dynamics since that will be
a topological term.
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The second derivative of the Gauss-Bonnet coupling
function ¢ with respect to the field ¢ at the nontrivial
fixed point ¢, when ¢&; takes Eq. (7) is given by
¢ »o(@ = @.) = 0. Thus, the nontrivial fixed point becomes
a saddle point, as pointed out in Ref. [126]. Near the non-
trivial fixed point, Eq. (5) is approximated as ¢ + 3H¢p ~ 0,
indicating an ultra-slow-roll regime. An inflaton trajectory
that passes near the nontrivial fixed point will enter an ultra-
slow-roll regime and experiences an enhancement in the
curvature power spectrum [126].

For a given inflationary background, the curvature
perturbation ¢ follows the equation

& =

(7)

ot (e -2y, — o (8)

where ’ denotes the conformal time 7z derivative, and the
quantity v is v, = MpA,(; with £ being the Fourier mode
of the curvature perturbation ¢. The quantities A, and C;
are given by

1-06,/2)\2
A2: 2 1
=4 <1—301/4)

1 1 1 3 o2
X <2€1 ~301 +56102 —301€1 +12 _161>, 9)
a? c 2
Cl=1-—(—1—
¢ Al (2—301/2>
1 1 5
X (261 +Z(71 —16162 —161€1>. (10)

For derivations, see the Appendix of Ref. [126]. Here, ¢;
and o; are defined as

H in HE Gim1
50 €; =, 0| =—>, =

H? i>1 H€i_1 1 M%

€ =

(11)

For the tensor mode, the perturbation equation is given
by Ref. [126]

A//

uj + (C,zkz - A’) u =0, (12)
1

where u, is the Fourier transform of u™ (the superscript =

indicates the two polarization modes, which are omitted

hereafter) which is defined via

Oi>1 = Ho .
i—1

with efj being the polarization tensor, and

2 =a(1-3) (14)
0 0261
Ct:1+2A2 (1—02—61). (15)
13

We numerically solve the background equations of
motion, Eqs. (4) and (5), and the perturbation equations
Egs. (8) and (12). For the initial conditions for the
perturbations, we adopt the standard Wentzel-Kramers—
Brillouin (WKB) solutions on the Bunch-Davies vacuum,

1

lim v(7) = emiCckr (16)
=% J/2Ck
: 1 —iCkt
Jim () = e (17)
t

The power spectra for the curvature and tensor perturba-
tions are then obtained as

K K v
Pr=—=|(]* =~ , 18
el ye M3A (18)
k3 263 |uy |2
2 X — | > == , 19
Pt X 272 | k| 2 M%Atz ( )

evaluated in the superhorizon limit. The spectral index n
and the tensor-to-scalar ratio r are then given by

dIn 7344 _Pt

El ) =~
= "R,

evaluated at the pivot scale k, = 0.05 Mpc~!.

In this work, we take the two benchmark parameter sets
given in Table I. The value of A is fixed from A =
2.1 x 107, where A, is the curvature power spectrum
amplitude at the pivot scale k, = 0.05 Mpc~! [137]. For a
given f, we are then left with three free parameters, &, &,
and ¢.. The parameter ¢. controls the peak position
of the curvature perturbation, which is related to the size
of the primordial black holes and the peak frequency of the
induced gravitational waves as shown in the next sections,
while the parameter &; controls the width of the peak.

TABLE I. Two sets of benchmark parameters.

AMp)  f(Mp)  @c(Mp)  &(107) & (Myp')
Set 1 0.0065 7 13.0 6.044 15.0
Set 2 0.0065 7 11.3 2.795 18.5
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The parameter &,, which is responsible for the magnitude
of the peak of the curvature perturbation, is chosen to be
close to the value determined by Eq. (7). Our numerical
procedure is as follows. For a given parameter set, we solve
the background equations of motion, (4) and (5), with the
assumption that the inflaton starts to roll down the potential
(3) near the origin; thus, inflation takes place in the range
0 < @ < fr, during which the inflaton is temporarily
trapped near the ¢ = ¢, point, and after that, it oscillates
about and settles at ¢ = fz, where V = 0. The end of
inflation is found by using the condition €; = 1 where ¢, is
the first Hubble slow-roll parameter defined as Eq. (11).
Choosing the number of e-folds of 70 for the pivot scale,
we find the horizon-crossing time of the mode. We then
solve the perturbation equations, (8) and (12), for a given
wave number k. The initial conditions, (16) and (17), are
used when the mode is deep inside the horizon k > aH,
concretely we require k/(aH) ~ 10°. We evolve the per-
turbation equations until the mode exits the horizon and
resides far outside the horizon k <« aH; specifically, we
require k/(aH) ~ 1073, We then use Egs. (18) and (19) to
compute the power spectra. For set 1 and set 2, the
curvature power spectrum (18) is shown in Fig. 1. As
pointed out in Ref. [126], due to the ultra-slow-roll regime,
we see a large enhancement in the curvature power
spectrum. Finally, we compute the spectral index n, and
the tensor-to-scalar ratio r by using Eq. (20). They are given
by (ns,r) = (0.96,0.079) for set 1 and (0.96,0.080) for
set 2. At the time when the fluctuations seeding the
primordial black holes exit the horizon, the energy scale
is p!/4 ~ 1.46(1.58) x 10'® GeV for the benchmark param-
eter set 1 (2).

A large enhancement in the curvature power spectrum
indicates the possibility of gravitational collapse when the
corresponding mode reenters the horizon, which leads to
the formation of primordial black holes. Furthermore, such

0.01f i

— Set1 |

104k — Set2 |

L 1oef ~
&

108 - 1
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k! k.
FIG. 1. The curvature power spectrum (18) is shown for our

two benchmark parameter sets. The enhancement is observed as
the inflaton enters the ultra-slow-roll regime near the nontrivial
fixed point. Here, k, = 0.05 Mpc™".

a large curvature perturbation may act as a source for the
tensor perturbation at the nonlinear order as the scalar mode
and the tensor mode are coupled. We discuss the production
of primordial black holes in the next section and the scalar-
induced second-order tensor perturbation in Sec. IV.

III. PRODUCTION OF PRIMORDIAL
BLACK HOLES

Primordial black holes may be produced due to the
gravitational collapse when very large density fluctuations
reenter the horizon. At its formation time #;, the mass of the
produced primordial black hole is given by

M2
M:}/MH,f:A"”YFP’ (21)
.

where y is the fraction factor that accounts for how much of
the horizon mass turns into the primordial black hole, and
My = 4zM3%/H is the horizon mass. The subscript f in
My ¢ and H; indicates a quantity at the formation time. We
use y = 0.2 as suggested by simple analytical estimations
[138]. From the entropy conservation, we find that the
Hubble rate at the formation time, Hg, is related to the
Hubble rate at present, H, as

era/cfo 9«0 6
o (%0 22)

af Gt

Hf:HO

where we have assumed that the formation occurs during
the radiation-dominated era. Here, a; is the scale factor at
the formation time (the scale factor at present ay, is set to be
unity), Q.4 = Prad/ Peric the radiation energy density param-
eter with p.; being the critical energy density of the
Universe, and g, the effective relativistic degrees of free-
dom. Therefore, we find

9o\ (ko2
M—yMH,oﬁiﬁo< °> (k—O) : (23)
st f

The primordial black holes behave as matter. Thus,
they redshift as pppy o a=>. Then, we obtain ppgyo =
prers(ar/ag)’ X yPpras(as/ag)’, where B is the proba-
bility that the density fluctuation & exceeds a threshold
value &, for a given curvature power spectrum P, which is,
assuming that the density fluctuation follows a Gaussian
distribution, given by

BM) = /S d5\/2;76Xp <_25—022>’ (24)

*For the effects of non-Gaussianities on the primordial black
hole formation and the scalar-induced second-order gravitational
waves, see e.g., Refs. [20,139-159].
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FIG. 2. The abundance of primordial black holes is shown
for our two benchmark parameter sets. Here, fppy = Qpppo/
Qcpm o- For the case of set 1, primordial black holes constitute all
of the dark matter abundance today. For the case of set 2, only a
part of the present dark matter abundance is accounted for by the
primordial black holes. The data for the constraints are obtained
from Refs. [18,162]. A recent analysis indicates more severe
bounds from the gravitational waves [163].

with the variance [160,161]

Ao

We take the Gaussian window function W(gq/k) =
exp(—(g/k)?/2) and use 5, = 1/3 [138].

The total abundance of the primordial black holes is
given by Qpppy o = [ d In M Qppy, where Qppy; is conven-
tionally expressed in terms of the quantity fpgy given by

osito _ 10 Fono <@><@>
Qcpmo Qcpmo \Gaf M )’
- B(M) 7 \3/106.75\1
h (3.27x 10-8) <ﬁ> ( Ger )

0.12 M\ -:
() (1) 20
-QCDM,Oh MO

where Qcpyp is the current density parameter of the cold
dark matter, M the solar mass, and / the rescaled present-
day Hubble rate defined by Hy, = 100 2 km/s/Mpc. Here,
we used the relation between the mass of the primordial
black hole M and a scale £,

SreH =

s q. ~1/6 / o\ -2
M(k) = 4.64 x 10 yMo<106.75> (k—> . (27)

where k, = 0.05 Mpc~! is the pivot scale.
In Fig. 2, we present fpgy for the two sets of parameter
values, together with the current constraints [18,162]. For

set 1, we obtain fi5, ~ 1, where fi5, = [d In Mfppy.

Thus, the primordial black holes may constitute all of
the dark matter abundance today. For set 2, we have
fisn ~ 0.087.

IV. DETECTABILITY OF INDUCED
GRAVITATIONAL WAVES

The enhanced curvature perturbation may become a
source for the tensor perturbation at the nonlinear order
[65—-68]; see also Refs. [164—168]. It is due to the fact that
the scalar mode and the tensor mode couple to each other
at the second order in perturbations. To study the tensor
perturbation induced by the second-order scalar perturba-
tion, we work in the conformal Newtonian gauge,3 where
the metric is given by

1

hij|dx'dx/,
(28)

with @ and W being scalar perturbations and h;; the
transverse-traceless tensor perturbation to the second order.
We neglect the first-order contribution to the tensor
perturbation below. Furthermore, we neglect the vector
perturbation and the anisotropic stress tensor, and thus,
® = V. The energy density of the gravitational waves in
the subhorizon region is given by Refs. [174,175]

= Ml% Oyh;;0Fhi 29
PGw—@< kij > ( )

where the overline indicates the average over oscillations,
and the angle brackets denote the expectation value. In the
Fourier space, the tensor mode £;; can be decomposed into
two polarization modes,

3
hij(t.x) = /%(hz(t)e;(k) + h;(‘(;)el?}(k))eikx’

(30)

where the polarization tensors are given by

e;j(k) = —=(ei(k)e;(k) —2i(k)e;(k)).  (31)

Nia

tj

(ei(k)e;(k) +e;(k)e;(k)),  (32)

5l

with ¢;(k) and ¢;(k) being two orthogonal unit vectors that
are perpendicular to k. Substituting Eq. (30) into Eq. (29),
we obtain

3For the issue of gauge dependence, see, e.g., Refs. [169-173].
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M} (K\2——
pontt) = [am i E () Pn, G
where P, (1, k) = P, (t, k) is the tensor power spectrum,
defined by

U (0) = 8k + 0 5Pk, (4)

JZ'2
(s (0) = Sk + @) 25 Py k). (39

Note that Pj(r,k) = Py(t,k) in the absence of CP
violation. In the following, we omit the polarization index.
It is conventional to define the energy density parameter of
the gravitational waves as

t, k 1 k \>———
crit

where p; is the critical energy density of the Universe.

The tensor power spectrum is obtained by solving the
equation of motion for the tensor perturbation which is
given by the transverse-traceless component of the second-
order Einstein equation. The equation of motion is given, in
the Fourier space, by Refs. [68,87,167]

where H = d’/a = aH, and S is the source term,

d3q
Sk = Weij<k)%4j Zq)qq)k—q

4
+ m (H_lq)il + q)q)(H_]q)i(_q + q)k—q) .

(38)
Here, w is the equation of state parameter. The solution can
be obtained by means of Green’s function. We assume that
the scalar-induced second-order gravitational waves are
produced during the radiation-dominated era. The energy

density parameter at the production time, Qgw (k) =
Qgw (. k), is given by Ref. [167]

1 © 1+v 4% — 1+1}2—u2 2\ 2
QGW,f(k) :E/) d’l]/; | du( ( duv ) )
3—(u+wv)?

X Py (kv) Py (ku) <M>2
3-(u-v)? >2

4393
+ 72 (1 + 12 = 3)20(v +u — ﬂ)} (39)

x [(—41,“) + (u* +v*=3)log

T

107+

1079+

R 107" DECIGO
=
[O)
C 1013

1071

1077

w0 107 10¢ o1 100
f[Hz]

FIG. 3. The density parameter of the scalar-induced second-

order gravitational waves is shown for our two benchmark sets.
The gravitational wave signal of set 1 is well within the reach of
the sensitivity bound of future experiments such as LISA,
DECIGO, and BBO. In the case of set 2, the signal crosses
the sensitivity bound of SKA as well. The data for the sensitivity
curves are obtained from Refs. [180,181].

The density parameter today is then given by Ref. [167]
(see also Ref. [176]),

QGW = Qrad,OQGW.f > (40)

where Q40 ~ 0.9 x 10~ is the current energy density
parameter of radiation.

Utilizing Egs. (39) and (40), together with the curvature
power spectrum in Fig. 1, we present the gravitational
waves density parameter in Fig. 3 for our two sets of
parameter values. The gravitational wave signal of set 1 is
within the reach of future experiments such as LISA
[78,79], DECIGO [80,81], and BBO [82-84]. For set 2,
the signal crosses the sensitivity bound of Square Kilometer
Array (SKA) [177-179] in addition to that of LISA,
DECIGO, and BBO.

V. FINAL REMARKS

We studied the production of primordial black holes and
the scalar-induced second-order gravitational wave signals
in a model where a scalar (inflaton) is coupled to the Gauss-
Bonnet term. The presence of the Gauss-Bonnet coupling
function indicates the existence of a nontrivial de Sitter-like
fixed point. Near the nontrivial fixed point, the inflaton
enters an ultra-slow-roll regime. During the ultra-slow-roll
inflation period, the curvature power spectrum gets
enhanced. We considered two benchmark parameter sets
and showed that a large enhancement occurs in the
curvature power spectrum by numerically solving the
equations of motion.

A mode with large enhancement of the curvature
perturbation may experience gravitational collapse when
reentering the horizon, thereby producing primordial black
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holes. For our two benchmark sets, we computed the present
abundance of primordial black holes. One set accounts for
the totality of the dark matter relic density today, while in the
other case primordial black holes constitute only a portion of
the present dark matter relic abundance.

A large curvature perturbation that leads to the produc-
tion of primordial black holes inevitably source the scalar-
induced second-order gravitational waves. The present
density parameter of the gravitational waves is obtained
by utilizing the approximated analytical expression
together with our numerical results of the curvature power
spectrum. Both of our two benchmark sets are found to be
within the sensitivity bounds of future gravitational wave
experiments such as LISA, DECIGO, BBO, and SKA.

While we focused on the scalar potential of the natural
inflation model and assumed a smeared step function for
the Gauss-Bonnet coupling function in this work, some of

the features that we have found are generic. When there is a
balance between a scalar potential term and a Gauss-
Bonnet coupling term, a nontrivial fixed point may exist.
Near the nontrivial fixed point, the ultra-slow-roll inflation
generically occurs, during which period a large enhance-
ment of the curvature perturbation is guaranteed. We thus
expect that the production of primordial black holes and the
secondary gravitational wave signals are natural in higher
curvature gravity theories.
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